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ON MACKEY TOPOLOGIES IN TOPOLOGICAL ABELIAN GROUPS

MICHAEL BARR AND HEINRICH KLEISLI

ABSTRACT. Let C be a full subcategory of the category of topological abelian groups
and SPC denote the full subcategory of subobjects of products of objects of C. We
say that SPC has Mackey coreflections if there is a functor that assigns to each object
A of SPC an object 7A that has the same group of characters as A and is the finest
topology with that property. We show that the existence of Mackey coreflections in
SPC is equivalent to the injectivity of the circle with respect to topological subgroups of
groups in C.

1. Introduction

Consider a full subcategory C of the category of topological abelian groups that includes
the circle group T = R/Z. If A is a topological group, then a character on A is a con-
tinuous homomorphism y: A — T. We let A~ denote the discrete group of all characters
of A. Let SPC denote the closure of C with respect to arbitrary products and subobjects.

If A is an object of SPC, we say that A is a Mackey group in SPC if, whenever A
in SPC is the same underlying group as A with a topology finer than that of A such that
the identity A — A induces an isomorphism A — A, then A = A. In other words, if
A has the finest possible topology for an object of SPC Wlth the same elements and the
same group of characters. We denote by SPC, the full subcategory of Mackey groups.

We say that SPC admits Mackey coreflections if there is a functor 7: SPC — SPC
that assigns to each group A of SPC a Mackey group 7A that has the same underlying
group group as A as well as the same set of functionals and additionally has the property
that for f: A — B, then 7f: 7A — 7B is the same function as f.

Since 7 A has the finest topology among the objects of SPC that have the same elements
and the same characters as A it follows that the topology of 7A is finer than that of A,
so that the identity function 7A — A is continuous. Since for f: A — B, 7f = f, it
follows that
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commutes so that 74 — A is the component at A of a natural transformation ¢: 7 — Id,
the latter denoting the identity functor. Conversely, if we supposed that this square
commutes, then evidently 7f = f so that naturality of + would give another definition of
Mackey coreflections.

If SPC admits Mackey coreflections, the group A is a Mackey group if and only if
T7A = A. In particular, 77A = 7A. If A is a Mackey group and A — B is a morphism in
SPC, then we have TA = A — 7B, while the continuity of 7B — B gives the other half
of the equality Hom(A, B) = Hom(A, 7B) and thus we see that 7 determines a coreflection
of the inclusion SPC, — SPC.

There has been some effort into finding general conditions on a class of groups that
ensure the existence of Mackey coreflections. See, for example, [Chasco et. al., 1999].

On the other hand, there has been some effort into finding a class of topological abelian
groups on which the circle group is injective. It is known for locally compact groups, for
example. In [Banaszczyk, 1991], especially 8.3 on page 82, it is shown that there is a large
class of topological abelian groups, called nuclear groups, on which the circle group is
injective. We refer the reader to the source for the definition. The class is described there
as, roughly speaking, the smallest class of groups containing both locally compact abelian
groups and nuclear topological vector spaces and that is closed under the operations of
taking products, subgroups, and Hausdorff quotients.

What has not seemed to be noticed before (at least, as far as we can determine)
is that these two questions are essentially equivalent. This is the main result of this
paper, Theorem 4.1. The main tool in this construction is the so-called Chu construction,
described below.

The results of this paper are in a different direction from those of Chasco et al. [1999].
In our paper, we begin with a class C of topological abelian groups and a group in that
class and ask if there is a finer topology on that group that is a Mackey topology for C.
They begin with a class C and a group not (necessarily) in that class and ask if there is a
coarser topology on that group that is in C and is a Mackey topology for C. In particular,
if the group should happen to belong to C, their conditions are conditions on which it
already has a Mackey topology for C.

2. Preliminaries

The results of this section are known. See, for example, [Hewitt and Ross, 1963]. We
include proofs of the simpler facts for the convenience of the reader.

We denote by T the circle group, which for our purposes it is convenient to think of
as R/Z. For any n > 2, we let U,, denote the image of the open interval (—=27",27") C R.
These evidently form a neighborhood base at 0 for the topology.

2.1. THEOREM. For any locally compact abelian group L, subgroup M C L, and charac-
ter x: M — T, there is a character v: L — T such that 1| M = x.

PROOF. Tt is shown in [Banaszczyk, 1991] that locally compact groups are nuclear (7.10)
and that nuclear groups have this extension property (8.3). [
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We should mention that the proof that locally compact abelian groups are nuclear
depends on deep theorems from [Hewitt and Ross, 1963] (see Section 23) that are used to
embed any locally compact abelian group in a product C' x D x E where C' is compact,
D is discrete and F is a finite dimensional Euclidean space.

2.2. LEMMA. Let x € Uy such that 2x € U,, forn > 2. Then x € Up4;.

Proor. If 2z € U, then either z € U, or x—% € Upy1, but in the latter case, z ¢ Us. m

2.3. LEMMA. Suppose A is a topological abelian group and x: A — T is a homomor-
phism such that x~1Us is open in A. Then x is continuous.

PROOF. Let Vo, = x~'U,. For each n > 2, let V,, be a neighborhood of 0 in A such
that V,, + V,, C V,_;. We claim that xy~'U,, D V,. This is true by definition for n = 2.
Assuming it is true for n, let € V1. Then 2z € V,, and so x(2x) = 2x(z) € U, together
with x(z) € x(Vat1) C x(Va) C Uy, gives, by Lemma 2.2, that x(x) € Upy1. "

2.4. PROPOSITION. Suppose {A; | i € I} is a family of topological groups and A is a
subgroup of [lier Ai. Then for any character x: A — T, there is a finite subset J C |
such that x factors through the image of A in [[;c; As.

PROOF. Suppose y: A — T is a continuous character. Then x~!(U,) is an open neigh-
borhood of 0 in A. Thus there is a finite subset {iy,...,4,} C I and open neighborhoods
Vigy..., Vi, of Ay, ..., A;, , respectively, such that

1701000

x HU3) D AN (v xox Viox ] Ai)

which implies that

X(Aﬂ <0><---><O>< 11 Az)) C U,
i1 yrin

and since U contains no non-zero subgroup of T,

X(Aﬂ(0x~~><0>< 11 Al>) =0
G201, ein

It follows that, algebraically at least, y factors through the quotient
~ A
A —
A ﬂ (0 X oo X O X Hi;ﬁil,...,in Al)

topologized as a subobject of A;, x ---A; by a character we will denote ). To show that
X is continuous, it is sufficient to observe that

XN U) 2 AN(Vy x - x Vi)

and invoke Lemma 2.3. n
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By taking A to be the whole product, we derive the following.

2.5. COROLLARY. The natural map > (A; ) — (I1 A;) is an isomorphism.

3. The category chu

We give a brief description here of the category chu = chu(Ab, T) on which our develop-
ment depends. An object of chu is a pair (G,G") of (discrete) abelian groups, equipped
with a non-singular pairing (—, —): G®G" — T. Non-singular means that for all z € G, if
x # 0 there is a ¢ € G’ with (x, ¢) # 0; similarly, for all ¢ € G’, if ¢ # 0 thereisanz € G
with (x,¢) # 0. It is an immediate consequence that G’ can be thought of as a subset
of G and G can be thought of as a subset of G’ Using that identification, we define a
morphism f:(G,G') — (H, H') in chu to be a group homomorphism f:G — H such
that for all ¢ € H', ¢ f € G'. Consequently, there is an induced homomorphism f’: H’
— G’ given by f'¢ = ¢ f. It has the property that for z € G, fx is the unique element
of H such that for all ¢ € H', ¢(fz) = f'(¢)(z) so that f also determines f. Thus we
can define a duality by (G,G")* = (G',G) with the pairing given by (¢, x) = (z,¢) for
o€ G and x € G.

Let us denote by [(G,G"), (H, H')] the subgroup of Hom(G, H) consisting of the mor-
phisms described above. There is a tensor product in the category, given by

(G,G")® (H,H") = (G®H,[(G,G"), (H', H)])

This definition requires a bit of explanation. First, there is a pairing between G ® H
and [(G,G"), (H', H)] given by (z ® y, f) = (y, fz), for x € G, y € H and a morphism
f:(G,G") — (H', H). This is non-singular in the second variable, but not in the first and
we let G®H be G ® H modulo the elements of the tensor product that are annihilated
by all f. Similarly, there is an internal hom given by

(G,G") —o(H,H) = ([(G,&"), (H,H")],GRH)

The resultant category is what is called a *-autonomous category. This means that it has
a symmetric tensor product ®, an internal hom —o, natural adjunction isomorphisms

Hom(A ® B, () =2 Hom(A, B—(C) = Hom(B, A— ()
for any objects A, B, and C'; and a dualizing object L for which the natural map
A— (A—ol)—ol

is an isomorphism for every object A. In this case, the dualizing object is (T, Z) and one
can check that (G, G') —(T,Z) = (G',G). See [Barr, 1998] and references found there for
further details.

For any topological abelian group A, we denote by |A| the underlying discrete group.
If we suppose that each object of C has a separating family of characters, then so does
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each object of SPC. Then there is a functor F:SPC — chu defined on the objects
by FA = (JA|,A") with evaluation as the pairing. There is a functor R:chu — SPC
defined by letting R(G,G’) be the abelian group G topologized as a subgroup of T¢,
topologized by the product topology. This can also be described as the weak topology for

the characters in G'.
3.1. THEOREM. The functor R is full and faithful and right adjoint to F.
ProOOF. To show that R is full and faithful, it is sufficient to show that F'R = Id for which

it is sufficient to show that the natural map G’ — R(G, G’ )A is an isomorphism. But a
character on R(G,G") extends to the closure of R(G,G’) in T¢, which is compact and
hence, by the injectivity of T on compact groups, to T¢". By Corollary 2.5, a character on
T takes the form nqx1 + naX2 + - - - + neXe, where X1, X2, ..., xx € G' and nq, na, ..., Ny,
are characters on T, that is integers. But then xy = nix1 + nox2 + -+ npxx € G'. If
f:FA=(|A],A) — (G,G) is given, then f:|A| — G has the property that for ¢ € G,
oo f € A’. But this means that the composite A L G — T¢ is continuous, so that
f:A— R(G,G") is continuous. "

4. The main theorems

4.1. THEOREM. Let C and SPC be as above and suppose that C is closed under finite
products. Then the first four of the following conditions are equivalent and imply the fifth:

1. T is injective with respect to inclusions in C;

2. T s injective with respect to inclusions in SPC;

3. SPC has Mackey coreflections;

4. F has a left adjoint L whose counit LA — A is a bijection;

5. the restriction of F to SPC, is a natural equivalence.

Proor. We will show that 1 +— 2 — 3 =— 4 =— 2 and that 4 — 5.

1 <= 2: The property is inherited by subobjects so it is sufficient to show it for products
of objects of C. So suppose A C [[;c; C; with each C; € C. There is, by Proposition 2.4,
a finite subset J C I such that y factors by a character ¥ through the image A of A in
[I,cs Ci. Since C is closed under finite finite products, the injectivity of T with respect to
C provides the required extension of ¥ and hence of x. Thus 1 = 2 while the reverse
inclusion is obvious.

2 = 3: Given an object A of SPC, let {A; | i € I} range over the set of all abelian
groups whose topology is finer than that of A and for which the identity A; — A induces
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an isomorphism A — A, . Form the pullback

TA

[TA;

A Al

in which the bottom arrow is the diagonal and the right hand one is the identity on each
factor. Since the bottom arrow is an inclusion, so is the upper one up to isomorphism.
Taking duals and using the injectivity of T and Corollary 2.5, we have

(TA) (ITA) =S A
A (A7) =% A

so that A —» (TA)A is surjective, while it is obviously injective. Since the topology on
TA is finer than that of any A;, it has the finest topology that has the same character
group. We must now show that 7 is a functor. Suppose that f: A — B is a continuous
homomorphism. Let

A/

7B

A B

be a pullback. Then A" C A x 7B and we have a commutative diagram (actually also a
pullback)

A/

Ax 1B

A Ax B

in which the top arrow (as well as the bottom) is an inclusion. Dualizing gives the
commutative diagram

A" A @ (rB)
A AeB

from which we see that A — A" is an epimorphism and hence an isomorphism. But
then A’ has a compatible topology so that 7A — A’ and hence TA — 7B is continuous.
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3 = 4: Define L = 7oR:chu — SPC. If f:(G,G") — FA, we have Rf: R(G,G)
— RFA and then TR(G,G') — TRFA. Now RFA has the same elements and same
character group as A and so does TA. Since TA — A — RF A is continuous, it follows
that 7A has exactly the properties that characterize TRFA. Thus we have L(G,G")
— TRFA =71A — A. This gives an injection Hom((G, G"), FA) — Hom(L(G,G’), A)
and the other inclusion is obvious since LF'is evidently the identity.

4 = 2: Suppose that A C B in SPC. Let FA = (G,G') and FB = (H,H’). Then
G C H and we wish to show that the induced H — G’ is surjective. If not, let G’ be
the image of H — G’. We claim that there is a pairing on (G, G') such that (G,G")
— (G,G") — (H, H') are morphisms. In fact, the pairing is given by G ® G’ — G ® G’
— T. This is clearly extensional, since G'is a subgroup of G'. If z # 0 is in G, let ¢ € H'
such that (x,¢) # 0. If ¢ is the image of ¢ then (z,¢) # 0. That (G,G') — (G,G")
— (H, H') are morphisms is clear. We have the diagram

L(G,G)—— L(G,G) — L(H,H')

R(G,G")— R(G,G") — R(H,H')

in which A is defined by having the lower right square be a pullback. All the vertical
arrows are bijections as are the horizontal arrows in the left hand squares. Moreover, the
composite A — A — B is the inclusion of a topological subgroup and the first arrow is
a bijection, which leaves the topology of A both finer and coarser than that of A. Hence
A=A, whence ¢’ = G’ and H — G’ is surjective.

4 = b5: If F has a left adjoint L, then it follows that T is injective in SPC and that L is
constructed as above and its image is just SPC,, which is then equivalent to chu. n

Suppose that A and B are topological abelian groups. Say that a homomorphism
f:|A| — |B| is weakly continuous if for every continuous character ¢: B — T, the
composite ¢o f: A — T is continuous. Clearly if every weakly continuous map out of
A is actually continuous, then A is a Mackey group. The converse is also true, provided
Mackey coreflections exist. We will say that C satisfies Glicksberg’s condition if every
weakly continuous homomorphism between objects of C is continuous. Glicksberg proved
[1962, Theorem 1.1], that the category of locally compact abelian groups does satisfy this
condition.

4.2. THEOREM. Suppose C satisfies Glicksberg’s condition. Then every object of C is a
Mackey group in SPC.
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PRrROOF. It is sufficient to show that if C' is an object of C, then for any object A of SPC,
any weakly continuous f:C' — A is continuous. But there is an embedding A — [ C;
with each C; in C and to prove C' — A continuous, it is sufficient to show that each
composite C' — A — (C} is continuous. But for any character C; — T, the composite
A — C; — T is continuous and since C' — A is weakly continuous, the composite C'
— A — C; — T is also continuous. Thus each composite C' — A — C}; is weakly
continuous and, by Glicksberg’s condition, is continuous. [

4.3. EXAMPLES. We can identify three examples, though there are certainly more. We
list them in order of increasing size.

WEAKLY TOPOLOGIZED GROUPS. If we take for C the category of compact groups, the
resultant SPC is the category of subcompact groups—those that have a topological em-
bedding into a compact group. In that case, both the dual and the internal hom are
topologized by the weak topology and all our results are immediately applicable. In this
case the Mackey and weak topologies coincide and every object has a Mackey topology.

LocALLy cOMPACT GROUPS. If for C we take the category LC of locally compact abelian
groups, then SPC is the category SPLC of subobjects of products of locally compact
abelian groups. Locally compact groups are Mackey groups in this case.

NUCLEAR GROUPS. If we take for C the category NUC of nuclear groups, then SPC =
NUC as well. Since K is injective with respect to NUC (see (8.1) in [Banaszczyk, 1991])
there are Mackey reflections. Although SPLC C NUC, it is not immediately obvious
that the inclusion is proper. One point is that the class of nuclear groups is closed under
Hausdorff quotients, which is not known to be the case for SPLC.
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ADDED 2011-12-22. It has just come to my! attention that the proof that 2 = 3 in
Theorem 4.1 has a gap in that we didn’t show that 7 is a functor. This is easily done as
follows. Suppose we have a continuous homomorphism f: B — A. Define the topological

group C' so that

C h

TA

k 9

B A

f

is a pullback. The right hand vertical arrow and therefore the left hand vertical arrow are
bijections. Suppose ¢ € C". We will show that there is a v € B such that ¢ = vk, which
will show that B — € is a bijection and hence that the topologyy on C' lies between
those of 7B and B, which suffices, since then we have 1B — C' — 7A. The definition of
pullback implies that C' — B x 7A is a topological embedding. Injectivity of T implies
that there is a (1, p) € B x (TA) such that p = 1k + ph. Since (T4) = A, there is a
p € A such that p = pg. Then we have ¢ = ¥k + pugh = ¥k + pfk = (¥ + pf)k. Thus
v =1 + pug is the required map. ]
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