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LINEARLY DISTRIBUTIVE FOX THEOREM

ROSE KUDZMAN-BLAIS

Abstract. Linearly distributive categories (LDC), introduced by Cockett and Seely to
model multiplicative linear logic, are categories equipped with two monoidal structures
that interact via linear distributivity. A seminal result in monoidal category theory is the
Fox theorem, which characterizes cartesian categories as symmetric monoidal categories
whose objects are equipped with canonical comonoid structures. The aim of this work
is to extend the Fox theorem to LDCs and characterize the subclass of cartesian linearly
distributive categories (CLDC). To do so, we introduce medial linearly distributive
categories (MLDC), medial linear functors, and medial linear transformations. The
former are LDCs which respect the logical medial rule, appearing frequently in deep
inference, and are the appropriate categorical structure at the intersection of LDCs and
duoidal categories.
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1. Introduction

Within monoidal category theory, cartesian categories refer to categories whose monoidal
product is the categorical product and whose monoidal unit is the terminal object. Per-
haps the most well-known result concerning cartesian categories is the Fox theorem. In
his seminal 1976 paper “Coalgebras and cartesian categories”, Fox demonstrated that the
inclusion functor from cartesian categories into symmetric monoidal categories has a right
adjoint [20]. This right adjoint functor maps a symmetric monoidal category (X ,⊘, I) to
its category of cocommutative comonoids and their morphisms, meaning it takes objects
A in X equipped with coherent diagonal and counit maps:

∆A : A → A⊘ A eA : A → I

As a corollary of this theorem, we see that cartesian categories are precisely the symmet-
ric monoidal categories whose objects have a canonical comonoid structure and whose
morphisms preserve these structures.

Cartesian categories have played a key role in the field of categorical logic. Indeed,
one of the greatest successes of categorical logic was Lambek’s equivalence between in-
tuitionistic propositional calculus and cartesian closed categories [31]. If we extend this
paradigm to capture the semantics of classical logic and consider cartesian closed cate-
gories with a notion of involutive negation, we get a collapse to posetal categories [32].
This result is now often known as Joyal’s paradox. As such, there has not yet been a
definitive framework for the categorical semantics of classical logic.

The field of categorical logic nonetheless continued to thrive, in particular with the de-
velopment of linear logic by Girard [22]. The categorical semantics for linear logic were ex-
plored by Seely, who identified that the appropriate framework was given by ∗-autonomous
categories [35], previously introduced by Barr [3]. Linearly distributive categories (LDC)
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were later introduced by Cockett and Seely as alternative categorical semantics for lin-
ear logic, which take the notions of multiplicative conjunction and disjunction, and the
linear distributivity between them, as primitive [14]. Specifically, LDCs are categories X
with two monoidal structures (X,⊗,⊤) and (X,⊕,⊥), the former known as the tensor
structure and the latter as the par structure, equipped with linear distributivity natural
transformations:

δLA,B,C : A⊗ (B ⊕ C) → (A⊗B)⊕ C δRA,B,C : (A⊕B)⊗ C → A⊕ (B ⊗ C)

The theory of categorical linear logic has proved useful in studying categorical se-
mantics for classical logic. LDCs provide the minimal framework necessary to discuss
a logic with two connectives and constants, with left and right (multiplicative-style) in-
troduction rules, and cut as the only structural rule. Since most reasonable models of
classical logic include such structure, categorical models for classical logic can be built
upon the foundations of LDCs (or ∗-autonomous categories, if negation is instead taken
as primitive).

As the structural rules of contraction and weakening are central to classical logic and
are traditionally modeled by cartesian monoidal structures, a recent paradigm of cate-
gorical classical logic has been to add “cartesian” structure to LDCs (or ∗-autonomous
categories). In this vein, Führmann and Pym developed the notions of classical cat-
egories and Dummett categories: poset-enriched ∗-autonomous categories and LDCs
respectively whose objects have coherent notions of ⊗-diagonals and counits, and ⊕-
multiplications and units [21]. Further, Straßburger and Lamarche both separately consid-
ered ∗-autonomous categories whose objects also have coherent ⊗-diagonals and counits,
and ⊕-multiplications and units, but whose maps do not necessarily strictly preserve these
structures [38, 30].

More recently, Naeimabadi developed the theory of cartesian linear bicategories [34]
and recent work has investigated De Morgan and Peirce’s calculus of relations, providing
an axiomatisation based on the concepts of cartesian and linear bicategories [6, 7]. Indeed,
the central examples of linear bicategories, the bicategorical analogues of LDCs introduced
by Cockett, Koslowski, and Seely [16], are also cartesian bicategories. Recall that the
Fox theorem is, in fact, central to the theory of cartesian bicategories, as introduced by
Carboni and Walters [12].

It was within this context that the idea arose to investigate cartesian linearly distribu-
tive categories (CLDC) and to develop a linearly distributive version of Fox’s theorem.
Precisely, CLDCs are LDCs whose tensor structure is cartesian and par structure is co-
cartesian. They were first introduced alongside LDCs by Cockett and Seely, though the
notion received little attention beyond the first paper [14].

In developing a linearly distributive analogue of the Fox theorem, it quickly became ap-
parent that no such construction could be adapted to all LDCs. For the same reason that
the Fox theorem is an adjunction between cartesian categories and symmetric monoidal
categories, we need to restrict to LDCs equipped with additional structure maps:

∆⊥ : ⊥ → ⊥⊗⊥ ∇⊤ : ⊤⊕⊤ → ⊤ m : ⊥ → ⊤
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µA,B,C,D : (A⊗B)⊕ (C ⊗D) → (A⊕ C)⊗ (B ⊕D)

Viewed through the lens of logical entailment, the latter map is known as the medial
rule, first introduced by Brünnler and Tiu for a system of classical logic within the deep
inference framework [10]. Medial maps were also key in both Straßburger’s and Lamarche’s
categorical models for classical logic.

Within monoidal category theory, these medial maps are better known as instances of
the interchange maps of duoidal categories. Duoidal categories are categories X with two
monoidal structures (X , ⋄, I) and (X , ⋆, J), equipped with precisely the structure maps
introduced above [1]. The theory of duoidal categories first appeared in the work of Joyal
and Street while studying braided monoidal categories [27].

With this perspective in mind, we introduce the notion of medial linearly distributive
categories (MLDC), inspired both by the work of Straßburger and Lamarche in cate-
gorical classical logic and by the theory of duoidal categories. MLDCs can be regarded
both as potential categorical semantics for (negation-free) multiplicative linear logic with
the medial rule, and as an appropriate intersection point between LDCs and duoidal
categories.

Leveraging the well-developed theory of LDCs and duoidal categories, we define the
appropriate functors and transformations between MLDCs. Within this framework, we
consider an analogue to comonoids, medial bimonoids : objects A equipped with coherent
⊗-diagonal, ⊗-counit, ⊕-multiplication and ⊕-unit maps,

∆A : A → A⊗ A eA : A → ⊤ ∇A : A⊕ A → A uA : ⊥ → A

Considering the bicommutative medial bimonoids and their morphisms in a symmetric
MLDC yields the construction needed to define a right adjoint to the inclusion 2-functor
from CLDCs to symmetric MLDCs. This yields the desired linearly distributive Fox
theorem and, as a corollary, a characterization of CLDCs as symmetric MLDCs whose
objects have coherent medial bimonoid structure.

In the process of developing this paper, it became evident how poorly understood
CLDCs are. This prompted the author to collaborate with Pacaud Lemay to explore the
nature of CLDCs beyond their characterization via the linearly distributive Fox theorem.
This resulted in a separate paper, “Cartesian linearly distributive categories: Revisited”
[28]. While both papers are written to be independently comprehensible, we recommend
reading them in tandem to gain a complete perspective on cartesian and cocartesian struc-
ture in the context of LDCs.

Outline. Given that the results developed in this paper are based on the theories of
the Fox theorem, LDCs, and duoidal categories, the paper begins with three substantial
preliminary sections. Section 2 presents the basics of monoidal categories, cartesian cat-
egories, and the Fox theorem. Section 3 reviews the literature on LDCs, including linear
functors and linear transformations. Section 4 introduces the necessary background on
duoidal categories. Then, Section 5 begins with a motivation for the introduction of the
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medial rule and subsequently defines MLDCs. The theory of MLDCs is developed: sym-
metric MLDCs are defined, adding negation is discussed, examples are introduced, and
properties are presented. Section 6 defines the appropriate functors and transformations
between symmetric MLDCs. Section 7 introduces medial bimonoids and shows that con-
sidering such structures and their maps does, in fact, yield a CLDC. Finally, the main
result of this paper is proved: the linearly distributive Fox theorem. Appendix A contains
commuting diagrams which were too large to include in the body of the text.

Conventions. There are a few notational choices made in this paper and we take a
moment to detail the most important.

� Composition of maps in a category is denoted by ; and is in diagrammatic order.
Objects are denoted by capital letters, while the maps are lowercase letters. Identity
morphisms are denoted by 1A.

� Monoidal products and monoidal units will be denoted with various different sym-
bols depending on the context:

– ⊘ and I are used for standard monoidal categories X ,

– ⊗ and ⊤ are used for the tensor monoidal structure, and ⊕ and ⊥ for the par
in a LDC X, in agreement with the notation introduced by Cockett and Seely
in [14], as opposed to Girard’s notation [22],

– ⋄ and I are used for the first monoidal structure and ⋆ and J for the second
in a duoidal category X , in agreement with the notation introduced by Aguiar
and Mahajan [1], and

– × and 1 denote the binary categorical product and the terminal object respec-
tively, while + and 0 denote the binary categorical coproduct and the initial
object in a category.

2. Fox Theorem

We begin by a description of the Fox theorem for cartesian categories, as the traditional
result will be a guiding thread to generalizing it to the context of linearly distributive
categories. We invite any reader who is well versed in the Fox theorem to skip this section.

2.1. Monoidal Categories.

We briefly outline the foundational definitions of monoidal category theory, primarily
to establish notation, a standard reference for which is MacLane [33, Sec III, VII, XI].

Recall that a monoidal category (X ,⊘, I) is a category X equipped with a product
functor ⊘ : X × X → X , a distinguished unit object I, and associator, right unitor
and left unitor natural isomorphisms

αX,Y,Z : (X ⊘ Y )⊘ Z → X ⊘ (Y ⊘ Z) ρX : X → X ⊘ I λX : X → I ⊘X
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satisfying the associativity pentagon diagram (MC.1) and the unit triangle identities
(MC.2). A monoidal category is braided if it has a braiding natural isomorphism

σX,Y : X ⊘ Y → Y ⊘X

which satisfies the hexagon identities (BMC.1). Note that it then follows that the braiding
is compatible with the right and left unitors (BMC.2). Further, a monoidal category is
symmetric, otherwise known as a SMC, if the braiding is self-inverse (SMC).

Given a braided monoidal category, there is a canonical flip natural isomorphism
given by the following equivalent composites

(W ⊘X)⊘ (Y ⊘ Z)

αW,X,Y ⊘Z

��
W ⊘ (X ⊘ (Y ⊘ Z))

1W⊘α−1
X,Y,Z
//

1W⊘σX,Y ⊘Z

��

W ⊘ ((X ⊘ Y )⊘ Z)
1W⊘(σX,Y ⊘1Z)

//W ⊘ ((Y ⊘X)⊘ Z)

1W⊘αY,X,Z

��
W ⊘ ((Y ⊘ Z)⊘X)

1W⊘αY,Z,X

//W ⊘ (Y ⊘ (Z ⊘X))
1W⊘(1Y ⊘σX,Z)

//W ⊘ (Y ⊘ (X ⊘ Z))

α−1
W,Y,X⊘Z

��
(W ⊘ Y )⊘ (X ⊘ Z)

(CF)

This natural isomorphism is key to the Fox theorem and, therefore, to improve readability,
we will denote it by

τW,X,Y,Z : (W ⊘X)⊘ (Y ⊘ Z) ⇒ (W ⊘ Y )⊘ (X ⊘ Z)

Given monoidal categories (X ,⊘, I) and (Y ,⊘, I), recall that a lax monoidal func-
tor (F,mI ,m⊘) : (X ,⊘, I) → (Y ,⊘, I) is a functor F : X → Y equipped with the follow-
ing map and natural transformation

mI : I → F (I) m⊘A,B : F (A)⊘ F (B) → F (A⊘B)

satisfying associativity (MF.1) and unitality (MF.2) coherence conditions. A colax mon-
oidal functor (F, nI , n⊘) : (X ,⊘, I) → (Y ,⊘, I) is a lax monoidal functor (X op,⊘, I) →
(Yop,⊘, I). Moreover, a monoidal functor is a (co)lax monoidal functor whose the struc-
ture maps are isomorphisms. Further, if the monoidal categories are symmetric, then the
(co)lax monoidal functor is symmetric if the structure maps interact coherently with the
braidings (SMF).

2.2. Remark. Given a SMC (X ,⊘, I) and a symmetric lax monoidal functor
(F,mI ,m⊘) : (X ,⊘, I) → (Y ,⊘, I), we note that the following commuting diagrams in-
volving the canonical flip (CF).

A⊘B
ρA⊘ρB //

ρA⊘B

��

(A⊘ I)⊘ (B ⊘ I)

τA,I,B,I

��
(A⊘B)⊘ I

1A⊘B⊘ρI
// (A⊘B)⊘ (I ⊘ I)

A⊘B
λA⊘λB //

λA⊘B

��

(I ⊘ A)⊘ (I ⊘B)

τI,A,I,B

��
I ⊘ (A⊘B)

λI⊘1A⊘B

// (I ⊘ I)⊘ (A⊘B)

(1)
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(A⊘B)⊘ (C ⊘D)
σA,B⊘σC,D //

τA,B,C,D

��

(B ⊘ A)⊘ (D ⊘ C)

τB,A,D,C

��
(A⊘ C)⊘ (B ⊘D) σA⊘C,B⊘D

// (B ⊘D)⊘ (A⊘ C)

(2)

((A⊘B)⊘ C)⊘ ((D ⊘ E)⊘ F )
αA,B,C⊘αD,E,F //

τA⊘B,C,D⊘E,F

��

(A⊘ (B ⊘ C))⊘ (D ⊘ (E ⊘ F ))

τA,B⊘C,D,E⊘F

��
((A⊘B)⊘ (D ⊘ E))⊘ (C ⊘ F )

τA,B,D,E⊘1C⊘F

��

(A⊘D)⊘ ((B ⊘ C)⊘ (E ⊘ F ))

1A⊘D⊘τB,C,E,F

��
((A⊘D)⊘ (B ⊘ E))⊘ (C ⊘ F ) αA⊘D,B⊘E,C⊘F

// (A⊘D)⊘ ((B ⊘ E)⊘ (C ⊘ F ))

(3)

(F (W )⊘ F (X))⊘ (F (Y )⊘ F (Z))
m⊘W,X⊘m⊘Y,Z//

τF (W ),F (X),F (Y ),F (Z)

��

F (W ⊘X)⊘ F (Y ⊘ Z)

m⊘W⊘X,Y ⊘Z

��
(F (W )⊘ F (Y ))⊘ (F (X)⊘ F (Z))

m⊘W,Y ⊘m⊘X,Z
��

F ((W ⊘X)⊘ (Y ⊘ Z))

F (τW,X,Y,Z)
��

F (W ⊘ Y )⊘ F (X ⊘ Z) m⊘W⊘Y,X⊘Z

// F ((W ⊘ Y )⊘ (X ⊘ Z))

(4)

Given lax monoidal functors (F,mF
I ,m

F
⊘), (G,mG

I ,m
G
⊘) : (X ,⊘, I) → (Y ,⊘, I), recall

that a monoidal transformation α : (F,mF
I ,m

F
⊘) ⇒ (G,mG

I ,m
G
⊘) is a natural trans-

formation α : F ⇒ G whose component maps behave coherently with the monoidal struc-
tures (MT). Then, a monoidal transformation between colax monoidal functors is simply
a monoidal transformation when viewing the functors as lax monoidal between the op-
categories.

Altogether, we can define the 2-category SMON of SMCs, symmetric monoidal func-
tors and monoidal transformations.

Now, the Fox theorem is concerned with characterizing the SMCs which are cartesian.
In this context, a cartesian category is a category with finite categorical products and
a cocartesian category is a category with finite categorical coproducts, where binary
products, terminal objects, binary coproducts and initial objects, with the corresponding
unique maps, are denoted as follows

C
f

{{

g

##
⟨f,g⟩

��

A

tA
��

A
ι0A,B //

h ##

A+B
[h,k]

��

B
ι1A,Boo

k{{

0

bA
��

A A×B
π0
A,B

oo
π1
A,B

// B 1 C A

A cartesian category X has a canonical symmetric monoidal structure (X ,×,1) whose
monoidal product is the categorical product

(f : X → X ′, g : Y → Y ′) 7→ f × g = ⟨π0
X,Y ; f, π

1
X,Y ; g⟩ : X × Y → X ′ × Y ′
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and whose monoidal unit is the terminal object, with structure isomorphisms:

αX,Y,Z = ⟨π0
X×Y,Z ; π

0
X,Y , π

1
X,Y × 1Z⟩ σX,Y = ⟨π1

X,Y , π
0
X,Y ⟩

ρX = ⟨1X , tX⟩ λX = ⟨tX , 1X⟩

Similarly, cocartesian categories X are canonically symmetric monoidal categories (X ,+,0).
Then, there is a 2-category CART of cartesian categories, symmetric monoidal func-

tors and monoidal transformations, known as cartesian functors and cartesian trans-
formations in this context, which is full sub-2-category of SMON.

2.3. Comonoids.

With the relevant 2-categories now appropriately defined, we can introduce the con-
struction which provides the adjoint to the inclusion. This entire section is based on Fox’s
original article [20], unless otherwise indicated.

2.4. Definition. Let (X ,⊘, I) denote a monoidal category. A comonoid in X is a
triple ⟨A,∆A, eA⟩ consisting of an object A and two maps, the diagonal and the counit

∆A : A → A⊘ A eA : A → I

satisfying

A
∆A //

∆A ��

A⊘ A

1A⊘∆A

��

A⊘ A
∆A⊘1A ��
(A⊘ A)⊘ A αA,A,A

// A⊘ (A⊘ A)

(CM.1)

A
∆A //

∆A ��

A⊘ A
1A⊘eA��

A⊘ A
eA⊘1A ��

A⊘ I
ρ−1
A��

I ⊘ A
λ−1
A

// A

(CM.2)

Further, if the monoidal category is symmetric (braided), a comonoid is cocommutative
(cobraided) if

A
∆A //

∆A ''

A⊘ A
σA,A
��

A⊘ A

(CCM)

A comonoid morphism f : ⟨A,∆A, eA⟩ → ⟨B,∆B, eB⟩ is a map f : A → B such
that

A
f //

∆A ��

B
∆B��

A
f //

eA %%

B
eB��

A⊘ A
f⊘f

// B ⊘B I
(CMM)

We denote the category of cocommutative comonoids and comonoid morphisms in X
by C[X ].



LINEARLY DISTRIBUTIVE FOX THEOREM 1967

2.5. Lemma. Given a cartesian category (X ,×,1), every object A in X has a canonical
unique cocommutative ×-comonoid structure

⟨A, ⟨1A, 1A⟩ : A → A× A, tA : A → 1⟩

and every arrow f : A → B in X is a comonoid morphism with respect to these structures.

The key to the Fox theorem is that C[X ] inherits a monoidal structure from X , due
to the existence of the canonical flip (CF), which is in fact cartesian in C[X ].

2.6. Lemma. Given a pair of cocommutative comonoids ⟨A,∆A, eA⟩ and ⟨A′,∆A′ , eA′⟩,
the triple ⟨A⊘ A′,∆A⊘A′ , eA⊘A′⟩ defined by

∆A⊘A′ = A⊘ A′ ∆A⊘∆A′−−−−−→ (A⊘ A)⊘ (A′ ⊘ A′)
τA,A,A′,A′
−−−−−→ (A⊘ A′)⊘ (A⊘ A′)

eA⊘A′ = A⊘ A′ eA⊘eA′−−−−→ I ⊘ I
ρ−1
I−−→ I

is a cocommutative comonoid. Consequently, C[X ] is a SMC and, in particular, C[X ] is
a cartesian category.

This extends canonically to symmetric monoidal functors and transformations.

2.7. Lemma. Given a symmetric monoidal functor F : X → Y and a cocommutative
comonoid ⟨A,∆A, eA⟩, the triple ⟨F (A),∆F (A), eF (A)⟩ defined by

∆F (A) = F (A)
F (∆A)−−−−→ F (A⊘ A)

m⊘
−1
A,A−−−−→ F (A)⊘ F (A)

eF (A) = F (A)
F (eA)−−−→ F (I)

m−1
I−−→ I

is a cocommutative comonoid. As such, F canonically extends to a cartesian functor
C[F ] : C[X ] → C[Y ].

With this, we are finally ready state that the the functor C[−] : SMON → CART,
mapping a SMC to its category of cocommutative comonoids and comonoid morphisms
is right adjoint to the inclusion functor:

2.8. Theorem. (Fox Theorem) inc ⊢ C[−] : CART → SMON is an adjunction.

While the original Fox theorem is only an adjunction between categories, it is well-
known that it easily extends to include transformations.

As inc is fully faithful, the unit of the adjunction is an isomorphism and, as a corollary,
we get the following characterization of cartesian categories:

2.9. Corollary. Given a SMC X , there exists a cartesian category Y such that X ∼=
inc(Y) if and only if there exists an isomorphism X ∼= inc(C[X ]).

In other words, a SMC is cartesian if and only if it is isomorphic to its category of
cocommutative comonoids. This previous corollary can be unwrapped as a statement
about the existence of certain natural transformations.
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2.10. Corollary. [26, Thm 4.28] A SMC (X ,⊘, I) is cartesian if and only if there are
natural transformations

∆A : A → A⊘ A eA : A → I

such that, ∀A ∈ X , (A,∆A, eA) is a cocommutative comonoid and, ∀A,B ∈ X ,

eA⊘B = (eA ⊘ eB); ρ
−1
I eI = 1I

∆A⊘B = (∆A ⊘∆B); τA,A,B,B ∆I = ρI

Of course, there is a dual statement for cocartesian categories, by taking the category
of commutative monoids and monoid morphisms in a SMC. We quickly outline these
definitions as they will be used throughout.

2.11. Definition. Let (X ,⊘, I) denote a monoidal category. A monoid in X is a
comonoid in X op, i.e. a triple ⟨A,∇A, uA⟩ consisting of an object A and two maps, the
multiplication and the unit

∇A : A⊘ A → A uA : I → A

such that the structure maps interact coherently with the associator (M.1) and with the
unitors (M.2). Further, if the monoidal category is symmetric (braided), a monoid is
commutative (braided) if the multiplication commutes with the braiding (CM).

A monoid morphism f : ⟨A,∇A, eA⟩ → ⟨B,∇B, uB⟩ is a comonoid morphism in
X op, i.e. a map f : A → B which interacts coherently with multiplication and units
(MM).

3. Linearly Distributive Categories

Girard introduced linear logic in 1987 to capture the constructive nature of intuitionistic
logic and the symmetry of classical logic [22]. To do so, Girard omitted contraction and
weakening from the structural rules, making linear logic sub-structural, and introduced
controlled contraction and weakening via sequents explicitly marked by exponential con-
nectives. The absence of general contraction and weakening led to the existence of two
versions of conjunction and disjunction: multiplicative and additive. Multiplicative
linear logic (MLL) refers to the fragment concerned only with multiplicative conjunc-
tion, disjunction, truth and falsity, as well as linear negation and linear implication. It is
sometimes the case that MLL is used to refer to a sub-fragment, which does not include
linear negation and linear implication. We shall refer to this more minimal fragment as
negation-free multiplicative linear logic (MLL+).

The categorical semantics for linear logic were explored by Seely, who identified that
the categorical semantics for MLL are given by ∗-autonomous categories [35], previously
introduced by Barr [3]. In this context, the monoidal product models multiplicative
conjunction, while the involutive functor ∗ models linear negation. The additive and
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exponential connectives can then be modeled by additional structure on the ∗-autonomous
categories, namely finite products and linear exponential comonads respectively.

Linearly distributive categories (LDC) were introduced by Cockett and Seely as an
alternative framework for the semantics of linear logic to ∗-autonomous categories. [14].
Unlike ∗-autonomous categories, LDCs take multiplicative conjunction and disjunction as
the primitive categorical notions. They consist of two monoidal structures, which interact
via linear distributivity. They provide the semantics for the more minimal MLL+. Of
course, monoidal products connected through negation and de Morgan dualities, modeling
MLL, inherently possess such a linear distributivity. Thus, ∗-autonomous categories are
LDCs and the latter are strictly more general, as there are significant examples of LDCs
without negation.

The current work generalizes the Fox theorem to the context of LDCs in order to
characterize the notable subclass of cartesian LDCs (CLDC). In this section, we introduce
all the necessary background on LDCs needed, as developed by co-authors Cockett and
Seely in the series of papers [13, 14, 15].

3.1. Definition, Mix and Examples.

3.2. Definition. [14, Sec 2.1] A linearly distributive category, or a LDC, (X,⊗,⊤,
⊕,⊥) is a category X equipped with two monoidal structures

� a tensor monoidal structure (X,⊗,⊤)

α⊗A,B,C : (A⊗B)⊗ C → A⊗ (B ⊗ C) uR
⊗A

: A → A⊗⊤ uL
⊗A

: A → ⊤⊗ A

� a par monoidal structure (X,⊕,⊥)

α⊕A,B,C : A⊕ (B ⊕ C) → (A⊕B)⊕ C uR
⊕A

: A⊕⊥ → A uL
⊕A

: ⊥⊕ A → A

and natural transformations, known as the left and right linear distributors,

δLA,B,C : A⊗ (B ⊕ C) → (A⊗B)⊕ C δRA,B,C : (A⊕B)⊗ C → A⊕ (B ⊗ C),

satisfying coherence conditions between

(LDC.1) unitors and linear distributivitors,

A⊕B
uL
⊗A⊕B //

uL
⊗A

⊕1B ((

⊤⊗ (A⊕B)

δL⊤,A,B
��

(⊤⊗ A)⊕B

uL
⊗A⊕B

; δL⊤,A,B = uL
⊗A

⊕ 1B

uR
⊗A⊕B

; δRA,B,⊤ = 1A ⊕ uR
⊗B

δR⊥,A,B;u
L
⊕A⊗B

= uL
⊕A

⊗ 1B

δLA,B,⊥;u
R
⊕A⊗B

= 1A ⊗ uR
⊕B
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(LDC.2) associators and linear distributors, and

(A⊗B)⊗ (C ⊕D)

δLA⊗B,C,D

��

α⊗A,B,C⊕D // A⊗ (B ⊗ (C ⊕D))

1A⊗δLB,C,D
��

A⊗ ((B ⊗ C)⊕D)

δLA,B⊗C,D
��

((A⊗B)⊗ C)⊕D
α⊗A,B,C⊕1D

// (A⊗ (B ⊗ C))⊕D

δLA⊗B,C,D; (α⊗A,B,C ⊕ 1D) = α⊗A,B,C⊕D; (1A ⊗ δLB,C,D); δ
L
A,B⊗C,D

α⊗A⊕B,C,D; δ
R
A,B,C⊗D = (δRA,B,C ⊗ 1D); δ

R
A,B⊗C,D; (1A ⊕ α⊗B,C,D)

δLA,B,C⊕D;α⊕A⊗B,C,D = (1A ⊗ α⊕B,C,D); δ
L
A,B⊕C,D; (δ

L
A,B,C ⊕ 1D)

(α⊕A,B,C ⊗ 1D); δ
R
A⊕B,C,D = δRA,B⊕C,D; (1A ⊕ δRB,C,D);α⊕A,B,C⊗D

(LDC.3) left and right linear distributors.

(A⊕B)⊗ (C ⊕D)
δRA,B,C⊕D

tt

δLA⊕B,C,D

**
A⊕ (B ⊗ (C ⊕D)

1A⊕δLB,C,D
��

((A⊕B)⊗ C)⊕D

δRA,B,C⊕1D
��

A⊕ ((B ⊗ C)⊕D)
α⊕A,B⊗C,D

// (A⊕ (B ⊗ C))⊕D

δLA⊕B,C,D; (δ
R
A,B,C ⊕ 1D) = δRA,B,C⊕D; (1A ⊕ δLB,C,D);α⊕A,B⊗C,D

(δLA,B,C ⊗ 1D); δ
R
A⊗B,C,D = α⊗A,B⊕C,D; (1A ⊗ δRB,C,D); δ

L
A,B,C⊗D

LDCs provide the categorical semantics for non-commutative MLL+: the tensor prod-
uct models multiplicative conjunction and the par product models multiplicative disjunc-
tion. As in the case of ∗-autonomous categories, the additive and exponential connectives
are modeled by additional structure on LDCs, as considered in [15].

We shall mostly be concerned with semantics for commutative MLL+, given by sym-
metric monoidal products.

3.3. Definition. [14, Sec 3] A LDC is symmetric, or a SLDC, if (X,⊗,⊤) and
(X,⊕,⊥) are SMCs, and the linear distributors interact coherently with the braidings:

(A⊕B)⊗ C
δRA,B,C //

σ⊗A⊕B,C ��

A⊕ (B ⊗ C)

C ⊗ (A⊕B)
1C⊗σ⊕A,B ��

(B ⊗ C)⊕ A

σ⊕B⊗C,A

OO

C ⊗ (B ⊕ A)
δLC,B,A

// (C ⊗B)⊕ A

σ⊗C,B⊕1A
OO

(SLDC)
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3.4. Remark. In the symmetric case, instead of requiring (SLDC), we can alternatively
drop the requirement that the right (or left) linear distributor exists, drop the conditions
from (LDC.1), (LDC.2) involving the right (or left) linear distributor, and replace (LDC.3)

by (LDC.3’) involving only the left linear distributor given below (or a dual version with
right linear distributor).

(A⊗B)⊗ (C ⊕D)
α⊗A,B,C⊕D

//

σ⊗A,B⊗σ⊕C,D ��

A⊗ (B ⊗ (C ⊕D))
1A⊗δLB,C,D

// A⊗ ((B ⊗ C)⊕D)
1A⊗σ⊕B⊗C,D��

(B ⊗ A)⊗ (D ⊕ C)
α⊗B,A,D⊕C ��

A⊗ (D ⊕ (B ⊗ C))
δLA,D,B⊗C��

B ⊗ (A⊗ (D ⊕ C))
1B⊗δLA,D,C ��

(A⊗D)⊕ (B ⊗ C)
σ⊕A⊗D,B⊗C��

B ⊗ ((A⊗D)⊕ C)
1B⊗σ⊕A⊗D,C

// B ⊗ (C ⊕ (A⊗D))
δLB,C,A⊗D

// (B ⊗ C)⊕ (A⊗D)

(LDC.3’)

α⊗A,B,C⊕D;(1A ⊗ δLB,C,D); (1A ⊗ σ⊕B⊗C,D); δ
L
A,D,B⊗C ; σ⊕A⊗D,B⊗C

= (σ⊗A,B ⊗ σ⊕C,D);α⊗B,A,D⊕C ; (1B ⊗ δLA,D,C); (1B ⊗ σ⊕A⊗D,C); δ
L
B,C,A⊗D

σ⊗A⊕B,C⊕D;δ
L
C⊕D,A,B; (σ⊗C⊕D,A ⊕ 1B); (δ

L
A,C,D ⊕ 1B);α

−1
⊕ A⊗C,D,B

= δLA⊕B,C,D; (σ⊕A⊕B,C ⊕ 1D); (δ
L
C,A,B ⊕ 1D);α

−1
⊕ C⊗A,B,D

; (σ⊗C,A ⊕ σ⊕B,D)

This remains a SLDC as we can define the missing linear distributor via (SLDC) and
subsequently prove all the missing coherence conditions. In particular, we use (LDC.3’)

to prove (LDC.3).

Many models of linear logic also satisfy an additional structural rule: MIX. With the
cut rule present, satisfying MIX is equivalent to the additional axiom ⊥ ⊢ ⊤ [13, Lem
6.1]. In terms of LDCs, this amounts to the existence of a nullary mix map m : ⊥ → ⊤
such that the two possible induced A⊗B → A⊕B maps are equal.

3.5. Definition. [13, Def 6.2] A LDC is mix if there is a map m : ⊥ → ⊤ such that

A⊗B
1A⊗uL

⊕
−1

B //

uR
⊕

−1

A
⊗1B ��

A⊗ (⊥⊕B)
1A⊗(m⊕1B)// A⊗ (⊤⊕B)

δLA,⊤,B��
(A⊕⊥)⊗B

(1A⊕m)⊗1B ��

(A⊗⊤)⊕B

uR
⊗

−1

A
⊕1B��

(A⊕⊤)⊗B
δRA,⊤,B

// A⊕ (⊤⊗B)
1A⊕uL

⊗
−1

B

// A⊕B

(MIX)

In the process of developing categorical semantics for classical logic based on LDCs,
Führmann and Pym gave a useful way to determine whether or not a LDC is mix.
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3.6. Lemma. [21, Lem 3.10] A LDC with a map m : ⊥ → ⊤ is mix if and only if

(1⊥ ⊗m);uR
⊗
−1

⊥ = (m⊗ 1⊥);u
L
⊗
−1

⊥ : ⊥⊗⊥ → ⊥ (5)

If the LDC is symmetric, the above lemma was then utilized to determine that, if ⊥
has a ⊗-comonoid structure (or if ⊤ has a ⊕-monoid structure), the LDC is mix.

3.7. Theorem. [21, Thm 3.11] Every SLDC with a ⊗-comonoid ⟨⊥,∆⊥ : ⊥ → ⊥ ⊗
⊥, e⊥ : ⊥ → ⊤⟩ is mix with m = e⊥. Dually, every SLDC with a ⊕-monoid ⟨⊤,∇⊤ : ⊤⊕
⊤ → ⊤, u⊤ : ⊥ → ⊤⟩ is mix with m = u⊤.

This MIX rule can be strengthened further, by adding the axiom ⊤ ⊢ ⊥. Categorically,
this means ⊥ ∼= ⊤ and we call such LDCs isomix.

3.8. Definition. [13, Def 6.5] A LDC is isomix if it is mix and m is an isomorphism.

In fact, we do not need to check (MIX) if the two monoidal units are isomorphic:

3.9. Lemma. [13, Lem 6.6] A LDC where ⊤ ∼= ⊥ is isomix.

A further level of “degeneracy” is obtained by considering LDCs where tensor and par
are isomorphic to one another.

3.10. Definition. [17, Sec 2.3] A LDC is compact if it is isomix and the mix maps
are isomorphisms.

While LDCs take multiplicative conjunction and disjunction as primitive, it is also
important to consider linear negation in this categorical framework, in order to be able
to model MLL and recover ∗-autonomous categories.

3.11. Definition. [15, Def A.5] A complementation pair (A,Ac, γ, τ) in a LDC con-
sists of objects A and Ac, equipped with maps

γ : A⊗ Ac → ⊥ τ : ⊤ → Ac ⊕ A

such that

A
uR
⊗A ��

1A // A Ac

uL
⊗

c

A ��

1Ac // Ac

A⊗⊤
1A⊗τ

��

⊥⊗ A

uL
⊕A

OO

⊤⊗ Ac

τ⊗1Ac
��

Ac ⊕⊥
uR
⊕Ac

OO

A⊗ (Ac ⊕ A)
δLA,Ac,A

// (A⊗ Ac)⊕ A

γ⊕1A

OO

(Ac ⊕ A)⊗ Ac

δRAc,A,Ac

// Ac ⊕ (A⊗ Ac)

1Ac⊕γ
OO

Complementation pairs were renamed linear duals by Cockett, Comfort and Srini-
vasan [17], to echo duals in autonomous and compact closed categories, and linear adjoints
in linear bicategories, as defined by Cockett, Koslowski and Seely [16]. Indeed, a com-
plementation pairs behaves intuitively like duals in compact closed categories whose unit
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and counit go between two monoidal structures. The coherence conditions can then be
thought of as linearly distributive snake equations.

Recall that ∗-autonomous categories can be understood as a variant of compact closed
categories, whose ∗ does not commute with the monoidal product, instead inducing a par
product by de Morgan duality. As such, they are recovered from SLDCs by coherently
adding complementation pairs.

3.12. Definition. [14, Def 4.1, 4.3] A LDC has negation if there are object functions
(−)⊥ and ⊥(−), together with the following parametrized family of maps

γR
A : A⊗ A⊥ → ⊥ τRA : ⊤ → A⊕ ⊥A

γL
A : ⊥A⊗ A → ⊥ τLA : ⊤ → A⊥ ⊕ A

such that (A,A⊥, γR
A , τ

L
A) and (⊥A,A, γL

A, τ
R
A ) form complementation pairs. A SLDC has

negation if additionally (−)⊥ = ⊥(−) and

γL
A = A⊥ ⊗ A

σ⊗A⊥,A−−−−→ A⊗ A⊥ γR
A−→ ⊥ τLA = ⊤

τRA−→ A⊕ A⊥ σ⊕A,A⊥
−−−−→ A⊥ ⊕ A

We shall only consider the symmetric case. Mirroring compact closed categories, notice
that the above definition does not require (−)⊥ to act on maps, nor does it ask for the
many natural isomorphisms which connect the multiplicative connectives and negation
together, such as ⊥⊥ ∼= ⊤ or A ⊕ B ∼= (B⊥ ⊗ A⊥)⊥. These are in fact a consequence of
the above structure.

3.13. Lemma. [14, Lem 4.4] In a SLDC with negation, (−)⊥ is a contravariant functor,
which acts on maps as follows: given f : A → B, define f⊥ : B⊥ → A⊥ by

B⊥ uR
⊗B⊥ //

f⊥

��

B⊥ ⊗⊤
1
B⊥⊗τRA // B⊥ ⊗ (A⊕ A⊥)

1
B⊥⊗(f⊕1

A⊥ )
��

B⊥ ⊗ (B ⊕ A⊥)

δL
B⊥,B,A⊥
��

A⊥ ⊥⊕ A⊥
uL
⊕A⊥

oo (B⊥ ⊗B)⊕ A⊥
γL
B⊕1

A⊥

oo

Then, Cockett and Seely demonstrated that:

3.14. Theorem. [14, Thm 4.5] The notions of SLDCs with negation and ∗-autonomous
categories coincide.

3.15. Example. Let us list three important classes of examples of LDCs.

1. Every monoidal category (X ,⊘, I) can be viewed as a LDC, when taking the tensor
and par structures to be equal to the original monoidal structure, i.e. ⊗ = ⊕ = ⊘
and ⊤ = ⊥ = I. In this case, the linear distributors are just ⊘-associators and we
call such LDCs (X ,⊘, I,⊘, I) degenerate.
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2. As stated in Theorem 3.14, every ∗-autonomous category (X ,⊘, I, ∗) is a LDC with
the tensor structure given by the original monoidal structure and the par structure
given by the de Morgan dual, i.e. A⊕B = (B∗ ⊘ A∗)∗ and ⊥ = I∗.

3. Cockett and Seely introduced a class of examples known as shifted tensor LDCs,
the categorical analogue of shift monoids.

3.16. Definition. [14, Sec 5.2] Consider a monoidal category (X,⊗,⊤). An object
⊥ ∈ X is said to have a tensor inverse if there is an object ⊥−1 equipped with two
isomorphisms

sL : ⊥⊗⊥−1 → ⊤ sR : ⊥−1 ⊗⊥ → ⊤

such that

(⊥−1 ⊗⊥)⊗⊥−1
α⊗⊥−1,⊥,⊥−1 //

sR⊗1⊥−1 ��

⊥−1 ⊗ (⊥⊗⊥−1)

1⊥−1⊗sL��
⊤⊗⊥−1

uL
⊗

−1

⊥−1
**

⊥−1 ⊗⊤

uR
⊗

−1

⊥−1
tt⊥−1

Suppose there is an object ⊥ ∈ X with a tensor inverse, then define a monoidal
product by A⊕B = A⊗ (⊥−1 ⊗B), known as the ⊥-shifted tensor.

3.17. Proposition. [14, Prop 5.3, 5.4] Consider a monoidal category (X,⊗,⊤)
with an object ⊥ ∈ X with a tensor inverse, then (X,⊗,⊤,⊕,⊥), where ⊕ is the
⊥-shifted tensor, is a LDC with invertible linear distributors. Moreover, every LDC
with invertible linear distributors has a tensor inverse for ⊥ whose shift tensor prod-
uct is naturally equivalent to the par product.

3.18. Linear Functors and Transformations.

In the same spirit as the Fox theorem, we will need the appropriate notions of func-
tors and transformations between LDCs. These definitions were developed by Cockett and
Seely in order to model the exponential modalities ! and ? of linear logic as a paired func-
torial entity, while also capturing the idea of lax monoidal functors and transformations
between ∗-autonomous categories.

3.19. Definition. [15, Def 1] Let X and Y be LDCs. A (bilax) linear functor F =
(F⊗, F⊕) : X → Y consists of:

� a (lax) monoidal functor (F⊗,m⊤,m⊗) : (X,⊗,⊤) → (Y,⊗,⊤), equipped with

m⊤ : ⊤ → F⊗(⊤) m⊗A,B : F⊗(A)⊗ F⊗(B) → F⊗(A⊗B)
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� a (colax) monoidal functor (F⊕, n⊥, n⊕) : (X,⊕,⊥) → (Y,⊕,⊥), equipped with

n⊥ : F⊕(⊥) → ⊥ n⊕A,B : F⊕(A⊕B) → F⊕(A)⊕ F⊕(B)

� four natural transformations, known as linear strengths,

vR⊗A,B
: F⊗(A⊕B) → F⊕(A)⊕ F⊗(B) vR⊕A,B

: F⊗(A)⊗ F⊕(B) → F⊕(A⊗B)

vL⊗A,B
: F⊗(A⊕B) → F⊗(A)⊕ F⊕(B) vL⊕A,B

: F⊕(A)⊗ F⊗(B) → F⊕(A⊗B)

subject to various coherence conditions between the linear strengths and

(LF.1) the unitors,

F⊗(⊥⊕ A)
F⊗(uL

⊕A
)

//

νR⊗⊥,A
��

F⊗(A)

F⊕(⊥)⊕ F⊗(A) n⊥⊕1F⊗(A)

// ⊥⊕ F⊗(A)

uL
⊕F⊗(A)

OO

νR
⊗⊥,A

; (n⊥ ⊕ 1F⊗(A));u
L
⊕F⊗(A)

= F⊗(u
L
⊕A

)

νL
⊗A,⊥; (1F⊗(A) ⊕ n⊥);u

R
⊕F⊗(A)

= F⊗(u
R
⊕A

)

uL
⊗F⊕(A)

; (m⊤ ⊗ 1F⊕(A)); ν
R
⊕⊤,A

= F⊕(u
L
⊗A

)

uR
⊗F⊕(A)

; (1F⊕(A) ⊗m⊤); ν
L
⊕A,⊤ = F⊕(u

R
⊗A

)

(LF.2) the associators,

F⊗(A⊕ (B ⊕ C))
F⊗(α⊕A,B,C)

//

νR⊗A,B⊕C
��

F⊗((A⊕B)⊕ C)

νR⊗A⊕B,C
��

F⊕(A)⊕ F⊗(B ⊕ C)

1F⊕(A)⊕νR⊗B,C
��

F⊕(A⊕B)⊕ F⊗(C)

n⊕A,B⊕1F⊗(C)

��
F⊕(A)⊕ (F⊕(B)⊕ F⊗(C)) α⊕F⊕(A),F⊕(B),F⊗(C)

// (F⊕(A)⊕ F⊕(B))⊕ F⊗(C)

νR
⊗A,B⊕C

; (1F⊕(A) ⊕ νR
⊗B,C

);α⊕F⊕(A),F⊕(B),F⊗(C) = F⊗(α⊕A,B,C); ν
R
⊗A⊕B,C

; (n⊕A,B ⊕ 1F⊗(C))

νL
⊗A,B⊕C

; (1F⊗(A) ⊕ n⊕B,C);α⊕F⊗(A),F⊕(B),F⊕(C) = F⊗(α⊕A,B,C); ν
L
⊗A⊕B,C

; (νL
⊕A,B

⊕ 1F⊕(C))

α⊗F⊗(A),F⊗(B),F⊕(C); (1F⊗(A) ⊗ νR
⊕B,C

); νR
⊕A,B⊗C

= (m⊗A,B ⊗ 1F⊕(C)); ν
R
⊕A⊗B,C

;F⊕(α⊗A,B,C)

α⊗F⊕(A),F⊗(B),F⊗(C); (1F⊕(A) ⊗m⊗B,C); ν
L
⊕A,B⊗C

= (νL
⊕A,B

⊗ 1F⊗(C)); ν
L
⊕A⊗B,C

;F⊕(α⊗A,B,C)
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(LF.3) the linear distributors,

F⊗(A⊕B)⊗ F⊗(C)

νR⊗A,B
⊗1F⊗(C)

��

m⊗A⊕B,C // F⊗((A⊕B)⊗ C)

F⊗(δRA,B,C)
��

(F⊕(A)⊕ F⊗(B))⊗ F⊗(C)

δR
F⊕(A),F⊗(B),F⊗(C)

��

F⊗(A⊕ (B ⊗ C))

νR⊗A,B⊗C
��

F⊕(A)⊕ (F⊗(B)⊗ F⊗(C))
1F⊕(A)⊕m⊗B,C

// F⊕(A)⊕ F⊗(B ⊗ C)

m⊗A⊕B,C ;F⊗(δ
R
A,B,C); ν

R
⊗A,B⊗C

= (νR
⊗A,B

⊗ 1F⊗(C)); δ
R
F⊕(A),F⊗(B),F⊗(C); (1F⊕(A) ⊕m⊗B,C)

m⊗A,B⊕C ;F⊗(δ
L
A,B,C); ν

L
⊗A⊗B,C

= (1F⊗(A) ⊗ νL
⊗B,C

); δLF⊗(A),F⊗(B),F⊕(C); (m⊗A,B ⊕ 1F⊕(C))

νR
⊕A,B⊕C

;F⊕(δ
L
A,B,C);n⊕A⊗B,C = (1F⊗(A) ⊗ n⊕B,C); δ

L
F⊗(A),F⊕(B),F⊕(C); (ν

R
⊕A,B

⊕ 1F⊕(C))

νL
⊕A⊕B,C

;F⊕(δ
R
A,B,C);n⊕A,B⊗C = (n⊕A,B ⊕ 1F⊗(C)); δ

R
F⊕(A),F⊕(B),F⊗(C); (1F⊕(A) ⊕ νL

⊕B,C
)

(LF.4) the other linear strengths via associators, and

F⊗(A⊕ (B ⊕ C))
F⊗(α⊕A,B,C)

//

νR⊗A,B⊕C
��

F⊗((A⊕B)⊕ C)

νL⊗A⊕B,C
��

F⊕(A)⊕ F⊗(B ⊕ C)

1F⊕(A)⊕νL⊗B,C
��

F⊗(A⊕B)⊕ F⊕(C)

νR⊗A,B
⊕1F⊕(C)

��
F⊕(A)⊕ (F⊗(B)⊕ F⊕(C)) α⊕F⊕(A),F⊗(B),F⊕(C)

// (F⊕(A)⊕ F⊗(B))⊕ F⊕(C)

νR
⊗A,B⊕C

; (1F⊕(A) ⊕ νL
⊗B,C

);α⊕F⊕(A),F⊗(B),F⊕(C) = F⊗(α⊕A,B,C); ν
L
⊗A⊕B,C

; (νR
⊗A,B

⊕ 1F⊕(C))

α⊗F⊗(A),F⊕(B),F⊗(C); (1F⊗(A) ⊗ νL
⊕B,C

); νR
⊕A,B⊗C

= (νR
⊕A,B

⊗ 1F⊗(C)); ν
L
⊕A⊗B,C

;F⊕(α⊗A,B,C)

(LF.5) the other linear strengths via linear distributors.

F⊗(A)⊗ F⊗(B ⊕ C)
1F⊗(A)⊗νR⊗B,C //

m⊗A,B⊕C

��

F⊗(A)⊗ (F⊕(B)⊕ F⊗(C))

δL
F⊗(A),F⊕(B),F⊗(C)
��

F⊗(A⊗ (B ⊕ C))

F⊗(δLA,B,C)
��

(F⊗(A)⊗ F⊕(B))⊕ F⊗(C)

νR⊕A,B
⊕1F⊗(C)

��
F⊗((A⊗B)⊕ C)

νR⊗A⊗B,C

// F⊕(A⊗B)⊕ F⊗(C)

m⊗A,B⊕C ;F⊗(δ
L
A,B,C); ν

R
⊗A⊗B,C

= (1F⊗(A) ⊗ νR
⊗B,C

); δLF⊗(A),F⊕(B),F⊗(C); (ν
R
⊕A,B

⊕ 1F⊗(C))

m⊗A⊕B,C ;F⊗(δ
R
A,B,C); ν

L
⊗A,B⊗C

= (νL
⊗A,B

⊗ 1F⊗(C)); δ
R
F⊗(A),F⊕(B),F⊗(C); (1F⊗(A) ⊕ vL⊕B,C

)

νR
⊕A⊕B,C

;F⊕(δ
R
A,B,C);n⊕A,B⊗C = (νR

⊗A,B
⊗ 1F⊕(C)); δ

R
F⊕(A),F⊗(B),F⊕(C); (1F⊕(A) ⊕ νR

⊕B,C
)

νL
⊕A,B⊕C

;F⊕(δ
L
A,B,C);n⊕A⊗B,C = (1F⊕(A) ⊗ νL

⊗B,C
); δLF⊕(A),F⊗(B),F⊕(C); (ν

L
⊕A,B

⊕ 1F⊕(C))
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If X and Y are SLDCs, then a (bilax) linear functor F = (F⊗, F⊕) is symmetric if
F⊗ is a symmetric (lax) monoidal functor, F⊕ is a symmetric (colax) monoidal functor,
and the linear strengths interact coherently with the braidings:

F⊗(A⊕B)
vR⊗A,B //

F⊗(σ⊕A,B)
��

F⊕(A)⊕ F⊗(B)

σ⊕F⊕(A),F⊗(B)

��
F⊗(B ⊕ A)

vL⊗B,A

// F⊗(B)⊕ F⊕(A)

F⊗(A)⊗ F⊕(B)
vR⊕A,B //

σ⊗F⊗(A),F⊕(B)

��

F⊕(A⊗B)

F⊕(σ⊗A,B)
��

F⊕(B)⊗ F⊗(A)
vL⊕B,A

// F⊕(B ⊗ A)

(SLF)

3.20. Remark. In the symmetric case, instead of requiring (SLF) to hold, we can al-
ternatively drop the requirement that the left (or right) linear strengths exist, drop the
conditions from (LF.1), (LF.2), (LF.3), (LF.5) involving the left (or right) linear strengths,
and drop (LF.4) entirely. This remains a (bilax) linear functor as we can define the missing
pair of linear strengths via (SLF) and subsequently prove all the missing coherence condi-
tions. In particular, we use (LF.2) to prove (LF.4). Therefore, when defining symmetric
(bilax) linear functors, we often only give one pair of linear strengths.

3.21. Definition. [15, Def 3] Let F,G : X → Y be (bilax) linear functors. A linear
transformation α : F ⇒ G consists of:

� a monoidal transformation α⊗ : (F⊗,m
F
⊤,m

F
⊗) ⇒ (G⊗,m

G
⊤,m

G
⊗), and

� a monoidal transformation α⊕ : (G⊕, n
G
⊥, n

G
⊕) ⇒ (F⊕, n

F
⊥, n

F
⊕),

which commute coherently with the linear strengths of F and G:

F⊗(A⊕B)
α⊗A⊕B //

vR⊗
F

A,B

��

G⊗(A⊕B)

vR⊗
G

A,B��
G⊕(A)⊕G⊗(B)

α⊕A⊕1G⊗(B)

��
F⊕(A)⊕ F⊗(B)

1F⊕(A)⊕α⊗B

// F⊕(A)⊕G⊗(B)

(LT)

α⊗A⊕B; v
R
⊗
G

A,B
; (α⊕A ⊕ 1G⊗(B)) = vR⊗

F

A,B
; (1F⊕(A) ⊕ α⊗B)

α⊗A⊕B; v
L
⊗
G

A,B
; (1G⊗(A) ⊕ α⊕B) = vL⊗

F

A,B
; (α⊗A ⊕ 1F⊕(B))

(α⊗A ⊗ 1G⊕(B)); v
R
⊕
G

A,B
;α⊕A⊗B = (1F⊗(A) ⊗ α⊕B); v

R
⊕
F

A,B

(1G⊕(A) ⊗ α⊗B); v
L
⊕
G

A,B
;α⊕A⊗B = (α⊕A ⊗ 1F⊗(B)); v

L
⊕
F

A,B

3.22. Proposition. [15, Prop 4] LDCs, bilax linear functors, and linear transformations
form a 2-category, which is denoted by LDC. Restricting to SLDCs and symmetric bilax
linear functors also gives a 2-category, denoted SLDC.

We will also consider linear functors whose component functors are equal. These were
first defined by [5] and then further explored in [17].
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3.23. Definition. [17, Def 3.1] Consider LDCs X and Y, a (bilax) linear functor F =
(F⊗, F⊕) : X → Y is Frobenius if

F⊗ = F⊕, νR
⊗A,B

= νL
⊗A,B

= n⊕A,B, and νR
⊕A,B

= νL
⊕A,B

= m⊗A,B

Given the degeneracy, we can give an alternative characterization.

3.24. Proposition. [17, Lem 3.2] Consider LDCs X and Y, then the following notions
coincide:

� Frobenius (bilax) linear functors F = (F⊗, F⊕) : X → Y, and

� ⊗-(lax) monoidal and ⊕-(colax) monoidal functors (F,m⊗,m⊤, n⊕, n⊥) : X → Y
satisfying

F (A)⊗ F (B ⊕ C)
m⊗A,B⊕C //

1F (A)⊗n⊕B,C
��

F (A⊗ (B ⊕ C))

F (δLA,B,C)
��

F (A)⊗ (F (B)⊕ F (C))

δL
F (A),F (B),F (C)

��

F ((A⊗B)⊕ C)

n⊕A⊗B,C

��
(F (A)⊗ F (B))⊕ F (C)

m⊗A,B⊕1F (C)

// F (A⊗B)⊕ F (C)

(6)

m⊗A,B⊕C ;F (δLA,B,C);n⊕A⊗B,C = (1F (A) ⊗ n⊕B,C); δ
L
F (A),F (B),F (C); (m⊗A,B ⊕ 1F (C))

m⊗A⊕B,C ;F (δRA,B,C);n⊕A,B⊗C = (n⊕A,B ⊗ 1F (C)); δ
R
F (A),F (B),F (C); (1F (A) ⊕m⊗B,C)

If the LDCs are mix, the definition of Frobenius (bilax) linear functors can be extended
to guarantee they preserve the nullary mix maps.

3.25. Definition. [17, Def 3.4] Consider mix LDCs X and Y. A Frobenius (bilax) linear
functor F = (F, F ) : X → Y is mix if

F (⊥)
n⊥ //

F (m)
��

⊥
m

��
F (⊤) ⊤

m⊤
oo

(MixFLF)

If we then consider linear transformations between Frobenius linear functors, they
often correspond to a natural isomorphism paired with its inverse.

3.26. Lemma. [17, Lem 3.10] Suppose F,G : X → Y are Frobenius (bilax) linear functors
and α : F ⇒ G is a ⊗-monoidal and ⊕-monoidal natural isomorphism, then (α, α−1) : F ⇒
G is a linear transformation.

As Frobenius (bilax) linear functors compose and identity linear functors are Frobe-
nius, restricting to such 1-cells determines a sub-2-category.
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3.27. Proposition. LDCs, Frobenius bilax linear functors and linear transformations
form a sub-2-category of LDC, denoted by FLDC.

3.28. Cartesian Linearly Distributive Categories.

We now introduce cartesian LDCs, the subclass we are interested in characterizing via
the linearly distributive Fox theorem.

3.29. Definition. [14, Sec 2] A cartesian linearly distributive category, or CLDC,
(X,×,1,+,0) is a SLDC whose tensor monoidal structure (X,×,1) is cartesian and whose
par monoidal structure (X,+,0) is cocartesian.

The development of the linearly distributive Fox theorem renewed interest in CLDCs,
leading them to be further explored in their own right by the author with co-author
Lemay in the article “Cartesian linearly distributive categories: Revisited” [28]. This
work examines the distinctive structures and properties of CLDCs, discusses key classes of
examples, and reassesses previously proposed instances of CLDCs. We recommend reading
both articles, as they complement each other, though each is written to be accessible
independently.

3.30. Proposition. There is a sub 2-category of LDC consisting of CLDCs, symmet-
ric linear functors, known as cartesian linear functors, and linear transformations,
denoted by CLDC. Moreover, there is a sub 2-category of FLDC consisting of CLDCs,
symmetric Frobenius linear functors and linear transformations, denoted by FCLDC.

4. Duoidal Categories

LDCs are of course not the only categories with two monoidal structures. Duoidal cat-
egories are another variant, characterized by two monoidal products and units that in-
teract via additional structure maps, most notably the interchange law. Unlike LDCs,
the duoidal structure arises canonically when considering finite products and coproducts.
The theory of duoidal categories will play a crucial role in this paper, so we present all
the necessary background in this section.

The earliest appearance of a form of the interchange law between monoidal structures is
found in Joyal and Street’s work on braided monoidal categories [27]. They demonstrated
that a duoidal category with isomorphisms for structure maps corresponds to a braided
monoidal category via a categorical Eckmann-Hilton argument. Subsequently, Balteanu,
Fiedorowicz, Schwänzl, and Vogt defined 2-fold monoidal categories as monoids in the
monoidal category of monoidal categories [2]. In their definition, the interchange law is
not required to be an isomorphism, but the unit objects of both monoidal structures are
assumed to coincide, and the monoidal structures themselves are strict. Building on this
foundation, Forcey, Siehler, and Sowers generalized the definition by allowing distinct
unit objects and non-strict associators, while retaining equalities for unitors and certain
structure maps [19].
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The currently accepted definition of duoidal category was first introduced by Aguiar
and Mahajan under the name 2-monoidal categories [1]. The background on duoidal cate-
gories presented in this section is almost entirely based on Chapter 6 of their monograph,
and readers seeking additional details are encouraged to consult it. The now-standard
name for duoidal categories was suggested by Street and first appeared in the literature
in [4, 8].

4.1. Definition and Examples.

4.2. Definition. [1, Def 6.1, 6.3] A duoidal category (X , ⋄, I, ⋆, J) is category X with
two monoidal structures (X , ⋄, I) and (X , ⋆, J), equipped with morphisms

∆I : I → I ⋆ I µJ : J ⋄ J → J ι : I → J

and an interchange natural transformation

ζA,B,C,D : (A ⋆ B) ⋄ (C ⋆ D) → (A ⋄ C) ⋆ (B ⋄D)

such that (J, µJ , ι) is a ⋄-monoid, (I,∆I , ι) is a ⋆-comonoid, and the interchange maps
interact coherently with

(DUO.1) the associators, and

((A ⋆ B) ⋄ (C ⋆ D)) ⋄ (E ⋆ F )
α⋄A⋆B,C⋆D,E⋆F //

ζA,B,C,D⋄1E⋆F

��

(A ⋆ B) ⋄ ((C ⋆ D) ⋄ (E ⋆ F ))

1A⋆B⋄ζC,D,E,F

��
((A ⋄ C) ⋆ (B ⋄D)) ⋄ (E ⋆ F )

ζA⋄C,B⋄D,E,F

��

(A ⋆ B) ⋄ ((C ⋄ E) ⋆ (D ⋄ F ))

ζA,B,C⋄E,D⋄F
��

((A ⋄ C) ⋄ E) ⋆ ((B ⋄D) ⋄ F ) α⋄A,C,E⋆α⋄B,D,F

// (A ⋄ (C ⋄ E)) ⋆ (B ⋄ (D ⋄ F ))

α⋄A⋆B,C⋆D,E⋆F ; (1A⋆B ⋄ ζC,D,E,F ); ζA,B,C⋄E,D⋄F = (ζA,B,C,D ⋄ 1E⋆F ); ζA⋄C,B⋄D,E,F ; (α⋄A,C,E ⋆ α⋄B,D,F )

ζA⋆B,CD⋆E,F ; (ζA,B,D,E ⋆ 1C⋄F );α⋆A⋄D,B⋄E,C⋄F = (α⋆A,B,C ⋄ α⋆D,E,F ); ζA,B⋆C,D,E⋆F ; (1A⋄D ⋆ ζB,C,E,F )

(DUO.2) the unitors.

A ⋆ B
λ⋄A⋆B //

λ⋄A⋆λ⋄B
��

I ⋄ (A ⋆ B)

∆I⋄1A⋆B
��

(I ⋄ A) ⋆ (I ⋄B) (I ⋆ I) ⋄ (A ⋆ B)
ζI,I,A,B

oo

λ⋄A⋆B; (∆I ⋄ 1A⋆B); ζI,I,A,B = λ⋄A ⋆ λ⋄B ρ⋄A⋆B; (1A⋆B ⋄∆I); ζA,B,I,I = ρ⋄A ⋆ ρ⋄B
(λ⋆A ⋄ λ⋆B); ζJ,A,J,B; (µJ ⋆ 1A⋄B) = λ⋆A⋄B (ρ⋆A ⋄ ρ⋆B); ζA,J,B,J ; (1A⋄B ⋆ µJ) = ρ⋆A⋄B

A duoidal category X is normal if ι : I → J is invertible and strong if all its structure
maps are isomorphisms.
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4.3. Definition. [1, Def 6.5] A duoidal category X is braided if (X , ⋄, I) and (X , ⋆, J)
are braided monoidal categories, (J, µJ , ι) is a braided ⋄-monoid and (I,∆I , ι) is a co-
braided ⋆-comonoid, and the interchange maps interact coherently with the braidings:

(A ⋆ B) ⋄ (C ⋆ D)
ζA,B,C,D //

σ⋆A,B⋄σ⋆C,D

��

(A ⋄ C) ⋆ (B ⋄D)

σ⋆A⋄C,B⋄D
��

(B ⋆ A) ⋄ (D ⋆ C)
ζB,A,D,C

// (B ⋄D) ⋆ (A ⋄ C)

(BDUO)

ζA,B,C,D; σ⋆A⋄C,B⋄D = (σ⋆A,B ⋄ σ⋆C,D); ζB,A,D,C

ζA,B,C,D; (σ⋄A,C ⋆ σ⋄B,D) = σ⋄A⋆B,C⋆D; ζC,D,A,B

4.4. Example. Every braided monoidal category (X ,⊘, I) induces a duoidal category
(X ,⊘, I,⊘, I) [1, Prop 6.10], with structure maps given by unitors, an identity map, and
the canonical flip:

∆I = u⊘I : I → I ⊘ I µI = u⊘
−1
I : I ⊘ I → I ι = 1I : I → I

ζA,B,C,B = τA,B,C,D : (A⊘B)⊘ (C ⊘D) → (A⊘ C)⊘ (B ⊘D)

Here we state Joyal and Street’s result about braided monoidal categories [27], in the
terminology of duoidal categories:

4.5. Proposition. [1, Prop 6.11] Consider a strong duoidal category X , then (X , ⋄, I)
and (X , ⋆, J) are isomorphic braided monoidal categories and the interchange arises from
the canonical flips.

4.6. Duoidal Functors and Transformations.

Aguiar and Mahajan define different types of functors between duoidal categories:
bilax duoidal functors and double (co)lax duoidal functors. We shall only need the former.

4.7. Definition. [1, Def 6.50] Let X and Y denote duoidal categories. A bilax duoidal
functor (F, pI , p⋄, qJ , q⋆) : X → Y is a functor F : X → Y which is

� a lax monoidal functor (F, pI , p⋄) : (X , ⋄, I) → (Y , ⋄, I), with

pI : I → F (I) p⋄A,B : F (A) ⋄ F (B) → F (A ⋄B)

� a colax monoidal functors (F, qJ , q⋆) : (X , ⋆, J) → (Y , ⋆, J), with

qJ : F (J) → J q⋆A,B : F (A ⋆ B) → F (A) ⋆ F (B)

such that the monoidal structure maps interact coherently with
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(DF.1) the interchange maps, and

F (A ⋆ B) ⋄ F (C ⋆ D)
q⋆A,B⋄q⋆C,D //

p⋄A⋆B,C⋆D

��

(F (A) ⋆ F (B)) ⋄ (F (C) ⋆ F (D))

ζF (A),F (B),F (C),F (D)

��
F ((A ⋆ B) ⋄ (C ⋆ D))

F (ζA,B,C,D)
��

(F (A) ⋄ F (C)) ⋆ (F (B) ⋄ F (D))

p⋄A,C⋆p⋄B,D

��
F ((A ⋄ C) ⋆ (B ⋄D)) q⋆A⋄C,B⋄D

// F (A ⋄ C) ⋆ F (B ⋄D)

(DF.2) the unit (co)monoid structure maps.

I
pI //

∆I

��

F (I)
F (∆I) // F (I ⋆ I)

q⋆I,I
��

I
pI //

ι

��

F (I)

F (ι)
��

I ⋆ I pI⋆pI
// F (I) ⋆ F (I) J F (J)qJ

oo

F (J) ⋄ F (J)
p⋄J,J //

qJ⋄qJ
��

F (J ⋄ J) F (µJ ) // F (J)

qJ
��

J ⋄ J qJ
// J

4.8. Definition. [1, Def 6.51] A duoidal transformation between bilax duoidal func-
tors α : (F, pFI , p

F
⋄ , q

F
J , q

F
⋆ ) ⇒ (G, pGI , p

G
⋄ , q

G
J , q

G
⋆ ) is a natural transformation α : F → G

such that

� α : (F, pFI , p
F
⋄ ) ⇒ (G, pGI , p

G
⋄ ) is a monoidal transformation, and

� α : (F, qFJ , q
F
⋆ ) ⇒ (G, qGJ , q

G
⋆ ) is a monoidal transformation.

4.9. Proposition. [1, Prop 6.52] There is a 2-category of duoidal categories, bilax
duoidal functors and duoidal transformations, denoted DUO, closed under finite prod-
ucts.

Recalling that a monoid in a monoidal category X can be equivalently defined as a
monoidal functor from the terminal category to X , Aguiar and Mahajan define different
types of monoid-like structures in a duoidal category based on their different functors:
duoidal bimonoids and duoidal double monoids. Once more, we only introduce the former,
which will be key to the linearly distributive Fox theorem.

4.10. Definition. [1, Def 6.25] A duoidal bimonoid in a duoidal category X is a
quintuple ⟨A,∇A, uA,∆A, eA⟩ consisting an object A equipped with four morphisms

∇A : A ⋄ A → A uA : I → A ∆A : A → A ⋆ A eA : A → J
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such that ⟨A,∇A, uA⟩ is a ⋄-monoid, ⟨A,∆A, eA⟩ is a ⋆-comonoid, and the two structures
are compatible:

A ⋄ A ∇A //

∆A⋄∆A

��

A
∆A // A ⋆ A I

uA //

ι
""

A

eA
��

(A ⋆ A) ⋄ (A ⋆ A)
ζA,A,A,A

// (A ⋄ A) ⋆ (A ⋄ A)

∇A⋆∇A

OO

J

A ⋄ A ∇A //

eA⋄eA
��

A
eA
��

I
∆I //

uA

��

I ⋆ I
uA⋆uA

��
J ⋄ J µJ

// J A
∆A

// A ⋆ A

(DBM)

A morphism of duoidal bimonoids is a morphism of the underlying ⋄-monoid and
⋆-comonoid.

4.11. Remark. A duoidal bimonoid ⟨A,∇A, uA,∆A, eA⟩ in X can be equivalently defined
as a bilax duoidal functor from the terminal category to X (with slight abuse of notation)

(A, uA,∇A, eA,∆A) : 1 → X , ∗ 7→ A, 1∗ 7→ 1A

uA = pI : I → A ∇A = p⋄A,B : A ⋄ A → A

eA = qJ : A → J ∆A = q⋆A,B : A → A ⋆ A

and a morphism of duoidal bimonoids f : ⟨A,∇A, uA,∆A, eA⟩ → ⟨B,∇B, uB,∆B, eB⟩ as
a duoidal transformation between such functors

1

(A,uA,∇A,eA,∆A)

))

(B,uB ,∇B ,eB ,∆B)

55�� f X

With the perspective outlined in the previous remark and Proposition 4.9, we get that:

4.12. Proposition. [1, Cor 6.53] A bilax duoidal functor preserves bimonoids and mor-
phisms of bimonoids. Moreover, the component maps of a duoidal transformation are
morphisms of the preserved duoidal bimonoids.

Proof. Consider a bilax duoidal functor (F, pI , p⋄, qJ , q⋆) : X → Y and a duoidal bi-
monoid ⟨A,∇A, uA,∆A, eA⟩ in X . Viewing the bimonoid as a bilax duoidal functor and
post-composing with F , we obtain the composite bilax duoidal functor

1
(A,uA,∇A,eA,∆A)−−−−−−−−−−→ X (F,pI ,p⋄,qJ ,q⋆)−−−−−−−−→ Y
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As a bilax duoidal functor 1 → Y , the composite determines a duoidal bimonoid structure
on F (A) in Y , given by the structure maps

∇F (A) = F (A) ⋄ F (A)
p⋄A,A−−−→ F (A ⋄ A) F (∇A)−−−−→ F (A)

uF (A) = I
pI−→ F (I)

F (uA)−−−→ F (A)

∆F (A) = F (A)
F (∆A)−−−−→ F (A ⋆ A)

q⋆A,A−−−→ F (A) ⋆ F (A)

eF (A) = F (A)
F (eA)−−−→ F (J)

qJ−→ J

Consider now f : ⟨A,∇A, uA,∆A, eA⟩ → ⟨B,∇A, uB,∆B, eB⟩, a morphism of duoidal
bimonoids. Viewing this as a duoidal transformation and whiskering on the right with F ,
we obtain the composite duoidal transformation

1

(A,uA,∇A,eA,∆A)

''

(B,uB ,∇B ,eB ,∆B)

77�� f X (F,pI ,p⋄,qJ ,q⋆) // Y

As a duoidal transformation between bilax duoidal functors 1 → Y , F (f) determines a
morphism of duoidal bimonoids F (A) → F (B).

Finally, consider α : (F, pFI , p
F
⋄ , q

F
J , q

F
⋆ ) ⇒ (G, pGI , p

G
⋄ , q

G
J , q

G
⋆ ). By whiskering on the

left with the bilax duoidal functor A, we obtain the composite duoidal transformation

1
(A,uA,∇A,eA∆A) // X

(F,pFI ,pF⋄ ,qFJ ,qF⋆ )

))

(G,pGI ,pG⋄ ,qGJ ,qG⋆ )

55�� α Y

As a duoidal transformation between bilax duoidal functors 1 → Y , αA determines a
morphism of duoidal bimonoids F (A) → G(A).

This is precisely the reason bilax duoidal functors and transformations will be consid-
ered and a central reason why the linearly distributive Fox theorem will hold.

4.13. Symmetry.

The notion of symmetric duoidal categories has not yet appeared in the literature
as such, although it is a trivial extension, since the motivation for duoidal structures is
often braided monoidal categories. Symmetry is however essential to the Fox theorem
and therefore will be a key component of this work.

4.14. Definition. A braided duoidal category X is symmetric if (X , ⋄, I) and (X , ⋆, J)
are symmetric.

Given a symmetric duoidal category, there are two canonical flips τ ⋄ and τ ⋆ (CF).
These maps ensure that much of the structures of a duoidal category become themselves
bilax duoidal functors and transformations.
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4.15. Lemma. The following diagrams and equations commute in any symmetric duoidal
category X :

(J ⋄ J) ⋄ (J ⋄ J) µJ⋄µJ //

τ⋄J,J,J,J
��

J ⋄ J

µJ

��

I
∆I //

∆I

��

I ⋆ I

∆I⋆∆I

��
(J ⋄ J) ⋄ (J ⋄ J)

µJ

��

(I ⋆ I) ⋆ (I ⋆ I)

τ⋆I,I,I,I
��

J ⋄ J µJ

// J I ⋆ I
∆I⋆∆I

// (I ⋆ I) ⋆ (I ⋆ I)

(7)

τ ⋄A⋆A′,B⋆B′,C⋆C′,D⋆D′ ; (ζA,A′,C,C′ ⋄ ζB,B′,D,D′); ζA⋄C,A′⋄C′,B⋄D,B′⋄D′

= (ζA,A′,B,B′ ⋄ ζC,C′,D,D′); ζA⋄B,A′⋄B′,C⋄D,C′⋄D′ ; (τ ⋄A,B,C,D ⋆ τ ⋄A′,B′,C′,D′)

ζA⋆A′,B⋆B′,C⋆C′,D⋆C′ ; (ζA,A′,C,C′ ⋆ ζB,B′,D,D′); τ ⋆A⋄C,A′⋄C′,B⋄D,B′⋄D′

= (τ ⋆A,A′,B,B′ ⋄ τ ⋆C,C′,D,D′); ζA⋆B,A′⋆B′,C⋆D,C′⋆D′ ; (ζA,B,C,D ⋆ ζA′,B′,C′,D′)

(8)

4.16. Proposition. Given a symmetric duoidal category X , the monoidal units and
products are canonically bilax duoidal functors:

(I, 1I , ρ⋄
−1
I , ι,∆I), (J, ι, µJ , 1J , ρ⋆J) : 1 → X

(⋄, ρ⋄I , τ ⋄, µJ , ζ), (⋆,∆I , ζ, ρ⋆
−1
J , τ ⋆) : X × X → X

Proof. It is immediate that (I, 1I , ρ⋄
−1
I ) : 1 → X is a ⋄-lax monoidal functor. Further-

more, (I, ι,∆I) : 1 → X is a ⋆-colax monoidal functor as it is a ⋆-comonoid, by definition
of a duoidal category.

As for ⋄, since (X , ⋄, I) is a SMC, it is well-known that (⋄, ρ⋄I , τ ⋄) : X × X → X
is a ⋄-lax monoidal functor. Moreover, as discussed in [1, Prop 6.4], the second equa-
tion in (DUO.1), and the second and fourth equations in (DUO.2) ensure precisely that
(⋄, µJ , ζ) : X × X → X is a ⋆-colax monoidal functor. It remains to show (DF.1-2).

Now, (DF.1) is the first equation in (8). The first two diagrams in (DF.2) hold by the
following commuting diagrams.

I
ρ⋄I //

∆I

��

(nat)

I ⋄ I ∆I⋄∆I //

∆I⋄1I
��

(I ⋆ I) ⋄ (I ⋆ I)

ζI,I,I,I

��

I

(nat)

ι

��

ρ⋄I // I ⋄ I

ι⋄ι

��

ι⋄1I

yy
(I ⋆ I) ⋄ I (DUO.2) J ⋄ I

(M.2)

I ⋆ I pI⋆pI
//

ρ⋄I⋆I

77

(I ⋄ I) ⋆ (I ⋄ I) J

ρ⋄J

::

J ⋄ JµJ

oo

The final diagram in (DF.2) is the first diagram in (7). A similar argument holds for J
and ⋆ being bilax duoidal functors.
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4.17. Proposition. Given a symmetric duoidal category X , the associators, the uni-
tors and the braidings are duoidal transformations between the respective canonical bilax
duoidal functors.

Proof. Consider the right ⋄-unitor ρ⋄A : A → A ⋄ I. It is a ⋄-monoidal transformation
by a trivial diagram and the first diagram in (1), and it is a ⋆-monoidal transformation
by (M.2) for the ⋄-monoid (J, µJ , ι) and the third diagram in (DUO.2). As such, it is a
duoidal transformation.

The ⋄-braiding σ⋄A,B : A ⋄ B → B ⋄ A is ⋄-monoidal by compatibility with left and
right unitor, as well as the equality of right and left unitors on the units, and by (2). It
is a ⋆-monoidal transformation by (CM) for (J, µJ , ι) as a commutative ⋄-monoid, and
(BDUO). Given that duoidal transformations compose, the left ⋄-unitor λ⋄A : A → I ⋄A
is also a duoidal transformation.

Finally, the ⋄-associator α⋄A,B,C : (A ⋄B) ⋄C → A ⋄ (B ⋄C) is a ⋄-monoidal transfor-
mation by (MC.2), as well as the equality of right and left unitors on the units, and (3). It
is a ⋆-monoidal transformation by (M.1) for the ⋄-monoid (J, µJ , ι) and the first equation
in (DUO.1). Similarly, the ⋆-monoidal structure maps are duoidal transformations.

This idea extends to the structure maps of bilax duoidal functors.

4.18. Proposition. Consider a bilax duoidal functor (F, pI , p⋄, qJ , q⋆) : X → Y between
symmetric duoidal categories, then its structure maps are duoidal transformations between
the respective canonical bilax duoidal functors.

Proof. It is well-known that pI : I → F (I) is a ⋄-monoidal transformation, and the first
and second diagrams in (DF.2) mean precisely that it is a ⋆-monoidal transformation.

Consider now p⋄A,B : F (A) ⋄ F (B) → F (A ⋄ B). It is a ⋄-monoidal transformation
by naturality, unitality of lax monoidal functors (MF.2) and its interaction with the
canonical flip (4). (DF.1) and the third diagram of (DF.2) precisely ensure it is a ⋆-
monoidal transformation. A similar argument works for qJ and q⋆.

4.19. Cartesian and Cocartesian Duoidal Categories.

As previously stated, duoidal structure arises canonically whenever a monoidal cate-
gory has finite products or finite coproducts. We detail the construction here.

4.20. Proposition. [1, Ex 6.19]

1. Consider a monoidal category (X ,⊘, I) with finite products, then (X ,⊘, I,×,1) is
a duoidal category with structure maps

∆I = ⟨1I , 1I⟩ : I → I × I µ1 = t1⊘1 : 1⊘ 1 → 1 ι = tI : I → 1

ζA,B,C,D = ⟨π0
A,B ⊘ π0

C,D, π
1
A,B ⊘ π1

C,D⟩ : (A×B)⊘ (C ×D) → (A⊘ C)× (B ⊘D)
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2. Consider a monoidal category (X ,⊘, I) with finite coproducts, then (X ,+,0,⊘, I)
is a duoidal category with structure maps

∆0 = b0⊘0 : 0 → 0⊘ 0 µI = [1I , 1I ] : I + I → I ι = bI : 0 → I

ζA,B,C,D = [ι0A,C ⊘ ι0B,D, ι
1
A,C ⊘ ι1B,D] : (A⊘B) + (C ⊘D) → (A+ C)⊘ (B +D)

3. Consider now a category X with finite products and coproducts, then (X ,+,0,×,1)
is of course a symmetric duoidal category with structure maps

∆0 = b0×0 = ⟨10, 10⟩ : 0 → 0× 0 µ1 = t1+1 = [11, 11] : 1+ 1 → 1

ι = t0 = b1 : 0 → 1

ζA,B,C,D = ⟨π0
A,B + π0

C,D, π
1
A,B + π1

C,D⟩ = [ι0A,C × ι0B,D, ι
1
A,C × ι1B,D] :

(A×B) + (C ×D) → (A+ C)× (B +D)

This idea extends to monoidal functors between monoidal categories with finite prod-
ucts or finite coproducts as follows.

4.21. Lemma. Given cartesian categories X and Y, any functor F : X → Y becomes a
symmetric colax monoidal functor with structure maps

q1 = tF (1) : F (1) → 1 q×A,B = ⟨F (π0
A,B), F (π1

A,B)⟩ : F (A×B) → F (A)× F (B)

Further, any natural transformation α : F ⇒ G is monoidal between the induced symmet-
ric colax monoidal functors.

Dually, given cocoartesian categories X and Y, any functor G : X → Y becomes a
symmetric lax monoidal functor with structure maps

p0 = bF (0) : 0 → F (0) p+A,B = [F (ι0A,B), F (ι1A,B)] : F (A) + F (B) → F (A+B)

Any natural transformation α : F ⇒ G is monoidal between the induced symmetric lax
monoidal functors.

4.22. Proposition. [1, Ex 6.68]

1. Consider duoidal categories (X ,⊘, I,×,1) and (Y ,⊘, I,×,1) whose second monoidal
structures are cartesian and a lax monoidal functor (F, pI , p⊘) : (X ,⊘, I) → (Y ,⊘, I).
By the above Lemma, (F, q1, q×) : (X ,×,1) → (Y ,×,1) is a colax monoidal functor.
This further determines a bilax duoidal functor

(F, pI , p⊘, q1, q×) : (X ,⊘, I,×,1) → (Y ,⊘, I,×,1)

2. Consider duoidal categories (X ,+,0,⊘, I) and (Y ,+,0,⊘, I) whose first monoidal
structures are cocartesian. Then, any colax monoidal functor (F, qI , q⊘) : (X ,⊘, I) →
(Y ,⊘, I) is equally a lax monoidal functor (F, p0, p+) : (X ,+,0) → (Y ,+,0) by the
above Lemma. This determines a bilax duoidal functor

(F, p0, p+, qI , q⊘) : (X ,+,0,⊘, I) → (Y ,+,0,⊘, I)

3. If we now consider a categories X and Y with finite products and coproducts, then
every functor F : X → Y is canonically a bilax duoidal functor.
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5. Medial Linearly Distributive Categories

We can immediately provide a characterization of CLDCs (X,×,1,+,0) by recognizing
that (X,×,1) is cartesian and (X,+,0) is cocartesian, and therefore, applying Corollary
2.10 to the former and applying its dual to the latter.

5.1. Proposition. A SLDC X is cartesian if and only if there are natural transforma-
tions

∆A : A → A⊗ A eA : A → ⊤ ∇A : A⊕ A → A uA : ⊥ → A

such that ⟨A,∆A, eA⟩ is a cocommutative ⊗-comonoid, ⟨A,∇A, uA⟩ is a commutative ⊕-
monoid, and

∆A⊗B = (∆A ⊗∆B); τ
⊗
A,A,B,B eA⊗B = (eA ⊗ eB);u

R
⊗
−1

⊤

∇A⊕B = τ⊕A,B,A,B; (∇A ⊕∇B) uA⊕B = uR
⊕
−1

⊥ ; (uA ⊕ uB)

∆⊤ = uR
⊗⊤ e⊤ = 1⊤ ∇⊥ = uR

⊕⊥ u⊥ = 1⊥

The natural transformations of course have component morphisms for all objects.
Therefore, there will be maps

e⊥, u⊤ : ⊥ → ⊤ u⊥⊗⊥,∆⊥ : ⊥ → ⊥⊗⊥ e⊤⊕⊤,∇⊤ : ⊤⊕⊤ → ⊤

and, given A,B ∈ X, there will be a maps

∆A⊕B : A⊕B → (A⊕B)⊗ (A⊕B) ∇A⊗B : (A⊗B)⊕ (A⊗B) → A⊗B

The conditions of Proposition 5.1 give us additional information about these maps. In-
deed, by naturality of e and equation e⊤ = 1⊤, we see that

e⊥ = u⊤ e⊤⊕⊤ = ∇⊤ eA⊕B = (eA ⊕ eB);∇⊤

Similarly, by naturality of u and equation u⊥ = 1⊥,

u⊤ = e⊥ u⊥⊗⊥ = ∆⊥ uA⊗B = ∆⊥; (uA ⊗ uB)

Furthermore, we can determine a formula for the diagonal morphism ∆A⊗B:

A⊕B
∆A⊕∆B //

∆A⊕B

��

(nat)

(A⊗ A)⊕ (B ⊗B)

∆(A⊗A)⊕(B⊗B)

��
(A⊕B)⊗ (A⊕B)

(CM.2)

(∆A⊕∆B)⊗(∆A⊕∆B)
// ((A⊗ A)⊕ (B ⊗B))⊗ ((A⊗ A)⊕ (B ⊗B))

((1A ⊗ eA)⊕ (1B ⊗ eB))⊗
((eA ⊗ 1A)⊕ (eB ⊗ 1B))
��

(A⊕B)⊗ (A⊕B) ((A⊗⊤)⊕ (B ⊗⊤))⊗ ((⊤⊗ A)⊕ (⊤⊗B))
(uR

⊗
−1

A
⊕uR

⊕
−1

B
)⊗(uL

⊗
−1

A
⊕uL

⊕
−1

B
)

oo
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Therefore,

∆A⊕B = A⊕B
∆A⊕∆B−−−−−→ (A⊗ A)⊕ (B ⊗B)

µ0
A,A,B,B−−−−−→ (A⊕B)⊗ (A⊕B)

where µ0
A,B,C,D : (A⊗B)⊕ (C ⊗D) → (A⊕C)⊗ (B ⊕D) is the natural transformation

∆(A⊗B)⊕(C⊗D); (((1A⊗ eB);u
R
⊗
−1

A
⊕ (1C ⊗ eD);u

R
⊗
−1

C
)⊗ ((eA⊗ 1B);u

L
⊗
−1

B
⊕ (eC ⊗ 1D);u

L
⊗
−1

D
))

Similarly:

((A⊕⊥)⊗ (B ⊕⊥))⊕ ((⊥⊕ A)⊗ (⊥⊕B))

((1A ⊕ uA)⊗ (1B ⊕ uB))
((uA ⊕ 1A)⊗ (uB ⊕ 1B))

��

(M.2)

(A⊗B)⊕ (A⊗B)
(uR

⊕
−1

A
⊗uR

⊕
−1

B
)⊕(uL

⊕
−1

A
⊗uL

⊕
−1

B
)

oo

(A⊕ A)⊗ (B ⊕B))⊕ ((A⊕ A)⊗ (B ⊕B))

(nat)∇(A⊕A)⊗(B⊕B)

��

(∇A⊗∇B)⊕(∇A⊗∇B)

// (A⊗B)⊕ (A⊗B)

∇A⊗B

��
(A⊕ A)⊗ (B ⊕B))

∇A⊗∇B

// A⊗B

This determines that

∇A⊗B = (A⊗B)⊕ (A⊗B)
µ1
A,B,A,B−−−−−→ (A⊕ A)⊗ (B ⊕B)

∇A⊗∇B−−−−−→ A⊗B

where µ1
A,B,C,D : (A⊗B)⊕ (C ⊗D) → (A⊕C)⊗ (B ⊕D) is the natural transformation

((uR
⊕
−1

A
; (1A⊗uB)⊕uR

⊕
−1

C
; (1C ⊗uD))⊗ (uL

⊕
−1

B
; (uA⊗ 1B)⊕uL

⊕
−1

D
; (uC ⊗ 1D));∇(A⊕C)⊗(B⊕D)

We can further demonstrate that µ0
A,B,C,D = µ1

A,B,C,D, though the detailed computations
are omitted here due to their length.

5.2. Corollary. Consider a SLDC X satisfying the conditions of Proposition 5.1, then
there are maps

m : ⊥ → ⊤ ∆⊥ : ⊥ → ⊥⊗⊥ ∇⊤ : ⊤⊕⊤ → ⊤

and a natural transformation

µA,B,C,D : (A⊗B)⊕ (C ⊗D) → (A⊕ C)⊗ (B ⊕D)

such that
∆A⊕B = (∆A ⊕∆B);µA,A,B,B eA⊕B = (eA ⊕ eB);∇⊥

∇A⊗B = µA,B,A,B; (∇A ⊗∇B) uA⊗B = ∆⊤; (uA ⊗ uB)

e⊥ = u⊤ = m

The maps indicated above will be central to our main definition and will be the focus
of the following section.



1990 ROSE KUDZMAN-BLAIS

5.3. Medial Rule and Main Definition.

Considering SLDCs provide the categorical semantics for MLL+, it is important to
examine the logical significance of the following map:

(A⊗B)⊕ (C ⊗D) → (A⊕ C)⊗ (B ⊕D)

Viewed as a sequent, it is not derivable within MLL+, as exemplified by many SLDCs
which do not have such a natural transformation. However, if we consider, for example, a
two-sided sequent calculus presentation of classical logic, taking ⊗ to be classical conjunc-
tion ∧ and ⊕ to be classical disjunction ∨, then (A ∧B) ∨ (C ∧D) ⊢ (A ∨ C) ∧ (B ∨D)
is a provable sequent. In fact, it appears prominently as an inference rule in multiple
deductive systems based on deep inference. Deep inference, more specifically the calculus
of structures, is an alternative logic formalism to Gentzen’s sequent calculus, which was
developed by Guglielmi when studying a non-commutative extension of linear logic known
as pomset logic [25].

It was first introduced as an inference rule by Brünnler and Tiu [10] for their local sys-
tem of classical logic SKS and was named the medial rule. In this context, non-locality
refers to the idea that certain rules require a global view of formulae of potentially un-
bounded size, like in the case of contraction within Gentzen’s system for classical logic
[9]. Locality in SKS is achieved by ensuring that non-local rules, including contraction,
are presented in atomic form. In order to ensure the general form of contraction remains
admissible in SKS, the medial rule was introduced. The medial rule also appears in
Straßburger’s local system of linear logic SLLS, to ensure that contraction and cocontrac-
tion remain atomic [37], and similarly in Tiu’s local system for intuitionistic logic SISgq
[40]. Following its introduction in deep inference, the medial rule has equally been studied
as a term-rewriting rule, both in isolation [39] and alongside the linear distributivity and
mix rules [18, 11].

In categorical logic, the medial rule has been examined in the study of categorical se-
mantics for classical logic. Unlike intuitionistic logic, which is modeled by cartesian closed
categories, and linear logic, which is modeled by ∗-autonomous or LDCs, the appropri-
ate categorical framework for classical logic remains an active area of research. Indeed,
the naive definition one might consider, cartesian ∗-autonomous categories, leads only to
posetal categories due to the so-called Joyal’s paradox [32]. The medial rule plays a key
role in Straßburger’s Boolean categories [38] and in Lamarche’s ∗-autonomous categories
with finitary medial and the absorption law [30]. In both cases, the authors began with
∗-autonomous categories and introduced medial maps, alongside the ⊥-contraction map
⊥ → ⊥⊗⊥ and the ⊤-cocontraction map ⊤⊕⊤ → ⊤, in order to construct categorical
models of classical logic. Furthermore, in both constructions, the nullary mix map ⊥ → ⊤
is present. In particular, Lamarche’s categories, which will be shown to be related to our
main definition in Section 5.10, were a major inspiration for the present work.

From a categorical perspective, the medial maps can be recognized as an instance of
the well-known interchange law of duoidal categories, taking ⋄ = ⊕, J = ⊥, ⋆ = ⊕ and
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I = ⊥. When combined with ⊥-contraction, ⊤-cocontraction and the nullary mix map,
we get all the necessary structure for a duoidal category.

To establish the linearly distributive Fox theorem, we cannot begin with the 2-category
of SLDCs alone. Instead, we must consider SLDCs that additionally include the medial
maps, including nullary mix, ⊥-contraction and ⊤-cocontraction. This necessity aligns
with the role of the medial rule in SLLS, where it enables the atomic contraction and
cocontraction rules to extend to all formulae. Therefore, we must first define what it
means for a LDC to have coherent medial maps.

5.4. Definition.Amedial linearly distributive category, or a MLDC, (X,⊗,⊤,⊕,⊥)
is a category X equipped with

� a tensor monoidal structure (X,⊗,⊤),

α⊗A,B,C : (A⊗B)⊗ C → A⊗ (B ⊗ C) uR
⊗A

: A → A⊗⊤ uL
⊗A

: A → ⊤⊗ A

� a par monoidal structure (X,⊕,⊥),

α⊕A,B,C : A⊕ (B ⊕ C) → (A⊕B)⊕ C uR
⊕A

: A⊕⊥ → A uL
⊕A

: ⊥⊕ A → A

� ⊥-contraction, ⊤-cocontraction and nullary mix maps,

∆⊥ : ⊥ → ⊥⊗⊥ ∇⊤ : ⊤⊕⊤ → ⊤ m : ⊥ → ⊤

� a medial natural transformation, and

µA,B,C,D : (A⊗B)⊕ (C ⊗D) → (A⊕ C)⊗ (B ⊕D)

� left and right linear distributor natural transformations,

δLA,B,C : A⊗ (B ⊕ C) → (A⊗B)⊕ C δRA,B,C : (A⊕B)⊗ C → A⊕ (B ⊗ C)

such that

(i) (X,⊗,⊤,⊕,⊥) is a mix LDC,

(ii) (X,⊕,⊥,⊗,⊤) is a duoidal category, and

(iii) the medial maps interact coherently with the linear distributors:

((A⊗B)⊕ (C ⊗D))⊗X
µA,B,C,D⊗1X //

δRA⊗B,C⊗D,X
��

((A⊕ C)⊗ (B ⊕D))⊗X

α⊗A⊕C,B⊕D,X

��
(A⊗B)⊕ ((C ⊗D)⊗X)

1A⊗B⊕α⊗C,D,X
��

(A⊕ C)⊗ ((B ⊕D)⊗X)

1A⊕C⊗δRB,D,X
��

(A⊗B)⊕ (C ⊗ (D ⊗X)) µA,B,C,D⊗X

// (A⊕ C)⊗ (B ⊕ (D ⊗X))

(MLDC.1)
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(µA,B,C,D ⊗ 1X);α⊗A⊕C,B⊕D,X ; (1A⊕C ⊗ δRB,D,X) = δRA⊗B,C⊗D,X ; (1A⊗B ⊕ α⊗C,D,X);µA,B,C,D⊗X

(1X ⊗ µA,B,C,D);α⊗
−1
X,A⊕C,B⊕D; (δ

L
X,A,C ⊗ 1B⊕D) = δLX,A⊗B,C⊗D; (α⊗

−1
X,A,B ⊕ 1C⊗D);µX⊗A,B,C,D

(δRX,A,B ⊕ 1C⊗D);α⊕
−1
X,A⊗B,C⊗D; (1X ⊕ µA,B,C,D) = µX⊕A,B,C,D; (α⊕

−1
X,A,C ⊗ 1B⊕D); δ

R
X,A⊕C,B⊕D

(1A⊗B ⊕ δLC,D,X);α⊕A⊗B,C⊗D,X ; (µA,B,C,D ⊕ 1X) = µA,B,C,D⊕X ; (1A⊕C ⊗ α⊕B,D,X); δ
L
A⊕C,B⊕D,X

In the above definition, (X,⊕,⊥,⊗,⊤) being a duoidal category corresponds to:

(MLDC.2) (⊥,∆⊥,m) is a ⊗-comonoid and (⊤,∇⊤,m) is a ⊕-monoid,

∆⊥; (1⊥ ⊗∆⊥) = ∆⊥; (∆⊥ ⊗ 1⊥);α⊗⊥,⊥,⊥

(1⊤ ⊕∇⊤);∇⊤ = α⊕⊤,⊤,⊤; (∇⊤ ⊕ 1⊤);∇⊤

∆⊥; (1⊥ ⊗m) = uR
⊗⊥ (1⊤ ⊕m);∇⊤ = uR

⊕⊤

∆⊥; (m⊗ 1⊥) = uL
⊗⊥ (m⊕ 1⊤);∇⊤ = uL

⊕⊤

(MLDC.3) the medial maps interact coherently with the associators, and

µA⊗B,C,D⊗E,F ; (µA,B,D,E ⊗ 1C⊕F );α⊗A⊕D,B⊕E,C⊕F

= (α⊗A,B,C ⊕ α⊗D,E,F );µA,B⊗C,D,E⊗F ; (1A⊕D ⊗ µB,C,E,F )

α⊕A⊗B,C⊗D,E⊗F ; (µA,B,C,D ⊕ 1E⊗F );µA⊕C,B⊕D,E,F

= (1A⊗B ⊕ µC,D,E,F );µA,B,C⊕E,D⊕F ; (α⊕A,C,E ⊗ α⊕B,D,F )

(MLDC.4) the medial maps interact coherently with the unitors.

(∆⊥ ⊕ 1A⊗B);µ⊥,⊥,A,B; (u
L
⊕A

⊗ uL
⊕B

) = uL
⊕A⊗B

(1A⊗B ⊕∆⊥);µA,B,⊥,⊥; (u
R
⊕A

⊗ uR
⊕B

) = uR
⊕A⊗B

(uL
⊗A

⊕ uL
⊗B

);µ⊤,A,⊤,B; (∇⊤ ⊗ 1A⊕B) = uL
⊗A⊕B

(uR
⊗A

⊕ uR
⊗B

);µA,⊤,B,⊤; (1A⊕B ⊗∇⊤) = uR
⊗A⊕B

As discussed, MLDCs provide a suitable framework for categories that are both in-
dependently and coherently linearly distributive and duoidal. We use the term indepen-
dently to emphasize that, while certain duoidal categories can inherit a linearly distrib-
utors from their interchange maps (this construction will be reviewed in Section 5.20),
this is not what we are currently discussing. We are concerned with categories where the
duoidal and linearly distributive structures do not induce one another, yet nonetheless
interact coherently. This perspective will be particularly useful as it allows us to leverage
the well-developed theory of duoidal categories.

Alternatively, MLDCs can be viewed as potentially providing categorical semantics
for MLL+ with the medial rule (MLL++Medial), an extension of MLL++MIX. This
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variant may be incompatible with standard sequent calculus, as the medial rule is rather
unconventional: its premise is a disjunction of formulae, while its conclusion is a conjunc-
tion. However, MLL++Medial can likely be described within the calculus of structures,
where linear distributivity and the medial rule already play central roles in several systems
within the deep inference paradigm. This question was similarly posed by Lamarche for
MLL+Medial at the end of [30, Sec 2]. Overall, the logical study of MLL++Medial and
MLL+Medial remains an open area for future research.

5.5. Symmetry.

If we revisit Proposition 5.1, which provides a preliminary characterization of CLDCs
via the traditional Fox theorem, we observe that, for any objects A and B in a CLDC,
the diagonal ∆A⊗B and the multiplication ∇A⊕B are constructed using the canonical flip
maps τ⊗ and τ⊕ (CF). By the same reasoning that led us to define MLDCs to ensure the
presence of the necessary medial maps, we now define symmetric MLDCs to guarantee
the existence of these canonical flip maps.

5.6. Definition. A MLDC X is symmetric, or a SMLDC, if it is symmetric as a LDC
and symmetric as a duoidal category, in other words:

(i) (X,⊗,⊤) and (X,⊕,⊥) are SMCs,

(ii) (⊥,∆⊥,m) is a cocommutative ⊗-comonoid, (⊤,∇⊤,m) is a commutative ⊕-monoid,
and

(iii) (SLDC) and (BDUO) hold.

There is however an equivalent definition for SMLDCs which does not introduce the
nullary mix map m : ⊥ → ⊤, nor does it require (MIX) to hold. Indeed, in the presence
of the braidings, we can define it in terms of the other structure maps and get the mix
structure as a consequence.

It is well-known that given a duoidal category, the nullary mix map is defined by the
rest of the structure.

5.7. Proposition. [1, Prop 6.9] The structure map m : ⊥ → ⊤ in a duoidal category
(X,⊕,⊥,⊗,⊤) is equal to following equivalent composites

(⊥⊗⊤)⊕ (⊤⊗⊥)
µ⊥,⊤,⊤⊥

// (⊥⊕⊤)⊗ (⊤⊕⊥)
uL
⊕⊤⊗uR

⊕⊤

))
⊥

u⊕
−1
⊥
// ⊥⊕⊥

uR
⊗⊥⊕uL

⊗⊥
55

uL
⊗⊥⊕uR

⊗⊥ ))

⊤⊗⊤
u⊗

−1
⊤
// ⊤

(⊤⊗⊥)⊕ (⊥⊗⊤)
µ⊤,⊥,⊥,⊤

// (⊤⊕⊥)⊗ (⊥⊕⊤)
uR
⊕⊤⊗uL

⊕⊤

55 (9)
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The proof that both these composites are equivalent, and themselves equal tom follows
from the conditions that (⊤,∇⊤,m) is a ⊕-monoid and (⊥,∆⊥,m) is a ⊗-comonoid.
Therefore, the definition of an arbitrary duoidal category must include the nullary mix
map.

However, in the presence of braidings, it can be excluded. It was first noticed by
Lamarche [30, Prop 2.11] that, given a category X with two symmetric monoidal structures
(X,⊗,⊤) and (X,⊕,⊥), and a coherent medial natural transformation µA,B,C,D, i.e. a
category where (BDUO) holds, the composites in (9) are equal.

Furthermore, in the presence of ⊥-contraction ∆⊥ such that ⊥ is a cocommutative
⊗-cosemigroup and ⊤-cocontraction map ∇⊤ such that ⊤ is commutative ⊕-semigroup,
which interact coherently with the medial maps, i.e. (DUO.2) holds, then the equivalent
composites in (9) further endow ⊥ and ⊤ with ⊗-comonoid and ⊕-monoid structures
respectively, as shown in [30, Prop 2.19].

Then, as ⊥ is endowed with a ⊗-comonoid structure and ⊤ is endowed with a ⊕-
monoid structure in a SLDC, Fuhrmann and Pym’s result [21, Thm 3.11] implies their
counit and unit, which are equal in this context, induce a mix structure.

Altogether, these observations allows us to give an alternative definition of SMLDCs
which excludes the nullary mix, defining it entirely based on the rest of the structure.

5.8. Proposition. A SMLDC X is equivalently defined as a SLDC equipped with a ⊥-
contraction map, a ⊤-cocontraction map and a medial natural transformation

∆⊥ : ⊥ → ⊥⊗⊥ ∇⊤ : ⊤⊕⊤ → ⊤

µA,B,C,D : (A⊗B)⊕ (C ⊗D) → (A⊕ C)⊗ (B ⊕D)

such that

(i) (⊥,∆⊥) is a cocommutative ⊗-cosemigroup and (⊤,∇⊤) is commutative ⊕-semigroup,

∆⊥ = ∆⊥; σ⊗⊥,⊥ ∆⊥; (1⊥ ⊗∆⊥) = ∆⊥; (∆⊥ ⊗ 1⊥);α⊗⊥,⊥,⊥

∇⊤ = σ⊕⊤,⊤;∇⊤ (1⊤ ⊕∇⊤);∇⊤ = α⊕⊤,⊤,⊤; (∇⊤ ⊕ 1⊤);∇⊤
(10)

(ii) the medial maps interact coherently with the braidings, the associators and with the
unitors,

µA,B,C,D; σ⊗A⊕C,B⊕D = (σ⊗A,B ⊕ σ⊗C,D);µB,A,D,C

µA,B,C,D; (σ⊕A,C ⊗ σ⊕B,D) = σ⊕A⊗B,C⊗D;µC,D,A,B

(11)

µA⊗B,C,D⊗E,F ; (µA,B,D,E ⊗ 1C⊕F );α⊗A⊕D,B⊕E,C⊕F =

(α⊗A,B,C ⊕ α⊗D,E,F );µA,B⊗C,D,E⊗F ; (1A⊕D ⊗ µB,C,E,F )

α⊕A⊗B,C⊗D,E⊗F ; (µA,B,C,D ⊕ 1E⊗F );µA⊕C,B⊕D,E,F

= (1A⊗B ⊕ µC,D,E,F );µA,B,C⊕E,D⊕F ; (α⊕A,C,E ⊗ α⊕B,D,F )

(12)
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(1A⊗B ⊕∆⊥);µA,B,⊥,⊥; (u
R
⊕A

⊗ uR
⊕B

) = uR
⊕A⊗B

(uR
⊗A

⊕ uR
⊗B

);µA,⊤,B,⊤; (1A⊕B ⊗∇⊤) = uR
⊗A⊕B

(13)

(iii) the medial maps interact coherently with the linear distributors, and

(1X ⊗ µA,B,C,D);α⊗
−1
X,A⊕C,B⊕D; (δ

L
X,A,C ⊗ 1B⊕D) =

δLX,A⊗B,C⊗D; (α⊗
−1
X,A,B ⊕ 1C⊗D);µX⊗A,B,C,D

(1A⊗B ⊕ δLC,D,X);α⊕A⊗B,C⊗D,X ; (µA,B,C,D ⊕ 1X)

= µA,B,C,D⊕X ; (1A⊕C ⊗ α⊕B,D,X); δ
L
A⊕C,B⊕D,X

(14)

(iv) the medial maps, the linear distributors and the braidings interact coherently to-
gether.

(1X ⊗ µA,B,C,D);α⊗
−1
X,A⊕C,B⊕D; (σ⊗X,A⊕C ⊗ 1B⊕D);α⊗A⊕C,X,B⊕D; (1A⊕C ⊗ δLX,B,D) =

δLX,A⊗B,C⊗D; (α⊗
−1
X,A,B ⊕ 1C⊗D); ((σ⊗X,A ⊗ 1B)⊕ 1C⊗D); (α⊗A,X,B ⊕ 1C⊗D);µA,X⊗B,C,D

(δLA,B,X ⊕ 1C⊗D);α⊕
−1
A⊗B,X,C⊗D; (1A⊗B ⊕ σ⊕X,C⊗D);α⊕A⊗B,C⊗D,X ; (µA,B,C,D ⊕ 1X) =

µA,B⊕X,C,D; (1A⊕C ⊗ α⊕
−1
B,X,D); (1A⊕C ⊗ (1B ⊕ σ⊕X,D)); (1A⊕C ⊗ α⊕B,D,X); δ

L
A⊕C,B⊕D,X

(15)

Proof. It is immediate that Definition 5.6 implies the definition presented in the Propo-
sition, since the former is a version of the latter with more structures and conditions,
noting that (15) is obtained by replacing the right linear distributor in (MLDC.1) by the
composite in (SLDC), and simplifying using (BMC.1) and (11).

Now, consider a SLDC X as outlined in the Proposition, then

(⊥⊗⊤)⊕ (⊤⊗⊥)
µ⊥,⊤,⊤⊥

//

σ⊗⊥,⊤⊕σ⊗⊤,⊥

��

(11)

(⊥⊕⊤)⊗ (⊤⊕⊥)
uL
⊕⊤⊗uR

⊕⊤

**
σ⊗⊥⊕⊤,⊤⊕⊥

��

⊥⊕⊥

uR
⊗⊥⊕uL

⊗⊥
44

uL
⊗⊥⊕uR

⊗⊥ **

(BMC.2) (BMC.2) ⊤⊗⊤

(⊤⊗⊥)⊕ (⊥⊗⊤)
µ⊤,⊥,⊥,⊤

// (⊤⊕⊥)⊗ (⊥⊕⊤)
uR
⊕⊤⊗uL

⊕⊤

44

As such, we can define m : ⊥ → ⊤ to be the equivalent composites in (9).
(⊥,∆⊥,m) is a cocommutative ⊗-comonoid by Figure 1 in Appendix A. The upper

composite in the diagram is equal to ∆⊥; (1⊥ ⊗m), while the lower composite

uR
⊗⊥;u

R
⊕
−1

⊥⊗⊤; (1⊥⊗⊤ ⊕∆⊥);µ⊥,⊤,⊥,⊥; (u
R
⊕⊥ ⊗ uR

⊕⊤) = uR
⊗⊥;u

R
⊕
−1

⊥⊗⊤;u
R
⊕⊥⊗⊤ = uR

⊗⊥
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by (13). Thus, ∆⊥; (1⊥ ⊗m) = uR
⊗⊥. Similarly, we can show that m : ⊥ → ⊤ endows ⊤

with a commutative ⊕-monoid structure. By Theorem 3.7, this implies the SLDC is mix.
Finally, it straightforward to prove the symmetric versions of (12), (13) using the

braidings. The only technical computation is showing that the coherence conditions (11),
(14) and (15) imply the right linear distributor, defined by (SLDC), interacts coherently
with the medial maps, in other words (MLDC.1) holds.

This alternative definition is of particular use because it involves fewer coherence
conditions and will be helpful to show that SMLDCs with negation are equivalent to
Lamarche’s definition.

Furthermore, an important consequence of the SMLDC coherence conditions is they
ensure the left linear distributor interacts coherently with the duoidal structure maps.

5.9. Proposition. The following holds in any SMLDC:

⊤⊗ (⊤⊕⊤)
δL⊤,⊤,⊤ //

1⊤⊗∇⊤
��

(⊤⊗⊤)⊕⊤
u⊗

−1
⊤ ⊕1⊤

��
⊤⊗⊤

u⊗
−1
⊤

// ⊤ ⊤⊕⊤
∇⊤

oo

(16)

δL⊤,⊤,⊤; (u⊗
−1
⊤ ⊕ 1⊤);∇⊤ = 1⊤ ⊗∇⊤;u⊗

−1
⊤

∆⊥; (1⊥ ⊗ u⊕
−1
⊥ ); δL⊥,⊥,⊥ = u⊕

−1
⊥ ; (∆⊥ ⊕ 1⊥)

(A⊗B)⊗ ((C ⊗D)⊕ (E ⊗ F ))
δLA⊗B,C⊗D,E⊗F //

1A⊗B⊗µC,D,E,F

��

((A⊗B)⊗ (C ⊗D))⊕ (E ⊗ F )

τ⊗A,B,C,D⊕1E⊗F
��

(A⊗B)⊗ ((C ⊕ E)⊗ (D ⊕ F ))

τ⊗A,B,C⊕E,D⊕F
��

((A⊗ C)⊗ (B ⊗D))⊕ (E ⊗ F )

µA⊗C,B⊗D,E,F

��
(A⊗ (C ⊕ E))⊗ (B ⊗ (D ⊕ F ))

δLA,C,E⊗δLB,D,F

// ((A⊗ C)⊕ E)⊗ ((B ⊗D)⊕ F )

(17)

δLA⊗B,C⊗D,E⊗F ; (τ
⊗
A,B,C,D ⊕ 1E⊗F );µA⊗C,B⊗D,E,F

= (1A⊗B ⊗ µC,D,E,F ); τ
⊗
A,B,C⊕E,D⊕F ; (δ

L
A,C,E ⊗ δLB,D,F )

µA,B⊕C,D,E⊕F ; (1A⊕D ⊗ τ⊕B,C,E,F ); δ
L
A⊕D,B⊕E,C⊕F =

(δLA,B,C ⊕ δLD,E,F ); τ
⊕
A⊗B,C,D⊗E,F ; (µA,B,D,E ⊕ 1C⊕F )

As such, the left linear distributor is a duoidal transformation between bilax duoidal func-
tors.
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Proof. The first equality in (16) holds by the following commuting diagram, with the
second equality holding similarly.

⊤⊗ (⊤⊕⊤)
δL⊤,⊤,⊤ //

1⊤⊗∇⊤

��

uL
⊗

−1

⊤⊕⊤

(LDC.1)

))

(⊤⊗⊤)⊕⊤
u⊗

−1
⊤ ⊕1⊤

��

(nat)

⊤⊕⊤
∇⊤
��

⊤⊗⊤
u⊗

−1
⊤

// ⊤

The proof of the first equality in (17) is given by Figure 2 in Appendix A and the other
equality follows similarly.

Now, the monoidal products ⊗ and ⊕ are bilax duoidal functors by Proposition 4.16.
As such, the left linear distributors is a natural transformation between functors which
are canonically bilax duoidal:

δL : (1X ×⊕);⊗ ⇒ (⊗× 1X);⊕

The first equalities in (16) and (17) are precisely the conditions such that δL is a
⊗-monoidal transformation, while the second equalities in (16) and (17) are precisely
the conditions such that δL is a ⊕-monoidal transformation. Therefore, δL is a duoidal
transformation.

5.10. Adding Negation.

As linear negation is central to linear logic and a key attribute of many models of MLL,
it is important we describe how the duoidal structure interacts with it. This will recover
Lamarche’s definition of ∗-autonomous categories with finitary (binary and nullary) me-
dial and with the absorption law [30]. As such, we can say SMLDCs are the “negation-free”
version of the former.

5.11. Definition.A SMLDC X has negation if it has negation as a SLDC and satisfies
the following conditions

(i) ⊥-contraction ∆⊥ and ⊤-cocontraction ∇⊤ are dual to one another, and

(⊥⊗⊥)⊥

(∆⊥)⊥
��

∼ // ⊤⊕⊤
∇⊤
��

⊥⊥
∼

// ⊤

(ii) the medial maps are self-dual.

(A⊥ ⊗B⊥)⊕ (C⊥ ⊕D⊥)

µ
A⊥,B⊥,C⊥,D⊥

��

∼ // ((D ⊕ C)⊗ (B ⊕ A))⊥

µ⊥
D,B,C,A
��

(A⊥ ⊕ C⊥)⊗ (B⊥ ⊕D⊥) ∼
// ((D ⊗B)⊕ (C ⊗ A))⊥
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5.12. Lemma. A SMLDC with negation X has a self-dual nullary mix map:

⊥
m
��

∼ // ⊤⊥

m⊥
��

⊤ ∼
// ⊥⊥

Proof. This follows from the definition of m : ⊥ → ⊤ as a composite of unitors and the
medial map in Proposition 5.7, and the fact that the medial maps are self-dual themselves.

By Theorem 3.14, which states the correspondence between SLDCs with negation
and ∗-autonomous categories, and by comparing Lamarche’s definition to the alternative
definition of a SMLDC in Proposition 5.8, it is immediate that:

5.13. Proposition. The notions of SMLDCs with negation and of ∗-autonomous cate-
gories with finitary medial, and with the absorption law, as defined in [30], coincide.

We will however be particularly invested in SMLDCs which do not have a notion of
negation. This is due to the ultimate goal of providing a 2-functor which maps SMLDCs
to CLDCs as part of the linearly distributive Fox theorem. If this construction preserves
the negation of SMLDCs, then by Joyal’s paradox, the resulting CLDCs would necessarily
be posetal. This will be discussed in greater detail in Section 7.1.

5.14. Examples.

The most important class of MLDC examples is of course the CLDCs, as the former
were defined precisely to be an appropriate generalization of the latter. The canonical
duoidal structure of a CLDC was discussed by this author with co-author Lemay [28,
Sec 3.5]. It is precisely the one for cartesian and cocartesian categories, as described in
Proposition 4.20. In particular, [28, Prop 3.12] details how this duoidal structure interacts
with the linear distributors, which implies that:

5.15. Theorem. Every CLDC X is canonically a SMLDC, with structure maps

∆0 = b0×0 = ⟨10, 10⟩ : 0 → 0× 0 ∇1 = t1+1 = [11, 11] : 1+ 1 → 1

m = t0 = b1 : 0 → 1

µA,B,C,D = ⟨π0
A,B + π0

C,D, π
1
A,B + π1

C,D⟩ = [ι0A,C × ι0B,D, ι
1
A,C × ι1B,D] :

(A×B) + (C ×D) → (A+ C)× (B +D)

Another immediate class of examples are the braided monoidal categories, as every
monoidal category is a degenerate LDC and every braided monoidal category is a strong
duoidal category.
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5.16. Proposition. Consider a braided monoidal category (X ,⊘, I), then it is a MLDC
(X ,⊘, I,⊘, I) with structure maps

∇I = u⊘
−1
I : I ⊘ I → I ∆I = u⊘I : I → I ⊘ I m = 1I : I → I

µA,B,C,D = τ⊘A,B,C,D : (A⊘B)⊘ (C ⊘D) → (A⊘ C)⊘ (B ⊘D)

δLA,B,C = α−1
⊘ A,B,C

: A⊘ (B ⊘ C) → (A⊘B)⊘ C

δRA,B,C = α⊘A,B,C : (A⊘B)⊘ C → A⊘ (B ⊘ C)

Our final source of examples stems from generalizing Q-coherences to the linearly
distributive context, as first introduced by Lamarche [29] to capture Girard’s coher-
ence spaces and Ehrhard’s hypercoherences, and later investigated in the context of ∗-
autonomous categories with finitary medial, and with the absorption law [30].

Firstly, let (P,⊗,⊤,⊕,⊥) be a small posetal SMLDC. In other words, P is a poset
with two commutative, associative and monotone binary operations ⊗ and ⊕, equipped
with units ⊤ and ⊥ respectively, such that the following inequalities hold ∀a, b, c, d ∈ P:

⊤⊕⊤ ≤ ⊤ ⊥ ≤ ⊥⊗⊥ ⊥ ≤ ⊤

(a⊗ b)⊕ (c⊗ d) ≤ (a⊕ c)⊗ (b⊕ d)

(a⊕ b)⊗ c ≤ a⊕ (b⊗ c) a⊗ (b⊕ c) ≤ (a⊗ b)⊕ c

While this may seem at first glance to be an involved definition, we can quickly see
that every bounded distributive lattice is such a poset with ⊗ = ∧ and ⊕ = ∨. Indeed,
as discussed in [28], a small CLDC is posetal if and only if it is a bounded distributive
lattice, and a posetal CLDC is a posetal SMLDC.

5.17. Definition. [30, Def 4.5] A P-coherence A = (|A|, ρA) consists of a poset
(|A|,⊑) and a symmetric monotone function ρA : |A| × |A| → P. A P-coherence map
f : A → B is a relation f : |A| ↛ |B| which is

(i) down-closed in the source: (a, b) ∈ f ∧ a′ ⊑ a =⇒ (a′, b) ∈ f ,

(ii) up-closed in the target: (a, b) ∈ f ∧ b ⊑ b′ =⇒ (a, b′) ∈ f , and

(iii) compatible with ρ: (a, b) ∈ f ∧ (a′, b′) ∈ f ⇒ ρA(a, a
′) ≤ ρB(b, b

′)

5.18. Definition. [30, Def 4.5] Let P-Coh denote the category of P-coherences and P-
coherence maps. Define additional structure on P-Coh as follows.

� Tensor product: A⊗B = (|A|×|B|, ρA⊗B) where ρA⊗B : (|A|×|B|)×((|A|×|B|) → P
is given by

ρA⊗B((a, b), (a
′, b′)) = ρA(a, a

′)⊗ ρB(b, b
′)

� Tensor unit: ({∗}, ρ⊤) where ρ⊤(∗, ∗) = ⊤
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� Par product: A⊕B = (|A|× |B|, ρA⊕B) where ρA⊕B : (|A|× |B|)× ((|A|× |B|) → P
is given by

ρA⊕B((a, b), (a
′, b′)) = ρA(a, a

′)⊕ ρB(b, b
′)

� Par unit: ({∗}, ρ⊥) where ρ⊥(∗, ∗) = ⊥

� Medial maps: µA,B,C,D : (A⊗B)⊕ (C ⊗D) → (A⊕ C)⊗ (B ⊕D) is given by

(((a, b), (c, d)), ((a′, c′), (b′, d′))) ∈ µA,B,C,D ⇐⇒ a ⊑ a′ ∧ b ⊑ b′ ∧ c ⊑ c′ ∧ d ⊑ d′

� Left linear distributor: δLA,B,C : A⊗ (B ⊕ C) → (A⊗B)⊕ C is given by

(((a, (b, c)), ((a′, b′), c′)) ∈ δLA,B,C ⇐⇒ a ⊑ a′ ∧ b ⊑ b′ ∧ c ⊑ c′

5.19. Proposition. P-Coh is a SMLDC.

As the above construction is a trivial generalization of Lamarche’s work, we shall not
include the proof in this paper.

5.20. Properties.

A key aspect of the investigation into CLDCs in [28] was the development of new
collapse results for CLDCs. In particular, a CLDC has invertible linear distributors if
and only if it is isomix if and only if it is compact [28, Thm 5.12]. In this subsection, we
shall see that these results generalize to the MLDC setting.

If we consider a LDC with invertible linear distributors, the par product must be
equivalent to the ⊥-shifted tensor, as stated in Proposition 3.17. In the presence of
medial structure, we can say even more.

5.21. Proposition. Consider a MLDC X with invertible linear distributors, then its
linearly distributive structure is compact.

Proof. Consider a MLDC X whose linear distributors δLA,B,C and δRA,B,C have inverses.
By Proposition 3.17 and the details of the proof in [14], ⊤⊕⊤ is the tensor inverse of ⊥
via isomorphisms

sL = ⊥⊗ (⊤⊕⊤)
δL⊥,⊤,⊤−−−−→ (⊥⊗⊤)⊕⊤

uR
⊗

−1

⊥ ⊕1⊤−−−−−→ ⊥⊕⊤
uL
⊕⊤−−→ ⊤

sR = (⊤⊕⊤)⊗⊥
δR⊤,⊤,⊥−−−−→ ⊤⊕ (⊤⊗⊥)

1⊤⊕uL
⊗

−1

⊥−−−−−→ ⊤⊕⊥
uR
⊕⊤−−→ ⊤

This implies that the MLDC is isomix as m : ⊥ → ⊤ has an inverse

m−1 = ⊤ sL
−1

−−−→ ⊥⊗ (⊤⊕⊤)
1⊥⊗∇⊤−−−−→ ⊥⊗⊤

uR
⊗

−1

⊥−−−→ ⊥
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m−1;m = 1⊤ holds by the following commuting diagram

⊤
uL
⊕

−1

⊤ //

(MLDC.2)

⊥⊕⊤
uR
⊗⊥ //

m⊕1⊤

uu
(nat)

(⊥⊗⊤)⊕⊤

δL
−1
⊥,⊤,⊤

��

(m⊗1⊤)⊕1⊤

tt
⊤⊕⊤

∇⊤

��

u⊗⊤⊕1⊤ //

uL
⊗⊤⊕⊤

(LDC.1)

))

(⊤⊗⊤)⊕⊤

δL
−1
⊤,⊤,⊤

��
(nat)

(nat)

⊤⊗ (⊤⊕⊤)

1⊤⊗∇⊤
��

(exch)

⊥⊗ (⊤⊕⊤)

1⊥⊗∇⊤

��

m⊗1⊤⊕⊤oo

⊤⊗⊤
u⊗

−1
⊤

rr

(nat)

⊤ ⊥m
oo ⊥⊗⊤

uR
⊗

−1

⊥

oo

m⊗1⊤

jj

Similarly for m;m−1 = 1⊥. As the linear distributors and the nullary mix map are
isomorphisms, mixA,B is an isomorphism.

A similar result can be proved for isomix MLDCs. Indeed, given a normal duoidal
category, there is a known construction providing a linearly distributive structure: let
(X , ⋄, I, ⋆, J) be a duoidal category where ι : I → J is an isomorphism. We can define
the following linear distributors, as in [23]:

∂L
A,B,C = A ⋄ (B ⋆ C) ∼= (A ⋆ J) ⋄ (B ⋆ C)

ζA,J,B,C−−−−−→ (A ⋄B) ⋆ (J ⋄ C) ∼= (A ⋄B) ⋆ C

∂R
A,B,C = (A ⋆ B) ⋄ C ∼= (A ⋆ B) ⋄ (J ⋆ C)

ζA,B,J,C−−−−−→ (A ⋄ J) ⋆ (B ⋄ C) ∼= A ⋆ (B ⋄ C)

Then, (X , ⋄, I, ⋆, J) is an isomix LDC [36]. Consider now an isomix MLDC (X,⊗,⊤,⊕,⊥)
with linear distributors

δLA,B,C : A⊗ (B ⊕ C) → (A⊗B)⊕ C δRA,B,C : (A⊕B)⊗ C → A⊕ (B ⊕ C)

Then, it is in particular a normal duoidal category (X,⊕,⊥,⊗,⊤) and thus an isomix
LDC with linear distributors

∂L
A,B,C : A⊕ (B ⊗ C) → (A⊕B)⊗ C ∂R

A,B,C : (A⊗B)⊕ C → A⊗ (B ⊕ C)

Notice the direction of the latter linear distributors is opposite to the former. It turns
out they are inverses of each other.

5.22. Proposition. Consider an isomix MLDC X, then its linearly distributive structure
is compact.
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Proof. Consider an isomix MLDC X and define the natural transformations ∂L and ∂R

as follows.

∂L
A,B,C =A⊕ (B ⊗ C)

uR
⊗A

⊕1B⊗C−−−−−−−→ (A⊗⊤)⊗ (B ⊗ C)
µA,⊤,B,C−−−−−→ (A⊕B)⊗ (⊤⊕ C)

1A⊕B⊗(m−1⊕1C)−−−−−−−−−−→ (A⊕B)⊗ (⊥⊕ C)
1A⊕B⊗uL

⊕C−−−−−−−→ (A⊕B)⊗ C

∂R
A,B,C =(A⊗B)⊕ C

1A⊗B⊕uL
⊗C−−−−−−−→ (A⊗B)⊕ (⊤⊗ C)

µA,B,⊤,C−−−−−→ (A⊕⊤)⊗ (B ⊕ C)

(1A⊕m−1)⊗1B⊕C−−−−−−−−−−→ (A⊕⊥)⊗ (B ⊕ C)
uR
⊕A

⊗1B⊕C−−−−−−−→ A⊗ (B ⊕ C)

Then, ∂R
A,B,C is the inverse of δLA,B,C and ∂L

A,B,C is the inverse of δRA,B,C . The proof that
δLA,B,C ; ∂

R
A,B,C = 1A⊗(B⊕C) follows from Figure 3 in Appendix A. The other equalities

follow similarly. As the linear distributors and the nullary mix map are isomorphisms,
mixA,B is an isomorphism.

Let us now consider the symmetric context. Recall that in a SMLDC, we have the
canonical flip maps τ⊗ and τ⊕ (CF). Proposition 5.9 allows us to show that the medial
maps are in some sense the canonical flip maps “modulo” the mix maps, as was shown to
be the case for CLDCs [28, Prop 3.14].

5.23. Proposition. Given a SMLDC, the following diagrams commute

(A⊗B)⊕ (C ⊗D)
µA,B,C,D //

mixA,B⊕mixC,D

��

(A⊕ C)⊗ (B ⊕D)

mixA⊕C,B⊕D

��
(A⊕B)⊕ (C ⊕D)

τ⊕A,B,C,D

// (A⊕ C)⊕ (B ⊕D)

(A⊗B)⊗ (C ⊗D)
τ⊗A,B,C,D //

mixA⊗B,C⊗D

��

(A⊗ C)⊗ (B ⊗D)

mixA,C⊗mixB⊗D

��
(A⊗B)⊕ (C ⊗D) µA,B,C,D

// (A⊕ C)⊗ (B ⊕D)

(18)

Proof. The proof of the first equality is given by Figure 4 in Appendix A and the other
equality follows similarly.

Now, if the linearly distributive structure of a SMLDC is compact, then by (18), we
know the medial maps are isomorphisms as the mix maps and the canonical flip maps
are. Moreover, ∆⊥ and ∇⊤ are invertible by (MLDC.2), since the nullary mix map is
invertible. Thus, the duoidal structure is strong. Altogether, we get the following, which
generalizes the CLDC result:

5.24. Theorem. Given a SMLDC, the following are equivalent:

(i) the linearly distributive structure is compact and the duoidal structure is strong,
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� it is isomix,

� mix maps mixA,B : A⊗B → A⊕B are isomorphisms,

� linear distributors are associators, modulo the mix maps (see [28, Lem 2.7]),

� ⊥-contraction/⊤-cocontraction are unitors, modulo the nullary mix map, and

� medial maps are canonical flip maps, modulo the mix maps.

(ii) the linear distributors are isomorphisms, and

(iii) the linearly distributive structure is isomix.

The above results demonstrate why the landscape of examples of MLDCs and SMLDCs
is currently restrained. We hope however that more examples will surface as the theory
of MLDCs and CLDCs continues to be explored.

6. Medial Linear Functors and Transformations

With the definition of SMLDCs established, we now turn to the appropriate functors
and transformations between these categories. Similar to the 2-category CLDC, the
corresponding 2-category should form a sub-2-category of SLDC.

As such, these “medial linear functors” are linear functors which also interact co-
herently with the duoidal structure. Given that there are two established definitions of
duoidal functors, there are naturally at least two distinct types of “medial linear functors”.
We define only the appropriate class required for the linearly distributive Fox theorem.

6.1. Definition. Let X and Y be SMLDCs. A symmetric medial linear functor
F = (F⊗, F⊕) : X → Y consists of:

� a functor F⊗ : X → Y, equipped with maps and natural transformations

m⊤ : ⊤ ∼−→ F⊗(⊤) m⊥ : ⊥ → F⊗(⊥)

m⊗A,B : F⊗(A)⊗ F⊗(B)
∼−→ F⊗(A⊗B) m⊕A,B : F⊗(A)⊕ F⊗(B) → F⊗(A⊕B)

such that

(i) (F⊗,m⊤,m⊗) : (X,⊗,⊤) → (Y,⊗,⊤) is a symmetric monoidal functor,

(ii) (F⊗,m⊥,m⊕) : (X,⊕,⊥) → (Y,⊕,⊥) is a symmetric lax monoidal functor,

� a functor F⊕ : X → Y, equipped with maps and natural transformations

n⊥ : F⊕(⊥)
∼−→ ⊥ n⊤ : F⊕(⊤) → ⊤

n⊕A,B : F⊕(A⊕B)
∼−→ F⊕(A)⊕ F⊕(B) n⊗A,B : F⊕(A⊗B) → F⊕(A)⊗ F⊕(B)

such that
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(i) (F⊕, n⊥, n⊕) : (X,⊕,⊥) → (Y,⊕,⊥) is a symmetric monoidal functor,

(ii) (F⊕, n⊤, n⊗) : (X,⊕,⊥) → (Y,⊕,⊥) is a symmetric colax monoidal functor,

� linear strength natural transformations

vR⊗A,B
: F⊗(A⊕B) → F⊕(A)⊕ F⊗(B) vR⊕A,B

: F⊗(A)⊗ F⊕(B) → F⊕(A⊗B)

satisfying the coherence conditions ensuring that

(SMLF.1) (F⊗,m⊥,m⊕,m
−1
⊤ ,m−1

⊗ ) is a bilax duoidal functor,

∆⊥; (m⊥ ⊗m⊥);m⊗⊥,⊥ = m⊥;F⊗(∆⊥)

(m⊤ ⊕m⊤);m⊕⊤,⊤;F⊗(∇⊤) = ∇⊤;m⊤

m;m⊤ = m⊥;F⊗(m)

(m⊗A,B ⊕m⊗C,D);m⊕A⊗B,C⊗D;F⊗(µA,B,C,D)

= µF⊗(A),F⊗(B),F⊗(C),F⊗(D); (m⊕A,C ⊗m⊕B,D);m⊗A⊕C,B⊕D

(SMLF.2) (F⊕, n
−1
⊥ , n−1

⊕ , n⊤, n⊗) is a bilax duoidal functor,

F⊕(∆⊥);n⊗⊥,⊥; (n⊥ ⊗ n⊥) = n⊥; ∆⊥

n⊕⊤,⊤; (n⊤ ⊕ n⊤);∇⊤ = F⊕(∇⊤);n⊤

n⊥;m = F⊕(m);n⊤

F⊕(µA,B,C,D);n⊗A⊕C,B⊕D; (n⊕A,C ⊗ n⊕B,D)

= n⊕A⊗B,C⊗D; (n⊗A,B ⊕ n⊗C,D);µF⊕(A),F⊕(B),F⊕(C),F⊕(D)

(SMLF.3) F = (F⊗, F⊕) : X → Y is a symmetric linear functor, i.e. (LF.1-5) and (SLF),

(SMLF.4) the linear strengths interact coherently with ⊤-cocontraction and ⊥-contraction,

F⊗(⊤⊕⊤)

F⊕(∇⊤)
��

νR⊗⊤,⊤ // F⊕(⊤)⊕ F⊗(⊤)

n⊤⊕m−1
⊤

��

F⊕(⊥)
n⊥ //

F⊕(∆⊥)
��

⊥ ∆⊥ // ⊥⊗⊥
m⊥⊗n−1

⊥
��

F⊗(⊤) ⊤m⊤
oo ⊤⊕⊤

∇⊤
oo F⊕(⊥⊗⊥) F⊗(⊥)⊗ F⊕(⊥)

νR⊕⊥,⊥

oo
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(SMLF.5) the linear strengths interact coherently with the medial maps, and

F⊗((A⊗B)⊕ (C ⊗D))
νR⊗A⊗B,C⊗D //

F⊗(µA,B,C,D)
��

F⊕(A⊗B)⊕ F⊗(C ⊗D)

n⊗A,B⊕m⊗
−1
C,D

��
F⊗((A⊕ C)⊗ (B ⊕D))

m⊗
−1
A⊕C,B⊕D

��

(F⊕(A)⊗ F⊕(B))⊕ (F⊗(C)⊗ F⊗(D))

µF⊕(A),F⊕(B),F⊗(C),F⊗(D)

��
F⊗(A⊕ C)⊗ F⊗(B ⊕D)

νR⊗A,C
⊗νR⊗B,D

// (F⊕(A)⊕ F⊗(C))⊗ (F⊕(B)⊕ F⊗(D))

(F⊗(A)⊗ F⊕(B))⊕ (F⊗(C)⊗ F⊕(D))
νR⊕A,B

⊕νR⊕C,D //

µF⊗(A),F⊕(B),F⊗(C),F⊕(D)

��

F⊕(A⊗B)⊕ F⊕(C ⊗D)

n⊕
−1
A⊗B,C⊗D

��
(F⊗(A)⊕ F⊗(C))⊕ (F⊕(B)⊕ F⊕(D)

m⊕A,C⊗n⊕
−1
B,D
��

F⊕((A⊗B)⊕ (C ⊗D))

F⊕(µA,B,C,D)
��

F⊗(A⊕ C)⊗ F⊕(B ⊕D)
νR⊕A⊕C,B⊕D

// F⊕((A⊕ C)⊗ (B ⊕D))

(SMLF.6) the linear strengths interact coherently with m⊕ and n⊗.

F⊗(A⊕B)⊕ F⊗(C)
νR⊗A,B

⊕1F⊗(C)
//

m⊕A⊕B,C

��

(F⊕(A)⊕ F⊗(B))⊕ F⊗(C)

α⊕
−1
F⊕(A),F⊗(B),F⊗(C)

��
F⊗((A⊕B)⊕ C)

F⊗(α⊕
−1
A,B,C)

��

F⊕(A)⊕ (F⊗(B)⊕ F⊗(C))

1F⊕(A)⊕m⊕B,C

��
F⊗(A⊕ (B ⊕ C))

νR⊗A,B⊕C

// F⊕(A)⊕ F⊗(B ⊕ C)

F⊗(A)⊗ F⊕(B ⊗ C)
νR⊕A,B⊗C //

1F⊗(A)⊗n⊗B,C

��

F⊕(A⊗ (B ⊗ C))

F⊕(α⊗
−1
A,B,C)

��
F⊗(A)⊗ (F⊕(B)⊗ F⊗(C))

α⊗
−1
F⊗(A),F⊕(B),F⊕(C)

��

F⊕((A⊗B)⊗ C)

n⊗A⊗B,C

��
(F⊗(A)⊗ F⊕(B))⊗ F⊕(C)

νR⊕A,B
⊗1F⊕(C)

// F⊕(A⊗B)⊗ F⊕(C)

The coherence conditions above ensure that the linear strengths interact coherently
with the duoidal functor structures.
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6.2. Proposition. Given a symmetric medial linear functor F = (F⊗, F⊕) : X → Y, the
following diagrams and equations hold.

F⊗(⊥)

F⊗(u⊕
−1
⊥ )
��

⊥m⊥oo
u⊕

−1
⊥ // ⊥⊕⊥

n−1
⊥ ⊕m⊥
��

F⊗(⊥⊕⊥)
νR⊗⊥,⊥

// F⊗(⊥)

(19)

m⊥;F⊗(u⊕
−1
⊥ ); νR

⊗⊥,⊥ = u⊕
−1
⊥ ;n−1

⊥ ⊕m⊥

νR
⊕⊤,⊤;F⊕(u⊗

−1
⊤ );n⊤ = (m−1

⊤ ⊗ n⊤);u⊗
−1
⊤

F⊗(A⊕B)⊕ F⊗(C ⊕D)
νR⊗A,B

⊕νR⊗C,D //

m⊕A⊕B,C⊕D

��

(F⊕(A)⊕ F⊗(B))⊕ (F⊕(C)⊕ F⊗(D))

τ⊕
F⊕(A),F⊗(B),F⊕(C),F⊗(D)
��

F⊗(A⊕B)⊕ (C ⊕D))

F⊗(τ⊕A,B,C,D)
��

(F⊕(A)⊕ F⊕(C))⊕ (F⊗(B)⊕ F⊗(D))

n⊕
−1
A,C⊕m⊕B,D

��
F⊕((A⊕ C)⊕ (B ⊕D))

νR⊗A⊕C,B⊕D

// F⊕(A⊕ C)⊕ F⊗(B ⊕D)

(20)

(νR
⊗A,B

⊕ νR
⊗C,D

); τ⊕F⊕(A),F⊗(B),F⊕(C),F⊗(D); (n⊕
−1
A,C ⊕m⊕B,D)

= m⊕A⊕B,C⊕D;F⊗(τ
⊕
A,B,C,D); ν

R
⊗A⊕C,B⊕D

νR
⊕A⊗B,C⊗D

;F⊕(τ
⊗
A,B,C,D);n⊗A⊗C,B⊗D

= (m⊗
−1
A,B ⊗ n⊗C,D); τ

⊗
F⊗(A),F⊗(B),F⊕(C),F⊕(D); (ν

R
⊕A,C

⊗ νR
⊕B,D

)

As such, the linear strengths are duoidal transformations between bilax duoidal functors.

Proof. The first equality in (19) holds by the following commuting diagram, with the
second equality holding similarly.

⊥
m⊥
��

(nat)

⊥
u⊕

−1
⊥

��
F⊗(⊥)

F⊗(u⊕
−1
⊥ )
��

uL
⊕

−1

F⊗(⊥)
//

(LF.1)

⊥⊕ F⊗(⊥) ⊥⊕⊥
n−1
⊥ ⊕m⊥
��

1⊥⊕m⊥oo

F⊗(⊥⊕⊥)
νR⊗⊥,⊥

// F⊗(⊥)

The proof for the first equality in (20) is given by Figure 5 of Appendix A and the second
equality is proved similarly.
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Now,the monoidal products ⊗ and ⊕ are bilax duoidal functors by Proposition 4.16,
and F⊗ and F⊕ are bilax duoidal functors by definition. As such, the linear strengths are
natural transformations between functors which are canonically bilax duoidal:

vR⊗ : ⊕;F⊗ ⇒ (F⊕ × F⊗);⊕ vR⊕ : (F⊗ × F⊕);⊗ ⇒ ⊗;F⊕

The first equality in (19) and the first equality in (20) are precisely the conditions
such that vR⊗ is a ⊕-monoidal transformation, while the first diagrams of (SMLF.4) and
(SMLF.5) are the conditions such that vR⊗ is a ⊗-monoidal transformation. Therefore, vR⊗
is a duoidal transformation. Similarly, vR⊕ is a duoidal transformation.

As there are several potential notions of medial linear functors, there are multiple
definitions of “medial linear transformations”. However, we will introduce only the specific
definition relevant to our treatment of MLDCs.

6.3. Definition. Let F,G : X → Y be symmetric medial linear functors. A medial lin-
ear transformation α = (α⊗, α⊕) : F ⇒ G consists of a pair of natural transformations

α⊗A : F⊗(A) → G⊗(A) α⊕A : G⊕(A) → F⊕(A)

such that

(i) α⊗ : (F⊗,m
F
⊤,m

F
⊗) ⇒ (G⊗,m

G
⊤,m

G
⊗) is a monoidal transformation,

(ii) α⊗ : (F⊗,m
F
⊥,m

F
⊕) ⇒ (G⊗,m

G
⊥,m

G
⊕) is a monoidal transformation,

(iii) α⊕ : (G⊕, n
G
⊥, n

G
⊕) ⇒ (F⊕, n

F
⊥, n

F
⊕) is a monoidal transformation,

(iv) α⊕ : (G⊕, n⊤
G, n⊗

G) ⇒ (F⊕, n
F
⊤, n⊗

F ) is a monoidal transformation, and

(v) α = (α⊗, α⊕) is a linear transformation, in other words (LT) holds.

6.4. Remark. Notice that conditions (i-ii) in the above definition are equivalent to
asking that

α⊗ : (F⊗,m
F
⊥,m⊕

F ,m−1
⊤

F
,m−1

⊗
F
) ⇒ (G⊗,m

G
⊥,m⊕

G,m−1
⊤

G
,m−1

⊗
G
)

is a bilax duoidal transformation and, similarly, conditions (iii-iv) are equivalent to

α⊕ : (G⊕, n
−1
⊥

G
, n−1

⊕
G
, n⊕

G, n⊤
G) ⇒ (F⊕, n

−1
⊥

F
, n−1

⊕
F
, n⊕

F , n⊤
F )

being a bilax duoidal transformation.

6.5. 2-Category SMLDC.

These medial functors and transformations, alongside SMLDCs, give us a 2-category:

6.6. Theorem. SMLDCs, symmetric medial linear functors, and medial linear transfor-
mations form a 2-category, denoted by SMLDC.
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Proof. Let F = (F⊗, F⊕) : X → Y and G = (G⊗, G⊕) : Y → Z be symmetric medial
linear functors. Consider their horizontal composite F ;G = (F⊗;G⊗, F⊕;G⊕) : X → Y,
with the obvious structure maps. It is immediate that F ;G : X → Z is a symmetric linear
functor, and that F⊗;G⊗ : X → Z and F⊕;G⊕ : X → Z are bilax duoidal functors, as the
composition is inherited from LDC and DUO in the appropriate ways. It remains only
to show the additional coherence conditions also hold for F ;G : X → Z.

The second diagram of (SMLF.4) holds by the following commuting diagram.

G⊕(F⊕(⊥))
G⊕(nF

⊥)
//

G⊕(F⊕(∆⊥))

��

G⊕(⊥)

G⊕(∆⊥)

��

nG
⊥ // ⊥ ∆⊥ // ⊥⊗⊥

mG
⊥⊗nG

⊥
−1

��

(SMLF.4)G

(SMLF.4)F G⊕(⊥⊗⊥)

G⊕(mF
⊥⊗nF

⊥
−1

)

��

G⊗(⊥)⊗G⊕(⊥)

G⊗(mF
⊥)⊗G⊕(nF

⊥
−1

)

��

νR⊕
G

⊥,⊥oo

G⊕(F⊕(⊥⊗⊥)) G⊕(F⊗(⊥)⊗ F⊕(⊥))
G⊕(νR⊕

F

A,B
)

oo

(nat)

G⊗(F⊗(⊥))⊗G⊕(F⊕(⊥))
νR⊕

G

F⊗(⊥),F⊕(⊥)

oo

The first diagram (SMLF.5) holds by the following commuting diagram.

G⊗(F⊗((A⊗B)⊕
(C ⊗D)))

G⊗(F⊗(µA,B,C,D))

��

G⊗(νR⊗
F

A⊗B,C⊗D
)

// G⊗(F⊕(A⊗B)⊕
F⊗(C ⊗D)) νR⊗

G

F⊕(A⊗B),F⊗(C⊗D)

//

G⊗(nF
⊗A,B

⊕mF
⊗

−1

C,D
) (nat)

��

G⊕(F⊕(A⊗B))⊕
G⊗(F⊗(C ⊗D))

G⊗(nF
⊗A,B

)⊕G⊗(mF
⊗

−1

C,D
)

��
G⊗(F⊗((A⊕ C)⊗

(B ⊕D)))

G⊗(mF
⊗

−1

A⊕C,B⊕D
)

��

(SMLF.5)F
G⊗((F⊕(A)⊗ F⊕(B))⊕

(F⊗(C)⊗ F⊗(D))) νR⊗
G

F⊕(A)⊗F⊕(B),F⊗(C)⊗F⊗(D)

//

G⊗(µF⊕(A),F⊕(B),F⊗(C),F⊗(D))

��

G⊕(F⊕(A)⊗ F⊕(B))⊕
G⊗(F⊗(C)⊗ F⊗(D))

nG
⊗F⊕(A),F⊗(B)

⊕mG
⊗

−1

F⊗(C),F⊕(D)

��
G⊗(F⊗(A⊕ C)⊗

F⊗(B ⊕D))

mG
⊗

−1

F⊗(A⊕C),F⊗(B⊕D) (nat)

��

G⊗(νR⊗
F

A,C
⊗νR⊗

F

B,D
)

// G⊗((F⊕(A)⊕ F⊗(C))⊗
(F⊕(B)⊕ F⊗(D)))

mG
⊗

−1

F⊕(A)⊕F⊗(B),F⊗(C)⊗F⊗(D)

��

(SMLF.5)G
(G⊕(F⊕(A))⊗G⊕(F⊕(B)))⊕
(G⊗(F⊗(C))⊗G⊗(F⊗(D)))

µG⊕(F⊕(A)),G⊕(F⊕(B)),G⊗(F⊗(C)),G⊗(F⊗(D))

��
G⊗(F⊗(A⊕ C))⊗
G⊗(F⊗(B ⊕D))

G⊗(νR⊗
F

A,C
)⊗G⊗(νR⊗

F

B,D
)

// G⊗(F⊕(A)⊕ F⊗(C))⊗
G⊗(F⊕(B)⊕ F⊗(D))

νR⊗
G

F⊕(A),F⊗(C)
⊕νR⊗

G

F⊕(B),F⊕(D)

// (G⊕(F⊕(A))⊕G⊗(F⊗(C)))⊗
(G⊕(F⊕(B))⊕G⊗(F⊗(D)))



LINEARLY DISTRIBUTIVE FOX THEOREM 2009

The first diagram of (SMLF.6) holds by the following commuting diagram.

G⊗(F⊗(A⊕B))⊕
G⊗(F⊗(C))

mG
⊕F⊗(A⊕B),F⊗(C) (nat)

��

G⊗(νR⊗
F

A,B
)⊕1G⊗(F⊗(C))

// G⊗(F⊕(A)⊕ F⊗(B))⊕
G⊗(F⊗(C))

mG
⊕F⊕(A)⊕F⊗(B),F⊗(C)

��

νR⊗
G

F⊕(A),F⊗(B)
⊕1G⊗(F⊗(C))

// (G⊕(F⊕(A))⊕G⊗(F⊗(B)))⊕
G⊗(F⊗(C))

α⊕
−1
G⊕(F⊕(A)),G⊗(F⊗(B)),G⊗(F⊗(C)

��

G⊗(F⊗(A⊕B)⊕ F⊗(C))

G⊗(mF
⊕A⊕B,C

)

��

G⊗(νR⊗
F

A,B
⊕1F⊗(C))

// G⊗((F⊕(A)⊕ F⊗(B))⊕ F⊗(C))

G⊗(α⊕
−1
F⊕(A),F⊗(B),F⊗(C)

)

��

(SMLF.6)G
G⊕(F⊕(A))⊕

(G⊗(F⊗(B))⊕G⊗(F⊗(C)))

1G⊕(F⊕(A))⊕mG
⊕F⊗(B),F⊗(C)

��

G⊗(F⊗((A⊕B)⊕ C))

G⊗(F⊗(α⊕
−1
A,B,C))

��

(SMLF.6)F G⊗(F⊕(A)⊕ (F⊗(B)⊕ F⊗(C)))

G⊗(1F⊕(A)⊕mF
⊕B,C

) (nat)

��

νR⊗
G

F⊕(A),F⊗(B)⊕F⊗(C)
// G⊕(F⊕(A))⊕
G⊗(F⊗(B)⊕ F⊗(C))

1G⊕(F⊕(A))⊕G⊗(mF
⊕B,C

)

��

G⊗(F⊗(A⊕ (B ⊕ C)))
G⊗(νR⊗

F

A,B⊕C
)

// G⊗(F⊕(A)⊕ F⊗(B ⊕ C))
νR⊗

G

F⊕(A),F⊗(B⊕C)

// G⊕(F⊕(A))⊕
G⊗(F⊗(B ⊕ C))

The other diagrams of (SMLF.4-6) hold similarly.
Finally, it is immediate to show that the identity linear functors and the identity linear

transformations are inherited by SMLDC and that medial linear transformations are
closed under the standard vertical and horizontal composition of linear transformations.

6.7. Proposition. The inclusion map inc : CLDC → SMLDC determines a 2-functor.

Proof. By Theorem 5.15, every CLDC has a canonical SMLDC structure.
Consider a cartesian linear functor

F = (F×, F+) : (X,×,1,+,0) → (Y,×,1,+,0)

Then, in particular, (F×,m
−1
1 ,m−1

× ) : (X,×,1) → (Y,×,1) and (F+, n
−1
0 , n−1

+ ) : (X,+,0) →
(Y,+,0) are respectively colax monoidal and lax monoidal functors. By Proposition 4.22,
the following are bilax duoidal functors,

(F×, p0, p+,m
−1
1 ,m−1

× ) : (X,+,0,×,1) → (Y,+,0,×,1)

(F+, n
−1
0 , n−1

+ , q1, q×) : (X,+,0,×,1) → (Y,+,0,×,1)

where p0, p×, q1 and q× are defined in Lemma 4.21. In order to prove F = (F×, F+) is a
symmetric medial linear functor, it remains to show the additional coherence conditions.
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(SMLF.4) holds by the universal property of initial and terminal objects:

F×(1+ 1)
tF×(1+1)

−−−−−→ 1 = F×(1+ 1)
νR×1,1−−−→ F+(1) + F×(1)

q1+m−1
1−−−−−→ 1+ 1

∇1−→ 1

= F×(1+ 1)
F×(∇1)−−−−→ F×(1)

m−1
1−−→ 1

0
bF+(0×0)

−−−−−→ F+(0× 0) = 0
∆0−→ 0× 0

p0×n−1
0−−−−→ F×(0)× F×(0)

νR+0,0−−−→ F+(0× 0)

= 0
n−1
0−−→ F+(0)

F+(∆0)−−−−→ F+(0× 0)

The first coherence condition of (SMLF.5) is

F×(µA,B,C,D);m×
−1
A+C,B+D; (ν

R
×A,C

× νR
×B,D

)

= νR
×A×B,C×D

; (q×A,B +m×
−1
C,D);µF+(A),F+(B),F×(C),F×(D)

and it holds by the universal property of products: consider the left-hand and right-hand
sides post composed with the relevant projections

F×(µA,B,C,D);m×
−1
A+C,B+D; (ν

R
×A,C

× νR
×B,D

); π0
F+(A)+F×(C),F+(B)+F×(D)

= F×(µA,B,C,D);m
−1
× A+C,B+D

; π0
F×(A+C),F×(B+D); ν

R
×A,C

= F×(µA,B,C,D);F×(π
0
A+C,B+D); ν

R
×A,C

= F×(π
0
A,B + π0

C,D); ν
R
×A,C

νR
×A×B,C×D

; (q×A,B +m×
−1
C,D);µF+(A),F+(B),F×(C),F×(D); π

0
F+(A)+F×(C),F+(B)+F×(D)

= νR
×A×B,C×D

; (q×A,B +m−1
× C,D

); (π0
F+(A),F+(B) + π0

F×(C),F×(D))

= νR
×A×B,C×D

; (F+(π
0
A,B) + F×(π

0
C,D)) = F×(π

0
A,B + π0

C,D); ν
R
×A,C

F×(µA,B,C,D);m×
−1
A+C,B+D; (ν

R
×A,C

× νR
×B,D

); π1
F+(A)+F×(C),F+(B)+F×(D)

= F×(π
1
A,B + π1

C,D); ν
R
×B,D

νR
×A×B,C×D

; (q×A,B +m×
−1
C,D);µF+(A),F+(B),F×(C),F×(D); π

1
F+(A)+F×(C),F+(B)+F×(D)

= F×(π
1
A,B + π1

C,D); ν
R
×B,D

The second condition holds similarly, by the universal properties of coproducts.
The second condition of (SMLF.6) is

νR
+A,B×C

;F+(α×
−1
A,B,C); q×A×B,C

= (1F×(A) × q×B,C);α×
−1
F×(A),F+(B),F+(C); (ν

R
+A,B

× 1F+(C))
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The left-hand side and right-hand sides post-composed with the relevant projections are
given by

νR
+A,B×C

;F+(α×
−1
A,B,C); q×A×B,C ; π

0
F+(A×B),F+(C) = νR

+A,B×C
;F+(α×

−1
A,B,C);F+(π

0
A×B,C)

= νR
+A,B×C

;F+(1A × π0
B,C) = (1F×(A) × F+(π

0
B,C)); ν

R
+A,B

(1F×(A) × q×B,C);α×
−1
F×(A),F+(B),F+(C); (ν

R
+A,B

× 1F+(C)); π
0
F+(A×B),F+(C)

= (1F×(A) × q×B,C);α×
−1
F×(A),F+(B),F+(C); π

0
F×(A)×F+(B),F+(C); ν

R
+A,B

= (1F×(A) × q×B,C); (1F×(A) × π0
F+(B),F+(C)); ν

R
+A,B

= (1F×(A) × F+(π
0
B,C)); ν

R
+A,B

νR
+A,B×C

;F+(α×
−1
A,B,C); q×A×B,C ; π

1
F+(A×B),F+(C) = νR

+A,B×C
;F+(α×

−1
A,B,C);F+(π

1
A×B,C)

= νR
+A,B×C

;F+(π
1
A,B×C);F+(π

1
B,C) = νR

+A,B×C
;F+(tA × 1B×C);F+(u

L
×
−1

B×C
);F+(π

1
B,C)

= (F×(tA)× F+(1B×C)); ν
R
+1,B×C

;F+(u
L
×
−1

B×C
);F+(π

1
B,C)

= (F×(tA)× F+(1B×C)); (m
−1
1 × 1F+(B×C));u

L
×
−1

F+(B×C)
;F+(π

1
B,C)

= π1
F×(A),F+(B×C);F+(π

1
B,C)

(1F×(A) × q×B,C);α×
−1
F×(A),F+(B),F+(C); (ν

R
+A,B

× 1F+(C)); π
1
F+(A×B),F+(C)

= (1F×(A) × q×B,C);α×
−1
F×(A),F+(B),F+(C); π

1
F×(A)×F+(B),F+(C)

= (1F×(A) × q×B,C); π
1
F×(A),F+(B)×F+(C); π

1
F+(B),F+(C)

= π1
F×(A),F+(B×C); q×B,C ; π

1
F+(B),F+(C) = π1

F×(A),F+(B×C);F+(π
1
B,C)

Then, by the universal property of products, the second condition of (SMLF.6) holds.
The first condition of (SMLF.6) follows by the universal properties of coproducts for the
same reasons as its counterpart.

Consider a linear transformation α = (α×, α+) : F ⇒ G : X → Y between carte-
sian linear functors. It consists of a monoidal transformations α× : (F×,m

F
1 ,m

F
×) ⇒

(G×,m
G
1 ,m

G
×) and α+ : (F+, n

F
0 , n

F
+) ⇒ (G+, n

G
0 , n

G
+). By Proposition 4.21, α× : (F, p

F
0 , p

F
+)

⇒ (G, pG0 , p
G
+) and α+ : (F+, q

F
1 , q

F
×) ⇒ (G+, q

G
1 , q

G
×) are monoidal as well. As such, α is a

medial linear transformation.
Therefore, the inclusion map inc : CLDC → SMLDC is well-defined. The proof that

it is moreover a 2-functor follows by examining that the canonical medial linear functor
structure of a cartesian linear functor described above respects the composition and the
identities.

6.8. Frobenius Medial Linear Functors and Transformations.

As in the case of Frobenius linear functors, we can consider symmetric medial linear
functors whose pair of functors F⊗ and F⊕ are equal.
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6.9. Definition. A symmetric medial linear functor F = (F⊗, F⊕) : X → Y is Frobe-
nius if

F⊗ = F⊕, νR
⊗A,B

= n⊕A,B, νR
⊕A,B

= m⊗A,B,

m⊥ = n−1
⊥ , m⊕A,B = n⊕

−1
A,B, n⊤ = m−1

⊤ , and n⊗A,B = m⊗
−1
A,B

6.10. Lemma. Every Frobenius symmetric medial linear functor F = (F, F ) : X → Y is
mix.

Proof. In the context of Frobenius medial linear functors, the third condition of (SMLF.1),
or of (SMLF.2), coincides with the additional condition (MixFLF).

Given the degeneracy, we can once again give an alternative characterization.

6.11. Proposition. Let X and Y be SMLDCs, then the following notions coincide:

� Frobenius symmetric medial linear functors F = (F⊗, F⊕) : X → Y, and

� symmetric ⊗- and ⊕-monoidal functors (F,m⊤,m⊗, n⊥, n⊕) : X → Y satisfying (6),
(MixFLF) and the following diagrams.

F (⊥)
n⊥ //

F (∆⊥)
��

⊥ ∆⊥ // ⊥⊗⊥
n−1
⊥ ⊗n−1

⊥
��

F (⊤⊕⊤)

F (∇⊤)
��

n⊕⊤,⊤ // F (⊤)⊕ F (⊤)

m−1
⊤ ⊕m−1

⊤
��

F (⊥⊗⊥) F (⊥)⊗ F (⊥)m⊗⊥,⊥
oo F (⊤) ⊤m⊤

oo ⊤⊕⊤
∇⊤

oo

F ((A⊗B)⊕ (C ⊗D))
F (µA,B,C,D)

//

n⊕A⊗B,C⊗D

��

F ((A⊕ C)⊗ (B ⊕D))

m⊗
−1
A⊕C,B⊕D

��
F (A⊗B)⊕ F (C ⊗D)

m⊗
−1
A,B⊕m−1

⊗ C,D
��

F (A⊕ C)⊗ F (B ⊕D)

n⊕A,C⊗n⊕B,D
��

(F (A)⊗ F (B))⊕ (F (C)⊗ F (D))
µF (A),F (B),F (C),F (D)

// (F (A)⊕ F (C))⊗ (F (B)⊕ F (D))

(21)

If we then consider medial linear transformations between such linear functors, we can
see that the paired transformations must in fact be a section-retraction pair.

6.12. Proposition. Consider a medial linear transformation α = (α⊗, α⊕) : F ⇒ G
between Frobenius symmetric medial linear functors F,G : X → Y, then

(i) α⊗ and α⊕ are both ⊗-monoidal and ⊕-monoidal transformations, and

(ii) α⊗A : F (A) → G(A) is a section of α⊕A : G(A) → F (A), i.e. α⊗;α⊕ = 1F .
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Proof. Let α = (α⊗, α⊕) : F ⇒ G be a medial linear transformation between Frobenius
symmetric medial linear functors. This means in particular that α⊗ : (F,mF

⊤,m
F
⊗) ⇒

(G,mG
⊤,m

G
⊗) and α⊗ : (F, nF

⊥
−1
, nF

⊕
−1
) ⇒ (G, nG

⊥
−1
, nG

⊕
−1
) are monoidal transformations.

The latter implies α⊗ : (F, nF
⊥, n

F
⊕) ⇒ (G, nG

⊥, n
G
⊕) is a monoidal transformation. Similarly,

for α⊕.
Further, as α = (α⊗, α⊕) : F ⇒ G is a linear transformation, (LT) holds, the first of

which is as follows in the context of Frobenius linear functors:

α⊗A⊕B;n
G
⊕A,B

; (α⊕A ⊕ 1G(B)) = nF
⊕A,B

; (1F (A) ⊕ α⊗B) (∗)

Letting B = ⊥, we get the following commuting diagram.

G(A)
G(uR

⊕
−1

A
)

((

(nat)

F (A)

α⊗A

77

F (uR
⊕

−1

A
)

//

uR
⊕

−1

F (A)

��

(MT)

F (A⊕⊥)

(∗)nF
⊕A,⊥

��

α⊗A⊕⊥
// G(A⊕⊥)

G(uR
⊕A

)
//

nG
⊕A,⊥

��

(MT)

G(A)

α⊕A

%%

uR
⊕

−1

G(A)

��
G(A)⊕G(⊥)

α⊕A⊕1G(⊥)

��

1G(A)⊕nG
⊥

−1

//

(exch)

G(A)⊕⊥

α⊕A⊕1⊥

��

(nat) F (A)

F (A)⊕⊥
1F (A)⊕nF

⊥
−1
// F (A)⊕ F (⊥)

1F (A)⊕α⊗⊥

// F (A)⊕G(⊥)
1F (A)⊕nG

⊥

// F (A)⊕⊥
uR
⊕F (A)

99

The top composite is α⊗A;α⊕A, while the bottom composite is 1F (A) since α⊗ is ⊕-
monoidal. As such, α⊗;α⊕ = 1F .

An immediate situation where one gets such a linear transformation is when consid-
ering an invertible ⊗- and ⊕-monoidal natural transformation.

6.13. Proposition. Given a ⊗- and ⊕-monoidal isomorphism α : F ⇒ G between
Frobenius symmetric medial linear functors, the pair (α, α−1) : F ⇒ G is a medial linear
transformation.

Proof. Consider an invertible ⊗-monoidal and ⊕-monoidal natural transformation α : F
⇒ G. By Lemma 3.26, (α, α−1) : F ⇒ G is a linear transformation. To be me-
dial, it remains to show α : (F⊗,m

F
⊥,m

F
⊕) ⇒ (G⊗,m

G
⊥,m

G
⊕) and α−1 : (G⊕, n

G
⊤, n

G
⊗) ⇒

(F⊕, n
F
⊤, n

F
⊗) are monoidal. Since F and G are Frobenius, this is in fact requiring that

α : (F, nF
⊥
−1
, nF

⊕
−1
) ⇒ (G,nG

⊥
−1
, nG

⊕
−1
) and α−1 : (G,mG

⊤
−1
,mG

⊗
−1
) ⇒ (F,mF

⊤
−1
,mF

⊗
−1
)

are monoidal. This is immediate as α : (F, nF
⊥, n

F
⊕) ⇒ (G, nG

⊥, n
G
⊕) and α : (F,mF

⊤,m
F
⊗) ⇒

(G,mG
⊤,m

G
⊗) are monoidal.
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Consider a Frobenius symmetric medial linear functor, in the sense of the above Propo-
sition. Recall that (6) is equivalent to requiring that (F,m⊗,m⊤, n⊕, n⊥) : X → Y is a
Frobenius linear functor. Moreover, (MixFLF) and (21) together are equivalent to asking
that (F, n−1

⊥ , n−1
⊕ ,m−1

⊤ ,m−1
⊗ ) : (X,⊕,⊥,⊗,⊤) → (Y,⊕,⊥,⊗,⊤) is a bilax duoidal functor.

As Frobenius linear functors and bilax duoidal functors compose, we know that Frobenius
medial linear functors are closed under composition. It is thus fairly immediate to see
that we can restrict to Frobenius linear functors.

6.14. Corollary. SMLDCs, Frobenius symmetric medial linear functors and medial
linear transformations form a sub 2-category of SMLDC, denoted by FSMLDC. Fur-
ther, the inclusion map inc : CLDC → SMLDC restricts to an inclusion 2-functor
inc : FCLDC → FSMLDC

Proof. The only technicality to verify is that given a Frobenius cartesian linear functor
F = (F×, F+) : X → Y, the induced medial linear functor is Frobenius, in other words that
the canonical lax monoidal structure (F×, p0, p+) : (X,0,+) → (Y,0,+) corresponds to
(F+, n

−1
0 , n−1

+ ) : (X,0,+) → (Y,0,+) and, similarly, for the canonical colax momonoidal
structure on F+. This is immediate however as F+ = F×. Indeed, while the structure
maps n0 and n+A,B are not guaranteed to have inverses, if they do, they must be the

canonical ones p0 and p+A,B. Similarly, q1 = m1
−1 and q×A,B = m−1

× A,B.

7. Linearly Distributive Fox Theorem

It is now time to discuss the construction mapping a SMLDC to a CLDC, mirroring the
category of cocommutative comonoids of a SMC in the standard Fox theorem.

If we review our earlier characterization of CLDCs in Proposition 5.1, we see that a
CLDC X is in particular a SLDC, where each object A ∈ X is equipped with maps

∆A : A → A⊗ A eA : A → ⊤ ∇A : A⊕ A → A uA : ⊥ → A

such that ⟨A,∆A, eA⟩ is a cocommutative ⊗-comonoid and ⟨A,∇A, uA⟩ is a commutative
⊕-monoid. To someone well-versed in duoidal categories, this structure will be familiar.
Indeed, these are the same maps and structures of a duoidal bimonoid. This is the key to
the theorem and why the duoidal structure of the MLDCs is essential.

7.1. Medial Bimonoids.

7.2. Definition. Let X be a SMLDC. A medial bimonoid in X is a quintuple
⟨A,∆A, uA,∇A, eA⟩ consisting of an object A and four maps in X,

∆A : A → A⊗ A eA : A → ⊤ ∇A : A⊕ A → A uA : ⊥ → A
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such that ⟨A,∆A, eA⟩ is a ⊗-comonoid, ⟨A,∇A, uA⟩ is a ⊕-monoid, and satisfying

A⊕ A
∇A

//

∆A⊕∆A
��

A
∆A

// A⊗ A ⊥
m
//

uA

��

⊤

(A⊗ A)⊕ (A⊗ A)
µA,A,A,A

// (A⊕ A)⊗ (A⊕ A)

∇A⊗∇A

OO

A
eA

<<

A⊕ A
∇A

//

eA⊕eA
��

A

eA
��

⊥
uA

//

∆⊥
��

A

∆A

��
⊤⊕⊤

∇⊤

// ⊤ ⊥⊗⊥
uA⊗uA

// A⊗ A

(MB)

A medial bimonoid is bicommutative if ⟨A,∆A, eA⟩ is cocommutative ⊗-comonoid and
⟨A,∇A, uA⟩ is a commutative ⊕-monoid.

A medial bimonoid morphism f : ⟨A,∆A, eA,∇A, uA⟩ → ⟨B,∆B, eB,∇B, uB⟩ is a
morphism f : A → B such that f : ⟨A,∆A, eA⟩ → ⟨B,∆B, eB⟩ is a ⊗-comonoid morphism
and f : ⟨A,∇A, uA⟩ → ⟨B,∇B, uB⟩ is a ⊕-monoid morphism.

7.3. Remark. Let (X,⊗,⊤,⊕,⊥) be a SMLDC. Recall that (X,⊕,⊥,⊗,⊤) is a duoidal
category and Remark 4.11. It is then immediate that the following are equivalent:

� a medial bimonoid ⟨A,∆A, eA,∇A, uA⟩ in X,

� a duoidal bimonoid ⟨A,∇A, uA,∆A, eA⟩ in X, and

� a bilax duoidal functor from the terminal category

(A, uA,∇A, eA,∆A) : 1 → X

Moreover, the following are also equivalent:

� a medial bimonoid morphism f : ⟨A,∆A, eA,∇A, uA⟩ → ⟨B,∆B, eB,∇B, uB⟩ in X,

� a morphism of duoidal bimonoids f : ⟨A,∇A, uA,∆A, eA⟩ → ⟨B,∇B, uB,∆B, eB⟩ in
X, and

� a duoidal transformation between the bilax duoidal functors

f : (A, uA,∇A, eA,∆A) ⇒ (B, uB,∇B, eB,∆B) : 1 → X

We will frequently move between these different perspectives and rely upon the 2-categorical
nature of DUO in the proofs that follow, in order to avoid displaying large amounts of
commuting diagrams.
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Note, however, that all of the arguments could instead be proved by straightforward
diagram chasing, from the various coherence conditions for SMLDCs, bicommutative me-
dial bimonoids, and their morphisms.

It is immediate that the ⊗ and ⊕ units in a SMLDC have canonical medial bimonoid
structures, since, by Proposition 4.16, the units of a symmetric duoidal category are bilax
duoidal functors from the terminal category.

7.4. Proposition. Given a SMLDC X, the following structures

⟨⊤, u⊗⊤ : ⊤ → ⊤⊗⊤, 1⊤ : ⊤ → ⊤,∇⊤ : ⊤⊕⊤ → ⊤,m : ⊥ → ⊤⟩

⟨⊥,∆⊥ : ⊥ → ⊥⊗⊥,m : ⊥ → ⊤, u⊕⊥ : ⊥⊕⊥ → ⊥, 1⊥ : ⊥ → ⊥⟩
are bicommutative medial bimonoids.

Furthermore, medial bimonoids combine together via the tensor and par monoidal
products to produce new medial bimonoids.

7.5. Proposition. Consider a pair of bicommutative medial bimonoids ⟨A,∆A, eA,∇A,
uA⟩ and ⟨B,∆B, eB,∇B, uB⟩ in a SMLDC X. Then, the object A ⊗ B equipped with
morphisms

∆A⊗B = A⊗B
∆A⊗∆B−−−−−→ (A⊗ A)⊗ (B ⊗B)

τ⊗A,A,B,B−−−−−→ (A⊗B)⊗ (A⊗B)

tA⊗B = A⊗B
eA⊗eB−−−−→ ⊤⊗⊤

u⊗
−1
⊤−−−→ ⊤

∇A⊗B = (A⊗B)⊕ (A⊗B)
µA,B,A,B−−−−−→ (A⊕ A)⊗ (B ⊕B)

∇A⊗∇B−−−−−→ A⊗B

uA⊗B = ⊥ ∆⊥−−→ ⊥⊗⊥ uA⊗uB−−−−→ A⊗B

and the object A⊕B equipped with morphisms

∆A⊕B = A⊕B
∆A⊕∆B−−−−−→ (A⊗ A)⊕ (B ⊗B)

µA,A,B,B−−−−−→ (A⊕B)⊗ (A⊕B)

tA⊕B = A⊕B
eA⊕eB−−−−→ ⊤⊕⊤ ∇⊤−−→ ⊤

∇A⊕B = (A⊕B)⊕ (A⊕B)
τ⊕A,B,A,B−−−−−→ (A⊕ A)⊕ (B ⊕B)

∇A⊕∇B−−−−−→ A⊕B

uA⊕B = ⊥
u⊕

−1
⊥−−−→ ⊥⊕⊥ uA⊕uB−−−−→ A⊕B

are bicommutative medial bimonoids.

Proof. Given ⟨A,∆A, eA,∇A, uA⟩ and ⟨B,∆B, eB,∇B, uB⟩, these structures paired to-
gether determine a duoidal bimonoid in the duoidal category X×X. Recall that ⊗ and ⊕
are bilax duoidal functors X×X → X by Proposition 4.16. As such, by Proposition 4.12,
when ⊗ and ⊕ are applied to (A,B) in X× X, the paired duoidal structure is preserved
and we get the following duoidal bimonoids in X:

⟨A⊗B,∆A⊗B, eA⊗B,∇A⊗B, uA⊗B⟩ ⟨A⊕B,∆A⊕B, eA⊕B,∇A⊕B, uA⊕B⟩
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It remains only to demonstrate they are bicommutative. It follows immediately, by
Lemma 2.6 that ⟨A⊗B,∆A⊗B, eA⊗B⟩ is cocommutative. ⟨A⊗B,∇A⊗B, uA⊗B⟩ is a com-
mutative ⊕-monoid by the commuting diagram below.

(A⊗B)⊕ (A⊗B)
µA,B,A,B //

σ⊕A⊗B,A⊗B

��

(BDUO)

(A⊕ A)⊗ (B ⊕B)
∇A⊗∇B //

σ⊕A,A⊗σ⊕B,B

��

(CM)A,B

A⊗B

(A⊗B)⊕ (A⊗B) µA,B,A,B

// (A⊕ A)⊗ (B ⊕B)
∇A⊗∇B

CC

The proof that A⊕B is bicommutative follows similarly.

Let us for a moment consider our most important class of SMLDCs, the CLDCs, and
discuss the medial bimonoids present in these cases.

7.6. Proposition. Every object A in a CLDC X has a unique canonical bicommutative
medial bimonoid structure

⟨A, ⟨1A, 1A⟩ : A → A× A, tA : A → 1, [1A, 1A] : A+ A → A, bA : 0 → A⟩

and every arrow f : A → B in X is a medial bimonoid morphism with respect to them.

Proof. By Lemma 2.5, it is clear ⟨A, ⟨1A, 1A⟩, tA⟩ is the unique cocommutative ×-
comonoid structure on A and, dually, ⟨A, [1A, 1A], bA⟩ is the unique commutative +-
monoid structure on A. The proof that the structure maps satisfy (MB) is a simple
exercise using the canonical medial structure of a CLDC and universal properties. Once
more, by Lemma 2.5 and its dual, every arrow is a medial bimonoid morphism with re-
spect to these structures.

7.7. Definition. Let X be a SMLDC. Define B[X] to be the category of bicommutative
medial bimonoids and medial bimonoid morphisms in X.

The fact that this is in fact a category is immediate, as the category of commutative ⊕-
monoids and of cocommutative ⊗-comonoids in X are themselves be categories. However,
B[X] is more than a simple category. It is a SLDC.

7.8. Lemma. Let X be a SMLDC, then B[X] is a SLDC, with ⊗ and ⊕ monoidal struc-
tures as defined in Propositions 7.4 and 7.5.

Proof. Firstly, consider bicommutative medial bimonoids structures on objectsA,B,A′, B′

in X, and medial bimonoid morphisms f : A → B and g : A′ → B′. Viewed as morphisms
of duoidal bimonoids, the pair (f, g) is once again such a morphism in the duoidal cate-
gory X× X. Once more, by Proposition 4.16 and Proposition 4.12, we see that the bilax
duoidal functors ⊗ and ⊕ map (f, g) to morphisms of duoidal bimonoids

f ⊗ g : A⊗B → A′ ⊗B′ f ⊕ g : A⊕B → A′ ⊕B′

Therefore, ⊗ and ⊕ are inherited in B[X] from X.
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Now, consider bicommutative medial bimonoid structures on A,B,C in X. By Propo-
sition 5.9, the left linear distributor is a duoidal transformation. Now, once more by
Proposition 4.12, we see that the component map δLA,B,C is a morphism of duoidal bi-
monoids. As such, B[X] inherits δL from X.

The proofs that the other structure maps, the associators, the unitors and the braid-
ings, inherited by X, follows by the same argument, recalling Proposition 4.17 which
proves these maps are duoidal transformations.

7.9. Theorem. Let X be a SMLDC then B[X] is a CLDC.

Proof. B[X] satisfies the characterization in Proposition 5.1. Given a bicommutative
medial bimonoid ⟨A,∆A, eA,∇A, uA⟩, then the four maps ∆A, eA, ∇A and uA are them-
selves medial bimonoid morphisms as follows. By viewing the medial bimonoid as a bilax
duoidal functor (A, uA,∇A, eA,∆A) : 1 → X, the structure maps of such functors are
duoidal transformations by Proposition 4.18, and the component maps of duoidal trans-
formations are morphisms of duoidal bimonoids by Proposition 4.12. These are precisely
the component maps of the four natural transformations required in Proposition 5.1.

The conditions that the component maps form comonoid and monoid structures is
immediate by the definition of a bicommutative medial bimonoid and the remaining co-
herence conditions are satisfied as they correspond to precisely to the construction of the
tensor and par monoidal structures in B[X] as outlined in Propositions 7.4 and 7.5.

7.10. Example.

(i) Consider a SMC (X ,⊘, I), viewed as a SMLDC (X ,⊘, I,⊘, I) by Proposition 5.16.
Then, it is immediate that a bicommutative medial bimonoid in X is a bicommu-
tative bimonoid, or bialgebra, in the traditional algebraic sense. As such, B[X ] is
the category of bicommutative bimonoids and bimonoid morphisms in X , where the
inherited monoidal product is the biproduct, and therefore an example of a compact
CLDC.

(ii) Consider P-Coh, as defined in Definition 5.18. It is fairly straightforward to write
what conditions must be satisfied in P-Coh to obtain bicommutative medial bi-
monoids and medial bimonoid maps, although it is not particularly instructive. As
it stands, B[P-Coh] does not seem to provide a nice or recognizable CLDC, even for
simple choices of P. In fact, much of the work done in [30, Sec 4.12] is to build
particular classes of bimonoids in P-Coh, for P = {0, 1}. Note that the classes of bi-
monoids studied are somewhat different than our bicommutative medial bimonoids.
Nevertheless, we can adapt some of the results to demonstrate that B[P-Coh] is
non-trivial.

Firstly, B[P-Coh] is far from non-empty, since by [30, Prop 4.13], the following are
bicommutative medial bimonoids in P-Coh:
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7.11. Definition.Consider a poset A = (|A|,⊑), equipped with either the discrete
structure, ρA(a, a

′) = ⊥, or the codiscrete structure, ρA(a, a
′) = ⊤. Define the

following P-coherence maps

∆A : A → A⊗ A (a0, (a1, a2)) ∈ ∆A ⇐⇒ a0 ⊑ a1 ∧ a2

eA : A → ⊤ (a, ∗) ∈ eA ∀a ∈ |A|
∇A : A⊕ A → A ((a0, a1), a2) ∈ ∇A ⇐⇒ a0 ∨ a1 ⊑ a2

uA : ⊥ → A (∗, a) ∈ uA ∀a ∈ |A|

This is a bicommutative medial bimonoid, known as the diagonal-is-inf model.

Secondly, if P is non-trivial, B[P-Coh] is not isomix as the tensor and par units are
not isomorphic. A complete understanding of B[P-Coh] remains an open question,
particularly whether it is posetal for all P.

It is also important to note that negation is preserved by the B[−] construction.

7.12. Proposition. Let X be a SMLDC with negation, then B[X] is a CLDC with nega-
tion, and therefore a posetal distributive category, in the sense of [28].

Proof. It is easiest in this case to view the SMLDC with negation X as a ∗-autonomous
category with a full and faithful functor (−)⊥ : Xop → X satisfying X(A ⊗ B,C⊥) ∼=
X(A, (B ⊗ C)⊥). We can show that (−)⊥ extends to a functor on B[X]. Consider a
bicommutative medial bimonoid ⟨A,∆A, eA,∇A, uA⟩, define ⟨A⊥,∆A⊥ , eA⊥ ,∇A⊥ , uA⊥⟩ by

∆A⊥ = A⊥ (∇A)⊥−−−−→ (A⊕ A)⊥
∼−→ A⊥ ⊗ A⊥ eA⊥ = A⊥ (uA)⊥−−−→ ⊥⊥ ∼−→ ⊤

∇A⊥ = A⊥ ⊕ A⊥ ∼−→ (A⊗ A)⊥
(∆A)⊥−−−−→ A⊥ uA⊥ = ⊥ ∼−→ ⊤⊥ (eA)⊥−−−→ A⊥

This is a bicommutative medial bimonoid. Moreover, given any medial bimonoid mor-
phism f : ⟨A,∆A, eA,∇A, uA⟩ → ⟨B,∆B, eB,∇B, uB⟩, then f⊥ : B⊥ → A⊥ is a medial
bimonoid morphism. The proof of the necessary coherence conditions is straightforward
for anyone well-versed in categorical linear logic, but involves many technical details con-
cerning linear negation in SLDCs/∗-autonomous categories which have not been the focus
of this article, and therefore has been excluded for readability.

As (−)⊥ extends to B[X] and B[X] inherits its monoidal structures from X, it is
immediate that B[X] is a CLDC with negation. By Joyal’s paradox, detailed in [28,
Sec 4.2] for CLDCs, B[X] is a posetal distributive category.

With Theorem 7.9, the first part of the linearly distributive Fox theorem has been
established. It remains only to show that the B[−] construction extends canonically
to symmetric medial linear functors and transformations, giving a right adjoint to the
inclusion functor outlined in Proposition 6.7.

7.13. The Right Adjoint 2-Functor B[-].
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7.14. Lemma. Consider a symmetric medial linear functor F = (F⊗, F⊕) : X → Y be-
tween SMLDCs, then it canonically extends to a cartesian linear functor

B[F ] = (B[F ]⊗,B[F ]⊕) : B[X] → B[Y]
Proof. Consider a symmetric medial linear functor F = (F⊗, F⊕) : X → Y. Recall that

(F⊗,m⊥,m⊕,m
−1
⊤ ,m−1

⊗ ), (F⊕, n
−1
⊥ , n−1

⊕ , n⊤, n⊕) : (X,⊕,⊥,⊗,⊤) → (Y,⊕,⊥,⊗,⊤)

are bilax duoidal functors and therefore preserve medial bimonoids and medial bimonoid
morphisms by Proposition 4.12. Thus, given ⟨A,∆A, eA,∇A, uA⟩ in X, the object F⊗(A)
equipped with

∆F⊗(A) = F⊗(A)
F⊗(∆A)−−−−→ F⊗(A⊗ A)

m⊗
−1
A,A−−−−→ F⊗(A)⊗ F⊗(A)

eF⊗(A) = F⊗(A)
F⊗(eA)−−−−→ F⊗(⊤)

m−1
⊤−−→ ⊤

∇F⊗(A) = F⊗(A)⊕ F⊗(A)
m⊕A,A−−−−→ F⊗(A⊕ A)

F⊗(∇A)−−−−→ F⊗(A)

uF⊗(A) = ⊥ m⊥−−→ F⊗(⊥)
F⊗(uA)−−−−→ F⊗(A)

and the object F⊕(A) equipped with

∆F⊕(A) = F⊕(A)
F⊕(∆A)−−−−→ F⊕(A⊗ A)

n⊗A,A−−−→ F⊕(A)⊗ F⊕(A)

eF⊕(A) = F⊕(A)
F⊕(eA)−−−−→ F⊕(⊤)

n⊤−→ ⊤

∇F⊕(A) = F⊕(A)⊕ F⊕(A)
n⊕

−1
A,A−−−→ F⊕(A⊕ A)

F⊕(∇A)−−−−→ F⊕(A)

uF⊕(A) = ⊥
n−1
⊥−−→ F⊕(⊥)

F⊕(uA)−−−−→ F⊕(A)

are bicommutative medial bimonoid in Y. Moreover, given a medial bimonoid mor-
phism f in X, then F⊗(f) and F⊕(f) are medial bimonoid morphisms in Y. As such,
let B[F ]⊗,B[F ]⊕ : B[X] → B[Y] denote the functors mapping a bicommutative medial
bimonoid on A to the bicommutative medial bimonoid on F⊗(A) and F⊕(A) respectively,
and mapping medial bimonoid morphism f to F⊗(f) and F⊕(f) respectively.

Now, as the structure maps of bilax duoidal functors m−1
⊤ ,m−1

⊤ , n−1
⊥ and n−1

⊕ are bilax
duoidal transformations by Proposition 4.18, so are their inverses

m⊤ : ⊤ → F⊗(⊤) m⊗A,B : F⊗(A)⊗ F⊗(B) → F⊗(A⊗B)

n⊥ : F⊕(⊥) → ⊥ n⊕A,B : F⊕(A⊕B) → F⊕(A)⊕ F⊕(B)

By Proposition 4.12, the component maps are morphisms of the relevant duoidal bi-
monoids. Therefore, B[F ]⊗ can inherit m⊤ and m⊗ from F⊗, making it a ⊗-monoidal
functor, and B[F ]⊕ can inherit n⊥ and n⊕ from F⊕, making it a ⊕-monoidal functor.

Finally, by Proposition 6.2, the linear strengths

vR⊗A,B
: F⊗(A⊕B) → F⊕(A)⊕ F⊗(B) vR⊕A,B

: F⊗(A)⊗ F⊕(B) → F⊕(A⊗B)

are duoidal transformations. By the same argument as above, (B[F ]⊗,B[F ]⊕) : X → Y
inherits the linear strengths and is a well-defined cartesian linear functor.
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7.15. Lemma. Given a medial linear transformations α = (α⊗, α⊕) : F ⇒ G between
medial linear functors, it canonically extends to a linear transformation between cartesian
linear functors

B[α] = (B[α]⊗,B[α]⊕) : B[F ] ⇒ B[G]

Proof. This is immediate by Remark 6.4, which states that α⊗ and α⊕ are appropriately
duoidal transformations, and Proposition 4.12, which states that the components maps
of duoidal transformations are morphisms of duoidal bimonoids.

With the previous lemmas, we can state that the medial bimonoid construction is a
2-functor between the 2-category of SMLDCs and the 2-category of CLDCs as desired.

7.16. Proposition. B[−] : SMLDC → CLDC is a 2-functor.

Proof. By Theorem 7.9, Lemma 7.14 and Lemma 7.15, B[−] provides well-defined map-
pings, for 0-cells, 1-cells and 2-cells respectively, from SMLDC to CLDC. The proof that
this is 2-functorial follows immediately since composition in the 2-categories are defined
similarly and B[−]X,Y : SMLDC(X,Y) → CLDC(X,Y) is a forgetful functor.

It is fairly immediate that given a Frobenius medial linear functor F = (F⊗, F⊕) : X →
Y, the induced cartesian linear functor B[F ] : B[X] → B[Y] is itself Frobenius as the medial
bimonoid structure maps of F⊗(A) are equal to the ones of F⊕(A) in the Frobenius context.
Therefore:

7.17. Corollary. B[−] restricts to a 2-functor B[−] : SFMLDC → FCLDC.

We have finally arrived at the main result of our paper: B[−] is the right adjoint to
the inclusion 2-functor inc ⊢ B[−] : CLDC → SMLDC.

7.18. Theorem. (Linearly Distributive Fox Theorem)

inc ⊢ B[−] : CLDC → SMLDC

is a 2-adjunction.

Proof. To prove this 2-adjunction, we will provide the unit and counit 2-transformations.
Firstly, let us define the unit η : 1CLDC ⇒ inc; B[−]. Let (X,×,1,+,0) be a CLDC.

Recall Proposition 7.6, which states that every object A ∈ X has a canonical bicommu-
tative medial bimonoid structure

⟨A, ⟨1A, 1A⟩ : A → A× A, tA : A → 1, [1A, 1A] : A+ A → A, bA : 0 → A⟩

and every arrow f : A → B ∈ X is a medial bimonoid morphism with respect to these
structures. Then, let ηX : X → B[X] be the functor mapping objects in X to their canonical
medial bimonoid structures and which is identity on the arrows.

ηX is a symmetric monoidal functor between (X,×,1) → (B[X],×, ⟨1⟩) when equipped
with

m1 = 11 : 1 → 1 m×A,B = 1A×B : A×B → A×B
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as the canonical medial bimonoid structure on 1 described above is the same as as the
medial bimonoid structure on 1 when X is viewed as MLDC,

⟨1, u×1, 11,∇1,m⟩ = ⟨1, ⟨11, 11⟩, t1, [11, 11], b1⟩

and the canonical medial bimonoid structure on A×B is the same as the medial bimonoid
structure of the tensor product × in B[X] between the canonical structures on A and B,

⟨A×B,([1A, 1A]× [1B, 1B]); τ
×
A,A,B,B, (tA × tB);u×

−1
1 ,

µA,B,A,B; ([1A, 1A]× [1B, 1B]),∆⊥; (bA × bB)⟩
= ⟨A×B, ⟨1A×B, 1A×B⟩, tA×B, [1A×B, 1A×B], bA×B⟩

Similarly, ηX is a symmetric monoidal functor between (X,+,0) → (B[X],+, ⟨0⟩) when
equipped with

n0 = 10 : 0 → 0 n+A,B = 1A+B : A+B → A+B

Then, ηX = (ηX, ηX) : X → B[X] is a Frobenius cartesian linear functor, when equipped
with identity linear strenghts.

Let η : 1CLDC ⇒ inc; B[−] be defined to be the family of maps ηX = (ηX, ηX) : X →
B[X]. This is a 2-transformation as follows.

� η satisfies 1-cell naturality: Let F = (F×, F+) : X → X′ be a cartesian linear functor
between CLDCs X and X’. 1-cell naturality in this case means

ηX; B[inc(F )]× = F×; ηX ηX; B[inc(F )]+ = F+; ηX

Now, the functors in the first equation are defined as follows

ηX;B[inc(F )]× :

A 7→ ⟨F×(A), F×(⟨1A, 1A⟩);m×
−1
A,A, F×(tA);m

−1
1 , p+A,A;F×([1A, 1A]), p0;F×(bA)⟩

f 7→ F×(f)

F×;ηX :

A 7→ ⟨F×(A), ⟨1F×(A), 1F×(A)⟩, tF×(A), [1F×(A), 1F×(A)], bF×(A)⟩
f 7→ F×(f)

which are equal as the medial bimonoid structure on F×(A) is unique, since X’ is a
CLDC. One shows that the other equality holds as both sides are functors mapping
to the unique medial bimonoid structure on F+(A).

� η satisfies 2-cell naturality: Let F = (F×, F+), G = (G×, G+) : X → X′ be cartesian
linear functor between CLDCs X and X’, and α = (α×, α+) : F ⇒ G be a linear
transformation between them. 2-cell naturality in this context means

1ηX ; B[inc(α)]× = α×; 1ηX 1ηX ; B[inc(α)]+ = α+; 1ηX
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Now, looking at the component morphisms for each object A ∈ X, these are medial
bimonoid morphisms given by

(1ηX ; B[inc(α)]×)A = α×A = (α×; 1ηX)A

and therefore are equal. Similarly, for the second equality.

Secondly, let us define the counit ϵ : B[−]; inc ⇒ 1SMLDC. Let (X,⊗,⊤,⊕,⊥) be a
SMLDC, then define ϵX : B[X] → X to be the forgetful functor

⟨A,∆A, eA,∇A, uA⟩ 7→ A f 7→ f

It is immediate that ϵX = (ϵX, ϵX) : B[X] → X is a Frobenius medial linear functor when
equipped with identity structure maps and linear strengths. Let ϵ : B[−]; inc ⇒ 1SMLDC
be the family of maps ϵX = (ϵX, ϵX) : B[X] → X. It satisfies 1-cell and 2-cell naturality
fairly trivially and therefore it is a 2-natural transformation.

To prove the desired 2-adjunction, it remains solely to show the triangle inequalities.

inc(η); ϵinc = 1inc ηB[−]; B[ϵ] = 1B[−]

Consider a CLDC X, then

(inc(ηX); ϵinc(X))× = (1inc(X))× (inc(ηX); ϵinc(X))+ = (1inc(X))+

as the as the left-hand side functors are defined by

(inc(ηX); ϵinc(X))× = (inc(ηX); ϵinc(X))+ : A 7→ ⟨A, ⟨1A, 1A⟩, tA, [1A, 1A], bA⟩ 7→ A

f 7→ f 7→ f

Consider a SMLDC X, then

(ηB[X]; B[ϵ])⊗ = (1B[X])⊗ (ηB[X]; B[ϵ])⊕ = (1B[X])⊕

as the left-hand side functors are defined by

(ηB[X]; B[ϵ])⊗ =(ηB[X]; B[ϵ])⊕ : ⟨A,∆A, eA,∇A, uA⟩ 7→ ⟨⟨A⟩, ⟨1⟨A⟩, 1⟨A⟩⟩, t⟨A⟩, [1⟨A⟩, 1⟨A⟩], b⟨A⟩⟩
7→ ⟨ϵX(⟨A⟩), ϵX(⟨1⟨A⟩, 1⟨A⟩⟩); 1A⊗A, ϵX(t⟨A⟩); 1⊤, 1A⊕A; ϵX([1⟨A⟩, 1⟨A⟩]), 1⊥; ϵX(b⟨A⟩)⟩
= ⟨A,∆A, eA,∇A, uA⟩

The final equality follows by Theorem 7.9, since the unique maps induced by the universal
properties of (co)products in B[X] are given by the structure maps of the medial bimonoids
themselves, in other words

⟨1⟨A⟩, 1⟨A⟩⟩,= ∆A t⟨A⟩ = eA [1⟨A⟩, 1⟨A⟩] = ∇A b⟨A⟩ = uA
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7.19. Remark. With our main theorem proved, let us just reaffirm that a key reason it
works is due to duoidal category theory. The theorem holds because CLDCs are canoni-
cally duoidal via their cartesian and co-cartesian structure, because MLDCs are coherently
duoidal, because medial bimonoids are duoidal bimonoids for this structure and because
medial linear functors/transformations are paired bilax duoidal functors/transformations
which preserve duoidal bimonoids. In essence, buried within the linearly distributive Fox
theorem is a duoidal Fox theorem. In fact, it would not be particularly difficult to state
and prove this duoidal variant in full, the work in [1, Chap 6] and Subsection 5.5 having
done most of the heavy lifting.

Given that the component maps of the unit and counit of the adjunction are Frobenius,
it is immediate that the 2-adjunction restricts to the Frobenius context:

7.20. Corollary. inc ⊢ B[−] : FCLDC → SFMLDC is a 2-adjunction.

Perhaps the most commonly used result of the traditional of the Fox theorem is that
a SMC is cartesian if and only if it is isomorphic to its category of comonoids, as stated
in Corollary 2.9. We can of course state an analogous Corollary for SMLDCs.

7.21. Corollary. Given a SMLDC X, there exists a CLDC Y such that X ∼= inc(Y) if
and only if there exists an isomorphism X ∼= inc(B[X]).

Proof. (⇒) Note first that since inc is fully faithful, the unit of the adjunction is an
isomorphism and as such inc(ηY) is invertible for any Y ∈ CLDC. In particular, this means
the adjunction is idempotent, in the sense of [24, Sec 2.3]. Now, consider X ∈ SMLDC

such that there is a Y ∈ CLDC with X ∼= inc(Y), then following is an isomorphism

X ∼= inc(Y) inc(ηY)−−−−→ inc(B[inc(Y)]) ∼= inc(B[X])

(⇐) Consider X ∈ SMLDC such that X ∼= inc(B[X]) and let Y = B[X], then X ∼=
inc(Y).

The above corollary can be unwrapped to give an explicit description in terms of
medial bimonoid maps, as in the case of traditional cartesian categories.

7.22. Corollary. A SMLDC is cartesian if and only if there are natural transforma-
tions

∆A : A → A⊗ A eA : A → ⊤ ∇A : A⊕ A → A uA : ⊥ → A

such that, ⟨A,∆A, eA,∇A, uA⟩ determines a bicommutative medial bimonoid, and

∆A⊗B = (∆A ⊗∆B); τ
⊗
A,A,B,B eA⊗B = (eA ⊗ eB);u

R
⊗
−1

⊤

∇A⊗B = µA,B,A,B; (∇A ⊗∇B) uA⊗B = ∇⊤; (uA ⊗ uB)

∆A⊕B = (∆A ⊕∆B);µA,A,B,B eA⊕B = (eA ⊕ eB);∆⊥

∇A⊕B = τ⊕A,B,A,B; (∇A ⊕∇B) uA⊕B = uR
⊕
−1

⊥ ; (uA ⊕ uB)
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∆⊤ = uR
⊗⊤ e⊤ = 1⊤ ∇⊥ = uR

⊕⊥ u⊥ = 1⊥

e⊥ = u⊤ = m

This is essentially an amalgamations of Proposition 5.1 and Corollary 5.2, developed
at the start to get a better understanding of the underlying structure of CLDCs.
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