Theory and Applications of Categories, Vol. 7, No. 13, 2000, pp. 239-262.

SOLUTION MANIFOLDS FOR SYSTEMS OF DIFFERENTIAL
EQUATIONS

JOHN F. KENNISON
Transmitted by Michael Barr

ABSTRACT. This paper defines a solution manifold and a stable submanifold for a
system of differential equations. Although we eventually work in the smooth topos, the
first two sections do not mention topos theory and should be of interest to non-topos
theorists. The paper characterizes solutions in terms of barriers to growth and defines
solutions in what are called filter rings (characterized as C'*°-reduced rings in a paper of
Moerdijk and Reyes). We examine standardization, stabilization, perturbation, change
of variables, non-standard solutions, strange attractors and cycles at infinity.

Introduction

We explore what is meant by a solution of a system of differential equations. Although
the approach is based on solving equations in the smooth topos, the material in the first
two sections does not depend on topos theory and should be of independent interest. One
of our results analyzes limit cycles of autonomous differential equations. In section 3, we
define a solution manifold and a stabilization operation. Section 4 contains examples.

Conceptually, this paper is related to [3] which dealt with differential equations for a
single function. We have had to change our technical approach considerably to accom-
modate systems of equations. So the reading of [3] is not a prerequisite for this paper.

In section 1, we characterize solutions of a system of differential equations as n-tuples
of functions which respect certain “barriers to growth”. This fact enables us, in section 2,
to use barriers to define solutions in filter rings (the C*°-reduced rings of [5], [6]). Solutions
in a filter ring are, in effect, parameterized solutions, such as solutions of parameterized
differential equations, or solutions parameterized by initial conditions, see Theorem 2.12
and its corollary. The filter sometimes gives us non-standard real parameters, and trans-
finite cycles as in Theorem 2.20. Filter ring solutions often reflect the behavior of nearby
solutions which accounts for their effectiveness in examining issues such as stability.

In section 3, we examine solutions in a smooth topos. The solution manifold is defined
as the subobject of (R”)R where the barrier conditions are satisfied and where R is (the
manifold corresponding to) the real line. We work in the topos of sheaves on the category
V of filter rings, and use the finite open cover topology, see [4]. Our approach allows
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us to define the submanifolds of stable and of asymptotically stable solutions and the
quotient manifold of standard solutions. For most of our theorems, we need to impose a
boundedness condition due to the fact that R is not Archimedean in this topos.

NoOTATION. We often use x = (x1, ..., x,) to denote an element of R". In this case, ||z||
denotes Max{|z;|}, the ¢, norm. (Although any reasonable norm will usually do.)

1. Barriers for Systems of Differential Equations

We consider systems of the following type:
deZ‘

(%) o =Wi(t,xq, ..., x,) fori=1, ..., n
We assume that each W; is a continuous, real-valued function defined on all of R x R".
Letting = (21, ..., x,) and W = (W4, ..., W,), system (*) becomes:
dx
— =W(t
() 5 = W(t,2)

We say that f is a solution of (x) iff f is an n-tuple of differentiable functions from R
to R such that, for 1 <1i < n, we have f/(t) = W;(t, f(t)) for all t € R.
Our approach is to study solutions of () by finding barriers to their growth.

1.1. DEFINITION. Let (%) be as above. Then a C*°-function B(t,z) = B(t,z1, ..., )
is a barrier function for (x) over [a,b] if a < b and if whenever B(t,z) = 0 fort € |a,b]

then OB/0t + > (0B/0x;)W; < 0 at the point (t,x).

1.2. LEMMA. Let g(t) be a differentiable function on [a,b] (where a < b) with the property
that if g(c) =0 for any c € |a,b] then ¢'(c) < 0. It follows that if g(a) < 0 then g(b) < 0.

Proof. Case 1: Assume g(a) < 0. Suppose g(b) > 0. Let ¢ be the smallest element of
la, b] for which g(¢) = 0. By choice of ¢, we have g(t) < 0 for a < t < ¢ which implies
that ¢'(c) > 0 by calculating ¢'(c) as t approaches ¢ from the left. This contradicts the
hypothesis that ¢'(c) < 0 since g(c) = 0.

Case 2: Assume g(a) = 0. Then, by hypothesis, ¢'(a) < 0 so there clearly exists ay with
a < ag < b such that g(ap) < 0. The argument given in case 1, applied to the interval
[ag, b], now leads to the result that g(b) < 0. =

1.3. DEFINITION. A system f = (f1, ..., fa) satisfies the strong barrier condition for
(%) if whenever B(t,x) is a barrier over some |a,b] then B(a, f(a)) > 0 or B(b, f(b)) < 0.
Also f satisfies the weak barrier condition for (x) if under the same assumptions on B,
B(a, f(a)) >0 or B(b, f(b)) < 0.

1.4. LEMMA. If f = (f1, ..., fa) is a solution of (x) then f satisfies the strong barrier
condition for (x).

Proof. Let B(t,x) be a barrier over [a, b] and define ¢g(t) = B(t, f(t)). Then apply Lemma
1.2 to g which directly leads to the result. ]
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1.5. THEOREM. Let f = (f1, ..., fn) be an n-tuple of functions from R to R (with no
differentiability or even continuity assumed). Then the following are equivalent:

(1) Each f; is differentiable and f is a solution of (x).

(2) f satisfies the strong barrier condition for (x).

(3) [ satisfies the weak barrier condition for (x).

Proof. (1)=(2): By Lemma 1.4.
(2)=-(3): Obvious.
(3)=(1): Let ty be given and let 2° = f(ty) where z° = (29, ..., 2°) and 2 = f;(t(). Let
m = W(ty,2°), with m = (mq, ..., m,). We need to show that f/(to) exists and equals
m; fori=1, ..., n.

Let € > 0 be given. Choose an open neighborhood U of (tg,z°) in R x R"™ such that
for (t,x) € U, with © = (zq, ..., x,), we have, fori =1, ..., n:

(m; —e) < Wi(t,x) < (m; + ¢)

Choose ¢ > 0 so that (¢,x) € U whenever |t — to| < § and |z; — 29| < § for all 7. Let n
be any real number with 0 < n < §/2. Let h; : R—R be the straight line function with
slope m; + € for which h;(to) = 29 + 7. Let £; : R—R be the straight line function with
slope m; — € for which ¢;(to) = 29 —n. Choose t; > to such that whenever ¢ € [to, ¢;] then
;(t) and h;(t) are within & of x?. (It suffices to do this for n = §/2.) It follows that if
x = (1, ..., x,) and 4;(t) < x; < hi(t) and t € [ty,t;] then (t,2) € U. Now, using the
notation exp(r) for e”, we define:

bi(t, zi) = exp[K (hi(t) — x:)(0i(t) — x4)]

where K > 0 is to be chosen. To continue the proof, we need:

1.6. LEMMA. Using the construction in the above proof, and assuming t € [to,t1] and
x=(x1, ..., x,), we have:

(1) If bi(t, z;) < 1, then £;(t) < z; < hi(t).

(2) If bi(t, z;) <1 for all i, then Ob;/Ot + Ob;/Ox;W; < 0.

(3) B(t,x) = (X bi(t,z;)?) — 1 is a barrier function for () over [ty,t1].

(2) If b;(t,z;) <1 for all 4, then, by (1), we have £;(t) < x; < h;(t), for all 7, and by
choice of t1, we see that (t,z) € U. Now let W;(¢,x) = m;. then (m; —e) < m; < (m;+e),
by definition of U. We readily find that:

ob; /ot = Kb[(m;+€)(l;(t) — x;) + (my — €)(hi(t) — x;)]

So, collecting these terms and using m; = W;(t, x), we get:
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Since m; — e < T; < m; + €, we see that the coefficient of ¢;(¢) is positive while the
coefficient of h;(t) is negative. Also K'b; > 0. But, by (1), £;(t) < x; < h(t) (and at least
one of these inequalities is strict, ¢;(t) < z; < h;(t) or ;(t) < x; < h;(t).) So, if we replace
0;(t) and h;(t) by x;, we get a strictly larger expression, which, as can be readily seen,
simplifies to 0:

(3) Let B(t,z) = (3 bi(t,x;)*)—1. Suppose t € [to, 1] and that B(t, ) = 0. Then, clearly,
bi(t,z;) <1 for all i, so (t,x) € U. We calculate that:

(as follows from (2).) This shows that B is a barrier function for (x). =

PROOF OF THEOREM 1.5, CONTINUED. By the lemma, B(t, x) is a barrier function over
[to, t1] for any positive choice of K. By choosing K sufficiently large, we can make each
bi(to, #?) small enough so that B(ty, z") < 0. Since f satisfies the weak barrier condition, it
follows that B(tq, f(t1)) < 0. But this means that each b;(¢1, f;(¢1)) < 1 so fi(t1) is caught
between ¢;(t,) and h;(t1). Moreover, this argument works as we let »—0 (noting that the
same value of t; works for all ). We can also repeat the same argument for any ¢ € [to, t1].
This is enough to show that the differential quotient (f;(t) — fi(t0))/(t —to) approaches m;
as t approaches ¢y from the right. An entirely analogous argument works for approaching
to from the left. (In fact, it could be formalized by systematically replacing ¢ by —t, see
the first part of the proof of 2.23, and then showing that we get no genuinely new barrier
conditions on f). n

1.7. PROPOSITION. A pointwise limit of solutions of (x) is again a solution of (x). More-
over, if S is a family of solutions of (x) and f is an n-tuple of functions such that for
every a,b and € > 0, there exists s € S with ||s(a) — f(a)|| <€, ||s(b) — f(b)|| < € then f
is a solution of (x).

Proof. Let B(t,x) be any barrier function for (%) over [a,b]. We can readily show that
f satisfies the strong barrier condition at B by approximating f sufficiently closely by a
member of S at a, b. n

2. Solutions in Filter Rings

To study non-standard solutions, stability and cycles at infinity, we use the barrier con-
ditions to define solutions in what are called filter rings (or the reduced rings of [5], [6]).

By a proper filter on R™ we mean a non-empty collection, F, of non-empty subsets
of R™ closed under finite intersection and supersets (meaning that if Fy, Fy € F then
FiNF,e Fandif F € F,F C G then G € F). The collection of all subsets of R™ is
called the improper filter on R™. We say that B is a base for F, or that B generates F,
when F' € F iff there exists B € B with B C F.
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2.1. DEFINITION. By a closed filter on R™ we mean a filter with a base of closed subsets
of R™.
We let C>*(R™) denote the ring of all C*°-functions from R™ to R. If F is a closed
filter on R™, then I(F) is the ideal of all f € C*(R™) which vanish on a member of F.
By a filter ring, we mean a ring of the form C*(R™)/I(F).

Note: If F is the improper filter, generated by the empty set, which is closed, then
C>*(R™)/I(F) will be the trivial ring consisting of just one element.

The point of defining a filter ring A is to be able to define what is meant by “a
solution of (%) with parameters in A”. To do this we define the “ring of real-valued maps
with parameters in A”. Note that if u = (ug,...,u,) represents an n-tuple of generators
of A then it is plausible that a(u,t) represents “a function of ¢ parameterized by A .
For technical reasons, we sometimes need to impose a boundedness condition. (See also
section 3 for a more theoretical approach to these definitions.)

2.2. DEFINITION. For A = C>®(R™)/I(F) define Map(A) as C*(R™ x R)/I(7*F)
where © F is the closed filter generated by sets of the form F' X R for F € F. We also de-
fine Map,(A) as the subring of Map(A) consisting of the “semi-bounded” elements, where
w € C*°(R™ x R) is semi-bounded with respect to F if for every closed bounded interval
J, there exists F' € F such that the restriction of w to F' X J is bounded.

If F is understood, then C(R™ x R) denotes the subring of all maps in C*°(R™ x R)
which are semi-bounded with respect to F.

Also, n-Map(A) is the product of n copies of Map(A) and n-Map,(A) is the product
of n copies of Map(A).

REMARK. If w denotes an element of Map,(A), then, through intentional abuse of nota-
tion, we let w also denote a representative function in C3(R™ x R).

C'*°-MAPS CAN BE EVALUATED IN FILTER RINGS. If (wy, ..., w,) is a k-tuple of elements
of the filter ring A, and if A € C*°(R"), then A(wy, ..., w,) makes sense. For if we regard
each w; as a function (see above remark) then A(wy, ..., w,) is a well-defined composite

function, and can readily be shown to represent an element of A. It remains to check
that the indicated construction is independent of the actual functions used to represent
the elements (wq, ..., w,) of A, and this is straightforward.

(A ring for which C'*°-maps can be evaluated in a reasonable way is called a C*-ring.
See [4] for details.)

A consequence of evaluating C'*°-functions is that we can use the barrier functions to
define whether an element of Map(A) satisfies the weak and strong barrier conditions,
and so be a “non-standard” solution of (x).

2.3. DEFINITION. Let A be a filter ring. Then o € n-Map(A) is an A-solution of (x) if it
satisfies the strong barrier condition for (%) which means that whenever B(t,x) is a barrier
over some [a,b] then there exists ' € F such that for all w € F either B(a,o(u,a)) > 0
or B(b,o(u,b)) < 0. We say that o is a semi-bounded solution of (x) if o is a solution
in n-Map,(A)
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The weak barrier condition for (k) is defined analogously, using >, < instead of >, <,
in the manner of Definition 1.5.

We will show that the strong and weak barrier conditions are equivalent for semi-
bounded solutions. First we need:

2.4. DEFINITION. A closed filter on R™ is maximally closed if it is a maximal element
of the family of all proper closed filters on R™.

REMARK. Since every closed subset of R™ is a zero-set, the closed filters and maximally
closed filters defined above coincide with the filters generated by the z-filters and the
z-ultrafilters as defined in [1]. Note that a z-ultrafilter does not necessarily generate an
ultrafilter, see [1], page 152.

NoTATION. If F is a proper filter on R™ and f : R™—R then L, “the limit of f along
F7, denoted by L = limg f, is defined by the condition that for each € > 0 there exist
F € F such that |L — f(u)| < € for all u € F. Clearly L is unique, if it exists.

2.5. DEFINITION. Let A = C*(R™)/I(F) be a non-trivial filter ring and let o(u,t) €
Map,(A) be given. Whenever M is a mazimally closed extension of F, we define o s0
that, for each fized t, opm(t) = limpg o(u,t).

Similarly, if o = (o1, ..., on) , then op = (O1 My -+ Tnm)-

A straightforward compactness argument shows that o, () exists and is unique. Note
that by semi-boundedness, there exists F' € F such that o is bounded on F' x {t}. By the
smooth Tietze theorem, we may as well assume that o(u,t) is bounded when restricted

to R™ x {t}.

2.6. LEMMA. Let A = C>®(R™)/I(F) be a non-trivial filter ring and assume that o(u,t) €
n-Map,(A) satisfies the weak barrier condition for (x). Then, whenever M is a maximally
closed extension of F, we have that o is a solution of ().

Proof. By Theorem 1.5, it suffices to show that o, satisfies the weak barrier condition.
Let B(t,x) be a barrier function over [a,b] and suppose that neither B(a,onr(a)) > 0
nor B(b,o(b)) < 0. So, B(a,oxm(a)) < 0 and B(b,o.(b)) > 0. Since B is continuous,
there exists a neighborhood L; of ox(a) (in R™) such that B(a,z) < 0 for x € Ly, and
a neighborhood Ly of oa(b) such that B(b,x) > 0 for © € Ly. By the convergence of
o(u,a) to op(a) we can find U € M such that o(u,a) € Ly for v € U. Similarly we
can find V € M such that o(u,b) € Ly for u € V.. But o(u,t) satisfies the weak barrier
condition, so there exists F' € F such that for u € F we have either B(a,o(u,a)) > 0 or
B(b,o(u,b)) <0. It follows that UNV N F = so ) € M, which is a contradiction. m

2.7. LEMMA. Let A = C®(R™)/I(F) be a non-trivial filter ring and let o(u,t) be in
n-Map,(A). Assume that o is a solution of (x) whenever M is a maximally closed
extension of F. Then o(u,t) satisfies the strong barrier condition for ().

Proof. Let B(t,z) be a barrier function over [a, b] and let:

E = {u € R™ : Either B(a,o(u,a)) > 0or B(b,o(u,b)) < 0}
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We have to find an F' € F with FF C E. Assume no such F' exists. Then we can find a
maximally closed extension M of F such that E¢ € M (where the closed set E° is the
complement of E). By hypothesis, o4 is a solution of (x) and, by Theorem 1.5, it satisfies
the strong barrier condition so:

Either B(a,onm(a)) > 0or B(b, o (b)) < 0

Case 1: Assume B(a, o (a)) > 0. By continuity, there exists a neighborhood L; of ox(a)
with B(a,x) > 0 for every x € Ly. Since o(u, a) converges to o(a) there exists U € M
such with o(u,a) € Ly for all u € U. Tt follows that U N E¢ = (), a contradiction.

Case 2: Assume B(b,o(b)) < 0. This case uses a similar contradiction. "

2.8. PROPOSITION. Let A = C>®(R™)/I(F) be a non-trivial filter ring and let o(u,t) be
an n-tuple of elements of Mapy(A). Then the following statements are equivalent:

(1) o is an A-solution of (%) (i.e. o satisfies the strong barrier condition,).

(2) o satisfies the weak barrier condition for (x).

(3) Whenever M is a maximally closed extension of F, then o is a solution of (x).

Proof. (1)=(2): Obvious.
(2)=(3): By Lemma 2.6.
(3)=(1): By Lemma 2.7. =

2.9. DEFINITION. Let A = C®°(R™)/I(F). Then Ipicn, the ideal of pointwise conver-
gence, is the set of all « € Mapy(A) such that for every fized real ty and every ¢ > 0
there exists ' € F with |a(u,ty)| < € whenever u € F. 1t follows by semi-boundedness

that Ipyon is an ideal of Mapy(A) and o € Ipyen iff ap = 0 for every mazximally closed
extension M of F.

2.10. PROPOSITION. Assume o € n-Mapy(A) for some filter ring A. Then o represents
an A-solution of (%) iff o + « does for every n-tuple o of members of Ipycy.

Proof. Straightforward, using Proposition 2.8. [

PERTURBED DIFFERENTIAL EQUATIONS. A differential equation, (x,) dx/dt = V (u,t, ),
is said to be a perturbation of (x) if V(u,t,z) equals W (t,z) for a particular value of the
parameter u. More generally, we will allow V' (u,t, x) to approach W (¢, x) for a “limiting
value” of u in the sense of the following definition. In this case, parameterized solutions of
dz/dt = V(u,t,z) not only approximate solutions of (x), they actually form an A-solution

of () for suitable A.

2.11. DEFINITION. The differential equation (x,) dx/dt = V(u,t,x), with parameter
u € R™ is a perturbation of (%) with respect to a closed filter F on R™ if W(t,x) =
limz V(u,t,x) for fized t and x.

2.12. THEOREM. Suppose that (x) is perturbed by an equation (x,) dz/dt = V(u,t,x)

with respect to F a filter on R™. If the semi-bounded o(u,t) is a parameterized solution
of (%), then o represents an A-solution of (x) where A = C>*(R™)/I(F).
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Proof. Let B(t,x) be a barrier function on [a,b] for (x). By semi-boundedness, we may
as well assume that for some M, we have ||o(u,t)|| < M for (u,t) € R™ x [a,b]. Let:

K ={(t,z) : t € [a,0], |]z]| < M, B(t,z) = 0}

Clearly K is compact and, since 0B/0t + > 0B/0x;W; < 0 for all (¢,z) € K, there is
a maximum value m of dB/0t + > 0B/0x;W; (on K) and m is negative. Since each
0B/0z; is bounded on K there exists € > 0 such that if |V (u,t,2) — W(t,z)| < €
then 0B/0t + > 0B/0x;W; < m/2 < 0 on K. By hypothesis, each (ty,zy) € K has a
neighborhood L with some F' € F for which V' (u,t,z) is within € of W (¢, z) for (t,z) € L
and u € F'. By covering K with finitely many of these L’s and taking the corresponding
finite intersection of the F’s we can find Fy € F such that V' (u,t, z) is within € of W (¢, z)
for (t,x) € K and u € Fy. Therefore, for each u € Fy we see that B(t,x) is a barrier
function for the perturbed equation (x,) and since o(u,t) is a solution of this equation,
we see that o satisfies the required barrier condition to be an A-solution of (x). "

2.13. COROLLARY. Leto(u,t) be a solution of (x) for each fixed value of u. For example,
o(u,t) might be a solution satisfying an initial condition which depends on u. Then o(u,t)
represents an A-solution of (x) whenever o(u,t) € Mapy(A).

Proof. Let V(u,t,z) = W(t,z) for all u. n

THE ASSOCIATED MAP AND NON-STANDARD SOLUTIONS. As shown in section 1, a stan-
dard solution of (%) is an n-tuple of functions f = (f1,..., fn), with f; : R—R, which
satisfies the weak barrier conditions. This same definition can be interpreted in the inter-
nal language of a smooth topos and, as will be shown in the next section, the resulting
notion relates to A-solutions.

One advantage of the internal definition is that we can discuss solutions of (x) in which
R is replaced by a non-standard version of the reals. We will illustrate this possibility by
working with ultrapowers of R, which can be used to show that some differential equations
have non-standard cyclic-like solutions with transfinite periods.

2.14. DEFINITION. Let N denote the positive integers and let U be an ultrafilter on N.

We say that two sequences, x,y € RN are equivalent modulo U iff {i : z; = y;} € U.
Then Ry, the resulting set of equivalence classes is called an ultrapower of R.

The above are the only ultrapowers we will consider but, in general, the set N can be
replaced by any index set. It is well-known that any ultrapower of R has all the relations
and operations that R has and satisfies the same first-order properties. Such ultrapowers
are also filter rings, as shown by:

2.15. LEMMA. FEvery ultrapower of R, arising from an ultrafilter on N, is a filter ring.

Proof. The ultrafilter & on N is clearly the base of a closed filter on R, which we will
also denote by U. It is then readily seen that Ry = C*(R)/I(U). "
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2.16. DEFINITION. Let Ry, and Ry be ultrapowers of R. Then ann-tuple f = (f1,..., fn)
with f; : Ry—Ry is a non-standard solution of (%) if the weak barrier conditions are sat-

1sfied.

2.17. DEFINITION. Ifo(u,t) € Map(A), then the associated map ¢ : A—A is defined so
that if « € A is represented by o(u), then 6(«) is represented by o(u, a(u)). Similarly, if
o(u,t) € n-Map(A) with o = (04, ..., 0,) , then & = (64, ..., 0,)

2.18. PROPOSITION. Let Ry be an ultrapower of R and let o € n-Map(Ry) be given.
Then o is an Ry-solution of (x) iff & is a non-standard solution of ().

Proof. o is an Ry-solution iff there exists U € U such that for u € U we have either
B(a,o(u,a)) > 0 or B(b,o(u,b)) < 0. But since U is an ultrafilter it is a prime fil-
ter and this means that the above is true iff either {u|B(a,o(u,a))} > 0 is in U or
{u|B(b,o(u,b))} < 0isin U. This is easily seen to be equivalent to saying that ¢ is a
non-standard solution of (x). (Note: Not every non-standard solution is the associated
map of a member of n-Map(Ry).) n

AUTONOMOUS EQUATIONS AND THE PSEUDO-CYCLE AT oo. An equation of the form
dz/dt = W (x), where W depends only on x and not on ¢, is said to be autonomous. In
this case, if f is a solution of (%) then f(u + t) is also a solution for any constant u.

We will assume that f is a solution of the autonomous equation (x) and is bounded
meaning that the set {f(¢) : t € R} is a bounded subset of R". We aim to study the limit
points LT (f), or points that f(t) gets close to as t—o0 (see below).

We will investigate the behavior of f(t) as t—o0 by, in effect, considering a solution
of the form f(y + t) where 7 is a transfinite constant. In order for this to make sense,
we need to replace f by a non-standard solution with domain Ry, where U is a free (i.e.
non-principal) ultrafilter, so that Ry, has transfinite elements.

CONSTRUCTION. (1) We are given f : R—R" a solution with bounded range of the
autonomous differential equation (x). (As will be noted below, this construction extends
to the case where we only assume that {f(¢)|t > 0} is a bounded subset of R".)

(2) We assume that (x) satisfies a uniqueness condition which means that any two
ordinary solutions which agree at a single value of ¢ must then agree at all (finite) values
of t. Mild conditions on W, such as being a C! function, are sufficient to guarantee the
uniqueness condition, see [2], page 542.

(3) We let L*(f) be the set of all points P € R" such that f(t) comes arbitrarily close
to P for arbitrarily large values of t. So P € L*(f) iff for every ¢ > 0 and every tq there
exists t > ty such that ||f(t) — P|| < e. If n = 2, the Poincaré-Bendixson theorem says
that, barring any limit equilibrium points, the set L*(f) is a cyclic orbit. But L*(f), for
n > 2, can be a “strange attractor” with weird properties, see [2].

(4) We let U be any free ultrafilter on N and let Ry, be the resulting filter ring. By
Corollary 2.13, we see that o(u,t) = f(u +t) is an Ry-solution of (x).

(5) Let ¢ be the resulting non-standard solution of (%) as in Proposition 2.18. Note
that if 7 € Ry, is represented by the sequence (74,...,7;,...) then 6(7) is represented by
the sequence (o(1,7),...,0(i,7),...).
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(6) We let Lim o : Ryy—R" be the function obtained by taking limits along /. Since
the range of f is bounded, this limit exists and is unique. Since limits preserve the weak
barrier conditions, it follows that Lim ;¢ is still a non-standard solution of (x).

(7) We let R;; denote the positive elements of Ry, We also let f : Rf—R" be the
restriction of Limy6 to R;;. Note that f is essentially the limit of f(y + t) where v is
represented by the identity sequence (1,2,...,4,...). In effect this map shows us what
happens to f(u +t) as u “goes to infinity” along U.

2.19. LEMMA. Let (x) and f be as above. Assume that (%) satisfies the uniqueness
condition. Let v = {v} be such that yy—o0 (along U) and let ¢ = {ex} be such that
Limy(ex) = 0. Then Limy f(vx) = Limy f (v + €x).

Proof. Since f(t) is bounded for ¢ > 0, we see that f'(t) = W(f(t)) is also bounded
for ¢ > 0. So there exists M > 0 such that [|f'(¢)|| < M for all £ > 0. (Recall that
we are using the ¢, norm on R".) From the mean-value theorem we now get that
| f(ve +ex) — f(ve)]| < M||ex| and the lemma follows. n

2.20. THEOREM.  Let (x) be an autonomous equation where each W;(z) is a C*-
function. Let f(t) be a bounded solution for (x). Let f : Rj—R" and LT(f) be as
defined above. Then:

(1) The range of f is precisely L (f).

(2) f is “locally cyclic” in the sense that for each o € Ry, there exists p € R}, such
that f(a) = f(a+p).

(3) If f(a) = f(a+p), then f(B) = f(B+ p) whenever 3 — « is bounded.

(4) f imposes no order on its range LT(f) in the sense that if f(a) = P, and Py is
any other point in LT(f) then there exists p € R, such that f(a + p) = Ps.

Proof. (1) It is obvious that the range of f is contained in L*(f). Suppose P € L*(f).
Then we can find {¢;} such that P is the classical limit of f(¢;) by choosing tx > k + 1
with f(t) within 1/k of P. Let 7 = {7} where 7 = t; — k then P = f(7).

(2) Let o = {ay} € Ry, be given and let f(a) = Limy f(k + ai) = P. Clearly we can
find an increasing sequence of positive integers my, such that [|[P — f(mg + aum, )| < 1/k.
We can clearly further require that my > ax + k. Define p = {p} where pp = (my +
Qm, ) — (k+ ag). Then it easily follows that f(a + p) = f(«).

(3) Assume f(a+p) = f(a) and that 3 —a = A = {\;} is bounded. This means that
Limy(Ar) = to where to € R. Write A\ = to + €, then Limy(e,) = 0.

For each ¢, let g(t) = Lim f(k + . +t). Since, for fixed k, f(ay +k+1) is a solution
of (%), it follows from Proposition 1.7 that g(¢) is a solution of (%) (in the usual sense,
as a map from R to R"). Similarly, let h(t) = Limy f(k + ax + pr. +t). By the same
argument, h(t) is also a solution of (x). But g(0) = h(0). Since W is C*°, it follows that
(%) satisfies the uniqueness condition, see [2], and therefore g(t) = h(t), Vt € R.

Now, T(ﬁ) = Limu(k + Bk) = Limu(k + ag + >\k) = Limu(k‘ + ap + o + Ek) =
Limy(k + ax + to) (by Lemma 2.19). But this is g(to). A similar calculation shows that

f(B+ p) = h(ty), so the proof follows from the fact that g(ty) = h(t).
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(4) Since f(a) = Py, we can write P, = Limy f(k + o). Since P, € L*(f), we can,
for each k, find ¢, > k + ay such that f(¢;) is within 1/k of P,. Let py = tx — (k + au),
then p = {px} has the required property. m

REMARKS. (1) Part (4) of the above theorem says, in effect, that “everything comes
around again, infinitely often”. This is illustrated in Example 4.8.

(2) If W(t,x) is not sufficiently smooth, we can usually use C'*°-approximation and
Theorem 2.12.

(3) The above theorem applies even if we only assume {f(t) : ¢ > 0} is bounded.
In this case, let {f(t) : ¢ > 0} be contained in a closed ball B; in R". Let B, be a
larger closed ball such that B is entirely contained in the interior of Bs. Then modify
the definition of W (x) so that it has the same values for € By but is redefined on the
boundary of Bs so that as we trace f(t) for negative values of ¢ it cannot leave Bs. (Since
t is going backwards, this means redefining W as, say, the unit vector normal to the
surface of By and pointing outward.) We can redefine W by the smooth Tietze theorem
and f will exist (as it cannot “go off to 00”) and f(¢) will be unchanged for ¢ > 0 as W
is unchanged on Bj.

(4) Note that the above theorem has no hypothesis about the absence of equilibrium
points, so, for n = 2, it applies even when Poincaré-Bendixson might not because of
limiting equilibrium points. In this case, L™ (f) may consist of equilibrium points and
orbits between them (that is, orbits which tend to equilibria as t— =+ 00). The orbit
based on R}, hits all of these equilibria and traverses all of the orbits between them. This
example shows there is no hope of proving that once f(a) = f(a+p), then f(8) = f(5+p)

for all 5. When the non-standard orbit hits an equilibrium point at, say, f (c), then
f(a) = f(a+p) for any finite p, and, by (3) of the above theorem, any such finite p works
as a period until sometime “infinitely later” when, by (4) of this theorem, the orbit must

leave the equilibrium point to hit the other points in L*(f). See Example 4.8.

CHANGE OF VARIABLES. We conclude this section by examining the behavior of (x)
under a change of variables. We use the following notation:

(1) Members of R" will be thought of as column vectors, that is, as n x 1 matrices.

(2) If f: R"—=R™ is a C'-function, then Df is the m X n matrix with f;/dx; in row
i, column j. Recall that the chain rule says that if h = fg then Dh = D fDg (matrix
product).

(3) If x : R—R" is a solution of (%) and if W is regarded as a column vector of
functions, then (%) can be written in the form:

(%1) Dx =W

These conventions make the following easier to state:

2.21. THEOREM. Let (%1) be as above and consider the change of the dependent variable
from x to y suggested by the equations:

y = (z) and = 0(y)
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where ¢,0 are C®-inverses of each other. Then (x1) is transformed into:
(*2) Dy = DoW (t,0(y)).

For any filter ring A, there is a one-to-one correspondence between A-solutions of (x1) and
of (x2) under which the (x1)-solution o(u,t) corresponds to the (x3)-solution ¢(o(u,t)).
This correspondence takes semi-bounded solutions to semi-bounded solutions.

Proof. It is readily shown that that B(t,z) is a barrier function for (%) iff B(t,0y) is a
barrier for (*3). The result then follows. The preservation of semi-bounded solutions is
obvious and follows from Proposition 2.8 anyway. n

Having proven this theorem, we immediately use it to obtain a more general version:

2.22. THEOREM. More generally, let (1) be as above and consider the change of the
dependent variable from x to y suggested by the equations:

y = o(t,x) andx = 0(t,y)
where ¢, 0 are C*-inverses of each other. Then (x1) is transformed into:
(x2) Dy = 0¢/0t + DeW (1, 6(y)).

For any filter ring A, there is a one-to-one correspondence between A-solutions of (x1) and
of (x2) under which the (x1)-solution o(u,t) corresponds to the (x3)-solution ¢(t,o(u,t)).
This correspondence takes semi-bounded solutions to semi-bounded solutions.

Proof. This is really the same theorem as the above if we imagine using an additional
variable zy which plays the role of . So we redefine W (g, x) as W (t,z) and Wy = 1. The
equations of the previous theorem then reduce to the ones given above. We also have to
impose an initial condition that x¢(0) = 0 and it is easily verified that the transformations
preserve solutions which satisfy this condition.(Alternatively, we could argue as in the
previous proof.) n

2.23. THEOREM. Let (*q) be dx/dt = W (t,x) and consider the change of the independent
variable from t to s suggested by the equations:

s=o(t) andt =0(s)
where ¢,0 are C®-inverses of each other. Then (x1) is transformed into:
(x9) dx/ds = W(0(s),x)0 (s).
For any filter ring A, there is a one-to-one correspondence between A-solutions of (*q)

and of (x2) under which the (x1)-solution o(u,t) corresponds to the (x3)-solution o(u,0s)).
This correspondence takes semi-bounded solutions to semi-bounded solutions.
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Proof. First, consider the transformation s = —t and t = —s. Then B(t, z) is a barrier
function for (%) over [a, b] iff —B(s, z) is a barrier function over [—b, —a| for (*3) and the
result follows in this special case. In general, notice that ¢'(¢) can never be 0, as ¢ has
a differentiable inverse. We may as well assume that ¢'(¢) > 0 for all ¢ (otherwise, first
change t to —t, using the above case.) It is then readily shown that B(¢,z) is a barrier
function for () over [a,b] iff B(fs,z) is a barrier for (x3) over [¢a, ¢pb] (and conversely).
The result follows. The preservation of semi-boundedness is obvious. [

3. Solution Manifolds in a Smooth Topos

Our goal is to define and examine the “manifold” of all solutions of the system () using
a generalized notion of manifold which, in effect, allows for non-standard solutions. Typ-
ically a smooth topos is regarded as a category of generalized manifolds. The advantage
of working in a topos is that it has good categorical properties, such as the existence of
power objects, M, which conceptually is the “manifold” of all smooth maps from M to
N. Also, in a topos, we can define subobjects using the internal language, as discussed
below.

By a smooth topos we mean a topos which fully contains the category M of C'°°-
manifolds and smooth (i.e. C°°) maps. We follow the approach in [4] and extend M in
several stages. First, each manifold M € M gives rise to C°°(M), the finitely presented
C*-ring of all smooth maps from M to R. This embeds M fully into V the dual of
f.g. reduced C*-rings (where “f.g.” means finitely generated and “reduced”, defined
algebraically in [5], is equivalent to being a filter ring. See also [4] where these rings are
described as being of the form C*°(R™)/I where I is a C*-radical ideal.)

By PreSh(V) we mean the category of functors from V? to Sets, equivalently, the
category of functors from filter rings to Sets. Note that if A = C*(R™)/I(F) and
B = C*(RF)/1(G), then a C*-homomorphism from h : A— B is given by a smooth map
n : RE*SR™ for which n~'(F) € G whenever F' € F. Then h is defined by h(a)(u) =
a(n(u)), see [4].

A presheaf is a sheaf with respect to the finite open cover topology if it maps every
covering sieve to a limit diagram (see [4], pages 350 and 364 for details). This topology is
subcanonical which means that every filter ring A determines a sheaf [A, |, which is the
representable hom functor which assigns hom[A, B] to the filter ring B.. Following [4],
we let Vg, denote the topos of sheaves. If we trace the embedding of M into Vj,, we see
that the real line R is mapped to the underlying set functor from filter rings to Sets.

THE INTERNAL LANGUAGE. As with any topos, Vg, has an internal language, see [4]
pages 353-361. We use this language to define subsheaves much as subsets can be defined
by conditions. In terms of this language, R is a ring with a compatible order. This
follows since for each object A, the set R(A) = A has such a structure, and this structure
is preserved by the maps. The ring structure on A is obvious and, for «, 6 € A, represented
by a(u), B(u), we define a < §iff {u: a(u) < B(u)} € F.



Theory and Applications of Categories, Vol. 7, No. 13 252

We next define x,y in R to be infinitesimally close if for each ordinary positive integer
n, we have —1/n < (x —y) < 1/n. It is important to note that here x,y are internal
variables associated with the sheaf R, while n is an external variable (or an ordinary
integer). We could, alternatively, use the natural number object, but we will not go into
that. In summary:

(1) The relation < has been defined on R. (It is a subsheaf of R x R.)

(2) The relation of being infinitesimally close on R (another subsheaf of R x R) has
been defined by the conditions —1/n < (x—y) < 1/n for each ordinary positive integer n.
By a convenient abuse of notation, we sometimes write this condition as |[xr—y| < 1/n, even
though there is no actual absolute value operation from the sheaf R to itself. Similarly, we
define infinitesimally close on (R)™ by using the projections to R. The defining conditions
can be abbreviated to ||z — y|| < 1/n for each ordinary positive integer n.

(3) The object R in Vg, lacks nilpotents, so the elegant Kock-Lawvere definition of the
derivative is not available. Instead we define solutions to (x) using the barrier conditions.
This is, in effect, a non-standard analysis approach and it is useful for analyzing stability
when we move infinitesimally away from an equilibrium point. See Examples 4.1, 4.2.

3.1. DEFINITION. The solution manifold for (x), denoted by Sol, is defined internally as

the subobject of all f € (R")R for which B(a, f(a)) > 0 or B(b, f(b)) < 0 whenever B is
an ordinary barrier function over [a,b] for (x).

It will follow from the results of section 2 and the lemma below that Sol is the functor
which assigns to A the set of all A-solutions of (x). We need to describe the functor

RR from filter rings to Sets. Let A = C*°(R™)/I(F) be a filter ring. Then, by the

Yoneda lemma, RR(A) = n.t.([A, ], RR), where “n.t.” stands for the set of all natural
transformations, and “=" means “naturally isomorphic”.

3.2. LEMMA. Let A= C>(R™)/I(F). Then RR(A) = Map(A) as defined in section 2.
It follows that the functor (R")R isn-Map(A) and that Sol(A) is the set of all A-solutions
of (x).

Proof. The main steps are that RR(A) is naturally isomorphic to Map(A) are:

nt.([A, ], RR) = n.t.(R x [4, ],R) = n.t.(Map(A), ], R) = Map(A).

The remaining details are straightforward, but note we do have to use a covering
argument: Let o(u,t) be an A-solution for some A and let B be a barrier over [a, b]. Then
{U,V'} is a finite cover where U = {u : B(a,0(u,a)) >0} and V' = {u: B(b,o(u,b)) < 0}.
We can now readily show that o € Sol(A). =

One drawback of the topos Vg, is that the real line (i.e. the underlying set functor, or
the object which corresponds to the manifold of reals) is not Archimedean. For technical
reasons (perhaps because our techniques are not good enough) we need to deal with the
“bounded reals”.

3.3. DEFINITION. The bounded reals, Ry, is defined internally as the subobject of all
x € R for which there exists an ordinary integer n with —n < x < n.
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3.4. DEFINITION. (1) The sheaf of Ro-preserving maps is defined internally as the sub-

sheaf of rR of all f € rR for which f(t) € Ry whenever t € Ry.

(2) The submanifold of semi-bounded solutions for (x), denoted by Soly, is defined
internally as the subobject of all f € Sol which are Ry-preserving (meaning that all
components of f are Ry-preserving).

(8) The standardization manifold of (x), denoted by Stnd, is obtained internally from
Soly by setting two solutions, f and g, to be equivalent if f(t) is infinitesimally close to
g(t) for each ordinary real number t.

We will show that the sheaf of Ry-preserving maps coincides with the functor Map,
of semi-bounded maps, that Soly is the functor which assigns to A the set of all semi-
bounded A-solutions of (x), and that Stnd(A) = Soly(A)/Ipicn. To do this, we need to

examine Ry, RR0 and (R)E{O.

3.5. DEFINITION. Let J be the set of all closed, bounded intervals of the ordinary reals.
Let J € J be given. Let A be a C*®-ring. Then a € A is J-bounded if A(a) = 0 whenever
A € C®(R) vanishes on J. We way that a € A is bounded if there exists J € J for
which a s J-bounded.

3.6. LEMMA. The object Rq, regarded as a functor from VP to Sets, has the following
properties:

(1) Ro(A) is the set of all bounded elements of A.

(2) Ry is the filtered colimit of the intervals J, for J € J. (Recall that each such J is
identified with the representable functor [C*(J),].)

(3) Let A= C>*(R™)/I(F) and let J € J. Define A; = C*(R™ x J)/I(7*F). The
functors Ry x [A, | and Colim[Ay, | are then naturally equivalent.

Proof. (1) Ifz € Asatisfies —n < z < n, then x is obviously [—n, n]-bounded. Conversely,
if x is [-m, m]-bounded, for any m > n, then x satisfies —n < z < n. It is easy to show
that the set of all bounded elements is functorial and a sheaf and the result readily follows.

(2) Each x € A is the image of the identity under a unique homomorphism h :
C*(R)—A. It follows that x is J-bounded iff h(A) = A(z) = 0 whenever A is in the
kernel of the restriction map from C*°(R) to C*°(J) and the result follows.

(3) Ro x [4, ] = (Colim[/J, _]) x [A, ] = Colim([J, ] x [A,]). It is easily shown that
[J, ] x [A, ] =[A,, ] and the result follows. =

The following lemma describes rB.

3.7. LEMMA. Let A= C>®(R™)/I(F). An element of RRO(A) is then represented by a
filtered family {«y : J € T} where ay € C°(R™ x J) and where the family is filtered in
the sense that if J C K then there exists F' € F such that aj(u,t) = ax(u,t) whenever
uec FandtelJ.

Moreover, if o € RR(A) is represented by a(u,t) € C°(R™ x R) then the restriction

of a to R s represented by the family of restrictions, {as}, of a to R™ x J.
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Proof. RB(4) = nt. (4, |, RBY) = nt.(Ry x [4, ],R) = n.t.(Colim[A,, |,R) =
lim n.t.([As, ],R) = lim A; which leads to the above results. =

The question arises as to when a filtered family {a;} can be patched together to be
equivalent to the restrictions of some o € C*°(R™ xR). The answer is “always”, as shown
below. Although this proposition is not needed in our development, it seems interesting
on its own.

3.8. PROPOSITION. The restriction map from RR to RR0 is onto (but not always one-
to-one).

Proof. Let A = C>*(R™)/I(F) be given. Let ay; € C®°(R™ x J) be filtered (as in the
above lemma). We need to find a € C*°(R™ x R) such that the restriction of a to R™ x J
is equivalent to «; for each J € J. In other words, there must exist, for each J, an F' € F
such that a(u,t) = ay(u,t) for all u € F and t € J.

For each positive integer n, let a,, = aj_, . Let Fj, € F be a closed set such that
ap(u,t) = apy1(u,t) for u € F, and |t] < n. We may as well assume that the F),’s are
nested, or that Fj, O F,,,; for all n, otherwise replace F,, by Fy N ... N F,,. We observe
that if n < m and u € F),, then o, (u,t) = a;,(u,t) for [t| < n.

For each u € R™ let deg(u) = max{k : v € Fi}. If u ¢ F; let deg(u) = 0 and if
u € Fy,Vk let deg(u) = oo. (There need not be any u with deg(u) = 0o.) Let:

Q={(u,t) e R" xR : |t| + 2 < deg(u)}

We claim that @ is closed. Suppose (ug,ty) ¢ Q. We need to find a neighborhood of
(uo, to) which misses Q). Clearly |to| + 2 > deg(ug) since (ug,ty) ¢ Q. Let n = deg(uo)
then ug ¢ F,+1 and |tg| > n—2. Since F,, 41 is closed, the set {(u,t) : u & F,iq, [t| > n—2}
is the required neighborhood of (uy, %y).

Now define a(u,t) for (u,t) € Q as a,(u,t) provided that u € F},, [t| < n. Such an n
must exist, for example, n = min{k : [t| < (k — 0.5)}, as can be readily verified. On the
other hand, if u € F,, |t| < n and u € F,, [t| < m then a,(u,t) = a,(u,t) because if
n < m this follows from the definition and nested property of F,,.

It remains to show that o can be smoothly extended from () to all of R™ xR, as it then
readily follows that « has the required restrictions. By using partitions of unity, it suffices
to find a neighborhood of each (u,t) € @ to which a can be smoothly extended. But given
(u,t) € Qlet n = min{k : |t| < (k—0.5)}, let U be the set where (n—1.4) < |t| < (n—0.5),
then a on Q N U extends smoothly to a,, on U.

That the restriction from RF to RR® is not always one-to-one follows from the ex-
ample in the following remark. [

REMARK. Let A = C(R)/I(F) where F is the “filter at infinity” meaning the filter
generated by sets of the form [u, 00). We can readily find «, § € Map(A) having equivalent
sets of restrictions to members of J. For example, we can let a be 0 on precisely {(u,t) :
|t| < u} while 3 is identically 0.
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On the other hand, if A = C*°(R™) or even C*°(M) for M a classical C'*°-manifold,
then restriction from RR(A) to RRo (A) is one-to-one and onto, as is easily seen.

We need to describe ROR0 to show that the semi-bounded maps correspond to those
which are “Rg preserving”. First we need:

3.9. LEMMA. Let A= C>®(R™)/I(F) be a given filter ring. Then Ry*°(A) C RRO(A) is
represented by the filtered families {a s} € RRO(A) for which each oy is bounded, meaning
that for each J there exists B > 0 and F' € F such that |o;(u)| < B for allu € F.

Proof. Using the same method as in the proofs of 3.2 and 3.7, we see that R?O (A) =
limn.t.([A,, ], Ro) = lim(Ry(A,)) which readily leads to the stated result. =

3.10. PROPOSITION. «a € RR(A) is Ro-preserving iff a is represented by a(u,t) €
C*(R" x R) which is semi-bounded with respect to F.

Proof. Clearly, « is Rg-preserving iff the restriction of « to RRO(A) is actually in

R;(A). But this restriction is represented by the set of restrictions, {a,} of «a to
R" x J for J € J. It is readily shown that this set of restrictions satisfies the condition
of the above lemma iff « is semi-bounded with respect to F. n

BEHAVIOR NEAR A GIVEN EQUILIBRIUM POINT. In what follows, we assume that (x) is
autonomous, meaning it is of the form dz/dt = W (x) where W depends only on z, not
on t. We further assume that T is an equilibrium point of (*) meaning that W(z) = 0,
so the function which is constantly equal to T is a solution of (x). The stable solutions
are those which, in the internal language, stay infinitesimally close to . We also define
the asymptotically stable solutions, even though the definition does not seem readily
expressible in the internal language.

3.11. DEFINITION. The submanifold of stable solutions of (%), denoted by Stab, (we
assume T and (%) are understood) is defined internally as the subfunctor of Soly of all
solutions f with f(t) infinitesimally close to T for each ordinary non-negative t.

3.12. DEFINITION. The submanifold of asymptotically stable solutions of (%), denoted
by Asym, is defined as the following subfunctor of Stab: If A = C*(R™)/I(F) then
Asym(A) is the set of all o(u,t) € Stab(A) for which IF € F having the property that
Ve > 0, 3ty such that u € F and t > toy imply ||o(u,t) — T|| < e. It readily follows that
Asym is functorial, and a sheaf.

If A= C>(R™)/I(F), then Stab(A) is readily shown to be the set of all o(u,t) € Soly(A)
such that for every e > 0, 3F € F with ||o(u,t) — Z|| < € whenever u € F and t > 0.

Classically, we assume that the smooth map ¢(xg,t) is the unique solution of () with
initial value xo. Then T is a stable equilibrium point if for every € > 0 there is a § > 0
such that ||zg — Z|| < ¢ implies ||p(xo,t) —T|| < € for all ¢ > 0. If, in addition, there exists
r > 0 such that ||zg — Z|| < r implies ||¢(xo,t) — T||—0 as t—oo, then T is asymptotically
stable. See [2]. The connection between these conditions is given by:
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3.13. LEMMA. Let ¢(xg,t) be as above and let A = C°(R"™)/I(F) where F is the filter of
neighborhoods of T. Note that ¢(xg,t) is clearly semi-bounded, as F has bounded members.
Then:

(1) ¢(xo,t) € Stab(A) iff T is a stable equilibrium point.

(2) ¢(xo,t) € Asym(A) iff T is asymptotically stable.

Proof. (1) Suppose T is stable. Let € > 0 be given. Then, by stability, there exists § > 0
such that ||xg — Z|| < ¢ implies that, for all ¢ > 0, we have ||¢(zo,t) — T|| < €. Let
F € F be the d-neighborhood of T then F' has the required property which shows that
¢ € Stab(A). The proof of the converse is similar.

(2) If T is asymptotically stable there exists » > 0 such that ||zo — Z|| < r implies
|p(z0,t) — T||—0 as t—oo. Let F' be the r-neighborhood about Z and then F' € F has
the required property. Again, the converse is similar. [

STABILIZATION. Given A and o € Soly(A), we find the “best extension” v : A—A, of A
in which o becomes stable, meaning that Soly(v)(c) € Stab(A,).

3.14. DEFINITION. Given o € Soly(A), then h : A—B makes o stable if Soly(h)(o) €
Stab(B).

3.15. THEOREM. Let o € Soly(A). There ezists v : A—A, which makes o stable and
such that whenever h : A—B makes o stable then h factors as h = hov for a unique hyg.

Proof. For each € > 0 let
Ee={uecR":|o(u,t) —Z|| <eVt>0}

Let F, be the filter generated by adding all sets E¢ to F. Let A, = C*°(R™)/I(F,)
(If F, is the improper filter, then the C*-ring A, is trivial.) Let v : A—A, be the
obvious homomorphism, (induced by the identity on R™). It is then readily shown that
v makes o stable. Suppose h : A—DB also makes o stable, where B = C*(RF)/I(G).
Let h be determined by a smooth map 7 : R*—R™ for which n~'(F) € G whenever
F € F. Then, as h makes o stable, there exists G¢ € G such that Vi > 0,v € G¢ we have
|lo(nv,t) — Z|| < e. This implies that Ge C 7' (F¢) which shows that n defines a map
hg : A,—B. The remaining details are straightforward. [

THE TOPOS OF PRESHEAVES. The definition of Sol depended on the fact that we were
using the finite open cover topology as indicated in the proof of Lemma 3.2. If we inter-
preted the same condition in the topos of presheaves, we would get a presheaf which would
miss many solutions. But, even in this topos, we could define Sol by the condition that
“If B(a, f(a)) <0, then B(b, f(b)) < 0" (which need not be equivalent to “B(a, f(a)) > 0
or B(b, f(b)) < 0” because the internal logic is intuitionistic). The presheaf defined by the
“If-then” condition would actually be the sheaf of solutions, Sol. The definitions of R,

Ry, RR, RRO, Rg{‘), Soly, Stnd, Stab can all be interpreted in the topos of presheaves
and the presheaves so defined would coincide with the sheaves defined above.
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4. Examples

This section fleshes out the theory with several examples. All of these examples are
assumed to be equations for a single function (in other words, n = 1) unless the contrary
is explicitly noted.

4.1. EXAMPLE. Comparison of barrier conditions with the internal derivative.

There is an internal notion of a derivative (based on nilpotents) for maps in a smooth
topos which contains the topos we are working in. Obviously, this notion can be used to
define the object of solutions of (x). In general, our definition, based on barrier conditions,
allows for a larger solution object than the definition based on the internal derivative. But
for C*°-rings of the form C*°(F), where FF C R™ is a closed subset, the two definitions
for the solution object agree. (This case includes rings of the form C*(M) for M a
C*°-manifold.) In these cases, the solution object at C*°(F) contains the maps o(u,t) €
C*®(F xR) which are smooth parameterized solutions over I in the sense that o is smooth
and for each fixed u € F, we have f(t) = o(u,t) is a (smooth) classical solution of (x).
For other C"*°-rings, the internal definition still leads to the object of maps that can be
represented by smooth parameterized solutions. The barrier conditions definition leads
to a larger solution object as shown by the next example.

4.2. EXAMPLE. The differential equation dz/dt = 0.

Classically, the solutions of this equation are the constant functions. In filter rings,
the semi-bounded solutions are “nearly constant” in the sense indicated below. We will
show that:

(1) If g € C*(R) and o(u,t) is a solution of dx/dt = 0, then so is g(o(u,t)).

(2) If f € C*(R), then B(t,z) = f(x) —t is a barrier function over any interval [a, b],
for which a < b.

(3) Internally, an Ry-preserving function f is a solution of dz/dt = 0 iff, for every pair
of ordinary reals a,b, f(a) is infinitesimally close to f(b). Externally the semi-bounded
o(u,t) is a solution iff, for all a,b and € > 0, IF € F such that |o(u,a) — o(u,b)| < € for
all u € F.

(4) In general, if o(u,t) is a solution (not necessarily semi-bounded) then, given a, b,
arctan o(u, a) must be infinitesimally close to arctan o(u,b) (for all u in some member of
the filter) but not conversely. In fact o(u,t) can be infinitesimally close to a constant
(even uniformly so) without being a solution. So the semi-bounded hypothesis (that
o € n-Map,(A)) cannot be eliminated from Proposition 2.10.

Proof. (1) Clearly B(t,¢g(x)) is a barrier whenever B(¢,x) is and the result follows.

(2) Note that 0B/0t = —1 < 0 which is more than enough.

(3) If o satisfies the given condition, then for any maximal closed filter M which
extends F it is clear that op(a) = oaq(b) for all a,b. So o is a solution of (%) which
implies that ¢ is an A-solution, by Proposition 2.8.

Conversely, if there exist a, b, € such that F = {u : |o0(u,a) — o(u,b)| < €} is not in F,
then we can extend F to a maximally closed filter M which contains E°, the closed set
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which is the complement of E. It follows that |or(a) — oar(b)| > € which shows that oy
cannot be a solution of (x), which contradicts Proposition 2.8.

(4) The first sentence follows from (1), using g = arctan, and (3), as arctano(u,t) is
obviously semi-bounded. As for the second part, let A = C*°(R)/I(F) where F is the
filter generated by sets of the form [u,00) for u € R. Let 6(u,t) € C*°(R x R) be such
that O(u,t) = u+ (t/u) for v > 1. Then 0 is not an A-solution: Let B(t,z) = f(x) —t,
where f € C°(R) is such that f(n) < 0 for all integers n and f(n + (1/n)) > 1 for all
n > 2. Then B(0,0(n,0)) < 0 and B(1,6(n,1)) > 0 for all integers n > 2. So 6 does not
even satisfy the weak barrier condition. In fact, defining 0(u,t) = u + (sint)/u we get a
non-solution which is uniformly close to constants and to actual solutions. [

4.3. EXAMPLE. The differential equation dy/dt = y.

This equation can be obtained from dx/dt = 0 by the transformation y = e’z and
x = e 'y, using Theorem 2.22. So, o(u,t) is a solution for dy/dt = y iff e *o(u,t) is a
solution for dx/dt = 0. The results of Example 4.2 can now be restated for this equation.

4.4. EXAMPLE. High curves, low curves and barrier functions.

The notions of “high curve” and “low curve” are introduced in [3], using a different
notation, and treating the equation 2’ = W (¢, x) for a single function z(t) (son = 1). We
recall that h(t) is a high curve (resp. ((t) is a low curve) over [a,b] iff A'(t) > W (¢, h(t))
(resp. '(t) < W (t,L(t))) for all t € [a,b]. It follows that B(t,x) = x — h(t) (resp.
B(t,x) = {(t) — z) is a barrier function over [a,b] (but not conversely.) Clearly f(t)
satisfies the corresponding growth conditions (for these barriers, or as in [3]) iff either
f(a) > h(a) or f(b) < h(b) (resp. iff either f(a) < £(a) or f(b) > £(b)). So if f(t) is
transfinite for all ¢ (which can happen in a filter ring, if f is not semi-bounded) then f
satisfies all conditions arising from high and low curves, which is quite different from, for
example, the restrictions and non-solutions mentioned in (4) of Example 4.2. (We note
that the definition of “solution”, as given in [3], requires more than the satisfaction of
each individual growth condition.)

4.5. EXAMPLE. Smooth, global systems.

The system dx/dt = W(t,x), where W(t,z) = (Wi(t,x), ..., W,(t,x)), is smooth
and global if each W; is C*° and if there exists a global solution with any given ini-
tial value (x1(0), ..., ,(0)). In this case, as is well-known, there exists ¢(c,t) =
(¢1(c,t), ..., dn(c,t)) which is the unique solution with initial condition ¢, for ¢ € R".
Moreover, each ¢; is known to be C'*°. Then:

(1) Let A= C>(R™)/I(F) be any filter ring. Let c(u) = (¢1(u), ..., cn(u)) represent
an n-tuple of bounded members of A. Then ¢(c(u),t) represents a semi-bounded A-
solution.

(2) Conversely, for every semi-bounded A-solution o, there is c¢(u), as above, such that
for every t and every € > 0 there exists F' € F such that ||o(u,t) — ¢(c(u),t)| < e for all
ue F.
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(3) Stnd(A) is equivalent to the set of all n-tuples of bounded members of A. So the
manifold Stnd is isomorphic to Ry. This indicates that the standardized solutions are
parameterized by n-tuples of (bounded) reals, just as the classical solutions are.

Proof. (1) ¢ clearly satisfies the barrier conditions. Since ¢ is continuous, if we put a
bound on the initial values ¢ and if ¢ varies in some bounded interval J, then the values
of ¢ will be bounded. This shows that ¢ is semi-bounded.

(2) Let o(u,0) = (01(u,0), ..., 0,(u,0)). Since ¢ is semi-bounded, there exists F' € F
on which the maps o;(u,0) are bounded, so we can define bounded maps c(u) where
¢i(u) = o04(u,0) for w € F. The condition saying that o is within € of ¢ must be met,
otherwise, arguing as in the proof of (3) in Example 4.2, we can find a solution o which
has the same initial conditions as ¢, but values differing by € for some ¢.

(3) This follows from (2) when we factor out by Ipicy to get Stnd(A). =

4.6. EXAMPLE. The differential equation dx/dt = 2./|z].

In this case, the only smooth, classical solution is constantly 0. So, by Example
4.1, if A = C>®(R) or C*(M) for a manifold M, then the only A-solution is identically

0. But, we can approximate 2y/|z| by a smooth function V(u,t,z) as u—oo. So if
A = C*(R)/I(F) where F is generated by {[u,00)}, we can get any ordinary, non-

smooth solution of dz/dt = 2,/|z| in the form o by choosing V' with care. We can also
choose V' so that we get distinct A-solutions with the same initial conditions.

4.7. EXAMPLE. The differential equation dz/dt =1 + .

For this equation, B(t,z) = (t/2) — arctan(z) is a barrier function over any interval
la,b]. If a < —7 and b > 7 then B(a,o(u,a)) < 0 and B(b,o(u,b)) > 0 for any o. It
follows that this equation has no (global) solutions. (A different approach in [3] allowed
infinite solutions.) Note that 1+ 2 can be pointwise approximated by functions V(x) for
which dz/dt = V (u,x) does have smooth global solutions. This shows that Theorem 2.12
cannot be extended from semi-bounded solutions to all solutions.

4.8. EXAMPLE. The system dr/dt = (1 —r)?, df/dt = cos®*6 + 1 —r.

Consider the solution f which starts at r = 1/2,6 = 0. Then r(t) = 1— ;15 approaches
1 and 6 steadily increases to oo, as t—o0. Think of (7, §) as polar coordinates and rewrite
the system in terms of rectangular coordinates (z,y), for |r| > 1/3. This region contains
the orbit of f for t > 0. The resulting equations, defined smoothly on r > 1/3, can
be smoothly extended to the whole plane without affecting f(t) for ¢ > 0. The limit
point set, LT (f), is clearly the unit circle where » = 1. It has two equilibrium points,
at (r,0) = (1,7/2) and (1,37/2). There are also two orbits between these points, both
moving counter-clockwise, one along the right side of the unit circle and the other along
the left. Both take an infinite amount of time to get from one equilibrium point to the
other. The non-standard f : Rjj—R? makes L*(f) cyclic as it traverses the entire circle,
over and over again, stopping for only an “ordinary eternity” at each equilibrium point
before moving on.
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4.9. EXAMPLE. Stabilization at 0.

Consider the following differential equations for a single function z(¢). In each case, 0
is an equilibrium point and we consider the behavior of solutions near 0. Specifically, we
consider A-solutions where A = C*°(R)/I(F) and F is the filter of neighborhoods of 0.
We let ¢(u,t) be the unique solution with initial value u. (Such a C*°-map, ¢, exists in
these cases.) We let C*°(R)/I(G) be the stabilization of ¢ and we seek to describe G.

(1) dz/dt = —x. In this case, ¢ is already stable, so G = F

(2) dz/dt = z®. Here ¢ is not stable and G is the trivial filter generated by {0}. But,
surprisingly, the functor Stab is non-trivial for this equation, see Example 4.11.

(3) dz/dt = sin®z. In this case, ¢ is not stable but G is not trivial, as G is the filter
generated by (—e¢,0). Note that a solution will stay near 0 if it starts just below 0. But
if it starts just above 0, it moves towards the next equilibrium point, at = = .

4.10. EXAMPLE. The system dx/dt = —x, dy/dt = y.

Consider the only equilibrium point, at (0,0). Let (¢1(zo,vo,t), d2(Z0, Yo,t)) be the
solution with initial value (2o, o). Let F be the filter of neighborhoods of (0,0) in R?. Let
A = C>®(R?)/I(F). As in the above example, let A = C>®(R?)/I(G) be the stabilization
of . Then G is generated by the intersections of members of F with the “x-axis”. This
reflects the idea that ¢ is stable only in the z-direction.

4.11. EXAMPLE. The Pitchfork Bifurcation.

(I read about this interesting example in [2].) Consider the equation dz/dt = 2* which
has an unstable equilibrium point at x = 0. Consider also dz/dt = ux + x3, which has
equilibrium points when z = 0 or when u = —2? (which form a “pitchfork” shaped subset
of the (u,x) plane).

Let A = C=(R?)/I(F) where F is the filter of neighborhoods of (0,0). Let ¢(u, zo,t)
be the solution of dr/dt = ux + x* with initial value zy. Then, in view of Theorem 2.12, ¢
represents an A-solution of dx/dt = x3. Note that (0,0) is an unstable equilibrium point
of dz/dt = x3 but some of the equilibrium points of dz/dt = ux + z* are stable (when
u = —z? for u < 0), and ¢ does not wander far from 0 if u < —z2. If G is the filter which
defines the stabilization of ¢, then G is generated by the following sets, defined for € > 0:

{(u,7) : x| <eand — € <u< —2°}U{(u,7):2=0and |u| <€}

Note that Stab for dz/dt = 23, with respect to the equilibrium point 0, contains this
stabilization of ¢, so it is not, as one might expect, trivial.

ON THE DEFINITION OF SEMI-BOUNDEDNESS. Suppose A = C*(R™)/I(F) and let
A € C*°(R™ x R) represent a member of Map(A4). We want to find out if the definition
of “semi-bounded” can be simplified. Say that A is bounded on J if A is bounded on
R™ x J for every J € J. Then clearly A is semi-bounded with respect to any filter. Also
v € C*(R™ x R) is semi-bounded with respect to F if there exists F' € F with v = X\ on
F' x R where ) is bounded on 7. The converse however is false, as shown by the example
below.
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4.12. EXAMPLE. The definition of semi-bounded cannot be simplified, as discussed above.

(I thank W. W. Comfort who pointed out the crucial role of P-points and non-P-
points.) Let U be an ultrafilter on N which is a non-P-point of SN — N. See [1],
particularly problems 4J,4K,4L,6S for details, and the existence of such points. It follows
that U is an element of some (G5 which is not a neighborhood of &. So we can find a
sequence {F,} of members of U such that for no F' € U is the set-theoretic difference
F — F, finite for all n.

We may as well assume that the {F,} are nested ( with F,, O F,4; for all n) else
replace each F,, by Fi N ... N F,. Also, we may as well assume that no integer lies
in all F,, else replace F, by deleting the finite set {1,2, ..., n}. For each u € N let
deg(u) = max{n : u € F,}. (Assume Iy = N).

Now define v € C*°(R x R) so that for u € N we have v(u,t) =t if |t| < deg(u) and
v(u,t) =t+wif [t] > 1+ deg(u). (Such a map v can clearly be found, by the smooth
Tietze theorem.) We claim that v is semi-bounded with respect to U, regarded as a filter
on R. Given a bounded interval J choose n so that |t| < n for t € J. Then, for u € F,
and t € J, we see that |v(u,t)| < n (for if u € F,, then deg(u) > n, etc.

But if there exist F' € U and A bounded on 7 such that v = X on F x R, then for each
n, there exists B, such that \(u,t) < B, for all ¢ with |[t| < n and all u. So,ifu € F—F,
then it readily follows that n 4+ u < B, so u < B,, —n which shows that F' — F}, is finite,
contradicting the choice of the {F,}.
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