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ABSTRACT. We investigate how to add a symmetric monoidal structure to quantaloids
in a compatible way. In particular, dagger compact quantaloids turn out to have prop-
erties that are similar to the category Rel of sets and binary relations. Examples of
such quantaloids are the category qRel of quantum sets and binary relations, and the
category V-Rel of sets and binary relations with values in a commutative quantale
V. For both examples, the process of internalization structures is of interest. Discrete
quantization, a process of generalizing mathematical structures to the noncommutative
setting can be regarded as the process of internalizing these structures in qRel, whereas
fuzzification, the process of introducing degrees of truth or membership to concepts that
are traditionally considered either true or false, can be regarded as the process of inter-
nalizing structures in V-Rel. Hence, we investigate how to internalize power sets and
preordered structures in dagger compact quantaloids.
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1. Introduction

The work we present here evolved from the research on mathematical quantization via
quantum relations. Here, mathematical quantization, also briefly called quantization,
refers to the process of generalizing mathematical structures to the noncommutative set-
ting, typically in terms of operators on Hilbert spaces. For example, because of Gelfand
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duality between locally compact Hausdorff spaces and commutative C*-algebras, one can
regard general C*-algebras as noncommutative generalizations of locally compact Haus-
dorff spaces, and many theorems on locally compact Hausdorff spaces can be generalized
to arbitrary C*-algebras. This observation is crucial in the program of noncommutative
geometry [6], in which the concepts and tools of geometry are generalized to the non-
commutative setting. Another example is provided by von Neumann algebras, which
can be regarded as noncommutative generalizations of measure spaces. The reason why
one could be interested in such noncommutative generalizations is because most quan-
tum phenomena can be described in terms of noncommutative structures. Since many
of these phenomena have classical counterparts; noncommutative generalizations of the
mathematical structures describing these classical counterparts often can be used to de-
scribe the quantum phenomena. For example, complete partial orders (cpos), i.e., posets
in which every monotonically ascending sequence has a supremum, can be used to model
programming languages with recursion. Recently, cpos were quantized, and the result-
ing quantum cpos were used to model quantum programming languages with recursion
[22,24].

The quantization method employed for the quantization of cpos is called discrete quan-
tization, which is based on a noncommutative generalization of sets and binary relations.
The starting point of this approach are quantum relations between von Neumann alge-
bras, introduced by Weaver in [33] and distilled from his joint work with Kuperberg on the
quantization of metric spaces [26]. Quantum relations can be regarded as noncommutative
analogues of binary measurable relations between measure spaces.

As mentioned above, von Neumann algebras are noncommutative generalizations of
measure spaces. Just like sets can be regarded as a subclass of measure spaces (by
equipping them with the Dirac measure), one can identify a subclass of von Neumann
algebras that are noncommutative generalizations of sets. These von Neumann alge-
bras are called hereditarily atomic, and are by definition isomorphic to (possibly infinite)
sums of complex-valued matrix algebras [19], and can therefore be represented by a sum
D.c4 B(H,) for some set-indexed family (H,)aea of finite-dimensional Hilbert spaces.
We call such a set-indexed family of finite-dimensional Hilbert spaces a quantum set. Also
quantum relations between hereditarily atomic von Neumann algebras correspond to mor-
phisms between quantum sets, which we simply call binary relations between quantum
sets, as they are noncommutative generalizations of binary relations between ordinary
sets. Even though quantum sets and hereditarily atomic von Neumann algebras contain
the same information, we will see that categories of ordinary sets embed covariantly into
categories of quantum sets, whereas they embed contravariantly into categories of heredi-
tarily atomic von Neumann algebras. For this reason, as a generalization of sets, quantum
sets might feel more natural than hereditarily atomic von Neumann algebras.

Quantum sets and binary relations between quantum sets form a category qRel, which
is dagger compact and enriched over the category Sup of complete lattices and suprema-
preserving morphisms. Any category with such an enrichment is called a quantaloid.
Because of these properties, qRel admits a well-behaved calculus of relations, including



990 GEJZA JENCA AND BERT LINDENHOVIUS

notions of symmetry, antisymmetry, transitivity, and reflexivity. This makes it possible
to internalize classical structures within qRel, leading to noncommutative analogues of
familiar objects like graphs and posets. In this sense, the process of discrete quantization
can be understood as the internalization of classical structures in qRel.

Although a quantization process based on on arbitrary von Neumann algebras, discrete
quantization suffices for most applications in quantum information theory and quantum
computing. Moreover, the compact structure of qRel enables constructions, such as the
quantization of the power set monad, that appear impossible at the level of general von
Neumann algebras.

The strength of discrete quantization lies further in the fact that it allows one to
quantize theories instead of just categories. For instance, in [25], the category of quantum
posets was investigated, and many theorems in order theory carry over to the quantum
case. Similarly, in [24], w-complete partial orders (cpos) were quantized, and the category
of the resulting quantum cpos was investigated. In practice, in order to prove noncom-
mutative versions of theorems in a theory one tries to quantize via discrete quantization,
one sometimes relies on arguments based on the structure of quantum sets. However,
more often, one can prove the theorems purely via categorical arguments based on the
categorical structure of qRel or WRel. This leads to the question whether we can reduce
the proofs completely to categorical arguments.

We note that Rel is the prime example of an allegory, a kind of category generalizing
Rel introduced in [8], just like topoi generalize Set. Allegories are strongly related to
topoi, since the latter are precisely the categories of internal maps in power allegories,
i.e., allegories with so-called power objects that generalize power sets. As a consequence,
allegories have a rich structure that allow for the systematic internalization of most mathe-
matical structures. However, qRel fails to be an allegory (cf. Example 2.66). Bicategories
of relations form another categorical generalization of Rel introduced in [5], but since ev-
ery bicategory of relations is an allegory, qRel cannot be a bicategory of relations either.
Fundamentally, the biggest issue seems to be that the category qSet of internal maps in
qRel inherits a monoidal product from qRel that is not cartesian.

Hence, we cannot rely on existing categorical frameworks that generalize Rel. Instead
we draw inspiration from recent axiomatizations of dagger categories such as the category
Hilb of Hilbert spaces and bounded linear maps [10] or the category Rel [21]. Hence,
we try to identify the essential categorical properties of qRel that allow for a systematic
quantization of most mathematical structures. We also hope that the identification of
these properties will be a step in the direction of an eventual axiomatization of qRel.

We also draw inspiration from fuzzification, the process of introducing degrees of truth
or membership to concepts that are traditionally considered either true or false. Just like
quantization, this process can also be regarded as an internalization process in a category
that resembles Rel, namely the category V-Rel of sets and binary relations with values
in a commutative quantale V', which represents the degrees of truth. One retrieves Rel
as a special case of V-Rel by choosing V' to be the two-point lattice. There are ample
examples of choices of V' for which V-Rel is not an allegory, for instance, when V' is
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affine, but not a frame (cf. Example 2.58). We further note that the category V-Rel also
plays a role in the field of monoidal topology [14]. Here, one unifies ordered, metric and
topological structures in a single framework of lax algebras of lax monads on V-Rel for
some suitable quantale V.

Thus, the starting point for our work is the categorical structure that is shared by
Rel, qRel and V-Rel, which are both dagger compact categories that are simultane-
ously quantaloids, i.e., categories enriched over the category Sup of complete lattice and
suprema-preserving maps. In the preliminaries, i.e., Section 2, we explore (dagger) sym-
metric monoidal categories and quantaloids, and biproducts in these categories. In Sec-
tion 3, we discuss how to combine monoidal structures with a quantaloid structure in
a compatible way, leading to the main notions of this paper, which we call a (dagger)
symmetric monoidal quantaloids and (dagger) compact quantaloids. We show that the
former generalize infinitely distributive (dagger) symmetric monoidal categories with a
quantaloid structure. In Section 4, we investigate how to integrate the notion of dag-
ger kernel categories with dagger quantaloids, and how the existence of dagger kernels
imply that homsets are orthomodular. In the remaining sections, we internalize various
structures. Some of the obtained results were already proven for qRel in [23], but here
we reprove those results in the more general framework of dagger symmetric monoidal
quantaloids. In Section 5 we describe internal maps in symmetric monoidal quantaloids.
In Rel, these correspond to functions, in gRel to unital *-homomorphisms (as already
known from the work of Kornell [19]). In Section 6, we study internal preorders, monotone
maps, and monotone relations. In Section 7, we investigate under what conditions we can
embed categories of set-theoretic structures into categories of their internalizations in a
dagger symmetric monoidal quantaloid. Finally, in Section 8, we use these structures and
some extra assumptions to derive the existence of power objects. The most important of
these assumptions is that the category of internal maps is symmetric monoidal closed. We
conclude by investigating when the existence of power objects imply a monoidal closed
structure of the internal maps.

2. Preliminaries

In the following, we will give the definitions of compact categories, biproducts and quan-
taloids. All these concepts can be combined with the notion of a dagger on a category.
Moreover, we present two quantaloids, the category V-Rel of sets and binary relations
with values in a quantale V', and the category qRel of quantum sets and binary relations
between quantum sets, which will provide examples of the material developed in this
article.

2.1. DEFINITION. A category C 1is called a dagger category if it is equipped with a con-
travariant involutive functor (—)' that is the identity on objects. We refer to this functor
as the dagger on C. Furthermore, a morphism f: X —Y in C is called

e o dagger mono if fTo f =idy;
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o a dagger epi if fo [T =idy;
e ¢ dagger isomorphism or a unitary if it is both a dagger mono and a dagger epi;
e selfadjoint if X =Y and f = f;
e a projection if X =Y and fo f = f = f1.

2.2. DEFINITION. A dagger functor F' : C — D between dagger categories is a functor
such that for each morphism f: X —Y in C we have F(f1) = (Ff)'. If, in addition, F
forms an equivalence of categories with a dagger functor G : D — C such that the natural
isomorphisms GFX =2 X and FGY 2Y for X € C and Y € D are unitaries, then
we call F' and G an equivalence of dagger categories, and C and D equivalent dagger
categories.

2.3. MONOIDAL CATEGORIES. We assume the reader is familiar with symmetric monoidal
categories. To fix notation, we will write symmetric monoidal categories as (C,®,I),
suppressing the associator «, the left and right unitors A, p, and the symmetry o. We
call a symmetric monoidal category (C,®,I) closed if for each object X € C the functor
C—C, Y — X®Y has a right adjoint, in which case we denote the right adjoint by
[X, —]. The counit of the adjunction is denoted by Evaly. We denote the Y-component
of Evalx by Evalxy, which is a morphism Evalxy : [X,Y] ® X — Y that satisfies the
universal property that for any morphism f : Z ® X — Y there is a unique morphism
f:Z — [X,Y] such that Evalyy o (f ®idx) = f. Often, we will simply write Eval
instead of Evalx y.

In a symmetric monoidal category, the morphisms with the monoidal unit as codomain
play a special role.

2.4. DEFINITION. Let (C,®, 1) be a symmetric monoidal category and let X € C be an
object. Then a morphism e : X — I is called an effect on X.

The dual concept of an effect, i.e., a morphism with the monoidal unit as domain,
is usually called a state, but will be of lesser importance in this contribution. Another
special role is played by morphisms that are simultaneously states and effects:

2.5. DEFINITION. Let (C,®,I) be a symmetric monoidal category. We call the mor-
phisms s : I — [ scalars. For any two objects X and Y, we define (left) scalar
multiplication as the operation C(I,I) x C(X,Y) — C(X,Y), (s,f) — s- f, where
s-fi=Ayo(s®f)oAy.

The proof of the following lemma is straightforward.

2.6. LEMMA. In a symmetric monoidal category (C, I, ®) with a zero object 0 the follow-
ing statements are equivalent:

(1) 1=0;
(2) id; = 0;;
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(8) there is precisely one scalar.

If (C,®,I) is a symmetric monoidal closed category with a zero object 0 isomorphic
to I, it follows for any two objects X and Y of C that C(X,Y) = C(I,[X,Y]) =
C(0,[X,Y]) =1, hence, there is exactly one morphism X — Y. It follows that all objects
of C are isomorphic to each other, hence C is equivalent to the trivial category.

2.7. COMPACT CATEGORIES. A symmetric monoidal category (C, ®, I) is called compact
or compact closed if each object X in C has a dual X*, i.e., an object for which there
are morphisms nx : [ — X*® X and ex : X ® X* — [, called the unit and the counit,
respectively, such that

)\Xo(ex®idx)oa}}x*’xo(idx(@nx)op;{l:idX, (1)

,OX* o (ldX* ® GX) @) aX*,X,X* o (77X ® ldX*) O )\;(i - ldX* (2)

In particular, any compact category (C,®,[) is symmetric monoidally closed with
internal hom [X,Y] = X*®Y [16].

Let f: X — Y be a morphism in a compact closed category (C, ®, I'). Then we define
itsname "f1: I - X*®Y and coname Lf1: X ® Y* — I as the morphisms

"7 = (idxe @ f) o mx;
Lfa =€y o (f ®idy~).
2.8. LEMMA. Let X and Y be objects in a compact closed category (C,®,1). Then we
have biyjections
C(X,Y)

C(ILX*®Y), gm'g’
C(X,Y) > C

(X @Y* ), f=ofy,

ol

with respective inverses

C(I,X*"®Y)— C(X,Y), h— Ay o (Lidxa®idy) o a;(’ly*,X o(idxy ® h) o px
CX®Y"I) — CX,Y), k— Ay o(k®idy)o a}}y*y o (idy ® Midy ") o pi
PROOF. The existence of the bijections between the homsets is a basic result in the theory
of compact-closed categories, and is claimed in for instance [16]. "

Let (C,®,I) be a compact closed category. For each morphism f : X — Y, define
f*:Y* — X* to be the morphism

f* = pPx © (ldx* X GY) o (1dx* X (f & ldy*)) Olx* xy*© (7]){ ® 1dy*> o )\;/1

Then the assignment X +— X* on objects becomes a functor C — C°P by defining its
action on morphisms f : X — Y by f +— f*. Moreover, the functors id¢c : C — C and
(=)™ : C — C are natural isomorphic.
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2.9. DAGGER COMPACT CATEGORIES. A dagger symmetric monoidal category is a sym-
metric monoidal category (C,®,I) that is also a dagger category in such a way that
(f®g)T = fT ® g' for all morphisms f and g, and such that the associator, unitors and
symmetry are unitaries. If, in addition, (C, ®, I) is compact and satisfies 04 4+ 0 GTA = N4,
then we call (C,®, 1) a dagger compact category.

2.10. DEFINITION. Let (C,®,1) and (D, ®, J) be symmetric monoidal categories. Then
a symmetric monoidal functor F' : D — C is a functor F' : D — C equipped with
coherence morphisms ¢ : I — FJ and oxy : FX @ FY — F(X ®Y) for each X,Y € D
satisfying the following axioms:

Foaxyzoevxevzo (pxy ®idpz) = pxyez o (idry ® ¢y,z) 0 apx pyrz (3)
FAyopsyo(p®idpy) = Apy (4)
Fpxopx o (idrpx ® ¢) = prx (5)

FUX,Y CPxy = Py,Xx OOFX FY- (6)

for objects XY, Z of D. If all coherence morphisms are isomorphisms, we call F' strong.
If, in addition, (C,®,1I) and (D,®,J) are dagger symmetric monoidal categories, and
the coherence morphisms are unitaries, we call F' a dagger strong symmetric monoidal
functor. If all coherence morphisms are identities, then F' is called strict.

2.11. LEMMA. Let f : X — Y be a morphism in a dagger compact category (C,®,1).
Then

(f9F = (N5
ey o (f ®idy-) = ex o (idx ® f*);
(idX* & f) onNx = (f* X ldy) o Ny.

PROOF. For the first equality, see [11, Lemma 3.55]. For the remaining equalities, see
Equation (3.10) in Lemma 3.12 of [11]. n

Finally, dagger compact categories enjoy the property of having a trace.

2.12. DEFINITION. Let (C,®,1) be a dagger compact category. For each object X € C,
we denote the map C(X,X) — C(I, 1), f + ex o (f ®idx-)oek by Trx(f), or simply by
Tr(f).

We record the following properties of the trace:

2.13. PROPOSITION. [11, Lemmas 3.61 & 3.63] Let (C,®,1I) be a dagger compact cate-
gory. Then:

(a) Tri(s) = s for any scalar s : I — I;

(b) Trx(0x) = 0; for any object X of C if C has a zero object;

(c) Trxgy(f ®g) =Tr(f)x o Try(g) for any morphisms f: X — X andg:Y —Y;
(d) Trx(go f)=Try(f og) for any morphisms f: X - Y andg:Y — X.
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2.14. DEFINITION. Let (C,®, 1) be a dagger compact category. Then we define the di-
mension dim(X) of an object X of C to be the scalar Tr(idy).

2.15. BIpRODUCTS. Given a zero object 0 in a category C, we denote by Ox y the unique
morphism X — Y that factors via 0. If X =Y, we write often Ox instead of Ox x.
Moreover, we define dxy : X — Y to be the morphism in C given by

5XY:

)

idx, X = Y;
Oxy, X#Y.

If (X4a)aea is a set-indexed family of objects in C, we often will write d, s instead of 0x,, x,
for a, 5 € A.

2.16. DEFINITION. Let C be a category with a zero object 0. We say that a set-indexed
family (Xo)aca of objects in C has a biproduct if there exists an object @, 4, Xo and
morphisms px, : @pea Xa — X and ix, : Xg = P cs Xa such that:

o D, c4Xa is the product of (Xo)aea with canonical projections px., ;
o D, .4 Xa is the coproduct of (Xa)aca with canonical injections ix, ;
® px, 0ix, = 0x,.x, for each o, 8 € A.

If, in addition, C is a dagger category, we call @
if the following condition is satisfied:

wea Xao the dagger biproduct of (Xs)aea

° p_TXa =1ix, for each a € A.

If we only consider the biproduct of a single set-indexed family (X, )aca of objects instead
of biproducts of several families, we sometimes write p,, iq and 04 instead of px,, ix,
and dx, x,, respectively, for a, 3 € A.

Given set-indezed families (Xo)aca and (Y )aca of objects in a category R with small
biproducts, and morphisms fo : Xo — Y, for each o € A, we have [ c4 fo = [Hoca fa:
which we will denote by @, 4 fa-

2.17. DEFINITION. We say that a (dagger) category C has small (dagger) biproducts if
it has a zero object and the (dagger) biproduct of any set-indexed family of objects in C
er1sts.

2.18. DEFINITION. Given an object X of a category C with small biproducts, and given
an index set A, we denote the morphisms (idx)aca : X — @oeca X and [idx]aca :
Poca X = X by A% and V4, respectively. If no confusion is possible, we drop subscripts
and/or superscripts.

The proofs of the following lemmas are straightforward.
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2.19. LEMMA. Let R be a pointed category and let (Xa)aca be a set-indexed family of
objects in R whose biproduct exists. Then for each B € A, we have pg = [04laca and

o = (0a,8)pecA

2.20. LEMMA. Let C be a category with biproducts, let (X4)aca be a set-indezed family of
objects in C, and let X = @, .4 Xo. LetY € C, and for each o € A, let f, 1Y — X, and

Ga : Xo = Y be morphisms. Then (fo)aca = (@QGA fa)oA and [galaca = VO(®aeA ga).

2.21. SUPERPOSITION RULE. Let R be a category with all small biproducts. Given
objects X and Y in R and a set-indexed family (f,)aca of morphisms X — Y, we define
the morphism >, fo : X — Y by

Y fa=Vo (@fa) o A.

a€cA a€A

Furthermore, given fi, fo € R(X,Y), we define f; + fo : X = Y by
fit+ f2= Z Ja-
ae{l,2}

The first two properties in the next proposition express that homsets in a category R
with all small biproducts form complete monoids in the sense of Laird [28], which is a
generalization of the notion of ¥-monoids introduced by Haghverdi [9] to the uncountable
case. Combined with the sixth property, these properties express that R is enriched
over the category of complete monoids and sum-preserving maps, which is proven in [28,
Proposition 2.3]. The proof of the remaining properties is straightforward; the essential
steps are the same in the more familiar case of finitely-indexed families of morphisms. We
note that complete monoids are also studied by Andrés-Martinez and Heunen [1].

2.22. PROPOSITION. Let R be a category with small biproducts, and let X and Y be
objects of R. Then for any set-indexed family (fo)aca of morphisms X — Y, we have

(1) > neafa = faif A is the singleton {B};

(2) Yaecata=2pen 2ack-1(py fa for each function k : A — B;

(3) D wenfo =D sca fr(p) for each bijection k: A — A;

(4) >aeo fa =Oxy;

(5) Dacafo =2 e\ fa for each B C A such that fs = Oxy for each B € B;
(6) For each object Z and morphism g:Y — Z and h: Z — X, we have

go (Z fa> = (g0 fa), <Z fa) oh =Y (faoh).

a€A acA acA a€A
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2.23. COROLLARY. Let C be a category with all small biproducts, and let (Xy)aca be a
collection of objects in C. Then idg__, x, = Y aca fia ©Pa-

PROOF. For each § € A we have pgozaeA 160Pa = ZaeA PBOLaOPa = ZaeA 00,39Pa = DB
whence we must have ) ,i0 0 po = idg,_, x,- "

2.24. MATRICES. Let R be a category with small biproducts. Let (X, )aca and (Y3)sen
be collections of objects in R, and for each o € A and § € B let f, s be a morphism
Xo — Y3. Then we define the morphism (fo,3)acaseB : @oecs Xa — ®BGB Ys by

(fapacapen =Y vy 0 fapopx,.
acA,BEB

For simplicity, we will sometimes write (fa.g)as instead of (fag)acapen. I f = (fas)as;
we will refer to (fa.g)a,s as the matriz corresponding to f; the morphisms f, 5 are called
matrix elements of f.

The following lemma is an infinite version of Lemma 2.26 and Corollary 2.27 of [11].
Except for working with a possibly infinite index-set instead of a finite one, the proof is
the same.

2.25. LEMMA. Let R be a category with small biproducts, let (Xa)aca and (Ys)pep be
families of objects in R. Then any morphism f : @, .4 Xa — 69663 Ys has a corre-
sponding matriz, i.e., f = (fap)aca,pep with matriz elements

fap:=Dpy,0 foix,.
Moreover, f is uniquely determined by its matriz elements.

2.26. LEMMA. Let R be a category with small biproducts, let (Xa)aca and (Ys)pep be
families of objects in R, and let f : @, cp Xo = Dpep Ys be a morphism. Then

(a) DPy; of= ZaeA fa,/a O PxX,s
(b) foiXa = ZBEBiYﬁ © foc,ﬁ'

PrRoOOF. By Lemma 2.25, we have f = ZaeA,ﬁeB ivs © fa,p © Px,- The statements now
follow directly from (6) of Proposition 2.22 and from the definition of biproducts. n

The following lemma is an infinite version of [11, Proposition 2.28]. Its practically the
same.

2.27. LEMMA. Let R be a category with small biproducts, and let (Xy)aca, (Ys)sen and
(Zy)ec be collections of objects in R. Let [ : @ cn Xo = DpcpYs and g : Dye Y —
@wec Z., be morphisms with matrices (fo,8)acapen and (95,)pep~ec, respectively. Then

gof: (Zgﬁ’,yofa’ﬁ> .
acAyeC

BeB
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2.28. LEMMA. Let R be a category with all small biproducts, and let (X4)aca be a collec-
tion of objects in R. Then the («, B)-matriz entry of idg__, x,, is given by (idg__, x.)as =
0o 8-

PrROOF. By Lemma 2.25, we have (id@weA Xw)ayﬁ = ppg o id@veA X, Olq =PgOig =0qp M

2.29. DAGGER BIPRODUCTS. If a dagger category has small dagger biproducts, we can
calculate the adjoint of matrices as follows.

2.30. PROPOSITION. Let R be a dagger category with small dagger biproducts. Let f =
(fa,8)acaseB @ Bpen Xa — @563 Ys be a morphism in R. Then for each o € A and
each B € B, we have (fNg0 = (fap)'

2.31. LEMMA. Let R be a dagger category with all dagger biproducts. For any two families
(Xa)aca and (Yo)aca, and for any set-indexed family of morphisms (ro @ Xo — Y3)aca,

we have (D,c 4 ra)T =B carh
2.32. PROPOSITION. Let R be a dagger category with all small dagger biproducts. Let' Y
be an object of R, and let (Xa)aeca be a set-indexed family of objects in R with dagger
biproduct X . For each a € A, let ro : Xo — Y be a morphism in R, and let r := [ro]aca :
X =Y. Then

(a) [ra]LeA = <rl>a€A;

(b) rort =% araorl;

(¢c) (rfor)as = T}; ory for each o, 5 € A;

(d) A¢ = (V)T

2.33. DISTRIBUTIVITY. A symmetric monoidal category (C, ®, I) is called infinitely dis-
tributive symmetric monoidal if it has all small coproducts and for each object X € C
and each set-indexed family (Y, )aca of objects in C the canonical morphism

idx ®iv,Jaca: [[(X©Ya) = X @[] Va
acA a€cA

is an isomorphism.
The following proposition is a standard result in category theory.

2.34. PROPOSITION. Any symmetric monoidal closed category (C,®, 1) with all small
coproducts is an infinitely distributive symmetric monoidal category.

2.35. COROLLARY. Any compact closed category with all small coproducts is infinitely
distributive symmetric monoidal.

The next proposition is a generalization of [11, Lemma 3.22], and its proof is essentially
the same.
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2.36. PROPOSITION. Let (R, ®,1) be an infinitely distributive symmetric monoidal cat-
egory with all small biproducts. For each X,Y,Z,W € R, each morphism f : X — W,
and each set-indexed family (go)aca of morphismsY — Z, we have

f®zga22f®ga7 <Zga>®f22(ga®f)'

a€A acA a€A a€A

2.37. LEMMA. Let (R,®,1) be an infinitely distributive symmetric monoidal category
with small biproducts. For any set-indexed family (Sq)aca of scalars, and for any any

morphism f: X =Y in R, we have Y, 4(5a - [) = (X pcnSa) - [

PROOF.
(Zsa) f=)yo ((Z%) ®f> 0 A% =y o (28a®f> oAy
oed acA acA
=S v o(sa®ford) =S (sa- ),

acA acA
where we used Proposition 2.36 in the second equality, and Proposition 2.22 in the penul-
timate equality. n

2.38. QUANTALES. Before we discuss quantaloids, we define quantales, which are par-
tially ordered structures that can be regarded as quantum generalizations of locales, and
they provide the right setting for describing graded or weighted notions of relation, such
as fuzzy membership.

2.39. DEFINITION. A quantale (V- e) consists of a complete lattice V' equipped with an
associative operation (x,y) w— x -y, called the multiplication, and a neutral element e for
the multiplication such that

(vxa)y:\/x“'y’ v\ o=\ v

aEA aEA aEA aEA

for each set-indexed family (x4)aca of elements in V and each y € V. We denote the
least and greatest element of V by L and T, respectively. If, in addition, V is equipped
with a dagger, i.e., a map (—)":V — V such that for each x,y € V:

) xTT — x;
o v <y implies x' < yf;

then we call V' a dagger quantale.

In this work, quantales are always assumed to be unital, whereas some authors use
the term ‘quantale’ for the non-unital notion and treat the unital case as a special case.
We also note that in the literature, dagger quantales are called x-quantales or involutive
quantales, see for instance [13]. Because daggers play a crucial role in this work, we
decided to deviate from the standard terminology.
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2.40. DEFINITION. We call a quantale (V,-,€e):
e trivial if V =1;
e nontrivial if T #L1;
e affine or integral if e = T,
e commutative if x -y =y -x for each x,y € V;

e idempotent if z-x =z for each x € V.

It is straightforward to see that a quantale V' is commutative if and only if the identity
is a dagger on V.

2.41. EXAMPLE. When equipped with the order and multiplication inherited from the
real numbers, 2 := {0,1} is a commutative, affine idempotent quantale, and [0,1] is a
commutative affine quantale.

The proofs of the following two lemmas are straightforward.
2.42. LEMMA. Let (V,-,e) be a quantale. Then L -x=1=x -1 for eachz € V.
2.43. LEMMA. Let (V,-,¢e) be a quantale. Then V is nontrivial if and only if e #L.

Frames are special cases of quantales as follows from the following well-known result
(see for instance [3, Corollary 2], but note that the authors already assume idempotency
in the definition of a quantale):

2.44. LEMMA. An affine and idempotent quantale (V,-,e) is a frame with x Ny =z -y
for each x,y € V. In particular, (V,-,e) is commutative.

2.45. QUANTALOIDS. Next, we review the definition of quantaloids and some basic prop-
erties.

A quantaloid is a category Q in which every homset is a complete lattice such that
composition or morphisms preserves suprema in both arguments separately. A homomor-
phism of quantaloids is a functor F' : Q — R between quantaloids that preserves the
suprema of parallel morphisms, i.e., for each set-indexed family (fa)aeca of morphisms in
a homset Q(X,Y), we have F'(\/ c4 fa) = Vaea F'(fa) If; in addition, there is a functor
G : R — Q such that F' and G form an equivalence of categories, then we call F' an
equivalence of quantaloids, and we say that Q and R equivalent quantaloids.

We note that the functor G is automatically an homomorphism of quantaloids. Indeed,
if we denote the natural isomorphism F'G — idg by €, then the inverse of the bijection
R(X,Y) = Q(GX,GY), g+~ Ggis the map Q(GX,GY) — R(X,Y), f = ey o Ffoey,
which preserves suprema because f — F'f preserves suprema for F'is a homomorphism of
quantaloids, and because composition in R preserves suprema. It is a standard result that
the inverse of a supremum-preserving bijection between complete lattices also preserves
suprema, which shows that GG is a homomorphism of quantaloids.

The following example shows that quantaloids are obtained as oidificiations of quan-
tales.
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2.46. EXAMPLE. Given a quantale V', we denote by V the quantaloid with a single object
1 whose single homset is given by V(1,1) = V. Composition is defined by V(1,1) x
V(1,1) = V(1,1), (z,y) — x - y. Furthermore, we have id, = e.

As a special case, obtain 2 from the quantale 2 = {0, 1}.

2.47. EXAMPLE. [7, Section 2.1] Let Sup be the category of complete lattices and supre-
mum-preserving maps. Gien two complete lattices X and Y, the (external) homset
Sup(X,Y) is a complete lattice when ordered pointwise. It is straightforward to show that
composition in Sup preserves suprema in each arqgument separately, hence Sup is a quan-
taloid. Moreover, (Sup, ®,2) is a symmetric monoidal category, where 2 is the two-point
lattice {0, 1}, and for complete lattices X and Y, we define X ®Y := Sup(X,YP)P. The
internal hom is given by the external hom. As a consequence, Sup s enriched over itself
[2, Proposition 6.2.6]. In fact, quantaloids are precisely the categories that are enriched
over Sup.

Our next example generalizes the category Rel of sets and binary relations in a natural
way. It is motivated by fuzzy mathematics, which requires binary relations to take truth
values in a many-valued set rather than the usual two-point set 2 described in Example
2.41. In the next example, the many-valued sets of truth values is represented by a
quantale V. Taking V = 2 in the next Example yields Rel.

2.48. EXAMPLE. [14] Let V' be a quantale. Let A and B be sets. Then a function r :
A Xx B =V is called a V-valued relation or simply a V -relation from A to B, in which
case we write r : A — B. Sets and V -valued relations form a category V-Rel if we
define the composition s e r of V-valued relations r: A - B and s : B —+ C by

(ser)(e,7) =\ r(a,B)-s(8,7),

BeB
and the identity morphism on a set A as the V-relation ey : A — A defined by

o
eA(Oé,a,) — {67 o = Oé,

L, otherwise.

V-Rel becomes a quantaloid if we order parallel V -valued relationsr,s : A —+ B byr < s
if and only if r(a, B) < s(a, B) for each a € A and B € B. The supremum \/, ., of
any set-indexed family (re)xex of parallel V -valued relations A — B is calculated via

(me%MZmeﬁ

rkeK

for each a € A and each B € B.

The following example will be fundamental for the definition of a quantum set.
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2.49. EXAMPLE. We define the category FAOSq as the category whose objects are finite-
dimensional Hilbert spaces; any morphismV : X — 'Y between objects X andY of FAOS,
is a subspace V- C B(X,Y). Since X andY are finite-dimensional, so is B(X,Y'), whence
such V' 1s closed, hence an operator space. Given another object Z € FAOSy and an
operator space W 'Y — Z the composition W -V : X — Z of V with W s defined as
the operator space span{wv : w € W v € V}. FAOS, becomes a quantaloid if we order
its homsets by inclusion. The identity operator space idx on the object X 1is given by
Clx, where 1x : X — X is the identity operator on X, so the identity morphism on X
regarded as object of the category FAHilb of finite-dimensional Hilbert spaces and linear
maps. The supremum \/ 4 Vo of a set-indexed family (Va)aca of parallel operator spaces
X — Y is given by span (U V. ) We denote the full subcategory of FAOSy of all

acA T
nonzero finite-dimensional Hilbert spaces by FAOS, which is also a quantaloid because it

s a full subcategory of FAOS,.

The proof of the next lemma is straightforward.

2.50. LEMMA. Let F' : Q — R be a faithful homomorphism of quantaloids. Then, for
each X and Y in Q, the map Fxy : Q(X,Y) - R(FX,FY), f — Ff is an order
embedding. If, in addition, F' is full, then Fxy is an order isomorphism.

Since homsets of quantaloids are complete lattices, the following definition makes
sense:

2.51. DEFINITION. Let Q be a quantaloid. For any two objects X and Y, we denote
the largest and least element of Q(X,Y) by Txy and Lxy, respectively. We write T x
instead of Tx x, and Lx instead of Lx x.

The proofs of the next lemmas are all straightforward if one uses that Lxy=\/0x.y,
where (xy denotes the empty subset of Q(X,Y") in a quantaloid Q.

2.52. LEMMA. Let X, Y, and Z be objects in a quantaloid Q, and let f : X — Y and
g:Y — Z be morphisms in Q. Then Ly zof =1xz and go Lxy=1x7.

2.53. LEMMA. Let Q be a quantaloid with a zero object 0. Then for any two objects X
and Y, we have Oxy =Lxy.

2.54. LEMMA. Let F': Q — R be a homomorphism of quantaloids, and let X and Y be
objects in Q. Then F(Lxy)=Lpx ry. If, in addition, both Q and R have a zero object,
then we have F(Oxy) = Opx ry.

2.55. DAGGER QUANTALOIDS. When a mathematical object is endowed with multiple
structures, these structures often required to be mutually compatible. For instance, a
topological group is not just a group with a topology, but one also requires that the
group operations are continuous. Another example is the definition of a dagger compact
category above, where the unit and counit of the compact structure are required to be
related to each other via the dagger operation. In the same way, we aim to describe how
to combine the concepts of quantaloids and of dagger compact categories. We start with
the combination of dagger categories and quantaloids:
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2.56. DEFINITION. A dagger quantaloid is a quantaloid Q that is at the same time a
dagger category, such that for each two objects X and 'Y in Q the bijection

QX,Y) = Q(Y,X), rwrl

s an order isomorphism.

Note that since the dagger is involutive and a bijection on homsets, we could also have
required that (—)' is monotone, or that it preserves arbitrary suprema. In the literature,

dagger quantaloids are often called x-quantaloids or involutive quantaloids, see for instance
[12].

2.57. EXAMPLE. Let V' be a dagger quantale. Then the quantaloid V from Ezample 2.46
is a dagger quantaloid, where the dagger on V(1,1) — V(1,1), v — v is the dagger
V=V, vl onV.

2.58. EXAMPLE. Let V' be a dagger quantale. Then V-Rel (c¢f. FEzample 2.48) is a
dagger quantaloid where the dagger ' : B — A of a V-valued relation v : A = B is the
V -valued relation (B, ) — r(a, 8)T.

We are in particular interested in the case that V' is commutative. If, in addition, V
is affine, but not a frame, then V-Rel is not an allegory. Indeed, it follows from Lemma
2.44 that V' cannot be idempotent, so there must be some v € V' such that v-v # v. Since
V' is affine, we have v < e, hence v-v < v-e = v, hence, we must have v £ v-v. Now, we
cannot have v < v-v-v, because otherwise v <v-v-v<wv-v-e=uv-v. As a consequence,
taking r : 1 — 1 in V-Rel given by r(*,*) = v, we cannot have r < r e rl e 1 which
should hold in an allegory [15, Lemma A.3.2.1].

2.59. ExampLE. FAOS and FAOS, (c¢f. Ezxample 2./9) become dagger quantaloids if
for each morphism V : X — Y we define VI : Y — X by VI = {of : v € V}, where
vl Y — X denotes the adjoint of the operator v: X — Y.

2.60. DEFINITION. A homomorphism of dagger quantaloids is a homomorphism of quan-
taloids F' : Q — R between two dagger quantaloids Q and R that is also a dagger functor.
If, in addition, there is a dagger functor G : R — Q such that F and G form an equiva-
lence of dagger categories, we call Q and R equivalent dagger quantaloids.

In the quantaloid literature such as [31], biproducts are also called direct sums, and
can be characterized in the following way.

2.61. PROPOSITION. [31, Proposition 8.3] Let (X, )aca be a set-indexed family of objects
i a quantaloid Q. Let X be an object of Q. Then the following statements are equivalent:

(a) X is the product of (X4 )aca with canonical projections p, : X — X, for each o € A;

(b) X is the coproduct of (Xu)aca with canonical injections i, : X, — X for each
a € A;
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(c) X is the biproduct of (X4)aeca with canonical projections p,, : X — X, and canonical
injections i : Xo — X for each a € A;

(d) For each o € A there are morphisms p, : X — Xa, ia @ Xo — X such that
Vaeaia © Do = idx and such that pg o i, = a3 for each o, 3 € A,

in which case the following identities hold:
o D5 = [Faplaca for cach B € A;
® iy = (a,8)pca for each a € A;

(fa)aea = Vaeala © fo for each object Y of Q and each family (fo 1Y — Xa)aca
of morphisms;

[9alaca = Ve 9o © Do for each object Y of Q and each family (9o : Xo = Y)aca
of morphisms.

The next proposition is an infinite version of [11, Lemma 2.21], but the proof is
essentially the same.

2.62. PROPOSITION. Let Q be a quantaloid with small biproducts. For objects X andY
in Q, let (fo)aca be a set-indeved family in Q(X,Y). Then Y o4 fo = Vaea fa-

With the previous two proposition, the proof of the next proposition is straightforward.

2.63. PROPOSITION. Let Q be a quantaloid with small biproducts. Let X € Q, and let
(Ya)aca, (Za)aca and (Wg)gep be set-indexed families of objects in Q.

(a) Given parallel morphisms rq, So : X — Y, for each a € A, we have ro, < s, for each
a € Aif and only if (ra)aca < (Sa)aca;

(b) Given parallel morphisms 1y, sp : Yo — X for each a € A, we have o, < s, for each
a € Aif and only if [rolaca < [Salaca-

(c) Given parallel morphism ro, S : Yo — Zo for each a € A, we have ro, < s, for each
a € Aif and only if B caTa < PByea Sas

iven parallel morphisms r, s : "= , we have r < s if and only i
d) Gi llel hi wen Yo sen W h f and only if
Tap < Sap for each o € A and each B € B.

2.64. PROPOSITION. Let Q and R both be (dagger) quantaloids with small (dagger)
biproducts. If F: Q — R is a homomorphism of (dagger) quantaloids, then F preserves
(dagger) biproducts.

PRrOOF. This follows directly from the alternative characterization of biproducts in Propo-
sition 2.61. [
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2.65. PROPOSITION. [13, Example 3.7| Let Q be a quantaloid. Then we define a new
quantaloid Matr(Q) whose objects are set-indezed families (X, )aca where X, is an object
of Q for each oo € A. A morphism f: X —Y where X = (X4)aca and Y = (Y3)pep are
objects of Matr(Q) is a ‘matriz’ of morphisms in Q. To be more precise, f is a set-indexed
family (ff)(aﬁ)eAxg where f2: X, — Ys is a morphism in Q. The composition with a
morphism g Y — Z where Z = (Z.) ec is an object in Matr(Q) is defined via

(gofi=\ giofl

BeB

for each (a,y) € Ax C. For a,B € A, the (o, 8)-entry (idx)? of the identity morphism
idy on X s given by

We order parallel morphisms f,g : X — Y for objects X = (Xo)aca and Y = (Y3)sen
of Matr(Q) by f < g if and only if (f.)° < g° for each (a,B) € A x B. Clearly,
the supremum Vwec [y of any set-indexed family (f,)yec of morphisms X — Y is then

determined by ;
(\/ f'y) = \/(f'y)g

~veC a yeC

for each (o, B) € A X B. Finally, if Q is a dagger quantaloid, then so is Matr(Q), if for
each morphism f : (Xo)aca — (Ys)gen in Matr(Q) we define f1 by (fT)%Y = () for
each (B,a) € B x A.

2.66. EXAMPLE. Recall the dagger quantaloid FAOS (cf. Examples 2.49 and 2.59). We
denote the quantaloid Matr(FdOS) by qRel. Its objects are called quantum sets, typically
denoted by calligraphic letters X, Y, Z. The index set of a quantum set X is typically
denoted by At(X), whose elements are called the atoms of X, so X = (Xa)acasx) For
any natural number n, we denote the quantum set (C)?_, by n. The morphisms of qRel
are called binary relations between quantum sets. qRel is no allegory, because its full
subcategory FAOS is not an allegory, which can be seen as follows. Let H be a finite-
dimensional Hilbert space and let a - H — H be an invertible linear map that is not a

unitary map. Then a' # a~'. For instance, let H = C?, and let a = (é 1) The

inverse of a is a~! = ((1) _11), which clearly is not equal to a'. Let VW C B(H) be
giwen by V = Ca and W = Ca™'. Then V and W are automorphisms of H in FdOS,
and V-W = Clyg and W -V = Cly, so W = V=1 in FAOS. However, it follows from
(15, Lemma A.3.2.3] that f~! = f1 for any invertible morphism f in an allegory, and
since a~' # al, we have V=1 #£ VT, so FAOS cannot be an allegory.

The matrix-like composition of V-valued relations suggest that V/-Rel is the biproduct
completion of a quantaloid.
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2.67. PROPOSITION. Let V' be a (dagger) quantale. Define Fy : V-Rel — Matr(V) by
A (L)aca on objects and by r — (r(a, B))@,gcaxp on morphisms r: A — B. Define
Gy : Matr(V) — V-Rel to be the functor that is defined on objects by (1)aea — A and
that maps morphisms (f2)@.peaxn : (aca = (1)gen to the V-valued relation A —+ B,
(o, B) = fB. Then Fy and Gy are homomorphisms of (dagger) quantaloids and form an
isomorphism of categories, hence V-Rel and Matr(V) are equivalent (dagger) quantaloids.

Recall that in Rel, biproducts are given by [ .4 Ax = {(k,a) : k € K, € A, }. Also
Matr(Q) has all small biproducts. In fact, we have:

2.68. THEOREM. (31, p.43| Let Q be a (dagger) quantaloid. Then Matr(Q) is the uni-
versal (dagger) biproduct completion of Q:

e The (dagger) biproduct X of a set-indexed family (X, )wer in Matr(Q) with X, =
(Xka)aca, is given by (Xea)(xa)yea with A = @, ,x Ax. For each X € K, the

canonical projection py : X — X and canonical injection iy are given by

1dx, q: A=k, a=p,
(pk)fw) — { X,

Lx,0Xys Otherwise,

. R, iana? /\:H7Oé:ﬁ7
(i) >—{ |

Lx, 5 Xuar Otherwise,

for each (k,a) € A and each § € A,.

o There is a fully faithful homomorphism of (dagger) quantaloids Eq : Q — Matr(Q)
sending each X of Q to the family (X,)ae1 with X, = X, and which sends each
morphism f: X —Y to (fg)(aﬂ)elxl with f* = f.

e Given any other (dagger) quantaloid R with small (dagger) biproducts, and given
any homomorphism of (dagger) quantaloids F : Q — R, there is a homomorphism
of (dagger) quantaloids F : Matr(Q) — R that is unique up to natural isomorphism
such that the following diagram commutes up to natural isomorphism:

Q 2% Matr(Q)

el

R,
namely the functor that maps any object (X4 )aea in Matr(Q) to @, .4 Xo in R and
that maps morphisms (f2)a.peaxs : (Xa)aca = (Ys)gen to \/aeA’BeB iy, ofPopx,.

e If Q already has all small (dagger) biproducts, then Q and Matr(Q) are equivalent
(dagger) quantaloids via Eq and Pg := idq.
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e Matr is functorial: for each homomorphism of (dagger) quantaloids F : Q — R, we
define Matr(F') := Egr o F. Ezxplicitly, Matr(F') maps objects (Xa)aca in Matr(Q)
to (FX4a)aca in Matr(R), and morphisms (f(f)(aﬁ)eAxB : (Xa)aca — (Ys)pen in
Matr(Q) to (Ff2) @ peaxp in Matr(R). The homomorphism Matr(F) is faithful if
F is faithful and full if F is full.

2.69. EXAMPLE. Since for any (dagger) quantale V', the quantaloid Matr(V) has all small
(dagger) biproducts, it follows from Proposition 2.67 that the category V -Rel likewise has
all small (dagger) biproducts. Specifically, the (dagger) biproduct of a set-indexed family
(Ap)wer of sets is the disjoint union A = |, . Ax, s0 A = {(k,a) : K € K, € A}.
For each vk € K, the canonical injection i, : A, — A and the canonical projection
P - A —= A, are the V-relations given by

z'ﬁ(ow):{e’ g tal

1, otherwise,

e, p= (/@,a),

1, otherwise,

for each o € A, and each p € A.

2.70. DAGGER KERNELS. Let R be a dagger category. If the equalizer e of two parallel
morphisms f, g : X — Y exists and can be chosen to be a dagger mono, then we call it
a dagger equalizer. In addition, assume that R has a zero object. If the dagger equalizer
k: Ky — X of a morphism f: X — Y and Oxy exists, then we call k a dagger kernel of
f, in which case we write ker(f) := k. Sometimes we just write K instead of K. If every
morphism in R has a dagger kernel, we call R a dagger kernel category or we say that R
has dagger kernels.

We note that to show that a dagger mono k : K — X is the dagger equalizer of some
morphisms f,g: X — Y in a dagger category, it suffices to show that for each morphism
m : Z — K with f om = g om, there is some morphism h : Z — K with ko h = m.
Uniqueness of h follows automatically because k is a dagger mono.

The notion in the following definition is originally due to Heunen and Jacobs [4].

2.71. DEFINITION. Let C be a category with a zero object. A morphismm :Y — Z in C
is called a zero-mono if mo f = Ox z implies f = Oxy for each object X of C and each
morphism f : X — Y. Dually, a morphism e : X — Y s called a zero-epi if for each
morphism f Y — Z we have that f o e = 0x z implies f = Oy .

The next lemma is a slight variation of [4, Lemma 4], providing an alternative descrip-
tion of zero-monos in dagger kernel categories.

2.72. LEMMA. Let R be a dagger category with a zero object 0. Then a morphism m :
X =Y is a zero-mono if and only if its dagger kernel ker(m) ezists and is the morphism
Oox 10— X.
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Let X be an object in a dagger kernel category. Two monomorphisms m; : S; — X
and my : Sy — X are called equivalent if there is some isomorphism f : S; — S5 such
that m; = mgo f, in which case we write m; ~ ms. Then ~ is an equivalence relation; an
equivalence class of a monomorphism m : .S — X under ~ is called a subobject of X, and
is denoted by [m]. Since we assume all our categories to be wellpowered, the class Sub(X)
of subobjects of X is a set, and is actually a poset if we ordered it via [m4] < [my] if there
is some morphism f : S7 — Sy such that m; = my o f for monomorphisms m; : S; — X
and mq : So — X.

By definition, any dagger kernel k£ : K — X is a monomorphism, so a representative
of a subobject of X. Let k; : K1 — X and ky : K5 — X be dagger kernels such that
[k1] < [ko] in Sub(X), so there is some morphism f : K; — K5 such that ky = ks o f.
It is shown in [4, Lemma 1] that f is a dagger kernel, so in particular it is a dagger
mono. We write k1 ~ ko if k1 and ko are equivalent monomorphisms with codomain X,
s0 k1 = ko o m for some isomorphism m : K; — Ks, in which case it immediately follows
that m™! = mf om om™ = mT, so m is a dagger isomorphism. The set KSub(X) of
equivalence classes of dagger kernels with codomain X under ~ is contained in Sub(X),
and becomes a poset when equipped with the order inherited from Sub(X).

We will use the following lemma several times.

2.73. LEMMA. [4, Proposition 7] Let f : X — Y be a morphism in a dagger kernel
category C, and let k : K — 'Y be the dagger kernel of f1:Y — X. Then f = ker(k") oe
for some zero-epie: X — K.

Dagger kernels have the following nondegeneracy property:

2.74. LEMMA. [11, Lemma 2.49] Let C be a dagger kernel category. Then for each mor-
phism f: X =Y, we have f1o f =0x if and only if f = Ox.y.

2.75. PROPOSITION. [4, Lemma 1, Lemma 2, Proposition 1] Let R be a dagger kernel
category. Then KSub(X) is an orthomodular lattice if we define the orthocomplement —[k]
of [k] for a dagger kernel k : K — X by —[k] = [k1], where k| := ker(k"), whose domain is
denoted by K+. The pullback K of any two dagger kernels ki : K1 — X and ko : Ky — X
exists, and if k : K — X denotes the induced map by composing the the pullback maps
with ki and ks, then k is a dagger kernel such that [ki] A [ke] = [k]. Moreover, [ki] L [ko]
iof and only of k;r o ky = Ox, i, -

3. Symmetric monoidal and compact quantaloids

As far as we know, quantaloids with a monoidal structure have never been investigated
before. We propose the following definition of symmetric monoidal category that is also
a quantaloid such that the quantaloid structure interacts with the monoidal structure:

3.1. DEFINITION. A symmetric monoidal quantaloid s a symmetric monoidal category
(Q,®,1I) for which Q is a quantaloid such that the map Q(X, W) x Q(Y,Z) — Q(X ®
Y W®Z), (f,g) — f®g preserves suprema in both arquments separately. If, in addition,
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e (Q,®,1) is a dagger symmetric monoidal category and Q is a dagger quantaloid,
then we call (Q,®,I) a dagger symmetric monoidal quantaloid;

e (Q,®,1) is compact, then we call it a compact quantaloid;
e (Q,®,1) is dagger compact, then we call it a dagger compact quantaloid.

Given two (dagger) symmetric monoidal quantaloids (Q,®,J) and (R,®,I), a homo-
morphism of (dagger) symmetric monoidal quantaloids F' : (Q,®,I) — (R,®,J) is a
homomorphism of (dagger) quantaloids F' : Q — R that is also a (dagger) strong sym-
metric monoidal functor (cf. Definition 2.10). If, in addition, there is a (dagger) functor
G : R — Q such that F and G form an equivalence of (dagger) categories, we call Q and
R equivalent (dagger) symmetric monoidal quantaloids.

If F'is a homomorphism of (dagger) symmetric monoidal quantaloids, it is straightfor-
ward to see that G is also a homomorphism of (dagger) symmetric monoidal quantaloids.

We thank the anonymous reviewer for the following observation: the category of quan-
taloids and homomorphisms of quantaloids has a cartesian monoidal structure, and be-
comes a 2-category with natural transformations between homomorphisms of quantaloids
as 2-cells. We recall that a symmetric monoidal category is precisely a symmetric pseu-
domonoid in the 2-category of categories equipped with the cartesian monoidal structure.
In a similar way, a symmetric monoidal quantaloid is precisely a symmetric pseudomonoid
in the 2-category of quantaloids, and the preservation of suprema in both arguments sep-
arately emerges because of the cartesian monoidal structure of this 2-category.

3.2. LEMMA. Let (Q,®,1) be a symmetric monoidal quantaloid. Then for any objects
W, X,Y,Z of Q and any morphism f : X — Y, we have f® Lwz=lxegwyez and
lwz ®f =Lwex zov-

PROOF. Straightforward if one uses that the monoidal product preserves suprema of par-
allel morphisms in both of its arguments and by using that Ly z=\/ Oz with Oy, the
empty subset of Q(W, Z). n

3.3. SCALARS AND TYPES OF SYMMETRIC MONOIDAL QUANTALOIDS. Given a sym-
metric monoidal quantaloid (Q,®, ), it follows that its scalars (Q(I,I),o,id;) form a
quantale. Moreover, by [11, Lemma 2.3], this quantale is commutative. Inspired by
Definition 2.39, we say that (Q,®, [) is

e trivial if (Q(I,1),0,id;) is a trivial quantale;
e nontrivial if (Q(I,1),0,id;) is a nontrivial quantale;
e affine if (Q(I,1),0,id;) is an affine quantale;

e binary if (Q(I,1),0,id;) is isomorphic to the quantale (2,-,1) of Example 2.41.
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Recall that an affine quantale is also called integral. There is already a notion of
integral quantaloids, but this differs from our definition of affine symmetric monoidal
quantaloids, because identity morphisms of integral quantaloids are assumed to be the
largest endomorphisms of any object. For affine quantaloids, this condition is only as-
sumed for the monoidal unit. For our purposes, the condition of integral quantaloids is
too strong. For instance, we will see in Example 3.6 that FAOS is affine, even binary,
but it is not integral: the identity morphism idx of a finite-dimensional Hilbert space of
dimension H higher than 1 in FdOS is Clx, which is a one-dimensional operator space,
whereas Ty = B(X), which has a dimension higher than 1, hence idy # Tx.

The next result justifies the terminology ‘trivial symmetric monoidal quantaloid.’

3.4. LEMMA. Let (Q,®, 1) be a trivial symmetric monoidal quantaloid. Then Q is equiv-
alent to the trivial category, i.e., the category with one object and one morphism.

PRrROOF. Let X and Y be objects in Q, and f : X — Y a morphism. Then it follows from
Lemma 3.2 that f® L;=1xgsygr. Using the naturality of the right unitor p, and Lemma
2.52, we have f = py o (f ®id;)opy' = py o (f® L) opy = pyo Lxaryer opy =Lxy.
We conclude that Q(X,Y) = 1 for any two objects, hence all objects of Q are mutually
isomorphic, which implies that Q is equivalent to the trivial category. [

3.5. EXAMPLE. Let (V,-,e) be a commutative quantale. If we define ® : VXV — V
byl®@1=1andv®@w =v-w for each v,w € V, then (V,®,1) is a strict symmetric
monotdal category. Clearly, the symmetry of V follows from the commutativity of V.
Since ® clearly preserves suprema in both arguments, (V,®,1) is a dagger symmetric
monoidal quantaloid. It is straightforward to see that (V,®,1) is in fact a dagger compact
quantaloid if we define the unitn, : 1 — 1®1 and the counit e; : 1®1 — 1 to be the identity
on 1, i.e., the element e € V. Clearly, V is nontrivial if and only if V' is nontrivial, affine
if and only of V' is affine, and binary if and only of V = 2.

So the monoid structure of V' both induces the composition and the monoidal product
of morphisms in V. The Eckmann-Hilton argument prevents us from considering two dif-
ferent monoid structures on V', one inducing the composition, and the other the monoidal
product of morphisms in V. So the above example seems to be the most general way a
quantale V' can be turned into a monoidal category that is a one-object quantaloid.

3.6. EXAMPLE. The quantaloids FAOS and FAOS, from Example 2.49 are dagger com-
pact quantaloids. The monoidal product of XQY of objects in both quantaloids is the usual
tensor product of Hilbert spaces. The monoidal unit is C. Given morphisms V : X1 — Y]
and W : Xy = Y, we define VW : X190 Xy - Y1 ®Y; asspan{v@w :v € V,w € W}.

The associator (X @Y)® Z — X @ (Y ® Z) in both FAOS and FAOS, is given by
Coaxy.z, where axyz : (X ®Y)® Z - X @ (Y ® Z) is the associator in the category
FdHilb of finite-dimensional Hilbert spaces and linear operators. The unitors and the
symmetry of FAOS and FAOS, are defined similarly, as are the unit and the counit of
the compact structure of FAOS and FAOS,. Here, the dual X* of an object X in both
quantaloids is the usual Banach space dual of X.
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Given finite-dimensional Hilbert spaces X1, Xs,Y1,Ys and operator spacesV : X1 — Y,
and W : Xy — Yy, it follows from (v ®@ w)" = v @ w' for each v € V and w € W that
(VW) = Vi@ WI. Let (Vy)ek be a set-indexed family of operator spaces X1 — Y.
Clearly, for each X € K, we have Vs @ W C (Vg Vi) @ W, whence \/, (Ve @ W) C
(\/KeK V,.g) QW. Letx € (\/HGK V,.i) ®@ W. Then there are vy,...,v, € \,cf Vi and
Wy, ...,w, € W such that x = vy @ wy + ... + v, @ w,. For each i € {1,...,n}, there
are Ky, - - - K(img) € K and vil € V,%,’l), Ut E V,Wi’m& such that v; = vil + . o
Forie {1,...,n} and j € {1,...,m;}, it follows that x; ;) := vf ® wy +...+vg ® w, €
Vi @ W. Since x = Yo Z;n:ll T, by linearity of the Hilbert space tensor product in
each argument, it follows that x € \/, ., (V. @ W). We conclude that (\/,c;c Vi) @ W =
Ve (Vi®W), and similarly, one shows that ® preserves suprema in the second argument.
So FAOS and FAOS are indeed dagger compact quantaloids.

Finally, FAOS(C, C) is the space of all subspaces of B(C). Since the latter is one-
dimensional, there can only be two subspaces, namely B(C) itself and the zero space 0.
Hence, FAOS is a binary dagger compact quantaloid. Since FAOSy(C, C) = FAOS(C, C),
also FAOS is binary.

3.7. THEOREM. Let (Q,®,I) be a symmetric monoidal category with small biproducts
such that Q is a quantaloid. Then (Q,®, 1) is a symmetric monoidal quantaloid if and
only if (Q,®, 1) is an infinitely distributive symmetric monoidal category.

PROOF. Assume that (Q,®, ) is infinitely distributive. Then it follows directly from
combining Propositions 2.36 and 2.62 that it is a symmetric monoidal quantaloid. Con-
versely, assume that (Q,®, ) is a symmetric monoidal quantaloid. Let X € Q be an
object and let (Y,)aca a family of objects in Q. In order to show that (Q,®, ) is in-
finitely distributive, we need to show that the canonical morphism

Y= [ldx ® iy, ]aca : @(X ®Y,) > X ® @Ya

acA a€A

is an isomorphism. Our candidate inverse is ¢ := (idx ® py, )aca. Using the identities in
Proposition 2.61, we have

Y =\/(idx ®iv,) opxeve, =\ ixev. o (id@py,).

acA acA

Then, using the identities for canonical projections and canonical injections of biproducts,
and using that idxy ® (—) preserves suprema, which follows since (Q,®, I) is a symmet-
ric monoidal quantaloid, direct calculations yield ¢ o ¢ = idxeg, _,v. and po ¢ =
idg, ., Xx@v, S0 ¥ is an isomorphism. [

3.8. EXAMPLE. [7, Section 2.1] The quantaloid (Sup, ®,2) of Example 2.47 is a symmet-
ric monoidal closed quantaloid with small biproducts. This can be seen as follows. Given
a collection (Xo)aca of complete lattices, their set-theoretic product @, . 4, Xo is a com-

plete lattice when ordered coordinate-wise. The canonical projections pg : @ ,c 4 Xo — X3
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preserve all suprema, hence @, 4 Xa is the product of (Xo)aca. Since Sup is a quan-
taloid, it follows from Proposition 2.61 it has all small biproducts. Explicitly, the canonical
ingection ig : Xg — @ c4 15 given by x — (T4)aca, where

m? o = /6’
To =
1, a#p.
Since (Sup, ®,2) is symmetric monoidal closed and has small biproducts, it follows from
Proposition 2.34 that Sup is an infinitely distributive symmetric monoidal category. Hence

by Theorem 3.7, it is a symmetric monoidal closed quantaloid. Finally, it is straightfor-
ward to see that Sup(2,2) = 2, hence Sup is binary.

3.9. COROLLARY. Let (Q,®,1) be a compact-closed category with small biproducts such
that Q is a quantaloid. Then (Q,®,1) is a compact quantaloid.

Proor. This follows directly from combining Corollary 2.35 and Theorem 3.7. n

3.10. PROPOSITION. Let (Q, ®, I) be a dagger compact category with small dagger biprod-
ucts such that Q is a quantaloid. Then (Q,®,1) is a dagger compact quantaloid.

PROOF. Let X and Y be objects in Q and let r, s : X — Y be morphisms. By Proposition
2.62 and Lemma 2.31 we have r < s if and only if r Vs = s if and only if r + s = s if and
only if ' + st = sT if and only if r' Vv sT = sT if and only if ' < s'. So the involution is an
order embedding, which is also a bijection, hence it must be an order isomorphism. Thus,
Q is a dagger quantaloid. It remains to be proven that (Q,®,I) is a dagger symmetric
monoidal quantaloid, but this follows from Corollary 3.9. [

3.11. LEMMA. Let (Q,®,1) be a compact quantaloid. Then for any two objects X and
Y in Q, the following bijections are order isomorphisms:

QX,Y) S QU X" ®Y), rer
QX,Y) S QX ®Y*I), reury,
QX,Y) S Q(Y*, X", 1.

PROOF. Since Q is a compact quantaloid, the operations r — r ® s and r — s ® r are
monotone for any morphism s. Moreover, pre- and postcomposition with a fixed morphism
are also monotone operations by definition of a quantaloid. Hence, by definition of "7
Lr_ and r*, all bijections in the statement are monotone maps. In the same way, it follows
that the inverses of the first two bijections (cf. Lemma 2.8) are also monotone. Hence, the
first two bijections are order isomorphisms. We show that the last bijection is an order
isomorphism by showing that it is an order embedding, since a bijection order embedding
is an order isomorphism. Let f,g € Q(X,Y’). We already showed that the last bijection
is monotone, f* < g*. Conversely, assume that f* < g*. Since from the last (monotone)
bijection we can deduce that also Q(Y*, X*) — Q(X*,Y**), h — h* is a monotone
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bijection, it follows that f** < ¢g**. Notate the natural isomorphism idq — (—)** by 9.
Then it follows from naturality that f = d;;' o f**0dx and g = 65" 0 g™ 0 §x. Hence, using
that pre- and postcomposition in a quantaloid is monotone, we obtain f = (5;1 of™odx <
6y 0 g** o dx = g. Thus also the last bijection is an order isomorphism. [

3.12. LEMMA. Let (R, ®,1I) be a dagger compact quantaloid. Then for any object X of
R, the map Tr: R(X, X) — R(I, ), r — Tr(r) preserves arbitrary suprema.

PROOF. Since (R, ®, I) is a dagger compact quantaloid, it is a symmetric monoidal quan-
taloid, hence the map R(X, X) - R(X ® X*, X ® X*), r — r ® idx+ preserves suprema.
Since Tr(r) = ex o (r ® idx«) o ek, and both pre- and postcomposition in quantaloids
preserve suprema, the statement follows. [

3.13. BIPRODUCT-INDUCED QUANTALOID STRUCTURE. Next, we give a proof that any
infinitely distributive symmetric monoidal category with small biproducts and precisely
two scalars is a symmetric monoidal quantaloid. This proof is essentially the proof of
[21, Proposition 4.3]. Our assumptions are slightly weaker, which causes the proof to be
slightly different. We first need a lemma, which is adapted from [21, Lemma 4.1].

3.14. LEMMA. Let R be a category with small biproducts. If X is an object of R for
which every nonzero endomorphism is invertible, then (R(X, X),+,0x) is an idempotent
commutative monoid.

PRrROOF. Let R = R(X, X). It easily follows from Proposition 2.22 that (R,+,0x) is a
commutative monoid. By assumption each nonzero morphism f : X — X has an inverse
f71 Let w =350 idx. Clearly, we have w + w = w. Assume first that w = Ox. Then
Ox =w =w+idx = 0x+idx = idx, hence for each f € R, we have f = foidx = folx =
Ox, i.e., R = {0x}, which is trivially an idempotent commutative monoid. Next, assume
that w # Ox. Then w is invertible, whence idx +idx = wow+wlow =w ™o (w+w) =
wlow =idy. It now follows for each f € R that f+ f = fo (idy +idx) = foidx = f,
hence (R, +,0x) is a commutative idempotent monoid. n

3.15. THEOREM. Let (R, ®, 1) be an infinitely distributive symmetric monoidal category
with all small biproducts and with precisely two scalars id; and 0;. Then R is a symmet-
ric monoidal quantaloid where the supremum \/ ., ro of a set-indexed family (14 )aca of
morphisms in a homset R(X,Y) is given by Y 4 7Ta-

PROOF. Let X and Y be objects in R, and let » € R(X,Y). We have id; -r = Ay o (id; ®
7)o Ayt =70 \x o Ay’ = r by naturality of A. Hence, for any nonempty set A, we have

ZT:Z<id]'T):<Zid[>'T, (7>

a€cA acA acA

where we used Lemma 2.37 in the last equality. In particular, for A = {1,2}, we obtain
r+r = (id; +id;) - r. Now, since id; is the only nonzero scalar, which is clearly invertible,
it follows from Lemma 3.14 that (R(Z,I),+,0;) is an idempotent commutative monoid,
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so id; +id; = id;. Thus r +r =id; - r = r, hence (R(X,Y),+,0xy) is an idempotent
commutative monoid. It is well known that such a monoid is a join-semilattice with
rVs=r+sforeachr,s: X - Y. Hence, r < s if and only if r V s = s if and only if
r+s=3s. Let (ry)aca be a set-indexed family of morphisms in R(X,Y"). It immediately
follows that ) ., 7 is an upper bound for the family. As a consequence, we also obtain
id; < > ,c4ids, and since id; is clearly the largest element in R(Z,1) = {0;,id;}, we
must have ) _,id; = id;.

Assume s is another upper bound of (r4)aca. By (7), weobtain ), s = (ZaeA id[) .
s = idy - s = s. Hence, for each a« € A, we have r, < s, so r, + s = s, whence,
S = 0eaS = Dncafa+5) = caTa+ D necas =2 acala+s Thus > _,re <,
showing that \/ .4 7a = > c4 Ta- It now follows from Proposition 2.22 that R is enriched
over Sup, so it is a quantaloid. By Proposition 2.36 also the monoidal product ® on R
is enriched over Sup, so R is a symmetric monoidal quantaloid. [

3.16. THEOREM. Let (R, ®,1) be an infinitely distributive dagger symmetric monoidal
category with small dagger biproducts and precisely two scalars. Then R is a dagger
symmetric monoidal quantaloid, where the supremum \/ ., fo of any set-indeved family

(fa)aea in any homset R(X,Y") is given by > 4 fa-

PrOOF. By Lemma 2.6, it follows that id; # 07, so the only non-zero scalar in R is
invertible. By Theorem 3.15 it follows that R is a quantaloid and the supremum of
morphisms in a homset is provided by taking their sums.

In order to show that R is a dagger quantaloid, we have to show that for each X, Y € R,
the map R(X,Y) — R(Y,X), r — 7' is an order isomorphism. So let 7,5 : X — Y.
Using Proposition 2.32 and Lemma 2.31, we find 7T Vs =T + 5T = Vo (rT @ sT) o A =
Ato(r@s)foVi=(Vo(rds)oA) = (r+s)' = (rvs). Hence, r < s if and only
if s = r Vs if and only if s" = (r vV s)T if and only if s = 7T Vv sT if and only if rT < s.
Hence, R(X,Y) — R(Y, X), r — 7T is an order embedding. Since it is also a bijection, it
is an order isomorphism.

Finally, we need to show that (R, ®, I) is a symmetric monoidal quantaloid, but this
follows directly from Proposition 2.36. [

3.17. BIPRODUCT COMPLETION OF MONOIDAL AND COMPACT QUANTALOIDS.

Let (Q,®,1,a, A, p,0) be a symmetric monoidal quantaloid. We define ® : Matr(Q) X
Matr(Q) — Matr(Q) by X @ Y = (X, ® Y3)(as)caxp for objects X = (X,)aca and
Y = (Yg)pep in Matr(Q). If W = (W,),ec and Z = (Zs)sep are two other objects in
Matr(Q) and f = (f2)(ay)caxc : X = W and g = (gg)(m;)eBxp .Y — Z morphisms in
Matr(Q), then we define

(f ® 90y = f1® g5
for each « € A, 5 € B, v € C and § € D. We define J € Matr(Q) to be the object
(Ju)aer with J, = 1.
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For objects X = (X3)gen, Y = (Y, )rec, and Z = (Zs)sep, we define

axyz: (X®Y)®Z X (Y ®2Z)
Ay JJRX —- X
px X®J =X

oxy : X®Y - Y®X

B, (v,8")) OX3,Yy,Zss 6 = 5,77 = P)/a 0= 5/7
(axv.2) (5505

J‘(Xﬁ®yw)®ZS7X5/®(Y7/®Z(§/)7 0therw1se,

{
{Axﬁ, B=4,
{

J_1®XH7XB, , otherwise,

IOX g pXﬁ’ /B = /8,7
(’3 Lxserx,, otherwise,
(0' )( = OXp,Yy> ﬁ:ﬁlvf}/:fyla
XY (8, 'Y) o _L Othe .
Xp®Ys, Y, ®X g0 rwise.

3.18. PROPOSITION. Let (Q,®,1) be a (dagger) symmetric monoidal quantaloid. Then
(Matr(Q), ®, J) as defined above is a (dagger) symmetric monoidal quantaloid that is
nontrivial if and only if Q s nontrivial, affine iof and only if Q s affine, and binary if and
only if Q is binary. Moreover, if (Q,®, I) is a dagger symmetric monoidal quantaloid with
small dagger biproducts, then the functors Eq : Q — Matr(Q) and Pq : Matr(Q) — Q
in Theorem 2.68 form an equivalence of dagger symmetric monoidal quantaloids.

PROOF. Clearly, ® is a bifunctor on Matr(Q). We verify the triangle identity. Let
X = (Xg)gep and Y = (Y,),ec objects in Matr(Q). Then for each 5,8 € B and
v,7 € C, we have

. (/3/7 /) . /7 ! //7 *7
((ldX ® )\Y) o OéXvJvY)((/B:),'y) = \/ (ldX &® )\Y)Eg//?&*)ﬂ//)) o) (OZX7J7Y)E,(Bﬁ7*()7,;Y) )
(B",(xy"))EBX(1"XC)
= V()5 ® ) n) 0 (axay) (s

BHEB,'YHEC

Note that for two morphisms f: U — V and g: V — W in Q, we have go f =1Ly if
either f =1y or g =Ly by Lemma 2.52. By assumption, Q is a symmetric monoidal
quantaloid, hence given morphisms h : U — W and k : V ® Z in Q, it follows from
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Lemma 3.2 that h ® k = Lygvwez if either h =Ly or k =Ly z. Hence,

B, (%,
(idx)5 ® (W) ) © (@) (i)

((ldX & /\y) ©) OéX,(Ly) (8, *)7

ldXB ® )\y ® 00X, 1Y, s B=py=,
Lixpeney, xyeuey,), otherwise

pXﬁ®1dY7 6:/6/77:’7/7

Lixseney, xyeuay,), otherwise

= (px ® 1011/)&27 ,
where we used the triangle identity for Q in the penultimate equality. Hence, the triangle
identity holds for Matr(Q). The pentagon identity for Matr(Q) follows in a similar way
from the pentagon identity for Q.

Let (Xa)aca, (Ys)gen, W = (W,)yec and Z = (Zs)sep be objects in Matr(Q). It
remains to show that Matr(Q)(X, W) x Matr(Q)(Y,Z) — Matr(Q)(X ® Y, W ® Z),
(f,g9) — [ ® g preserves suprema in each argument separately. So let (fy)scx be a family
of morphisms in Matr(Q)(X, W). Then for each « € A, 5 € B, v € C and 0, we have

(7,6)
<<\/fm>®9> (\/ﬂ) ®g§=(\/(fﬁ)z>®gz§
keEK (o, B) reEK keEK

(7,9)
=V (f)1®g5) = \/(fﬁ®g>§3’f2):<\/<fﬁ®g>) ,

reEK KEK KEK (o,8)

where the first and penultimate equalities are by definition of ® on Matr(Q), the second
and last equalities by definition of suprema in Matr(Q), and the third equality because
Q is a symmetric monoidal quantaloid. Thus (\/, x fx) ® ¢ = V,.cx(fe ® g), and in
a similar way, we show that ® preserves suprema in the second argument. It is al-
ready asserted in Theorem 2.68 that Matr(Q) is a dagger quantaloid when Q is a dagger
quantaloid. Assume that (Q,®,I) is a dagger symmetric monoidal quantaloid, and let
f= (fDemeaxc : (Xadaer = (Wy)rec and g = (98)ps)enxn = (Ya)sen — (Zs)sep
are morphisms in Matr(Q). Then for each « € A, § € B, v € C and 6 € D, we have
(fog)em = (Foaen) = (o) = (e @) = (Mo @) = (Ffedi),
where we used the Q is a dagger symmetric monoidal category in the fourth equality. So
(f ®g)t = f1 ® g'. Hence, if Q is a dagger symmetric monoidal quantaloid, then so is
Matr(Q). Since the functor Eq : Q — Matr(Q) is fully faithful (cf. Theorem 2.68), we
have Matr(Q)(J, J) = Q(I, I), hence Matr(Q) is nontrivial if and only if Q is nontrivial,
affine if and only if Q is affine, and binary if and only if Q is binary.

Assume that Q has all dagger biproducts. By Theorem 2.68, the functors Eq and
Pq are homomorphisms of dagger quantaloids, and form an equivalence of categories,
hence it suffices to show that only one of Eq and Pq is dagger strong monoidal. For
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X,Y € Q, note that J = (I) = Eq(I), and Eq(X)® Eq(Y) =(X)® (Y) =(X®Y),
hence the coherence isomorphisms for Fq can be chosen to be identities, hence Fq is a
strict symmetric monoidal functor, and since identities are in particular are unitaries, Eq
is dagger strong symmetric monoidal. We conclude that Eq and Pq form an equivalence
of dagger symmetric monoidal quantaloids. n

3.19. PROPOSITION. Let F : (Q,®,1q) = (R,®,Ir) be a homomorphism of dagger
symmetric monoidal quantaloids with coherence dagger isomorphisms ¢ : I — Flq
and oxy : FX ® FY — F(XOY) for X.Y € Q. Let Jq and Jr be the monoidal
units of Matr(Q) and Matr(R), respectively. Then also Matr(F) : Matr(Q) — Matr(R)
(cf. Theorem 2.68) is a homomorphism of dagger symmetric monoidal quantaloids with
coherence dagger isomorphisms ¥ : Jg — Matr(F)(Jq) to be the ‘matriz’ (¢). For
objects X = (Xo)aca and Y = (Y3)pep in Matr(Q), we define ®xy : Matr(F)(X) ®
Matr(F)(Y) — Matr(F)(X @ Y) for each o,y € A and 3,0 € B by

a?ﬁ o .
(@5 L rx.eFys F(x,0v5), Otherwise.

(q)XY)(%d) _ {QOXQ,Y[N (Oé,ﬂ) = (775)7

Moreover, Matr(F') is (fully) faithful if F is (fully) faithful, and preserves small dagger
biproducts.

PRrOOF. It follows from Theorem 2.68 that in order to show that Matr(F") is a homo-
morphism of dagger symmetric monoidal quantaloids, we only need to show that it is a
dagger strong symmetric monoidal functor, which is straightforward but tedious, so as
an illustration of the proof, we only verify condition (4) from the definition of a dagger
strong symmetric monoidal functor (cf. Definition 2.10). Since F' is dagger strong sym-
metric monoidal, we have FAy o ¢y o (¢ ® idpy) = Apy for each X, Y € Q. Now, let
Y = (Y3)pep be an object of Matr(Q). Then for (x,8) € 1 x B and § € B, we need to
show that

. )
(MatI'(F)()\Y) % (I)JQ,Y o (‘I) ® ldMatr(F)(Y)))(*’B) = ()\Matr(F)(Y))((s*ﬁ)-

By definition, the right-hand side evaluates to A FYs it =3, and to Lz FY3,FY; otherwise.
Because F' L=1, and both the monoidal product and composition preserve L in each
argument separately by definition of a symmetric monoidal quantaloid, we have also have
that the left-hand side eavluates to Lryery, ry; if 8 # 0. In case 8 = 4, the left-hand
side evaluates to

LHS = \/ F(O)(0) 0 (@rqy)(i) 0 (@7 @ (idytau(ryv)})

(%,7)
a,YEB
= F((\W)0 5) 0 @y )V o (0% @ (id %)
Y (x,8) JQ:Y ) (x,3) * Matr(F)(Y)) 3
- F()\YB) © P,y © (b idFYB) = Apy; = ()‘Matr(F)(Y)>(B*ﬂ)

The other conditions in Definition 2.10 are verified in a similar way, and it is also straight-
forward that the coherence morphisms of Matr(F') are unitaries, and that Matr(F) is
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(fully) faithful when F' is (fully) faithful. Finally, it follows from Proposition 2.64 that
Matr(F') preserves small dagger biproducts. n

3.20. THEOREM. Let (Q,®,1) be a (dagger) compact quantaloid with unit morphisms
Ny : I = Y*®Y and counit morphisms ey : Y @ Y* — I for each object Y of Q. Then
(Matr(Q), ®, J) becomes a (dagger) compact quantaloid if for each object X = (X4)aca
in Matr(Q) we define X* := (X})aca, andnx : J > X* @ X and ex : X @ X* — J by

o NXas Oé:ﬁ7 * €Xas a:ﬂ
(nx)\* = { (€x)(ap) = {

Lrxsex,, otherwise, ’ J_XQ®X;J, otherwise
for each o, 5 € A.
PROOF. Similar as in the proof of Proposition 3.18, we find for each o, 5 € A:
(Axo(ex ®idx) o ay'y. y o (idxy ®nx) o px')i

_ {/\Xa o (ex, ®idx,) 0 ayl y. x, ©(idx, ®nx,) 0 px., a=p,

Lx,.x5, a#
_Jidx,, a=f,
a {J-XQ,XB, a # B,
= (idx)2,

where we used that Q is compact in the second equality. Thus, Ax o (ex ®idy)o 0‘)_(,1)(*, O
(idx ® nx) o py' = idx, and in a similar way, we find px- o (idx- ® ex) o ax« xx+0(nx ®
idy) o Ay+ = idy-, so Matr(Q, ®, J) is a compact quantaloid. If Q is a dagger compact
quantaloid, we have for each «, § € A:

(o — a:ﬁ s _ a7B *
(oxx 0 E‘TX)S‘ 7= \/ (UX’X*)E%J)) © (GE()S‘V % = \/ <UX’X*>E%6)) © <(€X>(%5))Jr
(7,0)€AXA (7,6)€AX A
T
a * O0X,,Xx CO€x a=f,
= (oxx)50 0 ((ex)iga)t = o e

_ NXeas a = B)
lrxiex, a# S

= (UX)S;Q”B) )

from which we conclude that nx = ox x» oe_TX, which shows that (Matr(Q), ®, J) is dagger
compact. -
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3.21. EXAMPLE. Let V' be a commutative quantale. Then X becomes a bifunctor on V -
Rel if for V-relationsr : X1 — Y7 and s : Xo = Yo we definerxs: X1 x Xy = Y1 XY,
as the function (X7 X X3) x (Y1 x Ys) = V' given by

(r x 5)((1317372% (y1,y2)) = 1r(z1,y1) - (T2, Y2).

Then (V-Rel, x,1) is a dagger compact quantaloid, which can be seen as follows. By
Example 3.5, V is a dagger compact quantaloid, hence by Theorem 3.20, so is Matr(V).
It is straightforward to see that the equivalence of dagger quantaloids Matr(V) = V-Rel
in Proposition 2.67 is an equivalence of dagger symmetric monoidal quantaloids, hence
also V-Rel is a dagger compact quantaloid.

3.22. ExAMPLE. Since (FAOS, ®, C) is a binary dagger compact quantaloid (cf. Example
3.6), it follows that qRel = Matr(FdOS) is also a binary dagger compact quantaloid.
The monoidal product of qRel is typically denoted by x. The monoidal unit of qRel is
1 = (C). Since the embedding Eraos : FAOS — Matr(FdOS) = qRel is fully faithful
(cf. Theorem 2.68), it follows that qRel is also binary.

It might be odd to denote the monoidal product of qRel by X, since in this article,
given a symmetric monoidal quantaloid Q, we denote the monoidal product on Matr(Q)
by the same symbol as the monoidal product of Q, and the monoidal product on FdOS
is the Hilbert space tensor product ®. Moreover, the monoidal product x on qRel is not
the categorical product. However, the monoidal product x on qRel is the noncommu-
tative generalization of the set-theoretic product on Rel, which is also not a categorical
product. In noncommutative mathematics, it is customary to use the same symbols for
noncommutative generalizations of structures, which we choose to follow, even though it
clashes with other conventions.

4. Dagger kernel quantaloids and orthomodularity

Dagger kernel categories require the existence of zero objects, which are not always present
in a dagger quantaloids. However, we will see that one can freely add a zero object to any
quantaloid. Since also the least elements of quantaloids with a zero object coincide with
the zero maps (cf. Lemma 2.53), we can exploit this freely-added zero object to generalize
the notion of dagger kernel categories to quantaloids without a zero object.

4.1. FREELY ADDING A ZERO OBJECT TO A QUANTALOID. Let Q be a quantaloid. By
Qo, we denote the category that has the same objects as Q, together with one addition
object, denoted 0. For objects X,Y € Qq, we define

QX.Y), X#0#Y,

1, otherwise.

QO(Xv Y) = {
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In case X =0 or Y = 0, we denote the single morphism in Q(X,Y’) by Lxy. We define
composition g og f on Qg of morphisms f: X — Y and g: Y — Z in Qg by

gof, XY, ZeQ,
goo fi=

1x 7, otherwise.

In practice, we will just write g o f instead of g oy f. It is straightforward that if Qg is
a quantaloid with a zero object 0. If Q is a dagger quantaloid, then clearly Qg also is a
dagger quantaloid. If Q already had a zero object, then the (—)g-construction adds an
additional zero object.

If (Q,®,1) is a (dagger) symmetric monoidal quantaloid, then we can define a sym-
metric monoidal product ®y on Qg such that also (Qg, ®o, ) is a (dagger) symmetric
monoidal quantaloid. Namely, for objects X,Y € Qo we define

XQY, X YeQq,

0, otherwise.

X®0Y:{

For morphisms f: X - W, g:Y — Z in Qy we define
® g, e QX,W),g€Q(Y,2),
f®0g:{f g f€QX,W),g€Q(Y,2)

L xgeywaez, Otherwise.

Since X ® 0 =0and 0 ®Y = 0 for each X,Y € Q, it follows that the components of
the associator, unitors, and symmetry involving 0 must be L. In a similar way, it easily
follows that (Qq, ®o, I) is a (dagger) compact quantaloid if (Q, ®, I) is a (dagger) compact
quantaloid by taking 0* = 0. In practice, we just write ® instead of ®.

Let Q be a dagger quantaloid. Then the inclusion Zq : Q — Qp, which is clearly
a homomorphism of dagger quantaloids, has the universal property that for each dagger
quantaloid with zero object R and each homomorphism of dagger quantaloids F' : Q — R,
there is a homomorphism of dagger quantaloids F Qo — R that is unique up to natural
isomorphism such that the following diagram commutes up to natural isomorphism:

Z
Q — Qo
R.
Indeed, for each object X € Qq, we define

By FX, Xe Q';
0, otherwise,
and for each morphism f: X — Y in Qg we define

Ff:{Ff, XY €Q,

Lpx gy, otherwise.
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4.2. EXAMPLE. The dagger compact quantaloid FdOSy (cf. Example 3.6) can be obtained
from the dagger compact quantaloid FAOS by freely adjoining a zero object.

Our running examples V-Rel and qRel are obtained by applying the dagger biproduct
completion to a dagger quantaloid Q without a zero object. The following proposition
states that adding a zero object to Q yields the same quantaloid.

4.3. PROPOSITION. Let Q be a dagger quantaloid. Then Matr(Zq) : Matr(Q) and
Matr(Qg) is an equivalence of dagger quantaloids.

ProoF. By Theorem 2.68, the inclusion Zq : Q — Qq induces a homomorphism of dagger
quantaloids Matr(Zq) : Matr(Q) — Matr(Qp), which satisfies Matr(Zq)oEq = Eq,0Zq.

Since Matr(Q) has a zero object, it follows from the universal property of Zq : Q — Qo
that there is some homomorphism of dagger quantaloids G : Qo — Matr(Q) such that
G o Zqg = Eq, namely G = EZ; By the universal property of Eq, : Qo — Matr(Qp) as
the dagger biproduct completion of Qg (cf. Theorem 2.68), it follows that there is some
homomorphism of dagger quantaloids H : Matr(Qq) — Matr(Q) such that H o Eq, = G,
namely H = G. Then H o Matr(Zq) o Eq = H o Eq, 0 Zq = G o Zq = Eq, and by the
universal property of Eq, we find H o Matr(Zq) = idmatr(q)-

Furthermore, we have Matr(Zq) o Go Zq = Matr(Zq) o Eq = Eq, © Zq, and from the
universal property of Zq, we obtain Matr(Zq) o G = Eq,. Then Matr(Zq) o H o Eq, =
Matr(Zq) o G = Eq,, and by the universal property of Eq,, we obtain Matr(Zq) o H =
idMatr(Qo)- =

Now, in order to find the generalization of dagger quantaloids with dagger kernels, we
need the quantaloid analog of a zero-mono.

4.4. DEFINITION. We call a morphism m : Y — Z in a dagger quantaloid Q a 1L -mono
ifmo f =1x, implies f =Lxy for each object X of Q and each morphism f: X — Y.

4.5. EXAMPLE. Let F' be a frame. Then F is an affine commutative quantale with x -y =
xAy. Givenz € F, we define the pseudocomplement x* of x by x* :=\/[{y € F: x Ay =L
}. We say that x is dense in F if * =1. Then the dense elements of F' are precisely the
L-monos of F(1,1). Indeed, if x is dense, and y is an element of F such that x -y =1,
then x Ny =1, hencey < x* =1, soy =1, which shows that x is a L -mono. Conversely,
if x is a L-mono, then a-a* = a ANa* =1, which implies that a* =L, so a is dense. Since
Boolean algebras are precisely the frames for which T is the only dense element, it follows
that F' is Boolean if and only if T is the only 1L-mono in F.

The following two lemmas are straightforward.

4.6. LEMMA. Let Q be a dagger quantaloid. Then a morphism m : X — Y in Q is a
L-mono if and only if it is a zero-mono in Qq. If Q has a zero object, then its 1 -monos
coincide with its zero-monos.



1022 GEJZA JENCA AND BERT LINDENHOVIUS

4.7. LEMMA. Let Q be a dagger quantaloid. For each X,Y € Q, if Q(X,Y) has a
L-mono m, then any n € Q(X,Y) such that m < n is a L-mono.

In particular, L-monos that are effects will be of importance.

4.8. LEMMA. Let (Q,®, 1) be a dagger symmetric monoidal quantaloid such that for each
object X € Q, there is precisely one L-monic effect X — I. Then:

(a) Txr is the only L-monic effect X — I for each object of Q;

(¢) Ty is the only L-monic effect for each object Y of Matr(Q);

(d) (Matr(Q),®,J) is affine.

PRrROOF. By Lemma 4.7, it follows that Tx ; is the only L-monic effect of any object
X € Q, which proves (a). Since id; is clearly a 1-mono, this forces id; = T, so Q is
affine, proving (b).

For (c), let Y = (Y,)aca be an object in Matr(Q). If A = (), then Y is the empty
family, which is the zero object in Matr(Q), from which it immediately follows that
Tys =Llyy, and that Ty is a L-mono. So we may assume that A # (). Clearly,
Ty,s = (Tyar)@menxt. Let f = (fP J(a,8)eaxB © X — Y be a morphism such that
Tygsof=L1lxy. Fix o € A. Then we have

Lxer=(Tyvao Ni=\ (Tv)zofl=\ Tyrof,

peB BEB

which forces Ty, 7o f8 =1x,_ 1 for each B € B. Hence, for fixed 3 € B, since Ty, 1is a
1 -mono, we must have ff =1 x,,v;- We conclude that f=Lxy,so Ty is a L-mono.
Let g : Y — J be another effect, not equal to Ty, ;. So there is some 3y € B such that

95, < Tvu,r- Then gg @Y — I cannot be a L-mono in Q, hence there is some nonzero
h:Z — Yg, such that gi oh =1,;. Let W = (Ws)se1 with W, = Z, so W € Matr(Q),
and let r : W — Y be given by

8 __ h7 /8 = ﬁ(])
r] =
Lzy,, B # bo
Then r #.Lyy, but
(gor)i \/95 \/ g5 Lzy, Vg, 0h =0z,
BEB B#Bo

so gor =Ly . We conclude that ¢ is not a L-mono, so Ty, ; is the only L-monic effect
on Y. Now (d) follows from (a). =
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4.9. LEMMA. In (FAOSy,®,C), an effect R : Y — C is a L-mono if and only if R =
Tyc.

ProOOF. We first show that Ty is a L-mono, so let S : X — Y be a nonzero morphism
in FAOS,. Then there is some s € S such that s(z) # 0 for some x € X. Write
y = s(z). Let gy := (y,—) : ¥ — C, which is an element of B(Y,C) = Tyc. Then
t(s(x)) = (y,y) # 0, since y # 0. Thus, §r # 0, hence Ty -S # 0, so Tyc is a L-mono.
For the converse, assume that R : Y — C is not equal to Tyc = B(Y,C). So R is a
proper subspace of B(Y, C), It follows that there is a nonzero functional ¢ : Y — C that is
orthogonal to all functionals in S. The Riesz representation theorem states that the map
y — (y,—) is an antilinear bijective isometry Y — B(Y,C). Hence, for any functional
1 1Y — C, the Riesz representation theorem assures the existence of a unique y, € Y
such that ¢ = (y,, —). Write y = y,,. Note that y # 0, for ¢ is nonzero. Let 1) € S. Since
1 L ¢, it follows from the Riesz representation theorem that 0 = (@, ¥) = (yy, y) = ¢¥(y).
As a consequence, we have ¢¥(y) = (yy,vy,) = (¥,) = 0. Let y : C = Y be function
A — Ay. Note that Cy : C — Y is nonzero a morphism in FdOS,. Moreover, for each
¢ € S and each A € C, we have ¥(g(\)) = ¥(\y) = Mp(y) = 0, hence g = 0 for each
¥ € S. It follows that S - Cy = 0, hence S cannot be a 1-mono in FdOS,. m

In light of Lemma 2.72, a quantaloid without zero object cannot have kernels of -
monos, leading to:

4.10. DEFINITION. Let Q be a dagger quantaloid. If the dagger equalizer k of a morphism
f: X =Y and Lxy exists, we call it the dagger kernel of f. We say that Q has dagger
kernels or that Q is a dagger kernel quantaloid if the dagger kernel of any morphism that
18 not a 1 -mono exists.

It follows immediately from Lemma 2.53 that the definition of a dagger kernel above
coincides with the definition of a dagger kernel category if Q has a zero object.

The next proposition shows that dagger kernel quantaloids generalize dagger quan-
taloids that are simultaneously dagger kernel categories, and justifies the terminology in
the previous definition.

4.11. PROPOSITION. Let Q be a dagger quantaloid.

(a) If Q has a zero object, then it is a dagger kernel quantaloid if and only if it is
a dagger kernel category, i.e., if Q is a dagger kernel quantaloid, then the dagger
kernel of any morphism in Q exists.

(b) If Q does not have a zero object, then it is a dagger kernel quantaloid if and only if
Qo is a dagger kernel category.

PROOF. For (a), assume Q has a zero object. Then Oxy =1 xy for each object X,Y €
Q (cf. Lemma 2.53), and zero-monos and L-monos coincide (cf. Lemma 4.6). As a
consequence, if Q is a dagger kernel category, then clearly it is a dagger kernel quantaloid.
Conversely, if Q is a dagger kernel quantaloid, showing that Q is a dagger kernel category
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only requires showing that the dagger kernel of any zero-mono f : X — Y in Q exists,
but this follows from Lemma 2.72.

For (b), assume that Q does not have a zero object. By (a), it suffices to show that
Q is a dagger kernel quantaloid if and only if Qg is a dagger kernel quantaloid.

Assume that Q is a dagger kernel quantaloid, and let f : X — Y be a morphism in Qg
that is not a L-mono in Qg. Assume first that X #0 # Y, so f € Q(X,Y). Since f is not
a L-mono in Qy, there is some Z € Qqp and g € Qo(Z, X)\{Lzx} such that fog=1,y.
The condition g #1z x forces Z # 0, and hence g € Q(Z, X). As a consequence, f is
also a L-mono in Q, hence the dagger equalizer k : K — X of f and Lxy exists in Q.
Let Z € Qo and ¢g : Z — X another morphism such that fog =1xy og, i.e., such that
fog=1zy. Since k is the dagger equalizer of f and Ly in Q, it follows that there is
some h € Q(Z,K) = Qo(Z, K) such that kog = h. If Z =0, then g =1 x, hence there
is also some h € Qo(Z, K') with ko g = h, namely h =1 7 .

Now assume that X =0 or Y = 0. Then we must have f =1 xy, hence the equalizer
of fand Lxy is idx € Qo(X, X), which is clearly a dagger mono. We conclude that Qo
is a dagger kernel quantaloid.

Now assume Qg is a dagger kernel quantaloid. Let f : X — Y be a morphism in Q
that is not a L-mono in Q. Hence, there is some Z € Q and some g € Q(Z, X))\ {Lzx}
such that fog =1,y. Clearly, this implies that f is also a L-mono in Qy, so the dagger
equalizer k : K — X of f and Lxy in Qp exists. Now, we cannot have K = 0, because
fog=1zy=1xy ogimplies the existence of some h : Z — 0 such that ko h = g, which
forces g = 0z x =Lz x. As a consequence, K € Q, so the dagger equalizer of f and Lxy
in Q exists. [

4.12. LEMMA. The associated quantaloid V of a commutative quantale (V,-,e) (cf. Ex-

ample 2.46) is a dagger kernel quantaloid if and only if for each v,w #L1 in V we have
veow FL.

PROOF. Recall that v’ = v for each v € V. We first show that the dagger kernel of v =L
in V always exists, and equals e. Since ef oe = e, it follows that e is a dagger mono. We
have v - e =1 -e =1. Furthermore, for each w € V, we have v - w =1L -w =1, but w
factorizes via e: w = e - w, so e = ker(L). Thus, V is a dagger kernel quantaloid if every
v #.L that is not a L-mono has a dagger kernel. Now, the condition v - w #_L for each
v,w #1 in V implies that any v #1 is a 1-mono, so in this case V is a dagger kernel
quantaloid. We prove the converse implication by contraposition. Assume that there are
v,w #L in V such that v-w =_1. Thus v is not a L-mono. Assume that there is a dagger
mono k € V such that v -k =1. The condition that £ is a dagger mono translates to
k-k=e. Then Ll=v-k-k=wv-e=wv, contradicting that v #_1, hence v does not have a
dagger kernel. So V is not a dagger kernel quantaloid. [

4.13. EXAMPLE. Frames F' in which v A w #1 for each v,w #1 in F are pointfree
generalizations of hyperconnected topological spaces. The only Boolean algebra that has
this property is the two-element Boolean algebra 2.
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4.14. EXAMPLE. Let (M,-,e) be a commutative monoid. For each A,B C M define
A-B={a-b:aec Abe B}. Then (P(M),-,{e}) is a commutative quantale such that
A-B#10 for each A, B # () in the power set P(M).

4.15. LEMMA. FAOS and FAOS, (¢f. Example 2.49) are dagger kernel quantaloids.

PRrROOF. By Proposition 4.11, it suffices to show that FAOS, is a dagger kernel category.

Let R : X — Y be a morphism in FAOSy, so a subspace of B(X,Y). Let K =
(\,crkerr. Then K is a subspace of X, so we can denote k : K — X the inclusion
in FdHilb. Then E = Ck is a morphism in FAOSy(K, X), which we claim to be the
dagger kernel of R. Firstly, F is a dagger mono, because for each z,y € K, we have
(k'kxz,y) = (kx,ky) = (z,y), so k'k = 1g. Hence, ET - E = Ck'k = Clg = idg.
It follows from kfk = 1x that p := kk' : X — X is a projection in FdHilb, i.e.,
p> =p=7pl. If z € K, then pr = pkx = kk'kx = kx = . Let x € X such that pzr = x.
Let r € R. Then for each z € K C kerr, we have 0 = rz = rkz, hence rk = 0. As a
consequence, we have ro = rpz = rkk'z = 0, so ¢ € kerr. Since r € R is arbitrary, we
obtain € [,z kerr = K. Thus, for each v € X, we have x € K if and only if pr = x.

We found that rk = 0 for each r € R. Hence, R- E = {rk : r € R} = 0. Now, let
S : Z — X be another morphism in FAOS with R-S = 0. Let T € FdOS((Z, K) be
defined by T'= {k's : s € S}. Fix s € S and z € Z. Then, for each r € R, we have rs = 0,
hence r(s(z)) = 0, so s(z) € kerr. Thus s(z) € (),cgkerr = K. Thus ps(z) = s(z) for
each z € Z, whence ps = s. As a consequence, we have £ -T = {kt : t € T} = {kk's :
se€eSt={ps:seSt={se S} =5. Weconclude that F : K — X is the dagger kernel
of R in FAOS,. n

4.16. LEMMA. A morphism r : X =Y in a dagger kernel quantaloid Q is a 1 -mono if
and only if rT or is a L-mono.

PROOF. Assume r is a L-mono in Q, and let s : Z — X be a morphism in Q such
that rf oros =1z x. By Lemma 4.6, r is a zero-mono in Qy, which is a dagger kernel
category by Proposition 4.11. By Lemma 2.53, we have rT oros = 0zx in Qq, so
(ros)fo(ros)=storforos=0z By Lemma 2.74 we have 7 o s = 0zy. Since r is a
zero-mono, we obtain s = 0z yx, so rT oris a zero-mono in Q. By Lemma 4.6, it follows
that rf o7 is a L-mono in Q.

Conversely, assume that 77 o7 is a L-mono, and let s : Z — X be a morphism such
that r o s =Lzy. Then rf oros =14, and since rf or is a L-mono, it follows that
s =1zx,s0r1isa l-mono. ]

4.17. ORTHOMODULARITY. An ortholattice is a bounded lattice L equipped with an
involutive order-reversing map z + —x such that + A =z = 0 and x V —x = 1, where
0 and 1 denote the respective least and greatest element of L. If, in addition, for each
x,y € L we have that z <y implies y = x V (—z A y), we call L an orthomodular lattice.
Orthomodular lattices generalize modular ortholattices, i.e., ortholattices L that satisfy
the modular law: = < z implies z V (y A z) = (x V y) A z for each z,y,z € L.
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The homsets of Rel and qRel are complete orthomodular lattices. In fact, the homsets
of the former category are even Boolean algebras, whereas the homsets of the latter are
complete modular ortholattices.

Affine dagger symmetric monoidal quantaloids with orthomodular homsets have the
following property:

4.18. LEMMA. Let (Q,®, 1) be an affine dagger symmetric monoidal quantaloid such that
every homset of Q is an orthomodular lattice. Then (Q(I,1),0,id;) is a complete Boolean
algebra with r Ns =ros for eachr,s € Q(I,1).

PRrROOF. Let V- = Q(I, I). We already saw in 3.3 that (V, o,1id;) is a commutative quantale.
By definition of affine symmetric monoidal quantaloids, we have id; = T;. Let r,s € V.
Then ros < roT; =roid; = r and similarly, ros < s, so ros < r As. Hence,
—ror < -rAr =1y forcing -ror =1;. Thenr =idjor =Tror=(rvV-r)or =
(ror)V(-ror)= (ror)V Li=ror, soeach r € V is idempotent. By Lemma 2.44,
it follows that V' is a frame with » A s = r o s for each r,s € V, hence it satisfies the
distributivity property 7 A (sVt) = (rAs)V (rAt) for each r, s,t € V. Now, since V is an
ortholattice satisfying this distributivity property, it is a Boolean algebra. Completeness
follows by definition of a quantale. [

If Q is a dagger compact quantaloid such that every object of Q has precisely one
L -monic effect, then the existence of dagger kernels is sufficient to show that homset
of Q are orthomodular. We will see later that qRel is an example of a dagger kernel
quantaloid (cf. Proposition 4.25). We further note that in an orthomodular lattice, there
is an orthogonality relation L defined by x L y if and only if x < —y.

We first start with the case of effects, for which we do not need compactness.

4.19. DEFINITION. Let (Q,®,1) be a dagger symmetric monoidal category. Then for
each object X of Q, we define a binary relation L on the set of effects Q(X, 1) byr L s
if and only if ro st =1;.

4.20. LEMMA. Let (Q,®, 1) be a dagger symmetric monoidal quantaloid with dagger ker-
nels and a zero object. Letr : X — I be an effect with dagger kernel k : K — X (existence
assured by Proposition /.11). Define —=r: X — I by

= \/{3 € Q(X,I):r L s}
Then:
(a) For any two effects r,s: X — I, we have s < —r if and only if r L s;

(b) For any effect s : X — I we have r L s if and only if s = t o kT for some effect
t: K — 1.

(C -r = TKJ O/{ZT.
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PrRoOOF. By Lemma 2.53, Oxy =1 xy for any two objects X and Y of Q. If r L s then
s < —r by definition of —r. Assume that s < —r Then, since Q is a quantaloid, we have

sorl <—rorf = (\/{tEQ(X,[):rLt})orT:\/{torT:teQ(X,I):rJ_t}
:\/{torf;teQ(X,I):torT =1;} =1y,

which forces sorf =1;. Thus r L s.

For (b), if s = t o kT, then ro st = rokot! =1Ly, otf =1;;=1;. Conversely,
if r o st =1;, then by the universal property of dagger kernels, there is a morphism
v: I — K such that k ov = s'. Choosing ¢ = v" now yields s =t o kT.

Finally, for (c), it follows from (b) that —r = \/{s € Q(X,I):r L s} =\/{tokl:t e
QK, N} =(VQ(K,I)) okl = Tk ok ]

4.21. LEMMA. Let (Q,®, 1) be a dagger symmetric monoidal quantaloid with dagger ker-
nels and a zero object such that every object of Q has precisely one L-monic effect. Then
any r:Y — I equals T g1 o ki, where k : K — 'Y is the dagger kernel of r (existence
assured by Proposition /.11).

PROOF. By Lemma 2.73, in which we take X = I and f = ', we have r’ = ker(k') oe for
some zero-epi e : I — K=+, Since k; = ker(k'), we obtain r = e Okrl. Since e is a zero-epi,
it follows that e’ is a zero-mono, hence by Lemma 4.6, ef is a 1-mono. By Lemma 4.7,
also T . ;is a L-mono. By assumption, there is precisely one |-monic K L+ — I, whence
el must equal Treg [

4.22. PROPOSITION. Let (Q,®, 1) be a dagger symmetric monoidal quantaloid such that
Q is a dagger kernel category and such that every object of Q has precisely one 1 -monic
effect. Let X be an object of Q. Then KSub(X) and Q(X,I) are ortho-isomorphic
complete orthomodular lattices, where the orthocomplementation of the latter is the map
r +— = of Lemma 4.20. The ortho-isomorphism Q(X,I) — KSub(X) is given by r
[ker(r),].

PROOF. By Proposition 2.75 it follows that KSub(X) is an orthomodular lattice. Since
Q is a dagger kernel category, it has a zero object, hence L xy= Oxy for each X,Y € Q
by Lemma 2.53, and zero-monos are 1-monos by Lemma 4.6. We claim that the map
¢ : Q(X,I) = KSub(X), r — [ker(r),] is an order isomorphism such that ¢(—r) = —p(r)
for each r € Q(X, I). Since KSub(X) is an orthomodular lattice, it then follows that r —
—r defines an orthocomplementation on Q(X, I) such that Q(X,I) is an orthomodular
lattice. Completeness of Q(X,I) follows since Q is a quantaloid. Note that once the
ortho-isomorphism between Q(X, /) and KSub(X) is established, completeness of the
former implies completeness of the latter.

In order to show that ¢ is an ortho-isomorphism, we first check that ¢ is monotone.
So let r;s : X — I, and let K, and K, be the domains of ker(r) and ker(s), respec-
tively. Assume that r < s, then 7 o ker(s) < s o ker(s) = Ox,; =Lk, s, which forces
roker(s) =Lk, ;. It follows from the universal property of dagger kernels that there
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must be some a : Ky — K, such that ker(s) = ker(r) o a, hence [ker(s)] < [ker(r)] in
KSub(X), implying ¢(r) = [ker(r) ] < [ker(s).] = ¢(s). Next, we show that ¢ is an
order embedding. So assume that ¢(r) < ¢(s), i.e., [ker(r),] < [ker(s),]. In other words,
ker(r), = ker(s), o a for some morphism a : K- — K, which is necessarily a dagger
mono, see 2.70. Using Lemma 4.21, we obtain r = TKIJoker(r)l = —I'KiJoaT oker(s)h <

Tk, Ioker(s)l = s, so p is indeed an order embedding. In order to show that it is an order
isomorphism, we only have to show it is surjective. So let k : K — I in KSub(X), and let
r=Tkro k. Now, Tk, is a _L-mono by Lemma 4.7, so a zero-mono. Moreover, we have
ker(mo f) = ker(f) for each morphism f and each zero-mono m by [4, Lemma 4.2]. Hence,
ker(r) = ker(Tk 7 o k') = ker(k') = k., which implies ¢(r) = [ker(r),] = [ki.] = [k].
Finally, for arbitrary r : X — I, we have =r = Tg ;o (kerr)! by Lemma 4.20.
Again using that Tk is a zero-mono, we obtain ¢(—r) = [ker(—r) ] = —[ker(—r)] =
—[ker(T g so(ker r)1)] = =[ker(ker r)1] = =[(kerr), ] = —¢(r). Finally, it follows from (a) of
Lemma 4.20 that L is the associated orthogonality relation of the orthocomplementation

—on Q(X,I). n

We note that we never assumed our categories to be well powered, so a priori, there is
no guarantee that KSub(X) in Q is a set. However, since Q is a quantaloid, it is locally
small, and the theorem above establishes a bijection between Q(X, ) and KSub(X),
which assures that the latter is indeed a set.

4.23. COROLLARY. Let (Q,®, 1) be a dagger symmetric monoidal quantaloid with dagger
kernels and a zero object such that every object of Q has precisely one L-monic effect.
Then the set Q(I,X) of states on any object X is a complete orthomodular lattice.

4.24. COROLLARY. Let (Q,®, 1) be a dagger symmetric monoidal quantaloid with dagger
kernels such that every object in Q has precisely one L-monic effect. Then Matr(Q) is a
dagger symmetric monoidal quantaloid with dagger kernels such that for each object X of
Matr(Q), there is precisely one L-monic effect, namely T x ;.

ProoF. By Proposition 4.3, we may assume that Q has a zero object, hence by Proposi-
tion 4.11 it follows that Q is a dagger kernel category. The latter proposition also assures
that it suffices to show that Matr(Q) is a dagger kernel category. By Lemma 4.8, each
object X of Matr(Q) has precisely one _L-monic effect, namely T x ;, hence it follows from
Proposition 4.22 that KSub(X) is a complete orthomodular lattice for each object X of
Q.

Let X = (Xu)aca, Y = (Y3)gep be objects of Matr(Q), and let f = (7). peaxs
X — Y be a morphism. We show that the dagger kernel of f exists. For each a € A and
each B € B, the dagger kernel k, 5 : Ko 5 — Xo of f2: X, — Y5 in Q exists. Fix a € A.
Since KSub(X,) is a complete orthomodular lattice, it follows that k, := infgep ko g in
KSub(X,) exists. Let K, be the domain of k,, so k, : K, — X,. Then for each 5 € B,
we have the inequality [ko] < [ka,g] in KSub(X,), so there exists a gg : K, — K, 3 such
that k, = ko5 0 gs. As a consequence, for each 3 € B, we have

floke=flokagogs=0k,,v,0095 = O,y (8)
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Let K = (K4)aca, and let k£ : K — X in Matr(Q) be given by

_

o' ke, a=da,
a /
OKmXan 057&05

for each a, o’ € A.

For the following, we will frequently apply Lemma 2.53, which states that in a quan-
taloid with a zero object iy B= 04,p for any two objects. Using this, it is straightforward
to see that (kfok)® = (idg)? for each a, o’ € A, so kT ok = idg, i.e., k is a dagger mono.
Using Equation (8) it also readily follows that (fok)2 =\/_ 4 1o ka = Og,y, for each
a€ Aandeach € B. So fok =0gy.

Let Z = (Z,),ec be an object of Matr(Q), and let h = (hS)(y.a)eoxa 1 (Zy)rec —
(Xa)aca be morphism such that foh =0zy. Fix a € A, and v € C. Using Lemma 2.73,
we find some mg : N — X, in KSub(X,) and some zero-epi e : Z, — N such that
mS oes = h. Then for each 8 € B, we have

/\ﬁ
PR

Z—>Na

Now, fix also € B. Then

Lz vy=0z, = (foh)l=\/ flohs,

a’€A

which forces f? o he =1z v,= 0z,

Now, since e is a zero-epi and 0z, y, = ff o h? = ff omZ o e?, we obtain f] om =
One v, Since ko g = = ker(f?), there must be some ng: NY — Kap suCh that mg = k, gong.
This precisely expresses that [mS] < [kag] in KSub( ) By definition of ka, we obtain
[mS] < [ka], hence there must be some s5 : NY — K, such that m$ = kq o 5. Let
(B Z, — K, be given by Ty =sjoe] Then r= (7" Jyayeoxa 1 Z — K is a morphlsm

in Matr(Q) such that for each v € C and a € A we have

(kor)s \/ka,or =koory =kqosjoel =mJoel =hJ,

a’€eA

so h =k or. We conclude that k is the dagger kernel of f in Matr(Q). n
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4.25. PROPOSITION. The category qRel is a binary dagger compact quantaloid with dag-
ger kernels such that each quantum set X has precisely one L-monic effect, namely Ty 1.

PROOF. By definition, we have qRel = Matr(FdOS), which is a binary dagger compact
quantaloid by Example 3.22. It follows from Proposition 4.3 that qRel = Matr(FdOS).
Since FAOS, is a dagger kernel quantaloid (cf. Lemma 4.15) such that for each object
X in FdOS; there is only one L-monic effect X — C (cf. Lemma 4.9), the statement
follows from Corollary 4.24. ]

Since Tr(s) = s for any scalar s in a dagger compact category (cf. Proposition 2.13),
it follows that the definition of | and — in the next theorem generalizes the definition of
1 and — on sets of effects in Proposition 4.22.

4.26. THEOREM. Let Q be a dagger compact quantaloid with dagger kernels such that
every object has precisely one 1L -monic effect. Then Q is affine, and for any two objects
X and Y in Q, the homset Q(X,Y) is a complete orthomodular lattice with orthocom-
plementation r — —r given by —r = \/[{s € Q(X,Y) : r L s}, where the orthogonality
relation L on Q(X,Y) is given by r L s if and only if Tr(ros') =L;. Moreover, the map
QX,)Y) = QX ®Y* I), r— vLryis an ortho-isomorphism.

PrRoOOF. We first assume that Q has a zero object. By Proposition 4.11, Q is a dagger
kernel category, hence it follows from Proposition 4.22 that Q(X ® Y*, I) is a complete
orthomodular lattice. We consider the order isomorphism Q(X,Y) — Q(X ® Y*, 1),
7 Lra= ey o (r ®idy~) from Lemma 3.11. Then for r,s: X — Y, we find Tr(r o st) =
Eyo((TOST)®idy*)O€; = 6yO(T®idy*)O(STOidy*)OE§/ = ey o(r®idy+)o(eyo(s®idy+))l =
Lroousat. Tt follows that r L s if and only if Tr(ros') =1 if and only if LrooLsat =1;.
Hence, using that L—_ is an order isomorphism, we obtain

LTl = L\/{s €eQX,Y):r Ls} = \/{I_SJ cs€Q(X,Y),r L s}
= \/{I_SJ s € Q(X,Y),Lruo LSt =1;}= \/{t €EQX®Y*,I):vira oth =1s}
= \/{t EQX®RY"),Lru Lt} =-r.

So, L— preserves the orthocomplementation, hence it is an ortho-isomorphism. It follows
that Q(X,Y) inherits the structure of a complete orthomodular lattice from Q(X ®
Y* I). It remains to be shown that L is the associated orthogonality relation of the
orthocomplementation — on Q(X,Y’), but this follows directly from the result that r +—
LrJ is an ortho-isomorphism with respect to =, and our previous calculation that r» L s if
and only if Lr_oLsat =17, which is equivalent to 7o L Ls..

Now assume that Q does not have a zero object. Then (Qo,®,I) is also a dagger
compact quantaloid, and by Proposition 4.11, it is a dagger kernel quantaloid and every
object has precisely one | -monic effect. Hence, the statement applies to Qg. As a conse-
quence, for any two object X and Y of Q, we have Q(X,Y) = Qo(X,Y) is orthomodular,
and the map Q(X,Y) — QX ® Y*,I), r — Lr. is an ortho-isomorphism. Since we
showed that the homsets of Q are orthomodular, it follows from Lemma 4.18 that Q is
affine. [
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4.27. COROLLARY. Let (R, ®,1) be a dagger compact category with dagger kernels, all
small dagger biproducts, with precisely two scalars, and such that every object has precisely
one zero-monic effect. Then R is a binary dagger compact quantaloid such that every
homset R(X,Y") is a complete orthomodular lattice with orthogonality relation r L s if
and only if Tr(r o s7) = 0; and orthocomplementation —r = \/{s € R(X,Y) : r L s}.

Proor. Combine Theorems 3.16 and 4.26. =

5. Internal maps

From this section on, we will focus on internalizing structures in dagger quantaloids. We
will regard morphisms in dagger quantaloids as generalizations of relations, and will also
refer to them as ‘relations’. Then we can generalize properties of ordinary endorelations
as follows:

5.1. DEFINITION. Let X be an object of a dagger quantaloid Q and let r : X — X be an
endorelation on X. Then we call r:

o reflexive iof idy < r;

e transitive if ror <r;

idempotent if ror =r;

symmetric if rf = r;

e anti-symmetric if r A rT <idy;

a preorder if r is reflexive and transitive;

an order if r is an antisymmetric preorder;

a partial equivalence relation (PER) if r is symmetric and transitive;

e an equivalence relation if r is a reflevive PER, or equivalently, if r is a symmetric
preorder;

e a projection if it is a symmetric idempotent.

If, in addition, Q can be equipped with a dagger-compact monoidal structure, we say that
To18:

e irreflexive if Tr(r) =L;.

5.2. DEFINITION AND PROPERTIES OF INTERNAL MAPS. We proceed with introducing
internal maps in dagger quantaloids, whose definition is similar to the definition of an
internal map in an allegory.
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5.3. DEFINITION. Let Q be a dagger quantaloid. We call a morphism f: X — Y in Q
a map if flof>idy and fo fT <idy.

5.4. LEMMA. Let X,Y,Z be objects of a dagger quantaloid Q. Then:
(1) for any two maps f: X =Y andg:Y — Z in Q, also go f : X — Z is a map;
(2) idx is a map.
PROOF. Let f: X - Y and g:Y — Z be maps, so flo f >idx and f o ff <idy, and
glog > idy and gog' <idy. Then (gof)fo(gof) = flogiogof > floidyof = flof >idy,
and (go f)o(go f)f =gofoflogl <goidyog =gog' <idy sogo fis indeed a
map. Finally, we have id}, = idy, hence id{ oidyx = idx = idy oidl;, showing that idx
is a map. [

The previous lemma assures that the following category is well defined.

5.5. DEFINITION. Let Q be a dagger quantaloid. Then by Maps(Q) we denote the wide
subcategory of Q of maps.

Note that Maps(Rel) = Set. This lead to:

5.6. DEFINITION. We define qSet := Maps(qRel), the category of quantum sets and
functions.

It was shown in [19] that gSet is dually equivalent to the category of hereditarily
atomic von Neumann algebras and normal unital *-homomorphisms. We recall that a
hereditarily atomic von Neumann algebra is an operator algebra isomorphic to an £>*°-sum
of matrix algebras. Because of this dual equivalence, Set embeds dually into the category
of hereditarily atomic von Neumann algebras and normal unital *-homomorphisms, which
is the reason why working with quantum sets might feel more natural than working with
hereditarily atomic von Neumann algebras.

5.7. DEFINITION. A map [ : X — Y in a dagger quantaloid Q s called
e injective if fTo f =idy;
e surjective if fo ff =idy;
e bijective if it is both injective and surjective.

We note that given the dagger biproduct X of a set-indexed family (X, )aca of objects
in a dagger quantaloid with small biproducts, the canonical injection 7, : X, — X 1is
indeed an injection in the above sense, since zL 01y = Pq © 1o = idx,, whereas i, o ZL <
Vseaiso @E = Vjeaip o ps = idx (cf. Proposition 2.61).
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5.8. LEMMA. Let f : X — Y be a morphism in a dagger quantaloid Q. Then the following
are equivalent:

(a) f is a bijective map;
(b) [ is a dagger isomorphism in Q;
(¢) f is an isomorphism in Maps(Q).

PROOF. The equivalence between (a) and (b) is trivial. Let f be a bijective map, so
flof =1idy and fo ff = idy. It follows immediately that fT is also a map that is
the inverse of f, hence f is an isomorphism in Maps(Q). Conversely, assume that f is
an isomorphism in Maps(Q), so there is a map ¢g : ¥ — X such that go f = idx and
fog = idy. Using that g is a map, it follows that g' = gfogof > fand ¢g' = fogog' < f.
Thus ¢' = f, hence fT = g. It follows that fTo f = idyx and fo fI = idy, so f is a
bijective map. [

5.9. LEMMA. Let Q be a dagger quantaloid, and let f,g: X — Y be parallel maps in Q.
If f <ginQ, then f =g.

PROOF. Since f < g, we have fT < g'. We have g = goidxy < go flof <goglof<
idy o f = f, which yields equality between f and g. [

5.10. LEMMA. Any homomorphism of dagger quantaloids F' : Q — R restricts and
corestricts to a functor Maps(F') : Maps(Q) — Maps(R), which is (fully) faithful if F is
(fully) faithful.

ProoOF. Let X and Y be objects of Q. By definition of a homomorphism of dagger
quantaloids, the map Fxy : Q(X,Y) — R(FX,FY), f — Ff preserves the dagger
and suprema, hence it is in any case a monotone map, from which it is straightfor-
ward that Fxy restricts and corestricts to a map Maps(F)xy : Maps(Q)(X,Y) —
Maps(R)(FX, FY). It is also evident that Maps(F') is functorial, for F' is a functor.
Clearly, Maps(F') is faithful if F' is faithful. Assume, in addition, that F' is full. By
Lemma 2.50, it follows that Fyy is an order isomorphism. Let g € Maps(R)(FX, FY'),
so g'og >idpx and go g' <idpy. Then g € R(FX, FY), so there is some f € Q(X,Y)
such that g = F' f. Since F y preserves daggers, we have F(fTof) = glog > idrx = Fidy,
and F(fo f1) = gog' <idpy = Fidy, and since Fy y is an order isomorphism, it follows
that fTo f > idx and fo fT <idy, ie., f € Maps(Q)(X,Y). Hence, also Maps(F) is
full. "

5.11. LEMMA. Let (Q,®, 1) be a dagger symmetric monoidal quantaloid. Then Maps(Q)
1s a symmetric monoidal subcategory of Q.

PROOF. In order to show that Maps(Q) is a symmetric monoidal subcategory of Q, we
only have to verify that the associator, unitors and symmetry are maps, but this follows
immediately because in the definition of a dagger symmetric monoidal category, these
morphisms are required to be dagger isomorphisms. [
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5.12. PROPOSITION. Let F : (Q,®,J) — (R,®,I) be a homomorphism of dagger sym-
metric monoidal quantaloids. Then Maps(F) : (Maps(Q),®,J) — (Maps(R),®,1) is a
strong symmetric monoidal functor with the same coherence morphisms as F.

PROOF. Let ¢ : J — FI and ¢xy : FX®FY — F(X ®Y) be the coherence morphisms
for X,Y € Q, which are dagger isomorphisms, since any homomorphism of dagger sym-
metric monoidal quantaloids in particular is a dagger strong symmetric monoidal functor.
Since Q and Maps(Q) share the same objects, the statement follows if we can prove that
the coherence maps are bijective functions. But this follows from Lemma 5.8. [

5.13. PROPOSITION. Let (R, ®,1) be a dagger symmetric monoidal quantaloid with all
small dagger biproducts. Then the embedding Maps(R) — R creates all coproducts, i.e.,
if (Xa)aea is a collection of objects in Maps(R), then their dagger biproduct in R is their
coproduct in Maps(R\), and the canonical injections in R are maps.

PROOF. Let X be the dagger biproduct in R of a collection (X, )aca of objects in Maps(R))
with canonical injections i, : X, — X for each a € A. Fix a € A. Since X is a
dagger biproduct, the canonical projection p, : X — X, satisfies p, = il,. By definition
of a biproduct, we have il o i, = p, 0i, = idx,. It follows from Corollary 2.23 that
o 00 = iq 0Py < Vgeaipops = idx, 50 i, is indeed a map.

Now, let Y be another object of Maps(R), and for each o € A, let f, : X, — Y be
a map. To show that X is the coproduct of (X,)aca in Maps(R), we have to show that
f:=[falaca : X = Y is a map. Using Proposition 2.32, we find

foff=\/ faofl<idy,

acA

for f, o fi <idy because f, is a map. By the same proposition, we obtain (fTo f)a5 =
fgofa. Let a, 3 € A. First assume that o # 3. By Lemma 2.28, we have (idx )a,s = Ox,,x;,
for o # B, 50 (fT o flaps > (idx)as. Now, let o = 8. Since f, is a map, it follows that
(fTo flag = flof.>idx, = (idx)aps, where the last identity also follows from Lemma
2.28. So (fTo f)ap > (idx)aps for each a, 3 € A. It now follows from Proposition 2.63
that fTo f >idy, so f is a map. n

5.14. THE FAMILIES CONSTRUCTION. Given a dagger quantaloid Q, Proposition 5.13
begs the question whether Maps(Matr(Q)) is the free coproduct completion of Maps(Q).
We will see that for 2, this is indeed the case. However, in general the statement is false.

For an arbitrary category C, the free coproduct completion is the category Fam(C)
of set-indexed families (X,)aca. A morphism (¢, f) @ (Xa)aca — (Y3)pep in Fam(C)
consists of a function ¢ : A — B and for each o € A, a morphism f, : X, — Y, (q)-

Now in 2, there is only one map, which corresponds to the element 1 in 2 = {0, 1}.
Hence, as a category, we have Maps(2) = 1, whence Maps(Matr(2)) = Maps(Rel) =
Set = Fam(1) = Fam(Maps(2)).

For an arbitrary dagger quantaloid Q, we have an inclusion I : Fam(Maps(Q)) —
Maps(Matr(Q)). Indeed, the objects in both categories are clearly the same, so [ is the
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identity on objects. Given a morphism (¢, f) : (Xa)aca — (Y3)pep in Fam(Matr(Q)), we
define I(f> 90) : (Xa)aEA - (Yﬁ)ﬁeB n MapS(Matr(Q)) by

I@jﬁ:{n, B = (),

1x,y;, otherwise.

Using that each f, is a map, so a morphism of Maps(Q), it is straightforward to see
that (g, f) is a map, so a morphism of Maps(Matr(Q)). However, in general, I is not
full, so not an equivalence. For instance, let Q = FdOS. Let H be a two-dimensional
Hilbert space, and let p,q : H — H be two orthogonal projections that span the identity
1y of H in FdHilb. For instance, if H = C2, let p = ((1) 8) and ¢ = (8 ?) Let
P,Q € FAOS(H, H) be the morphisms P = Cp and Q = Cq. Then, in FdOS, we have
p,q € PVQ, henceidy = Cly =C(p+q)H C PV Q. Let H, X in qRel = Matr(FdOS)
be given by H = (H), and X = (X, )ae2, where Xg = X7 = C. Let F' : H — X be given by
F?=Tyc-Pand F! = Tyc-Q. Then both F? and F! are not maps in FdOS, but F is a
map in qRel. To see that F'is a map in Matr(FdOS), it is easiest to apply Theorem 7.10
below, which we are allowed to use by Theorem 5.22 below. We have P- QT = P-Q =0
because pg = 0, hence Tr(F? - (F))T) = Tr(Tgc - P- Q- TEC) = Tr(0) = 0 =L¢, so
F? 1 F}. Furthermore, we have F?V F! = Tyc-(PVQ) > Tpc-idy = Tyc. We have
Tuc = B(H,C) = H*, the Banach space dual of H, which is also a Hilbert space. Hence,
FY=Tyc-P = H*p = p*H*, where p* : H* — H*, ¢ — ¢(—)p is the Banach space
dual of p. Also p* is a projection, but on the Hilbert space H*. Since the map r — rK is
a bijection between projections r on a finite-dimensional Hilbert space K and subspaces
rK of K, it follows that F is a proper subspace of Ty c. In a similar way, we find that
F! < Tyc in FAOS. Since Ty is the only map H — C in FdOS by Proposition 5.16
below, it follows that F° and F!' are not maps in FAOS. Hence, F is not of the form
I(p, f) for some morphism (¢, f) : H — X in Fam(FdOS).

5.15. L-MONIC PARTIAL EQUIVALENCE RELATIONS. We recall that a morphism p in a
dagger quantaloid R is called a partial equivalence relation (PER) if it is symmetric, i.e.,
p’ = p, and transitive, i.e., pop < p. An important property of a dagger symmetric
monoidal quantaloid R will be whether |-monic PERs are equivalence relations, as this
is one of the conditions that assures that the internal maps of R form a semicartesian
category, i.e., a symmetric monoidal category with terminal monoidal unit. We will see
that both in Rel and qRel L-monic PERs are equivalence relations.

5.16. PROPOSITION. Let (Q,®,1) be an affine dagger symmetric monoidal quantaloid
with dagger kernels. Assume that for each object X of Q:

(1) there is a L-monic effect e : X — I;
(2) any L-monic PER on X is an equivalence relation on X .

Then:
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(a) I is terminal in Maps(Q), where for each object X € Maps(Q) the unique map
X — 1 is TX,[,'

(b) for each object X of Q, the morphism Tx : X — I is the unique effect that is
L -monic.

PROOF. Let e : X — I be a L-monic effect. Then e o e is a scalar, and since Q is affine,
it follows that e o ef < id;. Consider p = ef oe. Then pf = pand pop=efoeoeloe <
efoidjoe = p, so pis a PER. It follows from from Lemma 4.16 that p is also a L-mono in
Q. Hence, by assumption, we have that p is an equivalence relation, so p > idx. It follows
that e is a map. Let f : X — I be another map. Since Q is affine, we have e o fT < idy,
hence e < eo flo f <id;o f = f, hence it follows from Lemma 5.9 that e = f. By
Lemma 4.7 it follows that T x ; is a L-monic effect, which is therefore a map, and any
other map X — [ must be equal to Tx j, proving that I is terminal in Maps(Q). For
(b), if e : X — I is another L-monic effect, it follows that e is a map which necessarily
equals Tx 7, so Tx: X — I is the unique effect on X that is L-monic. n

5.17. LEMMA. The only nontrivial commutative quantale (V, -, e) whose associated quan-
taloid V (cf. Example 2.46) is affine, has dagger kernels, and that has the property that
every L-monic PER is an equivalence relation is the two-element Boolean algebra 2.

Proor. We first note that because V is affine, it immediately follows that there is a
L -monic effect 1 — 1 in V, namely the identity e. In order to see that V must be 2, we
first note that the requirement that V is a dagger kernel quantaloid forces V' to satisfy
v-w #L for any v,w #L1 in V (cf. Lemma 4.12), so any v #1 in V is a L-mono in V.
Moreover, V' is affine, hence for each v € V|, we have v-v < wv-T =wv-e = v. Since we
always have v = v, it follows that every v € V is a PER, hence for every v # .1, we must
have T = e < v, which forces v =T for all v #_L. ]

Also 1-monic PERs in FAOS are equivalence relations. We first need a lemma. We
recall that in the finite-dimensional setting, a C*-algebra is a subalgebra of the algebra
of all linear operators B(H) on a finite-dimensional Hilbert space that is selfadjoint, i.e.,
closed under the dagger on FdHilb.

5.18. LEMMA. Let H be a finite-dimensional Hilbert space and let A C B(H) be a C*-
subalgebra that acts on H in a nondegenerate way, i.e., for each nonzero x € H, there is
some a € A such that ax # 0. Then 1y € A.

PROOF. Since A is a C*-subalgebra of a finite-dimensional C*-algebra, it must be finite-
dimensional itself, hence it should contain a unit element e [32, Lemma 11.1]. We will
show that e = 1j.

Since A acts in a nondegenerate way on H, we have that the span of {az :a € A, x €
H} equals H [32, Proposition 9.2]. Hence, for each x € H, there are a4,...,a, € A and
x1,...,T, € H such that x = ayz1 + ... + a,x,. Then ex = e(ajzry + ... + ayx,) =
(ear)x1+ ...+ (ean)r, = a1x1+ ...+ apx, = x. Thus e is indeed the identity 1y on H.m
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5.19. PROPOSITION. Let H be a nonzero finite-dimensional Hilbert space, and let P :
H — H be a PER in FAOS. If P is a L-mono, then it is an equivalence relation in
FdOS.

PROOF. Since P is a PER, we have P- P C P and P! = P. From the latter identity
it follows that P is a self-adjoint subspace of B(H). Furthermore, for each a,b € P,
we have ab € P- P C P, so P is a self-adjoint subalgebra of B(H). Since B(H) is
finite-dimensional, it follows that P is a C*-subalgebra of B(H). Let © € H be nonzero,
and let # : C — H be the map A — Az. Define the morphism R € FAOS(C, H) by
R =Cz. Then R #.1¢ p, and since P is a L-mono, we must have P - R #_1¢ g, so there
is some a € P such that a@ # 0. This means that Aax = a(A\x) = (ai)(\) # 0 for some
A € C, which is only possible if ax # 0. Thus, P is a C*-subalgebra of B(H) that acts
in a nondegenerate way on H, so Lemma 5.18 implies that 15 € P. As a consequence
idg = Clx C H, showing that P is reflexive, hence an equivalence relation on H in

FdOS. n

5.20. PROPOSITION. Let R be a dagger quantaloid such that every 1 -monic PER in R is
an equivalence relation. Then every L-monic PER in Matr(R) is an equivalence relation.

PROOF. Let X = (X, )aca be an object in Matr(R) and let p = (pg)(a,ﬁ)eAxA : X — X be
a L-monic PER on X, pf =pand pop <p. Fix o« € A. Let r : Y — X, be a morphism
in R such that p& or =1y x, . Let f:(Y) — X be the morphism in Matr(R) given by

15— T, b=«
i lyx, B#a

for each 8 € A. Then po f =1y x, and since p is L-monic, it follows that f =1(y)x,
which forces r = f& = (L) x)¢ =Ly,x,. SopZ is a L-mono.

Moreover, since p is a PER, it follows that (p2)T = (p')® = p2 and p2 o p2 < V. eapso
pl = (pop)® < p2 sop®isa L-monic PER on the object X, in R. It follows that p® is
an equivalence relation, hence idx, < p%. As a consequence, (idx)S = idx, < p2. Since
for each distinct o, 3 € A we have (idx)5 =Lx, x,, it follows that idy < p, so p is an
equivalence relation. n

The following theorems on Rel and qRel summarize all their relevant properties in
this article. We note that stronger properties for Rel that actually characterize it as a
dagger category are presented in [21].

5.21. THEOREM. Rel is a binary dagger compact quantaloid with dagger kernels, and
small dagger biproducts. Moreover, for each set X, there is a unique 1 -monic effect,
namely T x 1, and any L-monic PER on X is an equivalence relation.

Proor. By Example 3.21, Rel is a dagger compact quantaloid that is equivalent to
Matr(2) as a dagger symmetric monoidal quantaloid. Clearly, Rel is binary. Combining
Lemma 5.17 with Corollary 4.24 and Proposition 5.20, it follows that Rel is a dagger
kernel quantaloid, T x; is the unique L-monic effect X — 1 for each set X, and that
every L-monic PER in Rel is an equivalence relation. [
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5.22. THEOREM. qRel is a binary dagger compact quantaloid with dagger kernels and
small dagger biproducts such that for each quantum set X the effect Tx1 is the only
L -monic effect, and such that any 1 -monic PER on X is an equivalence relation.

PROOF. By definition of qRel = Matr(FdOS), it follows that qRel has small dagger
biproducts. By Proposition 4.25, qRel is a binary dagger compact quantaloid with dagger
kernels, such that each quantum set X has a unique L-monic effects, namely Ty ;. Since
every L-monic PER in FAOS is an equivalence relation (cf Proposition 5.19), it follows
from Proposition 5.20 that every 1-monic PER in qRel is an equivalence relation. [

6. Internal preorders

6.1. PREORDERED OBJECTS. In this section, we investigate internal preorders in dagger
quantaloids (cf. Definition 5.1).

6.2. LEMMA. Let r : X — X be an endorelation on an object X of a dagger quantaloid
R. Then:

(a) 1 is reflezive if r is reflezive;

(b) rT is transitive if v is transitive;

(c) r' is symmetric if v is symmetric;

(d) rT is anti-symmetric if v is anti-symmetric;

(e) rt is irreflevive if r is irreflezive (under the additional assumptions that R is a
dagger compact quantaloid).

PROOF. Statements (a)-(d) follow because (—)' is a functor whose action on homsets is
an involutive order isomorphism. Statement (e) follows from [11, Lemma 3.63(f)]. n

6.3. LEMMA. Let r : X — X be an endorelation on an object X of a dagger compact
quantaloid R. Then r* on X* satisfies the following properties:

(a) r* is reflexive if r is reflexive;

(b) r* is transitive if v is transitive;

(c) r* is symmetric if v is symmetric;

(d) r* is anti-symmetric if r is anti-symmetric;

(e) r* is irreflexive if r is irreflexive (under the additional assumptions that R).

PROOF. Statements (a), (b), and (d) hold because (—)* is a functor whose action on
homsets is an order isomorphism (cf. Lemma 3.11). Statement (c) follows from Lemma
2.11 and the symmetry of r. Statement (e) follows fromTrx«(r*) = Trx(r) by [11, Exercise
3.12(c)]. "
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6.4. EXAMPLE. Let X be an object in a dagger quantaloid R. Then the identity morphism
idy on X is reflexive, transitive, symmetric, and anti-symmetric. We call idx the trivial
or flat order on X.

6.5. DEFINITION. An preorder on an object X of a dagger quantaloid R is a reflexive
and transitive endomorphism < : X — X. We call the pair (X, <) a preordered object.
If, in addition, X is anti-symmetric, we call K a partial order and (X, <) a partially
ordered object, or with a slight abuse of terminology a poset. Sometimes, we will say that
X is a preordered object or poset without mentioning the (pre)order X explicitly.

We will often formulate inequalities between morphisms in a dagger quantaloid R
involving preorders < on objects X of R. In order to increase the readability of those
expressions, we will sometimes write () instead of <.

Given a preorder  on an object X in a dagger quantaloid R, it follows from Lemma
6.2 that the dagger ' of < is again a preorder. Similarly, if (R, ®, I) is a dagger compact
quantaloid, it follows from Lemma 6.3 that the dual ™ of X is a preorder (on X*). In
both cases, the resulting preorders are even orders when < is an order. This leads to the
following definition:

6.6. DEFINITION. Let (X, X) be a preordered object in a dagger quantaloid R.

o We call the preorder 3= := <1 the opposite preorder, and the pair (X, %) the opposite
preordered objects, also denoted by (X, )P, or simply X°P if it is clear that X is
preordered by <.

e If (R,®,1) is a dagger compact quantaloid, we call the preorder K™ the dual pre-
order, and the pair (X*, ") the preordered object dual to (X, <), also denoted by
(X, )%, or simply X* if it is clear that X is preordered by <.

If X is an order, we call X°P and X* the opposite poset and the dual poset of X, respec-
tively.

For R = Rel, the opposite preorder on an object coincides with the dual preorder.
However, for R = qRel both concepts differ, since objects are not naturally isomorphic
to their dual in this category, let alone equal as in the case of Rel.

We further note that by Lemma 2.11, we have (X°P)* = (X*)°P for each preordered
object X.

For the next definition, recall that a map from an object X to an object Y in a dagger
quantaloid R is a morphism f : X — Y such that ffo f >idx and f o fI <idy.

6.7. DEFINITION. Let (X, <x) and (Y,<y) be preordered objects of a dagger quantaloid
R. Then a map f: X — Y is called:

e monotone if it satisfies satisfies one of the following equivalent conditions (hence

all):
(1) fo(sx) < (]y)of;
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(2) foxxofl<(Xy);
(3) (Kx) < flokyof.
e an order embedding if <x = flo<y o f;

e an order isomorphism if it is a monotone map that has an inverse which is also
monotone.

We verify that the conditions in the definition are indeed equivalent. Assume that (1)
holds. We show that (2) holds:

foxgxoff <(gy)ofofl <(Ry)oidy = (Ry).
Now assume that (2) holds. We show that (3) holds:
(Sx) =idvogxoidx < flofogxoflof<floxgyof.
Finally we show that (3) implies (1), so assume that (x) < fT o <y o f. Then:

fo(xx)=foflogyof<idyosyof=(y)of
It follows directly from the definitions that an order embedding is monotone.

6.8. LEMMA. Let f : X — Y be a map in a dagger quantaloid R, and let K be a preorder
onY. Then f:(X,idx) — (Y, X) is monotone.

PROOF. By a direct calculation: foidxy =idy o f < <o f. ]

6.9. LEMMA. Let (X, <x), (Y,<y) and (Z,<z) be preordered objects in a dagger quan-
taloid R and let f : X — Y and g : Y — Z be monotone maps. Then go f is a monotone
map.

PROOF. By monotonicity of f and g, we have fo(xx) < (Xy)of and go(gy) < (Xz)oy,
hence go fo(Kx) <go(Sy)of<(Sz)ogof. =

It follows from the previous lemma that the following categories are well defined.

6.10. DEFINITION. Let R be a dagger quantaloid. Then:

e PreOrd(R) is defined as the category of preordered objects and monotone maps. The
identity morphism on an object (X, ) of PreOrd(R) is the identity idx on X.

e Pos(R) is defined as the full subcategory of PreOrd(R) of partially ordered objects.

If R = Rel, we have PreOrd(R) = PreOrd and Pos(R) = Pos.

6.11. LEMMA. Let X and Y be preordered objects in a dagger quantaloid R and let f :
X =Y be a map. Then f : X — Y is monotone if and only if f : X°P — Y°P is
monotone.
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PROOF. Let Xy and <y be the preorders on X and Y, respectively. Assume that f :
(X, <x) — (Y, <y) is a monotone map. Then f o (x) < (y) o f, hence (3=x) o fT =
(Kx)To fT < fTo(<y)® = fTo(%y). Using the properties of a map, we obtain

fo(rx)=forxoidy < formxoflof<foflomyof<idyoryof=_(zy)ol/,

so f is indeed a monotone map X°° — Y°P. Now assume that f : X°P — Y°P is a
monotone map. Then it follows that f : X°PP — Y°P ig a monotone map, and since
XOPP = X and Y°P°P =Y the statement follows. n

6.12. PROPOSITION. Let R be a dagger quantaloid. Then the assignment X +— X°P
extends to a functor (—)°P : PreOrd(R) — PreOrd(R) that is the identity on morphisms.

PrOOF. Let X, Y and Z be preordered objectsin R, andlet f: X - Y andg:Y — Z be
monotone maps. Using Lemma 6.11, we have id = idx = idxor, because the underlying
object of X and X°P it the same. The lemma also yields (f o g)°® = fog = f°? 0 g°?, so
(—)°P is functorial. "

Next, we provide an alternative description of order isomorphisms.

6.13. LEMMA. Let R be a dagger quantaloid and let (X, <x) and (Y, <y ) be preordered
objects in R. Then a map f : X — Y is an order isomorphism if and only if it is a
bijection such that fogx =<y o f.

PROOF. Let f be an order isomorphism. Then it is a monotone map, and there is a
monotone map g : Y — X such that go f =idyx and fo g =idy. Then g =idy o g <
flofog=floidy = fy,and g = goidy > go fo fl =idy o fT = fi, s0 fl = g.
Thus ffo f = Ix and f o fT = idy expressing that f is both injective and surjective,
hence bijective. Moreover, since f and g are monotone, we obtain f o (x) < (fy)o f
and g o (y) < (Xx) o g. From the latter inequality we obtain gy o f =idy o<y o f =
fogoxyof<foxxogof=/foxyoildxy = [fo=<x, whence foxx =<yo /.
Conversely, assume that f is a bijection such that f o Xy = <y o f. It follows
immediately that f is monotone. Since f is a bijection, we have fT o f = idx and
fo ft =idy, whence fI : Y — X is also a map. Then ffo=<y = flogy oidy =
flfogyofoff=flofogyoff=idyo<yo fl==<yxoff, soalso ffis monotone. m

6.14. LEMMA. Let F : Q — R be a homomorphism of dagger quantaloids. Then for
each preordered object (X, ) in Q, the pair (FX, F(X)) is a preordered object in R, and
the assignment (X, <) — (FX, F(X)) extends to a functor PreOrd(F') : PreOrd(Q) —
PreOrd(R) that acts on morphism by f +— Ff. Moreover, PreOrd(F) is (fully) faithful

if Fis (fully) faithful.

PROOF. Let (X, < x) be a preordered object in Q. The map Fxy : Q(X,Y) — R(FX, FY),
f +— Ff preserves daggers and suprema, hence is monotone. Hence, idpx = F(idy) <
F(Xx), and F(Xx) o F(%x) = F(Xx o <x) < F(%x), so F(x) is a preorder on
FX in R, which assures that PreOrd(F') is well defined on objects. Let (Y, <y) be an-
other preordered object of Q, and let f : (X,<x) — (Y, =y) be a monotone map, i.e.,
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fo(xx) < (Ky)of. Firstly, since the action of PreOrd(F') on morphisms coincides with
the action of Maps(F') on morphisms, it follows from Lemma 5.10 that F'f : FX — FY
is a map in R. We also obtain F'f o F(x) = F(fo<x) < F(Kyof) = F(y)o Ff,
hence Ff : (FX,F(<x)) — (FY,F(y)) is monotone. Thus, PreOrd(F) is also well
defined on morphisms, and clearly it is functorial.

Clearly, if F' is faithful, so is PreOrd(F). Assume, in addition, that F' is full, and
let g 1 (FX,F(%x)) — (FY,F(<y)) be a monotone map. In particular, it follows
that ¢ : FX — FY is a map in R, and by Lemma 5.10, it follows that there is a
map f : X — Y in Q such that F'f = g. Since g is monotone, and F' functorial, we
have F(fo<gx) = go F(Xx) < F(y)og = F(y o f). Now, since F' is full, it
follows from Lemma 2.50 that the map Fxy : Q(X,Y) — R(FX,FY), f — Ff is an
order isomorphism, whence f o (Xx) < (Xy) o f, so f is monotone. We conclude that

PreOrd(F) is indeed full. n

6.15. LEMMA. Let (X,<x) and (Y, <y) be preordered objects in a dagger symmetric
monoidal quantaloid (R,®,I). Then (X,gx) ®@ (V,xy) = (X @Y, x ® Ly) is a
preordered object as well.

PROOF. Since (R, ®, ) is a dagger symmetric monoidal quantaloid, the order relation
on morphisms respects daggers and the monoidal product. Hence, we have idxey =
idy ®idy < x ® Sy, 850 X x ® Xy is reflexive. We also have (Xx ®y)o (Xx®=y) =
(fxo=xx) @ (Syo=xy) S Sx @ <Ky =

6.16. LEMMA. Let (X, <x), (Y,<y), (W, w) and (Z,<z) be preordered objects in a
dagger symmetric monoidal quantaloid R. Let f : (X, gx) = (W, xw) and g : (Y, y) —
(Z,<z) be monotone maps. Then fRg: (X, Kx) @ (Y, y) > (W, 12w)® (Z,%7) is a
monotone map.

Proor. Using that the monoidal product in a symmetric monoidal quantaloid preserves
the order in both arguments separately, we obtain (f® g)o(x ®<y) = (foxx)®(go
) S (Swof)®(Kz09) = (Sw®@=<z)o(f@9). =
6.17. THEOREM. Let (R, ®, 1) be a dagger symmetric monoidal quantaloid. The category

PreOrd(R) becomes a symmetric monoidal category as follows:

e We define the monoidal product by (X, x) @ (Y, gy) == (X ®Y, x ® Zy) on ob-
jects, and on monotone maps by the monoidal product of their underlying morphisms
mn R;

e The monoidal unit is (I,idy);

e the associator, unitors and symmetry between preordered objects are the respective
associator, unitors and symmetry between the underlying objects of R.

Moreover, the inclusion functor J : Maps(R) — PreOrd(R), X — (X,idx) is strict
monoidal, and left adjoint to the forgetful functor U : PreOrd(R) — Maps(R), (X, <) —
X.
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ProoF. It follows from Lemmas 6.15 and 6.16 that ® : PreOrd(R) x PreOrd(R) —
PreOrd(R) is a well defined bifunctor. By Lemma 5.11, Maps(R) inherits its monoidal
structure from R. Let (X, <x), (Y, <y) and (Z, <) be preordered objects in R. We
need to show that the associator axyz : (X ®Y)® Z - X ® (Y ® Z), the left unitor
Ax 1 I®X — X, theright unitor px : X®I — X and the symmetry oxy : X®Y — Y®X
are order isomorphisms, which in the light of Lemma 6.13 means that we have to show
that

axyzo ((Sx ®<sy) ® Sz) = (Kx @ ([Ky ® 5z)) o axyz,
Ax o (id; ® <x) = Sx 0 Ax
px © (Kx ®idy) = Kx 0 px,
) =

oxy ° (Sx ® Ly

but this follows directly because a, A, p, and ¢ are natural isomorphisms in R.

Finally, it also follows from Example 6.4 and Lemma 6.8 that the assignment X +—
(X,idx) extends to an inclusion functor Maps(R) — PreOrd(R). For any two object X
and Y of Maps(R), we have JX ® JY = (X,idx) ® (YV,idy) = (X ® Y,idx ® idy) =
(X ® Vidxgy) = J(X ®Y), and JI = ([,id;), from which follows that J is strict
monoidal. To show that J is left adjoint to U, let X be an object of Maps(R), we need a
candidate unit for the adjunction, so a map X — UJX. Since UJX = X, we can choose
this map to be the identity idx. Now let (Y, <) be a preordered object of R, and let
f: X = U({Y,%) =Y be amap. We need to show that there is a unique monotone map
g:JX — (Y, <) such that the following diagram commutes:

— UJX

\ |us

Uy, <).

Since UJX = X and U(Y, <) =Y, the only possible choice would be g = f, for which
we have to verify that f is a monotone map JX — (Y, ). But this follows directly from
Lemma 6.8. -

6.18. PROPOSITION. Let F' : (Q,®,J) — (R,®,I) be be a homomorphism of dagger
symmetric monoidal quantaloids with coherence dagger isomorphisms ¢ : J — FI and
Yxy  FX®FY - F(XOY) for each X, Y € Q. Then PreOrd(F) defined in Lemma
6.14 is strong symmetric monoidal, with coherence isomorphisms 1 : (J,id;) — F(I,id;)
and Pix.<x),vixy) - F(X,<x) @ F(Y,<y) = F(X,=%x) © F(Y,<y) induced directly by
by the coherence dagger isomorphisms of F', namely i : J — FI and ¢ xy above.

PROOF. Let (X,=<x) and (Y, <y) be preorderd objects of Q. It follows from Propo-
sition 5.12 that % and xy are bijective maps in R. We need to show that these
maps are actually order isomorphisms. For ¢ this is trivial. It remains to show that
Yxy + F(X,%x) ® F(Y,%y) = F((X,5x) ® (Y, =y)) is an order isomorphism, , or
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equivalently, that ¢xy : (FX®FY, F(x)® F(y)) = (F(XOY),F(x ®<y)) is an
order isomorphism. By Lemma 6.13 it is sufficient to show that F(gx ® y) o ¢¥xy =
Yxy o (F(Xx) ® F(<y)), but this follows from naturality of . "

6.19. MONOTONE RELATIONS.

6.20. DEFINITION. Let (X, <x) and (Y, <y ) be preordered objects in a dagger quantaloid
R. We say that a morphism v : X — Y in R is a monotone relation (X, gx) — (Y, gy)
if it satisfies one of the following two equivalent conditions (hence both):

(1) (y)ov<vandvo (xx) <v.
(2) (y)ov=v=uvo (=x).

Clearly, (2) implies (1). For the other direction, we have v = idy o v < (3=y) o v, and
v=wvoidy <vo (=x).

6.21. EXAMPLE. Let (X, Xx) be a preordered object in a dagger quantaloid R. Then %= x
is a monotone relation (X, x) — (X, <x) as follows from the transitivity of %= x.

6.22. LEMMA. Let (X, <Xx), (Y. <y) and (Z,<z) be preordered objects in a dagger quan-
talotd R and letr : X —Y and s: Y — Z be monotone relations. Then sor : X — Z
18 a monotone relation.

PROOF. The monotonicity of » and s implies that r = r o =y and >, 0o s = s, hence
F7080r =801 =50710xx. n

It follows from the previous lemma that the following categories are well defined.

6.23. DEFINITION. Let R be a dagger quantaloid. Then MonRel(R) is defined as the cat-
egory of preordered objects in R and monotone relations. The identity monotone relation
id(x,<) on a preordered object (X, ) is the monotone relation ¥%. Instead of MonRel(Rel)
we write MonRel.

6.24. LEMMA. Let R be a dagger quantaloid. Then MonRel(R) is a quantaloid: If
(X,<x) and (Y,<xy) are preordered objects in R, then the supremum of a collection
(Va)aca monotone relations (X, <x) — (Y,<y) is given by the supremum \/ ., va of
(Va)aca n R.

PROOF. We need to show that \/ ., 7. is a monotone relation. Since R is a quantaloid,
we find

o (v) SV o) = V= V(a0 ) = (\/) o7

aEA acA aEA aEA acA
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6.25. PROPOSITION. Let R be a dagger quantaloid with small dagger biproducts. Then
MonRel(R) is a quantaloid with small biproducts.

More specifically, let (Xo, <a)aca be a set-indexed family of preordered objects of R.
Then @ cs(Xar<a) = (X, <x) where X = P,y Xo and Sx = P4 Sa- Moreover,
if px; + X — Xp and ix, : Xg — X denote the respective canonical projection and the
canonical injection for each § € A, then:

e the canonical projection map pix,<s) * Daca(Xas Sa) = (X3, S3) is given by

7 X5 OPXs = DX, © 7 X (9)
e the canonical injection map i(x, <) : (X5, <p) = Daca(Xas a) is given by

ix, © FX, = FX© X (10)

PROOF. Firstly, by Proposition 2.63 we have idy = @, 4idx, < P cs o = <x, and
Sx0=x = (Baca ) 0 (Baca Fa) = Baca Ka0<a < Daca Sa = S Thus (X, <x)
is a preordered object in R. By Lemma 2.31, we have =x = @, 4 %, Whence (9) and
(10) hold. These two equalities immediately imply that p(x, <) and i(x, <) are monotone
relations for each o € A.

By Lemma 6.24, MonRel(R) is a quantaloid. Using the characterization of biproducts
in quantaloids in Proposition 2.61, we have px, o ix, = 04 for each o, € A, and
Voea ix. © Px, = idx. From the first identity it follows that for each a, 8 € that

P(X5.%5) © UXaxa) = 7B ODPX; OlxX, O Fa = 78 00X, X5 © Fa = 0(Xa5a),(Xs.55)"

From the second identity, and using that R is a quantaloid, so pre- and postcomposition
preserve suprema, we obtain

\/ {(Xar%a) © P(Xar%a) = \/ Fx 0lx, OPx, ©Fx = FxO© (\/ X, OPXQ> °Fx
acA acA a€cA

=Fxoldyory = Fx =ldx gy

Since suprema of parallel morphisms in MonRel(R) coincide with the suprema of these
morphisms in R, it follows from Proposition 2.61 that (X,<x) = @, c4(Xa; <o) in
MonRel(R) with projection and injection morphisms p(x, <.) and i(x, <. ), respectively. m

6.26. LEMMA. Let R be a dagger quantaloid. The assignment X +— X°P extends to a
functor (—)°? : MonRel(R) — MonRel(R)°P, which acts on monotone relations v : X —
Y by v°® = vl. Moreover, this functor (—)°P is involutory, hence an isomorphism of
categories.



1046 GEJZA JENCA AND BERT LINDENHOVIUS

PROOF. Let (X, <x), (Y, %y) and (Z, X z) be preordered objects in R. Let v : (X, x) —
(Y, <y) be a monotone relation. Then vosy = v = =y ov, hence K xov’ = vl = vioxy,
showing that v : (Y, %y) — (X, $=x) is a monotone relation. We check functoriality. We
have id(y o ) = (Fx)? = Sx = ld(xpy) = Mdx g, and if w2 (Y, 5y) = (Z,52) is
another monotone relation, we have (w o v)°® = (wov)" = v’ o w’ = v°P 0o w°P. Finally,
we have ((X, x)P)® = (X, =x)® = (X, <x), and (v°P)°P = (v1)P = v'T = v, s0 (—)°P
is involutory. [

6.27. DEFINITION. Let R be a dagger quantaloid, let X € R be an object, and let (Y, Zy)
be a preordered object in R. For any morphism r : X — Y in R, we definer, : X —Y
and r° Y — X as the morphisms in R given by

roi=Gmy)ors %=l ()

6.28. LEMMA. Let R be a dagger quantaloid. There are functors (—), : PreOrd(R) —
MonRel(R) and (—)° : PreOrd(R) — MonRel(R), which are the identity on objects,
and which acts on monotone maps f : (X,<x) = (Y,<y) by f — fo and f — f°,
respectively (cf. Definition 6.27). Moreover, for each monotone map f : X — Y, the
following identities hold:

foofofid(Y,ﬁy)a fQOfoZid(x,ﬂ).
PrROOF. We first check that f, is a monotone relation if f : (X, gyx) — (Y, <y) is a
monotone map between preordered objects of R. We immediately find (3=y)o f, = (=y)o
(=y)of < (%y)of = f,. By Lemma 6.11, f is also a monotone map (X, %=x) — (Y, =vy),

whence fo(=x) < (%y)of. Moreover, we have hence f,o(=x) = (=y)ofo(=x) < (=y)o
(=y)of < (=y)of = fs. Next, we check functoriality. Foridy : (X, gx) = (X, y), we
have (idx ), = (x)oidx = (%), which is indeed the identity monotone relation id(x <)
on (X, xx). Furthermore, given another preordered object (Z, <) and monotone map
g:(Y,<y) = (Z,<%2), we have

(goflo=(¥z)ogof=gof=g.0(ry)of=go0fs,

¢ is a contravariant

so (—), is indeed a functor. In a similar way, one proves that (—)
functor.

Finally, given a monotone map f : X — Y, two direct calculations yield: f, o f¢ =
Fyofoflory <ryory <y =idygy), and foofo = flosyolyof = flozyof >
floforx > rx =idx <) "

We note that if R = Rel, then any monotone relation r : X — Y that has an upper
adjoint s : Y — X in Rel, i.e., sor > idx and r o s < idy, must be of the form r = f,
for some monotone map f : X — Y, in which case s = f° [27, Footnote 3]. This does
not hold in general. For instance, take R = qRel. In Example 2.66, we construct an
invertible binary relation R : X — X in qRel that is not a dagger isomorphism, i.e., the
inverse S of R does not equal R'. Since S is the inverse of R, it is its upper adjoint in
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qRel. When we equip X with the trivial order, then R becomes a monotone relation. If
a monotone map F: X — X such that F, = R exists, then it must be equal to R for
the order on X is trivial. In order for F to be a map, F'' must be its upper adjoint in
qRel, but since upper adjoints are unique, we would obtain Rt = F = S, which is a
contradiction.

6.29. PROPOSITION. For any dagger quantaloid R the following diagram commutes:

PreOrd(R) e, PreOrd(R)

(*)ol l(*)o
MonRel(R) = MonRel(R)P
PROOF. Let (X, <x) be a preordered object in R. Then
(X, =x))° = (X, =x)° = (X, =x) = (X, Zx)7 = (X, Kx)7)o-

Let (Y, <y) be another preordered object in R and let f : (X,gx) — (Y,<y) be a
monotone map. Then:

Recall Lemma 6.15 that states that the monoidal product (X, gx)® (Y, <y) = (X ®
Y, X x ® Xy) of preordered objects in a dagger symmetric monoidal quantaloid (Q, ®, I)
is again a preordered object. We now define the monoidal product of monotone relations
between preordered objects.

6.30. LEMMA. Let (X, <x), (Y,<y), (W, <w) and (Z,<z) be preordered objects in a
dagger symmetric monoidal quantaloid (R,®,1I). Let r : (X,<x) — (W, <w) and s :
Y.%y) = (Z,%2). Thenr®s: (X, 2x)Q(Y,gy) = (W, 1w)®(Z,<%2) is a monotone
relation.

PROOF. By a direct calculation: (3= @ =7)0 (r®s) = (Fwor)® (Fzor)=r®s=
(rozx)®(sozy) =(r®s)o(zx ®Fy). =
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6.31. PROPOSITION. Let (R,®,1) be a dagger symmetric monoidal quantaloid. Then
MonRel(R) is a symmetric monoidal quantaloid if we equip it with a monoidal product ®
as follows:

e The monoidal product ® coincides with the monoidal product on PreOrd(R) as
defined in Theorem 6.17, i.e., (X, Zx) @ (YV,]y) = (X QY,x ® Ly);

e the monoidal product r ® s of monotone relations r and s is given by the monoidal
product of r and s in R;

e the monoidal unit is given by (1,idy);

e if a, A\, p and o denote the respective associator, left unitor, right unitor and sym-
metry of (PreOrd(R), ®, (I,id;)), then the associator, left unitor, right unitor and
symmetry of MonRel(R) are given by a,,, A, ps, and o, respectively.

PROOF. Since ® is a symmetric monoidal product on R, it follows from Lemma 6.30 that
it induces a bifunctor on MonRel(R). By Theorem 6.17, the underlying morphisms in R
of the components of the associator, left unitor, right unitor and symmetry of PreOrd(R)
are monotone maps, hence the components of a,, A, p, and o, are indeed monotone
relations. We verify the naturality of these morphisms. So for i = 1,2, let (X;, <x,),
(Yi, <v;) and (Z;, % z,) be preordered objects in R, and let u: X; — X5, v:Y; — Y5 and
w : 41 — Zy be monotone relations. Then

(Ox3,¥5,22)0 © (U@ V) @ W) = (Fx, ® (Fyy ® ¥2,)) © Axy¥5,2, © (U D V) @w)
(Fx, @ (Fy, ®F2,)) 0 (u® (v W)) o ax, v z
=w®(vew))o(Fx, ®(Fy ®¥%z))oax, vz

=(u® (v®w))o (ax, v,z )

where we used naturality of « is associator of R in the second equality, and the fact that
u, v and w, hence also © ® (v ® w) are monotone relations in the third equality. For the
unitors and the symmetry the proof proceeds analogously. Then, since «, A, p, and o
satisfy the coherence conditions for symmetric monoidal categories, and (—), is a functor,
it follows that a., Ao, ps, and o, satisfy the same coherence conditions. So MonRel(R) is
indeed a symmetric monoidal category. Moreover, MonRel(R) is a quantaloid where the
supremum of parallel monotone relations is calculated in R by Lemma 6.24. Since also
the monoidal product of morphism in MonRel(R) is the same as the monoidal product of
morphism in R, which, by assumption is a symmetric monoidal quantaloid, it follows that
the monoidal product on MonRel(R) preserves suprema in both arguments separately.
Thus (MonRel(R), ®, (I,id;)) is a symmetric monoidal quantaloid. n

6.32. THEOREM. Let (R,®,1) be a dagger compact quantaloid with respective unit and
counit morphisms nx : I — X*® X and ex : X ® X* — I for each object X. Then
(MonRel(R), ®, (1,idy)) is a compact quantaloid with respective unit and counit morphism
Nx,< @ (LLidr) = (X, ) ® (X, X) and ¢ x5 (X, ) ® (X, <X)* — ({,id;) given by
Nixg) = (B ®F)ony and €x gy == ex o (=@ ¥").



MONOIDAL QUANTALOIDS 1049

PRrOOF. By Proposition 6.31, MonRel(R) is a symmetric monoidal quantaloid.

Let (X, <) be a preordered object of R. Since o0 g < <, and idy < <, we have
KX =idyoxg < o< < <, whence o< = <, so preorders are idempotent. We will
use this in the remainder of proof without mentioning it. Note that by Lemma 2.11,
we have (*)! = (x7)* = %*. Note furthermore that if f : (X, <) — (¥, <y) is an
order isomorphism between preordered objects, functoriality of (—), yields that f, is also
invertible in MonRel(R), and (f,)™' = (f™1), = % o f. We simply write f; ! instead of
(fo) ™ or (f71)s. We have show to that the unit and counit satisfy the zigzag identities
of a compact closed category, for which we used string diagrams. By definition, we have
the following identities.

Furthermore, we have the following identities, where the first is the first zigzag identity
for R as a compact category, the second by Lemma 2.11, and the third by combining
reflexivity and transitivity in the definition of a preorder, respectively:

(11)

§(X.%) dix, =)

(D1)—(D3)

[id(X,j)] (77(X«§)J

B @ (o)

In a similar way, we show that MonRel(R\) satisfy the second zigzag identity of compact-
closed categories, which proves the statement. [
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6.33. PROPOSITION. Let F' : (Q,®,J) — (R,®,I) be a homomorphism of dagger sym-
metric monoidal quantaloids. Then there is a homomorphism of symmetric monoidal
quantaloids MonRel(F') : MonRel(Q) — MonRel(R) defined as follows:

e on objects by (X, ) — (FX, F(X));
e on morphisms by v — Fuv.

Moreover, MonRel(F) is (fully) faithful if F is (fully) faithful.

PROOF. By Lemma 6.14, the action of MonRel(F") is well defined on objects. Let v :
(X, <x) — (Y, <y) be a monotone relation in Q, so (y)ov =v=wvo (xx). Then, by
functoriality of F', we have F(y)o Fv = Fv = Fvo F(%y), so Fv: (FX,F(Xx)) —
(FY, F(<y)) is a monotone relation in R. The functoriality of MonRel(F') clearly follows
from the functoriality of F'.

By Lemma 6.24, MonRel(Q) and MonRel(R) are quantaloids, and the suprema of
parallel morphisms in these quantaloids can be calculated in Q and R, respectively. Since
F'is a homomorphism of dagger quantaloids, it preserves suprema of parallel morphisms,
whence MonRel(F') is a homomorphism of quantaloids.

Assume F' is faithful. Then it follows immediately that also MonRel(F) is faithful.
Now assume, in addition, that F is full, and let w : (FX,F(Xx)) — (FY,F(<y))
be a monotone relation, so F(xy)ow = w = w o F(xx). In particular, we have
that w : FX — FY is a morphism in R, hence since F' is full, there must be some
morphism v : X — Y in Q such that Fv = w. Then, by functoriality of F, we find
F(xyov)=Fv=F(vo=yx), and since F is faithful, we find (y)ov =v=vo0 (Xx),
ie.,v: (X, <x)— (Y,<]y) is a monotone relation. We conclude that MonRel(F’) is full.

Let (X, <x) and (Y, ]y ) be objects of MonRel(Q). Then they are objects of PreOrd(Q)
as well, and the monoidal product (X, <x) ® (Y,<y) in MonRel(Q) and in PreOrd(Q)
coincides by Proposition 6.31. Similarly, F(X,<x) ® F(Y, Sy) coincides in MonRel(R)
and PreOrd(R). Since PreOrd(F) is strong symmetric monoidal by Proposition 6.18, we
have coherence order isomorphisms ¥(x <) (vixy) : F(X, Sx)@F (Y, gy) = F((X,<x)O
(Y.<y)) and ¢ : (J,id;) — F(I,id;). Then (x.<x).v.ay))o : F(X, <x) @ F(Y,<y) —
F((X,gx) © (Y,<y)) and ¢ : (J,idy) — F(I,id;) form coherence isomorphisms for
MonRel(F), hence the latter functor is strong symmetric monoidal. n

7. The embedding of sets

For the next lemma, recall the quantaloid 2 (cf. Example 2.46).

7.1. LEMMA. Let (Q,®, 1) be a nontrivial dagger symmetric monoidal quantaloid. Then
the functor Iq : 2 — Q that acts on the single object by 1 — I, and on the morphisms by
1+ id; and 0 — O s faithful. Moreover, if Q has precisely two scalars, then Iq is full.
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7.2. THEOREM. Let (R, ®,1) be a nontrivial dagger symmetric monoidal quantaloid with
small dagger biproducts. Let ‘(—) : Rel — R be the functor that maps any set A to
‘A=, 41, and that maps any binary relation r : A — B between sets to the morphism
‘r: ‘A — ‘B whose matriz element (‘r)qp is given by

(r) :{idl, (o, B) €,
0 (aB) g

for each o« € A and each B € B. Then ‘(=) is a faithful homomorphism of dagger
symmetric monoidal quantaloids that preserve all dagger biproducts. Moreover, if R has
precisely two scalars, then ‘(=) is full.

PrOOF. Since R has small dagger biproducts, it follows from Proposition 3.18 that the
functors Pgr : Matr(R) — R defined in Theorem 2.68 is an equivalence of dagger sym-
metric monoidal quantaloids. By Proposition 3.19, the functor Matr(/g) : Matr(2) —
Matr(R) defined in Theorem 2.68 is a homomorphism of dagger symmetric monoidal
quantaloids that is faithful, because Iy is faithful, and that is full if R has precisely two
scalars. Furthermore, by Example 3.21, the functor F; : Rel — Matr(2) from Proposi-
tion 2.67 is an equivalence of dagger symmetric monoidal quantaloids. We now precisely
have ‘(—) = Pq o Matr(Iq) o F», which is a faithful homomorphism of dagger symmetric
monoidal quantaloids since it is a composition of faithful homomorphisms of dagger sym-
metric monoidal quantaloids. We saw that if R has precisely two scalars, then Matr(/g)
is also full, in which case clearly also ‘(—) is full. Finally, by Proposition 2.64 it follows
that ‘(—) preserves dagger biproducts. =

By the identifications Set = Maps(Rel), PreOrd = PreOrd(Rel) and MonRel =
MonRel(Rel), and the functoriality of Maps (cf. Proposition 5.12), PreOrd (cf. Proposi-
tion 6.18) and MonRel (Proposition 6.33), Theorem 7.2 immediately yields the following
corollaries:

7.3. COROLLARY. Let (R, ®,1) be a nontrivial dagger symmetric monoidal quantaloid
with small dagger biproducts. Then ‘(=) : Rel — R restricts and corestricts to a faithful
strong symmetric monoidal functor Maps(‘(—)) : Set — Maps(R). Moreover, if R has
precisely two scalars, this functor is full as well.

7.4. COROLLARY. Let (R, ®,1) be a nontrivial dagger symmetric monoidal quantaloid
with all small dagger biproducts. Then there is a faithful strong symmetric monoidal

functor PreOrd(‘(—)) : PreOrd — PreOrd(R), which:
e is defined on objects by (A,C) — (‘A,‘C);
e is defined on morphisms by f+— ‘f;

e s full if R has precisely two scalars.
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7.5. COROLLARY. Let (R,®,1) be a nontrivial dagger symmetric monoidal quantaloid
with small dagger biproducts. Then we have a faithful homomorphism of symmetric
monoidal quantaloid MonRel(‘(—)) : MonRel — MonRel(R) that preserves all biproduct
that sends any preordered set (A, C4) to (‘A,‘C4) and any monotone relation v : (A, C4
) = (B,Cp) to ‘v. Moreover, MonRel(‘(—)) preserves small biproducts. If R has precisely
two scalars, then MonRel(‘(—)) is full.

7.6. CONVENTION. With abuse of notation, we will denote the functors induced by ‘(—) :
Rel — R in Corollaries 7.3, 7.4 and 7.5 as well by ‘(—).

7.7. PROPOSITION. Let (R, ®,1) be a nontrivial dagger symmetric monoidal quantaloid
with all small dagger biproducts. Let S = Maps(R). Then the embedding ‘(—) : Set — S
has a right adjoint given by S(I, —).

PROOF. Given a set A, the A-component 14 : A — S(I,‘A) of the unit 7 of the adjunction
is defined by na(a) = i, for each o € A, where i,, : I — ‘A is the canonical injection of
I into the a-th factor of ‘A = @, I.. We note that i, is a map in R by Proposition
5.13, hence 1,4 is well defined. Now, let X be an object of S, and let f : A — S(I, X) be a
function. We define ¢ : ‘A — X as the morphism [f(a)]aea. Since f(a): I — X is a map
in R for each a € A, it follows from Proposition 5.13 that ¢ is a map in R, so a morphism in
S. Then for each 8 € A, we have S(1, g)ona(83) = gona(f) = goig = [f(a)]acacis = f(B),
so S(I,g) ona = f. Given any other map h : ‘A — X such that S(/,h) ons = f, we
have f(a) = S(I,h) o na(a) = hona(a) = hoi, for each a € A, which shows that

h=[f(a)]aea = g. u

In the following, we investigate when there is an object 2 in a dagger symmet-
ric monoidal quantaloid (R,®,I) for which there is a bijection between R(X,[I) =
Maps(R)(X, Q). This will be of importance for the next section in which we investi-
gate the existence of power objects.

7.8. LEMMA. Let (R, ®, I) be an affine dagger symmetric monoidal quantaloid with small
dagger biproducts. Let X be an object of R, let A be a set, and let (fo)aca be a set-indexed
family in R(X,I). Write f = (fa)aca : X — ‘A. Then:

(a) foff<ida if and only if fo L fs for every district o, B € A;

(b) flof>idx if and only if Ve flo fo>idx.

ProoFr. We denote the embedding of I onto the a-th factor of ‘A by i,. Its corresponding
projection is denoted by p,, which satisfies p, = il,. Proposition 2.32 yields (f o fT)a 5 =
fa o fl for each a, 3 € A. By Lemma 2.28, we have (id:4)as = a5 for each o, 3 € A.
It now follows from Proposition 2.63 that f o ff < id.4 if and only if f, o fI < id;
for each « € A and f, o fg < 07 =1, (using Lemma 2.53) for each a@ # (5. Since by
assumption, (R, ®, I) is affine, id; is the largest scalar, hence the former condition always
holds, whereas the second condition translates to f, L fz for o # 5.
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For (b), let go = fI : I — X, and let ¢ = [gaJaca : ‘A — X. Then f = g' by
Proposition 2.32, which also yields ffo f = go gl = Vaea Ga© gl = Ve flo fa, from
which the statement follows. [

7.9. PROPOSITION. Let (R,®,I) be an affine dagger compact quantaloid with dagger
kernels such that every object has exactly one 1 -mono effect. Then an effect r : X — I
is a L-mono if and only if rTor > idy.

PROOF. By Theorem 4.26, the homsets of R are orthomodular lattices under the orthog-
onality relation L given by f L g if and only if Tr(fog") =1;. Assume rfor >idx. Let
s : Z — X be a morphism such that 7foros =17 x. Then Ly x=rToros>idyos=s,
forcing s =1 x. Hence, r or a L-mono and it follows from Lemma 4.16 that also r is
a l-zero in R. Conversely, assume r is a L-mono. Let p = rf or. Then pf = p. Let
f: X — X such that p L f. Then L;= Tr(fop') = Tr(fop) = Tr(forfor) =
Tr(ro for’) =ro forf, since ro for'isascalar. Since r is a L-mono, it follows that
fort =L;x, hence ro fT =1y ;. Again, since r is a L-mono, it follows fT =1x, so
also f =1 x. Thus we have shown that f L p implies f =1 x. Since R is a dagger com-
pact quantaloid, it follows from Lemma 3.12 that the trace preserves arbitrary suprema.
Hence, Tr(-poidl) = Tr(-p) = V{Tx(f) : f L p} = Tr(Lx) =L;. We conclude that
-p Lidy, i.e., idxy < —-—p =p. [

7.10. THEOREM. Let (R, ®,1) be an affine dagger compact quantaloid with small dagger
biproducts and dagger kernels such that for each object X of R:

(1) there is a L-monic effect X — I;
(2) every L-monic PER on X is a equivalence relation on X.

Then for each object X of R and each set A, any morphism f = (fa)aca : X — ‘A is a
map if and only if fo L fz for each distinct o, B € A and \/ ,c 4 fo = Tx.1-

PROOF. For any object X it follows from Proposition 5.16 that T x ; is the unique _L-
monic effect on X. Now, if f : X — ‘A is a map, it follows from Lemma 7.8 that f, L f3
for distinct o, 8 € A and that \/ ., fl o f, > idx. Then, using that R is a dagger
quantaloid, we obtain

T
(\/fa) o(\/fﬁ>= \/ flofs>\/ flofa>idy,

acA BEA a,feEA acA

hence \/, .4 fo is a L-monic effect on X by Proposition 7.9. Since Tx; is the unique
L -monic effect on X, we conclude that \/aG afo=Tx1.

Conversely, assume that f : X — ‘A satisfies f, L fz for distinct a, 3 € A and that
\/aeA fa = Tx,1. It follows from Lemma 7.8 that f o fT <idey. Moreover, since Txrisa
L-mono, it follows that \/ ., fo is a L-mono.

For each a € A, let s, = flo f,. Let s = Vaca Sa- We are done if we can show
that s > idyx. Firstly, we clearly have s! = s, for each a € A, whence s' = s for R is
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a dagger quantaloid. For each o € A, since f, o f! is a scalar and R is affine, we have
foo fI <idy, hence s, 08, = flo foo flof, < floid;o fy = so. Now assume that
a and [ in A are distinct. By assumption, f, L fz, so f, o fg = Tr(f, 0 fg) =17, using
Proposition 2.13 in the first equality. Hence, s, 0 s5 = flo f, 0 fg o fs =Lx. Then

sos=(V,ea5a)© (vBeA 35> = Vapea5a°58 < Ve Sa = 8, 50 s is symmetric and
transitive, hence a PER.

We claim that s is a L-mono. So let r : Y — X be a morphism such that sor =1y x.
Since R is a quantaloid, this implies \/ ., 5o © 7 =Ly x, which is only possible if s, o
r =lyx for each @ € A. Then 7o flo f,or =rlos,or =1Ly= 0y for each a € A, where
we used Lemma 2.53 in the last equality. Since R has small dagger biproducts, it has a
zero object, hence it is a dagger kernel category by Proposition 4.11. As a consequence,
we may apply Lemma 2.74 to conclude that f, or = Oy; =Ly for each o € A. Hence,
Lyi=Vea faor = Tx or, which implies r =Ly, x for Tx 7 is a L-mono. So s is indeed
a L-mono. It now follows from assumption (2) that s > idy, i.e., \/ o4 [0 fo > idx. =

7.11. COROLLARY. Let (R, ®, 1) be an affine dagger compact quantaloid with small dag-
ger biproducts and dagger kernels such that for each object X of R.:

(1) there is a L-monic effect X — I;

(2) every L-monic PER on X is a equivalence relation on X.

Let Q = I®1, and denote the projection 0 — I on the first factor by pg, and the projection
on the second factor by p1. Then for each object X, we have a bijection

Maps(R)(X, Q) — R(X, ]), f—=piof
whose inverse is giwen by r+— (—r,r), where —r is defined as in Lemma 4.20.

PROOF. For any object X it follows from Proposition 5.16 that Ty is the unique _L-
monic effect on X. Hence, we can apply Theorem 4.26 to conclude that homsets in R
are orthomodular lattices with respect to the orthocomplementation —. Let ¢ be the
map R(X,7) — Maps(R)(X,Q), r — (—r,r). It follows directly from Theorem 7.10
that ¢ is well defined. Denote the map Maps(R)(X,Q) — R(X,I), f — p1o f by .
Let » € R(X,I). Then ¢ o p(r) = ¢¥((-r,r)) = pyo(-r,r) =r. Let f : X — Q
be a map. Let fi = pyo fand fo = poo f, so f = (fo, fi) as morphism in R. By
Theorem 7.10, we have fy L f; and fo V fi = Tx1, so fo = =fi. As a consequence,

wotp(f)=w(prof)=w(fi) = (=f1, 1) = (fo, 1) = f. We conclude that ¢ and v are
each other’s inverses, which proves the statement. [

7.12. LEMMA. Let (R,®,1) be an affine dagger symmetric monoidal quantaloid with
dagger biproducts. Let 2 be the two-point set {0,1} ordered by C wvia 0 C 1. Let Q = ‘2
with projections py and p; on the respective zero-th and first component of €, and let
<q = (E). Then the following identities hold:

Po © KXq = Do, pio<q= lar,
P10 =q = D1, Do Fa= lar.
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ProOF. We first prove the statement for Rel, that is, we prove that

)
)

Here, for a = 0,1, qo, : 2 — 1 denotes the canonical projection on the a-th factor,
qo = {(0,%)} and ¢; = {(1, %)} if we regard qo, ¢ as subsets of 2 x 1. Then, for each o € 2,
we have (a, %) € goo C if and only if there is some 5 € 2 such that o C 5 and (3, %) € qo.
The latter condition forces that 5 = 0, which forces a = 0, i.e., g o () = qo, and in a
similar way, we obtain ¢; o (J) = ¢;. For each a € 2, we have (a, x) € ¢, o (C) if and only
if there is some 8 € 2 such that o C 5 and (3, %) € ¢;. The latter condition forces g =1,
and since a C 1 for each a € 2, it follows that ¢; o (C) = To;. In a similar way, we find
qgo(32)=Ta1.

For the general case, we use that ‘2 =, ‘1 = [ and ‘(C) = <. By Theorem 7.2, ‘(—)
preserves daggers and dagger biproducts, hence we have »=q = gl = (‘C)f = (C1) = ¢(2)
and ‘go = pp and ‘q; = p;. Since R is affine, the theorem also assures that ‘To; = Tq .
The statement now follows from functoriality of ‘(—). n

QOO(

qo, q1o(C) =Ty,
q1 O( q

goo(d)=Ta.

I 1M

7.13. PROPOSITION. Let (R,®,1) be an affine dagger compact quantaloid with small
dagger biproducts and dagger kernels such that for each object X of R:

(1) there is a unique 1 -monic effect X — I;
(2) every L-monic PER on X is a equivalence relation on X.

Let 2 be the ordinary set {0,1} ordered by T defined by 0 C 1. Let Q = ‘2 with projection
on the second factor denoted by p1, and let Ko = ‘(C). Then for each preorderd objects
(X,<x) in R, the map

PlreOrd(R)((X7 <x), (2, 49)) — MonRel(R)((X, <x), (I,idl)), fepof

1S a bijection.

PROOF. Note that 2 coincides the €2 in Corollary 7.11. By that same corollary, we have
a bijection
Maps(R)(X,Q) = R(X,I),  frpiof.

Let f:(X,Xx) — (2,<q) be a monotone map. By Lemma 6.11 also f : (X, %=x) —
(Q, =q) is monotone, i.e., fo=x < =qof. Then, using Lemma 7.12, we find id;op,o f =
prof = proEqof > piofoi=y, which shows that pjof : (X, <x) — ({,id;) is a monotone
relation. If g : (X, <x) — (2, <) is another monotone map such that p; o f = p; o g,
then it follows from Corollary 7.11 that f = g, so the map f + p; o f in the statement
is injective. We proceed with showing surjectivity. So let v : (X, <x) — (I,id;) be a
monotone relation. In particular, v € R(X, ), hence by Corollary 7.11 there is a map
f X — Qsuch that p;o f = v. We only need to show that f is monotone. First, we show
that T ofisa _L-mono. Soletr :Y — X be amorphism in R such that T jofor =Ly .
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Since Tq 7 is a L-mono, we obtain for =1yqg. Then Ly x= ffo Llyg= flofor >r for
f is a map, whence r =1y x. So, Tgro fis a L-mono X — I, and since by Proposition
5.16 Tx r is the unique L-monic effect X — I, we must have Tx; = Tqro f. Then,
again using Lemma 7.12, we obtain

poforx < Txr=Taorof=poxqof

and
pioforxy=voErx=v=pof=poxqolf

It now follows from (a) of Proposition 2.63 that f o=y < %qo f, so f is monotone. m

8. Power objects

Dagger quantaloids can be regarded as categorical generalizations of the category Rel,
which allows different examples than allegories - other categorical generalizations of Rel.
In the theory of allegories, the notion of power objects is very important, since there is a
relation between allegories with power objects and topoi - categorical generalizations of
the category Set. The following definition is inspired by the definition of power objects
in allegories.

8.1. DEFINITION. We say that a dagger quantaloid R has power objects if the embedding
Maps(R) — R has a right adjoint.

8.2. EXISTENCE OF POWER OBJECTS. In this subsection, we explore conditions that
assure the existence of power objects in dagger quantaloids. We first state a more general
theorem for which neither a quantaloid structure nor daggers are necessary. We note that
in the theorem below, the object €2 can be interpreted as an object of truth values, and
w can be interpreted as the dagger of a morphism that represents the element ‘true’ in €.
The proof of the theorem is heavily inspired by the proof of [25, Theorem 9.2].

8.3. THEOREM. Let (R, ®, 1) be a compact-closed category and let (S, ®, J) be a symmet-
ric monoidal closed category with internal hom [—, —| and evaluation morphism Evala g :
[A, Bl ® A — B for objects A,B of S. Let E : S — R be a strict monoidal functor
that is bijective on objects. Assume that there is an object 0 € S and an R-morphism
w: E(Q) — I such that for each object A € S, we have a bijection

S(4,9) = R(E(A), 1), fwoE(f). (11)

For each object X € R, let P(X) := [E~Y(X*),Q]. Then the assignment X +— P(X)
extends to a functor P : R — S that is right adjoint to E. The X-component of the
co-unit > of this adjunction is the unique R-morphism 3x: EP(X) — X such that

w o E(EValEfl(X*)’Q) =LDx. (12)

Before we prove the theorem, we need some lemmas. The first one follows directly
from the monoidal closure of S:
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8.4. LEMMA. For any A in S and each X in R, we have a bijection
S(A,P(X)) 5 S(A® E"Y(X*),Q),  f+s Evalg i xoq0 (f @idg1(x)-

We construct the counit of the theorem in the second lemma.

8.5. LEMMA. For each X in R there is a unique morphism >x: EP(X) — X in R such
that (12) holds.

PROOF. Since Evalg-1(x+) o is a S-morphism P(X) ® E~'(X*) — Q, it follows from the
assumption (11) that w o E(Evalp-1(x+ ) is an R-morphism E(P(X) ® E~*(X*)) —
I. Since FE is strict monoidal, we have that w o J (EvalE_1(X*),Q) is an R-morphism
EP(X)® X* — I. The existence of 3x such that (12) holds follows now from Lemma
2.8. n

PrROOF OF THEOREM 8.3. Let A be an object of S and let X an object of S. We
need to show that for each R-morphism v : F(A) — X there is a unique S-morphism
fo : A — P(X) such that the following diagram commutes:

E(A)

E(fu)l \

We define f, in steps. Since v € R(E(A), X), it follows from Lemma 2.8 that v €
R(E(A) ® X*,I). Since E is strict monoidal and bijective on objects, we have Lvi €
R(F(A ® E~'(X*)),I). Hence, by the assumption (11), there is a unique S-morphism
k, € S(A® E~1(X*),Q) such that

wo E(k,) = Lvo. (13)
Now, by Lemma 8.4, there is a unique f, € S(A4, P(X)) such that
k, = EvalE—l(X*)@ o (fv X idE—l(X*))- (14)
We check that the diagram in the statement commutes. We have
L3x oE(fy))1 = ex o ((3x oE(fv)) ® idx-)
— €x © (BX ®ldx*) e} (E(fv) X ldX*)
=13xuo (E(f,) ®idy+)
= W O E(EvalEfl(X*),Q) e} (E(fv) X 1dX*)
= wo E(Evalg-1(xn 0 (fu ®idg-1(x+)))
=wo E(k,)

= LV,
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where we used (12) proven in Lemma 8.5 in the fourth equality, functoriality of £ and the
fact that E is strict monoidal in the fifth equality (note that E(idEfl(X*)) =idgg-1(x+) =
idy+), the definition of f,, i.e., equation (14), in the penultimate equality, and the def-
inition of k,, i.e., equation (13) in the last equality. It now follows from Lemma 2.8
that 5y oE(f,) = v, i.e., the diagram commutes. Next, we check that f, is the unique
S-morphism for which the diagram commutes. So assume that ¢ : A — P(X) is a
S-morphism such that 5x oE(g) = v. Then >x oE(g) =2x oE(f,), hence

wo E(Evalg-1(x+00 (9 ®idg-1(x+)) = wo E(Evalg-1(x+)0) o (E(g) ®idx-)
=150 (E(g9) ®idx~)
=¢ex 0 (Dx ®idx«) o (E(g) ® idx~)
= ex o ((5x 0E(g)) ®idx-)
=exo((dx oE(f,)) ®idx+)
=€x 0 (Dx ®idx+) o (E(f,) ®idx+)

= LDxd0 ( (fq)) X ldX*)
_on(EvalE ) (E(fv) ®1dX*)
=wo F(Evalg-: LX) QO( ®idg-1 ))

where we used functoriality of £ and the fact that F is strict monoidal in the first and
last equalities, whereas we used Lemma 8.5 in the second and penultimate equalities. It
now follows from the assumption (11) that

EValE—l(X*),Q o (g X idE—l(X* ) EV&IE 1(Xx*),0 0 (fv X 1dE 1(Xx* ))

We can now apply Lemma 8.4 to conclude that g = f,. n

8.6. COROLLARY. Let (R, ®, 1) be an affine dagger compact quantaloid with small dagger
biproducts and dagger kernels such that for each object X of R.:

(1) there is a L-monic effect X — I;
(2) every L-monic PER on X is an equivalence relation on X.

If S = Maps(R) is symmetric monoidal closed, then the embedding E : S — R has a right
adjoint P.

More precisely, if Q =1@® 1, and w : Q — I be the projection of Q2 onto the second
factor, and if |—, —] and Eval denote the internal hom and the evaluation of S, respectively,
then P is defined on objects X of S by P(X) = [X*,Q]. The X-component of the counit
> is the unique morphism >x: P(X) — X satisfying w o Evaly- g = L3 x .

ProOOF. This follows from combining Corollary 7.11 and Theorem 8.3, taking E to be the
inclusion and w = p;. [
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8.7. COROLLARY. Let (R, ®, 1) be an affine dagger compact quantaloid with small dagger
biproducts and dagger kernels such that for each object X of R.:

(1) Txr is a L-monic effect;
(2) every L-monic PER on X is an equivalence relation on X.

If PreOrd(R) is symmetric monoidal closed, then the functor (=), : PreOrd(R) —
MonRel(R) has a right adjoint D.

More precisely, let (2, <%q) = (2,C), where the order C on 2 = {0, 1} is determined
byOC 1. Letw: Q — I be the projection of Q onto the second factor. Let |—, —] and Eval
denote the internal hom and the evaluation of PreOrd(R). Then D is defined on objects
(X, <x) by D(X,<x) = [(X,2x)", (2, %q)]. The (X, <x)-component of the counit > is
the unique morphism 3(x <) D(X,<x) = (X,<x) satisfying w o Eval(x <)+ (0.<q) =
LO(X,<x)~

PROOF. For each monotone map f : (X, x) — (©,<q), we have wo E(f) =p; o f, =
p1oE=qo f = piof, where the last equality follows from Lemma 7.12. Then the statement
follows directly from Proposition 7.13 and Theorem 8.3, where we take £ = (—), and
W =DPp1. ]

We provide some examples of adjunctions obtained via Theorem 8.3 or one of its
corollaries. The first example is a direct application of the theorem.

8.8. EXAMPLE. Let V' be a nontrivial commutative quantale. Let R := V -Rel, which is
dagger compact (cf. Ezample 3.21). Furthermore, we take S := Set, which is cartesian
closed. Let E : S — R be the functor ‘(=) : Rel — R of Theorem 7.2 restricted to
Set. The dagger biproducts of V-Rel are described in Erample 2.69, and under the
identification [[,c41 = A for any set A, it follows that E is the identity on sets, and
sends a function f: A — B to the V-relation Ef : A — B given by

e, [fla)=5,
(Ef){e ) = {J_, otherwise.
Then E has a right adjoint that sends every set X to its V-valued powerset V.

This follows from Theorem 8.3 by taking 2 =V, and by choosing w : V — 1 to be the
function V- x 1 =V, (v,*) — v. We only need to show that Set(X,V) — V-Rel(X, 1),
f— we Ef is a bijection. Indeed, for each set X, each function f: X — V, and each
r € X, we have

(e Bf)(a,x) = \/ w(v,*)- Ef(z,0) = w(f(2),¥) - Ef (z, f(2)) = f(x) - e = f(x).

veV

As a consequence, if f,g : X — V are distinct functions, then f(x) # g(x) for some
x € X, hence (weEf)(x,*) = f(x) # g(x) = (we Eg)(x,*), showing that we Ef # we Eg,
i.e., f— we Ef is injective. For surjectivity, letr : X — 1 be a V -relation, so a function
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X x1—=V. Let f: X =V be the function x — r(z,*). Then for each (x,*) € X x 1,
we have (we Ef)(x,*) = f(x) =7r(x,*), sor =we Ef, hence we indeed have a bijection.

As the special case V' = 2 of the previous example, we obtain the ordinary power set
functor. We can also obtain this functor by applying one of corollaries.

8.9. EXAMPLE. By Theorem 5.21, we can apply Corollary 8.6 to conclude that the em-
bedding F : Set — Rel has a right adjoint P, the covariant power set functor.

In an almost similar way, we can derive the existence of a quantum power set functor.

8.10. ExaMPLE. Let R = qRel and S = Maps(R) = gqSet. The latter category is sym-
metric monoidal closed [19, Theorem 9.1]. By the properties of qRel stated in Theorem
5.22, we can apply Corollary 8.6 to conclude that the embedding £ : qSet — qRel has a
right adjoint P, which we call the quantum power set functor.

8.11. ExampLE. If R = Rel, then PreOrd(R) = PreOrd and MonRel(R) = MonRel.
It is well known that PreOrd is cartesian closed. The properties of Rel in Theorem 5.21
allow us to apply Corollary 8.7, assuring the existence of a right adjoint D to the functor
(=)o : PreOrd — MonRel, which is the lower set functor.

8.12. ExamPLE. [fR = gqRel, then PreOrd(R) = qPreOrd and MonRel(R) = gMonRel.
In [25, Theorem 8.3], it was shown that the related category qPOS of quantum posets is
symmetric monoidal closed. The proof of this theorem can be simplified to obtain a proof
of the symmetric monoidal closure of qPreOrd. The properties of qRel stated in The-
orem 5.22 allow us to apply Corollary 8.7, assuring that the functor (=), : gPreOrd —
qMonRel has a right adjoint D, which we call the quantum lower set functor.

8.13. THE RECONSTRUCTION OF INTERNAL HOMSETS. In [19], Kornell showed that
gSet = Maps(qRel) satisfies properties that strongly resemble the axioms of an elemen-
tary topos.

Let R be a dagger compact quantaloid and let S = Maps(S). In the previous section,
we explored conditions that assure that the embedding S — R has a right adjoint, which
relied on the assumption that S is symmetric monoidal closed. In this section, assuming
some additional mild conditions, we prove the converse, namely that S is symmetric
monoidal closed provided that the embedding S — R has a right adjoint P.

We first make the following definition:

8.14. DEFINITION. Let (S, ®, 1) be a semicartesian category. For any two objects X,Y €
S, let p}(®y XY = X and p§(®y : X ®Y — Y be the canonical projections given
by pkey = px o (Idx®ly) and pkgy = Ay o (Ix ® idy). Then we call a morphism
f: X =Y classical if there is a morphism f: X — X ®Y such that f = p%gy © [ and
idy = p%(@Y of.

8.15. LEMMA. Let (S,®, I) be a semicartesian category. Then a morphism f: X — Y is

classical if and only if for each morphism g : X — Z there is a morphism h: X — Z®Y
with pygy o h =g and phgy oh = f.
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PROOF. Assume that for each g : X — Z, there is a morphism h : X — Z ® Y with
pxoh =g. Take, g =idyx : X — X yields h : X — X®Y with pxoh = idx and pyoh = f,
so f is classical with f = h. Conversely, assume that f is classical, and let g : X — Z be
a morphism. Let h = (g®idy)o f. Then, Phay oh = p1Z®Yo(g®idy)of = pzo(idz®ly)o
(g@idy)o f = pzo(g®ids)o(idx®ly)of = gopxo(idx®ly)o f = gopkxgyof =g, and
pQZ®YOhA:p22®YO(g®idY)of:AYO(!Z@)idY)O(g@idY)Of: Ay o (Ix ®idy) o f =
p%(@Y of=/F. u
Let F': X — Y be a map between quantum sets. It was shown in [19, Lemma 10.7 &
Proposition 10.8] that there are canonical maps @ : X — ‘At(X) and J : ‘qSet(1,)) — Y
such that that F' is classical in gSet if and only there is an ordinary function f : At(X) —
qSet(1,)) such that F'= Jo‘f o Q. This motivates the terminology ‘classical map’.
We will now state the main theorem of this section. For the remainder of this section,

we will assume that the conditions in the theorem hold. Note that by Lemma 5.11 S is a
monoidal subcategory of R

8.16. THEOREM. Let (R, ®,1) be a dagger compact quantaloid, and let S = Maps(R). If
(1) S is semicartesian when regarded as a monoidal subcategory of R (cf. Lemma 5.11);

(2) The embedding J : S — R has a right adjoint P with unit {-} and counit >;

(3) There exists an object Q of S and an S-morphism true : I — Q such that S(X, Q) —
R(X,I), f ~ true' o f is a bijection;

(4) S has pullbacks;

(5) For each object X and each subobject m : A — X in S there is a unique classical
morphism x4 : X — € such that the diagram below is a pullback square in S.

A4

X —— Q.
XA

Then S is symmetric monoidal closed.

Our proof is essentially the proof that power objects in a topos imply the existence of
exponential objects, see for instance Section IV.2 of [30], which we followed quite closely.
We first need some lemmas.

8.17. LEMMA. Let X € S. Then there exists a unique classical morphism ox : P(X) — §2
such that the following diagram is a pullback square:

5%
X —— 1T

{}Xl ltrue

P(X) O'—X> Q.
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PROOF. Since S is a subcategory of R, the functor J is faithful, hence the unit {-} of
the adjunction J < P is a monomorphism (which follows from the dual of [29, Theorem
IV.3.1].) Consequently, we can apply property (5) of Theorem 8.16, which yields the
statement. |

8.18. LEMMA. Let X € S. Then there is a unique morphism Sx : P(X)® X* — Q such
that true’ o Sx = L3y ..

PROOF. Since R is dagger compact, we can take the coname (5.1 : P(X) ® X* — I of
Sx: P(X) — X. Then, by the bijection S(X,Q) — R(X,I), f + truel o f there is a
unique morphism Sx : P(X) ® X* — Qin S such that truef o Sy = L3 x_. n
8.19. LEMMA. Let f : X @ Y — Q be a morphism in S. Then there exists a unique
morphism f: X — P(Y) in S such that Sy o (f ® idy«) = f.
PRrROOF. By the third assumption in Theorem 8.16, we have a bijection
S(X®Y* Q)= R(X®Y* ), f > truef o f.

By Lemma 2.8, we also have a bijection

R(X,)Y)—>R(X®Y"I), g Lgo.
By the second assumption of Theorem 8.16, we have a bijection

S(X,P(Y)) > R(X,Y),  h~>3y oh.

So any morphism f : X ® Y* — Qin S corresponds to a unique morphism truef o f :
X ®Y* — I in R, for which there is a unique morphism g : X — Y in R such that
trueT o f = vLga. By the last bijection, there is a unique f X — P(Y) in S such that
of = g. Hence, f is the unique morphism in S such that truel o f = L3y of..
We have (3y of.s = ey o (€% Of) ® idy+ = ey o (Dy ®idy+) o (f ® idy+) = L3y
o (f ®idy-) = truef o 3y o (f @ idy~), where we used Lemma 8.18 in the last equality.
Thus we obtain truef o f = truef o 5y o (f ® idy~), hence the statement follows from the
bijection f > truef o f. n

PROOF OF THEOREM 8.16. Following [30], we assume that the associativity isomorphisms
are identities to simplify the notation. Consider objects X and Y of S. In order to
construct an object YX that will be the inner hom of S, we apply Lemma 8.19 to define:

——
= —

—_—
= Sx+ay, U:= 0y o, k = trueo!l;gx.

That is, v : P(X*®Y) - P(Y),u: P(X*®Y) —» P(X*), and k : I — P(X*) are the
respective unique morphisms in S such that

éy (¢] (’U & idy*) = éx*®y;

Sx+ o (u®idy) = oy ov;

Sx+ o (k®idy) = trueol;gx.
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We now define Y as the pullback of u and k, so the following diagram is a pullback
square:

yx v g

m| ¥ (15)

PX*®Y) — P(X™).
In order to construct the evaluation map e: Y* ® X — Y, we need to prove that
trueoly xgx = oy ov o (m ®idy). (16)

Consider the following diagram:

Y¥eX MY px*gY)e X —2s P(Y)

lu@id X lay

!y x ®idx PX )@ X —X 4
W Ttrue
I®X , > 1
IRX

Here, the left square commutes, since it diagram (15) tensored with X. The upper right
square commutes by definition of u, and the lower right diagram commutes by definition
of k. Since l;gx o (lyxgx ®idyx) =lyxgx, it follows that (16) indeed holds. Thus, we have
the following diagram:

YX¥® X

PY) —— Q.

oy

and since the square is a pullback square in S, there must be a unique morphism e :
YX ® X — Y such that the diagram commutes.

Next, for another object Z of S and a morphism f: Z® X — Y in S, we claim that
there is a unique morphism g : Z — Y% in S such that e o (¢ ® idy) = f. To construct
g, we first consider the morphism

Z@ Xy 120y gy WO by gy 320
which, by Lemma 8.19, equals

ZoX ey MU b oy e X oyt 209
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for some unique morphism h: Z — P(X*®Y) in S. Thus we obtain:
Sy o ({}y ®idy~) o (f ®@idy+) = Sx+gy 0 (h ®@idx @ idy~).
By definition of v, we obtain
Sy o({}y ®idy«) o (f ®idy«) = Sy o (v ® idy+) o (h ® idy ® idy~),
whence, using Lemma 8.19,
{}yof=vo(h®idy). (17)
Now, we obtain

Sy o (k®idy) o (lz ®idy) = trueoljgx o (17 ® idy)
= trueo! g x = trueoly o f
=oyo{}yof=o0yovo(h®idy)
=3y 0 (u®idy)o (h®idy),

where the first equality follows from the definition of k, the fourth equality from the
definition of oy, the fifth equality from (17), and the last equality from the definition of
u. Lemma 8.19 now yields kol; = uo h. Note that automatically we have lyx o g =!4, so
by definition of Y as the pullback of v and k, it follows that there is a unique morphism
g:Z — Y¥X in S such that the following diagram commutes:

P(X*®Y) — P(X*).
We verify that eo (¢ ® idx) = f.

eo(g®idyx)=(3y)o{}yoeo(g®idy) =(3y)ovo(m®idy)o (¢ ®idy)
=(3y)ove(h®idx) = By)o{-}yof =/,
where in the first and last equalities we used the triangle identities of the adjunction

J = P, while the second equality follows by definition of e, the third equality follows by
definition of g, and the penultimate equality follows from equality (17). Finally, assume
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that ¢’ : Z — Y is another morphism in S such that eo (¢’ ® idx) = f. Then:

Sx+ey © (M ®idy ®@idy+) o (¢ ® idx ® idy~)
=3yovo(m®idy ®idy+) o (g ® idx ® idy+)
=3y o({-}y ®idy-) o (e ®idy+) o (¢ ®idx ® idy~)
=3y o ({}y ®idy:) o (f ®idy-)
=3y o({}y ®idy+) o (e ®idy+) o (¢’ ® idx ® idy~)
=3yovo(m®idy ®idy+) o (¢ ® idy ® idy+)
= Sx+gy © (M ®idy ®idy+) o (¢’ ® idx ® idy~)

where we used the definition of v in the first and last equalities, and the definition of e
in the second and penultimate equalities. The remaining equalities hold by the assumed
properties of g and ¢’. Using Lemma 8.19, we obtain mo g = mo ¢g’. Since we have
lyx o g’ =!z, and by definition ¢ is the unique morphism in S such that m o g = h and
lyx o g =z, it follows that ¢’ = g. ]

9. Conclusions and future work

We introduced symmetric monoidal quantaloids as a categorical structure that equips
quantaloids with a symmetric monoidal structure, and that generalizes the category Rel.
Our prime example is the category qRel of quantum sets and binary relations; our main
motivation is the internalization of mathematical structures in this category, which cor-
responds to the quantization of these structures. We showed that symmetric monoidal
quantaloids form a framework in which one can internalize functions and partially ordered
structures. For dagger symmetric monoidal quantaloids Q, there are still other connec-
tions to be investigated such as limits and subobjects in Maps(Q). It might be that these
concepts are best investigated in a 2-dimensional setting by combining Q and Maps(Q)
in a double category. Furthermore, we note that that qSet has properties resembling the
axioms of topoi [19]. gSet is the noncommutative generalization of the prime example
of a topos, namely the category Set of sets and functions. This suggests the existence of
notions of quantum allegories and quantum topor with qRel and qSet as prime exam-
ples, respectively. The connection between power objects in Q and the monoidal closure
of Maps(Q) in the last section also points towards a notion that generalizes power al-
legories. We hope that this work eventually contributes to finding these notions and
generalizations.

Acknowledgements

We thank the anonymous reviewer, because their useful comments helped us to improve
the final version of this article significantly. We thank Chris Heunen and Andre Kor-
nell for their help with several questions that arose while writing this article. Further-
more, we are indebted to Dominik Lachman, Anna Jencova, Peter Sarkoci and Miloslav



1066 GEJZA JENCA AND BERT LINDENHOVIUS

Stépan, who provided us with ample comments. We also thank Isar Stubbe for vari-
ous discussions that had a profound impact on this work. Gejza Jenca is supported by
VEGA-2/0128/24, VEGA-1/0036/23 and APVV-20-0069. Bert Lindenhovius was partly
supported by VEGA 2/0128/24 and APVV-22-0570, and is currently supported by the
Austrian Science Fund (FWF) under Project DOI 10.55776 /PAT6443523.

References

[1]

13]
[14]
[15]
[16]

[17]

P. Andrés-Martinez and C. Heunen, Categories of sets with infinite addition, Journal of Pure and
Applied Algebra 229 (2025), no. 2, 107872.

F. Borceux, Handbook of categorical algebra 2: Categories and structures, Cambridge University
Press, 1994.

F. Borceux and G. Van den Bossche, Quantales and Their Sheaves, Order 3 (1986), 61-87.

B. Jacobs C. Heunen, Quantum logic in dagger kernel categories, Electronic Notes in Theoretical
Computer Science 270 (2011), 79-103.

A. Carboni and R.F.C. Walters, Cartesian bicategories I, Journal of Pure and Applied Algebra 49
(1987), no. 1, 11-32.

A. Connes, Noncommutative geometry, Academic Press, 1994.

P. Eklund, J. Gutiérrez Garcia, U. Hohle, and J. Kortelainen, Semigroups in complete lattices: Quan-
tales, modules and related topics, Developments in Mathematics, vol. 54, Springer, Cham, 2018.

P. Freyd and A. Scedrov, Categories, allegories, North-Holland, 1990.

E. Haghverdi, Unique decomposition categories, geometry of interaction and combinatory logic, Math-
ematical Structures in Computer Science 10 (2000), no. 2, 205-230.

C. Heunen and A. Kornell, Azioms for the category of Hilbert spaces, Proc Natl Acad Sci U S A
(2022).

C. Heunen and J. Vicary, Categories for quantum theory an introduction:, Oxford University Press,
2019.

H. Heymans and I. Stubbe, Grothendieck quantaloids for allegories of enriched categories, Bulletin
of the Belgian Mathematical Society - Simon Stevin 19 (2012), no. 5, 859 —~888.

, Modules on involutive quantales: Canonical hilbert structure, applications to sheaf theory,

Order 26 (2009), no. 2, 177-196.

D. Hofmann, W. Tholen, and G.J. Seal, Monoidal topology: A categorical approach to order, metric,
and topology, Cambridge University Press, 2014.

P. T. Johnstone, Sketches of an elephant: A topos theory compendium, volume I, Oxford University
Press, 2002.

G.M. Kelly and M.L. Laplaza, Coherence for compact closed categories, Journal of Pure and Applied
Algebra 19 (1980), 193-213.

A. Kornell, Quantum functions (2011), available at arXiv:1101.1694.
, Quantum collections, Int. J. Math. 28 (2017).
, Quantum sets, J. Math. Phys. 61 (2020).



arXiv:1101.1694

MONOIDAL QUANTALOIDS 1067

[20] , Discrete quantum structures i: Quantum predicate logic, J. Noncommut. Geom. 18 (2024),
no. 1, 337-382.
[21] , Axioms for the category of sets and relations, Theory and Applications of Categories 44

(2025), no. 10, 305-325.

[22] A. Kornell, B. Lindenhovius, and M. Mislove, Quantum CPOs, Proceedings 17th International Con-
ference on Quantum Physics and Logic (2021).

[23] , A category of quantum posets, Indagationes Mathematicae 33 (2022), 1137-1171.

[24] , Categories of quantum cpos, to appear in Mathematical Structures in Computer Science
(2026).

[25] , A category of quantum posets, Indagationes Mathematicae 33 (2022), no. 6, 1137-1171.

[26] G. Kuperberg and N. Weaver, A Von Neumann Algebra Approach to Quantum Metrics: Quantum
Relations, Memoirs of the American Mathematical Society, American Mathematical Society, 2012.

[27] A. Kurz, A. Moshier, and A. Jung, Stone duality for relations, Samson abramsky on logic and
structure in computer science and beyond, 2023, pp. 159-215.

[28] J. Laird, Weighted models for higher-order computation, Information and Computation 275 (2020),
104645.

[29] S. Mac Lane, Categories for the Working Mathematician (2nd edition), Springer, 1998.

[30] S. Mac Lane and I. Moerdijk, Sheaves in geometry and logic: A first introduction to topos theory,
Universitext, Springer New York, New York, NY, 1992.

[31] 1. Stubbe, Categorical structures enriched in a quantaloid: categories, distributors and functors, The-
ory and Applications of Categories 14 (2005), no. 1, 1-45.

[32] M. Takesaki, Theory of operator algebra I, Springer, 2000.
[33] N. Weaver, Quantum relations, Mem. Amer. Math. Soc. 215 (2012).

Department of Mathematics and Descriptive Geometry, Faculty of Civil Engineering,
Slovak Uniwversity of Technology, Radlinskeho 11, Bratislava, 810 05, Slovakia

Institute of Mathematical Methods in Medicine and Data Based Modeling,
Johannes Kepler University Linz, Altenberger Strasse 69 4040 Linz, Austria

Email: gejza.jenca@stuba.sk
albertus.lindenhovius@jku.at

This article may be accessed at http://www.tac.mta.ca/tac/



THEORY AND APPLICATIONS OF CATEGORIES will disseminate articles that significantly advance
the study of categorical algebra or methods, or that make significant new contributions to mathematical
science using categorical methods. The scope of the journal includes: all areas of pure category theory,
including higher dimensional categories; applications of category theory to algebra, geometry and topology
and other areas of mathematics; applications of category theory to computer science, physics and other
mathematical sciences; contributions to scientific knowledge that make use of categorical methods.
Articles appearing in the journal have been carefully and critically refereed under the responsibility of
members of the Editorial Board. Only papers judged to be both significant and excellent are accepted
for publication.

SUBSCRIPTION INFORMATION Individual subscribers receive abstracts of articles by e-mail as they
are published. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. Full
text of the journal is freely available at http://www.tac.mta.ca/tac/.

INFORMATION FOR AUTHORS I¥TEX2e is required. Articles may be submitted in PDF by email
directly to a Transmitting Editor following the author instructions at
http://www.tac.mta.ca/tac/authinfo.html.

MANAGING EDITOR. Geoff Cruttwell, Mount Allison University: gcruttwell@mta.ca
TEXNICAL EDITOR. Nathanael Arkor, Tallinn University of Technology.

ASSISTANT TEX EDITOR. Gavin Seal, Ecole Polytechnique Fédérale de Lausanne:
gavin_seal@fastmail.fm

TEX EDITOR EMERITUS. Michael Barr, McGill University: michael.barr@mcgill.ca

TRANSMITTING EDITORS.

Clemens Berger, Université Cote d’Azur: clemens.berger@univ-cotedazur.fr

Julie Bergner, University of Virginia: jeb2md (at) virginia.edu

John Bourke, Masaryk University: bourkej@math.muni.cz

Maria Manuel Clementino, Universidade de Coimbra: mmc@mat.uc.pt

Valeria de Paiva, Topos Institute: valeria.depaiva@gmail.com

Richard Garner, Macquarie University: richard.garner@mgq.edu.au

Ezra Getzler, Northwestern University: getzler (at) northwestern(dot)edu

Rune Haugseng, Norwegian University of Science and Technology: rune.haugseng@ntnu.no
Dirk Hofmann, Universidade de Aveiro: dirk@ua.pt

Joachim Kock, Universitat Autonoma de Barcelona: Joachim.Kock (at) uab.cat

Stephen Lack, Macquarie University: steve.lack®Omq.edu.au

Tom Leinster, University of Edinburgh: Tom.Leinster®@ed.ac.uk

Sandra Mantovani, Universita degli Studi di Milano: sandra.mantovani@unimi.it

Matias Menni, Conicet and Universidad Nacional de La Plata, Argentina: matias.menni@gmail.com
Giuseppe Metere, Universita degli Studi di Palermo: giuseppe.metere (at) unipa.it
Kate Ponto, University of Kentucky: kate.ponto (at) uky.edu

Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca

Jiri Rosicky, Masaryk University: rosicky@math.muni.cz

Giuseppe Rosolini, Universita di Genova: rosolini@unige.it

Michael Shulman, University of San Diego: shulman@sandiego.edu

Alex Simpson, University of Ljubljana: Alex.Simpson@fmf.uni-1j.si

James Stasheff, University of North Carolina: jds@math.upenn.edu

Tim Van der Linden, Université catholique de Louvain: tim.vanderlinden@uclouvain.be
Christina Vasilakopoulou, National Technical University of Athens: cvasilak@math.ntua.gr



	Introduction
	Preliminaries
	Symmetric monoidal and compact quantaloids
	Dagger kernel quantaloids and orthomodularity
	Internal maps
	Internal preorders
	The embedding of sets
	Power objects
	Conclusions and future work

