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A SYNTACTIC CHARACTERIZATION OF WEAKLY MAL'TSEV
VARIETIES

In memory of Pieter Hofstra

Nadja Egner, Pierre-Alain Jacqmin, and Nelson Martins-Ferreira

ABSTRACT. The notion of a weakly Mal’tsev category, as it was introduced in 2008 by
the third author, is a generalization of the classical notion of a Mal’tsev category. It is
well-known that a variety of universal algebras is a Mal’tsev category if and only if its
theory admits a Mal’tsev term. In the main theorem of this paper, we prove a syntactic
characterization of the varieties that are weakly Mal’tsev categories. We apply our result
to the variety of distributive lattices which was known to be a weakly Mal’tsev category
before. By a result of Z. Janelidze and the third author, a finitely complete category
is weakly Mal’tsev if and only if any internal strong reflexive relation is an equivalence
relation. In the last part of this paper, we give a syntactic characterization of those
varieties in which any regular reflexive relation is an equivalence relation.

1. Introduction

The study of Mal’tsev categories originates with Mal’tsev’s paper [19] from 1954 where
he showed that, for a variety V of (finitary one-sorted) universal algebras, the composi-
tion of congruences on a fixed algebra is commutative if and only if the algebraic theory
of V contains a ternary term p(z,y,z) such that the two identities p(x,z,y) = y and
p(z,y,y) = z are satisfied. Such varieties are nowadays called Mal’tsev varieties (or 2-
permutable varieties) and a term p(z,y, z) as described above a Mal’tsev term. Examples
of Mal'tsev varieties are given by the varieties of groups, of rings, of Lie algebras and
of Heyting algebras. In [6] from 1990, Carboni, Lambek and Pedicchio introduced the
notion of a Mal'tsev category in the context of (Barr-)exact categories via the former
condition, and developed some aspects of non-abelian homological algebra. In this set-
ting, the commutativity of the composition of internal equivalence relations on a fixed
object is equivalent to any reflexive relation being an equivalence relation or any relation
being difunctional. In [7] from 1992, Carboni, Pedicchio and Pirovano defined Mal’tsev
categories in the finitely complete setting via the latter two, still equivalent, conditions.
In addition to the varietal examples given above, one can cite as examples of Mal’tsev
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categories the category of topological groups, any abelian category and the dual of any
elementary topos. We refer the reader to [4] for further details on the history of the
development of Mal’tsev categories.

Mal’tsev categories turned out to be a central concept in categorical algebra, especially
in the development of the notion of centrality of equivalence relations |26, 3]. Further
results in Mal’tsev categories were proved in the study of central extensions [16, 10, 9|
and homological lemmas such as the denormalized 3 x 3-lemma [2] which is, in the regular
context, equivalent to the weaker Goursat property (also known as 3-permutability). More
recently, some embedding theorems have been established for Mal’tsev categories |12, 13],
similar to the Freyd-Mitchell embedding theorem for abelian categories.

Weakly Mal’tsev categories were introduced by the third author in [21] as a general-
ization of the notion of a Mal’tsev category. It was shown in [1] that a Mal’tsev category
is exactly a finitely complete category € such that for any pullback diagram

XxZYp<:>2Y

_I
p1 el S g (1)
A

X e
f
in €, where f and ¢ are two split epimorphisms with respective splittings r and s, and p;
and py are the pullback projections, the canonical pullback injections e; and es induced
by r and s, respectively, are jointly strongly epimorphic. In the finitely complete context,
this is equivalent to say that e; and es are jointly extremally epimorphic. In [21], a
category € is called weakly Mal'tsev if it admits pullbacks of split epimorphisms along
split epimorphisms, and the pullback injections e; and e, in a diagram as (1) are jointly
epimorphic. A direct consequence of this definition is that a reflexive graph
%
Cl e

C

Co

in a weakly Mal’tsev category admits at most one multiplicative graph structure. This
means that there exists at most one "composition" map m: Cy — C}, where C5 is the
pullback

D2
%
C, —————
2}

|
p1| |er el |c
e
%
C, ————= Cy
d

of d along ¢, such that
me; = lg, = mes
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holds, where €7, €5 are the pullback injections induced by the common splitting e of d
and c. Furthermore, one can show that every multiplicative graph in a weakly Mal’tsev
category yields automatically an internal category, i.e., m satisfies the usual identity
and associativity axioms internally. However, an internal category in a weakly Mal’tsev
category can fail to yield an internal groupoid as it is the case for Mal’tsev categories
[21, 25|. This means that there are internal categories

02 ik > Cl < e C()

in certain weakly Mal’tsev categories that do not allow for an "inverse" map i: C; — Cj.

A (finitary one-sorted) variety V of universal algebras is a Mal’tsev category if and only
if its theory contains a ternary term p(z,y, z) such that the equations p(z,x,y) = y and
p(z,y,y) = z are satisfied in V [19, 20]. Surprisingly, no similar syntactic characterization
of weakly Mal'tsev varieties was proved. The main purpose of this paper is to establish
such a syntactic characterization (Theorem 3.5). In contrast to Mal’tsev varieties where
we have one ternary term p(x,y, z) which fulfills certain identities, we get that a variety
V is a weakly Mal’tsev category if and only if there exist integers k,m, N > 0, binary
terms fi, g1, ., fk, gk, ternary terms pi,...,pm, (2(k + 2m + 1))-ary terms sq,..., Sy,
(2(k + m + 2))-ary terms oy,...,0n41 and, for all s € {1,..., N + 1}, (k + m + 1)-ary
terms n%i),ng),egi),eg) that satisfy certain equations. This phenomenon of having the
number of terms or their arities not being fixed in a syntactic characterization also occurs
for congruence distributive [18|, congruence modular [8, 11] and protomodular varieties [5].

Two (quasi-)algebraic examples of weakly Mal’tsev categories that are not Mal’tsev
are given by the category of commutative monoids with cancellation [21] and the category
of distributive lattices [22], see also 23] for examples of co-weakly Mal’tsev categories,
i.e., categories whose dual category is weakly Mal’tsev. We will apply our main result to
the variety of distributive lattices.

Let us briefly describe the strategy we used to find the syntactic characterization
of weakly Mal’tsev varieties. The first step was to look for the right formulation of the
property of being a weakly Mal’tsev category and apply it to the right diagram made from
free algebras in the variety. In order to do so, we expressed the property, in the finitely
complete and cocomplete context, as the property that for each pair of split epimorphisms
f and g with common codomain and respective sections r and s, considering the pullback
diagram (1) and the cokernel pair

X+Yﬂ>szYi§Q
q2

of the induced morphism [ey, e5] from the coproduct X +Y", one has ¢; = ¢o. This property
is of the type studied in [14] (generalizing in some context the type of properties studied
in [15] of which the Mal’'tsev property is an example). Using the results from [14], we
immediately get that, for a variety V, it is equivalent to only consider the particular case
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of the pullback

P —><p—2 F(z,y)
a0 @

p1||e1 s||f

F(z,y) ? F(z),

where f is the unique morphism from the free algebra on two generators to the free algebra
on one generator such that f(x) = z = f(y), r is the unique morphism such that r(z) = x
and s is the unique morphism such that s(x) = y. Furthermore, Theorem 4.1 in [14] tells
us that the variety V is weakly Mal’tsev if and only if ¢;(y, z) = ¢2(y, ), where (¢1, q2) is
the cokernel pair of [e, es]: F(z,y) + F(x,y) — P

le1,e2] q

P————=Q

q2

F(z,y) + F(x,y)

and where (y,z) € P is the unique element such that p,(y,z) = y and ps(y,z) = . For
the sake of completeness, we reprove this result here for this specific property instead of
applying the results of [14] (Lemma 3.4).

The second part of the proof consists in identifying the terms whose existence is
equivalent to the equality ¢;(y,x) = ¢2(y,z). In order to do so, we use the description
of ¢; and g2 by means of the coequalizer g of the two maps ¢1[e1, es] and o)eq, es], where
L1, Lo are the two coproduct inclusions from P to P + P:

F(Z’,y) + F(l‘,y) %

P
[e1,€2] L2
q2
P o P+ P
\E

q Q
We thus think of ) as a quotient of P + P which itself can be constructed as a quotient
of the free algebra F(UP + UP) on the disjoint union of two copies of the underlying set
UP of P.

The term condition we obtain by ‘brute-force description’ of the equality ¢;(y,z) =
¢2(y, ) is unfortunately very long and complex. The final step of the proof is to simplify
this characterization in order to get an equivalent formulation of it which is easier to get
intuition of.

The paper is structured as follows. In Section 2, we recall the necessary material
for our main theorem. In particular, we recall the description of the coproduct of two
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non-empty algebras A and B in a variety V of universal algebras (Section 2.1) and some
characterizations of Mal’tsev and weakly Mal’tsev categories in the finitely complete con-
text (Section 2.3). Section 3 proves our syntactic characterization of weakly Mal’tsev
varieties (Theorem 3.5). Furthermore, in Example 3.7, we give the weakly Mal’tsev terms
for the variety of distributive lattices. Finally, we show that a slight variation of Theo-
rem 3.5 yields a syntactic characterization of the varieties in which any reflexive regular
relation is an equivalence relation (Theorem 4.6).

Terminology: In this paper, all varieties of universal algebras are understood to be
finitary and one-sorted.
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2. Preliminaries

2.1. COPRODUCT OF TWO ALGEBRAS. As we will need it in the proof of our main
result, we recall a description of the coproduct of two non-empty algebras A and B in
a variety V of universal algebras. We denote by U: V — Set the forgetful functor and
F: Set — V the free functor. Then the coproduct A + B is given by the quotient of the
free algebra F(UA + UB) on the disjoint union of the underlying sets of A and B with
respect to the smallest congruence C' that turns the two set-theoretic functions i;: A —
F(UA+UB) and iy: B — F(UA 4+ UB), that interpret elements of A and B as variables,
into morphisms in V. More precisely, C' is the congruence generated by all pairs of the
form (iy(w?(ay,...,ax)),w(ii(ar), ..., i(ag))) or (ix(wB (b1, ..., bx)),w(iz(b), ..., ia(br))),
where k > 0 is an integer, a1, ...,a; € A and by, ..., b, € B are elements, and w is a k-ary
operation of V. Here w? represents the realization of w as a function w?: A*¥ — A and
similarly for w®?. In the following, we will omit the functions i; and i,. Given integers
k.0 > 0, elements ay,...,ay € A and by,...,b, € B, and a (k + {)-ary term s, we have
that

s(e(ar), ... u(ag), ta(br), ... ea(be)) = [s(aq, ..., ak, b1,. .., bo)], (2)

where ¢;: A — F(UA+UB)/C and t3: B — F(UA+UB)/C are the coproduct inclusions

induced by i; and iy respectively, and [-] denotes the equivalence class of an element in
F(UA+ UB) with respect to C'. Given another algebra D, and morphisms f: A — D and
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g: B — D, the unique morphism ¢: F(UA+UB)/C — D such that @i = f and pie = g
is given by

o([s(ay, ..., ax,bi,...,b)]) == s"(f(ay),..., flax),g(b1),...,g(be)).

Alternatively, we consider the congruence C’ on F(UA + UB) generated by the relation ~
given by all pairs of the form

(T(Gl, vy iy, bl: e ,bn,ul(al, . ,am),ug(bl, ey bn))a
T(al, e ,(lm,bl, ey bn, )\1(&1, e ,am), )\Q(bl, Ce ,bn))),

where m,n > 0 are integers, ay,...,a,, € A and b;...,b, € B are elements, i, \; are
m-ary terms, po, A are n-ary terms and 7 is an (m + n + 2)-ary term with

piay, ... am) = XMNay, ..., an),
pP by, .. b)) = A2 (b1, ..., by).

Since A and B are supposed to be non-empty, the relation ~ is reflexive. Furthermore, it
is symmetric. We state the following classical results.

2.2. PROPOSITION. Let A and B be two non-empty algebras in V.
1. The two congruences C' and C" on F(UA 4+ UB) are equal.
2. The congruence C" is given by the transitive closure of ~.

2.3. (WEAKLY) MAL'TSEV CATEGORIES. Let us recall some characterizations of Mal’tsev
categories in the finitely complete context.

2.4. DEFINITION. |[Mal’tsev category |7|| Let € be a finitely complete category. We call
¢ a Mal'tsev category if any reflexive relation r: R — X x X in € is an equivalence
relation.

We recall that a relation R C X x Y between two sets X and Y is called difunc-
tional [27] if, for given elements z,2’ € X and y,y’ € Y, the conditions =Ry, 2'Ry,
'Ry’ imply that xRy’. This can be immediately generalized to relations in an arbitrary
category using generalized elements.

2.5. PROPOSITION. [7] Let € be a finitely complete category. Then the following condi-
tions are equivalent:

1. The category € is a Mal’tsev category.
2. Any reflexive relation r: R — X x X in € is symmetric.
3. Any reflexive relation r: R — X x X in € is transitive.

4. Any relation r: R — X x X in € is difunctional.
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In the following, we will also use another characterization of those finitely complete
categories which are Mal'tsev categories. Let f: X — Z and ¢g: Y — Z be two split
epimorphisms in a finitely complete category € with splittings r: 7 — X and s: Z = Y
respectively, i.e., fr = 17 = gs. We consider the pullback

of falong g. Let e;: X - X xzY and e5: Y — X Xz Y be the unique morphisms such
that

per = lx, p2e1 = S,
pie2 =g, pae2 = ly.
2.6. PROPOSITION. [1] Let € be a finitely complete category. Then the following condi-

tions are equivalent:

1. The category € is a Mal’tsev category.

2. For any Diagram (3) in €, the morphisms e;: X — X xzY andey: Y — X x5z Y
are jointly extremally epimorphic, i.e., if there exist an object M and morphisms
fHi: X = M, fo:' Y — M and a monomorphism m: M ~— X Xz Y such that
mf; = e; for each i € {1,2}, then m is an isomorphism.

A direct generalization of this characterization of Mal’tsev categories gives rise to the

notion of a weakly Mal’tsev category.

2.7. DEFINITION. [Weakly Mal’tsev category [21]] Let € be a category. We call € a weakly
Mal’tsev category if the following conditions hold:

1. The category € possesses all pullbacks of split epimorphisms along split epimor-
phisms.

2. For any Diagram (3) in €, the morphisms e;: X — X xzY andey: Y — X x5z Y
are jointly epimorphic, i.e, given an object A and morphisms u,v: X xz Y — A
such that ue; = vey and uey = ves, then u = v.
We call a relation r7: R — X XY strong if it is a strong monomorphism, i.e., for any
epimorphism e: A — B and morphisms a: A — R and b: B — X XY such that the outer
part of the diagram

Sy

—

A =
s
.
.
.
.
P
a //
7 d
.
.
P
L

—_— X

r

i
f=p

Y

X
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commutes, there exists a unique morphism d: B — R such that de = a and rd = b.

2.8. PROPOSITION. [17] Let € be a finitely complete category. Then the following condi-
tions are equivalent:

1. The category € is a weakly Mal’tsev category.

2. Any reflexive strong relation r: R — X x X in € is an equivalence relation.
3. Any reflexive strong relation r: R — X x X in € is symmetric.

4. Any reflexive strong relation r: R — X x X in € is transitive.
5

. Any strong relation r: R — X x X in € is difunctional.

3. Weakly Mal’tsev varieties

Our aim is to find a syntactic characterization of the varieties which are weakly Mal'tsev
categories. Let us recall the classical theorem of Mal'tsev which identifies all the varieties
that are Mal’tsev categories.

3.1. THEOREM. [Mal’tsev’s theorem [19, 20|| Let V be a variety. The category V is
Mal’tsev if and only if there exists a ternary term p € F(x,y, z) such that p(z,z,y) =y

and p(z,y,y) = .

We recall a proof of Mal’tsev’s theorem which relies on the characterization of Mal’tsev
categories as those finitely complete categories in which the canonical inclusions into
a pullback of split epimorphisms are jointly extremally epimorphic that we recalled in
Proposition 2.6. We will then adapt it for the case of weakly Mal’tsev categories. Let us
consider the pullback

P —><p—2 F(z,y)
a0

p1| |e1 s||f

F(z,y) —% F(x),

where F(z) and F(x,y) are the free algebras on the variables z and z,y respectively, f
is the unique morphism such that f(x) = z = f(y), r is the unique morphism such
that 7(z) = x and s is the unique morphism such that s(z) = y. It is clear that both
r and s yield splittings of f. The arrows p;,ps are the pullback projections and ey, es
are the canonical pullback injections. The algebra P is given by all the pairs (t1,t2) €
F(x,y) x F(z,y) of binary terms such that the equation ¢;(x, z) = t3(x, z) holds in V. We
note that, since varieties are cocomplete regular categories, the condition that e, e; are
jointly extremally epimorphic is equivalent to the condition that their induced morphism
le1, e2]: F(z,y) + F(x,y) — P is a regular epimorphism, i.e., a surjective homomorphism.
We split the proof of Mal’tsev’s theorem into two parts (Lemmas 3.2 and 3.3).
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3.2. LEMMA. The variety V is a Mal’tsev category if and only if (y,x) € Im([eq, e3]).

PROOF. "=": If V is a Mal’tsev category, the map [e;, es] is a surjection. The claim
follows since clearly (y,z) € P.
"=": Let

A T<:> C
be a pullback of split epimorphisms f’, ¢’ in V with ’, s’ the respective splittings and
e}, e, the canonical inclusions. We show that [¢],e}]: A+ B — P’ is surjective. To this
end, let (a,b) € P' = {(d,V') € Ax B | f'(d') = ¢'(b')} be arbitrary. It is easy to see that
the unique morphism «a: F(z,y) — A such that a(z) = r'f'(a) and a(y) = a, and the
unique morphism g: F(z,y) — B such that g(z) = b and f(y) = s'¢’(b) induce a unique
morphism §: P — P’ such that the cube

p2

B
Fl2.y) === F(x) \J J
\ A;ﬁc

‘reasonably’ commutes, where v: F(z) — C is the unique morphism such that v(z) =
f'(a) = ¢'(b). Hence we get the commutative diagram

le1,e2]

F(z,y) + F(z,y) ——— P

a+p (5)

<

A+ B > P’

[ef.€5]
By assumption, there exists X € F(z,y) + F(z,y) with [e1, e2](X) = (y, ). Thus,
(a,0) = 6(y, x) = dlex, e2](X) = [e, eb)(a + B)(X) € Im([e}, €5]),

which proves that [e], €}] is surjective since (a, b) was arbitrary in P’. "
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3.3. LEMMA. The image of [e1,es]: F(x,y) + F(z,y) — P contains (y,z) if and only if
there exists a ternary term p € F(z,y, z) such that p(x,z,y) =y and p(z,y,y) = x.

Proor. We show that

Im([elﬂeQD = {(p(m,x,y),p(x,y,y)) ‘ pE F(m,y,z)}, (6>

which implies the claim.
"2": We know that (z,2) = ex(x), (2,y) = e1(z) = e2(y) and (y,y) = e1(y) are in
Im([eq, e5]). Hence, given a ternary term p € F(x,y, z),

(p(z, 2, 9),p(x,y,v)) = p((z,7), (z,9), (y,v))

lies also in the subalgebra Im([eq, es]) C P.
"C": By Equation (2), we know that we can write an arbitrary element of F(x,y) +
F(x,y) as
T(01(81), .-, t1(sk), ta(te), - - -, talte))
where k, ¢ > 0 are integers, S1, ..., Sk, t1,...,t; € F(x,y), t1,02: F(x,y) = F(x,y)+F(z,y)
are the coproduct inclusions of F(z,y) + F(z,y) and 7 is a (k 4 ¢)-ary term. We compute

le1, es] (T(Ll(sl), cooti(sk), e(ty), .. Lg(?ﬁg)))
- T([el, ea] (11(s1)), - [en, ea] (ta(s))s lens e2] (a(t1)) - [e1, 2] (Lz(tg)))
(

\]
D
AN
—
W
it
SN—
9]
AN
—~
¥2)
&S
N—
D
no
—
~
=
SN—
D
)
—
Sl
o~
SN—
SN—"

= (s (@) @ 9): sl 9), 00) (@), @9)s - tel(@,2), (2,9) )
< 81(17,y)7 Sl(yay))v SRR (Sk(may)73k(yay))7 (t1($,$)7t1<$,y))7 SRR (tg(l’,I),tg(:E,iU)))
)

si(z,y), ..., se(z,y), t1(x,),. .. ,tg(x,a:)),

I
~—~
ﬂ
—~

T(s1(1,), - sy, ), ta(x,y), - 7tz(x,y))>
= (p(x,x,y),p(x,y,y)),

where we set p(x,y, 2) == 7(s1(y, 2), ..., sx(y, 2), t1(x,y), ..., te(x,y)). Hence the claim is
proven. "

If the variety V is a weakly Mal’tsev category, the morphism [ey, es]: F(z,y)+F(z,y) —
P is only an epimorphism. Let us consider its cokernel pair

[61,62} q1
Flz,y) +F(z,y) ——— P ——= Q.

3.4. LEMMA. The variety V is a weakly Mal’tsev category if and only if ¢1(y, ) = ¢2(y, x).
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PROOF. "=": If V is a weakly Mal’tsev category, the arrow [eq, e5] is an epimorphism.
Hence ¢ = go.

"«<": As in the proof of Lemma 3.2, we consider a general pullback of split epimor-
phisms in V as in Diagram (4). We show that [¢], €}] is an epimorphism. Let (a,b) € P’
be arbitrary. We consider the extended version

[61,62} q1
F(z,y) +F(z,y) ———— P ——2¢ Q

q2 .
a+f3 k(s p
P

A+ B 5

of Diagram (5), where (@', ¢}, ) is the cokernel pair of [¢],e5] and p: @ — Q' is the
unique morphism such that pg; = ¢ for each ¢ € {1,2}. We have that

¢i(a,b) = ¢10(y, =) = par(y, ) = paa(y, x) = 426(y, x) = g3(a, b).
Hence ¢] = ¢} and the claim is proven. n

We are now ready to state and prove our main theorem.

3.5. THEOREM. A finitary one-sorted variety V of universal algebras is a weakly Mal’tsev
category if and only if there exist integers k,m, N = 0, binary terms f1,91,..., fx, g €
F(x,y), ternary terms pi,...,pm € F(z,y,2), (2(k + 2m + 1))-ary terms si,...,Sn,
(2(k +m + 2))-ary terms o1,...,0n41 and, for all i € {1,... . N+ 1}, (k+m+ 1)-ary

terms ngi), néi), egi), egi) such that the following identities (on variables x, y, u, v, vq,. .., vk,
Uly ooy Uy Wiy, Wy and wh, ..., w. ) hold, where we write ¥ for vy,... v, and @ for
Wi, ..., Wy, and analogously for v and W':
filz,z) = gi(z, x) (7)
forallie{l,... k};
77((;) Jfl(xa )7 7fk(‘r7y)7pl(xax7 ) 7pm(x7'ray))
:58)( 7f1 xay)) 7fk('r7y)7p1(xax)y)7 apm<x7x7y))) (8&)

77((;)(3%91(95,9)’ B >gk(x7y)7p1($7yay)7 s apm(xvyay))
:Eg)(xagl(xay)a s 7gk(x7y)apl($7yay)7 s 7pm(xay7y))a (8b>

forallie{l,...,N+1} and a € {1,2};

oi(u, U, W, v, v, ﬁ',ei)(u,ﬁ', w),eéi)(u',ﬁ’,w'))
(u, U

w w
=s;(u, U, W, w, v, 0, ', '), (9a)
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:Ui+1(u7 17, ’Uj, u, 17/7 117/, Ugiﬂ) (U, Ua 117), U;iﬂ) (U/, 77/7 117/>>, (9b>

u = o1 (u, 00,4, 7, @, ny” (u, 7,0), 0" (o, 7, 17)), (10a)
7, € 7,4d), SN (T A)). (10Db)

Note that, in comparison to Equation (9a), the second occurrences of  and ' in the
term s; are swapped in Equation (9b).

PRrROOF. We start by showing that if V is a weakly Mal'tsev category, then the terms
mentioned in the statement exist. We first treat the case where V is a Mal’tsev category
separately. If a Mal’tsev term p € F(z,y, z), which fulfills p(z, z,y) = y and p(z,y,y) = x,
exists, we can easily construct terms that satisfy the requirements of the theorem. We
can choose for instance k to be 0 and m, N to be 1, and we can set

sy (u, w, w, v, w', @'

Then the binary terms 7751), 6(21), nf), e?) have only to satisfy the Equations (8), which can

easily be attained.

Let us now suppose that V is a weakly Mal’tsev variety but not a Mal’tsev variety.
By Lemma 3.4, we know that V is weakly Mal’tsev if and only if ¢1(y, ) = ¢2(y, z). We
construct the cokernel pair (q1,¢2: P — Q) of the map [eq, es]: F(x,y) + F(x,y) — P by
means of the coequalizer g of the maps t1[eq, es], ta[e1, €a], where 11, 15 are the coproduct
inclusions into P 4+ P, as in the following diagram:

le1,e2]

F(x,y) + F(z,y) P

le1,e2] b2
q2
P m P+ P
\\J—)
Q

q1
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The algebra @ is given by the quotient of P + P with respect to, due to Equation (6),
the smallest congruence C' C (P + P)? containing the subset

S = {(Ll (p(:v,$,y),p(:v,y,y)),Lz(p(x,%y)ap(xay,y)n € (P+P)*|peF(z,y, z)}

More precisely, we first define the subset

Ss :={ (u (p(x, 2, y),p(2, 9, 1)), 2 (p(z, 2, y),p(:v,y,y))> € (P+P)’|peF(z,y, Z)}
U (b, ,9),p(@,.9)) 1 (Pl . 9). P, 9.1)) ) € (P+ PY | p € Flayy,2) },
which yields the smallest symmetric relation on P + P containing S. Secondly, we define
Ssr = SsU{(X,X)e (P+P)?*| X cP+P},

which yields the smallest reflexive symmetric relation on P 4+ P containing S. Thirdly,
we define

Ssro = {t((X1,Y1),...,(X,,Y,)) € (P+ P)*|n >0 is an integer,
(X1, Y1), ..., (X, Ys) € Ssr

and t is an n-ary term},

yielding the smallest symmetric reflexive relation on P+ P containing S and being closed
under operations. Fourthly, we define

Ssrot = {(X,Y) € (P + P)? | there exists an integer n > 1 and X;,...,X,41 € P+ P
such that (X17 Xg), (XQ, Xg), ceey (Xna Xn+1) € SSRO
and X = Xj and X,,.; =Y}

to be the transitive closure of Ssgro. It is well-known and easy to prove that C' coincides
with Ssror. Thus, the condition ¢;(y,z) = ¢2(y, z) is equivalent to (1,1 (y, ), Lg(y,x)) €
Ssror. This means that there exist an integer n > 1 and elements Xy,..., X,,,1 € P+ P
such that

(X1, X5), (X2, X3), ..., (Xno1, Xn), (Xa, Xus1) € Ssro,

t(y,x) = Xy and X,41 = wo(y,x). Fori € {1,...,n}, the condition (X;, X;11) € Ssro
means that there exist an integer a; > 0, elements (Xl(z), Yl(l)), Cey (XC(L:) ) Ya(f)) € Ssr and
an a;-ary term t¢; such that

(Xi, Xig1) = (t:(X ,)(C(Lj)),ti(yl(i)7 LY,

By definition of Ssg, each pair (X J@, Y;-(i)) is either of the form

<L1 (P (@, 2,9), 8 (2,9, 9)), 2 (B (2, 2, ), P (2, . y))) ,
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where pg-i) € F(x,y, 2), of the form

(Lz (@ (@, 2. 9), 4" (@, 9, 9)), 0 (@ (2, 2. 9), ¢ (2, y, y))) :
where q](-i) € F(z,vy, z), or of the form
(2", 2",

where ZJ@ = Xj@ = Yj(i) € P+ P. Hence we see that, by possibly permuting the variables
in the term ¢;, the condition (X;, X;11) € Ssro is equivalent to the existence of integers
mi,mi,ml! > 0, ternary terms P p8 and ¢l ,qsl),_, elements 2", ..., Zfﬁ_, €

P + P and an (m; +m} + m!)-ary term t; such that the identities

X, =1, <Z§"), K
3] (pgl)(% xz, y)apgl)(xa Y, y)>7 el (p,-:?(x, xz, y)7p£2)1 (]"7 Y, y))7

(ot (2, 9), 0 (@, 9,9), s (@ (2, 2,), 430 (2,9, y)))

and
Xin =t:( 20, 200,
L2 (pgz)(xa T, y)apgl)<x7 Y, y))7 -y b2 (prrlz)l(x7 T, y)ap%(% Y, y))7
21 (qu) (37, T, y)7 q52)(:€7 Y, y))u syl (qr,(,z); (I, T, y)7 qg);(xa Y, y)))
hold in P + P. Given a term ¢ € F(zy,...,,), where v > 0 is an integer, we can add
a variable x,,1 to ¢ in the sense that we define a term ¢’ € F(xy,...,2,41) by setting
t'(x1, ..., Tps1) :=t(x1,...,2,). In this spirit, we can consider the unions
J 7 17e{L..om}},
i€{1,...,n}
U @ 17e....m}
ie{l,...,n}
and '
U {27 1je{1,....m}},
i€{l,...,n}
and assume, without loss of generality, that my = ---=m, =m, m| =--- =m/ = m/
and mj = --- = m), = m”. Hence we can omit the upper index from the elements
pg.l), q](.l), J@. Furthermore, by looking at the union

{pj|j€{1>"'7m}}u{%'|j€{1>"'>m/}}>
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we can assume, without loss of generality, that m = m’ and p; = ¢; for all j € {1,...,m}.
Thus, the condition that (X;, X;11) € Ssro for all i@ € {1,...,n} is equivalent to the
existence of integers m,m” > 0, terms py,...,pm € F(x,y,2), elements Z;,..., Z,n €

P + P and (2m +m”)-ary terms t,...,t, such that the identities

Xi:t2-<Zl,...,Zmu, (11)
u(pr(@,2,9), p1(2, 9, 9))s - i1 (P (@, 2, Y), (2,9, 1))
va(pr(, 2, 9), pr(, 9, )5 - s 2 (P (2, 2, 9), P (2, y)))
and
Xipy = ti<Z1, Do, (12)
(P (@, 2,9),p1(2,9,9), -, 2(Pm(z, 2, y), P2, ¥, Y))

u(pi(z, z,y), pi(z,y. ), i (Pm(@, 2, 9), pm(2, v, y)))

hold in P+ P for all i € {1,...,n}. By Equation (2 ) there exist for alli € {1,...,m"},
integers k;, k; > 0, elements (fl”,g?)),.. (fli),g ) and (f ,g1 ),.. (f:),gl(c)) in P,
and a (k; + k;)-ary term s; such that

Zi=si(u(f”, 017, u (00, (R, 87, () 50)).

(4)

Proceeding analogously as we did for the py”, ..., pml and q1 R, q from above, we can
first assume, without loss of generality, that ky = =k =: k and ky = = ko =: k
and omit the upper index from the elements f ® ,gj(z), fj( ), g] , and then that k= k: =k,
and f] = fj and g; = g; for all j € {1,...,k}. In a next step, we see that we can assume
without loss of generality that we have an integer k > 0, binary terms fi,g1,..., [k, gk
such that (f;, g;) € P, ie., fj(z,z) = g;(z,z), forall j € {1,...,k}, and (2(k+m+1))-ary
terms i, ..., Sy~ such that the & + m + 1 elements

(ya I), (fl;gl) R (fk;gk), (pl(xv l’,y),]h(l’, Y, y)) SRR (pm(x,x,y),pm(a:, y7y))
of P are pairwise distinct and
si(ti(y, @), t1(f1,91), -+ ta(fr> 1),
upi(z,z,y),p1(z,9,9)), - .-, t(pm(, 2, ¥), P (2,9, 9)),
(
(

La(y, ), t2(f1, 91), - - LQ(fkagk)
%) pl(x iy y) (ZL‘, ))7"'7 Q(pm(x,x,y),pm(x,y,y)))

for all i € {1,...,m"}. Notice that (y,z) cannot be of the form (p;(z,x,v),p;(z,y,v))
since we supposed that V is not a Mal’tsev variety. By setting, for all i € {1,...,n}, the
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(2(k 4+ 2m + 1))-ary term

/ ~ ~ / / / / / ~/ ~/
C( Uy U1y ey Uy Wy e ey Wiy Wy v oy Wiy WUy e oy Upy WYy e ey Wy s Wy e, W)
_ / / !/ / /
=ti(51(Uy V1« ooy Uy Wy ooy Wiy U VY o U WY ey W) e
/ / / / / ~ ~ ~/ ~/
S (Uy V1« ooy Uy Wy e v ey Wiy W VY ooy Uy Wiy ey W )y Wy e ey Wiy Wy e e vy W)y

Equations (11) and (12) translate into

<//1(y7 ) Ll(flagl ) (fk?gk)
L1 pl x,T y T, Y, Y ))7"-7Ll(pm(x7x7y)7pm(mvyay))a

), -
( P
u(pr(@,2,9), p1( v, ) -t (P (@, 2, 9), P (2,9, 1)),
L2(y, )02(f1, 1), (fk»gk:)

pa(

pa(

P1$33y

L2 Y,y ))7"'7LZ(pm(x7x7y)>pm<xay>y))7

(
L2 (Pl xT,x

=:t:{1,2}

.Y, Y)), - - b2 (pm(@, 2, 9), D2, Y, y)))

and

Xiv1 =1t (H(yvm) ti(f1,91), 1 (fr> 9)s

), -
u(p(e,z,y),pr(z, .y ))7-",Ll(pm(w,w,y),pm(x,y,y)),
v (pr(@,2,9), p(@y. ). 2 (o (@, 2, 9), P (2,9, ),
LQ(% )L2(f1 1), (fkagk>

il

il

L2 pl xT,x y Y,y ))7"'7LQ(pm(xvzay)apm(x7yay>)a

(
u (e, 2, y),

=:t{2,1}

respectively. In the notation t.{1,2} and /{2, 1}, the first (respectively the second) entry
inside the brackets corresponds to which of ¢ or ¢ is used in the third (respectively the
sixth) row in the above expressions. Hence we see that the condition ¢;(y,z) = ¢2(y, x)
implies the existence of integers k,m > 0 and n > 1, binary terms fi,¢1,..., fr, gr With
filz,z) = gi(z,x) for all i € {1,...,k}, ternary terms py, ..., pn, and (2(k +2m + 1))-ary

Ty, Y )),---,Ll(pm(%x,y),pm(x,y,y)))
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terms t},...,t such that the equations

~—

1y, x
=t (o) a(fr g0 a(Frs o)
u(pr(z,2,y), pr(e, v,y

u(pr(e, z, ), pr (e, y 7y)) i1 (P (2, 2, 9), P2, 9,9)),

(Y, o), t2(fr, 91), - 2l fr 91,

i
i

LQ(pl T, x y Y,y ))7"‘7LZ(pm<I7'r7y>7pm(x7yay))7
LQ(pl T, x y T, Y,y ))7"‘7[/2<pm<x7x7y>7pm(xvy7y>)>

and, for alli € {1,...,n— 1},
(Ll(yax) Ll(flagl ) (fk?gk)

L1(P1 T,7,Y),
L2(P1 T,7,Y),

T, Y,y ))7...,Ll(pm(x,x7y),pm(w,y7y)),
LY, Y)) s s L2 (Pm (@2, Y), (2,9, 1)),
Lz(y,flf) Lz(fl, g1), (fkagk)

v (p1(z, 2, ), p1 (2,9, )) 2 (Pm(@,2,9), P2, 4, 1)),

)s -
pi(
pi(
), -
p(,y,y
u (pr(z, n(z,y,9), -0 (pm(m,x,y),pm(w,y,y)»
), -
pi(
pi(
)
pi(
pi(

Y

_terl(Ll(yvx) u(f1,91), - fe, gr),
Ll(pl x,T y r,Y,Y ))7‘--7Ll(pm(xax7y)7pm('r7yay))a

Ll(pl x,x y Y, Y )) Ll(pm(xax7y)7pm('r7yay))a
L2<y7 ) LQ(flv g1),- (fk7gk)

LQ(pl x,x y x,y,y)) Z(pm(x7x7y>7pm<x7y7y))a
LQ(pl xz,x y :z:,y,y)) 2(pm('r7xvy)7pm<x7y7y)))

and

(0 a) (g0 (i),
Ll(pl T,x y Yy )) ,Ll(pm(x,x,y),pm(x,y,y)),

)

Pl
v (pr(@,2,9), p(@ y.9). s 2 (P (2,2, 9), P (2,9, ),
(Y, ), ta(f1,01), -+ t2(frs 91,
v (p1 (@, 2, y), (96, Y,y )) 2 (pm(@, 2, y), P2, 1, 9)),
u(pr(, 2, y), pr(, v, ), - ,Ll(pm(:v,x,y),pm(:v,y,y)))

= LQ(y7 37)
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hold in P + P. We display the Equations (a), (b(i)) for all i € {1,...,n — 1} and (c) in
the diagram

(b(1))

a (b(n
() {12 2 1 B {1, 2) (2,1

61,2} (2,1 22 ()

(13)
By Proposition 2.2, Equation (a) means that there exist an integer ¢, > 0 and elements
C0,1)s - - - C0,0) € F(UP + UP) such that

(yax) ~ C(0,1),
C(0,1) ™~ €(0,2) - C(0,60— 1) C(0,40)

C0,00)™~ t1 ((?/,93 f1,91 vy (feogi),
(p1(2, 2, y), pl(rr Yoy (Om(2, 2, 9), P (2,9, 9))
(P, 2, 9), ooz, 9, 9)) s (D@, 2,9), D, 9, 9))
(. 2)*, (f1,90)° -, (fir o)
(P, 2, ), (2,9, 9))%, -5 (P, 2,9), D (2,9, ),
(P, 2, 9), pr (2,9, 9)), -5 (P, 2,9), D (2,9, 9))?)

where we write, for an element X € P, X' and X? to indicate that we view them as
variables in F(UP 4+ UP) coming from the first and second copy of UP in UP + UP
respectively, and ~ is the relation on F(UP + UP) from Proposition 2.2. More explic-
itly, this means that there exist, for all j € {0,...,4}, integers a(j),bo ) = 0, ele-

ments Dgo’j), e ,Dé?g}w Efo’j), EZE(O )) € P, aq -ary terms ug ), )\(O’J), b(o,j)-ary terms
07 A9 and (aq,j) + Do) + 2)-ary terms 7 ;) such that the equations
(y,2)"
—T00) ((Dgom)l, L (DCON (B (B0, (B1)
20 (D) (DO, iV (B, (BIOY)?))
and

700 (D)o (DO (EPV2, . (B0 2,

a(0,0) b(0,0)

0,0 0,0 0,0 0,0 0,0
AP (D), (DL ) APO (B, (B

=C(0,1) (C(0,1))

hold in F(UP + UP) and the equations

(0,0) ¢ 19(0,0) (0,0) ( (0,0) 0,0

H1 (Dl Yot ng(oo)) )‘ ( 1 7"'7D¢(z(0’3))7 (M(()?O))
(0,0) ( 77(0,0) 0,00\ _ 1(0,0) ( 72(0,0) (0,0)

o (B By ) = (BB (N(0,0))
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hold in P; the equations

€(0,5)
0, i
=T(0,5) <(D§ J))l, RN (D((I?(’)j]))

0, 0,7
pO (DN

) B ()2,

0,5) \1 (0,9) (0,5)\2
Dc(zm‘g)) )7”2 ! ((El J) 7--'7(

(0,5) \2
ERD)),

o) (D) (DI (B (B ),
X (DI (DS APD BV, (B )2))
—cos41 (C(0,5+1))
and
p (DY, D) = (D D), (M(0, 7))
us (B BT = (B B (N(0,4))

are satisfied for all j € {1,... 4

€(0,00)
0,4 ,
=T(0,00) <(D§ 0))17 e (D(g?olfgg))l

0,6 0,6 ,
D (D), (D) )Y,

(B (B,

b(0,¢0)

0,4 0,
) (BN (B2,

b(0,¢0)

0,¢
T (D). (DO

@(0,£0)

N Y,
WD (BODY, .

— 1}; and moreover the equations

0,0 0,0 0,0 0,0 0,0
AL (D)L (D) 1) AP (B2, (B0 )
= (. 2) (Fro 9" i) (T(1))
(p1(x, 2, 9), pr(z, g, y) s (P2, y), P (2,9, 9)
(pl(x X y) (iL‘, Y,y ))17 I (pm(xwra >pm($7y7 17
(y ) (flagl) 7---a(f7gk)27
(p1(x, 2, 9), pr(z,y,9)% - ooy (P2, Y), P (2,9, 9))?,
(p1(z,z,y),p1(z, 9, 9) .., (@, 2,Y), P (2, ¥,y )2>
and
(0,60) (0,60) 0,0 (0,40) (0,¢ ) 0,¢
(DY DR ) = AP (Dt L DI, (M(0, £y))
(0,40) (0,60) (0,60) (0,40) (0,60) (0,40)
s (B b(o’;;)) A (B0 7“"Eb(o,z(z))) (N(0, )
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hold. Fori € {1,...,n—1}, Equation (b(7)) means that there exist an integer ¢; > 0 and
elements c(; 1), - . ., cue) € F(UP 4 UP) such that

t;( yvx) (flugl) 7-~~7(fk;gk) )
pi(z, z,y),p1(z,y, )" ,(pm( ) Pm(T,9,9)),
( Y, y) S (
H (

(
(
(p1(x, z,9), p1(z, )
(
(
(

%
i
S
i
8
=
“NJ

Yy, T ) (flagl) > fk,gk):
Pz, 2,y), pl(af Y% s (P (2, 2, 9), (2,9, 9))
pr(e, 2, ), pr(e, u, ) - (P (2 2,9), o (2, 5,9))') ~ iy,
C(i,1) ™~ C(5,2)5 -+ -5 C(5,,—1) ™ C(i,0;)»
Cli bs) ™ 2+1((y, o) (frg)t - (
(p1(z,z,y), p1(z,y, y)
(p1(z,2,9),p1(2,9,9)) ", - - -,
(y, x)*, (1‘1,91)2,---,(%%)2
(p1(z,z,y), p1(z,y,y)
(p1(z,z,y), p1(z,y,y)

More precisely, there exist, for all j € {0,...,¢}, integers a( ), bu ) = 0, elements

Dy, DD, P Eéi”> € P, g -ary terms 7 N, b g-ary terms piy ),

)\g’j) and (ag ;) + buy) + 2)—ary terms 7(; ;) such that the equations

() g (e ge),

[y

( (
(2, 9), oo (2, y,9)) Y - (P, 2,9), D (2,9, 9))
(12,2, 9), p1 (2,9, 9))%, - (

(v, 2)% (fr,90)7 -, (fur 90),

(i, 2, 9), 01 (2,9, 9))%, - (P, 2, Y), D (7,9, )%,
( )

(P2, 9), P, 9,9))
70 ((DVOY, (DGO (B2 (B )2, (S(1))

a(i,0) b(i,0)

i,0 1,0 f i,0 4,0 1,0
a0 (D) (DS, 0 (B2, ()2 )

pl(x7x7y)7p1(x7y7y)

and
0,0 i, %0 0
mm((Dﬁ D DR (B, (B Y

i,0 i,0 i i,0 i,0 i,0
MO (DFO)L, - (DS A (BEO)2, . (ES)))
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hold in F(UP + UP) and the equations

4,0 1,0) (4,0 i .
uO (DS Dg( 0)) = \l0 (D >, ..., DEYY, (M(4,0))
%,0 2,0 1,0) z ,0) 2,0 .
hold in P; the equations
C(i.)
=7 (DY) (DED ) (BEDR, (B )2, (D(i, 7))
(D) (DD, ué“” (B2 (B())),
o) (DI (DG (B2, (B )2
D ((DENY, L (DS YA (B2, (B)2) )
=C(ij+1) (Cz,j+1))
and
u (DY, DG ) = N(DFY,LL DG ), (M(i, )
pS (BB = 2 (BB (N(i, 5))
are satisfied for all j € {1,...,¢; — 1}; and moreover the equations
i,¢; 0,05 A i0; .
=t (DE) o (DD (BE2, (B )2, (DG, 4:))
i,ﬁi ’i,fi 0,05 i,ﬁi z’,&- i,éi
P (DENE L (DG ), i (B2, () ))),
Z’,Zi i, i z‘,éi i,gi
T(it:) ((Dg ))17 SR (Dg(fz).)>17 (Ef ))27 ) (EZE(M:))Q?
il il i il il il
MDY (DS ) AS (B2, (B ))
z—l—l ((’y,ll') (flvgl) 5. a(fkagk) ; (T(Z+1))
(p1<513' x y) ( Y,y ))17"'a(pm y Ly Y 7pm(x7yay)1a
(p1<x x y) ( ’ 7 ))17"'7(pm ) Y ’pm(x7y7 17
(y,.fl’) (flagl) 7"'7(f 7gk)27
(p1<ZL’ x y) ($a 7y)) PR (pm(x7xv y)7pm(x7ya ?J))Q,
(p1<.’L', ) ($a 7y))27 a(pm($7xay>7pm<xayay )2>
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and
1,05 (A i 1,05 (A i0; .
uP(DE, DR ) = A (DL DR ), (M, ;)
i i0; il i,0;) i i0; .
u N (EPYE Q)):Ag (B! ),...,Eéwi) (N(3,4,))

hold. Equation (c) means that there exist an integer £, > 0 and elements ¢, 1, - - ., Cn,z,)
in F(UP 4+ UP) such that

e ()t (frog)s o (Froge)'
(i@, 2,9), p1(, 9, 9)) - (P (52, 9), D, 9, 9))
(pr(z, 2, 9), p1(2, 5, 9))%, -, (P, 2, Y), D (2,9, ))?,
(v, 2)%, (fro90)% - (Fro i),
(pr(, 2, 9), 01 (2,0, 9))%, - (P, 2,9), D (2,9, )%,
(p(z,2,y), p1(z, 4, )", . .., (D ), P (T, 9, 9))) ~ ),

C(n,l) ~ C(n,2)7 s 7C(n,€n71) ~ C(n,én)a
Clnn) ™~ (yv‘r)Z'

More explicitly, this means that there exist, for all j € {0,...,4,}, integers a, j), bn,j) =

0, elements D(”’j) . ,Dé?;{])), Ef"’j), E(( € P, ag, j-ary terms ug 28 Aﬁ”’j), bn,j)-ary
terms 15, A7) and (agj) + by + 2)-ary terms 7, ;) such that the equations

(y ) (flagl) )ttt fkagk) >
pi\xr,x y) (CU’ Y,y )17 ) pm(xyxay)7pm(xayvy)) )

( - (

(pa( y)) el

(pl(x T y) (LU, Y,y ))27 (pm(xvxay)7pm(x7y7y)) ’
(y7$> (fl gl) ) 7(f >gk’> )

( )?

( )

iz, z,y),p1(2,y,9))2, -, (P, 2, 9), P (2, 9, 1)),

(
pi(,,), pr (. 9) ,<pm<x,x,y>,pm<x,y,y>>1)
Ty (D)L (DGO (B2, (B2, (S(n))

n,0 n,0 n n,0 n,0 n,0
O ((DF ) (D)), i (B2, (B )2))
and

n,0 n, n,0 n,0
7oy (D) (DO ) (BP0, (B )2,
n, n, n TL,O TL,O TL,O
PO (D)) AL (B, (E))?))

a(n,0) b(n,0)

:C(n,l) (C(n, 1))
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hold in F(UP + UP) and the equations

n,0 n,0 n, . n,0 n,0 n,
(D0, Dy = AO(DMY, D, (M(n,0))
n,0 n,0 (n,0) (n,0) n,0 (n,0)

W0 (B L...,Ebmo)):A2 (B! ),...,Eb(mo)) (N(n,0))

hold in P; the equations

C(n.j)

=) (DF ) o (D) (B, (B 12, (D(n. 7))

A(n,j) b(n,5)

(D) (DG, i (B, (B 2)),

Ty (DI (DG, (B, (B0,

/\gn,j) ((DYLJ))I7 o (D(n,j) )1)7 )\g%j) ((EYL,J'))Q’ . (E'(n’j) )2))

a(n’j) b(":j)
:C(n7j+1) (C(n7j + 1))
and
DD, D) < B D) i)
ugnd) (E;nﬂ), o 7El£::?j)>) _ )\gnJ) (Egnﬂ)7 o ’EIE(T:?)) (N<n7]))

are satisfied for all j € {1,...,¢, — 1}; and moreover the equations

c(n,én)
n,n n,ln n,ln Ny
=T (D) (DG ) (B2, (B 2, (D(n, €,))
n,lp n,ly n,ln n,ln n,ln n,ln
O (DI (DG ) (B2, ()2 ),

n,lp n,ln n,ln n,ln
Tt (D)1, (DU Y1 (B2, (B 1,

)\gn,fn)((Dgn,fn))l’ o (D(n,zn) )1)’ )\gn,fn)(<E§n,€n))2’ o (E(n,en) )2))

A(n,tn) b(n,fn)
=(y,x)? (B2)
and
n,ln n,ln Nl o n,ln n,ln nln

A
n,y nln Ny n,y nn Ny,
pS O (BB ) = A (BB (N(n, 0,))
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hold. Similar to Diagram (13), we display the Equations (B1), (B2), (T(4)), (S(7)),
(C(i,7)) and (D(z,7)) in the diagram

(B1) (C(0,1)) (D(0,1)) (C(0,2))
(y,2)" === 700,0)[1t] ~ T(0,0)[N] c,1) T(o,1)[p] 70,1 [\ =——=c(0,2)
(a)
T D(0, £o (0, £ D(0, £y —
t1[1,2] L0 7(0,60) [A] (0,60 [14] (ﬁ)c(o,eo)(Q)T(o,eo—n [A] = 7(0,60—1) 1] e LR (0,60—1)
, (8(4)) (C(i, 1)) (D(4,1)) (C(i,2))
ti[27 1] T(4,0) [,U] """" T(i,0) [/\} C(i,1) 7'(@1)[#] """"""" T(i71)[>\] — C(4,2)
(b(4))
, (TG +1)) (D(3, £:)) (C(, ¢)) (D@, 4 — 1))
tip1[1,2] (i) [N T(aen) (1] Ci k) (a0~ 1) [N T(a,0,—1) [ =—= c(i,,-1)
, (S(n)) (C(n, 1)) (D(n,1)) (C(n,2))
th12,1] T[] = 7m0 [A] C(n,1) T[] o Tn,) A == (n.2)
(c)
B2 (D(n, £y, C(n, £y, (D(n, €, — 1))
(y,2)? e T(n,en) A T, 1] ))C(n,én)(—))T(n,Enfl)[)‘] ““““ T(n,tn—1) (W] == C(nt,, 1),
where
12) =t 2) (o 9)'s - (),
(pl x, T, y)apl(l‘7 Y, y))la ceey (p’m(x: 7y)7pm( ' Y, y))17
(pl(xa z, y)ap1<x7 Y, y))lu R (pm z,T, y)apm ) 7y))17
(yvx)2a<fl>gl)2a -7(fkagk)27
(pl(xa z, y)aPl(% Y, y))2a sy (p’m<xa z, y)apm(xu Y, ?J))27
(pl(xa xz, y)7p1(x7 Y, y))27 ) (pm(‘r; z, y)apm(xu Y,y )2>)
12 0) = ()" (o g0)'s s e i)
(pl x, T, y)apl(xv Y, y))la sy (pm(xv )y)apm( » Y, y))lv
(pl(xax7y)7p1(x7y7y))2u 7(pm($a ) )7pm » Yo ))27
(y,:c) ) (flagl)Za SRR (fkagk>27
(pl(xa z, y)vpl(xv Y, y))za sy (pm(xv z, y)apm(xa Y, y))27
(pl(ma z, y)apl(l‘a Y, y))la ceey (pm(xa z, y)apm(xa Y, y))1>7

i) (1) = 7 (DED) o (DED )L (B, (B )2,

i,5) \1 (4,5) (4,9)2 (4,4) \2
i)\ = 7 (D) (DED ) (B2, (B )2,
)\gm) ((Dgld))la Tt (D(ZJ) )1>7 Ag%]) ((EY,]))zv o (E(LJ) )2)) ’

a(i,j) b, )

e
<
S

—
—~
[N
=
<.
NS

SN~—

Z
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Since the relation ~ as in Proposition 2.2 is reflexive, we can assume, without loss

of generality, that ¢, = --- = ¢, =: {. As before, by g)OSSlbly art1ﬁ01ally m(:reasmg
the number of variables the terms of the form 7; ), e A o AR depend

on, we can also assume, without loss of generality, that we have integers a,b > 0 such
that a; ;) = a and b, = b for all i € {0,...,n} and j € {0,...,/}, and omit the
upper index from the elements D ), ES9)., Moreover, we can, without loss of generality,
assume that a = b and D, = E, for all @« € {1,...,a}. Furthermore, up to adding
some D,’s to the list of (f;,¢;)’s, and up to adding (y,z), some (f;,g;)’s and some
(pj(x,z,vy),p;(z,y,y))’s to the list of D,’s, we can assume that a = k 4+ m + 1 and
Dy, = ( )7 Dy = (flagl)7"‘7 Dyy1 = (fkagk) and Do = (pl(mvray)?pl(mayay))v"'7
Diims1 = (pm(z, 2,9), pm(2,y,y)), keeping the elements

(yv J}), (flagl) ) (fkagk)7 (pl(xa :L‘7y)ap1(l‘7 Y, y)) SRR (pm(l‘7x7y)7pm(xv ?J,y))
of P pairwise distinct. Thus, Equations (a), (b(7)) for all i € {1,...,n — 1} and (c)

imply the existence of an integer ¢ > 0, terms cg 1y, ...,cu0), (k+m+ 1)-ary terms
D S A A and (2(k 4+ m + 2))-ary terms 7(;.5 for all i € {0,...,n} and j €
{0,...,¢} such that the following equalities hold. Using variables u, vy, ..., vk, w1, ..., Wy,
and o', vy, ... v, w,...,w,,, Equations (B1) and (B2) read
u = T,0)(u, T, W, v, ¥, W ,u(lo O)(u, v, ), /Lgo’o)(u’,f)”, w')), (B1)
u' = T (u, U, W, W, 0, 0 AY"Z)(U,U, IU),)\gn’g)(u',ﬁ",w')), (B2")

where we write ¢ for vy...,v, and @ for wy,...,w,,, and analogously for ¢" and '
Equations (T(1)) and (T(i + 1)), and Equations (S(7)) and (S(n)) read

=/ =/

/ Y ) - - o 7 9 o \(i—1,0) JERN (=107 1 —
t;(u, U, W, W, u, 0,0, W) = 1,0 (u, U, W, 0, U, W A (u, ¥, ), Ay (u', 0", ")),

(T())

t'(u, 7, @, @, T, B) = 7.0y (0, T, @, T, g (w, @), 5O T ), (S3E))

for all i € {1,...,n}. Equations (C(0,1)), (C(0,j + 1)), (C(i,1)), (C(i,5 + 1)), (C(n, 1)),

(C(n,j + 1)), and Equations (D(0, 7)), (D(0,4y)), (D(i,5)), (D(i,4:)), (D(n, 7)), (D(n, £,))
read

Cli) = Tig—) (u, T, @0, o, T, A0 (u, 0,0), A\ (!, 7, 40)), (C(i, 7))

Cligy = Ty (W T8, T ) (w, 0,40), ) (o) 0 ), (D(i,5)")

foralli € {0,...,n}and j € {1,...,¢} where the variables on which the c(; ;’s depend are
left inexplicit. Equatlons (M(0, )) (M(0,4)), (M(0,4)), (M(7,0)), (M(, j)) (M(i, £;)),
(M(n,0)), (M(n, ), (M(n, £,)), and Equations (N(0,0)), (N(0,7)), (N(0,4)), (N(i,0)),
(NG, ), (NG, ), (N(n,0)), (N(n. ), (N(n,£,) read

)
/ﬁg’j)<(ya$) (flagl) )
((?J»x) (fl,gl) )

S (feog), (p(@, 2, y), 0102, 9,9) 5 - (Pl 2, y), P2, 9,y

P

))
ke gk): (P1(@,2,9),p1(2, 0, 9)). - (P, 2, y),p xyy))
,1,7))
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for all i € {0,...,n}, 7 € {0,...,¢} and a € {1,2}. Equations (C(i,7)’) and (D(7,7)’)
imply the equation

8, 8T (u, 5,00, p T (7)) (W(i,5))

for all i € {0,...,n} and j € {0,...,¢ —1}. Equation (Z(«,1,j)) means more explicitly
that

Mg:’j)(ymfla s 7fk7p1(x7x7y>’ e ,pm(:r,x,y))

= )‘SJ)(y)fla s 7fk7p1<x7x7y)) s 7pm(xa'r7y)) (Z(a,i,j)a)
and
:u(()f’j)(ajagla s 7gk7p1(x7yay>a s 7pm(xay7y))
= >\(()¢Z7J)(xugla s 7gk7p1(x7y7y>7 s 7pm(x7y7y)) (Z(Q,Z’j)b)

for all © € {0,...,n}, j € {0,...,¢} and a € {1,2}. We display the Equations (B1’),
(B2%), (T(2)"), (S(¢)’) and (W(i,7)) in the diagram

(B1) (W(0,0))

u T,0[[p]] e 70,0 [Al] T [[p]] o To,1)[A]]
111, 2) === W] Tl === mo s [] o 1]
12, 1] =S g [fl] [ = ] T[]
tal[1,2) == ra () T [l == ) T ]
2 1) =2 T[] e i 1 [[p]] e T[]

= [N T ] = e [N e [l

(14)
where
T[] = 7.5 (u, 0, @, 0, 7, uf’”j)(% 7,0, us (!, 7)),
i) [A] = T (w, U, 0, o0 N (w738, N (o, ),



340

t[[1,2]] := ti(u, U, &, @, o', 0, ),
ti[12, 1] := ti(u, v, &, o', o', 0, o, ).

In comparison to #[[1,2]], the second occurrences of W and ', respectively, are swapped

in ¢;[[2, 1]]. Furthermore, for each 7; j), the terms ,ugi ), /LS’J), Aﬁi’” )\( ") satisfy the Equa-

tions (Z(a, i, j)a) and (Z(«, 1, 7)b). We call an equation of form (W) if it is of the form

where w, x, € and 71,79, 01, 02 are arbitrary terms with appropriate arity. In comparison
to an equation of form (T), the second occurrences of the variables @ and @' in the first
line, respectively, are swapped in an equation of form (S). Then all Equations (W(i,5)),
i€{0,...,n}and j € {0,...,0—1}, are of form (W), all Equations (T(:)’), i € {1,. },
are of form (T, and all Equations (S(7)’), 7 € {1,...,n}, are of form (S), and we transform
Diagram (14) for illustrative reasons into the following diagram:

BYH W) W) M W) W) M) () W) (W) (B2)

We note that here the first line (B1’) encodes the equality of w and 7 [[1]], the first of
the lines (V) encodes the equality of 7o) [[A]] and 7(01)[[z]], and so on. We show that we
can replace each equation of form (W) by an equation of form (T) followed by an equation
of form (S) in the following sense. Then we get the diagram

(B1) W) w) (T) (s) w) w) (B27)
() (S) ()9 ()9 ()
where, following the dashed lines, equations of form (T) and of form (S) alternate. More

precisely, we show that, for all i € {0,...,n} and j € {0,...,¢ — 1}, Equation (W(i, j))
implies the existence of a (2(k 4 2m + 1))-ary term m(; ;) such that

7'(17] (u, U, 0, u',ﬂ,w',/\l’])(u, U, W), A ”)(u U, 0"))
i) (w, U, 0, 0, 0 ), (T(z,5))
7.5 (u, T, 0, W, o', T, 7, @)
= Ty (u, 0,0, ', T, D (u, 0,0), S (). (S(i,4)")
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Equation (T(7,7)’) is of form (T) and Equation (S(7,7)’) is of form (S). One sees imme-
diately that the choice

= -/

(i) (u, U, W, w, v, v, W ,QZ) = T (w, U, W, ', U, )\gi’j) (u, U, ), )\gi7j)(u',27’,zﬁ'))
fulfills both equations. By setting N :=n(¢ + 1) + ¢,

Ti(e+1)+j+1 = Ty for alli € {0,...,n}, j € {0,..., ¢},
Si(e41)1j+1 = Ty forall i € {0,...,n}, 5 € {0,...,0 =1},
Sier1y = t; for all s € {1,...,n},
pUED+H+Y . — 6D for all 4 € {0,...,n}, 5 € {0,...,0},a € {1,2},
QD) . — \@I) for all i € {0,...,n}, j €{0,..., 0}, € {1,2},

we get an integer N > 1, (2(k+m+2))-ary terms oy, ...,0n41, (2(k+2m+1))-ary terms
S1,-..,8y and (k+m+1)-ary terms ny), ng), egi), eg), foralli € {1,..., N+ 1}, satisfying,
by construction, all the desired equations.

Now we show that the existence of the terms as in the statement implies that V
is a weakly Mal'tsev category. Equation (7) means that (f;(x,y),g:(z,y)) € P for all

i€ {l,...,k}. Hence Equation (10a) implies that

1
7]5)((]2 Yy, x),q2 f17g1

where we write (f;, g;) as shorter notation for (f;(z,y),¢;(x,y)). Furthermore, we have,
forallie {1,...,N+1} and o € {1, 2}, that

77533) (Qa(y7x)7Qa(fl7gl)7 s 7Q(1(fkagk)>qoz(pl(x7$ay)7p1($7y>y))7 s 7Qa(pm(x7x7y)7pm($7y7y)))

zqa(nj’((y,x),(fl,gl),-.-,(fk,gk),(pl(x,x,y),pl(x,y,y)),---,( m(rc,x,y),pm(x,y,y))))
i (0 ((0:9), (o) (0. (1o (o) )

=/ (qa (v,2), 00 (f1.91)s -+ @a(frr 9)s o (D1 (z, 2, y), 1 (2,9, ), - - - o (P, 2,Y), P (2, , y))>,

where we used Equations (8) and the definition of the algebra structure on P C F(z,y) X
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F(x,y). Thus, we have that

— —
— — — —
SN S X
N—" SN— SN—" SN—"
— o — o
S S
T T T 7
8 8 53 8
SN SN
N—" SN— SN—" SN—"
— o — 2\
S & S
N——— —— —— N—— —
s} = =2 S G T8

., N +1}. Next we have that

forallie {1,..

- - -
i — i
> > (=)
— — —

S vy Shay
~—_—  — ~—

— N —
=) [y =)

e —
8 8 8
= = =

~— — ~

— N —
) [y [y

N~ ——— N—
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= 0i41 <Q1(y7$)aQ1(f1;91), s ,Q1(fk,gk)7Q1(p1(x7x=y)7pl($’y7y))a -5 41 (pM(I7$’y)7pm(x7y7y))7

Q2<y,$)7612<f1791), B 7q2(fk7gk)7q2(p1(x7x’y)7p1($7y7y))7 cee 7qQ(pm(xv$7y)7pm(xayay))a
UYH) <q1<yax)aq1<flvgl)a s 7q1<fk7g/€)7q1 (p1($,x,y),p1(x,y,y)), 1 (pm(xvm7y)vpm(xayay))>7

néﬁ_ )<q2(y,x)’(]2<f1791)> s 7q2(fk7gk’)7QQ(pl(xaxay)apl($7y7y))v S 7q2(pm(x7x?l/)vpm(m?y?y))))

for all i € {1,..., N}, where we applied Equation (9a) in the first step. In the second
step we used that

Q1<pi($>x7y)7pi(x>y7y)) = QQ<pi($;x7y);pi($;y,y)) (15>

for all ¢ € {1,...,m}, which is true by Equation (6) and the definition of (¢1,¢2) as the
cokernel pair of [ej,es]. In the third step we utilized Equation (9b). Equation (10b)
implies that

UN+1(Q1(?/733')aQ1(f1791)a---’C]1 fkagk)7Q1(p1 xyy)a"'7Q1(pm($7xv :ny)a
CJQ(?JJ);C]Q(fhgl)w-. 2(f )7 2(291 x?/y);--w%(pm(%% ‘Tyy)u
N

Eg +1)<q1(y7$)7q1(f1791)7’“Jql(fkvgk)a l(pl xyy)a"'7q1(pm('r7x7 Igg))

€§N+1)(qQ(y,x),qa(fl,gl),-.-,qz(fk7gk),qQ(p1 2,2, 9),01(2,9,9)), - @2 (P (@, 2,9), (2, Y, y )))
=¢2(y, ).

Combining the above identities, we get that ¢;(y, ) = ¢2(y, x) which means that V is a

weakly Mal’tsev category by Lemma 3.4. [

3.6. EXAMPLE. We consider the special case N = 0 in Theorem 3.5, i.e., we suppose that

the variety V admits binary terms fi, g1, ..., fx, gx, ternary terms p, . .., p,,, where k, m >
: 1 1) (1) (1)

0 are integers, a (2(k + m + 2))-ary term oy and (k +m + 1)-ary terms 7, ;15 ', €1 ', €5

that fulfill all the required conditions. Using Equations (10), Equation (8a) for 775 ) and

egl), and Equation (8b) for nél) and egl), we get that the identity

) :al(ya fl: .. '7fk7p1(x7:[;7y)7 cee 7pm(x7$7y)7magla R 7gk7p1(x7yay>7 e 7pm(xay7y)a

P fre fom(@zy), . p(n,2,y)),

0 (@, g1 g 21 (2,5, ), - Py, y)))
=01(Y, fi, s S (@, 2,9), P (@, 2,9), 2,91, G DU (T, YY), P, YY),

egl)(y, fi, o s foop(x,zy), . o pm(T, 2, y)),

Egl)(gjagla cee agk7p1<$7y7y)a s 7pm($ay7y)))

=T

holds in V. In particular, V is a Mal’tsev variety with Mal’tsev term p(z,y, z) := x.
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3.7. EXAMPLE. |Distributive lattices| In [22], it is shown that a variety LL of lattices is
a weakly Mal'tsev category if and only if it is a variety of distributive lattices. For such
a variety L, we want to find integers k, m, N > 0 and terms fi1,91,..., iy Gry P1s- -+ s Prms
S1,...,8N, O1,...,0n4+1 and nll),né),eg ,62 for all ¢ € {1,...,N + 1} that fulfill the
conditions of Theorem 3.5. We observe that we can perform the following calculation in
L to show that ¢;(y,z) = ¢2(y, ):

@ (y, )
=q(y,z) A (1 (y, ) V 1 (2, 9)) (absorption law)
=q(y,z) N (1 (y,y) V @iz, 2)) (g1 morphism and commutativity of V)
=q(y, ) A (@2(y,y) V @z, 7)) (01(y:y) = @2(y,y) and 1 (2, 2) = ¢2(, 7))
=q1(y,z) A (@2(y, ) V q2(2,9)) (g2 morphism and commutativity of V)
=q(y, ) A (q2(y, 2) V qu(2,y)) (g2(z,9) = au(,y))
=(q1(y, ) N q@2(y, ) V (1 (y, ) A q1(z,y)) (distributivity of A over V)
=(q1(y,2) N q2(y, ) V (1 (y,y) A qa(z, )) (¢1 morphism and commutativity of A)
=(2(y, ) Nu(y, ) V ((y,y) A qu(z, @) (commutativity of A)
=(@2(y,2) Aqr(y,2)) V (@2(y, 9) A @2z, 7)) (@1(y,9) = ¢2(y, y) and qi(z, 2) = ga(z, )
=(g@(y,2) N1 (y,x)) V (q2(y, ) A g2(,y)) (g2 morphism and commutativity of A)
=q(y, ) A (1(y, z) V q2(z,y)) (distributivity of A over V)
=@y, x) A @1 (y, 2) V a1z, y)) (¢2(7,y) = qu(2,9))
=q(y,z) A (1 (y,y) V 1 (x, x)) (¢1 morphism and commutativity of V)
=@2(y, ) A (@2(y,y) V @2z, 7)) (@1(y:y) = @2(y,y) and 1 (2, 2) = ¢2(, 7))
=q(y, ) A (@2(y, ) V qo(2,9)) (g2 morphism and commutativity of V)
=qa(y, ). (absorption law)

In the proof of Theorem 3.5, we showed, given terms satisfying the conditions as in the
statement, that ¢;(y, z) = ¢2(y, x) in the following way:

@ (y, )
—01(n) (Equation (10a))
=01 () ((M) and Equations (8) for i = 1)
=s51(1,2) (Equation (9a) for i = 1)
=s51(2,1) (Equation (15))
=03(n) (Equation (9b) for i = 1)
=05 (€) ((M) and Equations (8) for i = 2)
=s9(1,2) (Equation (9a) for i = 2)
=59(2,1) (Equation (15))
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=03(n) (Equation (9b) for i = 2)
=ony1(€) ((M) and Equations (8) for i = N + 1)
=q2(y, x), (Equation (10b))

where we set

oi(n) = i@y, @) a(fi,00), - @1 (pr(@,2,9), (@0, ),
q2 Z/»ﬂf),ﬂh(fl,gl), 7Q2(p1(5€7$,y)7p1($ay>y))a- i)

77@(% Y, ), q1(f1,91), ,Ch(pl(i&ﬂ?,y),Pl(%%y)),---),
0 (a2(y,2), ¢2(fr, 1), - - @2 (pr (@, 2,), pa(2, 9, 9)), - -)>,

ai(e) :Uz‘((h Y, ), q1(f1,91), sz, 2, y), pi(T,y,9), -
%@y, 7), ¢2(f1,91), s @2(pr(z, 2, 9), pr(2, 9, 9)s - -

& (), a1 (f1, 00, (i@, 2,9), (@, 9,9)), ).
& (@.2),0(f1.9). 12 2,9). 1, y.)), ).

sj(1,2) == Sz(Ql ¥, 2), 1 (f1,91),- - -

z,y 7p1(x7yay))7"'7

T,y Jpl(x7y7y>>7"'7

q2 Z/>$)aQ2( 1791)5--'7
T,y

Y

5i(2,1) :

I
»
<.
VRS
[}
—
=
&
S~—
<
—
Y
=
Na}
—
S~—

q2 pl(x7x>y)7pl(gjayay))7 EIR)
q1 pl($7x>y)7pl(xayay))7 e >

forallie {1,...,N+1}andall j € {1,..., N} and (M) means that we used that ¢; and
g2 are morphisms. Hence our ansatz is that the first step, where we use the absorption law,
should correspond to the step where we use Equation (10a). And the last step, where we
use again the absorption law, should correspond to the step where we use Equation (10b).
A step in our concrete calculation for distributive lattices where we use an equation should
either correspond to a step from o;(¢) to s;(1,2) or from s;(2,1) to 0;41(n) for some i. A
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step where we use that ¢; or ¢s is a morphism and an equation should correspond to a
step from o;(n) to o;(€). A step where we use that ¢;(y,v) = @2(y,v), ¢1(x,z) = ¢z, x)
or q1(x,y) = q2(x,y) should correspond to a step from s;(1,2) to s;(2,1). For N =5 we

found mte ers k m > 0 and terms fi,91, ..., fxs Gk, P1s- -+ Pms S1y---,85, 01,...,0¢ and
' pl W ) for all i € {1,...,6} such that
a(y, 7)) Ay, 2) V a(z,y) = o1(n),
@1(y, ) ANy, y) V @iz, @) = o1(€) = s1(1,2),
@ (Y, 2) A g2y, y) V @2(z, 7)) = 51(2,1) = 02(n),
@y, ) A2y, ) V q2(,y)) = 02(€) = s2(1,2),
@y, ) ANy, ) V qi(z,y)) = s2(2, 1),
(01(y:2) A go(y,2)) V (@1 (y, 2) A qi(,y)) = o3(n),
(@1(y,2) A @2y, 2)) V(a1 (y, y) A qi(z, @) = o3(e),
(2(y,2) A1y, 2)) V (@i (y, y) A au(z, @) = s3(1,2),
(22(y, ) Nan(y,2)) V (@2(y, ) A ga(z, @) = s3(2,1) = 04(n),
(@2(y,2) N iy, 2)) V (a2(y, ) A ga2(,y)) = ou(e),
@ (y, 2) A(q1(y, ) V ga(2,y)) = s4(1,2),
@y, ) ANy, z) V ai(z,y)) = s54(2,1) = o5(n),
@2y, %) A1 (y, y) V a1 (z,2)) = o5(€) = s5(1,2),
@y, ) A g2y, y) V @2(z, 7)) = s5(2,1) = 06(n),
(Y, ) A (g2(y, ) V g2(z, y)) = o6(€),

and the conditions of Theorem 3.5 are satisfied. One can check that k := 0, m := 3 and
the following terms fulfill the requirements:

pl(xayvz) =

s1(u, w1, wa, ws, Wy, Wa, W3, u', Wy, Wh, W, Wy, Wh, W) =
sa(u, Wy, Wa, W3, Wy, Wa, W3, U, w17w2aw37w17w27w3)
s3(u, wy, wa, ws, Wy, We, Wy, U, wl,wQ,w?),wl,wQ,wg)
sq(u, wy, W, W3, Wi, Wa, W3, U, wl,wQ,w3,w1,w2,wé)

( ) =

~] o~ o~
s5(u, wy, wa, w3, Wy, We, W3, U, wl,wz,wg,wl,wQ,w;;

p2(£7ya Z) =Y, p3(x7yaz) =z,
(TAN (@3 V 12)1),

u A (u' Vv wy),

(u' Au) V(w3 A ),
u' A (uVay),

u’ A (U~)3 V U~)1),

o1 (u, wy, wy, ws, u', W, wh, wh, a,b) == u A a,
o2 (u, wy, wa, w3, u', Wi, wh, wh, a,b) :=u A b,
o3(u, wy, wy, ws, u', wh, wh, wy, a,b) == (uAu')Va,
o4(u, wy, wy, ws, u', wh, wh, wy, a,b) == (u Au) Vb,
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Y A o
o5 (u, wy, wa, ws, v, W, wy, Wy, a, b) = u A a,

o ro 0
06U, Wy, we, ws, u', Wi, wy, Wy, a,b) :=u A,

1)

§ (u, wy, wo, w3) 1= u V wy, eg (u, wy, we, w3) := w3 V wy,
é (u, wy, wy, w3) 1= egl)(u,wl,wQ,wg)

§ (u, wy, wy, w3) 1= 652)(u,w1,w2,w3)

é (u, wy, wo, w3) := w3 V wy, 652)(u,w1,w2,w3) =uV we,
§ (u, wy, wo, w3) 1= u A wy, 653)(u,w1,w2,w3) = w3 A wi,
é (u, wy, wo, w3) 1= u, 653)(u,w1,w2,w3) = u,

§ )(u Wy, W, W3) = U, 654)(u,w1,w2,w3) = u,
é)(u Wy, W, w3) = w3 A wy, 654)(u,w1,w2,w3) = u A wo,
§ )(u Wy, Wy, w3) = u \V we, 655)(u,w1,w2,w3) = w3 V wi,
g )(u Wy, W, W3) = U, 655)(u,w1,w2,w3) = u,

§ )(u Wy, W, W3) = U, 6%6)(u,w1,w2,w3) = u,

é (u, wy, wo, w3) := w3z V wy, 656)(u,w1,w2,w3) =uV ws.

4. Another Mal’tsev-like property

In this section, we discuss the observation that the condition which is obtained from
the syntactic characterization of weakly Mal’tsev varieties from Theorem 3.5 by drop-
ping Equation (7) characterizes the varieties in which any reflexive regular relation is an
equivalence relation. A regular relation, in the context of finitely complete categories, is
a monomorphism r: R ~— X x Y which is reqular, i.e., an equalizer of a parallel pair of
morphisms f,g: X xY — Z.

We call a class M of binary relations in a finitely complete category € pullback-stable
if, for any relation r: R — X x Y in M and any morphisms f: A - X and g: B —» Y,
the relation p: P — A x B given by any pullback

lies also in M. The classes M,y of all binary relations in €, Mgyone of strong binary
relations and M., of regular binary relations are pullback-stable.
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4.1. DEFINITION. [M-Mal’tsev category| Let € be a finitely complete category and M be
a pullback-stable class of binary relations in €. We call € an M-Mal’tsev category if any
reflezive relation r: R — X x X in M is an equivalence relation.

Let € be a finitely complete category. By Definition 2.4, it is M,-Mal’'tsev if and
only if it is a Mal’tsev category. Furthermore, by Proposition 2.8, it is Mgong-Mal'tsev
if and only if it is a weakly Mal’tsev category. In this section, we consider M,,-Mal’tsev
categories.

The following proposition recovers Proposition 2.5 and parts of Proposition 2.8. In [17],
the authors show similarly the following equivalences for M being a proper class of binary
relations in a category with pullbacks and equalizers (see also [24], Theorem 1).

4.2. PROPOSITION. Let € be a finitely complete category and M be a pullback-stable class
of binary relations in €. Then the following conditions are equivalent:

1. The category € is an M-Mal’tsev category.
2. Any reflexive relation in M is symmetric.
3. Any reflexive relation in M is transitive.

4. Any relation in M 1is difunctional.

PROOF. The implications "1. = 2." and "1. = 3." are trivial. The implication "4. = 1."
holds since, as it is well-known, any reflexive relation is an equivalence relation if and only
if it is difunctional. For the implication "2. = 4.", we consider a relation r = (r1,73): R —
X xY in M. Since M is assumed to be pullback-stable, the relation p: P — R x R in
the pullback

P~" s RxR

_
pRl l?"l X712

R —— X XY,

lies also in M. Furthermore, it is clear that it is reflexive. Hence, by assumption, p
is symmetric. It is a classical result that p being symmetric is equivalent to r being
difunctional. For the implication "3. = 4.") we note that r is difunctional if and only if
p is transitive. [

As in the preceding section, we will adapt a proof of the classical theorem of Mal’tsev
to the case of M,.,-Mal’tsev varieties. This time, we use the characterization of Mal’tsev
categories as those finitely complete categories in which every reflexive relation is sym-
metric as recalled in Proposition 2.5. Let

R »——— F(x,y) X F(x,y)

be the smallest relation on F(z,y) which contains (x,z), (z,y) and (y,y). This means
that R consists precisely of the elements

p((z, ), (,v), (y,y)) € F(z,y) x F(z,y)
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where p € F(z,y, z). Hence

R={(p(x,2,y),p(x,y,9)) | p € F(z,y,2)} € F(z,y) x F(x,y). (16)

4.3. LEMMA. The variety V is Mal’tsev if and only if the relation R contains (y,x).

PROOF. "=": Let V be a Mal’'tsev variety. We see from Equation (16) that R is reflexive
since we can write

(t(x,y), t(z,y)) = (p(z,2,y), p(x,y,y))

for any binary term t(z,y) € F(z,y) if we set p(x,y, z) := t(z,2). Hence R is symmetric
and (y,z) € R.

"<": Let s: S — A x A be a reflexive relation on an algebra A. We show that if
(a,b) € S then also (b,a) € S. For this let f: F(z,y) — A be the unique morphism such
that f(z) = a and f(y) = b. It is easy to see that there exists a morphism ¢p: R — §
such that the diagram

SO xf (17)
S » A X A,

s

commutes since R is the smallest relation which contains (z,z), (z,y) and (y,y) and

(f x M)z, x) = (a,a), (f x [)(z,y) = (a,b) and (f x f)(y,y) = (b,) lie in 5. The
assumption (y,x) € R implies that (b,a) = (f x f)(y,z) is contained in S. n

4.4. LEMMA. The relation R contains (y,x) if and only if there exists a ternary term
p € F(x,y, 2) such that p(x,z,y) =y and p(x,y,y) = x.

PROOF. This is clear by Equation (16). =

To characterize the varieties which are M,.,-Mal'tsev, we consider the smallest reqular
relation on F(x,y) which contains (x,z), (x,y) and (y,y). This relation can be obtained
by first constructing the cokernel pair (), ¢}, ¢,) of the relation R. The equalizer (F,¢)
of ¢, ¢} yields the desired regular relation and we get a unique morphism j: R — FE such

that ej = r.

@
R > - » Fla,y) x Fla,y) ——= Q'
93

4.5. LEMMA. A variety V is M,,-Mal’tsev if and only if E contains (y, ).
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PROOF. "=": By definition of an M,.-Mal’tsev category, the reflexive regular relation
E is symmetric. Hence (y,z) € E.

"«=": Let A be an algebra in V and s: S — A x A be a reflexive regular relation on A.
We show that if (a,b) € S then also (b,a) € S. We consider the extended version

"

1
ds

of Diagram (17) where (Q”,q],q4) is the cokernel pair of s and, by assumption, s is the
equalizer of ¢f,qy. Furthermore, v is the unique map such that the upper and lower
right-hand side squares of the diagram commute. Then

a1 (f x fle =vqie = ¥gse = ¢5(f % [)e,

and there exists a unique map w: E — S such that sw = (f x f)e . Since (y,z) € E by
assumption and (f x f)(y,x) = (b,a), it follows that (b,a) € S. n

4.6. THEOREM. A finitary one-sorted variety V of universal algebras is an M ,-Mal’tsev
category if and only if there exist integers k,m, N = 0, binary terms fi,91,..., fx, g €
F(x,y), ternary terms pi,...,pm € F(z,y,2), (2(k + 2m + 1))-ary terms si,...,sn,
(2(k +m + 2))-ary terms o1,...,0n41 and, for alli € {1,...,N + 1}, (k+m + 1)-ary

terms 7751), 775 ), eg ), eg) such that the following identities (on variables x, y, u, u', vq,. .., g,
Vlyeno s Upy Wiy.oo Wy, and Wi, ..., wl, ) hold, where we write U for vy, ..., v and @& for
Wi, ..., Wy, and analogously for v and o':

ng)(ya fl(xay)a ey fk(xay),pl(%iﬂ,y), s 7pm(l‘7xay))
:Eg)(ya f1($?y)7 BRI fk(x,y),pl(x,zv,y), s apm(x>$ay))7 (18&)

gl (l‘ gl(x7y)7"’7gk(x7y>7p1(x7yay)v'"7pm(x7y7y)>
gz (Z‘ gl(x y) "7gk<x7y)7p1(x7y7y>7'"7pm(x7y7y))7 (18b>
forallie{l,...,N + 1} and a € {1,2};

RUATAN (19a)
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—0ir (u, U, @, , 7,7, (u, 7, ), S (o, ), (19Db)
forallie{l,...,N} and

W , , ), (20a)

U = oy (u, 00,0, T8, SN (u, 7, d), SNV (T A)). (20D)

PROOF. By Lemma 4.5, we know that V is M,e,-Mal’tsev if and only if (y,z) € E. To
construct £, we first build the cokernel pair (@', ¢}, ¢5) by means of the coequalizer ¢’ of
the maps ¢}r, t4r, where ¢}, ), are the coproduct inclusions into F(z,y)? + F(z,y)?, as in
the following diagram:

R r F(z,y) x F(z,y)

The algebra Q' is given by the quotient of F(z,y)? + F(x,y)?, with respect to, due to
Equation (16), the smallest congruence C’ C (F(z,y)* + F(z,y)?)? containing all pairs of
the form

<L/1 (p(x,2,9), p(x,y,)), &5 (p(z, 2,y), p(x,Y, y))) :

where p € F(z,y,z). The algebra E is then given by all pairs (s,t) € F(z,y) X F(x,y)
such that ¢'(/)(s,t)) = ¢'(¢5(s,t)). Thus, the condition (y,x) € FE is equivalent to
(t)(y, ), th(y,x)) € C". Proceeding from here analogously as in the proof of Theo-
rem 3.5 yields the claim. We note that, in comparison to the proof of Theorem 3.5, here
P ={(s(x,y),t(z,y)) € F(x,y)xF(z,y) | s(z,z) = t(x,x)} is replaced by F(z,y) xF(x,y),
which explains why the condition f;(x,z) = g;(x,z) for all i € {1,...,k} does not appear
here. [
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