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INTERNAL 1-TOPOI IN 2-TOPOI
To M. Makkas

JOSEPH HELFER

ABSTRACT. We further develop the notion of elementary 2-topos, introduced by Weber,
by proposing certain new axioms. We show that in a 2-category C satisfying these
axioms, the “discrete opfibration (DOF) classifier” S is always an internal elementary
1-topos, in an appropriate sense. The axioms introduced for this purpose are closure
conditions on the DOFs having “S-small fibres”. Among these closure conditions, the
most interesting one asserts that a certain DOF, analogous to the “subset fibration”
over Set, has small fibres.

The remaining new axioms concern “groupoidal” objects in a 2-category, which are seen
to play a significant role in the general theory. We prove two results to the effect that a
2-category C satisfying these axioms is “determined by” its groupoidal objects: the first
shows that C is equivalent to a 2-category of internal categories built out of groupoidal
objects, and the second shows that the groupoidal objects are dense in C.
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1. Introduction

The notion of elementary 2-topos stands in relation to the 2-category Cat of (large)
categories as that of elementary topos does to the category of sets.

That is, an elementary 2-topos should be a 2-category C satisfying a list of first-order
(i.e., “elementary”) axioms satisfied by Cat which, ideally, suffice to allow one to carry out
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category theory inside of C. We take as our starting point Weber’s paper [Web07] which,
to our knowledge, marks the first use of the term elementary 2-topos (though Grothendieck
2-topoi were introduced earlier in [Str82b]); see §1.7 below for further historical remarks.
We should note right away, however, that there is no settled definition of elementary 2-
topos, and in fact one of our aims here is to propose certain new axioms that we believe
should be part of the definition.

Hereafter, if we write 2-topos or topos, we will always mean elementary, unless stated
otherwise.

Three of Weber’s axioms parallel those of an elementary 1-topos: a 2-topos C is
required to have (i) finite limits, (ii) exponentials, and (iii) a so-called discrete opfibration
(or DOF) classifier S. There is then one additional axiom which is (iv) the existence of
a duality 1nvolution, which we shall return to below.

The most interesting of these axioms is the existence of the DOF classifier S. This
plays an analogous role in a 2-topos C to that played by the subobject classifier in a
1-topos, and in the archetypical example C = Cat it is given by the object Set € Cat.

Here, the “universal monomorphism” 1 — ) carried by a subobject classifier is re-
placed by a “universal DOF” S, — S, which in Cat is the forgetful functor p: Set, — Set
from the category of pointed sets.

1.1. THE QUESTION OF SIZE. Let us recall the universal property of the functor p: Set, —
Set, which is thus taken as the defining property of a DOF classifier.
Given any category C and functor F': C — Set, we can form the (strict) pullback

El(F') —— Set.
|

17, b

—L 5 Set,

which is given by the category of elements EI(F') with object set
ObEI(F) ={(A,x) | Ae C,x € FA},

and p’ is defined on objects by p(A,x) = A. The functor p’ is a DOF (see §2.5) and
moreover it has small fibres, meaning that each fibre p~1(A) = F(A) is a small set, as
opposed to a proper class.

In this way, we obtain a functor from the functor category Fun(C, Set) to the category
of DOFs over C with small fibres, and the universal property in question says that this
is an equivalence for all C.

Now, when we seek to reproduce this universal property for a morphism p: S, — S in
a general 2-category C, there is no problem internalizing the concept of DOF. However,
there is no natural notion of “DOF with small fibres”; on the contrary, the notion of
“small” depends on a chosen universe, i.e., category of sets, and so it would be circular
to try to have the universal property of the DOF classifier S depend on the notion of
smallness.
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Instead, by definition, for p to be a DOF classifier, we (following [Web07]) only demand
that for any A € C, the functor C(A,S) — DOF(A) to the category of internal DOFs
over A be fully faithful. We then say that a DOF over A is “S-small” if it is in the essential
image of this functor.

Note however, that with this condition alone, it could well happen that there simply
are no S-small DOFs—for example, the empty category is a DOF classifier in Cat. We
remedy this by imposing certain closure conditions on the class of S-small DOFs (see
§2.5); we call a DOF classifier satisfying these conditions plentiful.

There is a helpful analogy between this situation and that of class-set theories such
as those of Von Neumann-Godel-Bernays and Morse-Kelley. There, one has a primitive
notion of a given class being small (i.e., a set), and one then postulates that the small
classes are closed under certain operations (union, power set, and so on).

The closure conditions for small DOFs are also very much in the spirit of the “axioms
for small maps” from [JM95].

We also note that the assumption that every DOF is S-small would correspond to the
assumption in class-set theory that every class is a set, which of course leads to Russell’s
paradox. The original motivation for this project was to prove that this assumption is
contradictory in the present context as well, or more precisely that it implies that the
ambient 2-topos C is the trivial 2-category; this will be done in a subsequent paper [Hel].

1.2. S AS AN INTERNAL TOPOS; GROUPOIDS. Our main goal is to prove that in a 2-topos,
any plentiful DOF classifier S is an internal topos (see §5.16), in much the same way as
one shows that the subobject classifier in a 1-topos is an internal Heyting algebra.

There is an immediate obstacle to formulating this notion. One would naturally like to
say that for an internal topos S € C, each hom-category C(A,S) is a topos. However, this
already fails in Cat: it is not true that for a topos C, each functor category Fun(A, C) is
again a topos. This does hold, however, when A is a groupoid.

Thus, for this and other reasons, we are led to consider groupoids (or groupoidal
objects) in C (that is, objects G € C for which each hom category C(A, G) is a groupoid),
and in particular to the natural axiom that each object A € C has an associated core, or
maximal subgroupoid A*°.

We also introduce an additional axiom concerning groupoids—akin to the effectiveness
of internal equivalence relations in a 1-topos and of internal co-groupoids in an oco-topos
[Lur09, §6.1]—which says that each object in C can be recovered from a certain diagram
of groupoids, and about which we will say more below in §2.2.

Though this axiom is not needed in the proof that S is an internal topos, it nonetheless
ends up playing an important role, and a significant part of this paper is devoted to
studying its consequences and the attendant notions (wviz., §§3 and 6, and the appendix).

1.3. THE POWER SET FUNCTOR. The proof that a plentiful DOF-classifier S € C is an
internal topos primarily involves showing that C(A, S) is a topos for each groupoid A € C,
which is the same as saying that the subcategory DOFg(A) C DOF(A) consisting of S-
small DOFs is a topos. The existence of finite limits in DOFg(A) follows readily from
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the assumed closure conditions for S-small DOFs.

The most interesting part of the proof is showing that DOFg(A) has power objects,
and this correspondingly relies on the most interesting condition in the definition of a
plentiful DOF classifier.

The crucial observation is that the DOF corresponding to the power set functor!
cod

®: Set™ — Set is the subset fibration Sub™® =5 Set™°, where Sub C Set™ is the full
subcategory consisting of subset inclusions. Hence, the corresponding condition on the
plentiful DOF classifier S is that the analogous DOF Mon(S)*° — S be S-small.

We should mention at this juncture that throughout this paper, we work in a strict
context: that is, with strict 2-categories, strict 2-categorical limits, and so on. However,
this is merely a matter of convenience, and we take the position that the “final” notion
of 2-topos should be in a completely weak context. This is in keeping with the prevailing
overall attitude toward higher category theory (see e.g. [Mak98]), and is also relevant to
our reproduction of set-theoretic paradoxes in a 2-topos in [Hel|, as we will want to know
that this can be done under the weakest possible logical assumptions.

The reason we mention this now is that the fibration Mon(S)®° — S* we can con-
struct in an arbitrary 2-topos is not directly analogous to the subset fibration, but rather,
as the notation indicates, to the monomorphism fibration Mon(Set)™ — Set™°, where
Mon(Set) C Set™ is the full subcategory consisting of monomorphisms. The latter fi-
bration, however, is not a DOF, but rather a (semi-)weak version of a DOF, which we
call a setoidal opfibration, or SOF, since the fibres are not discrete categories, but rather
setoids, i.e., categories equivalent to discrete ones. Thus, in this particular case, we must
demand the S-smallness not just of a DOF, but of a certain SOF (see §2.10).

In the “fully weak” context, such a distinction wouldn’t exist, since we would only
have the fully weak notion of discrete fibration available (namely a “discrete” variant of
the Street (op)fibrations of [Joh93, Definition 3.1]). Hence we see that even in the present
“fully strict” context, we are nonetheless forced into considering this semi-weak notion.
This also brings out the interesting relationship between the issue of size and that of
strictness, since the semi-weak fibration Mon(Set)™ — Set™ has fibres that are only
essentially small.

1.4. GROUPOIDS. We now return to Weber’s last axiom: the existence of a duality invo-
lution on C, which is a 2-functor C*® — € which plays in a general 2-topos the role of the
2-functor op: Cat® — Cat in Cat. This is essential to the purposes of [Web07], since the
main emphasis there is the Yoneda embedding A — SA™.

We, however, omit this axiom from our list, and the reason is that we can prove the
existence of a duality involution from our assumptions concerning groupoids.

In the same way that in a finitely complete category, one can form the kernel pair of
any morphism and obtain an in internal equivalence relation, and in a finitely complete

'In general, there are two power set functors, a covariant and contravariant one, but they agree on
isomorphisms, and we are here using their common restriction, as we do throughout the paper. We
address the question of the full covariant and contravariant power functors in a 2-topos in Appendix B.
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quasicategory, one can form the “Cech nerve” of a morphism and obtain an internal co-
groupoid (Kan complex) [Lur09, §6.1.2]—so in a (suitably complete) 2-category C, one
can perform a similar construction on a given morphism and obtain an internal category
in C.? This is the basis for the notion of regular and exact 2-categories studied in [Str82b;
Mak93; BG14].

What’s more, given any object A € C, we have a canonically associated morphism,
namely the inclusion of A% — A of the core, and performing the above construction,
we obtain an internal category associated to A, which moreover consists level-wise of
groupoids, and which we (following [Lur09, §6.1.2]) call the nerve of A. Our axiom now
says that this internal category is effective, meaning that A can be recovered from it as a
certain weighted colimit; and furthermore, that any internal category satisfying a certain
extra condition arises as a nerve.

The result is that C turns out to be equivalent to a 2-category of internal categories
in C which are level-wise groupoidal (Theorem 6.4). In particular, we obtain the duality
involution on this equivalent 2-category simply by exchanging the source and target maps
of a given groupoid (which is just the way that the duality involutions in the examples in
[Web07] are obtained).

As an aside, we note that a duality involution is not determined uniquely in any sense,
and therefore had to be assumed as an extra structure on a 2-topos in [Web07]. (There is
an interesting related circumstance with respect to the DOF classifier axiom; we return
to this in §4.) Since, in the present axiomatization, we derive the existence of the duality
involution, this is no longer necessary. This is in keeping with the idea that, as is the
case with 1-topoi, a 2-topos should be a 2-category with certain properties, but no extra
structure.

1.5. 2-YONEDA, AND SKETCHES. In addition to the just mentioned Theorem 6.4, we
prove a second result in §6 to the effect that C is “determined by its groupoids”, having
to do with the 2-dimensional Yoneda embedding.

Though we do not be appeal to it directly, the 2-dimensional Yoneda embedding
motivates much of what we do in this paper. Namely, there are several definitions of 2-
categorical notions that we give “representably” —for example, an object X € C is defined
to have a certain property if each category C(A, X) with A € C has that property. Often,
this amounts to saying that X represents a certain 2-functor C°® — Caf—which thus
determines X up to isomorphism by the 2-Yoneda embedding.

However, as we alluded to in §1.2, there are certain universal properties, such as that of
S € C being an internal topos, which only make reference to the categories C(A, X) with
A groupoidal. Now the result in question (Theorem 6.11) says that this is a “legitimate”
procedure in the sense that the groupoids in C form a dense sub-2-category of C, meaning
that the 2-Yoneda embedding remains an embedding if instead of 2-functors C°? — Cat,
we consider 2-functors (Cgpq)°® — Cat defined on the full sub-2-category of C consisting

2Below, we use the phrase “internal double category” rather than “internal category” for reasons we
explain in Definition 3.1.
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of groupoids.

This result is quite useful, and seems somehow more fundamental than Theorem 6.4.
In §6.15, we apply it to give a “representable” definition of the opposite of an object,
and in Appendix B, we apply it to construct the internal power object and exponential
functors of an internal elementary topos.

These constructions necessitate a certain ancillary result that we prove in Appendix A,
and which is of independent interest. Namely, we show that for a finite-limit sketch J
and an object X in a 2-category, we can (under certain assumptions) define the object
X7 of “models of J in X”. In [Hel], further use will be made of these objects X7, as well
as generalizations of them.

1.6. ON THE AX10MS. We give our list of 2-topos axioms in §4.

We do not necessarily want to suggest that this list be a final definition of 2-topos. In
fact, our general orientation toward selection of axioms is a liberal one: any reasonable
property of Cat that is expressible in the general language of 2-categories should either
be included as an axiom or at least be derivable from them. Or perhaps better said: one
should freely make such assumptions as one needs them, which is precisely the basis on
which the present list was selected.

We note that in the case of 1-topoi, it so happens that one can get away with an
extremely small set of axioms (finite limits, cartesian closed, and subobject classifier),
from which one can derive everything else that one wants, for example, the existence of
finite colimits. However, had it so turned out that one could not derive these properties
from the topos axioms as they stand, we hold that it would have been perfectly reasonable
to include them as axioms. Indeed, [Law64] assumes the existence of finite colimits (as it
was not yet known that it was derivable from the other axioms), as well as several other
things.

On the other hand, it is important to note that [Law64] also includes axioms that do
not hold in a general topos, most prominently that the terminal object is a generator,
which axiom excludes most Grothendieck topoi. Thus, we see that some care must be
taken with the above principle “freely assume any properties that hold in the motivating
example”: it should be qualified by saying that we should make the weakest assumptions
possible that allow us to develop the general theory.

In any case, the axioms presented below seem to us to be reasonable to assume, and
it remains an interesting question whether any of them is redundant, and also how much
can be derived from them—and especially whether one can show the existence of finite
(bi)colimits.

We note the crucial fact that, as with elementary 1-topoi, these axioms are all ele-
mentary: they can be formulated in the first order language of 2-categories.

1.7. RELATED WORK. We mention some important related works, though this list is not
exhaustive—especially as the idea of doing formal category theory has been central to the
notion of 2-categories from the very beginning (see, e.g., [Gra74]).

The idea of using the totality—in fact, the 1-category—of categories as a foundational
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system appeared already in Lawvere’s paper [Law66], not long after his paper [Law64]
on the elementary theory of the category of sets, which eventually led to elementary
topos theory, and at the end of which paper he in fact already alludes to the category of
categories as a foundation. Since [Law66] takes place in the 1-categorical setting—which
is, so to speak, even more strict than the strict setting of this paper—certain things are
different, and for example, the notion of DOF classifier is not available (which notion,
however, according to [Web07], is also due to Lawvere). Two significant ideas that are
already present, however, are (i) the special role played by the object Set € Cat, and (ii)
that of recovering each object as a certain colimit of an internal category (consisting of
discrete, rather than groupoidal, objects), and using this to construct the opposite of an
object.

The notion of a 2-category with a DOF classifier—or rather, with a presheaf-category
functor—was introduced under the name elementary cosmos in [Str74; Str80a|, which
serves as a basis for [Web07]. As mentioned, the idea of the DOF classifier is originally
due to Lawvere, and is also discussed in [Gra69].

It is observed in [Str80a] that any elementary cosmos has an associated Yoneda struc-
ture in the sense of [SW78], and this circumstance is also the main focus of [Web07]. In a
similar vein to the notion of a plentiful DOF classifier and to the small maps of [JM95],
a Yoneda structure also axiomatizes a class of “small” functors, namely those functors
F: C — D with small hom sets D(Fz,y). By taking F' = id¢, this includes the notion
of local smallness. Crucially, one can recover from this the notion of (essential) smallness
by demanding that both C and Set®” be locally small, as shown in [FS95] (see also
Remark B.14).

Though Weber does not consider closure conditions for S-small DOF's in [Web07], he
has stated (in [Web08]) that the definition of 2-topos given there should be considered
provisional, and that in particular further conditions should be imposed on S, for example
that it be cocomplete in the sense studied in [Web07].

We also note that Weber does show that the DOF classifier S has finite products
(under suitable assumptions), and also that it is cartesian closed in a weak sense (under
the aforementioned cocompleteness assumption); see Remark B.14.

While this paper was nearing completion, it came to my attention that Mike Shulman
has developed many of the same ideas as are presented here, as well as some of those we
will pursue in [Hel], and written them up on his web page [Shul2]. Among other things,
he does consider closure conditions for S-small DOF's, as well as the idea of reconstructing
a general object out of groupoids, the question of whether S is an internal topos, and the
question of whether it is consistent for all DOFs to be S-small.

1.8. ACKNOWLEDGEMENTS. This paper began as a project of B. Boshuk and M. Makkai
some time around the year 2000, with the goal of reproducing the set-theoretic paradoxes
in a 2-topos, as will be done in [Hel].

Makkai first told me about this idea in 2016, but I only began working on it seriously
in 2022. He has continued to be involved as I have been working on it, and several of the
most important ideas in the paper are due to him.
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2. Preliminaries

In this section and the next section, we recall some basic 2-categorical notions, and then
provide the various definitions needed to state our 2-topos axioms in §4.

We take as known the basic notions of 2-category theory, for which we refer to, e.g.,
[MPS9, §4.1].

We use the “geometric” order for composition of morphisms: the composite of A ER

B % Cis denoted A % (or f-gor fog). To be consistent with this, we also use this
order for composition of functions (i.e., morphisms in Set), and of functors and natural
transformations. However, we use the usual order for application—thus, for example, for

functors C = D % E and an object X € C, we have (F o G)(X) = G(F(X)).
Given morphisms f,g: X — Y in a 2-category, to indicate that « is a 2-cell f — g,

f
we may sometimes use the notation av: X ¢ Y, or even just a: X ¢ Y if f and g are
g

clear from context or not relevant.

Given a morphism f: X — Y in a 2-category (or 1-category) C and an object A, we
write f, and f* for the functors (or functions) f.: C(A, X) — C(A,Y) and f*: C(A,Y) —
C(A, X). We may also denote these by (fi)a and (f*)4 for emphasis.

f
Similarly, given a 2-cell a: X =% Y, we write a, (or (au)a) for the natural transfor-
g

I+
mation a,: C(A, X) _gi; C(A,Y) given by whiskering with «; and o* is defined similarly.

A morphism f: X — Y in a 2-category C is faithful or fully-faithful, respectively,
if f.: C(A,X) — C(A,)Y) is for each A € C.

Almost everything we do in this paper is elementary, and our set-theoretic assumptions
are accordingly minimal—with the exception §7.10, where we are explicit about these
assumptions. In the few other places in the paper that depend on non-trivial set-theoretic
assumptions such as Grothendieck universes, we trust the reader to supply the details.

For a 2-category C, we write |C| for its underlying 1-category.

When we say that a 2-category C locally has some property P, we mean that each
hom category C(X,Y) satisfies P; similarly, a 2-functor F': C — D locally satisfies P if
the functor F': C(X,Y) — C(FX, FY') satisfies P for all X, Y € C.
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A 2-functor F': C — D is fully faithful (resp. strictly fully faithful) if it is locally
an equivalence (resp. locally an isomorphism). It is essentially surjective if every
Z € D is equivalent to some FX. It is an equivalence (resp. strict equivalence) if it is
essentially surjective and fully faithful (resp. strictly fully faithful).

We will be making use of anafunctors (for which see [Mak96]) and taking for granted
their basic properties, which are analogous those of ordinary functors. Many of the
functors which one comes across in category theory are really first of all anafunctors,
which only become functors after applying the axiom of choice. In such cases, we find it
is usually preferable to work with the original anafunctor.

We will also be making use of ana-2-functors, which are the obvious 2-dimensional
generalization: given 2-categories C, @, an ana-2-functor F': C — @ has for each X € C
a set of specifications |F|(X), and for each X,Y € C and specifications s € |F|(X) and
t € |F|(Y), an ana-functor F,;: C(X,Y) — C(F,X,FY). However, in the cases we
consider, F,; will in fact always be a functor, and we will always use the term ana-2-
functor in this more restrictive sense.

By a partially defined functor or partial functor between categories C and D,
we mean a functor C' — D defined on a full subcategory C' € C. Given a functor
G: D — C, by a partially defined left (resp. right) adjoint to G, we mean a partial
functor F': C' — D determined by the choice of a universal arrow from X to G (resp.
from G to X)) for each X € C’, in the sense of [Mac98, Iv.1 Theorem 2|. Partially defined
(adjoint) anafunctors are defined similarly.

We say that a functor F': C — D is an isomorphism onto a subcategory D’ C D if
it induces an isomorphism C — D', or in other words, if it is injective on objects and on
morphisms and has image D’.

2.1. Lmmrts. We recall some basic notions of limits in a 2-category C, and we also fix
our terminology, as there are several competing conventions. The corresponding colimit
notions are obtained by dualizing.

We will mainly discuss the strict variants of these notions, and will comment briefly
on the weaker notions afterwards.

The general notion of strict limit in a 2-category is that of a strict weighted limit of a
diagram (that is, a 2-functor) D: J — C (J a 2-category) with respect to a weight (that
is, another 2-functor) W: J — Cat; it is called a finite weighted limit if D is a finite
2-category and each W (d) is a finite category. We will not spell out the general definition
of weighted limit, as we will not need it, but see, e.g., [MP89, §5.1.1].

It is a fact [Kel89, §3] that a category has all finite strict weighted limits (i.e., that
it is finitely strictly complete) as soon as it has strict pullbacks, a strict terminal object,
and strict cotensors with [1], all of which we now discuss.

Given a cospan

X
D = lf (1)

Y — 7
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in C and an object A € C, the category 2Cone(A, D) of strict cones with vertex A over
D has objects commuting squares
h
— X
7 (2)

L}Z}

N

o
‘—

~

which we write as a pair (h, k), and morphisms («,3): (h,k) — (R',k’), consisting of
2-cells a: h — h' and B: k — K with fa = ¢/, and composition defined in the obvious
way.

Given any square (h, k) as above and any B € C, there is an evident functor C(B, A) —
2Cone(B, D), and we say that (h,k) is a strict pullback of D if this functor is an
isomorphism for each B.

Note that if a given cospan (1) is known to have a strict pullback, then in order to
check that (2) is a strict pullback, it suffices to check this in the underlying 1-category
|C| of C, i.e., that the functor C(B, A) — 2Cone(B, D) is a bijection on objects for each
Bec.

Strict products are defined in the same way by retaining X and Y in the above but
omitting any reference to (7, f,g). We say that X € C is a strict terminal object if
the category C(A, X) has a single morphism for all A € C.

Next, given a category J and an object X € C, a strict cotensor of X with J
is an object X7 € C together with a functor ev = ev;x: J — C(X”, X) satisfying the
following universal property: for each A € €, the functor C(4, X7) — C(A, X)’ defined
on objects (and morphisms) by

e (TS ex?, x) Loe, x) (3)

is an isomorphism.

In light of this isomorphism, we will often simply identify an object in C(A4, X7) with
its image in C(A4, X)”7, and refer to a morphism A — X7 as a “diagram of shape J in
C(A,X)".

It is called a finite cotensor if J is finite.

An important particular case is when J is the free-standing arrow J = [1], i.e., the
category with two objects 0,1 and one non-identity morphism 0 — 1. In this case, we
write X for the cotensor X, also called a (strict) arrow object; it is characterized by

1o
having a universal 2-cell, which we will denote 0: X _ai% X.
1

As mentioned above, if a category has strict pullbacks, a strict terminal object, and
strict arrow objects, then it has all finite strict weighted limits, and in particular all strict
finite cotensors.

Given any functor F': J — J' between categories and an object X € C, if there
exists strict cotensors X7 and X7, then there is an induced morphism X*: X7 — X/
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classifying the functor J L7%e (X”", X). Similarly, a morphism f: X — Y induces
a morphism f7: X/ — Y classifying J < C(X7, X) LN C(X7)Y).

2.1.1. PSEUDO-LIMITS AND BILIMITS. We now briefly discuss the weaker notions. A
weak cotensor is defined in just the same way as a strict one, except that the comparison
map C(A, X7) — C(A, X)” is only demanded to be an equivalence. Clearly, any strict
cotensor is a weak one.

A weak pullback, or bipullback, is defined in the same way as a strict pullback, but
with two changes.

The first is that the category 2Cone(A, D) of strict cones is replaced by the category
BiCone(A, D) of weak cones, with objects (h,k,~), where v: hf — kg is an invertible
2-cell, and morphisms («, 58): (h,k,v) — (W,k',7'), where a: h — h' and 5: k — k'
satisfy (af)y = v(Bg); again, composition is defined in the obvious way.

The second change is, again, that the comparison functors C(B, A) — BiCone(B, D)
are demanded to be equivalences and not isomorphisms. There is an intermediate notion,
called a pseudo-pullback, in which BiCone is used instead of 2Cone, but where the
comparison functors are still required to be isomorphisms.

There is a general notion of weak weighted limit (or weighted bilimit), and again it is
a fact that a 2-category (or more generally bicategory) has all finite weighted bilimits as
soon as it has weak pullbacks, weak arrow objects, and a weak terminal object (this is
implied, though not quite stated, in [Str80b, (1.27)]).

It is clear that pseudo-pullbacks are always bipullbacks. However, a strict pullback
need not be a bipullback in general. Since we always have the weak setting in view, we
will want to restrict ourselves to the consideration of those strict pullbacks which are
bipullbacks, a nice class of which is given as follows.

2.1.2. PitA LiMITS. We recall that a functor F': C — D is an isofibration if for every
x € C and isomorphism f: Fx — b in D, there is an isomorphism p: x — y in C with
Fp = f. A morphism f: X — Y in a 2-category C is an isofibration if f,: C(A, X) —
C(A,Y) is an isofibration for all A € C.

Now it is easy to see that any strict pullback square (2) in which f is an isofibration
is also a bipullback [JS93] (and & is then also an isofibration), and all the strict pullbacks
we will consider will be of this form.

Thus, if a 2-category has strict terminal objects, strict arrow objects, and strict pull-
backs of isofibrations, it has all finite bilimits. We say that 2-category is pita (for “Pull-
backs of Isofibrations, Terminal object, and Arrow objects”) or has pita limits if it has
these strict limits, and we call a 2-functor preserving strict limits of this kind a pita
2-functor.

We now make some remarks on the relationship between pita limits and two well-
studied classes of strict limits in 2-categories.

First, we have the finite PIE limits (“products, inserters, and equifiers”). These were
introduced in [PRI1], where an elegant intrinsic characterization of these limits (and those
generated by them) is given. If a 2-category has finite PIE limits it has all finite bilimits
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(and also all finite pseudo-limits). It is easy to see that a pita category has finite PIE
limits, hence having pita limits is a stronger condition.

The second class is the finite flezible limits, which were introduced in [BKPS89],
where again a nice intrinsic definition is given, and where it is shown that a 2-category
has flexible limits precisely if it has PIE limits as well as the splitting of idempotent
equivalences (or all of all idempotents). Moreover, in [Bou2l], it is shown that having
flexible limits is equivalent to having finite products, cotensors, splitting of idempotents,
and strict pullbacks of DOF's (or of so-called normal isofibrations). However, it does not
seem that having flexible limits implies that all isofibrations have strict pullbacks, nor
that having pita limits implies the splitting of idempotents equivalences, hence having
pita limits is neither strictly stronger or weaker than having flexible limits.

We do not know if there is an intrinsic description of pita limits as there is with PIE
and flexible limits.

Finally, we point out an important class of isofibrations: the morphism X*: X/ — X7/
between cotensors induced by a functor F': J — J' is an isofibration whenever F' is
injective on objects. (This is related to the well-known fact that there is a model structure
on Cat in which the cofibrations and fibrations are the injective-on-objects functors and
the isofibrations.)

In fact, the isofibrations X" are all normal in the sense of op. cit., and since all the
isofibrations that arise in this paper are either discrete or of the form X', it follows that
everything we do would still hold with “isofibration” everywhere replaced by “normal
isofibration”. In particular, the resulting notion of pita (or rather “pnita”) 2-categories
would include all 2-categories with finite flexible limits as examples.

2.2. GROUPOIDS. Let C be a 2-category.

An object X € C is groupoidal [Str80b, (1.7)] or simply a groupoid if C(A4, X) is a
groupoid for each A € C.

We next want to define the core X'*° of an arbitrary object X € €, which when C =
Cat should give the maximal subgroupoid of X. To begin with, this should be a universal
groupoid mapping to X, i.e., we have a morphism i: X — X through which any other
morphism from a groupoid factors uniquely, or in other words, 7, : C(A, X'°) — C(4, X)
is bijective on objects for all groupoids A. The natural corresponding “2-dimensional”
property is that 4, induces an isomorphism C(A, X*°) — C(A, X)*°, where the codomain
is the maximal subgroupoid of C(4, X). Either of these properties does determine X**° up
to isomorphism, but they are not strong enough for our purposes (though see Remark 2.4
below); in particular, we will also want a characterization of the morphisms into X*° from
non-groupoidal A.

2.3. DEFINITION. A morphism f: A — X in C is an arrow-wise iso(morphism) if
af is invertible for each 2-cell a: A" =¢ A. Note that the composition of an arrow-wise
150 with any morphism is again an arrow-wise iso.

A (strict) core of X is an object X™° together with an arrow-wise iso i: X' — X with
the following universal property: for each A € C, the functor i,: C(A, X™°) — C(A, X)
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is an isomorphism onto the subcategory of C(A,X) consisting of arrow-wise isos, and
invertible 2-cells between these. (It follows that X™° is groupoidal.)
We say that a 2-category is corepita if it is pita and has cores.

We will usually use the above notation X*° % X for a core of X. From the universal
property of the core, any morphism f: X — Y induces a morphism fi°: X — Yyiso,
When X is already a groupoid, we have a canonical choice of core idy: X — X, and we
will always assume that X' has been so chosen unless indicated otherwise. In particular,
a morphism f: X — Y then induces f5°: X — Y,

2.4. REMARK. There is a notion which is roughly dual to that of core: a (strict) cocore
of X € C is an object X together with a morphism v: X — X such that for each
A € €, the functor v*: C(X, A) — C(X, A) is an isomorphism onto the full subcategory
of C(X, A) on the arrow-wise isos. (Assuming C has arrow objects, this is equivalent to
demanding that v be a bijection on objects for each A.) In Cat, a cocore X is given by
the category obtained by formally inverting all of the morphisms in X, or in other words
the localization of X at all of its morphisms.

Assuming that C has cocores—i.e., that each object in X has a cocore—it follows that
a morphism i: X — X in C is a core of X as soon as it has the appropriate universal
property with respect to groupoids, i.e., as soon as i*: C(A, X)) — C(A, X)®° is an
isomorphism for every groupoid A € C.

2.5. DOF's. We recall that a functor F': C — D is a discrete opfibration (or DOF)
if for each # € C and morphism f: F(z) — b in D, there is a unique morphism p: z — y
with F(p) = f.

A morphism f: X — Y in a 2-category C is a DOF if f.: C(A4,X) - C(A4,Y) is a
DOF for all A € C. Clearly, every DOF is an isofibration.

2.6. REMARK. If XY € C admit arrow objects X~ and Y, then it is easy to see that
f: X — Y is a DOF if and only if

yo %y

-] 17
x- %, x
is a strict pullback square. In particular, this shows that pita 2-functors between pita
2-categories also preserve DOFs.
In Appendix B, we give further “non-representable” reformulations of certain “repre-

sentably” defined concepts.

We now discuss the properties of DOF's with respect to pullbacks. First of all, as with
isofibrations, they are stable under pullbacks: if f is a DOF in a strict pullback square
(2) (on p. 788), then so is k. Next, if (2) is only a bipullback and f is a DOF, then, by
replacing h with an isomorphic 1-cell, it can be made into a strictly commuting bipullback.
Finally, once this is done—i.e., assuming (2) is a strictly commuting bipullback square
and f is a DOF—if k is also a DOF, then the square is in fact a strict pullback.
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2.7. DEFINITION. We say that a DOF p: S, — S in a 2-category C is generic, and that
S is a DOF classifier, if, given any two strict pullback squares

|
fi lp i.zl p (4)
A—1L 45 Al S,

as well as a morphism g: F — H satisfying gh = f, there is a unique 2-cell y: f — h for
which there ezists a (since p is a DOF necessarily unique) 2-cell 4: f — gh with 4p = f~.

F .
m

(We will reformulate this condition in §5.1.)

Given a generic DOF p: S, — S, we say that a morphism is p-small (or S-small) if
it is a strict pullback of p: S, — S, as are f and h above. Note that any p-small morphism
1s a DOF and that, by the above-mentioned properties of DOFs, for a DOF to be p-small,
it suffices for it to be a bipullback of p.

We say that a generic DOF p: S, — S is pre-plentiful if the p-small morphisms
satisfy the following closure conditions:

(i) Every DOF which is a monomorphism (in |C|) is p-small (and in particular, every
isomorphism is p-small).
(ii) The composite of p-small morphisms is p-small.

We note that, in general, DOFs satisfy both of these closure conditions, as well as

those in Proposition 2.9 below.
We will come to the full definition of plentiful in §2.19.

2.8. REMARK. While the condition of being a monomorphism is unnatural in the 2-
categorical setting, for a DOF f: X — Y it is equivalent to the more natural condition
of being pseudo-monic [CJSV94, (2.7)], meaning that

X 2, x
ol b
x -ty

is a bipullback, or equivalently that f.: C(A, X) — C(A,Y) is full on isomorphisms and
faithful for all A € C.
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2.9. PROPOSITION. We have the following further closure properties for p-small mor-
phisms:

(i1i) p-small morphisms are closed under pullback.

(iv) p-small morphisms satisfy the following 2-of-3 rule: given morphisms P EN Q% A,
if g and fg are both p-small, then f is p-small.

PROOF. Property (iii) follows immediately from the definition (by pasting pullback squares).

Property (iv) follows from (i)-(iii), since f factors as a composite of p-small DOFs

pielopy 0™ Q.

Here, 7 is the pullback of a p-small DOF, and (idp, f) is a monomorphism, and it is
also a DOF by the 2-of-3 property for DOFs, since idp and m; are DOF's (the latter being
the pullback of a DOF). =

2.10. SOFs. As mentioned in the introduction, we will also need to a slight weakening
of the concept of DOF. We recall that the word setoid usually denotes a set with an
equivalence relation; we use it to mean the equivalent concept of a category which is
both a groupoid and a preorder (this is called bidiscrete in [Str80b, §1.7]). Thus, just
as a discrete fibration is a Grothendieck fibration with discrete fibres, we call a fibration
setoidal if it has setoidal fibres—or what amounts to the same, if it is faithful and every
morphism in the total category is cartesian.

2.11. DEFINITION. A functor F: C — D is a setoidal opfibration (or SOF) if F
1s faithful, and for each x € C and morphism f: Fx — b, there exists a lift p: x — y
with F(p) = f; and given a second such lift p': x — ', there is a (necessarily unique)
morphism g: y — y' with pg = p' and F(g) = id,. (It follows that g is an isomorphism.)

We say that a morphism f: X — Y in a 2-category C is a SOF if f.: C(A, X) —
C(A,Y) is a SOF for each A € C.

2.12. REMARK. The obvious proof that a functor f: C — D which is a SOF is also a
SOF in the 2-category Cat makes use of the axiom of choice (and in fact it cannot be
proven without choice). This is one of several instances where choice is needed to prove
that the 2-categorical generalization of some property of categories or functors does in fact
specialize to the original notion in Cat (another is that of an object having finite limits,
Definition 2.20). In particular, we need choice even to prove that Cat is an elementary
2-topos in our sense.

However, these things should be seen side-effects of working in a strict setting. Specif-
ically, if we instead consider the bicategory Ana of categories and anafunctors [Mak96],
we can indeed show without choice that, for example, a SOF between two categories is
a SOF in Ana (or rather the appropriate bicategorical analogue: the “Street DOFs”
mentioned in §1.3).

Next, we discuss the procedure of replacing a SOF by a DOF.
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2.13. DEFINITION. Given morphisms E 2 B <p—/ E" in a 2-category C, an equivalence
of morphisms over B between p and p' consists of morphisms f: E = E': g with
' =p and gp = p', and invertible 2-cells a: fg — idg and B: gf — idy with ap = id,
and Bp = idy. We say that g is a quasi-inverse of f over B.

f
fiENB@f
< xf/p, g (6)

B

2.14. PROPOSITION. Let C be a 2-category and let E 2> B <p—/ E’ be morphisms in C.

(i) If p is a DOF (or more generally, a SOF') and p' is equivalent to p over B, then p/
is a SOF.

i) If p is an isofibration, then any equivalence f: E — E' with fp' = p extends to an
i) If p i sofibration, th Y val E — E" with fp' tends t
equivalence of morphisms over B as in (0).

(#ii) If p is a SOF (or more generally, if p is faithful), and f: E — E’ is an equivalence
over B with quasi-inverse g, then there is a unique 2-cell a: fg — idg with ap = id,,.

(i) If p is a DOF, then any equivalence f: E — E’ over B has a unique quasi-inverse
g, and moreover (with o and 5 as in (6)) we have the equations fg = idg, a = idia,,

and Bg = id,.

PROOF. Applying the 2-functors C(A, —) for A € C, reduces (i) to the case C = Cat,
where it is easily checked directly.

For (ii), fix g: £ — FE and an invertible 2-cell B:gf = idp (these exist by the
assumption that f is an equivalence). Since p is an isofibration, we can find g: £/ — E
and an invertible 2-cell v: § = ¢ with gp = p/ and vp = 3p'.

T Gfp'=gp
E’ >

p

We now set 3 = (v 1f)5: gf = idg and we then have 8p' = (v"'p)(8p) = id,s as desired.
Next, since f (being an equivalence) is fully faithful, there is a unique (invertible) 2-cell
a: fg = idg withaf = f8: fgf — f, and we then have ap = afp’ = fBp' = fid, = id,,
as desired.
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The statement (iii) is obvious.
The equations asserted in (iv) follow from the DOF property of p, since ap = id, and
Bgp = Bp’ = id,. The uniqueness of g also follows from the DOF property of p: given

equivalences (f, g;, v, B;) over B for i = 1,2, we have a 2-cell g; LI 91f 90 LN go with
((91031)(B192))p = (91id,) (Brp') = idyy - idy = idyy. m

2.15. DEFINITION. Given a SOF E' %5 B in a 2-category C, a DOF-collapse of p is
a DOF E % B together with an equivalence g: E' — E with gp = p'.

E &g

A Ly

By Proposition 2.14, g admits a section f: E — E’ (i.e., fg =1dg), and for any such
g there exists a unique 8: gf = idp with Bg = id,.

We also note that (again by Proposition 2.14) given a DOF E 2 B, any equivalence
f: E— E" with fp' =p is a section of a unique DOF collapse g: E' — E.

2.16. PROPOSITION. The DOF-collapse is uniquely determined up to isomorphism: given
a SOF p': E' — B in a 2-category C, DOFs p;: E; — B (i = 1,2) and equivalences
gi: B — E; with g;p; = p/, there is a unique morphism h: Ey — Ey with gih = go, and h
s moreover an isomorphism and satisfies hps = p;.

ProOOF. Uniqueness of h, and the fact that it is an isomorphism, follows from g1, g being
epimorphisms in the 1-categorical sense (since they each admit a section).

For existence, let fi: E1 — E’ be a section of g; and set h = f1go. We then have
hps = fip’ = p1, and we have a 2-cell 51921 g1h = g1 f1g2 = g2 with (B1g2)p2 = B1p’ = idp,
and hence g1h = go since p, is a DOF. [

Next, we discuss the relationship of SOF's with generic DOF's.

2.17. DEFINITION. Given a generic DOF p: S, — S in a 2-category C, we say that a
SOF p': E' — B is p-small (or S-small) if there exists a bipullback square

E’%S*

p’l lp (7)

B%S.
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2.18. PROPOSITION. The following are equivalent:

(i) p': E' — B is p-small.

(ii) There exist a strictly commuting bipullback square (7).
(ii) p' has a p-small DOF-collapse.

PROOF. The equivalence of (i) and (ii) follows from the properties of DOFs with respect
to pullbacks stated in §2.5.

That (iii) implies (i) follows from the general fact that given a strictly commutative
diagram

E/

)

N
E S,

p

S,

iS
Q

Ly
B
in which the inner square is a strict pullback and g is an equivalence, the outer square is a
bipullback (this holds more generally if the inner square and two triangles only commute
up to isomorphism, and the inner square is only a bipullback).

To see that (ii) implies (iii), supposing we have a strictly commuting bipullback square
(7), we may form a strict pullback of p along f to obtain a strictly commuting diagram
as above with ¢ a DOF. Since both squares are bipullbacks, it follows from the universal
property of bipullbacks that ¢g is an equivalence. [

2.19. INTERNAL FINITE LIMITS AND THE MONOMORPHISM FIBRATION. We now describe
the construction of the object of monomorphisms Mon(X) of a given object X. This will
require the assumption that X have finite limits in the sense of [Str80a, (9.14)].

2.20. DEFINITION. We say an object X in a 2-category C has finite limits if C(A, X)
has finite limits for each A € C, and f*: C(A, X) — C(A’, X) preserves finite limits for
any f: A" — A in C.

In loc. cit., it is remarked that, as in the familiar case C = Cat, if C has finite cotensors,
then X has finite limits if and only if the diagonal morphism A: X — X7 (classifying

constidx

the constant functor / —— C(X, X)) has a right adjoint for each finite category J.
In §B.1, we describe another alternative characterization of having finite limits.

2.21. REMARK. We say that a limit of a given diagram J — C(A, X) is stable it if is
preserved under f*: C(A, X) — C(A’, X) for all f: A” — A in C (thus X has finite limits
if and only if for all A € C, each finite diagram in C(A, X) has a stable limit).

When C = Cat, the stability condition is fulfilled as soon as it holds with A’ = 1 the
terminal category—in other words, the stable limits are in this case the pointwise limits.



INTERNAL 1-TOPOI IN 2-TOPOI 797

While the property X € Cat having finite limits, in the usual sense, is indeed char-
acterized by the above definition (assuming the axiom of choice—see Remark 2.12), it is
also characterized by the simpler condition that Cat(A, X) have (not necessarily stable)
finite limits. However, the present definition is the more natural one in the 2-categorical
context, as is confirmed by the alternative characterizations mentioned above.

2.22. DEFINITION. A 2-cell v: A ¢ B in a 2-category C is a stable monomorphism
if it is a monomorphism and ha is a monomorphism for every h: C'— A in C.

As with the notion of stable limit, the notion of stable monomorphism specializes to
that of pointwise monomorphism in the case C = Cat.

2.23. DEFINITION. Given an object X in a 2-category C, a monomorphism object for
)

X is an object Mon(X) together with a stable monomorphism 2-cell 0: Mon(X) IO§ X
01

such that for any A € C, the functor 0,: C(A,Mon(X)) — C(A, X)™ is an isomorphism
onto the full subcategory of C(A, X)™ consisting of stable monomorphisms.

We will generally use the above notation to denote a monomorphism object and the
associated universal 2-cell.

Note that in the case C = Cat, every C € C has a monomorphism object, given by
the full subcategory Mon(C) C C~ with objects the monomorphisms of C.

2.24. PROPOSITION. Let C be a pita 2-category. Then any X € C with finite limaits
admits a monomorphism object.

One can give a fairly direct construction of Mon(X), but in Corollary A.3, we obtain
it as a consequence of a more general construction of cotensors of X with arbitrary finite
limit sketches.

2.25. PROPOSITION. Given an object X in a 2-category C, a monomorphism object
Mon(X), and cores Mon(X)™ and X°, the induced morphism 9% : Mon(X )™ — X's°
15 a SOF.

PROOF. We need to see that C(A, Mon(X)*°) -,

Now, we have a commuting square of functors

C(A, X*°) is a SOF for all A € C.

C(A, Mon(X)*) 25 Mon(C (4, X))

- Jor

C(A, X0y — 5 (A, X)so

with the horizontal arrows fully faithful and injective on objects. The objects in the image
of i, are by definition the arrow-wise isos, and the objects in the image of the (i0), are
the stable monos a: f — ¢ with f,g: A — X both arrow-wise isos.

Now, using that since C(A, X) has pullbacks, one easily sees that the functor 9% is
a SOF. Because (i), is fully faithful, to see that (9°), is SOF, it then suffices to show
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that whenever the domain of a cocartesian morphism in Mon(C(A, X)) is in the image
of (i0)., then so is its codomain. But this is clear, since Mon(C(A, X))®° is a groupoid,
and the properties of being a stable mono and of being an arrow-wise iso are invariant
under isomorphism. n

Recall the notion of pre-plentiful generic DOF from Definition 2.7.
2.26. DEFINITION. We say that a pre-plentiful generic DOF p: S, — S in a 2-category C

is plentiful if there exists a monomorphism object Mon(S) and cores S®° and Mon(S)™°,
and the SOF

O : Mon(S)*=® — §'s°
18 p-small.

Below, we will be assuming that C is corepita, and we will see in §5.10 that any
pre-plentiful DOF classifier has finite limits, so the assumptions that Mon(S), S*°, and
Mon(S)®° exist will hold automatically.

3. Congruences

We take for granted the definition of an internal category C' in a 1-category C, for which
we will typically use the notation

o1 o

02 02

12

\
7

Cl — CO, (8>

1

Vv V-

\
7

as well as the definitions of internal functor and internal natural transformation—see,
e.g., [Hel20, Definition 5.2]. We recall in particular that each object A € C gives rise to a
1-category with objects C(A, Cy) and arrows C(A, Cy), which we denote by C(A, C')—and
each morphism u: A" — A gives rise to a functor u*: C(A’,C) — C(A,C).

We introduce some further notation connected with an internal category C. The
associativity condition in the definition of C' being an internal category makes use of the
pullback C3 = Cy x ¢, xCy (which is thus assumed to exist in C), which we call an object
of triples of C'. We write mg12, m103: C5 — C5 for the associated projection maps:

03 7012 02

J
7T123l lﬂm

iy
CQ L) Cl.

We also define gy := mg1ame: C5 — C1 and 71y := 71212 = 7123701 : C3 — C and define
o1, 713, 23 03 — Ol and o, T, T, T3 : 03 — C() Similarly. Given an object A € C and
morphisms fo1, fi2, faz: A = C1, we write (fo1, fi2, fa3): A — Cs for the unique morphism
with <f01, fi2, f23>7Ti(i+1) = fi(i_,_l) fori=0,1,2.

We now turn to the 2-categorical case.
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3.1. DEFINITION. An internal double category® C in a pita 2-category C is an internal
category in |C| such that the morphism (my,m): C1 — Co x Cy is an isofibration. We say
that C is groupoidal if Cy, C1,Cs are.

The definition of C being an internal category in |C| involves the pullback condition

Cy = C) X, XC1 and also involves the object of triples Cs = Cy X, XCsy. We note
that these pullbacks in |C| exist and are strict pullbacks in C, since my: Cy — Cy is an

(mo,m1

isofibration (being the composite Cy {mom), Co x Cy ™% Cy of isofibrations) and mo, : Cy —
Cy is an isofibration (being a pullback of m).

3.2. REMARK. The only reason we impose the condition that (mg, ;) is an isofibration
is so that the relevant pullback squares are in fact bipullbacks, and hence that our notion
of internal double category becomes a special case of the obvious “weak/bicategorical”
version of the same concept (as in [Str82a, §1]). We note in particular that the “weak”
analogue of an isofibration (which might be called a “Street isofibration” following [Joh93])
is simply an arbitrary morphism.

In any case, this will not matter very much, since the internal double categories we
will actually be considering will satisfy the stronger condition that (m, ;) is a DOF.
Similarly, the assumption in Definition 3.1 that C is pita is convenient, but not really
necessary (just as one needn’t assume that a category C has all finite limits in order to
consider internal categories in C).

Finally, we note that we should really call this notion a “strict internal double cate-
gory”, and likewise for the other notions introduced in this section, but we will drop the
adjective “strict”.

We recall that an internal double category C' in Cat is a double category in the usual
sense (see e.g., [KS74]), with objects ObCy, horizontal arrows ObCy, vertical arrows
Ar Cy, and 2-cells (squares) Ar Cy. The horizontal category of C' is Cy, and we write Ob C'
for the vertical category. The condition that C' is groupoidal corresponds to all the vertical
arrows being invertible, and all the 2-cells being vertically invertible (i.e., invertible with
respect to vertical composition).

Given a 2-cell « in a double category, we refer to the two horizontal arrows and two
vertical arrows forming its horizontal and vertical source and target as its boundary.

Now if C is an internal double category in an arbitrary pita 2-category C, applying
the limit-preserving 2-functors C(A, —): C — Cat gives us double categories C(A, C') for
each A € C. We have that C' is groupoidal if and only if each C(A, —) is.

3.3. DEFINITION. A groupoidal bo-congruence (or just gbo-congruence) C' in a pita
2-category C is a groupoidal internal double category such that (my,m1): C1 — Cy x Cy is
a DOF.

Note that C' is a gbo-congruence if and only if C(A,C) is one for each A € C.

)

3This terminology is consistent with using “internal category” in a 2-category C to simply refer to an
object of C (and “internal elementary topos” to refer to a certain kind of object), and using “internal
set” in a 1-category C to refer to an object of C.
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3.4. REMARK. The name “bo-congruence” comes from [BG14, Proposition 22|, where
they are called “F,,-congruences” (“bo” is for “bijective-on-objects”). That paper studies
several natural variants of the notion of congruence in a 2-category.

The condition that (m, m1) is a DOF is analogous to the requirement that R — X x X
be a monomorphism in the definition of an internal equivalence relation R on an object
X in a l-category.

In the non-groupoidal case, the corresponding condition is that Cy <> C; =% Cy is a
2-sided discrete fibration, see loc. cit. Most of the results of this section have counterparts
in the non-groupoidal case.

Let us now see what it means for a double category to be a gbo-congruence. Fix a
groupoidal internal double category C' in Cat.

We define a relation vRh between vertical arrows v: A — B and horizontal arrows
h: A — B, by declaring that vRh if there exists a 2-cell

ida

A—"5B A—25 A
vl a lidB or equivalently 4 Al o lv (9)
B—— B A —— B.

idg h

(To see that they are equivalent: given « as on the left, consider the vertical composite
id, - ™!, where a~! is the vertical inverse of a.)
It is immediate that id4Rid4 and one sees upon contemplating the diagram

that v1 Rhy and v Rhy imply (vivg)R(hihs).

We note that the functor (mg, m): C1 — Cy x Cy is faithful (a weaker condition than
being a DOF) if any only if any two 2-cells in C' with the same boundary are equal—hence,
in this case the above 2-cell « is uniquely determined.

3.5. PROPOSITION. Let C' be a groupoidal internal double category in Cat. Then the
functor (mg, m): C1 — Cy x Cy is a DOF if and only if the following two conditions hold:

(i) The above relation R is a function (i.e., for all v there is a unique h with vRh, in
which case we write h = R(v)), and
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(i1) Given morphisms h,k,u,v as below, there is at most one 2-cell o with the given
boundary, and such an o exists if and only if h - R(v) = R(u) - k.

A", pB

PRrROOF. First suppose (mg, ) is a DOF.

It follows immediately that R is a function, since given three of the four sides of either
square in (9) (namely the sides except for h) the DOF property implies that there is a
unique h and a unique « for which the boundary of « is the given square.

Regarding (ii), we have already noted that uniqueness of « follows from (m, 71) being
faithful. Now supposing that such an « exists, we can form the composite 2-cell

A4y p_h,p_ W, p

of e [

A > C' > D > B,
o=

~

and it then follows from the DOF condition that h = R(u) - k - R(v)™! as desired. The
converse (that this equation implies the existence of a 2-cell «) is proved similarly.

Now, conversely, suppose that conditions (i)-(ii) hold. To prove that (m, ;) is a DOF,
we need to show that given morphisms h, u, v as in (ii) above, there is a unique morphism k
and 2-cell « as shown. However, condition (ii) says that we must take k = R(u)~!-h-R(v),
and that there will then be a unique such a. [

The function R appearing above in the case of a double category has a counterpart
for internal double categories in a general 2-category:

3.6. DEFINITION. Let C' be a groupoidal internal double category in a pita 2-category C,
and fix an arrow object Cy” of Cy.
We say that a morphism r: Cy7 — C is a reflection morphism if there exists a

T 606
2-cell p: Cy” ;i‘; C1 with p(mo, m1) = (0,1ds, ), or equivalently, a 2-cell p: Cy? I;{ Cy with
p(mo, ™) = (0,1dp, ).

Ol Cl
<7r0,7r1> <7r0 77T1>
<80,81> <60780>
;7 ————— Cy x C Cy ———— Cy x C
0 % 0 0 0 w/ 0 0
(01,01) (80,01)

(To see the equivalence of the two conditions: given p, set p = p~*(de).)
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3.7. REMARK. If (mg, m;) is faithful, then there is at most one reflection morphism, and if
(mo,m1) is a DOF, then there is exactly one. In the latter case, for each A € C, the induced

0:)" 1 Tx . . . .
functor C(A, Cy)~ % C(A,Cy7) = C(A, () is given on objects by the function R
appearing in Proposition 3.5, and on arrows, it takes each square

W —= X

wl l

Yy 2> 7

in the vertical category C(A, Cp) of C(A, C) (considered as a morphism u — v in C(A4, Cy) ™)
to the unique 2-cell

w e, x
wl o l

Y —— 7

in C(A,C) with the displayed boundary.
In particular (by taking A to be the terminal category), this gives a description of the
reflection morphism for gbo-congruences in Cat.

We also have a counterpart of Proposition 3.5 in a general pita 2-category C. To state
it, fix a groupoidal internal double category C' in C, suppose r is a reflection morphism
for C, and consider the strict pullbacks (of isofibrations)

Cy X¢, C7F — Oy Cy Xeo, C1 —— 4
_I _

| [ I

C— s Gy cy —2 5

(Cl X o C(?) Xy (C(? X o Cl) _— C(? X o Cl

_
l l(T’XCO idcl )02

(ide, X 7")71’02
— 1 0 N
Cl X Co CO > Ol.

We then have a morphism
<<8077T1_>>7 <7T0_>781>>: Cl_> — (Cl X CO_)) Xy (C’O_> X Oy Cl)

3.8. PROPOSITION. A groupoidal internal double category C in a pita 2-category C is
a gbo-congruence if and only if it admits a reflection morphism r such that the above
morphism ((Do,77"), (75", 1)) is an isomorphism.
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ProoF. We have already noted that C' being a gho-congruence implies the existence of a
reflection morphism r.
Now, given a reflection morphism r, the condition that ((9o,71"), (7", 1)) is an iso-
morphism is equivalent to ((9o, 777), (5", 01)),: ObC(A,CT?) = Ob (A, (Cy x¢, C77) ¢, (C57 x ¢, Ch))
being a bijection for all A € C. But unfolding the definitions, we see that this condition
is equivalent to each of the double categories C(A, C') satisfying the condition (ii) from
Proposition 3.5, and is thus equivalent to each C(A, C') being a gbo-congruence, and thus
to C' itself being a gho-congruence. ]

The fact the function R from Proposition 3.5 preserves composites and identity mor-
phisms also has a counterpart for the reflection morphism r. Given a groupoid X in a
pita 2-category C, we obtain a (groupoidal) internal double category (this is precisely the
nerve Nv(X) of X—see §3.20 below)

o1 o
XP T2y X7 et X,
12 1

—_  —

where [2] is the category corresponding to the linear order {0 < 1 < 2}.

3.9. PROPOSITION. Given a groupoidal internal double category C in a pita 2-category
C and a reflection morphism r for C, the morphisms id¢c,: Co — Cy and r: C;7 — C
constitute an internal functor Nv(Cy) — C.

PROOF. It suffices to show that for each A € C, the mapsid,: |C|(A4, Cy) — |C|(A, Cy) and
et |C|(A,C57) — |C|(A, Cy) constitute a functor |C|(A, Nv(C)) — [C|(A, C). It is easy to
see that the category |C|(A,Nv(Cp)) is identified (via id: |C|(A4, Cy) — ObC(A, Cy) and
0.1 |C|(A,Cy7) — ArC(A, Cy)) with the category C(A, Cy)—i.e., the category of vertical
arrows in the double category C(A, C')—whereupon r, is identified with (a function which
is a subset of the relation) R from p. 800.
The claim thus follows from the properties id 4 Rid 4 and (v; RhoAve Rho) = (v1v2) R(hihsg)

of R. m

3.10. COMPLETE CONGRUENCES. We now discuss Rezk’s complete Segal condition, as
introduced in [Rez01]. The condition we are about to state is slightly different from the
one in op. cit., but in Proposition 3.19, we will show that they are equivalent.

3.11. DEFINITION. Given a groupoid X in a 2-category and an arrow object X~ for X,
we define the tnversion morphism 7: X7 — X7 of X7 to be the unique morphism
satisfying 70 = 071,

Next, we say that a gbo-congruence C' in a pita 2-category C is Rezk complete (or
Just complete) if the square

T

O T o,
(30,31)l l(ﬁomm:s) (10)

00XC(]8—><6>01X01
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1s a strict pullback square, where v is the reflection morphism. We note that if this is a
strict pullback square, it 1s a bipullback; indeed, we have that the composite

TOTO,7T170,7TO7L,7T17]L

Cs (mo2,m13) Oy % O, ( )y Co x Cy x Cy x Cy,

is a DOF by (two applications of ) Lemma 3.12 below, and the second factor is a also a
DOF, and hence the first factor is as well by the 2-of-3 property of DOFs.

We will use complete congruence as a shorthand for “complete gbo-congruence”.
We note that a gbo-congruence C' in C is complete if and only if C(A,C) is complete for
each A € C.

3.12. LEMMA. Let A, B,C, X,Y be objects in a 2-category C, and suppose we are given
strict products A x B and B x C, morphisms (f,g9): X — Ax B and (h,k): Y — BxC,
and a strict pullback square

Xxgy ——5Y

S

X 97 B

Then if (f,qg) and (g, h) are DOFs, so is
<7T0f, 7Tog,7T1k> = <7Tof, 7T1h,7T1k>2 X XB Y > Ax BxC(C.

PRrooF. This follows from the closure of DOFs under composition and pullbacks, since
the morphism in question is just

(f,g9) xB{g,h): X xpY = (A X B) xg (B x (). "
Next, we clarify the notion of completeness by means of an alternative characterization.

3.13. DEFINITION. Given an internal double category C in a pita 2-category C and a
morphism f: A — C1, we say that a morphism g: A — C is a C-inverse of f (and that
f is C-invertible) if it is an inverse to f in the category |C|(A,C) (i.e., a horizontal
inverse in C(A,C')). Note that if f has a C-inverse, it is uniquely determined.

An object of isomorphisms of C' is an object C~ € C equipped with a C-invertible
morphism c¢: C~ — C} and such that each C-invertible morphism f: A — Cy factors
uniquely through c (so in particular, c is a monomorphism®).

Of course, if an object of isomorphisms exists, it is determined uniquely up to isomor-
phism. Let us next see that one always exists:

41t will follow from Proposition 3.14 that, for an object of isomorphism c: C~ — C, it is also the case
that each 2-cell a: A ¥ Ci—i.e., 2-cell in C(A, C)—which is horizontally invertible factors through a

unique 2-cell a: A =¥ Cx, and hence that c is fully faithful. We mention this because it suggests what
the “weak” analogue of an object of isomorphisms should be.
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3.14. PROPOSITION. Let C' be an internal double category in a pita 2-category C. Then

(i) Given a morphism f: A — Cy in C, there exists a commutative square

A (f,g:h) Cs

($7y>l l(ﬂozﬂrw)

COXC()&)C&XC&

if and only if f is C-invertible. In this case, there is a unique such square; more
precisely, we have f = h, g is the C-inverse of f, and (x,y) = f{my, ™).

(ii) If f: A — Cy is C-invertible, then the above commutative square is a strict pullback
square if and only if f: A — C4 is an object of isomorphisms for C'.

PROOF. Regarding (i), a morphism (f,g,h): A — Cj5 is the same as three consecutive
morphisms f, g, h in the category |C|(A,C), and a morphism (z,y): A — Cy x Cp is
the same as two objects z,y in |C|(A, C'). The commutativity of the above square then
says precisely that the composition in |C|(A, C) of f and g is the identity at the object
x, and the composition of g and A is the identity at y. But this is the same as saying
that f and h are equal and have C-inverse g, and that x = domyea,cy(f) = fmo and
y = codiejac)(f) = fm.

Regarding (ii), let D be the cospan Cy x Cy =% €} x C, Jrozmis) (s, and for any
object A’ € C, let Cone(A’, D) be the category of cones (in |C|) over D with vertex
A, and write |C|(A’, C} )iy for the set of C-invertible morphisms in |C|(A’,C). Write
®: Cone(A’, D) — |C|(A, C} )iy for the map taking a cone Cy x Cpy <~ A’ = C3 to ump;.
By (i), ® is a bijection.

Then, given a commuting square as in (i), we have, for each A’ in C, a commuting
triangle

Cone(A’, D)

/
C|(A, A) zlcb
T e
|G|(A ) Cl)inv-

But now the square in (i) is a pullback square if and only if the upper horizontal morphism
in the above triangle is a bijection for all A’, and f: A — C} is a object of isomorphisms
if and only if the lower morphism f, is a bijection for all A’. The claim follows. m

We conclude:

3.15. COROLLARY. Given a gbo-congruence C in a pita 2-category C, the reflection iso-
morphism r: Cy7 — Cy is an object of isomorphisms if and only if C is complete.
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3.16. REMARK. We note that, for any gbo-congruence C' in a pita 2-category C, the re-
flection morphism r: Cj> — C4 has C-inverse 7r (i.e., the square (10) in Definition 3.11 is
always commutative). This follows from Proposition 3.9 and the fact that 7 is a horizontal

inverse morphism for the internal double category Nv(C') (i.e., f7 is a C-inverse of f for
each f: A— Cy” in C).

We next consider complete congruences in Cat.

3.17. PROPOSITION. Given a gbo-congruence C' in Cat, the inclusion j: Chorso < Ch
of the full subcategory Choriso 0f C1 whose objects are the horizontal isomorphisms is an
object of isomorphisms for C.

PROOF. Note first that by the assumption that C'is a gbo-congruence, every 2-cell between
horizontal isomorphisms in C'is horizontally invertible. We thus have an inversion functor
T Choriso — Choriso taking each horizontal isomorphism in C' (i.e., object in Clopiso) toO its
inverse, and taking each 2-cell between horizontal isomorphisms in C' (i.e., morphism in
Choriso) to its horizontal inverse.

By Proposition 3.14, to prove our claim, it now suffices to show that

(4,73:9)
C1h01riso

Cs
(mo,m1 >l l(ﬂoz,m:a)

CU X CO —>6><e Cl X C’1'

is a pullback square in Cat, i.e., that for each pair of objects (X,Y) € (Cy x Cp) x Cs,
there is a unique object Z € C~ mapping to X and Y under the given functors, and
likewise with arrows. This is easily verified. n

3.18. PROPOSITION. For a gbo-congruence C' in Cat, the following are equivalent:
(1) C is complete

(i) The function R appearing in Proposition 3.5 is a bijection between vertical mor-
phisms of C' and horizontal isomorphisms of C.

(iii) C is isomorphic to the double category of vertically invertible commutative squares
in the horizontal category D = ObC' of C'—this is the double category with D as
its horizontal category, the core D*° of D as its vertical category, and whose 2-cells
are the commutative squares in D whose left and right sides are isomorphisms.

PROOF. The equivalence of (ii) and (iii) is clear in light of Proposition 3.5.

The equivalence of (i) and (ii) follows from Corollary 3.15 using the explicit descrip-
tions of the reflection morphism and object of isomorphisms of C' from Remark 3.7 and
Proposition 3.17, respectively. [
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Let us now see that our definition of completeness is equivalent to (an analogue of) the
original definition from [Rez01]. Note that the morphism e: Cy — C; admits a C-inverse
(namely e itself) and hence factors through a unique morphism e: Cy — Cx.

3.19. PROPOSITION. Let C' be a gbo-congruence in a pita 2-category C. Then C' is com-
plete if and only if the morphism e: Cy — Cx~ is an equivalence.

PROOF. Since gho-congruences, completeness, equivalences, and objects of isomorphisms
are preserved and jointly reflected by the 2-functors C(A, —), we may reduce the statement
to the case C = Clat.

In this case, we have by Proposition 3.17 that C~ C (] is the category of horizontal
isomorphisms. Now, the functor é: Cy — Cx~ (taking each object and vertical morphism
to its horizontal identity) is always faithful (since it admits a retraction mo: C; — Cj),
and one verifies that it is full if and only if the function R from Proposition 3.5 is injective,
and is essentially surjective if and only if R is surjective. Hence, the claim follows from

Proposition 3.18. n
3.20. NERVES AND QUOTIENTS. For k € Zx, let [k] denote the linear order with k& + 1
elements {0, ..., k}, which we consider as a category. We write 64, 4, : [k] — [] for the
functor taking i to a; for each ¢ =0, ... k.

Now fix an object X in a pita 2-category C, and fix cotensors X, X[ = X and
XB where we may take X0 = X
We have the usual internal category

S01 N
302/ 500
2 s [1] e [0 (11)

in |Cat|°? and hence an internal category

XéOl X(;O:BO
X[ % X~ e 51031 X (12)
—

in |CJ; this is indeed an internal category (and in fact an internal double category in C)
since the (partially defined) anafunctor X(7): |Cat|°® — |C| preserves finite limits (as it
is a partially defined right adjoint to the functor C(—, X): |C| — |Cat|P).

3.21. DEFINITION. Given an object X in a pita 2-category C, we define a nerve of X
to be an internal double category Nv(X) of the form

o =
(X[Z})lso 71—02 } (X%)mo : 71'61 Xiso,
12 ;

where Tij = (Xéi])iso’ ;= (Xéj)iso _ (aj)isoj and e = (thoo)iso.
That this is indeed an internal double category follows from the fact that the anafunctor
(—)s°: C — C preserves pullbacks (Lemma 3.24 below).
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For each A € C, the double category C(A,Nv(X)) is isomorphic (via i,: C(A, X*°) —
C(A,X) and (19),: C(A, (X 7)*) — C(A, X)) to the double category of vertically in-
vertible commutative squares in the full subcategory of C(A, X) on the arrow-wise isos
(see Proposition 3.18).

In particular (taking A to be the terminal category), we see that for X € Cat, Nv(X)
15 1somorphic to the double category of vertically invertible commutative squares in X.

3.22. REMARK. The universal property of the core of a cotensor (X”)®° can be described
directly, without reference to (or even assuming the existence of) the intermediate object
X7: there is a functor év: J — C((X”)*, X) (namely év = evy,; o i*) such that for any
A € C, the functor C(A, (X)) — C(A, X)’ (taking f to évo f*) is an isomorphism onto
the subcategory of C(A, X)? consisting of functors valued in arrow-wise isomorphisms,
and natural isomorphisms between these.

In particular, for each 2-cell a: A ¢ X between arrow-wise isos, there is a unique

morphism f: A — (X7)% with fid = «.

3.23. REMARK. The nerve as defined here is precisely the “2-kernel complex” of e: X —
X in the sense of [Mak93, S2], and the “F,,-kernel” of [BG14, §5.1]. (By contrast, the
“congruence associated with an arrow” of [Str82b, §1.9] contains more data, and corre-
sponds to the “F,-kernel” of [BG14, §5.2].)

3.24. LEMMA. Given a strict pullback square

A%B
kl lf
¢ —2-D

i a 2-category, if the objects A, B,C, D all have strict cores, then the induced square

Aiso hiso Biso

kisol lfiso

is

Oiso g Diso
18 also a strict pullback square.

PROOF. This comes down to the claims, for any object U, that (i) given arrow-wise isos
b: U — B and c¢: U — C such that bf = cg, the induced morphism (b,c): U — A is
again an arrow-wise iso, and (ii), given invertible 2-cells : U =¢ B and v: U = C, the
induced 2-cell (5,7v): U = A is also invertible.

One sees that (i) reduces to (ii), and (ii) holds since (571, ~71) = (3,7) 1. =
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3.25. PROPOSITION. If C is a pita 2-category, then any nerve in C is a complete con-
gruence. If C = Cat, then conversely, any complete congruence is a nerve.

PROOF. The case C = Cat follows from Proposition 3.18 since the nerves in Cat are
(up to isomorphism) precisely the double categories of vertically invertible commutative
squares. The general case follows since G(A Nv(X )) is isomorphic to a double category
of vertically commutative invertible squares for each A € C, hence each C (A, Nv(X )) is
a complete gbo-congruence, hence Nv(X) is one as well. n

3.26. REMARK. One of our axioms for a 2-topos C will be that every complete congruence
is a nerve.

We will also want later on to identify the reflection morphism in a nerve.

3.27. LEMMA. Given an object X in a corepita 2-category C, the reflection morphism
r: (XB0)7 — (X7)5 of Nv(X) is the morphism determined by the condition rid = Oi.

PROOF. Let f: (X'™)7 — (X7)®° be the morphism satisfying fi0 = di. To show that
f = r, it suffices to show that f, = r.: C(A, (X)) — C(A, (X 7)) for all A € C.
Now, 7, is the reflection morphism for the gho-congruence C(A, Nv(X)) in Cat. But using
the explicit description of the latter (Remark 3.7), we see that it agrees with f, as well.m

Next, we discuss quotients of congruences. Let C' be an internal double category in
a pita 2-category C, or in fact any diagram of the shape (8) on p. 798 satisfying the
applicable identities ;T = 12T, To2To = To17o, To2T1 = T1271, and emy = em; = idg,.

We define a quotient of C' to be a weighted colimit with respect to the weight given
by the internal category (11) on p. 807 in |Cat|°P.

Let us spell this out:

3.28. DEFINITION. Given an object X in a 2-category C, and with C' as above, a cocone
under C with vertex X consists of a morphism ~v: Cy — X and 2-cell vo1: moy — 717

01 ™o

CQ 02

T2

\
7

Cl< = OO

1

Vv N N

\
7

ml%lm
v
X

01701
To1TY — To1717Y

|| 12701
T2TpY —» T12T1Y

oo 702701 g ll_
027707 7 T27T17Y-

satisfying

€Y1 = ld'y
02701 = (7T01701)(7T12’701)
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We obtain a category Cocone(C, X) of cocones under C' with vertex X , where a morphism
(v, v01) = (Y, 701) s a 2-cell a: v — ~ with (M), = Yoi1(mia), and composition is
defined in the obvious way.

A cocone (7v,701) with vertex X is a (strict) quotient of C if for each Y € C, the
evident functor C(X,Y) — Cocone(C,Y') is an isomorphism.

3.29. REMARK. There is also a notion of weak quotient, defined as a weak weighted
colimit (or “weighted bicolimit”), rather than a strict one. We note that, since the weight
involved is a pie weight (see [PR91]), any strict quotient is also a weak one.

Any nerve comes with a canonical cocone

01 0

(X[2])1so 02 , (X—>)150 (¢ Xiso

T2

=t

where 91 = 0.

3.30. DEFINITION. We call the above cocone the tautological cocone under Nv(X).

4. The axioms

Let C be a 2-category. Our axioms are:
(L) € has pita limits.

(C) C has strict cores.

(N) Every complete congruence in C is a nerve.

(Q)

(D) C has a plentiful generic DOF.

The tautological cocone under any nerve is a strict quotient.

(In fact, we will not really make use of Axiom (D): though we will often be working
with and proving things about a fixed plentiful generic DOF S, we will not draw any
consequences from the mere existence of one—see also Axiom (UA) below.)

In order to have everything in one place, let us also repeat here the definition of
plentiful (Definitions 2.7 and 2.26): a DOF classifier S is plentiful if

(D1) every DOF which is a monomorphism is S-small,
(D2) the composite of S-small morphisms is S-small, and

(D3) the monomorphism fibration 9 : Mon(S)*® — S*° is S-small.
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We note, concerning Axiom (L), that the main point is to demand all finite bilimits;
the choice to require pita limits is simply a matter of convenience. This brings out a
certain arbitrariness in the selection of the strict 2-topos axioms: the fully weak versions
of the axioms are more definite, and the strict versions consist in assuming the existence
of certain convenient “strictifications”. Of course, these strictifications should ideally
satisfy the constraint that any bicategory satisfying the weak 2-topos axioms should be
biequivalent to a strict 2-category satisfying the strict versions.

Another remark about Axiom (L) is that, as noted in §2.1.2, everything in this paper
goes through if (L) is replaced by the weaker, and possibly more natural, axiom

(L,) C has pnita limits.

We will loosely use the term 2-topos to refer to a 2-category satisfying the above
axioms, as well as those we discuss below, or whatever subset of these axioms is relevant
to the situation at hand. However, it will be useful to have a name for a 2-category
satisfying the first four axioms.

4.1. DEFINITION. We say that a 2-category is groupoidant if it satisfies Azioms (L), (C), (N), and (Q).

4.2. FURTHER NATURAL AXIOMS. We now discuss further axioms which we will not make

any use of in this paper, but which are natural to include.
The first, from [Web07] is:

(CC) C is a cartesian-closed 2-category.

As we noted in §1.4, the remaining axiom—or rather, datum—from [Web07], namely that
of a duality involution, is omitted, since we will prove from our axioms that one exists;
see §6.15 below.

Next, concerning (D), we note that [Web07] in fact takes a fixed generic DOF as one
of the data of a 2-topos. As mentioned in §1.4, we generally consider that a 2-topos
should be a 2-category with extra properties, and so we make the trivial modification of
demanding the existence of a generic DOF.

However, this brings out a very interesting difference between 1-topoi and 2-topoi:
whereas the universal property of the subobject classifier determines it up to isomorphism,
the DOF classifier is not even uniquely determined up to equivalence. Indeed, Caft has a
DOF classifier Set., for each strongly inaccessible cardinal . This situation is familiar
from the context of large cardinal axioms in set theory, and is probably unavoidable: in
set theory, given any fixed set of axioms, one can always introduce a new axiom asserting
the existence of a universe satisfying all of the previous axioms.

In this connection, it is natural, rather than just assuming the existence of one plentiful
generic DOF, to introduce an axiom for 2-topoi which is an analogue of the Axiom of
Universes stating that every set belongs to some Grothendieck universe:

(UA) For any two SOFs p1,ps in C, there is a plentiful generic DOF p such that p; and
po are both p-small.
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By induction (by applying the axiom to the plentiful generic DOFs themselves), this
implies that any finite set of SOFs are classified by a single DOF classifier.

We note that, in light of Proposition 2.18, (UA) is equivalent to the corresponding
statement only involving DOF's p; and ps, together with the axiom: every SOF in C has
a DOF collapse. We also note that it would be natural to demand the condition in (UA)
not only for SOF's, but for their “fully weak” analogues, the “Street DOFs” mentioned
in §1.3 and Remark 2.12. However, assuming C is pita, this already follows from (UA),
since in a pita 2-category, every Street DOF is equivalent to a SOF.

Regarding the non-uniqueness of DOF classifiers, see also Theorem 5.23.

Finally, the Axioms (N) and (Q) are essentially special cases of the “(bijective-on-
objects,fully-faithful)-exactness” condition of [BG14]. Hence, we could instead simply
assume this wholesale:

(EX) C is Fro-exact in the sense of [BG14, §5.1].

Again, it would be very interesting if, as in the case of 1-topoi, this axiom followed
automatically from the others.

In the presence of (EX), the Axioms (N) and (Q) could then (as we prove in Lemma 7.4)
be replaced by:

(BO) For any X € C having a strict core, the core inclusion X = X is “bijective on
objects”, i.e., is an Fo-strong epi in the sense of [BG14, §§2, 5.1]; and for any H,,-
strong epi f: A — X with A a groupoid, the induced morphism f: A — X with
fi = f is also an Fp-strong epi.

We suspect that the second clause in Axiom (BO) may follow from the first. At any
rate, the examples we consider in §7 will satisfy the stronger condition that for any two
morphisms A ENYSIER C,if f and fg are F,o-strong epis, then so is f.

Next, as we mentioned in the introduction, it is natural to demand

(BC) € has finite bicolimits

(or some stricter variant of this), assuming that it doesn’t follow from the remaining
axioms. Relatedly, we would also want

(CO) C has (strict) cocores

in the sense of Remark 2.4—though it seems plausible that this in fact follows from (BC).

A related important operation which we would want to have is that of localizing a
category at a given set of morphisms. However, this can be achieved using (BC) and
(CO), as the localization of C at the morphisms in the image of C' — C is the pushout
of C' < C' — C, where C' is the cocore of C'.



INTERNAL 1-TOPOI IN 2-TOPOI 813
5. S is an internal topos

5.1. REFORMULATION OF GENERIC DOF. We now set about proving that in a 2-
category satisfying the axioms of the previous section—more specifically, in any corepita
2-category—any plentiful DOF classifier S is an internal elementary topos, in the sense
of Definition 5.17 below.

In doing so, it will be convenient to reformulate the genericity condition from Defini-

tion 2.7 as the full-faithfulness of the pullback (ana)functor C(A,S) — DOF(A) for each
A € C. This latter condition is in fact the definition of generic DOF given in [Web07].
Throughout this section, we fix a 2-category C and a DOF p: S, — S in C.

5.2. DEFINITION. For any object A € C, we define the category DOF(A) as having
objects the DOFs in C over A, and morphisms strictly commuting triangles.

5.3. REMARK. DOF(A) has a natural 2-category structure, but the hom-categories are
all discrete.

Suppose we have two pullback squares as in (4) on p. 792, and let us denote them by
F=(AF,f, 1, f) and H = (A, H, h, h, h) Recall from Definition 2.7 that the condition
for p to be generic was that for each such F' and H and each g: F — H with gh = f,
there is a unique : f — h for which there exists a (necessarily unique) ¥: f — gh with

fr=7p.
We first show that this is precisely the condition that a certain function (namely
v+ g) is a bijection. We leave the following to the reader; see also [Web07, §4].

. . f

5.4. LEMMA. Given F and H as above, for each 2-cell v: A =¢ S, there is a unique
h

g: F — H satisfying gh = f and for which there exists a 2-cell 5: f — gh with 5p = f~.

5.5. DEFINITION. We write Elgﬂ: C(A,S)(f,h) — DOF(A)(f,h) for the function tak-
ing each v: f — h to the unique g as in Lemma 5.4.

We conclude
5.6. COROLLARY. The DOF p: S, — S is generic if and only if the function El’gﬁ: C(A,S)(f,h) —
DOF(A)(f,h) is a bijection for each A € C and F, H as above.

We would now like to further reformulate this condition as saying that a certain
(ana)functor C(A,S) — DOF(A) is fully faithful for each A.

5.7. DEFINITION. We define the anafunctor E1*: C(A,S) — DOF(A) for each A € C
as follows. Given f € C(A,S), a specification of ElY for f is a pullback square F =
(A, F, f,f,f) as above, and El?,(f) = f. Next, given f,h € C(A,S) with specifications
P H, the map El’;ﬁ: C(A,S)(f,h) — DOF(A)(f,h) is the one defined above.

5.8. PROPOSITION. El*, thus defined, is an anafunctor.
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PrROOF. We have that ElgF(idf) = idy, since, taking g = idp and 7 = idy, we have
p=idj, =id;; = fy. ] o

Next, given f1, fo, f3 € C(A,S) with speciﬁcations F, = (A F, fi, fi, f;) and 2-cells
fi 2 f, 2% fo and morphisms fi 25 f, 2% f; with ElpH(’Vw) = ¢i;, we have
Elé H(%ﬂ%) = g12923-

Indeed, given 2-cells 4;;: fi — §i; f; with 5i;p = fivis, we define A15 = 19(g12%23) : f1 —
(912923)f3, and we then have

Y13p = ("?121?) (912"7231)) = (f1712)(912f2’723) = fl (’712’723),

as required.

712/ 3

U’YQS
\Fg —> S
’712

723@

f3

We conclude:

5.9. COROLLARY. The DOF p: S, — S is generic if and only if the anafunctor E1*: C(A,S) —

DOF(A) is fully faithful for each A € C.
5.10. S HAS FINITE LIMITS.

5.11. PROPOSITION. Let C be a 2-category having strict pullbacks of DOFs. For any
generic DOF p: S, — S and any morphism f: A" — A in C, the functor f*: C(A,S) —
C(A',S) preserves finite limits.

ProOOF. This follows from the commutativity up to isomorphism of the square of ana-
functors

C(4,8) —— e(a,9)

ElAl lElA/

DOF(A) —— DOF(A),

where the f* on the bottom is the usual pullback anafunctor, since the vertical anafunc-
tors are fully faithful, and the bottom anafunctor preserves limits (more generally, the
anafunctor f*: |C|/A" — |C|/A preserves limits, since it has a left adjoint 3).

Let us spell out the commutativity above the square. To define an isomorphism
a: Bl = f*ElA/ of anafunctors, it suffices to specify, for each g € C(A,S), each
specification s; for EI* at ¢, and each specification s, for f* at EISA1 (g9), a specification



INTERNAL 1-TOPOI IN 2-TOPOI 815

s3 of EI* at f*(g) and an isomorphism g, 4, : /7 (Elf1 (9)) = Elfgl(f*g) satisfying the

S2

appropriate naturality conditions [Mak96, 1.7 and p. 126].
The specifications sy, so are given by pullback squares as shown below.

GJL S, G 5 G G0,
(1) "’l K (s2) = - lg (s2) = - l”
A—%49 Al % A Al L S

Given these, we can take the specification s3 to be the displayed pullback square (the
pasting of s; and s,).

We then have [} (Elf1 (9)) = (f*G,m) = El’:g/(f*g), and we can take ag, s, s, = id.
Given this definition of sy, 4, s,, the naturality statement becomes: given a morphism
f:g — ¢ in C(A,S) and specifications s, s, s5 as above, we have fors, (Elfhs/1 (B) =

ElY (f*B). After unravelling the definitions, this follows from inspecting the diagram

83,55

G e y G J
f*H e sy H —" s g,
Ust g
lﬂ'l h g p
Al ! v A st s
~
h
and in particular noting that (WQB)p =m(fB). ]

In light of the above proposition, to show that S has finite limits (Definition 2.20), it
suffices to show that C(A,S) has finite limits for each A € C. In fact, we have:

5.12. PROPOSITION. Let C be a 2-category having strict pullbacks of DOFs.

Then for each A € C, the category DOF(A) has finite limits, and if p: S, — S is
any pre-plentiful generic DOF in C, the essential image of the fully faithful anafunctor
El*: C(A,S) — DOF(A) (i.e., the set of S-small DOFs) is closed under finite limits.

PRrROOF. DOF(A) has a terminal object, namely id 4, which is S-small by assumption of
S being pre-plentiful.

Now suppose we are a cospan (@, q) ER (S,s) < (R,r) in DOF(A). We wish to show
that it has a pullback in DOF(A).

Form a strict pullback square in C:

_m

P ™
|
R g

O

<_
-

nn
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Since ¢, r, s are DOFs, it follows from the 2-of-3 property that f and ¢ are as well, and
hence by stability under pullback that 7 and w5 are.

By closure under composition, it thus follows that (P,p) := (P,mq) = (P, mr) is a
DOF over A, hence the above square gives a square in DOF(A), which is immediately
seen to be a pullback.

We need to see that if ¢,r, s are S-small, then so is p. By the by the 2-of-3 property
for S-small morphisms, it follows that f is S-small, hence by the stability under pullbacks,
7y is S-small, and hence p = mor is S-small by closure under composition. [

5.13. COROLLARY. If C is a 2-category having strict pullbacks of DOFs, then any pre-
plentiful DOF classifier S € C has finite limits.

5.14. UNIVERSAL PROPERTY OF . Let C be a corepita 2-category, and let p: S, — S
be a pre-plentiful generic DOF. Fix a monomorphism fibration 9i°: Mon(S)®® — S for
S (§2.19) and a DOF collapse #: @ — S of i,

Mon(S)* —=— &

N s "

SISO

In the case C = Cat, the DOF ®: P —Sis isomorphic to the subset fibration mentioned
in §1.3. B

We now prove a universal property characterizing #, so that we can work with it
directly, without reference to Mon(S)™°.

5.15. PROPOSITION. IfC is a corepita 2-category, and p: S, — S is a pre-plentiful generic
DOF in C, then the DOF ®: B — S®° defined above is equipped with a stable monomor-
phism 2-cell

o l3s
~—
O01:=P1

)o,

with the following universal property: for any A € C and any stable monomorphism 2-cell

A las (14)

with f, g arrow-wise isos (hence for arbitrary f,q if A is groupoidal), there is a unique
u: A — P such that ud;, = g and such that there exists a (necessarily unique) isomorphism
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&: udy = f making the following square in C(A,S) commute.

Ué@%f

uéI Ia (15)

Uél =49

PROOF. Recall from Definition 2.15 that we have a morphism o: % — Mon(S)® and an
invertible 2-cell p: mo = idyjon(s)e satisfying om = idg and o7 = id, (and hence also
00 = P and i = idgiso ).

g

¥ K_\
ro (€3 Mon(S)* —— &

N/ &

SlSO

)
Recall also that we have a universal stable monomorphism 2-cell 9: Mon(S) IO§ S.

We define 9y = ¢idy and 9 = ¢id. Note that 9, = Pi = 0% = ¢idy, so that indeed
8 (90 — 81

Now suppose we are given data as in (14). By the universal property of Mon(S), there
is a unique morphism v: A — Mon(S) with v0 = a.

From the fact that f,g are arrow-wise isos and using the 2-categorical part of the
universal property of Mon(S), it follows that v is a arrow-wise iso, and hence we have an
induced morphism ©: A — Mon(S)* with vi = v.

ﬁi

(17)

We now set u = v and we have

udy = onPi = 001 = vidy = v, = g
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as required. Taking & = vpidy, the square (15) then becomes

_ . vpidy  _ .
vToi0y ——=— Vi0y

'Dwa’i@l lﬁia

'1_171'0'2'81 S 17281 .

Now the composite of the top and right morphisms is seen to be the horizontal composite

100

A zﬂw Mon(S)*° ﬂia S.

But this same horizontal composite is also equal to
((vm0)(i0)) ((v)(iD1)) = (vroid) (vpd;?i) = (vmaid) (@idailsoi) = omoid,

as required. B
It remains to verify the uniqueness of vr: A — P. Supposing we had another u with
the same property, we would then have a commuting square

UUiao — @iao

uai@l lm'a

uoi@l — 1_12(91 .

The universal properties of Mon(S) and Mon(S)®° then imply that there is an isomorphism
B:uoc = v with o = idggiso. We therefore have an isomorphism

Br _
U= UOT —» VT

with (ﬁw)@ =id, ;. Because ® is a DOF, it follows that 87 = id, and that u = om, as
desired. [

5.16. INTERNAL POWER OBJECTS. Given an object X € C in a category C with finite
limits, recall that a power object of X is an object P(X) € C equipped with a universal
monomorphism

jrex — X x P(X),

i.e., for any other product X x Y with X and monomorphism R — X x Y, there is a
unique r: Y — P(X) such that there exists a pullback square.

R— ex

| g

XxY 5 X x P(X)
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We say that C has power objects if every X € C has a power object. We recall that
C is a topos if and only if it has finite limits and power objects [MM94, p. IV.1].

Next, a finite limit preserving functor F': C — D preserves the power object
P(X) if it preserves the product X x P(X), and F(j): F(X) — F(X x P(X)) is again
a universal monomorphism. A morphism of elementary topoi, or logical functor is
a functor preserving finite limits and all power objects.

5.17. DEFINITION. An object X € C with finite limits in a 2-category C has power ob-
jects (or is an internal elementary topos—or just an elementary topos) if C(A, X)
has power objects for each groupoid A € C, and f*: C(A, X) — C(A', X) preserves finite
limits and power objects for each groupoid A’ € C and f: A" — A.

5.18. REMARK. Remark 2.21 applies, mutatis mutandis, with regard to X having power
objects rather than finite limits.

5.19. REMARK. The reader may find it unsettling that the definition of X € C having
power objects makes reference only to the groupoids in C. As mentioned in §1.4, the
reason is that it is simply not the case, even for C = Cat, that C(C, D) is an elementary
topos whenever D is, if we don’t assume C is a groupoid.

More directly, we can observe that the universal monomorphism ex — X x P(X)
is not functorial in X (except along isomorphisms!), hence given a functor F': C — D,
taking power objects P(F(X)) object-wise does not result in a power object of F' in
Fun(C, D) (again, unless C is a groupoid).

That this is nonetheless a reasonable definition, at least when C is groupoidant, is
evidenced by Theorem 6.11 stating that the groupoidal objects are in this case dense in
C, as well as by the results of Appendix B

We now set out to show that a plentiful generic DOF classifier has power objects.

Let C be a corepita 2-category, and let p: S, — S be a plentiful generic DOF. Fix a
monomorphism fibration 9i*°: Mon(S)®* — S®° and a DOF collapse #: # — S as in
§5.14. .

Since S is plentiful, the DOF & is classified by a morphism #: S — S, so that we
have a pullback square

P L> S«
_

@l lp

Giso 2 o g

As mentioned in §1.3, in the case C = Cat, the functor &P is precisely the power set
functor.

5.20. PROPOSITION. If C is a corepita 2-category, and S € C s a plentiful DOF classifier,
then with ®: S° — S defined as above, we have:

For each groupoid U € C and each a: U — S, the object a®P € C(U,S) is a power
object of a, where a: U — S*° is the unique morphism with @i = a.
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Fix such a U and a. Proving this proposition amounts to constructing a monomor-
phism into a x (a), which we will do presently, and proving that it is universal, which

will be done in Proposition 5.21 below.

Now, as in §5.10, we recast this problem inside of DOF(U) via the fully faithful

anafunctor E1YV: €(U,S) — DOF(U). Fix pullbacks

Ay, Py -1y,
N A
U—258S U—“2,s.

and note that we have an induced pullback square
Pa
Py Ty B,
N |
pAl @l lp

U_—4 g0 2 ,g

(18)

Now, by definition, the anafunctor E1V takes a,a® € C(U,S) to a, P4 € DOF(U),

respectively.

Hence, we need to construct a morphism j: €4 — A xy P4 in DOF(U), where we

have fixed a strict pullback square
Axy Py —— Py
S
A——— U.

We also set 7 := mga = 7T1PA: Axy Py—U.
Fixing a universal stable monomorphism

)o,

» |ds
~—
o =P1

as in Proposition 5.15, we now set ¢4 = EIPA(WAéo)i €a — Py and let ja:

be the morphism EI”4(740) in DOF(P,) corresponding to m40:

€A é
Iy
A XU PA T S*
€A Wll 7TA8~0 p
e
Py ﬂma S,
\/f

EA—>A><UPA
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where we are using that the DOF 7m: A Xy Py — P, is classified by
PAa = PAELi = WA@i.

Since E174: C(Py4,S) — DOF(P,) preserves, finite limits, it follows that j, is a monomor-
phism in DOF(P,). In fact, since dom: DOF(P4) — C preserves and reflects pullbacks
(see the proof of Proposition 5.12), this is equivalent to j4 being a monomorphism in |C],
and in particular, j4 remains a monomorphism in DOF(U):

€A>]—A>AXUPA

eAPA\/ %
U

We can now state a more precise version of Proposition 5.20:
5.21. PROPOSITION. If C is a corepita 2-category, and S € C is a plentiful DOF classifier,
then with ®: S®*° — S defined as above, we have, for each groupoid U € C and each
(A5 U) e DOF(U):

The monomorphism ja: €4 — A Xy Pa in DOF(U) defined above is universal, i.e.,

it makes Py L4 U into a power object of A U in DOF(U).

PROOF. Fix DOFs B % U and R > U and a monomorphism

R>L>AXUB

N

in DOF(U). From this, we obtain a morphism v: B — P4 over U as follows.

First, note that m: A xy P4 — P4 is a DOF (being a pullback of a DOF), and so is
k (by the 2-of-3 property of DOFs) and hence also k7 : R — B. Thus, we also have a
monomorphism in DOF(B)

R>—>A><U

/e

Now, m; is S-small, being classified by ba: B — S, and k is S-small, being a monic
DOF, and hence km; is S-small as well. Letting p: B — S be a morphism classifying

ki, we thus have by the genericity of p that k is classified by a 2-cell k: B _ji{ S which
ba

is a monomorphism since EI? is fully faithful; it is moreover a stable monomorphism by
Proposition 5.11.
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Thus, by Proposition 5.15, we obtain a morphism u: B — P (note that B is groupoidal
since U is and b is a DOF) satisfying uPi = ba and an isomorphism 3: udy = p making
the following square commute.

Uéo % p
ugI I (19)
uPi ba

We now obtain our desired morphism v: B — P4 from the diagram

Note that, by construction, v is a morphism over U as required.
Let us now see that v has the required property, namely that we have a pullback
square in DOF(U) (where the dotted morphism is sought):

Rj ------------ > €A
I’C IjA (20)
A XUB M) A Xy PA

R -----—-- > v*eAJ—> €A
NS
Axy B N (21)
ol [ _mt
B v » Pa | S,

Pi
where we have chosen a pullback v*e4, and we now seek the dotted morphism making the
triangle commute. But now, since by definition j4 = El A(WAﬁ) we have (with respect
to appropriate spe(nﬁcatlons) that v*j4 = EI? (mAa) (cf. Proposition 5.11). Since by
definition k& = E1”(k), we may, by the commutativity of (19), take the dotted morphism
to be E1%(3) (where we recall that u = vry).

Now suppose we had a second such morphism v': B — Py, i.e., with v/P4 = b and
for which there is a pullback square (20) with v" in place of v. We would then have
corresponding diagrams (21) and hence (19). Thus v = v by the uniqueness part of
Proposition 5.15. [
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5.22. THEOREM. If C is a corepita 2-category, then any plentiful DOF classifier S is an
internal elementary topos.

PRrOOF. In light of Corollary 5.13 and Proposition 5.20, the only thing remaining to prove
is that f*: C(U,S) — C(U’, S) preserves power objects for each morphism f: U’ — U with
U, U’ groupoidal.

This amounts to showing that for each S-small DOF a: A — U and pullback square

/|

1]
v,
f*: DOF(U) — DOF(U’) takes some power object for a to one for &’
Recalling the construction of P4 in Proposition 5.20, and defining P4 similarly, we
see immediately that we have a pullback square

Py
/_\15/‘
Py -- Py —25°8,
.|
PA/\L lPA lp
U’ y U —2 5 §
a'P

so that f*P4 = P4 . Thus, it remains only to see that f* takes the universal monomor-
phism for P4 to the one for Py, i.e., that we have a dotted morphism forming a pullback
square

€Al JmmTTTT T > €A
IjA’ I]A
A" Xy Py th> A Xy Py
lm N lm 7ad0
PA/ h > PA /ﬂﬂ}l S

Recalling that j, = EI" (7r,45) and ju = EI” A/(ﬂ'A/é), the claim follows since hmyq = 7as
(cf. the last part of the proof of Proposition 5.21). m

We end this section by showing that a plentiful DOF classifier is “essentially unique”
in the presence of Axiom (UA) from §4.

5.23. THEOREM. Let C be a corepita 2-category.

(i) Let p;: Sy — S; (i = 1,2) be plentiful generic DOFs in C, and suppose that py is pa-
small, and let f: Sy — So be a morphism classifying p1. Then f is fully faithful and
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logical (meaning that f.: C(A,S1) — C(A,Ss) is a logical functor for all groupoids
Aec).

(i1) Suppose A € C is such that every DOF over A is S-small for some plentiful DOF
classifier S. Then DOF(A) is an elementary topos, and for each plentiful DOF
classifier S, the anafunctor E1*: C(A,S) — DOF(A) is a logical functor.

PROOF. Regarding (i), one verifies that the triangle of anafunctors

C(A,Sy)

-
f*l DOF(A)
T
C(A,S,) M

commutes up to isomorphism for each A € C. Since the two horizontal arrows are fully
faithful, it follows that f, is as well.

Similarly, since both horizontal arrows preserve finite limits and power objects (as
follows from Propositions 5.12 and 5.21), f, does as well.

Regarding (ii), we have by Proposition 5.12 that for any A, DOF(A) has finite limits
and E1” preserves them. And as we just mentioned, E1* also preserves power objects;
hence, if every object of DOF(A) is in the image of El? for some S, it follows that
DOF(A) has power objects. n

6. Sufficiency of groupoids

In this section, we express in two ways that a groupoidant 2-category C is “fully deter-
mined” by its groupoidal objects.

The first way (§6.1) shows that C is (strictly) equivalent to the 2-category of complete
congruences in C (a sub-2-category of the 2-category of internal categories in |C|). We
also prove a variant of this, which says that C admits a pita embedding into the 2-category
of internal categories in a finitely complete category, and we apply this to show that we
can define a duality involution in the sense of [Web07] on C.

The second way, (§6.10) shows that the full sub-2-category Cgpq of C on the groupoidal
objects is dense, in the sense that the 2-Yoneda embedding C — 2Fun(C°P, Cat) re-
mains an embedding after composing with the restriction 2-functor Fun(C°P,Cat) —
2Fun(€§§d,6at). Thus, we can define objects, morphisms, and 2-cells of C “repre-
sentably” simply by specifying a 2-functor (or strict natural transformation or modifi-
cation, respectively) on the sub-2-category Cgpq.

In §6.15, we apply this result to characterize the opposite of an object in C (i.e., its
image under the aforementioned duality involution), and in Appendix B, we apply it to
“legitimize” the Definition 5.17 of internal topoi, which is given in terms of groupoids.

6.1. INTERNAL CATEGORIES AND THE DUALITY INVOLUTION.
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6.2. DEFINITION. For any 1-category C, we write Cat(C) for the 2-category of internal
categories in C, functors between them, and natural transformations between these (see,
e.g., [Hel20, Definition 5.2]).

For a 2-category C, we define Cong(C) C Cat(|C|) to be the full sub-2-category on the
complete congruences in C.

6.3. DEFINITION. Given a groupoidant 2-category C, we define an ana-2-functor Nv: C —
Cong(C) as follows.
On objects, we define Nv(X) to be “the” nerve

o1 o
—
(X[Q})iso :flJz } (X—>)iso ! 7r€1 Xiso
_m2 —1

More precisely, a specification for Nv at X consists of a choice of core X*° and cotensor-
cores (X7)* and (X)) (together with the associated data, i: X*° — X, i0: (X7)*° = X,
and 710, 1210 (X)) = X).

Given a morphism f: X — Y, we obtain an induced morphism f: X — YU for any
i, and hence (fl1)iso: (XU)iso — (YllYiso and it is clear that these form an internal functor
Nv(f): Nv(X) — Nv(Y). It is also clear this makes Nv into a (1-)functor C — Cong(C).

f
Finally, given a 2-cell a: X =R Y, we obtain an internal natural transformation
g

Nv(a): Nv(f) — Nv(g) as follows. Such a natural transformation is by definition a mor-
phism Nv(a): X — (Y 7)° which we take to be the unique morphism with Nv(a)id =
ic. This morphism then by definition satisfies Nv(«) - m; = Nv(f)o and Nv(a) - m =
Nv(g)o.

The remaining condition for Nv(a) to be a natural transformation follows from the
equality of the two ways of writing the horizontal composite of the 2-cells

190 f

) TR 5
( X 2] ) iso Zﬂi o X Ha

A ~
101 9

Y.

as a composition of two whiskerings.
The verification that Nv, thus defined is (not only a I-functor but) a 2-functor is a
(somewhat lengthy but) straightforward exercise that we leave to the reader.

6.4. THEOREM. If C is a groupoidant 2-category, then the 2-functor Nv: C — Cong(C)
s a strict equivalence of 2-categories.

PRrOOF. It follows immediately from Axiom (N) in Definition 4.1 that Nv is essentially
surjective. Hence, it remains to show that it is strictly fully faithful.

Given an internal functor f: Nv(X) — Nv(Y'), composing with the tautological cocone
under Nv(Y') gives a cocone under Nv(X) with vertex Y, and hence (by Axiom (Q)) a
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morphism f: X — Y, and one verifies that f = Nv(f) and that Nv(g) = g for g: X — Y.
This shows that Nv: C(X,Y) — Cong(C)(Nv(X),Nv(Y)) is bijective on objects.

It remains to check, given f,g: X — Y, that Nv gives a bijection from 2-cells f — ¢
to internal natural transformations Nv(f) — Nv(g).

Suppose we have an internal natural transformation a: Nv(f) — Nv(g). We now
define a 2-cell a@: f — ¢ using (the 2-categorical part of) the universal property of the
quotient X of Nv(X). Recalling that « is by definition a morphism a: X*° — (Y 7)is°

.if
(satisfying certain conditions), we have a 2-cell aid: X" ¢ Y. To obtain @, it remains
ig
to show that the following square in G((X —)iso, Y) commutes.

gioif —2s oyif

agsomal laifoaia

. 0 .
dotg 9, oO1ig

However, the commutativity of this square is precisely the naturality condition for a.
We thus obtain a: f — g satisfying ia = a0, and it is immediate from the definitions
that a — @ is an inverse to o — Nv(«). =

Let us call a square in a 2-category C a 1-pullback square if it is a pullback square in
|C|. Similarly, let us call an object X € C with a 2-cell 9: X7 = X a I-arrow object
if 0,: C(A, X7) = C(A, X))~ is a bijection on objects for all A € C.

As we noted in §2.1, if a given cospan has a strict pullback, then any 1-pullback of it
will also be a strict pullback. Similarly, if X has a strict arrow object, any 1-arrow object
X7 will be a strict arrow object.

6.5. LEMMA. For any groupoidant 2-category C, the ana-2-functor Nv: C — Cat(|C])
preserves terminal objects, 1-arrow objects, and 1-pullback squares.

ProoOF. That Nv preserves terminal objects is obvious.

Next, we note that the functor U: |Cat(|C])| — |C|* taking C to (Cy, Cy, Cs) reflects
finite limits [Str80a, (3.6)], hence it suffices to show that the functor [Nv|oU: |C| — |C?
preserves pullbacks.

But now by Lemma 6.7 below, if we start with a strict pullback square P in C, the
resulting squares (using hopefully self-evident notation) P~ and P will still be pullback
squares, and by Lemma 3.24, so will the squares P, (P7)®° and (P?)*°. Hence, we
see that the square Nv(P) of internal categories will map under U to a pullback square
in |C|?, as desired.

Next, let us see that Nv preserves 1-arrow objects, i.e., that Nv(9): Nv(X ™) = Nv(X)
is a l-arrow object in Cat(|C|) for any X € C.

So we fix an arbitrary internal category C' € Cat(|C|), and we suppose that we are

f
given an internal natural transformation «: C' = Nv(X), i.e., a morphism a: Cy —
9
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Nv(X); = (X7)" (satisfying the relevant conditions). We want to show there is a
unique internal functor F': C'— Nv(X ) with - Nv(9) = «a.

From the definitions, it follows that we must take Fy = a: Cp — Nv(X7)y =
(X7)° = Nv(X);, whereupon (no matter how we define F}), we will have F'-Nv(9) = a,
as desired. .

Next, we define Fy: C; — Nv(X7); = ((X7)7)"". This is uniquely determined by
Fyi0: C; =¢ X, which is in turn determined by the commutative square in C(Cy, X)
shown below on the left, which we define as shown on the right.

. F1100, . . fiio .
F128080 — Fﬂ@lﬁo 7T0f02 Em— 7T1f02
Fliaoal lFﬂ@la Wooai@l lﬂjai@

. F1i00 . q1id .
F1i000, ——— F1010 Togo?! — T1go?

In fact, the choice of vertical arrows is forced by the conditions Fym; = m;Fy = m;a for
j = 0,1, and the horizontal arrows are forced by the conditions F' - Nv(dy) = f and
F -Nv(0;) = g (it follows that F' is uniquely determined). That this square actually
commutes is precisely the naturality condition for a.
It remains to see that F', thus defined, is an internal functor. To show that Fomgy =
mo2F1: Cy — Nv(X )y, it suffices to show the equality of the (parallel) 2-cells Fym2i0, moa F1i0: Cy ¢ X
which would in turn follow from the equalities Fy7m(2100; = mpeF1i00;: Co — X for
j = 0,1. But now using that i00; = (9;7)**i0 = Nv(9;),i0, these last equalities follow
from fomos = moaf1, g2o2 = Mo2g1: C2 — Nv(X); (functoriality of f and ¢). The equation
Fye = eFy: Cy — Nv(X7); is proven similarly. n

6.6. REMARK. If Cat(|C|) is pita (for example, if C itself has all strict finite limits [Str80a,
(4.4)]), it follows from Lemma 6.5 that Nv is pita (¢f. Theorem 6.8 below). We have not
checked whether Nv is pita in general.

6.7. LEMMA. Given a strict pullback square

A%B
¢ |7
c —-D

i a 2-category C and a I1-category J, if the objects A, B,C, D all have strict cotensors
with J, then the induced square

Al M gl

C’ 9 s DY

18 also a strict pullback square.
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PROOF. For any object U € C, the universal properties of the pullback A and the cotensors
A’ B’ C7, D7 give the following chain of isomorphisms of categories

C(U, A7) = Fun (J,C(U, A))
= Fun (J, C(U, B) xew,p) C(U, C))

= Fun (J,C(U,B)) x_ (rewm) Fun (J, Cat(U,C))

= C(U, B”) xew,psy Cat(U,C7)

Moreover, it is not hard to check that the image of an object or morphism f in C(U, A”)
under the composite isomorphism is (fh”, fk’), which proves the claim. n

We deduce the following “embedding theorem”:

6.8. THEOREM. For any groupoidant 2-category C, there exists a finitely complete 1-
category C and a strictly fully faithful pita 2-functor C — Cat(C).

PRrROOF. If |C] itself is finitely complete, we can simply take C = |C| and take the 2-functor
Nv: C — Cat(C).

In general, we fix a category C with finite limits and a finite-limit preserving fully
faithful functor F': |C| — C (for example, take C = Set!I”"—or more conservatively, the
full subcategory thereof consisting of finite limits of representables). Since F' is finite-limit
preserving, it induces a 2-functor Cat(F'): Cat(|C|) — Cat(C), which also preserves finite
1-categorical limits (since the forgetful functors |Cat(|C|)| — |C]® and |Cat(C)| — |CJ3
preserve and reflect 1-limits [Str80a, (3.6)]). Since F' is fully faithful, it follows that
Cat(F) is strictly fully faithful.

Thus, it follows from Theorem 6.4 that the composite Nv o Cat(F): C — Cat(C) is
strictly fully faithful, and it follows from Lemma 6.5 that it preserves terminal objects,
l-arrow objects, and 1-pullback squares. Since Cat(C) has all finite limits [Str80a, (4.4)],
it follows that Nv o Cat(F') preserves all pita limits. n

6.9. COROLLARY. If C is groupoidant, then C admits a duality involution C*° — C in
the sense of [Web07, Definition 2.14).

PROOF. Fix a pita strictly fully faithful 2-functor &: C¢ — Cat(C) given as a composite

C = Cong(C) — Cat(|C)) Car®), Cat(C) as in the proof of Theorem 6.8, where C is a

finitely complete 1-category and F': |C| — C is a functor preserving finite limits.

According to [Web07, Example 2.16], the 2-category Cat(C) admits a duality involu-
tion D: Cat(C)®® — Cat(C), whose action on objects is given by interchanging the source
and target maps of internal categories. Since the essential image of F is clearly invariant
under D, we obtain an induced 2-functor D’: Cong(C)*® — Cong(C). (There is a slight
technicality here since [Web07| requires a duality involution to be a strict involution,
which D’ might not be; but this can be arranged using the axiom of choice.)

We now want to see that the duality involution structure on D induces one on D’.
This structure on D is given by a family of equivalences

DFib(Cat(C))(A x B,C) = DFib(Cat(C))(A, D(B) x C) (22)
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for A, B,C € Cat(C), where DFib denotes the category of 2-sided discrete fibrations
(2SDFs) [Web07, §2.3]. Now F preserves products and, by Remark 2.6, preserves DOFs
(and preserves 2SDF's for similar reasons), hence it suffices to show that the equivalences
(22) take 2SDF's in the image of & to 25DFs in the image of F.

Thus, given a 2SDF A x B <— E — C'in C, and the 2SDF F(A) - E' — D(F(B)) x
F(C) obtained by applying (22) to its image under &, we need to show that E’ is in the
essential image of F.

Referring to the description of £’ in [Web07, Example 2.16], we see that E| = F(E)y,
and so it remains to see that E] is in the image of F' and that the resulting object of
Cat(|C|) is a complete congruence.

Now FE7 is given as a pullback

B S » F(A) Xz (4, F(E)o
F(E)o Xg(B)oxr(0y (F(B)1 X F(Ch) ———F— F(E)o

in C, where the morphisms ¢ and ¢ are the ones given by the lifting condition in the 2SDF
F(A) x F(B) + F(E) — F(C). Now, one can check that the morphism A~ xp F — E
in C corresponding to the right side of the above square is an isofibration, and hence so is
the induced morphism on cores (A7)5° x 4o B — E°. Since the right-hand morphism
in the above square is the image under F' of the latter morphism, it follows that the
corresponding pullback square exists in C, and hence that F/ is indeed in the essential
image of F; say F| = F(EY) with Ef € C. One can also check directly that the resulting
morphism E} — E'™ x E™ is a DOF.

We thus have a gbo-congruence E” in C. To see that it is complete, we note that
under the isomorphism

B ((E xpxc (B~ X C*)) g (A7 ><AE)> ,

a given element of C(U, EY) (with U € C) is a horizontal isomorphism if and only if
its projections to C(U, (A7)®°), C(U, (B7)*°), and C(U, (C~)*) are. Using the corre-
sponding description of Nv(E); = (E7)"®° in terms of A, B, and C, and the fact that
Nv(E)y = E{, the completeness of E” follows from that of Nv(E). "

6.10. THE RESTRICTED 2-YONEDA EMBEDDING. We write 2 Fun(C°P, Cat) for the 2-
category of (strict) 2-functors, strict natural transformations, and modifications. We have
the strictly fully faithful (strict) Yoneda embedding C — 2 Fun(C°P, Cat) taking X € C
to X = C(—, X). Restriction to the full sub-2-category Cqpa on the groupoids in C gives a

2-functor 2 Fun(C°P, Cat) — 2 Fun(Cyry, Cat), and thus by composing we have 2-functor
C — 2Fun(Cyry, Cat). We write ()/(\')gpd for the image of X under this 2-functor.
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6.11. THEOREM. If C is groupoidant, then the restricted Yoneda 2-functor C — 2 Fun(Gggd, Cat)
is strictly fully faithful. In detail:

(i) Two morphisms f,g: X — Y in C are equal if and only if the functors (fi)a, (g«)a: C(A, X) —
C(A,Y) are equal for all groupoids A € C.

f
(i) Two 2-cells o, 5: X _%‘; Y are equal if and only if the natural transformations
()a, (Be)a: (f)a — (g«)a are equal for all groupoids A € C.

~ ~

(117) Let X,Y € C and let F': (X)gpa — (Y )gpa be a strict natural transformation, i.e.,
a family of functors Fa: C(A, X) — C(A,Y) for all groupoids A € C which are
natural with respect to all morphisms u: A" — A (i.e., Fau* = u*Fy: C(A, X) —
C(A)Y)—see also Remark 6.12).

Then there is a (by (i) unique) morphism f: X — Y with Fa = (fi)a for all
A€ Ggpd~

(iv) Let f,g: X — Y be morphisms in C and let a: f. — g« be a modification, i.e., a fam-
ily of natural transformations aa: (fi)a — (g+)a for all groupoids A € C, which are
natural with respect to all morphisms h: A" — A (i.e., aph* = h*aq: C(A, X) = C(A)Y)).

Then there is a (by (i) unique) 2-cell a: f — g with aq = () for all groupoids
Aec.

PROOF. Given X, Y € C, form anerve Nv(X) of X. Then the statements (i) and (ii) follow
immediately from the uniqueness part of the universal property of X being a quotient of
Nv(X) (since Nv(X) consists of groupoids).

Now suppose we are given functors Fs for each groupoid A € C as in (iii). Again form
a nerve Nv(X):

o1 0

(X[2])1so 02 (X—>)150 ¢ 7r61 Xiso
—

T2
mf:%lm
v
X

and let us set C; := Nv(X); = (X)), We obtain another cocone under Nv(X), with

vertex Y:
01 ™0

(X[2] )iso 02 (X—>>iso ¢ e Yiso

12 1

~

v Vv
~

Fey (01)
7"'O‘FVCO (’Y):Fcl (WO’Y) > Fcl (ﬂ-l’Y):ﬂl'FCO (’Y)

Y.
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This is indeed a cocone; using the naturality in A of the collection of functors Fy:

e Fo, (o) = Fe,(evm) = Fo, (id,) = idp, 4
(701 - Fo, (’701)) (7T12 - Fe, (’701)) = Fe,(mo1y01) - Fe, (T12701)
= FCQ((W01701)(7T12701)) = Fe,(To2y01) = mo2 - Foy (o1)-
Thus, we obtain a morphism f: X — Y with vf = Fg,(y) and vo1.f = Fo,(y01). It
remains to check that f has the desired property F4 = f, for all groupoids A.

Fix a groupoid A and a morphism u: A — X; this factors through a unique u: A —
X' since A is a groupoid. We then have

Fy(u) = Fa(uy) = u- Fey(y) = uvf = uf

as required. Similarly, given a 2-cell a: A &; X, we obtain a morphism a: A — (X[!)is
with avyy; = a. Then

Fa(a) = Fa(avor) = a - Fo,(o1) = avorf = af.

Next, given f,g: X — Y and a collection of natural transformations a4: f, — g, as
in (iv), we obtain a 2-cell (ac,),: 7f — vg. To see that this is a morphism of cocones
(vfyv01f) — (79,7019), we need to verify the commutativity of the following square on
the left.

7rU(O‘Co)’v (C"Cl)ﬂo’y
oY ——— Ty oY ——— Ty
’Y(nfl l’ymg f*’YOll lg*’ym
m1(acy )y (acy )myy
mYf ——— Mg mYf ——— mYyg

This is equal to the square on the right using the naturality in A of the collection of
natural transformations a 4. But the square on the right commutes by the naturality of
(076l |

6.12. REMARK. There is an additional condition in the definition of {F4}ace being a
strict natural transformation which we did not mention in (iii) above, as it is not used in
the proof: namely, that the Fy: C(A, X) — C(A,Y") should also be natural with respect
to 2-cells a: A" ¢ A (i.e., Faa* = a*Fa: C(A, X) = C(A,Y)).

That this is not needed is somewhat surprising, since for a general 2-category C and
X,Y € C, when proving that every strict natural transformation X — Y is of the form
f« for some f: X — Y one does need this condition. The point is that for a groupoidant
2-category, this extra condition holds automatically. The same is true for an F,,-exact
category (in the sense of Axiom (BO) in §4).

A consequence of (iv) above is:
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6.13. COROLLARY. Two morphisms f,g: X — Y in C are isomorphic if and only if
there exists an invertible modification f. = g. between the strict natural transformations

fes et (X)gpa = (Y)gpa, t.€., a collection of natural isomorphisms @a: (fi)a — (g«)a for
fru*

all groupoids A € C with the naturality property  s4u* = u*pa: C(A, X) = C(A",Y) for
u* g«

allu: A — A.

We also note the following “weak” variant of the above theorem. However, as we will
not be making use of it, we omit the somewhat lengthy proof, which parallels that of
Theorem 6.11 (iii) but is more involved due to the presence of various coherence isomor-
phisms.

The 2-category 2 Fun(C,}y, Cat) is a sub-2-category of the 2-category 2 Funp,,(Cgpy, Cat)
of 2-functors, pseudo-natural transformations, and modifications. Composing with the
inclusion 2 Fun(Cyhy, Cat) < 2Funy(Cypry, Cat), we obtain a Yoneda 2-functor C —

2 Funp, (Cohy, Cat).
We already know from Theorem 6.11 that this functor is locally fully faithful. We now

claim that it is also locally essentially surjective:

6.14. PROPOSITION. If C is groupoidant, then the 2-functor C — 2Funy(CgPy, Cat) is
fully faithful. In detail: R R

Let X,Y € C and let F: (X)gpa — (Y)gpa be a pseudo-natural transformation, i.e.,
a collection of functors Fa: C(A, X) — C(A,Y) for each groupoid A € C, and natural
isomorphisms F,: Fau* = u*Fya for each u: A" — A such that

wu(Fag) SN u' (Fa(ug)) L Fan(u'ug)

F

u'u

/

commutes for all A" 5 A’ 5 A% X.
Then there ezists a (by Corollary 6.13 unique up to isomorphism) morphism f: X =Y
and an invertible modification F' = f,.

We note that there is an additional condition in the definition of pseudo-natural
transformation, analogous to the condition in Remark 6.12, that we have omitted in
the above proposition as it is not needed in the proof; namely that F, - (a*Fy) =

(Faa) - Fy: C(A,X) =8 C(A",Y) for each 2-cell a: A’ 7 A in Cga. Similarly, the

condition Fig, = idp, for A € Cgpq is likewise not needed in the proof.

6.15. OPPOSITES. In Corollary 6.9, we showed that a groupoidant 2-category C admits
a duality involution, given by applying the equivalence Nv: C — Cong(C), and then
interchanging the source and target morphisms on the resulting internal category. We
now study this operation in more detail.
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6.16. DEFINITION. Let C be a pita 2-category.
Given an internal double category C in C given by

o1 LN

P 7

CQ o2 Cl < = C(),
\
7

12 ™

~ N N

its opposite is the internal double category C°P given by

12 1

02
Cy

o1

\
7

Cl T Co.

0

~ N N

Next, a contra-cocone under C' is defined to be a cocone under C°P. In other words,
it 1s a triple (X, 7, v10) with X € C, v: Cy — X, and v19: 717y — o7y satisfying
12710
T2y — T12To7Y

| o

1710
1717 — 01707y

oo 02710 N T |7|T
02717 7 To2To7Y

i/le = ldy

02710 = (7T01710) (7T12710).

A contra-quotient of C' is a quotient of C°P.

6.17. LEMMA. If C is a gbo-congruence in a pita 2-category C with opposite C°P, and
if ro,reow: Cy7 — C4 are the respective reflection morphisms, then rco» = Tr where
T: Cy7 — Cy is the inversion morphism (Definition 3.11).

doe
PROOF. By definition of r¢er, to show that 77 = rop, we must find a 2-cell p .+ Cy” ﬁ 4
with p ., (m1,m0) = (ida,, 9): C7 =& Cp x Co. A simple calculation shows that peor =
7P has the desired property, where by definition po: Cy’ ai; C satisfies po(mg, m1) =
e
(0,1dg, ). -

6.18. DEFINITION. Given two objects X, X°P in a 2-category C, an opposition between
X and X is a complete congruence C' together with a quotient cocone (X,~,7o1) under
C and a contra-quotient contra-cocone (X°P,v°P ~o7) under C.

7T01l7r02l7r12
PLCAE 71'1’Y°p

X U’Ym 1 v, 1{} X°P (23)

NGl 7Tmop

An opposite object of X is an object X°P together with an opposition between X and
X°P. Note that if C is groupoidant, every object has an opposite.
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It is clear that if C' gives an opposition between X and X°P, then C°P gives an oppo-
sition between X°P and X, and hence X is also an opposite object of X°P.

If C is groupoidant and X is a quotient of C', it follows that C' is a nerve of X, and
hence that X°P is uniquely determined up to isomorphism.

We next given a “representable” characterization of opposite objects using Theo-
rem 6.11. In what follows, we will sometimes conflate a functor F': C°® — D with
the functor F°P: C — D°P.

6.19. DEFINITION. Fiz objects X, X°P in a groupoidant 2-category C and an opposition
as in (23). Given a groupoid A € C and a morphism f: A — X, we obtain f*°: A — Cj

. . /
(with f=°y = f), and we set fP := f°4°P: A — X°P. Neuxt, given a 2-cell a: A I§ X,
we obtain a morphism a: A — Cy with @ = a - yp1, and we set a°® :=a -5 : A % XOP,

6.20. PROPOSITION. If (C,7,v01,7°%, Vo1 ) S an opposition between objects X and X°P in
a groupoidant 2-category C, then for any groupoid A € C, the operation f — f°P on mor-
phisms and 2-cells defines an isomorphism of categories (—)°P: C(A, X )P = C(A, X°P),
and moreover this determines a strict natural isomorphism between ()/(O\P)gpd and the 2-

functor

op inv, coop (X)gr))d co p
(Cepa)®® =+ (Cepa) ™ — Cat® — Cat,

~

where inv is the 2-functor acting by the identity on objects and 1-cells, and by inversion
on 2-cells.

By Theorem 6.11, the existence of this natural isomorphism determines X°P uniquely
up to isomorphism.

PROOF. For the first claim, it suffices to check that (—)°P is a functor, since it then has
an inverse (—)°?: C(A, X°P) = C(A, X)°P. But this is more or less immediate from the
fact that C is a nerve of X and the opposite of a nerve of X°P.

For the second claim, we need only check the strict naturality of (—)°P, since it is
then clearly an isomorphism. That is, for each morphism u: A” — A and each 2-cell

a: A ﬁ; A in Cgpq, we need to check the commutativity of the square
u

oA, X)) 27 oA, xo)

e | s and  (eyer [ L2072 .

oA, x)r 27 oA, xov)

respectively.



INTERNAL 1-TOPOI IN 2-TOPOI 835

As for the first square, given f: A — X, we have (uf)® = (uf)9°P = uf°yP =
uf°P. The verification for 2-cells f: A =¢ X is similar.

For the second square, fix f: A — X. We need to show that (af)°P = a~!f°P.
We have the following morphisms:

(i) a: A’ — A~ defined by the condition ad = a,
(ii) f
(i) (f=)7: A7 = Cg? with ()70 = 9f*,
(iv)

Now, by Lemma 3.27, we have r¢yp1 = 0y: Cy;7 = X. It follows that

fior A — Oy with fy = f, and by definition f°y°P = f°P,

the reflection morphism r¢: Cy7 — C for C.

(a(f*)"re)ro = a(f*) 70y = adf**y = af*y = of, (24)

and hence, by definition, that (a(f*)7rc)yst = (af)P
Now using Lemma 6.17, we have

(af)® = (a(f*=) " rrre)vr = (alf™) rree )y = (ar(f°) "ree)ot,  (25)

where rcor 1 C7 — C is the reflection morphism for C°P.
Computing as in (24), and using that a7d = a~!, we have that the right hand side of
(25) is equal to a~! fP as desired. n

We similarly have a representable characterization of the isomorphism (—)°?: C(X,Y ) —
C(X°P,Y°P) for general X, Y € C:

6.21. PROPOSITION. Given a morphism f: X — Y in a groupoidant 2-category C, there
s a unique morphism fP: X°P — Y°P such that for all groupoids A € C, the functor
(fP): C(A, X°P) = C(A,Y°P) is equal to the composite

(=)

(A, x) % e, xyer

eA,Y)r O e, yor).

/ g°"
Similarly, given a 2-cell a: X =Y, there is a unique 2-cell a®?: X°P Y°P such that,
9 2
°op),
for each groupoid A, the natural transformation (a°P).: C(A, X°P) = C(A,Y°P) is equal
(fP)«
to

e(A, x) 2% o, x)e ﬂ@*)op e,y 5 e, vor),
T

Moreover, these operations define an isomorphism of categories (—)P: C(X,Y )P —
C(X°P, YP).
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PROOF. The uniqueness follows immediately from Theorem 6.11 (i) and (ii). The existence
follows from Theorem 6.11 (iii) and (iv), since using Proposition 6.20, we see that the
given prescriptions define a strict natural transformation (X°P)gpq — (Y°P)gpa and a

* o~

— (g°?
modification (X°P)gpq I% (YoP),,q, respectively.
(fP)«

For the last claim, it suffices to check that (—)°P is a functor, since it then has an
inverse (—)°P: C(X°P Y°P)P — C(X,Y) (as the reader may verify). The fact that it

is a functor follows immediately from the fact that given 2-cells f = ¢ LA h, we have
((a3)4)°P = (B+)°P(0ve)°P, and similarly ((idf).)°P = idg,)er. m

7. Examples of 2-topoi

In this section, we will prove that the 2-category Cat(Set®) of internal categories in any
presheaf topos Set® satisfies all the axioms of §4. We suspect this is true more generally
for Cat(D) for any Grothendieck topos D, and more generally for any Grothendieck 2-
topos in the sense of [Str82b].

In fact, several of the axioms hold more generally in Caf(C) for any finitely complete
1-category C. Hence we begin our discussion in this more general context. Recall from
§3 the notation C(—,(C'): C°? — |Cat| for an internal category C' in C.

7.1. LEMMA. Let C' be an internal category in a finitely complete category C.
For any finite category J, the functor

Fun(J,C(—,C)): C® — Set

18 representable.

That is, there exists an object Cy € C and a functor ev =ev;c: J — C(Cy,C) such
that for any A € C and functor F': J — C(A,(C), there is a unique morphism f: A — C;
such that F is equal to the composite of

7225 00,0 504, 0).

PROOF. As in §3.20, we write [k] € Cat for the linear order on k+1 elements. When J is
the category [k] for k = 0, 1, 2, then it is easy to see that the functor Fun(.J, C(—,C)): C? —
Set is simply represented by the object CY.

Now the functor |Cat|® — Set®” taking J to Fun(J,C(—,C)) preserves limits,
as it is the composite of the Yoneda embedding |Cat|® — Set/““! with the functor
Set!““l — Set®” given by precomposition with C(—,C): C® — |Cat|, both of which
preserve limits. Every finite category J is the colimit in |Cat| of the finite diagram
dom: A<y/J — Cat, where A<y C Cat the full subcategory on the objects [0], [1],[2]. It
follows that Fun(J, C(—,(C)) is a finite limit of representables for every finite J, and is
thus representable, since C has finite limits. [
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Note that it follows from the universal property that any functor J — J’ induces
a morphism Cjy — C, and moreover this gives an anafunctor C_y: |FinCat|® — C.
This anafunctor is (a partially defined) right adjoint to C(—,C): C — |Cat|°® and hence
preserves limits (i.e., takes colimits in |F(nCat| to limits in C).

Now consider the category = (the freestanding isomorphism). We have a monomor-
phism i: C~ — C) which, for each A, identifies C(A,C~) with the set of isomorphisms
in C(A, ) (this is essentially the same as the object of isomorphisms of Definition 3.13).

7.2. LEMMA. Given internal functors F,G: C — D between internal categories C, D €
Cat(C) in a finitely complete category C, an internal natural transformation a: F — G,
gwen by a morphism a: Cy — D is invertible if and only if o factors through i: D~ —
D;.

PROOF. An internal natural transformation o: Cy — D from F' to G is invertible if and
only if the natural transformation a..: C(A, Cy) — C(A, D;) from F, to G, is invertible
for each A € C.

This is equivalent to fa being an isomorphism in C(A, D) for each f: A — Cy in C,
which is in turn equivalent to o factoring through D~. [

Now, for a given internal category D in a finitely complete category C, we may from
an internal category D with objects D~ ~, D~, Dy by applying the limit-preserving ana-
functor D(_y to the corresponding internal category in |FinCat|°? with objects (=), (=), [0].
The latter is equipped with an internal functor to the standard internal category in
|FinCat|? with objects [2], [1], [0], and hence we have an internal functor i: D — D in

C.

7.3. PrROPOSITION. If C is a finitely complete category, then i: D™ — D is a core of D
for each D € Cat(C).

PrOOF. We claim that an internal functor F': C'— D in C is an arrow-wise isomorphism
if and only if F: C} — D, factors through D~. Indeed, if F factors through D~ then for
any internal category A and internal natural transformation a: Aqg — C, the composite
aFy will factor through D~ and hence be a natural isomorphism by Lemma 7.2; and con-
versely, if aFy factors through D~ for each internal natural transformation a: A =¢ C,
then we can find A with Ay = (4 such that a = idg,: C7 — C; is a natural transfor-
mation. For example, we can take A to be the “discrete” internal category on Cy, with
Ay = A} = Ay = €] and all structural morphisms equal to idg, (or, once we know that
Cat(C) has arrow objects, we can take A = C~ and « = 0 the universal 2-cell).

From this it is easy to see that D° satisfies the universal property of the core with
respect to morphisms; and the universal property with respect to 2-cells follows from
Lemma 7.2. [

Next, we consider the Axioms (N) and (Q), and the related Axioms (EX) and (BO).
First, let us prove that they are indeed related:
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7.4. LEMMA. If C is corepita and satisfies (EX) and (BO), then it also satisfies (N) and
(Q)-

In the following two proofs, we assume familiarity with the definitions and notation
from [BG14].

PROOF. Assume (EX) and (BO).

The nerve of X € C is the same thing as the F,-kernel of i: X*° — X in the sense
of [BG14, §5.1], and the quotient in our sense of a given congruence is the same as the
Fro-quotient. The gbo-congruences in our sense are precisely the F,,-congruences which
are level-wise groupoids, by [BG14, Proposition 22].

Now, given any X, since i: X*° — X is by assumption an F,,-strong epi map, it
follows from [BG14, Propositions 3 and 22 and Corollary 20] that i is effective, which
means that the tautological cocone under Nv(X) is a quotient, so we have (Q).

As for (N), we have, again by [BG14, Proposition 22|, that any gho-congruence C' is
the kernel of its quotient ¢: Cy — X, so we only need to see that if C' is complete, then
Cp is a core of X with inclusion morphism gq.

But now ¢ factors as Cy - X™ 5 X, and ¢ is an Fp.-strong epi by [BG14, Corol-
lary 20]), hence ¢ is as well by the second part of Axiom (BO). We now claim that
if C' is complete, then ¢ is also F,-monic (that is to say, fully faithful), and hence an
isomorphism, and hence that ¢ is a core inclusion, as desired.

The completeness of C' says, by Proposition 3.19, that the morphism é: Cy — Cx is
an equivalence, where ¢: C~ — (] is the object of isomorphisms, and hence both the
projections cmg, cmy @ C~ — Cy (for which € is a section) are equivalences as well. Now, by
definition of C' being an F,,-kernel of ¢, we have a lax pullback square as shown below the
left. It follows from this and the definition of C'~ that the square in the middle is a pseudo-
pullback, and hence that the resulting square on the right is also a pseudo-pullback.

" O Co 0 Co — O
| | o2 ] = A
Co —5— X Co —— X Co —— X

Since cmy, cmy are equivalences, this implies that G is pseudo-monic (see Remark 2.8) and
hence, since X' is a groupoid, that g is fully faithful, as claimed. [

Next, let us show (BO).

7.5. PROPOSITION. If C is a finitely complete category, theni: C° — C is an F,-strong

epi for every C € Cat(C), and for any two morphisms A LB Cin Cat(C), if g and
fg are both H,,-strong epis, then so is f.

PROOF. It is clear from the description of C™° (just before Proposition 7.3) that io: (C5°)y —
Cp is an isomorphism. Both claims now follow from the fact that a morphism F: A — B
in Cat(C) is an Fo-strong epi if and only if Fy: Ay — By is an isomorphism ([Boul0,
Proposition 2.61]). "



INTERNAL 1-TOPOI IN 2-TOPOI 839

We summarize what we have so far:

7.6. PROPOSITION. If C is a finitely complete category, then Cat(C) satisfies Azxioms
(L), (C), (N), (Q), (EX), and (BO) from §4.

If C is moreover cartesian closed, then Cat(C) also satisfies Aziom (CC), i.e., is a
cartesian closed 2-category.

PROOF. Let C be a finitely complete category and let C = Cat(C).

It is well known that C has all strict finite limits (and in particular all pita limits);
for example, it is asserted in [Str80a, (4.4)]. In fact, pullbacks (and the terminal object)
in C are constructed object-wise, and arrow objects can be constructed using Lemma 7.1
by a similar construction to the one in Proposition 7.3.

That C is cartesian closed when C is, is proven in [Str80a, (4.5)].

Proposition 7.3 shows that C has cores.

It is proven in [BG14, Proposition 60] that C is F.-exact (i.e., satisfies (EX)); we have
that C satisfies (BO) by Proposition 7.5; and hence by Lemma 7.4 that C also satisfies

(N) and (Q). .

7.7. COLIMITS AND COCORES. For the verification of the remaining axioms, we restrict
our attention to the 2-category C’at(SetC) of internal categories in the category of set-
valued functors Set®. This is strictly equivalent to the 2-category CatC of strict category-
valued functors C — Cat, strict natural transformations, and modifications.

7.8. PROPOSITION. The 2-category Cat€ has all small bilimits and bicolimits, and in
fact all strict limits and colimits, and has cocores.

PROOF. Strict limits and colimits are identical with limits and colimits in the sense of
enriched category theory. Thus, the first claim follows from the general result [Kel05,
Proposition 3.75].

The cocores in Cat are given pointwise; that is, for X € Cat®, define X as the
composite of X with the 2-functor Cat — Cat taking each category to its cocore. The
canonical morphisms Xa — Xa for a € C assemble into a natural transformation X — X,
and this makes X into a cocore of X. [

7.9. REMARK. By Proposition 7.6, Cat(C) has finite limits under much weaker assump-
tions on C than the assumption in Proposition 7.8 that C is a presheaf category.

I was informed by the anonymous referee that it has recently been proven that Cat(C)
also has finite colimits under much weaker assumptions (for instance, that C is an ele-
mentary topos with natural numbers objects) [HM25], and that part of this had already
been proven in [JW78, Corollary 6.1].

7.10. DOF cLASSIFIERS. We can obtain DOF classifiers in Cat® using [Web07, Exam-
ple 4.7]. Here, we consider the 2-functor Sp: Cat — Cat® which is a right 2-adjoint
to the “domain-category-of-the-Grothendieck-construction” 2-functor el: Cat® — Cat.
Explicitly, for D € Cat, Sp(D): C — Caty, is the functor Fun((—)/C, D) taking c € C
to the category of functors Fun(c¢/C, D).
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In loc. cit., it is shown that for any generic DOF p: E — B in Cat, the morphism
Sp(p): Sp(E) — Sp(B) is again a generic DOF (in Cat®).

We will now show that Sp(p) is plentiful for appropriate p. We begin with several
lemmas concerning DOFs and generic DOFs in Cat€.

7.11. LEMMA. Given a category C and a morphism f: X — Y in C = Cat®, the
following are equivalent:

(i) f is a DOF in Cat®.
(ii) The functor fs: X(A) = Y (A) is a DOF for each A € C.
(i1i) The functor el(f): el(X) — el(Y) is a DOF.

PROOF. We first prove (i) = (ii). For A € C, consider the representable functor A=
C(A, —) € C (note that this functor A: C — Cat takes values in discrete categories). By
the 2-categorical Yoneda lemma, we have C(A, X) = X (A) (isomorphism of categories)
for any X. R R

Hence, if p: X — Y is a DOF, then by definition, so is p,: C(A, X) — C(A,Y), and
hence (by the naturality of the Yoneda isomorphism) also p4: X(A) — Y(A).

Conversely, suppose that each py is a DOF. We want to show that p.: C(U, X) —
C(U,Y) is a DOF for each U € C. Given morphisms f,g: U — Y, a 2-cell a: f — ¢, and
alift f: U — X of f, we obtain a unique lift aa: fa — ga of aa: fa — ga.

One verifies that the g4 constitute a natural transformation g: U — X and the a4 a
modification a: f — g, and the uniqueness of the a4 implies that of a.

The equivalence of (ii) and (iii) is a special case of the following general fact: given a
morphism of opfibrations

E I, F

E\ / / (26)
C

(i.e., the triangle commutes, E and E’ are opfibrations and F preserves cocartesian
morphisms), F' is a DOF if and only if the fibrewise restrictions F|p_ic: E7YC) —
(E")~Y(C) of F are DOFs for all C' € C. n
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7.12. LEMMA. Given a DOF p: S, — S in Cat:

(i) p is generic if and only if, for all s,s' € S, the operation f — f. gives a bijection
from S(s,s") to the set of functions p~'(s) — p~1(s').

(i) If p is generic (and assuming the azxiom of choice), a DOF f: X — Y in Cat is
p-small if and only if each fibre of f is isomorphic to some fibre of p.

PROOF. For the (=) direction of (i), assuming p is generic, for any s,s’, consider the
functors f, f': [0] — S from the trivial category [0] taking the unique object of [0] to
s and s respectively, and form the pullbacks f*p, (f’)*p. Our desired conclusion about
p with respect to s and s’ then amounts precisely to the genericity property of p with
respect to these two pullback squares.

We next consider the (<) direction of (i).

Assume the hypothesis on p. Referring to the notation from Definition 2.7, given
pullback squares as in (4), a morphism ¢g: FF — H and a 2-cell #4: f — gh, we need to
show that there is a unique 2-cell 7 as in (5) with 5p = f~.

Given a € A, we are forced to define 7,: f(a) — h(a) to be the unique morphism such
that (va).: p~*(f(a)) = p~*(h(a)) is the function taking § € p~*(f(a)) to the codomain
of 45, where & € F is the unique object with f(a) = § and f(d) = a. It remains to see
that v,, thus defined, is natural.

Fix u: a — o’ in A. To see that

fla) % fa)
] e (27)

hia) 2 h(a)

commutes, it suffices to show that (f(u) - vw), = (a-h(w)),: p7(f(a)) = p~'(h(d)).

*

This follows from the commutativity, for each § € p~'(f(a)) of the naturality square

for 4 at @: & — a’, which lies over (27). Here, @ € F' is the unique object with f(a) = §
and f(a) = a, and @ is the unique lift of v with domain a.

As for (ii), one implication is obvious, and the other implication is straightforward
based on what we just proved. n
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7.13. LEMMA. The 2-functor el: Cat® — Cat preserves and reflects strict pullback
squares.

dom

PROOF. el factors as CatC OF(C) — Cat, where OFy is the 2-category of split
opfibrations over C, and the Grothendieck-construction 2-functor El is a strict equivalence
and hence preserves and reflects all finite limits.

In more detail, an object (E,p) of OFy is a functor E EiNY'e together with a choice,
for each f: ¢ — ¢ in C and e € E with P(e) = ¢, of a cocartesian lift f. of f with

dom(f,) = e, satisfying (id,). = id. and (;‘5)e = f.- (9)coaf,)- A morphism F': (E, P) —
(E', P") is a functor F': E — E’ preserving the specified cocartesian lifts, and a 2-cell

a: (E, P) %{ (E’, P') is a natural transformation a: F' — G with aP’ = idp.

It remains to see that OF3(C) dom, eat preserves and reflects strict pullback squares.
The argument is similar to that given in the proof of Proposition 5.12: one shows that
to form a strict pullback in OF¢(C), we may first form the pullback of the domains in
Cat, and there is then a canonical way to supply the result with the structure of a split
opfibration, making the resulting square a strict pullback in OF(C). [

7.14. LEMMA. Given a category C, a generic DOF p: E — B in Cat and a DOF f: X —
Y in Cat®, the following are equivalent:

(i) f is Sp(p)-small.
(i) The DOF fa in Cat is p-small for all A € C.
(iii) The DOF el(f) in Cat is p-small.

PROOF. We first prove (i) < (iii). By the adjunction el 4 Sp, commutative squares

el(X) —— F

el(f)l B lp (28)

el(Y) —— B
in Cat are in bijection with commutative squares

X —— Sp(F)

fl lsmp) (29)

Y —— Sp(B)

in CatC.



INTERNAL 1-TOPOI IN 2-TOPOI 843

Now, it is proven in [Web07, Example 4.7] that the naturality square with respect to

el(Sp(E)) —— E

el (Sp(m)l lp

el(Sp(B)) — B

for the counit of the adjunction el 4 Sp is a pullback square.

By Lemma 7.13, it follows (using the 2-of-3 property of pullback squares) that (28) is
a strict pullback if and only if (29) is, which proves the claim.

The equivalence (ii) < (iii) is a special case of the more general claim that given a
morphism of opfibrations F' as in (26) such that F'is a DOF, F' is p-small if and only if
Flp-ioy: E~YC) — (E")7Y(C) is p-small for all C' € C. This, in turn, is immediate from
Lemma 7.14 (ii). "

Before proceeding, let us clarify our conventions concerning universes, about which we
will have to be careful in what follows. A Grothendieck universe (or just universe) is a
non-empty set U which is (i) transitive (i.e., @ € b € U implies a € U) and which is closed
under (ii) power sets, and (iii) unions indexed by elements of U [AGV 72, Exposé 1][JY21,
§1.1].

For a universe U, we write Sety, for the category of sets that are elements of U (and
Sety. for the category of pointed sets) and Caty for the 2-category of categories that are
elements of U.

7.15. PROPOSITION. Let U' € U be two universes, and let p = py : Sety, — Sety be
the forgetful functor (this is a generic DOF in Caty by Lemma 7.12).
Then the generic DOF Sp(py): Sp(Setyr,) — Sp(Sety) in Cat is plentiful.

PrOOF. First observe that p itself is plentiful. More precisely, referring to the defining
properties (D1)-(D3) of a plentiful DOF from §4, and appealing to Lemma 7.12 (ii), we
have that p satisfies (D1) as soon as U’ contains all subsets of some one-element set,
p satisfies (D2) as soon as U’ is closed under disjoint unions indexed by sets that are
elements of U, and p satisfies (D3) as soon as U’ is additionally closed under power sets
(this follows upon verifying that, in Cat, the DOF collapse of 91 : Mon(Sety)"™ — Set’°
is given by the forgetful functor P — (Sety )™ from the groupoid P C (Sety; )™ of subset
inclusions).

It follows, using Lemma 7.14, and the fact that (by Lemma 7.13) el: Cat® — Cat
preserves monomorphisms, that Sp(p) is also pre-plentiful, i.e., satisfies (D1)-(D2).

To see that Sp(p) satisfies (D3), we first make some observations about the 2-category
Cat®, which are straightforward to verify (making use of the representable functors
A: C = Cat as in the proof of Lemma 7.11):

(i) The core of an object F' € Caty is the functor F™ which is the composite of F
with the core functor (—)®: |Caty| — |Caty|. (Note: the latter does not naturally
extend to a 2-functor Caty — Caty.)
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(ii) If F € Cat$] has finite limits, then Mon(F) is given by the composite of F' with the
partial functor |Caty| --» |Caty| taking each finite limit category to its category
of monomorphisms, and taking each functor to the induced functor on monomor-
phisms.

Now recall that Sp(Set)(A) = Fun(A/C, Sety) and Sp(Sety)(f) for f: A — B is the
functor (f*)*: Fun(A/C, Sety/) — Fun(B/C, Sety), where f* = (—)- f: B/C — A/C.

Now, for each A € C, let Sub(A) be the subcategory of Fun(A/C, Sety)~ consisting
of inclusions of subfunctors and isomorphisms between these. It follows from the above
observations that this defines a subfunctor Sub: C — Caty of Mon(Sp(Sety))*°, and we
have a commutative triangle

Sub < > Mon(Sp(Sety))*°

k%‘f"

Sp(Sety )0,

where 0;: Sub — Sp(Sety)™ a DOF by Lemma 7.11.

Now, the inclusion i: Sub — Mon(Sp(Sety))*° is such that i is an equivalence for
each A. Since (02)4 is a DOF for each A, it follows from Proposition 2.14 (iv) that i is
itself an equivalence, and hence that 9, is a DOF collapse of 9k°.

Hence, to check that Sp(p) satisfies (D3), it suffices to check that 0y is p-small, i.e.,
that (02)a: Sub(A) — Fun(A/C, Sety) has U-small fibres (or rather, fibres isomorphic
to U'-small sets) for each A € C. But the fibre over a given F': A/C — Setyy is the set
of subfunctors of F', and this is isomorphic to a subset of | |pcopa/c) P(F(B)) € UW. =

7.16. COROLLARY. If U is a universe that contains another universe U € U, then the
2-category Caty satisfies all the azioms of §4, except possibly Aziom (UA).

We note that the existence of a universe containing another universe is a stronger
assumption than the mere existence of universe, though it is certainly implied by the
commonly assumed Aziom of Universes, which says that every set is contained in some
universe.

For the purposes of finding a 2-category satisfying Axiom (UA) from §4, it would seem
that we need a universe U such that each x € U is contained in some further universe
xr € U € U, the existence of which goes beyond even Axiom of Universes. However, we
can get away with slightly less:

Let us say that a set U is a pre-universe if it satisfies (i),(ii) in the definition of universe
above on p. 843, and in addition satisfies (iii’) U is closed under finite unions. It is then
clear (say, in ZF), that every set is contained in a pre-universe, and that, assuming the
Axiom of Universes, there exists a pre-universe U such that every x € U is contained in
a universe x € U’ € U.

For a pre-universe U, we use the notation Sety and Caty as above.
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It is not hard to see that the above results, and in particular Proposition 7.15, still
holds if U is only assumed to be a pre-universe. The one subtlety is that the 2-functor
el with domain GatS can no longer be considered to have codomain Caty;, and we must
instead use Caty for some larger pre-universe {.

We conclude:

7.17. COROLLARY. If U is a pre-universe such that any x € U 1is contained in some
universe x € U € U, then the 2-category Caty satisfies all the axioms of §4.

Similarly, in Corollary 7.16, it is enough to assume that U is a pre-universe.

A. Finite limit sketches

In this appendix, we prove that, for an object X with finite limits in a pita 2-category,
we can form cotensors of X mnot only with finite categories, but also finite finite-limit
sketches. This will be used in Appendix B, but is also of obvious independent interest, as
it says that we can form the category of models in X of any (finitary) essentially algebraic
theory.

A pbt (“pullbacks and terminal objects”) sketch J = (|J|, P,T) is a category
|J| together with a set P of commutative squares in |J| and a set T' of objects in |J|; it
is a finite pbt sketch if |J| (hence also P and T') is finite. A model J — D of J in a
category D is a functor |J| — D taking each square in P to a pullback square in D and
each object in T to a terminal object in D. (Pbt sketches are closely related to finite
limit sketches, and are (nearly) the same as the “flSk sketches” of [Mak97]. These notions
are all practically equivalent to one another, and there is considerable flexibility in the
definition; for example, dropping the requirement that the squares in P be commutative
would again result in an essentially equivalent notion.)

We will also need the following refinement of the notion of model: if C is a 2-category
and A, B € C, then a stable model J — C(A, B) is a model for which moreover each
specified square or object is taken to a stable pullback square or terminal object in C(A, B)
in the sense of Remark 2.21.

Given an object X € C and a pbt sketch J, a strict cotensor of X with J is an
object X7 together with a stable model ev = ev;yx: J — C(X’, X) with the following
universal property: for each A € C, the functor C(A, X7) — Fun(|J|, C(A, X)) defined
as in (3) on p. 788 is an isomorphism onto the subcategory consisting of stable models
J— C(AX).

In §2.1, we mentioned the abuse of notation that, given a category K and a cotensor
XK we may sometimes conflate a diagram K — C(A, X) with the corresponding mor-
phism A — X% Similarly, for a pbt sketch J, we may conflate a morphism A — X7
with the corresponding stable model J — C(A, X).

A morphism of pbt sketches is a functor of underlying categories taking each
specified square or object to a specified square or object; a morphism of sketches J — J’
can be composed with a (stable) model of J’ to produce a (stable) model of J. Given
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a morphism F: J — J' of pbt-sketches and cotensors X7 and X7, there is an induced
morphism X¥: X7 — X7 classifying the stable model .J KNy (RN C(X’ X).

Note that if there exists a cotensor X/l of X with the underlying category |.J| of .J,
then there is a morphism (in fact, an isofibration)

X7 2 X (30)

classifying (the underlying functor of) ev x.
We will prove:

A.1. PROPOSITION. If X € C has finite limits and C is pita, then there exists a cotensor
X7 for any finite pbt sketch J.

See [Str14] for a related result.

The proof will parallel the construction of cotensors in a category with PIE limits,
which is (a special case of) what is done in [PR91, §2]. For the proof of the proposition,
we will also need to use the simplest special cases of it, which we now prove separately:

A.2. LEMMA. Suppose C is pita and X € C has finite limits. If J is the pbt sketch F]
consisting of a single pullback square or the sketch 1, consisting of a single terminal object,
then the cotensor X7 emists.

Proor. We do the case of a pullback square; the other case is similar but easier. Note
that in this case, a stable model of J =Flin C(A, B) is just a stable pullback square in
C(A, B).

To begin with, we form a cotensor X~ of X with a freestanding cospan u. We thus
have a universal cospan ev, x in C(X~, X), and we next form a pullback of ev, x to obtain
a (stable) pullback square p: X* — X" in C(X~, X), where X" is the cotensor of X with
a freestanding commutative square [J.

Now consider the finite category —»x_, the join (see §B.1) of a freestanding isomorphism
= with a cospan. The two inclusions jg,j1: 1 < =, where 1 is the terminal category,
induce morphisms i;: 0 = 1s1 <5 (S#0) (for k= 0,1).

We now form X as a strict pullback

XE] 1 X:Hu X'o XU

a
ﬂol lX i1

X- p y XD

(which exists as X" is an isofibration). The desired universal stable model of FJ, we
claim, is the stable pullback square 7, X% in C(X™, X). To see that this is indeed a stable
pullback square, note that it suffices to show that m; X ™ is a stable pullback square, since
if two cones over a given span are isomorphic, then one is a (stable) pullback square if
and only if the other is; but m X% = mp, and p is a stable pullback square by definition.
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To see that X™ has the desired universal property, it suffices, using the universal
property of X", to show that for each A € C, the functor (7, X%),: C(A, X7) — C(A, X")
is an isomorphism onto the full subcategory on the objects of C(A4, X") classifying pullback
squares in C(A, X) (which are automatically stable, since X is assumed to have finite
limits).

Full-faithfulness of (m; X%), follows from the fact that X% and p are fully faithful and
the fact that fully faithful morphisms are stable under strict pullbacks and composition.

To prove that (71 X™), is injective on objects and has the correct image, fix a pullback
square ¢: A — X" in C(A, X), with underlying cospan r: A — X-.

~

S
XE] 1 X:)*J

a1 X0
lﬂo lX i1

X+ P, x0

O

Thus, rp and ¢ are both pullbacks of the same cospan r, and hence assemble into a unique
diagram s: A — X * in C(A4, X) satisfying sX® = ¢ and sX" = rp. The universal
property of the pullback square then gives our desired unique morphism ¢: A — X5 with
tm X = gq. [

PROOF Proof of Proposition A.1. Fix a finite pbt sketch J = (]J|, P,T) and an object
X € C having finite limits. To begin with, we form a cotensor X!”|. Each p € P is a
commutative square [ % |J|, and gives a morphism X?: XYl — XY Now form the
cotensor X, so that we have a morphism exm: X B 5 XU asin (30), and form a strict

pullback
X0 T ], X

a4
ﬂol alEP Yx H

(XP)pep
XV —2— [],cp X".

Note that these are finite products since P is finite, and that the morphism on the right
is an isofibration.

The morphism 7 is fully faithful since Hpe p@xm is, and we see immediately that a
morphism A — X!’| factors through m, if and only if the functor J — C(A, X) which
it classifies takes each pullback square p: [0 — J in P to a stable pullback square in
C(A, X).

To finish the construction, we now do the same thing but with terminal objects. Each
t € T gives a morphism 1 LN |J| and hence a morphism X 7P 2% X1/I Y X. We then
form a cotensor X' of X with the sketch 1, consisting of a single terminal object, so that
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we have a morphism ¢y 1,: X' — X, and we form the pullback

X7 s [l X

l lHtGT PX,1!

X J-pb (mot*)ter X
2 %
HteT

Then X is the desired cotensor. n

A.3. COROLLARY. [Proposition 2.24] If C is pita and X € C has finite limits, then the
object Mon(X) of monomorphisms in X exists.

Proor. Take J = (|J|, P,T) to be the pbt sketch where |J| = [1] is the free-standing
arrow (as in §3.20), and where T'= () and P consists of the single square

-

Then the cotensor X7 has the universal property of Mon(X). [

—

—

We end by noting that there is an obvious notion of tbp-sketch (“terminal object and
binary products”) analogous to that of pbt-sketch. The proof of Proposition A.1 works
just as well for thp-sketches and gives:

A.4. PROPOSITION. If X € C has finite products and C is pita, then X’ exists for any
tbp-sketch J.

B. Power objects and exponentials

This appendix has three objectives.

The first is to introduce the notion of an object X in a 2-category C having exponential
objects (or being cartesian closed). Since we defined an internal elementary topos X as
an object having finite limits and power objects—as opposed to having finite limits,
exponentials, and a subobject classifier—we managed to avoid discussing exponentials,
and we now fill that gap. The definition is the expected “representable” one, and like the
definition of X having power objects (and for the same reason), it makes reference only
to the groupoids in C.

Secondly, we give alternative, (non-“representable”) definitions of an object X having
finite limits, power objects, or exponentials; in particular, in the latter two cases, the
definition avoids making special reference to the groupoids in C (though the definition
does still make use of the cores of certain objects). The definition in all three cases
follows the same general pattern, reminiscent of the “operations on diagrams” introduced
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in [Mak85, §1.1]. In the latter two cases, the definition also makes use of the cotensors
with sketches from Appendix A.

In the case of finite limits, the alternative definition is, in general, not quite equivalent
to X having finite limits, but rather C(A, X) having finite limits for each groupoid A, and
these being stable along morphisms A" — A with A" a groupoid. However, assuming C
1s groupoidant, this latter condition is seen, using the results of §6.10, to be equivalent to
X having finite limits.

Thus, altogether, the alternative definitions are meant to deepen the conviction that,
in the context of a groupoidant 2-category C, the definitions of an object X having power
objects or exponentials are “correct”—in spite of the fact that they seemingly somewhat
artificially make reference only to the groupoids in C.

The third objective is also related to this: we show, again assuming C is groupoidant—
and again using the results of §6.10—that if a an object X has power objects or exponen-
tials, then the natural covariant and contravariant power functors X — X and X°°? — X
and exponential functor X°? x X — X can be defined internally.

Related to this, we end with some comments on the question of the cocompleteness of
a plentiful generic DOF S in Remark B.14.

B.1. FINITE LIMITS. Recall that given two categories C, D, their join C % D is formed
from the disjoint union of C and D by adjoining a single morphism from each object in
C to each object in D. R

Given a category J, we set J = [0] % J (this is the cone on J), and J= [1] % J (where
[0] and [1] are as in §3.20).

We write ig, i1 : J — Jfor 0o *xid s, 01 xid .

Given a pita category C and objects A, X € C, we then have that for a diagram
w: A — X7 of shape J, a limit of u is the same thing as a lift u: A — X7 of u, such
that for any other lift v of u, there is a unique 2-cell a: v — u with aX ¢ = id,,, where
i: J — J is the canonical inclusion into the join [0] * J.

Yv X‘]
1:{H!oz
J

A——m X',

u

That @ is a stable limit is expressed by requiring that for each f: A" — A, the composite
fu: A — X7 is still a limit (of fu).
Note, moreover, that given v: A — X7, a 2-cell a: v — u with aX* = id,, is the same
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thing as a morphism w: A — X7 with v = wX®: A — X7 and u = wX: A — X7,

(31)

B.2. PROPOSITION. Let C be a pita 2-category. Then for any X € C and any finite
category J, the following are equivalent:

(i) X has finite limits of shape J.

(ii) There exists a morphism £: X7 — X7 with (X7 = idys and satisfying the following
equivalent conditions:

(ii-a) For each A € X and each diagram u: A — X7 of shape J in C(A, X), the
cone ul: A — X7 over u is a limit cone.

(ii-b) If we form a strict pullback of the isofibration X" : X7 x7 along

y — &y x/ 20 x

AT e

X7ty x7 2 XY,
then the composite m X™ is an isomorphism.

PROOF. If X has finite limits of shape J, we take ¢: X7 — X7 tobea (necessarily stAable)
limit cone over idys: X7 — X7; then £X' = idys, and by stability, ul: A — X’ is a
limit cone in C(A, X) for each u: A — X7, whence (ii-a).

Conversely, given £: X7 — X7 as in (ii-a), each diagram u: A — X7 of shape .J has a
limit uf, and it is stable because, given f: A’ — A, the diagram f(uf) = (fu)l: A’ — X7
is by assumption again a limit cone.

It remains to see (ii-a) <> (ii-b), for which we use the above characterization of limits,
according to which (ii-a) is equivalent to there existing, for each v: A — X7, a unique
w: A — X7 with A ‘ ‘

wX"” =v and wX" =vX" (%)

But now note that (m).: C(4,Y) — C(4, Xj) gives a bijection between those y: A —

Y with ym X% = v and those w: A — X7 satisfying (*).

Hence, we see that (ii-a) is equivalent to there being, for each v: A — X J , a unique
y: A —Y with ym X = v, i.e., to m X® being an isomorphism. m
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B.3. REMARK. A third equivalent condition to (ii-a) and (ii-b) in the above proposition
is that £: X7 — X7 is right adjoint to X*: X7 = X7,

B.4. PROPOSITION. Let C be a corepita 2-category. Then for any X € C and finite
category J, the following are equivalent:

(i) C(A, X) has finite limits of shape J for all groupoids A € C and these are preserved
by f* for all f: A — A with A" a groupoid.

(i) There exists a morphism £: (X7)0 — (X7)50 with 0(X1) = id(xsy and satisfying
the following equivalent conditions:

(ii-a) For each groupoid A € X and each diagram u: A — X7 of shape J in C(A, X),
the cone u*°li: A — X7 over u is a limit cone.

(ii-b) If we form a strict pullback of the isofibration (X )s°: (Xj)iso o (Xj)iso along
l

y Ty (e X5 Ty

Wol l(le )iso le
(XJ>iso 4 5 (Xj)iso Xi} (XJ)iso’

then the composite w1 (X™©)° is an isomorphism.

PROOF. The proof is essentially the same as that of the previous proposition, where we
use that in the characterization (31) of stable limits, if A is a groupoid, we may replace
X7, X7, X, and so on, by (X7), (X7), (X?)i and so on; and also that a morphism
f: X =Y of groupoids in C is an isomorphism if and only if f.: C(A, X) — C(A,Y) is
a bijection on objects for all groupoids A € C. [

Now we come to the main point:

B.5. PROPOSITION. If C s a groupoidant 2-category, then for any X € C and finite
category J, the conditions of Propositions B.2 and B.j are equivalent.

PROOF. Clearly, the condition Proposition B.2.(i) is stronger than Proposition B.4.(i), so
we only need to prove the reverse implication.

Thus, fix a morphism ¢: (X7)° — X7 as in Proposition B.2.(ii), so that, for each
diagram u: A — X7 with A a groupoid, we have a stable limit diagram u*¢i: A — X/
over u. ~

For each groupoid A, we then have a functor Fy: C(A, X7/) — C(A, X7) taking each
diagram u to its chosen stable limit diagram u"*°fi, and whose action on morphisms is
determined by the additional condition Fa(X"), = ide(a, xv).

Given u: A’ — A, we have, for each v: A — X7 that u - Fa(v) = uwv™li = Fa(uv),
and likewise with morphisms in C (AA, X7). Hence we see that the F4 constitute a natural
transformation F: (X7)gpa = (X7)gpa-



8H2 JOSEPH HELFER

Thus, by Theorem 6.11 (iii), there is a (unique) morphism ¢: X7 — X7 with F = .
It follows that ¢ satisfies the condition of Proposition B.2 (ii-a) with respect to groupoids
A and hence, by the proof of that proposition, that (m; X%®),: C(A,Y) — C(A, X7) is a
bijection on objects for all groupoids A. By a similar argument, one can also show that
(m X™), is in fact an isomorphism. (Here, one uses that there is a unique morphism of
limit diagrams of shape J extending any given morphism of their restrictions to J—and

similarly, there is a unique morphism of diagrams of shape J extending a given morphism

between their restrictions along J <5 j, assuming the restrictions along J < T are limit

diagrams.)
Hence, using Theorem 6.11 (i) and (iii), we conclude that 7 X® is an isomorphism,
so ¢’ satisfies the condition Proposition B.2 (ii-b). "

B.6. POWER OBJECTS. We now discuss power objects. We begin by observing that
they can be characterized in a similar way to the characterization of finite limits at the
beginning of §B.1 above.

We define the following finite categories.

3 3’J—>3
g |?‘: 21’—>£ (32)
O/V\l SN TN

1 0 1

K| =(0) |K|=

Each category is a preorder generated by the displayed graph. g
Note that we have an inclusion i: |K| — | K|, as well as two embeddings i’,:": |K| —

|E|, the first being an inclusion, and the second taking 1,2,3 to 1’,2/, 3.
Moreover, we make |K| into a pbt sketch (see Appendix A) K = (|K|, Pk, Tk), and

likewise with |K| and ]E], in the way indicated in the diagram; and we see that the
functors 4,7,4” then become morphisms of sketches. Here, the monomorphisms »— are
encoded in a pbt sketch as in the proof of Corollary A.3, and the ““” symbols indicate
product diagrams. (Note that in order to represent the desired products as pullbacks,
we must add an additional object to the diagram and declare it to be terminal-—or more
directly, we can just extend the notion of pbt sketch to also allow for the specification of
binary products. We assume one of these two things has been done.)

Now, given a pita 2-category C, observe that for an object X € C with finite limits,
X has power objects if and only if for each groupoid A € C and each u: A — X* = X
there is a morphism %: A — X¥ with 4X? = u and such that, for any v: A — X* with
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vX? = u, there is a unique w: A — XX with wX’ = @ and wX? = v (compare (31)).

The proof of Proposition B.4 now carries over immediately to the present context to
give:
B.7. PROPOSITION. Let C be a corepita 2-category. Then for any X € C with finite

limats, the following are equivalent:

(i) X has power objects (i.e., is an internal elementary topos).

(ii) There exists a morphism P: Xs° = (XK)iso — (Xf()iSD with P(X")®° = idyio and
satisfying the following equivalent conditions:

(ii-a) For each groupoid A € X and each u: A — X, the model u*°Pi: A — XK of
K in C(A, X) is a power object diagram.

(ii-b) If we form a strict pullback of the isofibration (X )°: (XK)lso (XE)se glong

P
y s (X;(\;)iso (e (XK yiso
l ey [
Xiso Py (xRyso (XDT, (X Xiso,
then the composite m (X" )*° is an isomorphism. n

Now let us see that we can construct the covariant and contravariant power object
morphisms X — X and X°? — X for any internal elementary topos X.

Given objects A, B € C in an elementary topos C, and power object diagrams on A
and B with associated power objects PA and PB, any morphism f: A — B induces, in
a well-known manner, morphisms f,: PA — PB and f*: PB — PA (see e.g., [MM94,
pp. IV.1, IV.3]). Thus, a choice of power object diagram for each A € C gives rise to
covariant and contravariant power object functors #: C — C and #: C°® — C.

A choice of power object diagram for each object corresponds to a section s: Ciso —
(CKY of the projection (C')=°: (CK)so — O (with K as in (32) above) taking each
object A € C to a power object diagram s(A).
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B.8. DEFINITION. Given a corepita 2-category C and an internal elementary topos X €
C, we say that a morphism #: X — X is a covariant power morphism if there exists
a morphism P: X — (XK)s° g5 in Proposition B.7 such that:

(i) For each groupoid A € C and f: A — X, the object fP € C(A, X) is the power
object underlying the power object diagram f*°Pi: A — XK.

f
(ii) For each groupoid A and 2-cell a: A ¢ X, the morphism a®P: fP — gP in
g

C(A, X) is the morphism between power objects induced by o and the power ob-
ject diagrams f*°Pi and g"°Pi.

A contravariant power morphism P: X°° — X is defined similarly, except that
now for f: A — X, it is A I xo0 2y X which should be the power object underlying

. f
f®°Pi, and for a 2-cell a: A =¢ X, the morphism a®®?P: g°*?P — ¢°PP should be the
g
contravariant morphism induced by o, f*°Pi, and g"°Pi.

B.9. PROPOSITION. Let C be a groupoidant 2-category and suppose X € C is an internal
elementary topos. Then there exist covariant and contravariant power morphisms for X,
and they are each unique up to isomorphism.

PROOF. We treat the case of the covariant power morphism; the proof for the contravariant
power morphism is similar, using (the first part of) Proposition 6.20.

Fix a morphism P: X — (XX)i ag in Proposition B.7.

For each groupoid A € C, consider the functor Fu: C(A, X) — C(A, X) taking each f
to the power object underlying the power object diagram f*°Pi, and having the evident
action on morphisms, as in (ii) above.

An argument similar to that in the proof of Proposition B.5 shows that the F4 can
be made into a natural transformation F': (X)i, — (X)iso. Here, we make use the fact
that any functor preserving (finite limits and) power objects also preserves the induced
morphisms between power objects.

Hence by Theorem 6.11, there exists a unique morphism #: X — X with #, = F.

To prove the uniqueness of & up to isomorphism, it suffices by Corollary 6.13 to
show that given a second morphism P': X' — (XX) ag above, the resulting natural
transformation F’: ()A( )iso — ()A( )iso 18 isomorphic to F.

For each groupoid A € C, we define a natural isomorphism @4: F4 = F’, by letting
(pa)f for f: A — X be the morphism F4(f) — F(f) induced by id; with respect to the
chosen power object diagrams f°Pi and f°P’i. One then checks that the ¢, constitute
a modification, again using the aforementioned fact that functors preserving power objects
also preserve the induced morphisms. [
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B.10. EXPONENTIALS. We now turn to the case of cartesian closed objects X € C. We
have not yet introduced this concept, but there is an obvious definition analogous to that
of X having power objects: X is cartesian closed if for each groupoid A € C, the
category C(A, X) is cartesian closed, and for each f: A" — A with A’ a groupoid, the
functor f*: C(A, X) — C(A’, X) preserves products and exponentials.

As with power objects, there is no obvious way to extend this condition to non-
groupoidal A, because exponentials have the opposite covariance in their two arguments—
and moreover, it is simply not the case in Cat for a general non-groupoidal A that if X
is cartesian closed, then so is Cat(A, X).

Now, with the same conventions as in (32) above, define the following finite tbp
sketches (see Proposition A.4).

2 3
S

2’<—3

<—

~
I
~~
o
—
~—
¢
|
o
/l\
< w
y
b'((

<

Again, we have an inclusion 7: L — L and embeddings i, " : L1
The same proof as that of Propositions B.4 and B.7 gives:

B.11. PROPOSITION. Let C be a corepita 2-category. Then for any X € C with finite
products, the following are equivalent:

(i) X is cartesian closed.

(ii) There exists a morphism E: (X x X)) = (XL)s — (Xz)iso with E(X?)° =
id(x x xyso and satisfying the following equivalent conditions:

(ii-a) For each groupoid A € X and each f,g: A — X, the model (f,g)*°FEi: A —
XL ofL in C(A, X) is an exponential object diagram.

(ii-b) If we form a strict pullback along the isofibration (XV): (XE)iSO — (Xi)iso
along E

(Xz )150 (Xz)lso

Lyi
Trol/ le )lSO l i
L

(X > X)iso E (X )1so Xi (X x X)iso’

then the composite (X" )*° is an isomorphism. n
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Next, let us see that we can construct the exponential functor for a cartesian closed
object X € C in a groupoidant 2-category C.

For such an X, we define the notion of exponential morphism exp: X°P x X — X
in an analogous manner to that of power morphism (Definition B.8): there should be a
morphism F: X — (XE)iso as in Proposition B.11 such that, for each f,g: A — X with
A a groupoid, the object (f°P, g)exp € C(A, X) is the exponential object underlying the
diagram (f°P, g)*°Ei, and given f’,¢': A — X and 2-cells a: f' — f and 3: g — ¢, the
2-cell (a?,B): (fP,g)E — ((f')°P, ¢')E is the corresponding induced morphism.

The proof of Proposition B.9 carries over to the present context to give:

B.12. PROPOSITION. If C is a groupoidant 2-category, then for any cartesian closed object
X € C, there is an exponential morphism exp: X°P x X — X, and it is unique up to
1somorphism.

Finally, we point out that the notion of X being cartesian closed discussed here is
(assuming C is groupoidant!) stronger than the one given in [Web07, Definition 8.1]:

B.13. PROPOSITION. Let C be a groupoidant 2-category. If X € C is cartesian closed in
the above sense, then for any morphism from the terminal object x: 1 — X, the morphism
(— xz): X — X defined as the composite

idx X

X5 Xx1 25 X xX B X,

has a right adjoint, where m is a right adjoint to A: X — X x X.

Proor. We fix an exponential morphism exp: X°? x X — X and define our putative
right adjoint (—)*: X — X as the composite

§ (xeorid)

exp

XP x X 2P X,

where | =!x: X — 1 is the morphism to the terminal object. We want to see that this is
indeed a right adjoint.

First, a few preliminary remarks. By definition, associated with the exponential mor-
phism exp is the morphism E: (X x X)®° — (X1)is,

Let us write S for the tbp-sketch with a single product diagram S = (2 <~ 3 — 0), so
that we have an inclusion j: S — L. Note that the composite BiX7: (X x X) — X%
is a product diagram over the objects

(W(i)soi"p, 7504 exp, W(i)soi"p € C((X x X)*°, X).

On the other hand, the morphism m (or rather the counit of the corresponding adjunction)
also determines a product diagram over these objects.

We can assume that E has been so chosen so that these agree; i.e., that the product
appearing in the universal exponential object E is the one determined by m.
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Now, fix a groupoid A € C. Since C(A, —): C — Cat preserves adjunctions, we have
that C(A, X) x C(A, X) = C(A, X x X) =5 C(A, X) is a product functor, and in partic-
ular that the functor ((— x z),) ,: C(A4,X) — C(A, X) takes each object f € C(4, X) to
a product f x (lx) € C(A, X) in the category C(A, X), and takes each morphism f — f
in C(A, X) to the induced morphism f x (lz) — f' x (lz).

On the other hand, by definition of the exponential morphism exp, the functor ((—)I)A :

*

C(A, X) is just the functor forming an exponential object with lz € C(A, X).

It follows that we have an adjunction ((— x ),) , 4 ((—)%) , for each groupoid A. We
claim that the unit and counit of these adjunctions constitute modifications id( Ry
(— x2).((—)"), and ((—)7) (= x x), — id g0, Tespectively .

Indeed, for fixed f: A — X (A a groupoid), the counit at A is just the evaluation
morphism of the exponential diagram for f**. This exponential diagram is

(lz, f)'s° (X % X)iso ﬂ)XZ

A

and hence the evaluation morphism is the image of the arrow 3 — 1 of L in this model of L.

This defines a modification because, for u: A" — A, we have u(lz, f)*°Ei = {lz, uf)* Ei.

Similarly, for the unit, we have the canonical morphism idx — (lz°P, (lz,idx)m) exp

in C(X, X) and the unit at f: A — X is just given by composing with this morphism,
which again clearly determines a modification.

We conclude from Theorem 6.11 (iv) that we have 2-cells n: idx — (— x x)(—)"

and €: (—)*(— x ) — idy giving rise to these modifications, and it then follows from

Theorem 6.11 (ii) that these are a unit and counit giving the desired adjunction. n

B.14. REMARK. In a 2-topos in our sense (more specifically, in a groupoidant 2-category),
we have that any plentiful DOF classifier is (an internal elementary topos and hence) carte-
sian closed. On the other hand, in [Web07, Theorem 8.6], it is proven that a DOF classifier
S is cartesian closed (in the sense of Proposition B.13) under the assumption that S is
cocomplete (i.e., has “S-small colimits”) in the sense of [Web07, Definition 3.8 and Corol-
lary 5.4] (a notion originating in [SW78§]).

This thus raises the question of whether a plentiful generic DOF S is automatically
cocomplete, so that Weber’s proof of cartesian closedness applies in our setting. We do
not know the answer to this question, but we will make some general remarks on the
question of cocompleteness.

For one, we can show that S is cocomplete if we take this to mean “having finite
colimits and arbitrary coproducts”. Indeed, since S is an elementary topos, it does have
(stable) finite colimits. And it is not hard to see that S has arbitrary (weighted) colimits
of diagrams M — S in the sense of loc. cit.whenever M is S-small-discrete in the sense
that !y;: M — 1 is an S-small DOF. This is closely related to the fact that any locally
cartesian closed category C is cocomplete when regarded as an indexed category over
itself [Joh02, §B1.4, Lemma 1.4.7].

By contrast, the notion of cocompleteness from [Web07, Definition 3.8 and Corol-
lary 5.4] requires that such colimits exist whenever M is S-essentially-small in the sense

C(AX) —
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that both M and the presheaf object M are S-locally-small (see §1.7). Though S-small-
discrete objects are clearly S-locally-small, we do not know if they are S-essentially-small.

As a final remark, we should mention that the motivation for this notion of S-
essentially-small—namely, the proof in [FS95] that a category C is essentially small as
soon as C and Set®” are locally small—is, at least as it is given, not intuitionistically
valid. Thus, from a foundational perspective, this may not be the appropriate internal-
ization of the notion of smallness to a 2-topos.

Here is an alternative characterization of essentially small objects which can be ex-
pressed in a general 2-topos and which s intuitionistically valid: a category C is essentially
small if and only if it is locally small and there exists an essentially injective (i.e., injective
on isomorphism classes of objects) functor C** — X with X small discrete—or, equiva-
lently, a functor C*° — X which is full and essentially surjective. The latter notion can be
defined for a morphism in an arbitrary 2-category in terms of the (full essentially surjec-
tive, faithful) factorization system, see [DV03, Example 7.9]. (Note that there is another,
simpler characterization of essential smallness of C, which is that it admits an essential
surjection from a small discrete category—but, surprisingly, this equivalence also does not
seem to be intuitionistically valid, even if “discrete category” is replaced by “setoid”.)

This notion of smallness, and the resulting notion of cocompleteness, seems worthy
of further investigation. For example, it is an interesting question whether a plentiful
generic DOF S is always cocomplete in this sense.
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