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INTERNAL PARAMETERIZATION OF HYPERCONNECTED
QUOTIENTS

Dedicated to the memory of Pieter Hofstra

RYUYA HORA

ABSTRACT. One of the most fundamental facts in topos theory is the internal parame-
terization of subtoposes: the bijective correspondence between subtoposes and Lawvere-
Tierney topologies. In this paper, we introduce a new but elementary concept, “a lo-
cal state classifier,” and give an analogous internal parameterization of hyperconnected
quotients (i.e., hyperconnected geometric morphisms from a topos). As a corollary, we
obtain a solution to the Boolean case of the first problem of Lawvere’s open problems.
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1. Introduction
Lawvere listed open problems in topos theory in [Law09]. The first problem is as follows:

“Is there a Grothendieck topos for which the number of these quotients is
not small? At the other extreme, could they be parameterized internally, as
subtoposes are?”
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He asks whether the number of quotients of a Grothendieck topos is small. Here, a quotient
of a topos & refers to a (suitable equivalence class of ) connected geometric morphism from
£, i.e., a geometric morphism whose inverse image part is fully faithful.

Furthermore, for the case where the number of quotients is small, Lawvere further re-
quires an internal parameterization of them. The word “internal parameterization” here
means a bijective correspondence between quotients and “internal structures.” Recall the
case of subtoposes that Lawvere mentions in the quote. The internal parameterization
of subtoposes is the bijective correspondence between subtoposes of a topos £ (i.e., geo-
metric embeddings into £) and Lawvere-Tierney topologies in € (see [Joh02a] Theorem
A4.4.8). Since a Lawvere-Tierney topology is defined as an internal structure (namely,
internal semilattice idempotent homomorphism on the subobject classifier), this bijective
correspondence deserves to be called the internal parameterization of subtoposes. Lawvere
seeks a similar internal parameterization for quotient toposes.

There are several motivations for obtaining an internal parameterization of quotients.
First, it makes it possible to classify all quotients just by studying a specific object in
the topos without dealing with vast amounts of data about the entire category. Also,
correspondence with an internal structure provides a new perspective on quotients and
may lead to a new operation on the class of quotients. (As we explain more concretely
in a few paragraphs, our internal parameterization for hyperconnected quotients realizes
both advantages.)

However, only a few previous papers consider internal parameterizations of quotients.
Although some papers, including [Fre80][Ros82][EBV02], classify some limited classes
of quotients, their focuses are on something other than internal parameterization. One
exception is Henry’s study [Hen18] on the localic isotropy group, which classifies all atomic
quotients using internal structures. However, the class of atomic quotients is relatively
small as a subclass of quotients. (In fact, the scope of our main theorem, hyperconnected
quotients, properly includes it (see Example 2.6)).

The main result of this paper is giving an internal parameterization of hyperconnected
quotients. (In this paper, a hyperconnected geometric morphism from a topos & is referred
to as a hyperconnected quotient of £, emphasizing the aspect as a quotient of the topos
£.) In detail, we introduce the notion of a local state classifier and prove the following
main theorem.

1.1. THEOREM. [4.1]Let £ be a topos with a local state classifier {{x : X—=Z} xeob(e) (for
example, an arbitrary Grothendieck topos). Then the following three concepts correspond
bijectively.

1. hyperconnected quotients of £
2. internal filters of =

3. internal semilattice homomorphisms = —s )
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Our result gives a partial solution to the open problem in two ways. First, since
a hyperconnected quotient is a particular case of a quotient, it is a solution for the
subclass of quotients. The second, somewhat nontrivial, is that our result solves the case
of Boolean toposes (Corollary 5.9). For a Boolean Grothendieck topos, whose quotients are
automatically hyperconnected, we establish the internal parameterization of all quotients
(Corollary 5.8). Thus, this paper might be a novel step toward solving the open problem,
especially from the perspective of internal parameterization.

However, a hyperconnected quotient is not just a technical assumption for partially
solving the open problem but has received much attention in topos theory. It naturally
arises everywhere in topos theory and plays an important theoretical role. For example,
for a topological group (G, 7), its continuous action topos Cont(G, 7) is a hyperconnected
quotient of its discrete action topos Set®” (see IT1.9, VIL3 of [MM12] and A4.6 of [Joh02a])
The well-founded part of a topos is also a hyperconnected quotient of the topos (see section
8 of [Fre80]). Topos theory has other fundamental examples of hyperconnected quotients
(see section 2). The notion of hyperconnected quotient also has theoretical importance.
For example, it plays a central role in the factorization system of geometric morphisms
called hyperconnected-localic factorization, introduced in [Joh81].

The attempt to describe all hyperconnected quotients is not new in itself. In [Ros82],
Rosenthal shows that all hyperconnected quotients of a Grothendieck topos are con-
structed using the data called quotient systems.

However, our result is new in the following three respects. Our description of hyper-
connected quotients is internal, applies to a broader class of toposes, and utilizes a new
concept, a local state classifier. We explain each of them in detail.

The first and decisive point is that our result realizes internal parameterization. While
exhausting all hyperconnected quotients, Rosenthal’s result does not construct a natural
bijective correspondence, nor does it use internal structures. In this paper, we introduce
the notion of a local state classifier = of a topos and establish a natural bijective corre-
spondence between hyperconnected quotients, internal filters of =, and internal semilattice
homomorphisms = — (). It enables us to classify all hyperconnected quotients just by
considering one object, a local state classifier =, without considering the whole data of the
category. For example, as we see in section 5, classifications of all hyperconnected quo-
tients of the directed graph topos, group action topos, and topos of combinatorial species
[Joy81] are reduced to the calculation of a specific finite graph, the lattice of subgroups
of G, and subgroups of symmetric groups, respectively. The internal parameterization
also enables us to consider relationships with other internal structures. For example,
in section 6, we observe that Lawvere-Tierney topologies naturally act on the class of
hyperconnected quotients.

The second novelty is that the scope of our theory is broader than the class of
Grothendieck toposes. Although our theory does not apply to all elementary toposes,
it applies to a sufficiently broad class of them, including all Grothendieck toposes.

The third novelty is the new concept of a local state classifier itself. This concept,
which plays a central role in this paper, is defined in elementary category-theoretic terms.
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Figure 1: Similarity with the internal parameterization of embeddings

Therefore we can consider it for general categories, not limited to toposes. It leaves room
for theoretical developments in various category theories. We mention this point again at
the end of this introduction.

We develop our theory in parallel with the case of subtoposes. We encounter sometimes
expected, sometimes unexpected similarities and dualities. We list those analogies in
Figure 1.

First, a motivating analogy is that both subtoposes and hyperconnected quotients
are “small” parts of factorization systems (see Figure 2). For an arbitrary Grothendieck
topos &, the number of surjective geometric morphisms from £ is not necessarily small.
However, that of subtoposes (i.e., geometric embedding into &) is always small due to the
internal parameterization. That is what we mean by the term “small” part. Similarly,
a hyperconnected quotient is a “small” part of the hyperconnected-localic factorization.
For an arbitrary Grothendieck topos £, the number of localic geometric morphisms to &
is not necessarily small. However, that of hyperconnected quotients (i.e., hyperconnected
geometric morphisms from &) is always small (which immediately follows from Rosen-
thal’s result [Ros82]). From this point of view, it is quite natural to consider an internal
parameterization of hyperconnected quotients. The above discussion shows that internal
parameterization (that implies their smallness, as Lawvere mentions in the quote) is im-
possible for localic or surjective geometric morphisms. Therefore, the missing piece is the
case of hyperconnected quotients (see Figure 2)!

Second, for both parameterizations, the internal correspondents are internal semilat-
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Figure 2: Factorization systems and Internal parameterizations

tice homomorphisms. Recall that a Lawvere-Tierney topology is an idempotent internal
semilattice homomorphism on the subobject classifier 2. The internal parameterization of
subtoposes states that these idempotent internal semilattice homomorphisms bijectively
correspond to subtoposes. The method of our theory is similar. First, we define an in-
ternal semilattice = called a local state classifier. Then, we establish a natural bijection
between hyperconnected quotients and internal semilattice homomorphisms =—¢2 from
the local state classifier to the subobject classifier.

Lastly, one unexpected analogy is that a local state classifier and a subobject classifier,
the central semilattices in each internal parameterization, are dual in a presheaf topos!
Recall that the subobject classifier of a presheaf topos is the presheaf of all subobjects of
representable presheaves (i.e., sieves). By contrast, the local state classifier of a presheaf
topos is the presheaf of all co-subobjects of representable presheaves (Example 3.22).

Finally, we conclude this introduction by reiterating the appeal of a local state classi-
fier. The first thing to emphasize in the context of this paper is its theoretical necessity. As
mentioned above, a local state classifier plays a central role in our theory, like a subobject
classifier in the case of subtoposes.

Despite its theoretical importance, the definition of a local state classifier (Definition
3.5) is unexpectedly simple: it is a colimit of all monomorphisms! At first glance, this
definition might seem odd. In section 3, we explain as intuitively as possible how studying
hyperconnected quotients leads us to this simple definition and discuss its existence and
properties.

A local state classifier is often given by a familiar concept. For example, the local
state classifier of the topos of directed graphs is the bouquet with 2 edges

C oD

That of a group action topos Set®” is the set of all subgroups Subgreup(G) of G, equipped
with the conjugate action (Example 3.10). That of the topos of sheaves over a topolog-
ical space is the terminal sheaf (Example 3.11). See subsection 3.8 for these and other
examples. These phenomena enable us to connect the classifications of hyperconnected
quotients and existing mathematical concepts (see section 5).

OVERVIEW. In section 2, we briefly recall the notion of hyperconnected geometric mor-
phisms and clarify some terminologies used in this paper. In section 3, we explore proper-
ties of local state classifiers. First, we leisurely introduce and define a local state classifier.



268 RYUYA HORA

After that, we give several examples and concretely construct a local state classifier of
a Grothendieck topos. Last, we prove that a local state classifier of a cartesian closed
category has an internal semilattice structure. In section 4, we prove our main theorem,
and in section 5, we list examples and corollaries of it. In section 6, we summarize what
we did and list some possible future works.

In appendix A, we list the definitions and facts on internal semilattices and their filters
used in our paper. In appendix B, we give a sufficient condition for a category to have a
local state classifier, which is not logically necessary for our main theorem.

2. Hyperconnected geometric morphism

In this subsection, we briefly recall the definition and some properties of a hyperconnected
geometric morphism.
For the following definitions and their equivalence, see Proposition A4.6.6 of [Joh02a].

2.1. DEFINITION. [Hyperconnected geometric morphism| A hyperconnected geometric
morphism from £ to F is a geometric morphism f: & —= F that satisfies the following
equivalent conditions.

1. f* s full and faithful, and its essential tmage is closed under subobjects in &
2. f* s full and faithful, and its essential image is closed under quotients in &
3. The unit and counit of f* - f. are both monic.

4. f« preserves the subobject classifier €.

A hyperconnected quotient of a topos £ is a hyperconnected geometric morphism from
E. We prefer the term hyperconnected “quotient” rather than hyperconnected geometric
morphism here to emphasize the aspect as a quotient topos, in the sense of Lawvere’s
open problem [Law09].

Strictly speaking, when we refer to hyperconnected quotients, we mainly refer to the
equivalence classes of them based on a standard identification. This is the same situa-
tion as the famous theorem of correspondence between subtoposes and Lawvere-Tierney
topologies. The standard identification can be described in several ways. One is the 2-
categorical way. Two hyperconnected geometric morphisms f: € —F and f': £ —F'
are identified when there exists an equivalence e: F — F’ such that the following are
commutative up to a natural isomorphism

I

f

£

e

U

F.
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The other is a more elementary way of looking at the inverse image functor of a hypercon-
nected geometric morphism. By a standard identification, we identify two hyperconnected
geometric morphisms if and only if the essential images of the two inverse image functors
are the same.

We give several examples of hyperconnected geometric morphisms.

2.2. ExaMPLE. [Full and bijective on objects functor] If a functor F': C — D between
small categories is full and bijective on objects, then the induced geometric morphism
Set®” — Set?” is hyperconnected. For details, see Example A4.6.9 of [Joh02a].

2.3. EXAMPLE. [Topological monoid action topos] Let (M, 7) be a topological monoid and
M be its underlying discrete monoid. Then, the topos of continuous actions Cont(M, 7) is
a hyperconnected quotient of the presheaf topos Set™"” . Properties of topological monoid
action toposes, including this hyperconnected quotient, are extensively studied by Morgan
Rogers in [Rog21a][Rog21b].

For the case where (M, 7) is a topological group, Cont(M, 7) is a topological group
action topos, which is explained in II1.9, VIL.3 of [MM12] and mentioned in A4.6 of
[Joh02a].

2.4. EXAMPLE. [Relativized two-valuedness| A hyperconnected geometric morphism is a
“relativized two-valuedness.” In other words, the unique geometric morphism !: £ —Set
from a Grothendieck topos £ is hyperconnected if and only if £ is a two-valued topos. 1t
follows from condition 4 in Definition 2.1. For example, the unique geometric morphism
from a presheaf topos !: Set®” — Set is hyperconnected if and only if C is strongly
connected, i.e., for any ordered pair of objects (a,b) € ob(C)?, there exists at least one
morphism a —b in C. For details, see Example A4.6.9 of [Joh02a).

As an aside, a connected geometric morphism, which appears in Lawvere’s original
problem [Law09], gives a closely related example. A Grothendieck topos £ is a connected
topos if and only if the unique geometric morphism !: £ — Set is a connected geometric
morphism. See Exercises 4.8. of [Joh14] for the precise statement, and see Lemma C1.5.7.
of [Joh02b] for geometric intuition.

2.5. EXAMPLE. [Localic topos] Another class of toposes, localic toposes, can also be char-
acterized in terms of hyperconnected quotients. A Grothendieck topos £ is localic if and
only if & itself is the only hyperconnected quotient that £ has. This follows from the
theory of hyperconnected-localic factorization (see [Joh81], A4.6 of [Joh02a]). Localic
Grothendieck toposes give a theoretically important example of our theorem. See subsec-
tion 5.4.

2.6. EXAMPLE. [Atomic quotients and well-founded part] Atomic quotients (i.e., con-
nected atomic geometric morphisms) are examples of hyperconnected quotients (see Lemma,
C3.5.4. [Joh02bh]).

In section 8 of [Fre80], atomic quotients of a Grothendieck topos are called exponential
varieties. The minimal exponential variety is called the well-founded part of the topos
and is of particular interest in relation to set theory.
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Recently, atomic quotients have been studied from another point of view, the localic
isotropy group[Hen18].

3. Local state classifier

This section is dedicated to exploring several topics concerning local state classifiers, which
play a central role in this paper.

In the first two subsections, we leisurely introduce the notion of a local state classifier.
In subsection 3.1, we observe one property of hyperconnected quotients and explain how
it leads us to the definition of a local state classifier. In subsection 3.3, we give a formal
definition and informal explanation of a local state classifier.

In the following two subsections, we give examples of local state classifiers. The pur-
pose of section 3.8 is just to list examples of a local state classifier and familiarize readers
with them. In subsection 3.16, we give a concrete construction of a local state classifier
of an arbitrary Grothendieck topos. It is not just an example, but a theoretical step to
ensure that all Grothendieck toposes are in the scope of our main theorem (Theorem 4.1).

In the last subsection 3.25, we prove that a local state classifier of a cartesian closed
category (for example, topos) has an internal semilattice structure. As we explained in
Introduction (section 1), our internal parameterization of hyperconnected quotients takes
advantage of this internal semilattice structure.

3.1. NECESSITY AND INEVITABILITY. The contents of this paper, including the definition
of a local state classifier and the proof of the main theorem, are led by one simple idea:
“hyperconnected quotients are determined by local states.” Just to clarify the meaning of
this idea, we formulate it as a lemma and give proof, although it is not logically necessary
to prove the main theorem. Let £ be a topos, and Q be its hyperconnected quotient.
Only in this subsection, we say an object X € ob(E€) is covered by its family of subobjects
{Ux — X} en, if the canonical morphism

HUA—>X

AEA

is epic. Then the following holds. (Note that we can regard a hyperconnected quotient
as a replete full subcategory of a topos.)

3.2. LEMMA. [Hyperconnected quotients are determined by local states.| If an object X
is covered by {Uy — X }rea, then X belongs to Q if and only if all of {Ux}xen belong to
Q.

ProOOF. This immediately follows from the fact that hyperconnected quotient Q regarded
as a replete full subcategory of £ is closed under subquotients and coproducts in £. [



INTERNAL PARAMETERIZATION OF HYPERCONNECTED QUOTIENTS 271

In this sense, whether or not an object X belongs to O can be determined locally.
Although it is not clear what the word “local” mathematically means here, this observation
leads us to imagine the description of a hyperconnected quotient Q as a collection of all
“local states” that belong to Q. For example, if one could define the set of all local states, it
would be able to state that all hyperconnected quotients are constructed by “good” subset
of it. Rosenthal’s quotient system [Ros82] can be regarded as one (external) realization
of this idea.

However, our focus is not just a description of hyperconnected quotients, but an inter-
nal parameterization of them. In this paper, instead of defining the set of all local states
and considering a good subset of it, we define a special object = in the considered topos
&, which can be regarded as a collection of all local states, and consider a good subobject
of it. This object = is the main content of this section, a local state classifier, and plays
a central role throughout this paper. (Later, the “good subobject” turns out to be its
internal filter.)

3.3. DEFINITION AND INTUITION. In subsection 3.1, an object = that realizes the slogan
“a collection of all local states” is required. But how could we define such an object? To
answer this seemingly too abstract question, we first extend the scope of our thinking from
toposes to general categories and consider a simple formulation of what “local” means (at
least in this context), in elementary terms.

Before explaining the informal idea of our formulation, we first define locally deter-
mined cocone of a category. Let C,.,., denote the subcategory of a category C that consists
of all monomorphisms and the same objects of C.

3.4. DEFINITION. [Locally determined cocone| Let C be a category. A locally determined
cocone of C is a cocone under the inclusion functor C,,.,,—C regarded as a possibly large
diagram.

This definition needs more explanations since it might be rare for some readers to
consider such a large cocone diagram. A locally determined cocone of a category C is an
object ¥ equipped with a family of morphisms {tx: X —= ¥} xcop(c) from all objects of
C, such that for any monomorphism ¢: U ~— X, the following diagram

Ur——> X

N Lo

commutes. Informally speaking, this commutativity asserts that the value of the mor-
phism v x is locally determined, as the name asserts. We explain what this means, using
a metaphor with elements (which does make sense by considering generalized elements)
and Figure 3. Take an element = in X and try to compute ¥ x(x). If we take a subobject



272 RYUYA HORA

X
U
O
Yu
Vx

Yo () = Px ()
U

Figure 3: Locally determined cocones

U small enough but containing x, then the commutativity implies that ¥ x(x) is equal to
Yy (). In other words, in a locally determined cocone, the value ¥ x(z) can be computed
in an arbitrarily small neighborhood of x. This is the intuition behind the terminology
“locally determined.” Therefore, the vague word “local” basically means “in an arbitrary
subobject” in our context.

Finally, a local state classifier = is defined as the universal locally determined cocone,
i.e., a colimit of the diagram C,,,,, —C.

3.5. DEFINITION. [Local state classifier] A local state classifier = of a category C is a
colimit of the inclusion functor C,,..,—=C, if it exists. The associated cocone is referred

to as {&x: X —Z} xeob(c)-

3.6. EXAMPLE. [Toy example: Set] Just to confirm the reader’s formal understanding of
the definition, one fundamental example, the category of sets Set, is given in advance of
the next section. Since Set,,., is the category of sets and injections Set;,;, we think of a
cocone and a colimit for the inclusion functor Set;,; —= Set. For any set L and a chosen
element [ € L, the family of functions

{wX: X_>L}X: sety

where each function ¢ x sends every element of X to [, is a locally determined cocone.
Furthermore, every locally determined cocone of the category of sets Set is in this form.
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(One can prove this fact by defining [ € L to be | = 14,3 (x), for a given locally determined
cocone {t¢x}) Therefore, a local state classifier of the category of sets is given by the
terminal cocone.

{I: X —{*}} x. set-
As we write “if it exists” in the above definition, a local state classifier may not exist.
We make a brief remark on that, although we discuss it later.

3.7. REMARK. [Existence of a local state classifier| Since a local state classifier is defined
as a colimit of a possibly large diagram, a local state classifier may not exist, even for
a cocomplete category. However, for a Grothendieck topos, we prove the existence of it
by concretely constructing it in subsection 3.16. A more generalized existence theorem
is shown in Appendix B. For an elementary topos without a local state classifier, see
Example 3.15.

By definition, all locally determined cocones uniquely factor through a local state
classifier =. In this sense, = and a component of the cocone {x: X — = are expected
to be a collection of all local states and a morphism classifying “elements” depending
on their local states, as we desired. In the next section, we check the validity of this
expectation through several examples.

3.8. EXAMPLES OF LOCAL STATE CLASSIFIERS. In the previous subsection, we define
a local state classifier led by an intuition of what “local” means in our context. In this
subsection, we give several examples of local state classifiers to confirm that they do fit
our intuition. Leaving rigorous calculations and proofs for subsection 3.16, we concentrate
on presentations and informal descriptions of them.

3.9. EXAMPLE. [Directed graphs] The first example is from graph theory. Let DirGraph
denote the category of all directed graphs, in other words, the presheaf topos of the
parallel morphism category

>
Par: \%4 E.
~

What is a local state classifier of this category DirGraph ~ Set™"? First, we infor-
mally consider a local state of a vertex, although it is not mathematically defined. Recall
that the informal idea of a local state is data that does not change within any subobject.
For example, the indegree and outdegree of a vertex cannot be a local state in our context,
because they change when considered within a subobject. In fact, “being a vertex” is the
only local state of a vertex, because, for each vertex of a directed graph, the vertex e
itself is a subobject. We cannot locally distinguish two vertices. On the other hand, the
situation is different in the case of an edge. For example, consider the following directed
graph.

0@0

[
~
[ ]
~
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The following three subobjects are the minimum subobjects that include a, b, ¢, respec-
tively.

a b Q

o — 2 3 o e —— o °

By this observation, one might imagine that two possible local states of an edge are
[being a loop| and [not being a loop].

It turns out later that the local state classifier =, calculated by Example 3.22, fits this
informal observation. The local state classifier = has one vertex (say, [being a vertex])
and two edges [being a loop], [not being a loop]|, as shown in the following picture.

[being a loop] C @ O [not being a loop]

The morphism £y: X — Z for each X € ob(DirGraph) sends its vertex to the unique
vertex of = and its edge e to [being a loop| or [not being a loop| depending on whether
e is a loop or not. For example, the edges a,b in the following graph are sent to
[not being a loop], and c¢ is sent to [being a loop].

O%Dn

a b
) > @ >

The local state classifier = does classify local states!

3.10. ExAMPLE. [Group actions] The second example is from group theory. Consider a
presheaf topos Set®” on a group G, i.e., the category of right G-sets. What is a local
state of an element of a right G-set? To consider this question, take a right G-set X and
its element x € X. One might think an appropriate notion of a local state of = is the orbit
Gz of x because the orbit is the minimum subobject of X that includes z. It is correct,
but there is a simpler description of it, using stabilizer subgroups Stabg(x). (Considering
orbits is the reverse side of considering stabilizer subgroups since the orbit Gx and the
right G-set of the right cosets of the stabilizer subgroup Stabg(x) are isomorphic

Gz = Stabg(z)\G

as right G-sets.) The local state classifier of Set®” is a set = = Subgroup (G) of all
subgroups of GG equipped with the right conjugate action

Hxqg:=g 'Hg.

For each right G-set X, the morphism £x: X—= sends an element x € X to its stabilizer
subgroup
Ex(x) = Stabg(z).
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3.11. EXAMPLE. [Sheaves over a topological space| The third example is the category of
sheaves on a topological space. A local state classifier of a sheaf topos Sh(X') over a topo-
logical space X is understood intuitively and, at the same time, theoretically suggestive.

Recall that Sh(X) is equivalent to the category of étale bundles over X i.e., local(!)
homeomorphisms to X. For any point y € Y in an étale bundle p: ¥ — X, a small
enough neighborhood of y is homeomorphic to that of the underlying point p(y) € X.
Therefore, there seems no possible local state of a point y € Y, except where it locates,
i.e., the underlying point p(y) € X.

As this observation suggests, the local state classifier of Sh(X), calculated by Example
3.23, is X itself. In other words, it is the terminal étale bundle idx : X—=X. This example
includes some toy examples. First, a local state classifier of the function topos Set™
which is equivalent to the sheaf topos over the Sierpinski space, is the terminal object.
Second, a local state classifier of the topos of 3-colored sets Set/{ R, G, B}, which is just
a slice category of Set or the sheaf topos over the discrete topological space {R, G, B},
is the terminal object {R, G, B}. Unsurprisingly, the “local states” of 3-colored sets are
just colors.

Later, we generalize this example to an arbitrary localic Grothendieck topos. In Ex-
ample 3.23, we show a generalized statement that a local state classifier of a localic
Grothendieck topos is the terminal object. Furthermore, in subsection 5.4, we prove that
a Grothendieck topos is localic if and only if its local state classifier is terminal, as a
corollary of our main theorem.

3.12. ExAMPLE. [Relation to a terminal object] Related to the previous example, we list
several categories whose local state classifiers are terminal. Before we get into the details,
notice that the definition of a local state classifier is similar to the characterization of a
terminal object, which is the colimit of the identity functor id¢: C—C (see Lemma 3.7.1
of [Riel7]). If a category C has a terminal object 1, then C has a trivial locally determined
cocone {!l: X —1}. It is natural to ask whether this trivial cocone gives a local state
classifier.
For the following categories, a local state classifier is a terminal object.

e Set, the category of sets (Example 3.6)

e FinSet, the category of finite sets

e Poset, the category of partially ordered sets

e Top, the category of topological spaces

e Manifold, the category of manifolds

e Sh(X), the category of sheaves over a topological space X (Example 3.11)

e Top/X, the category of bundles over a topological space X
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Those examples are immediately obtained by the general fact that if a category is cartesian
and has a generating set consisting of subterminals, then its local state classifier is a
terminal object. In fact, any locally determined cocone {¢x : X—=W} is uniquely factored

through {!: X —1} as
X
AN

11— .
Y1

This follows since for any subterminal object S and morphism S — X,

the outer triangle of the above diagram is commutative. For a relationship between this
fact and localic toposes, see Example 3.23 and subsection 5.4.

3.13. ExXAMPLE. [Pointed sets| Some categories that are not topos also have a non-trivial
(i.e., not terminal) local state classifier. One toy example is given by the category of
pointed sets Set,. An object is a set with a basepoint, and a morphism between them
is a function that sends a basepoint to a basepoint. The local state classifier Z of this
category Set, is the set

{[not being a basepoint], [being a basepoint|}
with a basepoint [being a basepoint]|. For each pointed set (X, z), the morphism
§(x w0yt (X, 20) —E
sends the basepoint z( to [being a basepoint] and others to [not being a basepoint].

Although we see later that every Grothendieck topos has a local state classifier in
subsection 3.16, an elementary topos may or may not have a local state classifier. We
give an example for each case.

3.14. ExaMmPLE. [Combinatorial species] We give an impressive example of a local state
classifier of an elementary topos from categorical combinatorics. In section 1.2 ‘Catégorie
des especes’ of [Joy81], the category of species is defined as a functor category F inSetfinseto,
where FinSety denotes the groupoid of finite sets and bijections. This category is an
elementary topos because it is equivalent to the product category of finite group action
toposes

o0
FinSetfinseto ~ H FinSet®",
n=0
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and a product category of elementary toposes is also an elementary topos (see V. Exercises
8 of [MM12)).
A local state classifier of the category of species is a functor (or a species)

=: FinSetqg — FinSet
that sends a finite set A to the set of all subgroups of the permutation group on A
E(A) = Subgroup (Autset (A)).

An action of a bijection 0: A— B on an element S € Z(B) is given by the left conju-
gate action S +— oSo~!. For a species M : FinSet; — FinSet, a component of cocone
(Enr)a: M(A)—==(A) sends an element s € M(A) (which is called M-structure s on A)
to its group of symmetries

(&n)a(s) = {o: A— A: bijection | 0s = s},

where os denotes the action of o on s. For example, consider a species of undirected
graphs G: FinSety; — FinSet, which sends a finite set A to the set of all undirected
graphs whose underlying sets are A. Then, the following graphs

2
and 3

4

are sent by &z to their automorphism groups, Z/27Z C Autse({1,2,3,4}) and D5 C
Autset({1,2,3,4,5}) respectively. In this sense, a local state classifier = of the category of
species is “the species of symmetries,” which consists of all finite groups due to Cayley’s
theorem!

3.15. ExXAMPLE. [Elementary topos without a local state classifier] There is an elemen-
tary topos that does not have a local state classifier. Let G be a group with infinitely
many finite index subgroups, such as Z. We prove that the elementary topos of finite right
G-sets FinSet®” does not have a local state classifier. Suppose the topos FinSet®” has a
local state classifier =. Let n be the number of elements of =, C' be the set of conjugacy
classes of finite index subgroups of GG, and ¥ be an n + 1 element set equipped with the
trivial right G-action. Since C' is an infinite set, one can take a surjection p: C' — W.
Then, the family of morphisms {¢x: X — U} defined by

x (x) = p([Staba(x)])

forms a locally determined cocone, since a monic morphism of G-sets preserves stabilizers.
Then, the universality of the local state classifier = implies that the locally determined co-
cone {¢x } factors through =. This contradicts the fact that the locally determined cocone
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{1x} is jointly surjective, since #Z =n < n+ 1 = #V¥. (Compare this counterexample
with Example 3.10.)

3.16. LOCAL STATE CLASSIFIER OF A GROTHENDIECK TOPOS. In this section, we con-
cretely construct a local state classifier of a Grothendieck topos. Recall that even the
existence of it is non-trivial, even though a Grothendieck topos is cocomplete.

We make use of the adjunction between the inclusion functor and the sheafification

functor
a

' )
Sh(C,J) — Set®”,

for our construction of a local state classifier of a Grothendieck topos Sh(C,.J). In this
section, to avoid confusion about whether we are considering a diagram in the sheaf topos
Sh(C, J) or the presheaf topos Set®” | we explicitly write next to a diagram which topos
we are considering at that time. Especially, while dealing with epimorphisms, one should
be more careful at this point, because an epimorphism in the sheaf topos is not necessarily
epic in the presheaf topos.

Since a Grothendieck topos Sh(C, J) is a reflective full subcategory of a presheaf topos
Set®™ once we have a colimit Z, of the following large diagram

op
¢,

Sh(C,J) +— Sh(C,J) — Se

we obtain a local state classifier of a considered Grothendieck topos Sh(C,J), just by
sheafifying it. See Proposition 4.5.15 of [Riel7] for the construction of colimits in a
reflective subcategory.

To explicitly describe =, we first make a fundamental observation of the “local states”
of a sheaf. Let X be a J-sheaf over a small site (C, J). For each element x € Xc¢ for ¢ € C,
there is the unique map [z]: ay(¢)—=X that corresponds to x € X¢ by the Yoneda lemma
for sheaves (see II1.6.(17) of [MM12]). Throughout this section, we call this morphism
[x] and its epi-part and mono-part of the epi-mono factorization in Sh(C, J) are denoted
by ¢, t, respectively

> X

ay(c) ] >
e

The reason we focus on the morphism [z] and its decomposition ¢, o g, is the fact
that ¢,: (z) — X gives the smallest sub-J-sheaf containing x.

in Sh(C, J).

3.17. LEMMA. (Minimum subsheaf that contains a chosen element) For a small site
(C,J), a J-sheaf X and an element v € Xc, a subobject 1,: (x) — X is the minimum
sub-J-sheaf of X that contains x.
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PROOF. A sub-J-sheaf ¢: S~ X contains z € X if and only if the morphism [z]: ay(c)—=X
lifts along ¢: S — X

> S
/7 L

ay(c) 415 x in Sh(C, J).

This lemma is immediately implied by this fact and the universal property of the image. m

Recall the explanation of a locally determined cocone given in subsection 3.3, in the
context of a Grothendieck topos Sh(C, J). For any locally determined cocone {¢x: X—U},
we can easily prove that ¢x(x) is equal to 1 (x) by diagram chasing

N
\/

In other words, a locally determined cocone is determined only by the value on the co-
subobject of a sheafification of a representable functors ¢, : ay(c) — ().

These observations lead us to define an approximation Zq of a local state classifier as
a collection of all co-subobjects of ay(c) for each object ¢ € C. Although a co-subobject
is an equivalence class of epimorphisms from ay(c), by abuse of language, we just write
E for a co-subobject (an equivalence class) that ay(c) — E belongs to.

in Sh(C, J).

3.18. DEFINITION. [Presheaf Zg| For a small site (C,J), we define a presheaf =y over C
as follows: For each object ¢ € C, a set Zy(c) is defined as a set of all co-subobjects of
ay(c). For each morphism f :c—¢c in C, we define a function Zo(f): Zo(c') — Zo(c)
as a function that sends an element q : ay(c’) - E of Zo(c') to the epi part of epi-mono

factorization (in Sh(C, J)) of q o ay(f)

ay(c) —; ay(¢)

|

Eo(f)(E) —— F in Sh(C, J).

<

Since the number of co-subobjects of ay(c) is small, it defines a presheaf over C. The
functoriality of =y: C°?P — Set is also easily verified by the uniqueness of the epi-mono
factorization.

To state that = is a colimit of the diagram

Sh(C,J),  »— Sh(C,J) —— Set“”,

mono
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we define a component of a cocone {orby: X —=;} Xeob(sh(c,s))- (The symbol orb is not
important and is just taken from the first few letters of “orbit,” inspired by the case of
the group action topos.) We use the epi-mono factorization of [z]: ay(c) — X, as we
have mentioned above.

3.19. DEFINITION. [Morphism orbx]| For a J-sheaf X , we define a morphism orbyx : X—==,
as follows: for x € Zy(c), (orbx).(z) is the co-subobject q,: ay(c) — (x).

Now we should check that orbx defined above is a morphism of presheaves, i.e., the
following diagram commutes for an arbitrary f : c—¢ in C:

Xe i Xcd

l(orbx)c l(orbx)cl

=oc S Eoc (in Set).

For each x € X/, the following commutative diagram verifies it

where z- f denotes (X (f))(x). The existence of the dashed monomorphism [: (z- f) — (z)
is implied by the universal property of the image ¢,.¢: (x - f) > X or equivalently by
Lemma 3.17.

With all the above preparations, we are now able to state the central lemma in this
subsection.

3.20. LEMMA. [Universal property of Z¢| For a small site (C,J), a family of morphisms
{orbx 1 X —= =0} xeonsh(c,)) @5 a colimit cocone of the following large diagram:

Sh(C, J) t€".

—— Sh(C, J) —— Se

mono

PROOF. Before proving the universal property, we should prove that the family of mor-
phisms {orbx : X — =0} xcob(sn(c,s)) is a cocone, in other words, the following diagram

X" 5Y

orb)x \Arby
=0

. op
in Set®”,
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commutes for each monomorphism m: X —Y in Sh(C, J). For ¢ € ob(C) and = € X,
the equation (orby).(x) = (orby).(m(x)) follows from the uniqueness of the epi-mono
factorization and the following commutative diagram

ay(c)
[o] M ij
(z) (m(z

be Lm(z)I

Xr—"—Y in Sh(C, J).

Then we prove the universality of this cocone {orby : X — =4} xcob(sn(c,s)). Take an
arbitrary cocone {¢y: X—U} Xeob(sh(c,s))- (Unlike locally determined cocones, W is not
necessarily a J-sheaf, but is just an object of Set®”.) We prove the existence and the
uniqueness of a cocone map from =y to V.

First, we prove the uniqueness of a cocone map =Zyo— V. Let [: =g— WV be a cocone
map. For any element ¢: ay(c) - E of Zgc, we have the following commutative diagram:

Orb)(/

y(c) UGN ay(c) SN ) lz

P

since E is a J-sheaf. (As we mentioned before, an epimorphism ¢ in Sh(C,J) is not
necessarily epic in the presheaf topos Set®”.) Here, 1y () : y(c) —ay(c) denotes the unit
of the adjunction of sheafification. By the definition of orby, the Yoneda-corresponding
element for the upper half

—_
—

—0

v in Set®”,

—_
—

—0

Or}y/
My (c)

y(c) —% ay(c) —— E in Set®”

is ¢: ay(c) — E, which is an element of Zgc. Therefore, [(E) € Uc must be the Yoneda-
corresponding element for the lower half:

y(e) =% ay(c) —— E

I

Hence the uniqueness of a cocone map [: =y — V¥ is proved.
Next, we prove the existence of a cocone map. As the proof of the uniqueness suggests,
we define [.: Zgc—=Vc as a function that sends ¢: ay(c) — E to the corresponding element

of

N in Set®”.

y(c) o, ay(c) —— E vE in Set”,
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by the Yoneda lemma. There remain two things to prove. One is that [ is a morphism of
presheaves =g — W. The other is that [ is a morphism of cocone.

We prove that [ is a morphism of presheaves =y — W. For an arbitrary morphism
f:ec—=, we should prove the commutativity of the following diagram

— Eof —~
Hoc +—— Eoc

[

Ve +F o (in Set).

Take an arbitrary element ¢: ay(c’) — E of Zy¢. By definition of a presheaf =, we have
the next diagram

ay(c) —, ay(c)

| I

Zo(f)(E) —— E in Sh(C, J).

Since ¢ is a monomorphism between J-sheaves (and the unit natural transformation is
natural), the following diagram is commutative

y(e) — Y (o)

Ty (e) lny(f’)

ay(c) — ay(¢)

S}

Zo(f)(E >—>E

w:o(f)(kl /

By the correspondence of the Yoneda lemma, we have the desired equation.
Lastly, we prove that [ is a cocone map. For an arbitrary J-sheaf X, we prove the

commutativity of
orb )\/ \l

. op
Zo — L ¥ in Set©

. op
in Set®

Take an arbitrary element x € Xc¢. The corresponding morphism y(¢) — X for z € Xc¢
is the composite of the following three morphisms

y(e) =L ay(c) —E (z) =2 X in Set¢”
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All paths in the following diagram

orb)
/);X\ =0
My (c) qx Lx /
y(c) — ay(c) > () —— X \ !
Ty in Set”

from y(c) to ¥ defines the same morphism, because ¢, is a monomorphism between J-
sheaves. The definition of [ is also used here. Again by the Yoneda lemma, we have
le((orbx)e(z)) = (¥x)c(z). Thus proof is completed. =

As discussed at the beginning of this section, now we obtain the local state classifier

of a Grothendieck topos Sh(C, J) by sheafification.

3.21. PROPOSITION. [Local state classifier of a Grothendieck topos| The sheafification
aZq of Z¢ is a local state classifier of a Grothendieck topos Sh(C,J). Each component of
the colimit cocone is given by

X OI‘bx\ j— n=zo

— \

7 —( 7 aEO

PRroOOF. This follows from the general construction of colimits in a reflective subcategory.
See Proposition 4.5.15 of [Riel7]. "

We end this subsection by mentioning a few special classes of Grothendieck toposes
for which this general construction takes a simpler form.

3.22. ExXAMPLE. [Local state classifier of a presheaf topos| As a particular case, a local
state classifier of a presheaf topos is worth mentioning. It is not only because the sheafi-
fication functor a becomes trivial and the construction becomes simpler but also because
we can observe a striking similarity with the construction of the subobject classifier!

For a presheaf topos Set®”, Zc is a set of all co-subobjects of a representable presheaf
y(c). This is similar to the construction of the subobject classifier €2 since Q¢ is the set
of all subobjects of a representable presheaf y(c).

As we mentioned in Introduction (Section 1), our model case for an internal parame-
terization is that of a subtopos, which takes advantage of the subobject classifier €. It is
unsurprising that there are theoretical similarities between the roles of {2 and = in each
internal parameterization. However, it is remarkable that there is such an unexpected
similarity at the level of construction.

Note that two examples of local state classifiers, Example 3.9 and Example 3.10 in
subsection 3.8, are constructed in this way. (Note that the local state classifier in Example
3.14 is also constructed in the essentially same way.)
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3.23. EXAMPLE. [Local state classifier of a localic Grothendieck topos] Now we can prove
that a local state classifier of a localic Grothendieck topos is the terminal object. (For a
simpler proof for a stronger statement, “a Grothendieck topos is localic if and only if its
local state classifier is the terminal object”, see subsection 5.4.)

For a localic Grothendieck topos &£, we can take a small site (P,.J) where P is a
poset and & ~ Sh(P,J) (See IX.5. Theorem 1 (ii) of [MM12]). Since ay(p) for p € P
is a subterminal object, Zyp is a singleton, i.e., the presheaf = is a terminal object.
Because the sheafification functor a is left exact, we conclude the local state classifier a=
is terminal.

3.24. REMARK. [Sheafification functor may not preserve a local state classifier] We used
sheafification several times in the construction of the local state classifier of a Grothendieck
topos. One might wish that the sheafification functor would preserve a local state clas-
sifier, and the local state classifier of a Grothendieck topos would be simply given by
a sheafification of that of a presheaf topos, but such a construction does not work. A
sheafification functor may not preserve a local state classifier, even though it preserves
arbitrary colimits and monomorphisms.

For example, consider the functor [FE]: 1—Par from the terminal category 1 to the
parallel morphisms category Par (see Example 3.9), that sends the unique object of 1 to
E. Since this functor is fully faithful, its associated geometric morphism

Set = Set!” — SetP™"™ = DirGraph,

is a geometric embedding (see section VIL.4. of [MM12]). Its associated sheafification
functor a: DirGraph—=Set is just a pre-composite of the functor [ E'| and sends a directed
graph X to the set of all edges of X. Since the local state classifier = of the category
of directed graphs has two edges (see Example 3.9) and the local state classifier of the
category of sets is a singleton (see Example 3.6), the sheafification functor a does not
preserve a local state classifier.

3.25. INTERNAL SEMILATTICE STRUCTURE. In this subsection, we show that a local
state classifier of a cartesian closed category has a natural internal semilattice structure.
All definitions, terminology, and facts on internal semilattices used in this subsection are
explained in Appendix A.

In the case of a presheaf topos, the semilattice structure is apparent. Recall that the
local state classifier = of a presheaf topos Set®” consists of all co-subobjects of repre-
sentable presheaves (see Example 3.22). Like the order structure on Qc for the subobject
classifier Q) of a presheaf topos, a canonical order structure on Zc¢ for each ¢ € ob(C)
is given by the usual order between co-subobjects (see Example 3.28 for details). Those
semilattice structures on each Zc give an internal semilattice structure on =. We generalize
this semilattice structure to a local state classifier of a cartesian closed category.

But why do we consider internal semilattice structures? There are several possible
answers from different perspectives. One answer is that it is technically necessary to
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realize internal parameterization. Because a hyperconnected quotient is closed under
several operations (see Definition 2.1), its internal parameterization must somehow reflect
those operations. In the internal parameterization, the internal semilattice structure of a
local state classifier corresponds to finite products (see Lemma 4.7). Recalling that the
definition of a local state classifier was inspired only by the operation of taking subobjects
(and implicitly coproducts), it is essential to consider an additional structure on it (in
this case, semilattice structure) to capture the notion of a hyperconnected quotient.

Another answer is that our model case, the internal parameterization of subtoposes,
also takes advantage of the internal semilattice structure on the subobject classifier. One
might think that the usual algebraic structure on the subobject classifier €2 is not just a
semilattice but a Heyting algebra structure. It is correct, but when we consider Lawvere-
Tierney topologies, only a semilattice structure is used. In fact, a Lawvere-Tierney topol-
ogy is an idempotent internal semilattice homomorphism on the subobject classifier, not
necessarily a Heyting algebra homomorphism. Therefore, from the viewpoint of imitating
the model case, it is natural to consider semilattice structure.

At first, we realize =" as a colimit so that we can define meet A: 22 —= = and top

T: =205 =,

3.26. LEMMA. [Universal property of ="] Let C be a cartesian closed category with a local
state classifier {{x: X —=}. For any non-negative integer n > 0,

{§X1 X XanI Xy X .- XXnéEn}
defines the colimit cocone of the functor

n
I
7

Coono " s Cn C.

PROOF. Since C is cartesian closed, for any object X € ob(C), the functor
Xx—:C—C

is a left adjoint functor. Therefore, X x — preserves all (not necessarily small) colimits.
By the induction for n, we have

(1]

1%

colim X x --- x X,,) X

n
mono

= colim(Xy X « -+ X X, X 2)
Cifiono

= colim(X; X - -+ x X, x colim X)
C]"’ILlOHO CHlOHO

= colim(colim X x -+ x X, x X)
Cﬁl]ono CIHODO

= colim(X; x -+ x X, X X).

n+1
Ciiono
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(The base case n = 0 is a trivial case.) One can easily check that the associated colimit
cocone 18
{€x, X -+ x &, Xy x -+ x X, —Z="}.

Using this universal property, we can define the canonical meet map

(1]

Ap: &2 —
as the canonical cocone map from the colimit cocone
{€&x, X -+ x &, Xy x -+ x X, —Z"}

to the cocone
{f(XlX"'XX"): Xl X X Xn%E}

It is easily verified that the latter is actually a cocone, since {{x} is locally determined,
and a product of monomorphisms is a monomorphism.

In other words, A, is the unique map that makes the following diagram commutative,
for any n-tuple of objects (Xi,...,X,)

Xy X+ x X,
£x, X."X‘V &%-%XTL)
=n An =

In particular, A is the unique map that makes

1
idl/ %
10 =
commutative, which is &;.

As we see below, in the proof that the above operations give an internal semilattice
structure on =, each axiom of semilattice comes from a corresponding natural transfor-
mation related to the cartesian structure, as follows:

TAz =20 Ax: 1 x X=X
TANT =z e px: X x12X
sAYANz)=(@AY)Nzewaxyz: X X (Y XZ)Z2(XXxY)xZ
TNY=yYANz o yxy: X XY =2V x X
r=xANx e Ax: X — X x X.

It is theoretically important that all the above natural transformations are monic.
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3.27. PROPOSITION. [Semilattice structure of =] Let C be a cartesian closed category with
a local state classifier {€x: X —=Z}. Then, the local state classifier = equipped with a
top map

T=Ng:1—Z=

and a meet map

(1]

—_ —
X = > -
—_— —

A= Ny:
18 an internal semilattice.

PROOF. We show that the triple (2, T, A) defined above satisfies the four axioms of an
internal semilattice in Definition A.1.
First, we prove the first axiom T A x = z, which asserts that

—_ A= — I'xidg A
= ——1xE

[1]
X

[1]
[1]

commutes, where A4 denotes the canonical natural isomorphism As: 1 x A—= A. It is
enough to prove that for any X € ob(C), the pre-composite of {x

X

§Xl

—_ A= — IXidg — —_ A —

= I1Xx=2 —S=Xx2 —— =
ids

define the same morphism from X to =, because {{x: X —Z} is a colimit cocone. The
desired commutativity is implied by the next diagram:

A
X My 1xx Erxx
X
ng/ 1d1><£Xl xﬁx
—_ /\E — I Xidg "— —_ A —_
= —1lXxE —=EX=2 —— =

In fact, the left square, the middle triangle and the right triangle are commutative, because
of the naturality of A, the equality T = Ag = & and the definition of A = A, respectively,
and the outer bent trapezoid is also commutative because Ax is monic and £ is locally
determined. The other equation x A T = x in the first axiom is similarly proved, using
the canonical natural isomorphism ps: 1 X A— A instead of \.
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Second, we prove the second axiom (z Ay) Az =x A (y A z). By a similar argument
using Lemma 3.26, it is enough to prove that two possible composed morphisms from
X x (Y xZ)toZin

[
(1]
X
(1]

X x (Y x2)

[1] <

\
7

coincide, where ay gc: A X (B x C')—(A x B) x C denotes the canonical isomorphism.
By the following diagram

(X xY)
ax\y,z Exxy x&z
(Ex x€y)x€z

X x (Y x2)

wxﬁz)

ExXEyxz

[1] ¢

the second axiom is proved, because of the naturality of ayy, z, the definition of A, and
the fact that £ is locally determined and « is monic.
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To prove the third axiom z Ay = y A x, it is enough to prove that

X
f
X

defines the same morphism, where v4 p: AxB = B x A denotes the canonical isomorphism
given by the cartesian symmetric monoidal structure of C (namely, va 5 = (pry,pry)).
Checking the commutativity of the following diagram

X xY Ex XEy,

(11
(1]

[1

=

[1]

5
—

(11
(1]

EX><Y

yxx

using the definition of A and the fact that ~ is monic, the third axiom is proved.
For the last axiom z = x A z, it is enough to prove

X
lfx
- A

—

m

[1]

[I]TX

(1]

id=

commutes for each X € ob(C), where Ay: A — A x A denotes the diagonal map. Simi-
larly, the commutativity of the following diagram

X 2%, X x X

EX\L Ex XEX\L

and the fact that Ax is monic, imply the fourth axiom. This completes the proof. [
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As we promised at the beginning of this subsection, we observe the semilattice struc-
ture on a local state classifier of a presheaf topos.

3.28. EXAMPLE. [Presheaf topos] The local state classifier = of the presheaf topos Set”
is explicitly described in Example 3.22. According to it, Zc for ¢ € ob(C) is the set of
all co-subobjects of representable presheaf y(c). This set has the natural partial order
structure given by the morphisms between co-subobjects. More precisely, for two given
co-subobjects ¢;: y(¢) - E; for i = 0,1, an inequality Fy < E; holds if and only if there
is a morphism f: Ey— FE; such that

Er

commutes.

This poset =c has all finite meets, then is a semilattice. In fact, the meet of co-
subobjects ¢;: y(c¢) — E; for i = 1,...n is given by the epi part of the epi-mono factor-
ization of

(@1, qn): y(c)—=FE1 X -+ X E,.

By straightforward calculation, it is easily verified that this semilattice structure de-
fines the internal semilattice structure on = and coincides with the one given in Proposition
3.27.

3.29. REMARK. [Local state classifier may not be a Heyting algebra] The analogy with
the subobject classifier might lead one to imagine that = has an internal Heyting algebra
structure, and the above internal semilattice structure is the restriction of it. But, it is
not the case.

For example, the group action topos Set®” for some group G gives a counterexample.
In Example 3.10, we have seen that a local state classifier of Set®” is given by the set of
all subgroups of G. As a special case of Example 3.28, its canonical internal semilattice
structure coincides with the one given by the usual inclusion relation of subgroups. The
semilattice structure of Subgoup(G) is not necessarily able to be extended to a Heyting
algebra structure. For example, Subgyoup(Z/27Z x 7Z,/27Z) has the following Hasse diagram:

and is not a Heyting algebra, since it is not distributive.
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4. Internal parameterization of hyperconnected quotients

The aim of this section is to prove the following main theorem, internal parameterization
of hyperconnected quotients. (See Appendix A for the definition and properties of internal
filters.)

4.1. THEOREM. [Main theorem] Let £ be a topos with a local state classifier {{x : X—=E} xcob(e)
(for example, an arbitrary Grothendieck topos). Then the following three concepts corre-
spond bijectively.

1. hyperconnected quotients of £
2. internal filters of =
3. internal semilattice homomorphisms = — )

From the point of view of the analogy to the case of subtoposes, the correspondence
between (1) and (3) is essential: by analogy to the case of subtoposes, (1) is a subtopos
and (3) is a Lawvere-Tierney topology. In order to claim that this is the internal pa-
rameterization of hyperconnected quotients, the correspondence between (1) and (3) is
enough. Then, why do we explicitly write (2) internal filters? One reason is that internal
filters are precisely the “good subobjects” as discussed in subsection 3.1. Another reason
is that in some concrete examples, internal filters are easier to deal with (see section 5).

Our proof is divided into two steps, subsection 4.2 and subsection 4.6. Eventually,
we want to prove that (3) internal semilattice homomorphisms =— correspond to (1)
hyperconnected quotients. (The correspondence between (2) internal filters and (3) inter-
nal homomorphisms is immediately obtained by a general fact, Proposition A.8) However,
before proving it, as the first step, we prove a broader correspondence between morphisms
=—= (not necessarily preserve semilattice structure) and what we call “coherent fam-
ilies” in subsection 4.2. Our main theorem is obtained by restricting this broader corre-
spondence. In other words, the first step is the construction of the correspondence, and
the second step is the restriction of it using internal semilattice structures of = and Q.

4.2. BROADER CORRESPONDENCE. In this subsection, we construct the broader corre-
spondence as a preparation for our main theorem. To state the correspondence rigorously,
we introduce one terminology, a coherent family of subobjects.

4.3. DEFINITION. [Coherent family] For a topos £, a family of subobjects of all objects
mn &

{mx: Sx = X}xeobe)
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1s said to be coherent, if for any monomorphism l: X —Y in £, Sx is a pullback of Sy
along [

Sy Ty Sy

Imx Imy
X —t sy

Before stating and proving the broader correspondence, we clarify that the notion of
coherent families generalizes hyperconnected quotients.

4.4. LEMMA. [Hyperconnected quotient defines a coherent family| Let £ be a topos and
E — F be a hyperconnected geometric morphism. Let G denote the corresponding left
exact comonad, and €: G = ide denote its counit.

Then, {ex: GX—=X}xcon(e) @5 a coherent family of subobjects. Moreover, the hyper-
connected quotient can be recovered (as a replete full subcategory) from its induced coherent
family {ex: GX — X} by collecting objects such that ex is isomorphic.

PROOF. At first, by Definition 2.1, {ex: GX — X} is a family of monomorphisms, i.e.,
a family of subobjects. We prove that for any monomorphism ¢: X — Y,

GX ~%% GY

S

X —Y
is a pullback diagram. Let

P »—— GY

[

X ——Y

be a pullback diagram. Then, GX < P holds in the poset of subobjects of X, because
of the universal property of pullback P. The converse inequality P < GX is implied by
the universal property of the counit ex because P is a subobject of GY and the essential
image of the inverse image functor of a hyperconnected geometric morphism is closed
under taking subobjects (see Definition 2.1).

The latter statement holds for general coreflective subcategories, not limited to hyper-
connected quotients. ]

By the above lemma, we can now see that the following correspondence is a broader
version of the main theorem.

4.5. PROPOSITION. [Broader correspondence| Let € be a topos with a local state classifier
{&x: X —=E}xcone). Then the following three concepts correspond bijectively.

1. coherent families of subobjects
2. subobjects of =

3. morphisms = — (2
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PROOF. The correspondence between 2 and 3 is obvious from the universal property of
the subobject classifier 2. For a given family of subobjects {mx: Sx ~— X}, it is coherent
if and only if the family of the corresponding characteristic morphisms {xs, : X — 2}
is locally determined. Then, the correspondence between 1 and 3 is verified. m

4.6. MAIN THEOREM. In this section, we present two lemma and prove our main theorem
(Theorem 4.1).

The first lemma states that a morphism f: =—= ) is an internal semilattice homo-
morphism if and only if the corresponding coherent family of subobjects is compatible
with finite products.

4.7. LEMMA. Let £ be a topos with a local state classifier {{x: X —= Z} xeone) and
{mx: Sx — X} be a coherent family of subobjects. Then for the corresponding morphism
=—=) given by Proposition /.5,

1. fpreserves T if and only if my: S1 — X is isomorphic.

2. [ preserves A if and only if for any X,Y € ob(E), mxxy: Sxxy — X XY and
mx X my: Sx X Sy — X XY are equal as subobjects of X x Y.

PROOF.

1. f preserves T means that the following diagram commutes.

Q< 1

rue\,A

By taking corresponding subobjects of the above two morphisms 1—(2, the former
part of the lemma is proved.

2. f preserves A means that
ExE L5 =

fxfl lf

Ox0 250

commutes. By Lemma 3.26, this is equivalent to the commutativities of

X xY

Ex Xéyl

=X = =
fxfl lf

Ox0O—230Q
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for all X,Y € ob(€). By definition of A, it is equivalent to the commutativity of
XxY

£X><Y
Ex Xéyl \

—_ —_
= X =
— —

|

AxQ—230Q.

By taking corresponding subobjects and elementary calculus of pullbacks, one can
check that it is equivalent to

Sx X Sy = Sxxy
as subobjects of X x Y. The latter part of the lemma is also proved.

4.8. REMARK. The conditions (1) and (2) in Lemma 4.7 is properly stronger than the
closedness by finite products. More precisely, although the lemma implies that if f: =—=(
is an internal semilattice homomorphism, the full subcategory that consists of {Sx | X €
ob(&)} is closed under finite products, the reverse implication is not true.

For example, let £ be the topos of Z-action Set?” and Sx »— X be the subobject
consisting of orbits of X whose cardinalities are 1 or infinite. Then, {Sx — X} is
coherent, and {Sx | X € ob(€)} is closed under finite product, but the corresponding
morphism = — (2 is not an internal semilattice homomorphism. In fact, let X = Z and
Y = Z/27 with the usual action by Z, then Sxy is X x Y itself, but Sy x Sy = Zx{ = ().

Now we turn to the second lemma. Recall that

X & , =
~, <

is commutative for any monomorphism f: X — Y, by definition of Z. The second lemma
can be regarded as an analogous property for every morphism f: X — Y, which is not
necessarily monic. To state the lemma rigorously, notice that for any object X € ob(&),
the hom-set £(X, Z) has a semilattice structure induced by that of =, as long as £ has the
local state classifier Z. In particular, we have an order structure on £(X,=). Explicitly,
for a parallel pair of morphisms f,g: X — =, the inequality f < ¢ is defined to be
f = f A g. In other words, the inequality f < g means that the following diagram

commutes.
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4.9. LEMMA. Let £ be a topos with a local state classifier {{x: X —Z}xeone). Then,
for any morphism f: X —=Y in &, an inequality Ex < &y o f holds.

X i y 5
f\@'/sy

PRrROOF. By definition, {x < &y o f is equivalent to the commutativity of

éX ,§y0f

<_
[I]

(1]
[I]

X

Then, it is enough to prove the commutativities of the following two triangles.

S I \
fXxY

X x Y
EXXEY\L A

=X =

The upper one is commutative, since (idx, f) is monic and the cocone {{x : X—=Z} xcon(e)
is locally determined. The lower one is commutative by the definition of A. [

(The same proof works for a cartesian closed category £ not limited to toposes, but
we do not need that generality here.)
With these two lemmas, we proceed to the proof of the main theorem.

PROOF OF THEOREM 4.1. We restrict the correspondence given by Proposition 4.5 to the
desired one. The correspondence between (2) internal filters and (3) internal semilattice
homomorphisms is just a special case of Proposition A.8. Therefore, it is enough to
prove that a coherent family of subobjects gives a hyperconnected quotient (by Lemma
4.4) if and only if the corresponding morphism f : =— () is an internal semilattice
homomorphism (or equivalently, the corresponding subobject of = is an internal filter).

First, we prove that for any hyperconnected quotient () of &£, the corresponding mor-
phism f: =—() is an internal semilattice homomorphism. Let G: & — & denote the
left exact comonad induced by hyperconnected quotient () and e: G — id¢ denote its
counit. By the first lemma (Lemma 4.7), it is enough to prove that e¢;: G1 »— 1 is iso-
morphic, and for any objects X,Y € ob(€) two subobjects exxy: G(X xY) — X x Y
and ex X ey : GX X GY — X X Y define the same subobject of X x Y. Both conditions
are implied by the fact that G preserves finite products.

Second, we prove that for each internal filter k: F' — =, the corresponding coherent
family of subobjects {mx: Sx ~— X} defines a hyperconnected quotient of £. In detail,
we prove the following two things.
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e The full subcategory () spanned by the objects X whose £x: X — = lifts along
k: F— =

bt

//// k
T X =
X —— =

defines a hyperconnected quotient of £.

e Furthermore, the corresponding coherent family {mx: Sx — X} gives the counit
of the hyperconnected geometric morphism.

Since my: Sx »— X is the pullback of k along &x

Sx—>F

4
Imx Ik
X 2=
an object X of £ belongs to @ if and only if my is an isomorphism. Therefore, it is
followed that Q is closed under finite products, by the first lemma (Lemma 4.7).
Q is also closed under taking subobjects because if Y is an object in Q and s: X — Y
is a subobject, then £x lifts along k as the following diagram

Since an equalizer is a special type of subobject, now we have proven that Q is closed
under finite limits and subobjects.

Next, we prove that the embedding functor Q—=¢ has a right adjoint and {mx: Sx —
X} xeob(e) gives its counit. It is equivalent to say that for any object X in Q, Y in £, and
a morphism f: X — Y f has a (necessarily unique) lift along my

Sy
/>[ I
/// my
x L Y,

because one can easily check that Sy belongs to Q.
Since the object X belongs to Q, the morphism £y lifts along k: F' — Z. The fact
that the internal filter F' is upward closed (see the third condition of Definition A.2) and
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the second lemma (Lemma 4.9) imply that the composite morphism &y o f lifts along k

k

N
N
N
N
\
\

X sy ¥, =

Then, by the universal property of Sx as a pullback, f lifts along my

Sy—)F

A _
// Imy Ik
f .Y &y

—_
N
7 .

X

Therefore, f lifts along my, and my defines the component of the counit.

So far, we have proven that Q is a full subcategory closed under taking finite limits
and subobjects, and the embedding functor @ — £ is a left exact left adjoint functor.
Since Q is comonadic over € by a left exact comonad, Q is a topos (See V.8 of [MM12]).
Consequently, Q is a hyperconnected quotient of &, since it is closed under subobjects.
The proof of the main theorem is completed. ]

5. Examples and Applications
In this subsection, we list some examples and applications.

5.1. NUMBER OF HYPERCONNECTED QUOTIENTS. First, we prove the following imme-
diate corollary about the number of hyperconnected quotients. Although the case for a
Grothendieck topos can be inferred from [Ros82], our corollary is applicable to a broader
class of toposes and directly implied by the internal parameterization, just like the case
of subtoposes.

5.2. COROLLARY. [Smallness of the number of hyperconnected quotients] For a locally
small topos with a local state classifier £ (for example, an arbitrary Grothendieck topos),
the number of hyperconnected quotients of € is small.

PROOF. Since hyperconnected quotients correspond bijectively to the internal semilattice
homomorphisms from the local state classifier = to the subobject classifier Q@ (by our
main theorem, Theorem 4.1), the number of them is not larger than the cardinality of the
hom-set £(=, ), which is small. =
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5.3. TOY EXAMPLE: THE TOPOS OF DIRECTED GRAPHS. As an illustrating toy example,
we classify all hyperconnected quotients of the topos of directed graphs DirGraph =
Set?*™™  using the main theorem. Before regarding the local state classifier of it, it is
not hard to find two hyperconnected quotients, induced by full and bijective on objects
functors (see Example 2.2). There are two full and bijective on objects functors from
the parallel morphisms category Par. The obvious one is idp,, and the other is Par — 2,
where 2 denotes the two element totally ordered set. Their corresponding hyperconnected
quotients are DirGraph itself and Set®” respectively.

Now, we turn to a local state classifier. As observed in Example 3.9, the local state
classifier = is the following directed graph:

[being a loop] C e o [not being a loop].
Since the internal semilattice structure is given by
[being a loop| > [not being a loop],

there are exactly two internal filters, which are the maximum filter idg: =——= itself and
the minimum filter T: 1 —Z, visualized as follows

[being a loop] C e o [not being a loop]

[being a loop] Cj o,

The corresponding hyperconnected quotients are the two mentioned in the above para-
graph. We can conclude that there are no other hyperconnected quotients, by the main
theorem.

5.4. LOCAL STATE CLASSIFIER OF A LOCALIC GROTHENDIECK TOPOS. Let £ be a
topos with a local state classifier =. Then, the identity idz: = — = gives the maximum
internal filter, and the top global section T: 1 — = gives the minimum internal filter.
The corresponding hyperconnected quotients are the maximum hyperconnected quotient,
i.e., & itself, and the minimum hyperconnected quotient.

By the main theorem and Example 2.5, we obtain the following corollary, which is the
converse statement of Example 3.23.

5.5. COROLLARY. For a Grothendieck topos £, & is localic if and only if its local state
classifier is the terminal object.

See also Example 3.12 for categories whose local state classifier is terminal.
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5.6. QUOTIENTS OF BOOLEAN TOPOSES. As we mentioned in Introduction (section 1),
Lawvere’s original question in [Law09] sought the internal parameterization of all quo-
tients, not hyperconnected quotients.

The difference between the two classes of quotients disappears for some toposes, in-
cluding all Boolean toposes.

5.7. PROPOSITION. Let £ be a Boolean topos. Every quotient of £ is hyperconnected.

PRrROOF. Let Q be its quotient, regarded as a full subcategory of £. The subobject classifier
of a Boolean topos £ is the coproduct of two copies of terminal objects 1]]1 (See VI.1
of [MM12]). Since Q is closed under finite limits and finite colimits of £, the subobject
classifier of £, 1]] 1 belongs to Q. By the universal property of the subobject classifier
(in £) and the fact that Q is closed under pullback, Q is closed under taking subobjects,
i.e., hyperconnected. [

Then, we had the internal parameterization of all quotients for a Boolean topos with
a local state classifier, just by erasing the adjective “hyperconnected.”

5.8. COROLLARY. [Internal parameterization of quotients of a Boolean topos| Let £ be a
Boolean topos with a local state classifier {{x: X —=Z}xcone) (for example, an arbitrary
Boolean Grothendieck topos). Then the following three concepts correspond bijectively.

1. quotients of £
2. internal filters of =
3. internal semilattice homomorphisms = — )

It is worth emphasizing that it gives a partial solution to Lawvere’s open problem
[Law09]:

5.9. COROLLARY. [Lawvere’s open problem for Boolean toposes| For a locally small
Boolean topos with a local state classifier (for example, an arbitrary Boolean Grothendieck
topos), there exists an internal parameterization of quotients. In particular, the number
of quotients is small.

ProOOF. It is implied by the above argument and Corollary 5.2. [

As a toy example of classification of all quotients of a Boolean topos, using Corollary
5.8, we classify all quotients of the topos of species.

5.10. ExXAMPLE. [Quotients of the topos of species| In Example 3.14, we see that a local
state classifier of the topos of species FinSet™™5¢ is given by = = Subgroup (Autget(—)),
which we call “the species of symmetries.”

An internal filter of = is given by a family of filters

{FA C SubGroup<AUtSet(A>)}A€ob(FinSet0)
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that is closed under the action of bijections. It is equivalent to saying that the family of
filters
{Fn C Subgroup(6n)}nlo

that is closed under conjugate actions for each 0 < n < co. Furthermore, since a filter of
finite semilattice is principal, it corresponds to a family of normal subgroups

{N, C&,}2,.

Therefore, there is a natural bijection between quotients of the topos of species and
families of normal subgroups {N,, C &,}>° of all symmetric groups.

Classification of normal subgroups of symmetric groups is well-known. Since an al-
ternating group A, of a symmetric group &,, is simple when n > 5, there exist exactly
3 different normal subgroups for &, (n > 5), namely two trivial subgroups and the al-
ternating group. For the cases of n = 0,1, 2, 3,4, by concrete calculation, we can prove
that there are 1, 1,2, 3,4 subgroups, respectively. (There is a non-trivial normal subgroup
of &, that differs from A4, which is the Klein four-group.) In particular, the number of
quotients of the topos of species is the cardinality of the continuum.

See the next subsection for another example of the classification of all quotients of a
Boolean topos via Corollary 5.8.

5.11. ToPOS OF (TOPOLOGICAL) GROUP ACTIONS. As mentioned in Example 2.3, for a
topological group (G, 7), the continuous action topos Cont(G, ) gives a (hyperconnected)
quotient of Set®”. In this subsection, we prove the converse statement (Corollary 5.17),
as a corollary of our main theorem, although essentially the same argument is already
known (see section 5.3.1 of [Rog21a]), for this particular example.

Just to avoid the argument becoming wordy, we introduce two terminologies.

5.12. DEFINITION. [Conjugate closed filter| A filter F' of a (semi)lattice of subgroups
Subgroup(G) s called conjugate closed if it is closed under the conjugate action.

5.13. DEFINITION. [Simple topological group| A topological group structure on a group G
1s called simple if the set of all open subgroups is a fundamental system of neighborhoods
of the identity element.

5.14. EXAMPLE. [Simple topological group and non-simple topological group] The topo-
logical group of p-adic numbers Z, with the usual p-adic topology is simple. In contrast
to that, the topological group of real numbers R with the usual Euclidean topology is not
simple.

In Example 3.10, we have seen that a local state classifier of a group action topos Set®"”
is given by the set of all subgroups of G, equipped with morphisms {x that send an element
to its stabilizer subgroup. Its internal filter is a conjugate closed filter F C Subgoup(G).
As a corollary of our main theorem, we have the following:
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5.15. COROLLARY. For a group G, quotients of a group action topos Set®" bijectively
correspond to conjugate closed filters of Subgroup(G)-

Proor. This is immediately corollary of our main theorem and Proposition 5.7. n

To connect this corollary to the notion of a topological group, we prove the following
lemma.

5.16. LEMMA. For a topological group (G, T), the set of all open subgroups is a conjugate
closed filter of Subgroup(G). Furthermore, for a group G, this construction gives a bijective
correspondence between simple topological group structures on G and conjugate closed

filters of Subgroup(G).

PROOF. For a topological group (G, 7), let Fi . denote the set of all open subgroups of
(G, ).

First, we prove the former statement. Take an arbitrary topological group (G, 7).
Since the intersection of finitely many open subgroups (including the nullary intersection
() is an open subgroup, the set Fg . is closed under finite meet. If an open subgroup
H € Fg ; is a subset of another subgroup H' € Subgyoup(G), H' is a union of some cosets
of H and is open. Hence the filter Fi; ; is upward closed. Since a conjugate subgroup
of an open subgroup is also open, the set Fg , is a conjugate-closed filter. The former
statement is now proven.

Second, we prove the latter statement. If two topological group structures (G, 7) and
(G,7') on a group G are both simple and F, = Fg ., then two topologies coincide
7 = 7'. Therefore, it is enough to construct, for an arbitrary given conjugate closed filter
F, a simple topological group structure (G, 7) such that F, = F. Take an arbitrary
conjugate closed filter F'. We define a set B of subsets of G, as follows:

B={g9H¢ |g9,9 € G, H € F}.
Then the set B has a slightly simpler description:
B={gH|geG HeF}={Hg|geG, HelF},

because F is conjugate closed and we have an equation gHg' = g¢'(¢"*Hg') = (9Hg 1) gg'.
Furthermore, if gH € B contains « € GG, we can prove that gH = xH, then {S € B |x €
St={zH | H € F}.

We define 7 as a topology on G that is generated by open basis B. In other words, an
open set of 7 is a union of some elements of F. But, this construction needs verification.
First, since G € F, F' covers the whole GG. Second, take x € G and gH,¢'H' € B such
that = € gH and z € ¢’H’. Since

regHNgH =xHNzH =x(HNH')E€B

and x(H N H') C gH,g H', the verification is done. Let 7 denote the topology we have
just verified. Notice that {xH | H € F} is a fundamental system of neighborhoods of
zed.
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We prove that (G, 7) is a topological group, is simple, and Fg . = F.

Since (gH)™' = Hg™!, inverse element function (—)~': G — G is continuous. To
prove the multiplication map *: G x G — G is continuous, take z,y € G and zyH € B.
r(yHy™') and yH are open neighborhoods of z,y and x(yHy™') x yH C G x G is sent
by * to xyH C G. Then, * is continuous and (G, 7) is a topological group.

Now, it is enough to prove the equation F . = F, because the simpleness of the
topological group (G, 7) is immediately implied by this equation. Since every element of
F'is an open subgroup of (G, 7) (i.e., Fi D F'), we prove the converse inclusion relation,
Fe. C F. Take an arbitrary open subgroup U € Fg .. Since U is open and F'is a
fundamental system of neighborhoods of the identity element, there exists H € F such
that H C U. Because F' is upward closed, the open subgroup U also belongs to F', and
thus our proof is completed. [

By the above argument, we have the next corollary.

5.17. COROLLARY. [Quotients of a group action topos| For a group G, the following three
concepts correspond bijectively:

1. quotients of the topos of group actions Set®” (which are automatically hypercon-
nected),

2. conjugate closed filters (Definition 5.12) of Subgroup(G),
3. simple topological group structure (Definition 5.13) on G.

In particular, every quotient of the topos of group actions is induced by a (simple) topo-
logical group structure on G.

ProoF. The former statement is implied by the above arguments. The latter is verified
by concretely checking the correspondence. [

We end this subsection by mentioning two possible generalizations from groups to
topological groups and to monoids.

5.18. REMARK. [Quotients of a topological group action topos| How about quotients
of a topos of topological group actions, which is also a typical example of a Boolean
Grothendieck topos? Actually, we have already essentially completed the classification of
all quotients of a topological group action topos. It is because, a topological group action
topos is a quotient of a (discrete) group action topos, and a quotient of a quotient is itself
a quotient.

Specifically, consider the topos Cont(G,7) of continuous actions of the topological
group (G, 7). Since this topos is also a Boolean Grothendieck topos, we can apply Propo-
sition 5.7. Then, by Lemma 5.16, we can assume that it is simple. Then we can conclude
that a quotient of Cont(G, 7) corresponds bijectively to a simple topological group struc-
ture equal to or weaker than 7. From this generalized point of view, we can regard
Corollary 5.17 as the particular case where 7 is the discrete topology.



INTERNAL PARAMETERIZATION OF HYPERCONNECTED QUOTIENTS 303

5.19. REMARK. [Hyperconnected quotients of a topos of monoid actions] In this remark,
we briefly mention the extent to which the discussion in this subsection can be generalized
from groups to monoids.

There are at least two differences. First, a monoid action topos is not necessarily
Boolean, so we cannot apply Proposition 5.7. In other words, some quotients may not
be hyperconnected. The other difference is that a local state classifier = is not the set
of all subalgebras (in this case, submonoids), unlike the case of a group. A local state
classifier, calculated by Example 3.22, is the set of all equivalence relations on M that are
compatible with the right action of M on M itself. In other words, it is the set of right
congruences of M.

In section 5.3.1 of [Rog21a], the classification of hyperconnected quotients of the topos
of monoid actions is given in terms of right congruences, in essentially the same way that
our main theorem provides for this particular case. Furthermore, in the same paper, a hy-
perconnected quotient of a topos of monoid actions that is not induced by the topological
monoid structure is given, using the additive monoid of natural numbers (N, +,0).

6. Conclusions and future works

In this paper, we defined the notion of a local state classifier (Definition 3.5). By making
use of it, we obtained the internal parameterization of hyperconnected quotients (Theorem
4.1). It allows us to classify all hyperconnected quotients by calculating one object, a local
state classifier. After proving the main theorem, we demonstrated the classifications for
some familiar toposes. As a corollary of our main theorem, we gave a partial solution to
Lawvere’s open problem [Law(09]. This is a novel step toward the solution of the open
problem, especially from the perspective of internal parameterization.

However, there are still many things remaining to do. We list some of them, including
some that are vague, as future works.

First, seek the possible generalization of our internal parameterization to all quotients,
not limited to hyperconnected quotients, to solve Lawvere’s first open problem [Law(09].
However, it seems impossible to realize such a generalization by manipulating only a local
state classifier. It is because a local state classifier seems too small to parameterize all
quotients. For example, in the case of DirGraph, its local state classifier and subobject
classifier are both finite graphs. However, the number of quotients of DirGraph ~ Set™>"”
is at least the cardinality of the continuum. (This lower bound is given by the fact that
SetZ” is realized as a quotient of DirGraph. It is because there is a lax epimorphism
Par——=7Z from the parallel morphism category Par (Example 3.9) to the group Z in the 2-
category of categories Cat. See [AEBSV01] or [EBV02] for lax epimorphism.) Therefore,
an essential modification may be needed if one seeks a similar internal parameterization
of all quotients.

Second, find other applications of a local state classifier in other contexts of other
categories, not limited to toposes. Although the definition of a local state classifier does
make sense in other categories, we do not yet know other applications of a local state
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classifier. One of the obstructions is that a local state classifier tends to be the terminal
object (or degenerate) in some familiar categories, as we see in Example 3.12 and Example
B.4. To avoid this problem, some variances of a local state classifier might work. There
are many options to define variances of a local state classifier. For example, we can define
a colimit of all regular or split monomorphisms instead of all monomorphisms or define
algebraic structure on a (variance of) local state classifier = by a monoidal structure, not
only by a cartesian structure as done in subsection 3.25.

Third, find a class of functors that preserves a local state classifier. One fundamental
method to study categorical structures is considering the preservation of the structure by
functors. However, we do not find a suitable class of functors that preserves a local state
classifier. Though we define a local state classifier as a colimit, even a cocontinuous functor
may not preserve it since the indexing category of the diagram C,,,, is possibly large and
depends on the considered category C. As seen in Remark 3.24, even a sheafification
functor (which is an essentially surjective left exact left adjoint functor) may not preserve
it.

Fourth, clarify the relationship to classifications of smaller classes of quotients. Some
classifications of smaller class quotients are known, including the classification of atomic
quotients mentioned in Example 2.6. We want to clarify how a restricted class of hyper-
connected quotients can be described in terms of a local state classifier.

Lastly, study the interaction with other internal structures. One crucial point of this
paper is to find the internal structures that correspond to the external structures, hy-
perconnected quotients. Once we succeed in internalizing, it is natural to consider the
relationship with other internal structures. For example, since a Lawvere-Tierney topol-
ogy is an idempotent internal semilattice homomorphism on the subobject classifier €2,
from an internal semilattice homomorphism Z=—=(2, we can obtain a new homomorphism
=— () just by composition. In terms of corresponding external structures, if we have a
subtopos and a hyperconnected quotient of a given topos (with a local state classifier),
we can obtain a new hyperconnected quotient. This fact is not apparent without our
internal parameterization. More generally, the monoid of all internal semilattice endo-
homomorphisms Q2 — Q (which is called productive weak Lawvere-Tierney topology in
[KM21]) naturally acts on the set of all hyperconnected quotients.

A. Internal semilattices and the universal filter

In this appendix, we briefly recall the notions of internal semilattices (Definition A.1) and
their filters (Definition A.2) and prove that the subobject classifier of a topos is universal
among internal filters (Proposition A.8).

First, we define the equational theory of (bounded meet-)semilattice, instead of usual
semilattices (in Set), since we interpret it in other cartesian categories (like toposes). For
internal interpretation of an equational theory, see section IV.8 of [MM12].

A.1. DEFINITION. [Equational theory of semilattice| The equational theory of semilattice
consists of two operations T, A\, which have arity 0,2 respectively, and four axioms
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e xANT =TAx=ux
e (zAyY)ANz=xA(YAz)
s x NYy=yANzx
o T ANT =1.

The theory of semilattice is the same thing as the theory of idempotent commutative
monoid. However, in this paper, we prefer calling it a semilattice in order to emphasize
its order structure.

Internal filters of an internal semilattice can be defined as a “upward closed” subalge-
bra.

A.2. DEFINITION. [Internal filter| Let C be a finitely complete category and (X, T,A) be
an internal semilattice. An internal filter of (X, T,A) is a subobject m: F — X that
satisfies the following three conditions.

1. (closed under T ) There is a (necessarily unique) morphism T p: 1 —=F such that

commutes.

2. (closed under N) There is a (necessarily unique) morphism Ap: F X F'— F such

that
Imxm Im
XxX "5 X
commutes.

3. (upward closed) For the equalizer k: Eq — X of

X x X

mXidX A
\ X

mF%’

Eq —%5 Fx X
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there is a (necessarily unique) morphism l: Eq— F X F' such that

Eq —"— Fx X

3 /Mm

FxF
commutes.

The third condition above is just a diagrammatic version of
V(u,2) e Fx X, (uhNx=u = (u,x) € F x F),

which means that F'is upward closed.

A.3. EXAMPLE. [Set] In the category of sets Set, an internal semilattice is a usual semi-
lattice. It is the same as a poset with finite meet, including the maximum element (=
the nullary meet). An internal filter is a filter in the usual sense, which is an upward
closed subset that is closed under finite meet. Note that the existence of the nullary meet
ensures that a filter is non-empty.

A.4. EXAMPLE. [Presheaf topos] In a presheaf topos Set®” of a small category C, an
internal semilattice structure on a presheaf P: C°? —Set is a family of semilattice struc-
tures on Pc for each ¢ € ob(C) such that Pf: Pcd—Pc for each f: c— is a semilattice
homomorphism. An internal filter of P is a subpresheaf F' ~— P such that F'c is a filter
of Pc in the usual sense for each ¢ € ob(C).

Like the case of a presheaf topos, if C is locally small, an internal semilattice and an
internal filter can be described externally with the Yoneda lemma and reduced to the
theory of usual semilattices and filters.

A.5. EXAMPLE. [Subobject classifier Q2] Recall that a subobject classifier €2 in an elemen-
tary topos &£ has the canonical internal Heyting algebra structure (see IV.8. Theorem 1
of [MM12]). By restricting that structure, 2 has the canonical internal semilattice struc-
ture. It is familiar in the context of Lawvere-Tierney topology to regard () as an internal
semilattice rather than internal Heyting algebra. In fact, a Lawvere-Tierney topology is
an idempotent internal semilattice endomorphism of 2, not an internal Heyting algebra
endomorphism. The (universal) subobject

true: 1 — Q

is an internal filter of ).

From now, we prove that for an arbitrary elementary topos &£, the subobject classifier
true: 1 — €1 is the universal internal filter. To prove that, we first prepare the following
two lemmas.
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A.6. LEMMA. Let C be a finitely complete category, X be an internal semilattice, and
m: F'— X be its internal filter. Then, the following two diagrams

F

1T—>F
[
15X

and
FxF -y F

Ime Im
XxX L5 X,
which are in Definition A.2, are both pullback diagrams.

PROOF. The first diagram can be divided into two elementary pullback diagrams:

T id
11— F 5 F
g g
idy idp Im
T
11— F "5 X

The statement that the second diagram is pullback is the diagrammatic version of the
formula
V(iz, ) e X x X, N2’ € F = (z € Fand2' € F).

If C is locally small, by the Yoneda lemma, it is enough to show this in Set. In Set, the
desired statement can be easily verified by the third condition of internal filters, upward
closed. Even if C is not locally small, this can be proved in a straightforward diagram
chase or the argument of generalized elements. [

A.7. LEMMA. [Pullback-stability of filters| Let C be a finitely complete category, X,Y
be internal semilattices in C, f: X —=Y be an internal semilattice homomorphism and
m: ' —Y be an internal filter of Y. Then the pullback f*m: f*F — X ofm: FF — X
along f
ffF—— F
I
f

X —Y

1s an internal filter of X.
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ProoF. If C is locally small, by using the Yoneda lemma, it is enough to show this lemma
only for C = Set. In Set, an inverse image of a filter via a semilattice homomorphism
is again a filter. For the case that C is not locally small, this lemma can also be easily
proved by a straightforward diagram chase. n

We move on to the proof of the universal property of the subobject classifier as an
internal filter.

A.8. PROPOSITION. [Subobject classifier is the universal internal filter] Let € be a topos,
true: 1 —= be its subobject classifier, X be an internal semilattice, and m: F — X be
a subobject of X. Then, m: F' — X is an internal filter if and only if the characteristic
map xr: X —=€ is an internal semilattice homomorphism.

F—1

X 50

Consequently, there is a bijective correspondence between internal semilattice homomor-
phisms X —=Q and internal filters of X.

PrOOF. By Lemma A.7, it is enough to prove that yr is an internal semilattice homo-
morphism for any internal filter m: F' — X.
First, we show that yr preserves T, i.e.,

0
1 lXF
t%

Q

commutes. To prove this, it is enough to observe that the corresponding subobject of
xro T isequal toidy: 1 — 1. Since m: F' — X is an internal filter, by Lemma A.6 and
the definition of y g, we have the following pullback diagram

TF !

1 y F > 1
_ _
lidl Im true
\ XF \
1 T 7 X 7 Q-

The composite pullback diagram is what we needed.
Second, we show that xr preserves A, i.e.,

XxX 25 X

lXF XXF lXF

Ox0—230Q
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commutes. Again by Lemma A.6, we obtain the following two pullback diagrams:

Ix! A1 (=!)
FxXF—1x1—>51
I
mxXm truextrue true

X x X MXE 0w Ay

and
FxF -2, Fr 131
J J
Imxm Im Itrue
XxX 25 x XM,0.
This shows that Ao (xr X xr) and yro A are the characteristic map of the same subobject
mxm: FxF—XxX. [

We conclude this appendix by rephrasing Proposition A.8 in terms of the representabil-
ity of a functor. For a locally small topos &€, there is a contravariant functor from the
category of internal semilattices in £ to the category of sets Set that sends an internal
semilattice X to the set of all internal filters of X. The subobject classifier () represents
this functor, with the universal element

true: 1 — Q.

B. Existence theorem for a local state classifier

In this appendix, we show an existence theorem for a local state classifier. The theorem is
strong enough to prove the existence of a local state classifier not only for a Grothendieck
topos, which is concretely constructed in subsection 3.16, but also for a category of models
of an equational theory (Example B.4).

Our method is similar to the proof of the general adjoint functor theorem. We reduce
a local state classifier to a colimit of a small diagram under the assumption that there
exists a set of objects that “generates” the category in some sense. To make it precise,
we first define the notion of “mono-density.”

First, recall the notion of a dense full subcategory. Let ¥ C ob(C) be a set of objects
of a category C. By abuse of language, let 3 also denote a full subcategory of C consisting
of objects in X. Then, the full subcategory ¥ is said to be dense, if the following diagram

YXr————C

ide
C
is a pointwise left Kan extension.

Our assumption for the existence theorem, “mono-density,” is a variant of this density,
regarding monomorphisms. In the following definition, ., denotes the full subcategory
of C,ono spanned by objects in .
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B.1. DEFINITION. (Mono-density) For a category C and a set of objects ¥ C ob(C) is
mono-dense if the following diagram

Z?TLO?I,U e

Sl

Cm(mo Y

(where all functors above are the canonical inclusions) is a pointwise left Kan extension.
In other words, ¥ is mono-dense if and only if, for any object X € ob(C), X is the
colimit of the following functor
Em()n() \LX — Emono — C

with the canonical cocone, where the domain ¥, } X denotes the comma category of

X
Emono ’ 7 Cmono ¢ 1.

Since Y00 + X 18 equivalent to the poset of subobjects of X that belong to ¥, mono-
density of ¥ means that every object of C is the colimit of all subobjects in X, in a
canonical way.

B.2. PROPOSITION. [Existence theorem| If a locally small and cocomplete category C has
a mono-dense (small) set of objects ¥ C ob(C), then C has a local state classifier.

PROOF. Since C is locally small and ¥ is a (small) set, the cocompleteness of C implies
that there is the following left Kan extension (= the colimit of X, — C),

Z mono ) C
1

By the mono-density of > and the universal property of the left Kan extension, the
above diagram, which is equal to

Q

by >
mono /

[1]
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ZIHOHO > 2 C
\ i%/

is uniquely factored as

Cmono =
;¢ E
\
1
Then,
Cmono —_— C
\5ﬂ /
| =
1
defined as above, is a left Kan extension, and gives a local state classifier of C. [

B.3. ExAMPLE. (Grothendieck topos) Now we obtain another proof of the existence of a
local state classifier of a Grothendieck topos, which is already proved in subsection 3.16.
For a small site (C, J), we say a J-sheaf P is generated by one element, if there is an object
¢ € ob(C) and an epimorphism ay(c) — P in Sh(C,J). We define 3 as the (essentially
small) set of all J-sheaves generated by one element.

The set ¥ is mono-dense because of Lemma 3.17. (In order to check this, one can use
the fact that the (fully faithful) inclusion functor Sh(C,.J)—=Set®” reflects all colimits. )
Therefore, we can apply Proposition B.2 to Sh(C, J) and obtain a local state classifier.

B.4. EXAMPLE. [Category of models of an equational theory| For any equational theory
T, the category of T-algebras, T-Alg, has a local state classifier. It is because T-Alg is
locally small and cocomplete (for example, see corollary 5.6.14. of [Riel7] or section 3.4
pf [Bor94]), the set X of all finitely generated T-algebras is essentially small, and every
T-algebra is the colimit of its finitely generated subalgebras in a canonical way. This
example includes Example 3.10 and Example 3.13.

However, a local state classifier of a category of familiar algebras tends to be a terminal
object. For example, local state classifiers of the category of groups Group, the category
of rings Ring, the category of commutative rings CRing, the category of monoids Monoid,
the category of abelian groups Ab, the category of lattices Lattice, and the category of
vector spaces Vectk are terminal.
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