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OPEN CONDENSED SUBGROUPS AND MACKEY’S FORMULA

JIACHENG TANG

ABSTRACT. We define what it means for a condensed group action to be open (following
[1]) and show that for open subgroups, many elementary results about abstract modules
hold for condensed modules, such as the existence of Mackey’s Formula for condensed
groups. We also indicate how these results can be “solidified” to obtain their solid
versions.

1. Introduction

Condensed mathematics was recently developed as a categorical framework to combine
algebra and topology, in a way that behaves better than the classical theory of topological
groups and modules (see [2]). One natural question to ask is how condensed modules and
cohomology compare to other theories, such as abstract modules and cohomology. There
are obvious ways we can define (co)induction and restriction (Definition 3.1), but it turns
out that unlike the abstract case, restriction of condensed groups does not always preserve
projectives (Lemma 3.4). Since this is such an important property of abstract modules,
one is led to think about when restriction of condensed groups does preserve projectives.

In [1], Scholze defines what it means for a condensed subgroup H of G to be open, which
happens if and only if the quotient condensed set G/H comes from a discrete topological
space (Proposition 4.5). In this case, we can decompose G into a coproduct of cosets of
H, as in the abstract case, which is sufficient to prove many of the basic results about
abstract modules or cohomology. For example, the paper [3] proves that restriction to an
open subgroup does preserve projectives ([3, Lemma 3.0.9]). As a further illustration, we
will show that the condensed analogue of Mackey’s Formula holds when we have an open
subgroup (Theorem 5.5). The key takeaway from this paper should not be any of these
results (since the proofs are all formal), but rather the fact that there is a good notion
of openness, and that for open subgroups, many elementary results for abstract modules
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transfer directly to the condensed setting. This means that open subgroups are either
interesting or uninteresting, depending on the reader’s point of view.

We will assume knowledge of basic category theory (refer to [4]), sheaf theory (refer
to [5]), condensed mathematics (refer to [2]), and group cohomology (refer to [6]). Some
of our examples will come from profinite groups (refer to [7]), and the reader can find an
introduction to condensed modules in the appendix of [8].

In Section 2, we will fix notations and define condensed group actions in the obvious
way. In Section 3, we define (co)induction and restriction and discuss some of their
basic properties. The main point, as mentioned above, is that restriction does not always
preserve projectives (Lemma 3.4). In Section 4, we generalise the idea from [1] slightly and
define what it means for a condensed group action on a condensed set X to be open, which
allows us to decompose X into its orbits (Propositions 4.5 and 4.7). As a consequence, the
condensed analogues of many results from abstract module theory and cohomology hold
for open subgroups, as we shall see in Section 5, including Mackey’s Formula (Theorem
5.5). Some of our corollaries were already proven in [3] when the condensed ring is Z,
but its arguments clearly extend to all condensed rings. We point out that unlike the
abstract case, the category CondAb of condensed abelian groups does not have enough
injectives (see [9]). In Section 6, we indicate how some of the results from Section 5 can
be “solidified” to obtain analogous statements for solid modules.

Remark: Whenever we write “=" in this paper, we mean isomorphic, usually canoni-
cally isomorphic (or equivalent in the case of categories).

Convention: All rings are associative with a 1 but are not necessarily commutative.

2. Notations

Let CHED denote the category of compact Hausdorff extremally disconnected topological
spaces. Recall the following definition from [2] (ignoring set-theoretic issues):

2.1. DEFINITION. A condensed set/group/ring/. .. is a sheaf of sets/groups/rings/. .. on
the site CHED, with finite jointly surjective families of maps as covers. That is, a
condensed set/group/ring/. . .is a functor

7: CHED®® — Set/Grp/Ring/ ...
such that T (@) = % and for any Sy, S, € CHED, the natural map
T(S1US2) = T(S1) x T(S2)
18 a biyjection.

Given a condensed set/qroup/ring/... T, we call the collection of global sections T (x)
its underlying set/group/ring/. ...

Let CondSet, CondGrp, CondAb and CondRing denote respectively the (large)
categories of condensed sets, condensed groups, condensed abelian groups, and condensed
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rings. Note that CondSet and CondGrp have all (small) limits and colimits. Limits
and filtered colimits are computed pointwise, while general colimits have to be further
sheafified. Given T' a (T'1) topological space/group/ring/..., we write T’ = C(—,T) for
the associated condensed set/group/ring/. ...

2.2. DEFINITION. Let G be a condensed group and X a condensed set. We say that G
acts on X (on the left), or that X is a (left) G-set, if there is a natural transformation
G X X — X such that for each S € CHED, the function of sets G(S) x X(S) — X(95)
makes X (S) a G(S)-set. Equivalently, X is a (left) G-object in the monoidal category
(CondSet, x). Let us denote the category of G-sets (and G-maps) by CondSet(G).

The orbit set or quotient set G\X of the action is the condensed set defined pointwise
by (G\X)(S) = G(S)\X(S), which does define a sheaf.

We define right actions similarly.

Let G, H be condensed groups and X a condensed set. We say that X is a G-H-biset
if it is a left G-set and a right H-set and the actions commute. FEquivalently, X is a
G-H-bimodule object in (CondSet, x). We define orbit sets here similarly.

Remark: We can canonically identify G-H-bisets with left (G x HP)-sets. Very often,
we will not indicate whether we are talking about left or right actions: this should either
be clear from context, or it does not matter which side we consider.

2.3. DEFINITION. Let G be a condensed group. A (condensed) subgroup of G is a con-
densed group H together with an injective map H — G of condensed groups, i.e. a natural
transformation H — G such that for each S € CHED, the map H(S) — G(S) is an
injective group homomorphism. In this case, we write H < G. The quotient set G/H is
the orbit set where H acts on G on the right by multiplication.

3. (Co)induction and Restriction

Given a condensed ring R, let CMod(R) denote the (large) category of condensed R-
modules. Given a right R-module M and a left R-module N, we can define their
tensor product M ®x N' € CondAb by (M @z N)(S) = M(S) ®r(s) N(S). Given
M, N € CMod(R), there is also an enriched Hom Homy, (M, N) € CondAb defined by
Homg (M, N)(S) = Homg (Z[S] ® M, N'), where ® means ®z = ®z. See [8, pages 25-27]
for more details.

For a condensed ring R and a condensed group G, let R[G] = R ® Z[G] denote the
corresponding condensed group ring. Note that R[G]-modules are precisely R-modules
which are also G-modules where the actions commute.

Remark: It is common in most literature on groups rings to assume that R is commuta-
tive, which is needed to make CMod(R[G]) symmetric monoidal with diagonal G-action,
for example. However, we will not require R to be commutative at any point below.
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3.1. DEFINITION. Let R be a (fixved) condensed ring and H < G be condensed groups. If
M is a (condensed) right R[H]-module, its induced module (from H to G) is

Ind% M=M QR[H] RG],

which is a right R|G]-module.
On the other hand, its coinduced module (from H to G) is

Coind% M = HomR[H] (R[G], M),

which is also a right R[G]-module.

If N is an R[G]-module, its restricted module (from G to H), denoted by Resi, N, is
simply N viewed as an R[H]-module via the inclusion R[H] — RI[G]. We will often abuse
notation and write the restricted module as just N.

Recall that given R, R’ condensed rings, K a right R-module, M an R-R’-bimodule,
and AV a right R’-module, we have the Hom-tensor adjunction (see [8, Proposition A.21])

Homg (K, Homg, (M, N)) = Homg/ (K @z M, N).

As a special case, we have the following.

3.2. PROPOSITION. [3] Lemma 3.0.8 Let R be a condensed ring and H < G condensed
groups. Then induction is left adjoint to and coinduction is right adjoint to the restriction
functor CMod(R[G]) — CMod(R[H]). In particular, induction preserves projectives.

PRrROOF. We use the adjunction stated just before the proposition.
For induction, let N be a right R[G]-module. Note that Homp g (R[G], ), where RG]
is viewed naturally as an R[H]-R[G]-bimodule, is just N viewed as a right R[H]-module.
For coinduction, let K be a right R[G]-module. Note that K ®xig R[G], where R[G] is
viewed naturally as an R[G]-R[H]-bimodule, is just K viewed as a right R[H]-module. m

3.3. LEMMA. Let R be a fixed condensed ring and let H < G be condensed groups. Then
the induction functor Indf,(—): CMod(R[H]) — CMod(RI[G]) is ewact. In particular,
RI[G] is flat over R[H] i.e. the functor

(—) @rp R[G): CMod(R[H]) — CondAb

15 exact.

PROOF. It suffices to prove exactness on the level of presheaves, where we can do so
pointwise, but this is obvious because in the abstract case, R|G| is free (so flat) over R[H].
u
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As stated in the proof above, one useful phenomenon that occurs in the abstract (or
profinite) case is that given groups H < G, the group ring R[G] is free as an R[H]-module,
which then implies that restriction from G to H preserves projectives. The analogue of
this in the condensed setting is false:

3.4. LEMMA. [10] Lemma A.2.1 Suppose X is a (T'1) compact topological space such that
Z|X] is a projective condensed abelian group. Then X is totally disconnected.

Take any non-totally disconnected compact topological group G, such as the circle
group S'. Then Z[G] = Z|G] is not projective in CondAb i.e. Z[G] is not projective
when restricted to the trivial subgroup. In particular, unlike induction (Lemma 3.3), the
coinduction functor Coind§,(—): CMod(R[H]) — CMod(R[G]) isn’t always exact.

One issue here is that, unlike in the abstract case, we cannot always express the
condensed group G as a disjoint union of copies of the subgroup H. However, we should
be able to do so if H is “open” in G, in which case the cosets of H in G should form an
“open cover” of G. We take inspiration from [1] for the next definition.

4. Open Actions

4.1. DEFINITION. Let G be a condensed group and X a left G-set. Given x € G\X (),
the orbit Gx € CondSet s the pullback

Gr — x

L[

X —— G\X

We say that the G-action on X is open if for any S € CHED, any map S — X and
any x € G\X (x), the condensed set pullback S Xy Gz is representable by an open subset
of S. We define right orbits and open right actions similarly.

Given H < G condensed group, we say that H is open in G if for any S € CHED and

any map S — G, the condensed set pullback S xg H is representable by an open subset of
S.

4.2. EXAMPLE.

(i) Let H < G be condensed groups. If the action of H on G (by right multiplication) is
open, then clearly H is an open subgroup of G (pick x =1 € G/H(x) in the second
definition above). Conversely, if H is open in G, then the right action of H on G
is open. To see this, note that given g € G/H(*) and a map S — G, we can view
the pullback S xg gH as the pullback of the composite S — G — G along H — G,
where the map G — G is “multiplication by g='” (or more accurately, multiplication

by (¢'), where ¢ € G(x) is a lift of g).
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(i1) As pointed out in [1], if G is a (T'1) topological group and H is an open (so clopen)
subgroup, then H is open in G in the above sense. Indeed, given a map S — G 1i.e.
a continuous map f: S — G, let P = f~Y(H), which is a clopen subset of S, so in
particular also in CHED. Then P is the required representable pullback since (—)
preserves limats. -

(iii) More generally, let G be a topological group acting continuously on a topological space
X, such that the quotient space G\X is discrete, and such that for each x € X, the
map G — Gz, g — gz has a continuous section (for example, these conditions are
satisfied in (ii)). Then the induced action of G on X is open.

(iv) It is clear from the definition that a G-action on X is open if and only if the trivial
G-action on G\X is open.

Remark: In Definition 4.1, we could have replaced CHED everywhere with Pro, the
category of profinite spaces, if we wanted. Indeed, suppose for any S € CHED), the
pullback S Xy Gz is representable by an open subset of S. Given a profinite space T', we
can find some S € CHED with a surjection S — T, which is automatically a quotient
map. Let Q =T Xy Grand P =5 xp Q =5 Xy Gz, where P C S is open. By giving
Q(x) C T the subspace topology from T, we see that P = S X7 Q(x) is a pullback in
Top (and Q(x) C T is clopen because S — T is a quotient map), so that P = S x¢ Q(x).
Finally, the map S — T is an epimorphism, so Q@ = Q(x) is representable by an open
subset of T'. -

Given a set/group/ring. .. A, let A(A) denote the constant presheaf on CHED with
value A, and let Ag(A) denote the presheaf defined by Ag(A)(S) = A if S # @, and
Ag(A)(2) = *. By mimicking the proof of [8, Lemma A.4], we see that the sheafifications
of A(A) and Ay(A) are both A = C(—, A), where A is given the discrete topology.

4.3. LEMMA. Let X be a (discrete) set and Y a condensed subset of X i.e. there is an
injection Y — X. Then Y is discrete i.e. Y = Y(x), where Y(x) is given the discrete
topology.

PROOF. Let Y = Y(x). There is clearly an injection of presheaves Ao(Y) < Y and hence
of sheaves Y — Y, so it suffices to show that the final map is pointwise surjective (this is
in general stronger than being a sheaf epimorphism). Given S € CHED and an element
f e Y(S) ie amap f: S — Y, its image ' in X(S) = C(S,X) has finite image as
a function (since S is compact and X is discrete), so it suffices to prove that f has a
preimage in Y (S) whenever f' is a constant function, say with value x € X. But then
r €Y, sowe’re done. n

4.4. LEMMA. Let X be a (discrete) set and G a condensed group acting on X. Then the
action is open (cf. Example 4.2(iii)).

PROOF. Suppose we are given S € CHED and a map S — X i.e. a continuous map
S — X. For each v € G(x)\X, the orbit Gz C X is discrete by Lemma 4.3, so we can
simply take the pullback S x x G(x)x in Top. [
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We can easily obtain the following result by generalising the proof in [1].

4.5. PROPOSITION. Let G be a condensed group and X a G-set. Then the action is open
if and only if the quotient set G\X is discrete. In this case, we have an isomorphism
X = erg\x(*) Gx of G-sets, which decomposes X into its orbits.

PROOF. Let G = G(x) and X = X(x) be the underlying group/set of the objects in
question. If the quotient G\X is discrete i.e. G\X = G\X, where G\X is given the
discrete topology, then by Lemma 4.4, the trivial G-action on G\X is open, so the original
G-action on X 1is open.

Conversely, assume that the G-action on X is open. Suppose we are given S € CHED
and a map S — X. For each x € G\X, let S, C S be the open subset representing the
pullback S x x Gx. By looking at the underlying sets, we see that S = ]_[G\X Sz, where only
finitely many of the Sy are non-empty by compactness. Thus, the family {S, — S}ta\x
covers S in the Grothendieck topology on CHED. Similarly, given a map S — G\X and
x € G\X, the pullback of S — G\X along x: *x — G\X is also representable by an open
subset S7, C S, and these form a covering family {S), — S}e\x.

Recall that Ag(A) is the presheaf on CHED that takes value x* at @ and value A
elsewhere. There is an injection of presheaves (of sets) ¢: No(G\X) — G\X and hence
an injection of sheaves G\X — G\X. The covering family {S, — S}ta\x defined above
shows that ¢ is locally surjective, so that G\X = G\X (see [5, Corollary II1.7.6]) i.e.
G\X s discrete. Similarly, we have an injection of presheaves and hence of sheaves
HG\X Gx — X. The covering family {S, — S}e\x from above then shows this is an
isomorphism. Note that this is not just an isomorphism of condensed sets, but also of
G-sets with the obvious actions. Indeed, since sheafification commutes with finite products
and arbitrary coproducts, it suffices to check this on the level of presheaves, where it’s
clear. [

4.6. EXAMPLE.

(i) In the special case of the above proposition when H is an open subgroup of a con-
densed group G, we obtain the decomposition G = HQ/H(*) gH of [1]. Note that a
condensed subgroup H is open in G if and only if the quotient set G/H is discrete.

(i1) If G is an abstract group acting on a set X, we always have an orbit decomposition
X = HG\X Gz. The functor (—): Set — CondSet preserves colimits (being left
adjoint to the global sections functor), so we get the condensed set decomposition
X = HG\X Gx. Indeed, by Lemma 4.4, the action of G on X s open, so the above
proposition generalises orbit decompositions of discrete group actions.

(i1i) Let G be a profinite group acting continuously on a profinite space X. Then we
cannot in general decompose X into its (profinite) orbits, but if the conditions of
Ezxample 4.2(iii) are satisfied (in particular for the multiplication action by an open
subgroup), then we do have a decomposition X = Hg\X Gz into a finite disjoint
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union, and applying (—) shows that the above proposition generalises orbit decom-
positions of some profinite group actions.

We can actually generalise the claims of Proposition 4.5 into ones for bisets, which we
will need later.

4.7. PROPOSITION. Let G, H be condensed groups and X a G-H-biset such that the left
G-action on X is open (or the right H-action is open). Then the quotient set G\X /H is
discrete. Moreover, we have an isomorphism X = erg\X/H(*) GxH of G-H-bisets, which
decomposes X into its double orbits.

PROOF. Let G = G(x), H = H(x) and X = X(x). We can view G\X /H as the quotient
set of the induced right H-action on G\X, so G\X/H is discrete by Lemma J.4 and
Proposition 4.5.

We now decompose X into its left G-orbits and then group them into G-H-double orbits.
Choose set sections f of X — G\X and g of G\X — G\X/H. By Proposition /.5 again,
we have the orbit decomposition X = HyeG\X Gf(y). As underlying sets, there is certainly
a decomposition G\X = [ co\x i 9(x)H, so we have X =[], cc\x/m Hequym 91 W)

On the other hand, for each x € G\X/H, there is an induced action of G on the orbit
Glfg(x)|[H C X which is still an open action. We can canonically identify the underlying
quotient set G\(G[fg(x)|H) with g(x)H as subsets of G\X, so by Proposition 4.5, we

have
x= 1 II 9rw= I 9lrenn.

r€G\X/H yeg(x)H z€G\X/H

Although we have chosen some set sections to improve readability, the final decompo-
sition is canonical and does not depend on any lifts. [

Remark: An alternative proof of the above proposition is to directly mimic Proposition
4.5. We shall leave it to the reader to define what it means for a G-H-action to be open
(mimic Definition 4.1), but as suggested by the above proposition, this is implied by either
the G-action or the H-action being open, so is not that interesting.

5. Corollaries and Mackey’s Formula

We shall now see that for open subgroups, (co)induction and restriction of condensed
groups behave very much like in the abstract case (apart from anything that involves
injective modules; see [9]). The author later discovered that some of these have already
been proven in [3] when the condensed ring is Z, but its arguments clearly work for any
condensed ring.

5.1. COROLLARY. [3] Lemma 3.0.9 Let R be a fized condensed ring and let H < G be
condensed groups with H open. Then restriction from G to H preserves projectives.
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PROOF. It suffices to show that restriction preserves the projectivity of the projective
generators Z[S] ® R[G], S € CHED (see [8, Theorem A.15]). Note that the functor
Z|—]: (CondSet, x) — (CondAb, ®) is monoidal (see [8, Corollary A.11]), so induces
a functor CondSet(H) — CMod(Z[H)]) which is left adjoint to the forgetful functor
CMod(Z[H]) — CondSet(H). Thus, by applying Z[—] to the decomposition of G in Ex-
ample 4.6(i), we see that Z|G] = @g 3.y LIH] as Z[H]-modules. Now note that the forget-
ful functor CMod(R[H]) — CMod(Z[H]) has a left adjoint (—) ® R: CMod(Z[H]) —
CMod(R[H]), so Z[S] ® R[G] = Dg /2. (Z]S] @ R[H]) as right R[H]-modules for each
S € CHED, completing the proof. n

Remark: Note that [3, Lemma 3.0.9] proves this by establishing a non-canonical H-
isomorphism G = (G/H) x H, whereas the decomposition G = [[ 3., gH from Example
4.6(i) is canonical and does not depend on a section G/H(x) — G(x).

One important notion in abstract group theory is the property of having finite index:
a subgroup H has finite index in G if the set G/ H is finite. But what does “finite” mean
in the condensed setting? Recall that to avoid set-theoretic difficulties, we only want to
consider T'1 topological spaces (see [2, Proposition 2.15]). Now a finite T'1 topological
space is discrete, so a condensed set should be called finite precisely when it is discrete
and the underlying set is finite. This seems like a natural way to define “finite index” in
the condensed world.

5.2. DEFINITION. Let H < G be condensed groups. We say that H has finite index in G
if H is open in G and the quotient G/H(x) is finite i.e. if the G/H is finite as a condensed
set.

5.3. COROLLARY. [3] Lemma 3.0.11 Let R be a fized condensed ring and let H < G be
condensed groups with H of finite index. Then induction and coinduction (from H to G)
are canonically isomorphic.

PROOF. By Proposition 4.5 and the argument in Corollary 5.1, we have an R[H]-module
isomorphism R[G] = g 3. RIH], where the direct sum is finite. We then have, for
M € CMod(R[H]), that

md{ M= M= [] M = Coind{, M.
G/H (%) G/H(*)

This might seem to only be an isomorphism of R[H]-modules (or even of condensed abelian
groups), but it is in fact canonically an R[G]-module isomorphism, as we will explain
below. ]

Let us now explain why the isomorphism in the proof above is an R[G]-module iso-
morphism. Recall the decomposition G =[] ) M9 of Example 4.6(i), where H is an
open subgroup of G (now acting on G on the left). We only claimed that this is an iso-
morphism of left H-sets, but in fact we can use this isomorphism (of condensed sets) to
induce a G-G-action on [], JH() Hg, exactly as in the abstract case. Note that this new
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left G-action is compatible with the original left H-action. In this way, the decomposition
(tautologically) becomes a G-G-biset isomorphism. Applying R[—] then gives an RI[G]-
R[G]-bimodule isomorphism R[G] = Dy 5. R[Hg], which is what we used in the proof
above.

We can play a similar game with double cosets. Let H,K < G be condensed groups
with ‘H open (or K open). Then by Proposition 4.7, we have an isomorphism G =
o6 i) H9K of H-K-bisets. Applying R[] then gives an R[H]-R[K]-bimodule iso-

morphism
= P RIHyK].
H\G /K ()

If M € CMod(R[H]), then applying M &g (—) to the above gives an R[K]-isomorphism

Res,C Indg M = M @z RG] = @ M ®rpg R[HgK].
H\G /K (%)

Hopefully, this is starting to look familiar.

Given two subgroups H,K < G, we can define their intersection H N K pointwise,
which is a condensed subgroup of G. Alternatively, it is the pullback H x¢g IC. Given
H < G and g € G(*), we can naturally form the conjugate g~*Hg, which is a condensed
subgroup of G. It is easy to check that if H and K are open subgroups of G, then so are
HNK and g-'Hg. The condensed set Hg is a right g~'Hg-set, so we can restrict it to
become a K N g~ 'Hg-set.

5.4. LEMMA. Let H,K < G be condensed groups and g € G(x). Then there is an R[H]-
R[K]-bimodule isomorphism R[Hg] @rjxcng-11g RIK] = R[HgK].

PROOF. It suffices to show this on the level of presheaves, but we know this is true in the
abstract case. Explicitly, the (presheaf) isomorphism is given left-to-right by hg®k — hgk.
]

Combining what we have above, we finally obtain:

5.5. THEOREM. [Mackey’s Formula] Let H,KC < G be condensed groups with H open (or
IC open) and let M be a right R[H]-module, where R is a fized condensed ring. Then
there is an R[K]-module isomorphism

Res{ Ind§, M = @ Indjc 194 Res,mg_ng(/\/l Qrm) R[Hg)).
gEH\G/K (%)

6. The Solid Theory

We shall now consider solid modules (refer to [2, Lecture V] or [8, Section 3.2]). For a
condensed ring R, let Solid(R) denote the category of solid R-modules i.e. condensed
R-modules which are solid as condensed abelian groups. Given a condensed ring R and
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a condensed group G, their solid group ring is the solid ring R[G|™ = R™ @" Z[G]". Note
that there is a canonical equivalence between the category of solid R[G]|®-modules and
the category of solid R[G]-modules.

We can define the solid versions of most of the concepts above in the obvious way. For
example, if H < G is a condensed subgroup and M € Solid(R[H|"), its induced (solid)
module (from H to G) is

Indg® M = (Ind§, M)® = M @R, 1w RG],
while its coinduced module is simply
Coindj* M = Coind§, M = Homy, ;m(R[G]", M),

since this is already solid (see [8, Lemma 3.13]). One can easily state and prove the solid
analogues of Proposition 3.2, Corollary 5.1, Corollary 5.3 and Theorem 5.5 by simply
solidifying the corresponding result/argument from above (noting that the solidification
functor preserves colimits and is monoidal etc., see [2, Theorems 5.8 and 6.2] or [8, page
13]). Let us do this for Theorem 5.5 (Mackey’s Formula) as an illustration.

Let H,K < G be condensed groups with H open and let M be a right solid R[H]"-
module, where R is a fixed condensed ring. By treating M as a (solid) R[H]-module, we
obtain from Theorem 5.5 an R[K]-module isomorphism

-1
Res{ Indf, M = @  Indkn, 13, Resi 4, (M @rpy R[Hg)).
gEHNG/K (%)

Now we can apply the solidification functor (—)® to the above formula to get a (solid)
R[K]"-module isomorphism

-1
Res{™ Ind{* M = @ Indjch, 154, Rengm;f?;[g(M Rrpm R[H"),
gEH\G/K (%)

which is the solid version of Mackey’s Formula.

Note that this is a direct generalisation of Mackey’s Formula for profinite groups ([7,
Proposition 6.11.2]). Indeed, if R is a profinite ring and H, K < G are profinite groups
with H open, then the condensation functor (—) from profinite modules to solid modules
preserves all operations appearing in Mackey’s Formula. To be precise, note that H is
open in G (Example 4.2(ii)), and that (—) preserves groups rings ([11, Lemma B.4(i)]),
tensor products ([8, Proposition 3.20(iii)]), and limits ([8, Lemma 3.8(i)]), so in particular
finite coproducts and pullbacks.

We point out that the solid analogue of Lemma 3.3 is not necessarily true. In fact,
the author believes that it is probably false. An unpublished example of Efimov shows
that the solid abelian group [[;Z is not flat with respect to @" when |I| = 220 g0 if
there exists a profinite group G such that C(G,Z) = @;Z for this index set I, then
Z|G]™ =[], Z is not flat over Z.
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Let us take a look at the solid analogue of Corollary 5.1, which says that for H < G an
open subgroup, (solid) restriction preserves projectives. Suppose H = H and G = G come
from profinite groups H < G, and the condensed ring is also profinite. Then we know
that restriction always preserves projective profinite modules, regardless of whether H is
open (see [7, Corollary 5.7.2(b)]), so it would seem like the solid analogue of Corollary 5.1
is considerably weaker than expected. Indeed, for profinite groups we can strengthen the
result.

6.1. LEMMA. Let R be a condensed ring (not necessarily profinite) and H < G profinite
groups. Then the restriction functor Solid(R[G]") — Solid(R[H]™) preserves projectives.

PROOF. As profinite left H-sets, we have (non-canonically) G = H x G/H, so G =
H x G/H. Applying R[—|" shows that R|G|™ = R[H|® " Z|G/H]" as R[H]|"-modules,
so for each S € CHED, we have R[G]" @® Z[S|™ = R[H]|"®@"Z[(G/H) x S|", as required.
Note that we used the fact that Z[T|™ is a projective solid abelian group for every profinite

space T', rather than just for the extremally disconnected ones. n

Remark: The same argument shows that more generally, for R a condensed ring and
H < G condensed groups, restriction of solid modules from G to H preserves projectives
if the quotient G/H is representable i.e. if G/H = X for some profinite space X. (Here,
we are viewing condensed objects as sheaves on Pro rather than CHED.) Note that this
observation is not entirely trivial: we might not be able to write G = H x G/H,, since there
might not be a (natural) section of G - G/H. However, if G/H = X is profinite, then to
give a map X — G is the same as to give an element of G(X), which we can choose to be
any preimage under G(X) — X (X) of the identity map on X. This will be a section of
G — X and gives us the required (non-canonical) decomposition G = H x G/H.
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