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DAGGER CATEGORIES VIA ANTI-INVOLUTIONS AND
POSITIVITY

LUUK STEHOUWER AND JAN STEINEBRUNNER

ABSTRACT.

Dagger categories are an essential tool for categorical descriptions of quantum physics,
for example in categorical quantum mechanics and unitary topological field theory. Their
definition however is in tension with the “principle of equivalence” that lies at the heart
of category theory, thereby inhibiting generalizations to higher categories. In this note
we propose an alternative, coherent description of dagger categories based on the well-
studied notion of anti-involutions d : C — C°P, which coherently square to the identity

~

functor 7 : d?> = ide. A general anti-involution need not be the identity on objects,
but we instead consider certain isomorphisms dx = xz, which we call Hermitian fixed
points as they generalize the notion of a Hermitian inner product on a vector space. We
define a “positivity notion” on (C,d,n) in terms of such Hermitian fixed points. This
terminology is motivated by the dagger category of Hilbert spaces, in which case the
positivity notion consists of the positive definite pairings. Our main result is that the
2-category of anti-involutive categories with a positivity notion is biequivalent to the

2-category of dagger categories.
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Hilbert spaces play an important role in the mathematical study of physical systems and
in particular in the notion of unitary topological quantum field theory. In the context of
unitary TFTs it is especially important to understand Hilbert spaces from a categorical
perspective.
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When considering the category of finite dimensional Hilbert spaces and bounded opera-
tors Hilb™, one is faced with a fundamental problem: the forgetful functor Hilb™® — Vect
is an equivalence of categories. It is essentially surjective because every finite-dimensional
vector space admits a Hilbert space structure and it is fully faithful because every lin-
ear map between finite dimensional Hilbert spaces is bounded. We conclude that in this
framework, category theory cannot tell apart Hilbert spaces and vector spaces. To re-
solve this, we need to remember how to take the adjoint A*: H — H of an operator
A: H — H'. In other words, we should think of Hilb™ as a dagger category:

A dagger category is a category C equipped with a functor {: C? — C satisfying
To 1% =1de and f(x) = z for all objects x € C. A dagger functor F': (C,1) — (D,1) is a
functor F: C — D such that F(f') = F(f)* holds for all morphisms f: z — ¥ in C.

While dagger categories are key to categorical approaches to quantum physics, they
also come with an inherent difficulty: the condition f(x) = z behaves poorly under
equivalences of categories, and so attempts to transport dagger structures under those
will fail in general. Dagger categories are hence sometimes humorously referred to as an
“evil” concept [1], as they violate this principle of equivalence. For example, there is no
dagger structure on Vect™ which makes the equivalence Hilb™® — Vect™ into a dagger
functor. Indeed, let (V, (.,.)) be a Hilbert space and (V, 2(.,.)) the same vector space with
a scaled inner product. Then the morphism idy : (V, (.,.)) — (V,2(.,.)) is not preserved
under . However, its image in Vect™ is the identity on the vector space V and so must
be preserved under f.

However, there is still a well-behaved “dagger category theory” obtained by requiring
all coherence isomorphisms to be wunitary. A morphism u: z — y in a dagger category
(C, 1) is called unitary if u': z — y is an inverse to u, i.e. if uou! =id, and u' o u = id,.
There also is a notion of isometries: these are morphisms i:  — y satsifying only if 0i =
id,.
We can define a 2-category {Cat of dagger categories as follows. Objects are dagger
categories, morphisms are dagger functors, and 2-morphisms are natural transformations
a: F' — G such that each a,: Fxr — Gz is an isometry. Requiring that the natural
transformations are isometries ensures that all invertible 2-morphisms are unitary, and
hence the 2-category recovers the appropriate notion of equivalence of dagger categories:

1.1. LEMMA. [2, Lemma 5.1] We say that a dagger functor F: C — D is a dagger
equivalence if it satisfies the following equivalent conditions:

e [ is an equivalence in the 2-category TCat. (i.e. there is a dagger functor G: D — C
such that FoG and GoF' are unitarily naturally isomorphic to the respective identity
functors.)

o F is fully faithful and surjective up to unitaries. (i.e. for each d € D thereis ac € C
such that F'(c) is unitarily isomorphic to d.)

One can make sense of a large collection of categorical notions by replacing ‘isomor-
phism’ with ‘unitary isomorphism’, such as limits and adjoints [3]. This also tells us how
to transport dagger categories along equivalences:
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1.2. THEOREM. [4, Theorem 3.1.3.] Let (C,T) be a dagger category and F : C — D an
equivalence in Cat such that ide — F~'F and F~'FF~' — F~1 are unitary. Then there
18 a unique dagger structure on D making F' into a dagger equivalence.

We provide another example of a dagger structure that cannot be transported along
an equivalence: since the notion of unitary isomorphism is potentially stricter than iso-
morphism, the skeleton sk D < D of a dagger category D can in general not be made into
an equivalence of dagger categories. Namely, if D has two objects that are isomorphic,
but not unitarily, then only one of them can be in sk D, and therefore sk D < D cannot
be surjective up to unitaries. Instead, the skeleton has to be replaced by a category with
one object for each unitary isomorphism class of D.

The purpose of this note is to compare this 2-category theory of dagger categories with
the 2-category theory of their coherent analogue: anti-involutive categories. Additionally,
we precisely describe which information is lost in the comparison process. We define an
anti-involutive category to be a category C equipped with a functor d: C°? — C that
squares to the identity functor up to chosen higher coherence.! Abstractly, the 2-category
ICat of anti-involutive categories may be thought of as the homotopy fixed point category
of the involution C + C% on the 2-category Cat. Any dagger category gives rise to
an anti-involutive category with trivial higher coherence, and this defines a 2-functor
T: tCat — ICat. However, we will see that anti-involutive categories only suffice to
capture the behaviour of “indefinite” dagger categories (Definition 4.3).

1.3. THEOREM. There is a 2-adjunction
T: Cat = ICat :Herm

and it restricts to an equivalence between the full 2-subcategory of indefinite complete
dagger categories and the full 2-subcategory of those anti-involutive categories where each
object admits at least one fixed point structure.

To fully capture dagger categories, we will introduce some extra structure on an anti-
involutive category. More specifically, we define a Hermitian fixed point h :  — dz in Def-
inition 3.1 as a homotopy Z/2-fixed point under Z/2-action on the maximal subgroupoid
induced by d. The main concept we introduce to reconcile anti-involutive categories with
dagger categories is a “positivity notion” on an anti-involutive category (Definition 5.4),
which is a certain collection of Hermitian fixed points on its objects. The intuition behind
a positivity notion is two-fold:

1. is specifies the isomorphisms dx = x necessary to make d the identity on objects;

2. it specifies a collection of Hermitian pairings on the category that we prefer to call
positive, compare Example 5.10.

IThis is sometimes called a category with duality.



2016 LUUK STEHOUWER AND JAN STEINEBRUNNER

We then define PCat to be the 2-category of anti-involutive categories equipped with a
positivity notion. This approach is in part motivated by LeFanu Lumsdaine’s mathover-
flow answer [1], which suggests to encode dagger categories by keeping track of a coherent
involution and “unitary fixed point data”. Our main theorem states that these indeed
form an equivalent notion to dagger categories.

1.4. THEOREM. There the above adjunction lifts to a biequivalence of 2-categories
1Cat ~ PCat
that commutes with the forgetful functors to Cat.

There has been plenty of previous work on several notions of involutions on categories,
mostly about covariant (sometimes op-monoidal) involutions. A partial list includes [5, 6,
7,8,9, 10, 11, 12, 13]. Even though some of these references relate categories with weak
involution to dagger categories, most references work with categories with more structure,
such as (symmetric) monoidal or C-linear categories. We think of our formulation of
the relationship between anti-involutive categories and dagger categories as the most
elementary relationship, which could be enhanced with more structure if so desired. In
fact, the second author in [14] obtains a (symmetric) monoidal version of this theorem.

One of the key uses of our main theorem is that it allows us to compute categories
of dagger functors from ordinary functor categories together with information about the
anti-involutions and the positivity notions.

1.5. THEOREM. Let (C,T) and (D, 1) be two dagger categories. Then F +— fp o F o,
defines an anti-involution on the category of all (not necessarily dagger) functors F : C —
D. The inclusion of the dagger functors into the fized points

Fun'((C,1), (D, 1)) = (Fun(C, D))™

1s fully faithful and its essential image consists of those functors that preserve the positivity
notions.

In Section 6, we similarly describe symmetric monoidal dagger functors as certain fixed
points on the category of symmetric monoidal functors. (This uses the aforementioned
variant of our main theorem, proved in [14].) Inspired by the approach of [15] we use
this to study unitary TQFTs, and we will give a concrete example by classifying unitary
2-dimensional TQFTs.
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2. Anti-involutive categories

As a first approximation to a more categorically well-behaved version of dagger categories,
we can weaken the condition that {: C — C squares to the identity functor on the nose
and we also no longer require it to be the identity on objects. Instead, we give a natural
isomorphism t o 1?7 = Id; satisfying some compatibility conditions. Here given a functor
F : C — D, we denoted the canonical induced functor C? — D by F°, but we will
often abuse notation and write it as F'.

A category with anti-involution is exactly a fixed point for the Z/2-action on the
bicategory of categories given by C — C, see [16, section 2.2] or [17, Appendix A.2].
This results in the following concrete definition:

2.1. DEFINITION. For C a category, an anti-involution is a functor d : C — C? and a
natural isomorphism 1 : ide = d°? od such that ng) : d(c) — ddd(c) and d(n.) : ddd(c) —
d(c) are inverses. We call the triple (C,d,n) an anti-involutive category.

2.2. REMARK. In fact we could require that d°? o d =id¢ and n = idig,. This would lead
to a biequivalent 2-category, also see [18, Section 3] where such stricter involutions are
studied in the context of linear logic. However, we will not pursue this strictification here,
because many examples are not strict, and it is not in the spirit of this paper.

2.3. ExXAMPLE. If (C,T) is a dagger category, define an anti-involution as d := 1. Since
dc = ¢ for every object ¢ of C, we can set n. = id., which gives an anti-involutive category
since id! = id,.

2.4. DEFINITION. An involutive functor F : (Cy,dy,m1) — (Ca, dg, 12) consists of a functor
F : Cy — Cy and a natural isomorphism ¢ : F°P od; = dy o F' such that the following
square commutes for all x € Cy:

F(z) P (Fod®ody) ()

l("D)F(z) l‘ﬁdl(z)

op

(AP o dy o F)(z) —2 2 s (4% 0 FoP 0 d)) ()

The composition of involutive functors (F : C; — Ca, ) o (G : Co — Cs3,v) is defined to
come equipped with the natural transformation

FOGOdl(x)MFOdQOG(x)mdgoFoG(gf)

which is easily shown to satisfy the required condition. An involutive natural transforma-
tion a: (F: C; — Ca, ) = (G: C1 — Ca, %) is a natural transformation a: F' = G such
that the following square commutes for all x € Cy:

Ay (@)

(Fody)(x) (G ody)(x)

J» J»

(da o F)(z) e (da 0 G)(z)
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The composition of involutive natural transformations is involutive. Let 1Cat denote the
2-category of anti-involutive categories, involutive functors, and involutive natural trans-
formations.

Note that similar to isometric natural transformations for dagger categories, an invo-
lutive natural transformation a. admits a left inverse, but not necessarily a right inverse.

2.5. REMARK. The observation in Example 2.3 that every dagger category is canonically
an anti-involutive category extends to give a 2-functor T: 1Cat — 1Cat. More precisely,
if F: (C, 1) = (D, 1) is a dagger functor, we can take ¢. = idp(y. The condition that this
defines a natural transformation F ot = 1o F is equivalent to F' being a dagger functor.
The remaining condition between 1 and @ s satisfied, since all morphisms involved are
the identity.

Finally, let a: F = F’" be a natural transformation. Then « is an involutive natural
transformation between the induced involutive functors if and only if a. is an isometry for
all objects c, which is how we defined 2-morphisms in tCat. We recall that that . need
not be invertible, but it is invertible if and only if it is unitary. Clearly these constructions
preserve composition of functors and both horizontal and vertical composition of natural
transformations.

2.6. LEMMA. An involutive functor (F,¢): (C,d, p) — (D,d,n) is an equivalence in ICat
(i.e. it has an involutive inverse up to involutive natural transformation) if and only if
the underlying functor F': C — D is an equivalence of categories.

PROOF. The only if direction holds because if (G, ) is an involutive inverse functor, then
G is an inverse of F' up to natural isomorphism.

For the if direction, pick some G: D — C and natural transformations a: F oG = Idp
and f: G o F = Ide. Recall that without loss of generality, we can assume this is an
adjoint equivalence, i.e. a and 3 satisfy the snake identities. It suffices to provide the
data 1) that makes GG into an involutive functor and show that a and 5 become involutive
natural transformations. Define 1) at an object y of D as

o Gy
Gdy S5 GarGy <220 GRAGy 2% day.
By definition of being an involutive functor, we have to show the diagram

Gy — s Gdzy —S1 L GAFGdy 5 GFdGdy

l"Gy lﬂde/y

PGy 2 4GFdGy e dGdFGy dcday
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commutes. For this, first note that

Gy % PGy
/Gy]\ ﬁdQGyT
Gy =5 aray — Ry

lGPy lGPFGy lGSDde

Gy g GAPFGy %\ GaFday
Y
commutes. Indeed, the left upper triangle commutes by the snake identity, the right upper
square commutes by naturality of 3, the left lower square commutes by naturality of «
and the lower right square commutes because F' is an involutive functor. Replacing the
morphisms Gp, and 7g, in the first diagram by this second diagram leads us to conclude
that it suffices to show that the following diagram commutes. We omitted the choice of
input object y in D from the notation for reasons of space.

GRFG —S%% § Garda « 2% GFRG

Goch 542 G
Gdagra Gdapaa GdF Baa GFdBya

Gd? GdFGdFG GW GdFGFdG GFdGFdG d’G
PGAFG GFdGyg
m GdﬁN / Bd%
GdFGd GFdGdFG GFdG

G dG
e GFdGda m e

GFdGd — s acd ¢ dGdFG

Every quadrilateral in the diagram commutes by the interchange law and the upper two
bent arrows are equal by the snake identity. We are led to conclude that (G,1) is an
involutive functor.

It remains to show that a and 8 are involutive natural transformations. Writing out
the definition of the involutive structure on F' o G this entails that for o we have to show
that the diagram

FGAFGy {5 pady

FGQOGy QXdy
T AdFGy l
FGFdGy dy

Fﬁdgyg \)aFde lday

FdGy —=* 5 dFGy
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commutes. The two bent arrows are equal by the snake identity and the other two parts
commute by the interchange law. The proof that g is involutive is analoguous. [

The following example shows that the underlying anti-involution of a dagger category
does not preserve enough information.

2.7. EXAMPLE. Let Herm¢ denote the category where objects are finite dimensional com-
plex vector spaces with a non-degenerate sesquilinear form such that

(v,w) = (w,v)

and morphisms are all linear maps. In other words, these are Hermitian vector spaces
that are not necessarily positive definite inner product spaces. It becomes a dagger category
when the dagger is defined by taking the adjoint with respect to the pairing.

The category of finite dimensional Hilbert spaces is a full dagger subcategory Hilb C
Herme characterised by the condition that the sesquilinar form be positive definite. This
inclusion is not a dagger equivalence, as it is not surjective up to unitaries. Indeed, objects
in Herme are classified, up to unitary isomorphism, by their signature (p,q) and the full
subcategory only contains those of signature (p,0).

Howewver, the inclusion F': Hilb — Hermc s an equivalence of anti-involutive cate-
gories. It is fully faithful and essentially surjective because every finite-dimensional vector
space admits some Hilbert space structure. By Lemma 2.6, this is an equivalence of anti-
mvolutive categories.

Concretely, we could construct a (highly noncanonical) inverse of this equivalence
as follows. Pick for every finite-dimensional Hermitian vector space (V,(.,.)) a basis
ay: V. = C" once and for all. Define the functor G: Herm¢ — Hilb on objects by
G(V,(.,.)) = (C",(.,.)st) where (.,.)s is the standard Hilbert space structure. On mor-
phisms we set G(f: Vi — Va) 1= o@l o foay,. There is an associated canonical natural
isomorphism o idgerm, = F oG given by a(V,(.,.)) = av: (V. (,,.)) = (C", (., )s).
Now, G is not a dagger functor since avy is in general not unitary. But even though the
anti-involutions d on both categories are the identity on objects, we can use the recipe in
the above lemma to equip G with a non-trivial structure of an involutive functor:

ol oy
o GdV)=G(V)=C" 25 v 2% ¢ = G(V) = dG(V)

Then the condition that ¢ has to satisfy for G to be an involutive functor boils down to
gpL = v, which is easy to check. Hence (G, ) is an involutive inverse of the involutive
functor F.

3. Hermitian fixed points and Hermitian completion

In the last section, we proposed the notion of an anti-involutive category as a better-
behaved analogue of the notion of a dagger category so that every dagger category has
an underlying anti-involutive category. However, in example 2.7 we found that there



DAGGER CATEGORIES VIA ANTI-INVOLUTIONS AND POSITIVITY 2021

are important examples of dagger categories that are equivalent as anti-involutive cate-
gories but not as dagger categories. Heuristically, the example gives us the idea that the
dagger category of finite-dimensional Hilbert spaces is not equivalent to the dagger cate-
gory of finite-dimensional Hermitian vector spaces because in the former fewer Hermitian
structures are allowed. Therefore we study an abstraction of the notion of a Hermitian
structure, which we learned from [15, Definition B.14].

3.1. DEFINITION. A Hermitian fixed point in a category C with anti-involution (d,n) on
an object ¢ is an isomorphism h: ¢ — dc such that

7
c — d?c s dc

dh
w

commutes. The adjoint fT: co — ¢ of a morphism f: ¢, — co with respect to Hermitian
fixed points hy: ¢y — dcy and hs: co — dcg is the composition

—1

h d
Co =2 dCQ —f> dC1 — C1.

3.2. EXAMPLE. Take C = Vectfcd to be the category of finite-dimensional vector spaces.
Recall that the complex conjugate V. of a vector space V is defined to be the same abelian
group but with complex conjugate scalar multiplication. This extends to a functor U :
Vectﬁfc‘i — Vectféi. Set d = 6* so that there is an obvious n given by the evaluation map. It
is straightforward to check that n satisfies 0+ = v™". A Hermitian fived point consists of a
vector space V' and an isomorphism V- — V' satisfying a condition. Such an isomorphism
15 equivalent to a nondegenerate sesquilinear pairing and the condition is equivalent to the
Hermaticity aziom
(v, w) = (w,v).

The adjoint is given by the usual adjoint of a linear map.

Hermitian fixed points naturally form a category C* in which morphisms f: (c1, hy) —
(co, hy) are morphisms ¢; — ¢y satisfying the compatibility relation

f
C1 — Cy

I

dCl (T dCQ
Let f: (c1,h1) — (ca, hy) be a morphism in C™*. Note that the condition f has to satisfy
exactly says that fTis a left inverse of f. Therefore C®™ is exactly the wide subcategory of
isometries of the dagger category Herm(C) that we shall define now. The construction is
closely related to the ‘unitary core of a f-isomix category’, which appears in the context
of f-linear logic [11, Definition 5.12]. One could think of Herm(C) as the ‘co-free dagger
category on an anti-involutive category’. This idea is made precise by the 2-adjunction
that we will establish in theorem 4.9.
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3.3. DEFINITION. The Hermitian completion Herm C of the anti-involutive category (C,d,
n) is the category in which objects are Hermitian fixed points (¢, h) and morphisms (c1, hy)
— (e, ha) are simply given by morphisms f: ¢; — co.

3.4. LEMMA. The adjoint on the category Herm C makes it into a dagger category.

PROOF. Let (¢, h) be an object of C with Hermitian structure h: ¢ — de. We have that
idl =h'od(id.) oh =h ' oidgoh =1id,.

If f: (c1,h1) = (c2,hy) and g: (cg, hy) — (c3, hs), then (go f)T = fTo g follows from the
fact that

[un

h3 d hy ho d h1
C3 = ng —g—) dCQ = C2 = d02 —f> dCl = 8]
is equal to
hs3 d(go ha
C3 = ng M) dCl = C1
by functoriality of d. Now f'T is the composition
by dhit 2 dhy  hy?

c = dCl = d2Cl — d2C2 = d02 = c.

Using the fixed point property of a Hermitian structure, this composition is equal to

Meq 7)6_21

2
C1 = d201 ﬂ) d202 = Co.
By naturality of n this composition is equal to f. [

3.5. EXAMPLE. The Hermitian completion of (C = Vect(%i, d= U*) is the dagger category
of Hermatian vector spaces we considered in example 2.7. So Herm Vect(%1 = Herm¢

3.6. REMARK. Unlike for finite-dimensional vector spaces, U* does not define an anti-
nwvolution on infinite-dimensional vector spaces. Indeed, even though there is still a well-

defined bidual map n: V — V', it is only injective but not surjective. Hence the dagger
category of all Hilbert spaces can not be constructed in a similar fashion as the last ex-
ample. It would be interesting to study a weakened version of anti-involutive categories
in which 1 is not necessarily an isomorphism and Hermitian fixed points h: ¢ — dc are
not necessarily isomorphisms. The technical disadvantage of such a theory would be that
we might have to restrict the morphisms in the Hermitian completion to those that admat
an adjoint, for example the bounded operators for Hilbert spaces. An alternative approach
would be to work with a certain category of topological vector spaces and use a continuous
linear dual.
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3.7. EXAMPLE. Let TC € 1Cat be a dagger category C seen as an anti-involutive category.
The Hermitian completion Herm(TC) concretely consists of pairs (¢, T), where 7: ¢ — ¢ is
invertible and self-adjoint. For f: (c¢1,71) — (co,T2) the new adjoint x on the Hermitian
completion is defined as f* = o flor . For example, starting with the dagger category
of Hilbert spaces, new objects are triples (V,(—,—), A) consisting of a Hilbert space and
a self-adjoint invertible linear operator on V. The adjoints of morphisms between such
objects are defined using the Hermitian pairing (—, A—) on V. The resulting dagger
category is unitarily equivalent to the dagger category of Hermitian vector spaces.

3.8. EXAMPLE. Again take C = Vectfcd to be the category of finite-dimensional vector
spaces. Now define d to be the dual (—)*: C — C? and n: V. — V** the evaluation
map. Then a Hermitian fized point on a vector space V' is equivalent to a nondegenerate
symmetric bilinear form on V. More generally, we could take C to be finite-dimensional
complex representations of a finite group G. Since for a general G-representation V', there
15 no G-equivariant isomorphism V = V* there are representations that do not admit the
structure of a Hermitian fixed point at all.

3.9. LEMMA. Let (C,dc,nc), (D, dp,np) be two anti-involutive categories. Then there is
an anti-involutive structure on the category Fun(C, D) of functors between them, such that
the category of 7./ 2-fized points Fun(C, D) is the category Homica: (C, D) of 1-morphisms
in [Cat.

PROOF. The functor category Fun(C, D) becomes an anti-involutive category via
dF :=dpo Fode.

Namely, we can define the anti-involution on natural transformations a: Fy = F, between
functors I}, F5: C — D as the whiskering

do = idg, e @ idg,,

where we denoted horizontal composition of natural transformations with e. This defines
a functor Fun(C, D) — Fun(C, D). Define the natural transformation 7: idpunc,p) = @
on F' € Fun(C, D) by

id
F Tpeldr e7c d%ng’

which is natural by the exchange law. Finally, we have to show that ngr = dnz' for
all ' € Fun(C,D). This amounts to showing that np e ids,rq. ®nc is the inverse of
id,, enp @ idp enc @ id;,. This holds because, since np is part of an anti-involution it
satisfies that np eid,, is inverse to id,, enp and similarly for 7c.

A Hermitian fixed point in Fun(C, D) is equivalent to an involutive functor. Indeed,
let ¢: F = dpFdc be a Hermitian fixed point on F. Writing out the condition results in
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the commutative diagram

Fc L) ddecC

F((nC)E)l Tddedcc
(nD)F‘d%c
Fdic —— d%Fdic

for every object ¢. A diagram chase shows that under mapping 1 to the composition ¢
defined by
1/J°iddD 9 iddDF 07]51
¢: Fde ——= dpFd; ——= dpF
this becomes the condition that (F) ¢) is an involutive functor. So we see that Herm Fun(C,
D) is the category with objects involutive functors and as morphisms all natural trans-

formations. A natural transformation is involutive if and only if it is an isometry in
Herm Fun(C, D). n

3.10. EXAMPLE. Let h: ¢ — dc be a Hermitian fized point. Then (dh)™': dc — d*c is a
Hermitian fized point structure on dc. Indeed, taking d of the diagram saying that h is a
fized point and using that dn. = 77;,;1 yields

Nde d2h
de sy d3c < d?c

Using that (d*h)~' = d(dh™"), this diagram indeed expresses the fact that (dh)™': de — d*c
15 a Hermitian fized point. Note that by construction h: ¢ — dc is a unitary isomorphism
between the objects (¢, h) and (dc, (dh)™') in the dagger category HermC.

3.11. REMARK. We expect the discussion above to be closely related to [7, Section 6] as
follows. This reference considers covariant op-monoidal involutions which in certain rigid
monoidal categories should be related to monoidal anti-involutions after composing with a
choice of dual functor. This relationship is shown in [14, Section 2.2] in the symmetric
monoidal case. The notion of Hermitian sesquilinear pairing in [7, Definition 6.2] should
be related to our notion of Hermitian fived point and [7, Lemma 6.3] should be related to
our Hermitian completion.

3.12. DEFINITION. We extend the construction of definition 3.3 to a 2-functor
Herm: ICat — 7Cat
as follows. For an involutive functor (F,p): (C,d,n) — (D,d, p) we define
Herm F': HermC — Herm D

on objects by Herm F'(¢, h) = (F(c), hp := p.0 F(h)), and on morphisms by Herm F(f) =
F(f). For an involutive natural transformation a: (F, ) — (F',¢’) we define Herm ac:
Herm F' — Herm F’ by (Herm «). := a..
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3.13. LEMMA. The above yields a well-defined 2-functor.

PROOF. We have already checked that Herm(C, d,n) is indeed a dagger category, so next
we need to verify that Herm(F,p) is a dagger functor. First, note that hp := ¢. o
F(h): F(c) = F(dc) 2 dF(c) is indeed a hermitian structure because of the diagram:

hp
Fle) 2 plde) —f<5 dF(e)
N T (dh)
NFE(c) ddC
w'dc
d M dF(h)
ddF(c) 2 dF(dc) —= dF(c)

T ) _——

Here the triangle commutes because h is a hermitian fixed point, the trapezoid commutes
because ¢ is part of an involutive functor, and the rectangle commutes because ¢ is a
natural transformation.

Herm F' is certainly functorial seeing as morphisms in Herm C are simply composed by
composing them in C. To show it is a dagger functor, let

f:(ci,h) = (co, 1)
be a morphism in Herm C. Then
Herm F(f1) = F(es 2 dey L dey =5 ¢)) = F(h)" F(df)F ()
Recall that since F'is involutive, the diagram

A B(dey)

‘PCQ\L l‘Pcl

dF(cs) Y% ar(e)

commutes. Looking at the definition of hp, b, we obtain
Herm F(f1) = Herm F(f)'.

To conclude that Herm is a 1-functor we need to check that for two composable involutive
functors (F1,¢1) and (Fy, ¢2) we have that Herm(F,) o Herm(F)) = Herm(Fy o Fy). It
will suffice to check that both sides do the same on an object (¢,h). The two resulting
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hermitian structures on FyFj(c) are

BRI 2% B R (de) (Fr2)c s dFyFy(c)

BEe) 22 B de) 222 BdF(e) P55 arF (o)

These are indeed the same: the right rectangle commutes because of how the coherence
isomorphism 12 of the composite functor is defined.

Finally, we need to consider the effect of Herm on 2-morphisms. Here all there is to
check that Herm(«) is indeed an isometry. This follows from the diagram:

The squares commute because « is a natural transformation and because « is involutive
with respect to (F, @) and (F’,¢"). The vertical composites are the hermitian structures
hr and h%, and therefore the diagram shows that «,. is a one-sided inverse to o] =
h}l od(a.) o hp. [

4. Indefinite dagger categories
The 2-functors Herm and T are not inverses of each other for two reasons:

1. The anti-involutive category T(C, 1) has the property that every object admits at
least one hermitian fixed point structure. This is not true for every anti-involutive
category, for instance the discrete category Z/2 with the non-trivial swap, and
therefore T is not surjective up to equivalence.

2. There exist dagger categories that are not unitarily equivalent, but become equiva-
lent as anti-involutive categories after applying T.

However, we will still be able to show that Herm and T restrict to a biequvialence
between certain full 2-subcategories. On the side of the anti-involutive categories we make
the following restriction, motivated by point 1 above:



DAGGER CATEGORIES VIA ANTI-INVOLUTIONS AND POSITIVITY 2027

4.1. DEFINITION. Let C7% denote the full subcategory of the anti-involutive category C
on the objects ¢ that admit some Hermitian fixed point h: ¢ — dc. This is again an
anti-involutive category, also see example 3.10. Let ICat™™  ICat denote the full 2-
subcategory on those anti-involutive categories in which every object admits some Herma-
tian fixed point structure.

To find the correct property on the dagger category side, we note:

4.2. EXAMPLE. Consider the dagger category Herme as a category with anti-involution.
Its Hermitian completion is again dagger-equivalent to Herme. However, for Hilb it is
instead Herme which is not dagger-equivalent to Hilb. Recall that wn Hilb an operator
T :V — V is called positive definite if it is of the form T = ATA for some isomorphism
AV — W. Note that in Hilb not every self-adjoint automorphism is positive definite.
However, in Herm¢ it turns out that every self-adjoint automorphism T : V — V can
be written as T = ATA for some isomorphism A : V — W to a suitable (possibly mized
signature) Hermitian vector space. This is the essential property that Herme has and Hilb
lacks.

Motivated by the above example, we want to single out dagger categories in which
‘every self-adjoint automorphism is positive definite’, compare Remark 5.9. In analogy
with Herm¢, we think of such dagger categories as containing ‘all Hermitian forms, even
all the indefinite ones’.

4.3. DEFINITION. We say that a dagger category D is indefinite if for any object x € D
and any self-adjoint automorphism a = a': x = x there is another object y € D and an
isomorphism f: x = y such that a = fto f. We let 1Cat™ ! c tCat denote the full
sub-2-category on the indefinite complete dagger categories.

4.4. LEMMA. For any anti-involutive category (C,d,n) the dagger category Herm(C) is
indefinite.

PROOF. A self-adjoint automorphism is an isomorphism a: (¢, h) — (¢, h) such that
a=a"=h"1od(a)oh.
We need to find an isomorphism f: (¢, h) — (¢, k') such that
a=flof=h"od(f)oh'of

Indeed, this can always be achieved by setting ¢ = ¢, f = id., and h = hoa. It just
remains to check that i’ is indeed a valid hermitian form on c. For this we consider

d(h"yon.=d(a)od(h)on.=d(a)oh=hoa=h.
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We now begin to construct the unit and counit for the adjunction between T and
Herm.

4.5. DEFINITION. For every anti-involutive category (C,d,n) we define an involutive func-
tor

(KC’ QOC) : T(Herm(C, d7 77)) — (Ca d» 77)
by letting Kc be the functor (¢, h) — c and f — f, and letting pc: K¢ ot rmerm(c)) = doKe

be the natural transformation given by

Ple,h) = (h: cC — d(c)).
4.6. LEMMA. The involutive functor (Kc,pc) is well-defined, natural in C, and it is an
equivalence of anti-involutive categories onto the full subcategory C*% C C.
PRrROOF. To check that ¢ is indeed a natural transformation we need to consider for each

morphism f: (c1,h1) — (o, he) the square:

Pleq,hy) =1

g ——— d(c1)

fTT Td(f)
ey i) =h
Co —)SO( 2:02) : d(CQ).

This indeed commutes by the definition of fT. This natural transformation further has to
satisfy that for each (¢, h) the square

Ke(c,h) =——————= (K¢ o 1" ot)(c,h)

77Kc(ﬂu)l l@(c,h):h

AP (e
(@ o do Ke)(e,h) "5 (d o K& o 1)(c, )

commutes. Upon closer inspection this is exactly the triangle that commutes because h
is is a Hermitian fixed point.

It follows from the construction that (K¢, pc) is natural in C. Moreover, K¢ is certainly
fully faithful and essentially surjective onto the subcategory of C that admit a Hermitian
fixed point, so by Lemma 2.6 (K¢, ¢¢) is an equivalence in ICat. n

4.7. DEFINITION. For every dagger category (D, 1) we define a dagger functor
Up: D — Herm(T'(D))

by sending x to (x,id) and f: x — y to f: (z,id) — (y,id).

The construction of Up is well-defined and natural in D. Moreover, Up is always
fully faithful and essentially surjective. However, the more subtle question is when U is
surjective up to unitaries.



DAGGER CATEGORIES VIA ANTI-INVOLUTIONS AND POSITIVITY 2029

4.8. LEMMA. The functor Up is an equivalence of dagger categories if and only if D is
indefinite.

PROOF. As noted before Up: D — Herm(7T'(D)) is always an equivalence of categories,
so by Lemma 1.1 we only need to check when it is surjective up to unitaries. Suppose
(y,h) € Herm(T(D)) is an object that is unitarily isomorphic to some object (z,id,)
in the essential image. Then we have an isomorphism f: (y,h) — (x,id,) satisfying
id(yn) = f*o f. (Here we write  for the dagger on Herm(7'(D)) to distinguish it from the
dagger 1 on D.) Spelling out the definition we see that id, ) = f*of = (hto fToid,)o f,
or equivalently h = ffo f. Therefore Up is surjective up to unitaries if and only if every
self-adjoint automorphism A can be written as ff o f with f invertible, i.e. if and only if
D is indefinite. [

Recall that a 2-adjunction is a Cati-enriched adjunction, i.e. an adjunction for which
the unit and counit satisfy the triangle identities strictly. [19]

4.9. THEOREM. The functors U and K exhibit a 2-adjunction:
T: 1Cat = ICat :Herm

and this restricts to a biequivalence between ICat™™ and the full sub-2-category tCat™e!
on the indefinite complete dagger categories.

PrOOF. To establish the 2-adjunction T 4 Herm with unit U and counit K we need
to check the triangle identities. The first identity concerns for each (C,d,n) € ICat the
composite functor

UHcrm(C)

Herm(C) —— Herm(T(Herm(C))) Torm(Ke o), Herm(C).

The first functor sends (z, k) to ((x, h),id) and the second functor sends this to (x, (¢¢) z,n)°
K¢(id)) = (2, hoid) = (z, h). By construction the composite functor also the identity on
morphisms.

The second identity concerns for each (D, ) € tCat the composite functor

T(U, Krpy,p1(D
Ue) (D)»PT(D)

T(D) T(Herm(T(D))) T(D).

The first functor sends x to (z,id,) and the second functor sends this to z. On morphisms
the composite is also the identity. It remains to check that the involutive data of the
composite functor is trivial. For the first functor this holds by definition. For the second
functor we have @r(p)(z,h) = h, but since we are applying this to the object (z,id,), it
is also trivial.

Finally, we would like to show that this adjunction restricts to a biequivalence between
tCat™ and ICat™™. The adjunction does restrict because Herm(C) is always indefinite
and T(D) always has fixed-point structures. The restriction is a biequivalence by lemma
4.8 and lemma 4.6, which state that on these subcategories the unit and counit become
equivalences. [
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5. Choosing positive Hermitian structures

The goal of this section is to prove the main theorem, which relates dagger categories
with anti-involutive categories. In the previous section, we aqcuired an understanding
of the relationship between anti-involutive categories and indefinite categories We thus
need to discuss how to obtain dagger categories that are not indefinite from categories
with anti-involution. To achieve this we will restrict the collection of ‘allowed” Hermitian
fixed points on the Hermitian completion to a smaller class of ‘positive’ Hermitian fixed
points. This will yield a smaller dagger subcategory for which the underlying category
with anti-involution is equivalent. For example, to get the dagger category Hilb™ we take
the Hermitian completion of Vect™® and then restrict to the subclass of Hermitian fixed
points that are positive definite as Hermitian pairings.

So let (C,d,n) be a category with anti-involution. For P any subset of the collection
of all Hermitian fixed points in C, let Cp C HermC denote the full subcategory on all
(c,h) € P. Here P stands for ‘positive’ to remind us of the typical situation in vector
spaces in which we wanted to restrict the Hermitian fixed points to the positive definite
ones to obtain the dagger category of Hilbert spaces. The dagger from Herm C restricts
to a dagger on Cp.

We are interested in understanding how many dagger categories we can get by this
procedure that are not unitarily equivalent. For this, first note that if P C P’, inclusion
Cp — Cp: defines a dagger functor, which is fully faithful. However, even when P # P’ this
inclusion can still be a unitary equivalence. Namely, we will show that adding transfers
of Hermitian fixed points to P does not change the unitary equivalence class of Cp:

5.1. DEFINITION. Given a Hermitian fized point h: ¢ — dc and an isomorphism g: ¢ —
¢, the transfer of h by g is the Hermitian fized point defined on ¢ by d(g) o ho g.

Note that this is indeed a Hermitian fixed point because the following diagram com-
mutes

d(g)ohog
m
c s s dc

lnc, lnc ’ ‘
2

d°g dh dg
?d —— dPc y dc s dc

d(d(g)ohog)

5.2. LEMMA. Two objects (¢, h), (¢, h') € Herm C are unitarily isomorphic if and only if
h' is a transfer of h.

PROOF. An isomorphism «: (¢, h') — (¢, h) is unitary if and only if
al=a Ly Todaoh.

This happens if and only if " = da o h o «. ]
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5.3. DEFINITION. Given a category C, let mo(C) denote the collection of isomorphism
classes of objects. If C is additionally a dagger category, let w{/(C) denote the collection
of unitary isomorphism classes of objects.

We can rephrase the above lemma by saying that n{(HermC) is the collection of
Hermitian fixed points (¢, h) modulo transfer. Note that a dagger functor is unitarily
essentially surjective if and only if it is surjective on 7§. In particular, if P is a collection
of Hermitian fixed points and P’ is the closure of P under transfers, then Cp — Cps is
unitarily essentially surjective and hence an equivalence of dagger categories. Therefore
we can assume without loss of generality that P is closed under transfers.

Now let P. C P denote the subset of Hermitian fixed points on the object ¢. Then
we will want to require that P. # (), so that every object has ‘some positive Hermitian
structure’. This will additionally ensure that Cp — Herm C is essentially surjective.

This discussion motivates us to make the following definition.

5.4. DEFINITION. Let (C,d,n) be a category with anti-involution. A positivity notion on
C is a collection of subsets

P = {P. C Home(c,d(c)) : c € objC}
such that:

e cach P, is non-empty,
e cach (h: ¢ — d(c)) € P. is a Hermitian fized point,
e P s closed under transfer.

5.5. REMARK. A necessary and sufficient condition for an anti-involutive category to
admit a positivity notion is that every object admits some Hermitian fixed point structure.

5.6. EXAMPLE. IfC is a category with anti-involution in which every object admits some
Hermitian structure, we can take P to consist of all Hermitian fized points. This is a
positivity notion and Cp = Herm C.

5.7. COROLLARY. Positivity notions on an anti-involutive category C are in bijection with
subsets [P] C 7§ (Herm C) such that the composite

[P] C n{(Herm C) — mo(C)
18 surjective.

PROOF. It follows immediately by the lemma above that a subset [P] C 7Y (HermC) is
equivalent to a choice of Hermitian fixed points on some collection of objects of C that is
additionally closed under transfer. The condition that the given composite is surjective
is equivalent to requiring that for every object ¢ there exists an isomorphic object ¢ and
a Hermitian fixed point h: ¢ — dc’ such that (¢, h: ¢ — dc’) € P.. In case such (¢, h)
exists, we also get that P, # () by transferring h to c¢. Conversely it is clear that the
desired composite is surjective if P, # () for all c. [



2032 LUUK STEHOUWER AND JAN STEINEBRUNNER

5.8. EXAMPLE. Recall that if (D, 7) is a dagger category, a Hermitian fized point on the
anti-involutive category T(D, 1) is the same as a self-adjoint automorphism h : h: ¢ —
c' = c. There is a canonical positivity notion on T(D, 1), which is defined by

P,:={h: ¢ — c| There is an automorphism a: ¢ — ¢ with h = a' o a}.

5.9. REMARK. An endomorphism h: ¢ — ¢ in a dagger category (or C*-category) is called
positive if there is an endomorphism e: ¢ — ¢ with h = el o e. The set P. C home(c, c)
from example 5.8 is contained in the set of positive automorphisms. However, it is not
true in general that every positive automorphism is in P.: it might happen that some
automorphism h: ¢ — ¢ can be written h = a' o a for a: ¢ — ¢ some endomorphism, but
that a cannot be chosen to be invertible.

5.10. EXAMPLE. We study the case of finite-dimensional vector spaces with d = U* as
before. Note that 7§ (Herm(Vectld)) = N x N given by the signature of the corresponding
Hermitian pairing. Here the signature of (V,(.,.)) is the pair (p,q) so that there exists an
orthonormal basis {e1, ..., e,1q} of V with

(e e)) =1 (ej,¢5) = —1

fori <p and j > p. The forgetful map ¥ (Herm(Vectls)) — mo(Vects) = N is addition.

We provide some examples of positivity notions on this category with anti-involution.
One example is to take Py to be the collection of positive definite Hermitian inner products
on V. This is a positivity notion because every finite-dimensional vector space admils a
positive definite inner product. The resulting dagger category Cp is the dagger category
of finite-dimensional Hilbert spaces. Another example is to take Py to consist of all
Hermitian inner products in which case Cp is the dagger category of finite-dimensional
vector spaces with arbitrary Hermaitian inner products.

There are also many more unusual positivity notions on Vectféi. Namely, for every
dimension d we can separately specify a nonempty collection of signatures (p,q) € N x N
such that p + q = d we allow for Hermitian forms. Any such choice gives a dagger
category Cp and two different choices are not dagger equivalent compatibly with the map
to Herm(Vect!s). Note that it would be reasonable to restrict the allowed positivity notions
further by requiring compatibility with tensor products or direct sums, but we will not
pursue this further here.

5.11. OBSERVATION. Given an involutive functor (F,p): C — D and positivity notions
P on C and Q) on D the following are equivalent:

1. For all (h: ¢ — d(c)) € P., we have

Herm F'(c, h) = (g0 F(h): F(c) = d(F(c))) € Qr(e).-

2. The map 7§ (Herm C) — 7Y (Herm D) induced by F sends [P] to a subset of [Q)].
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5.12. DEFINITION. The 2-category PCat has as objects anti-involutive categories equipped
with a positivity notion. Morphisms are involutive functors that intertwine the positivity
notions in the sense of equivalent conditions in observation 5.11. The 2-morphisms are
the same as in ICat.

5.13. REMARK. Note that the forgetful functor PCat — ICat is well-behaved: Positivity
notions can be transported along equivalences of categories and they can be restricted
along fully faithful functors. Therefore the forgetful functor has lifts for equivalences.
Moreover, if we restrict to fully faithful functors as morphisms in both 2-categories, then
the functor PCat™ — ICat™ is equivalent to the Grothendieck construction of the functor
(ICatﬁ)"p — PoSet that sends an anti-involutive category to its poset of possible positivity
notions.

We can also easily characterise the equivalences in the 2-category PCat. An involu-
tive functor (F,¢): (C,P) — (D,Q) is an equivalence in PCat, if and only if F is an
equivalence of categories (and hence (F, ) is an equivalence in ICat by lemma 2.6), and
moreover the induced map of sets [P] — [Q] is surjective. (This map is automatically
injective since F' is fully faithful.) The latter condition says that every positive Hermitian
fized point in (D, Q) is (up to transfer) of the form p.o F(h) for h: ¢ — d(c) a positive
Hermitian fized point in (C, P).

5.14. THEOREM. Equipping T(D,T) with the positivity notion from example 5.8 defines
a lift T):
PCat

T
/ lforget

tCat —— ICat.
This 2-functor T, is a biequivalence.

PRrROOF. We define an inverse 2-functor
Hermp: PCat — 7Cat

by declaring Hermp(C, d,n, P) C Herm(C, d,n) to be the full sub-{-category on those her-
mitian fixed points (h: ¢ — d(c)) where h € P,. In other words, Hermp is the subcategory
of hermitian fixed points which are positive. This is a well-defined 2-functor because Herm
is and because 1-morphisms in PCat preserve the positivity notions by definition.

The functor U: D — Herm(T(D)) from definition 4.7 that sends z to (x,id,), restricts
to a functor Up: D — Hermp(Tp(D)) since (z,id,) is always a positive hermitian fixed
point in Tp(D). Therefore this defines a natural transformation U: idicay — Hermp oTp
and as observed below definition 4.7 the dagger functor

UPI D — HeI'IIlp<Tp(D))

is always fully faithful (and essentially surjective). We would like to show that it is
surjective up to isometry. Let (h: x — x) be some object in Hermp(Tp(D)). Since h is
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positive we can write it as h = a o al for some positive Hermitian fixed point a: @ — =
in Tp(D). In other words, h is the transfer of (id: x+ — z) along a. By lemma 5.2 this
means that there is a unitary isomorphism (z,id,) = (x,h). Therefore Up is a dagger
equivalence and hence an equivalence in the 2-category {Cat.

Finally, consider the involutive functor
(K6’7 §0C> : T(Herm(ca d> 77)) — (Ca d7 77)

that we constructed naturally for all (C,d,n) € ICat in 4.5. Given a positivity notion P
on C, we also get a positivity notion on Tp(Hermp(C,d,n)). We would like to show that
K¢ preserves positivity notions. A positive Hermitian fixed point in Tp(Hermp(C, d,n))
is of the form p = af o a for some automorphism a: (z,h) — (z,h). Here h: v — d(z)
is a positive hermitian fixed point. Using the definition of the dagger in Herm(C) we can
write this as p = (h™*od(a) oh)oa. In order to show that (K¢, ¢c) respects the positivity
notions we use condition (1) of observation 5.11, which says that ¢, ) o K¢(p) must be
positive. Using ¢, n) = h: v — d(x) we see that

O(zh) © Ke(p) = ho (h'od(a)ohoa)=d(a)ohoa.

This is the transfer of h along a and since h was positive, so is this. Therefore (K¢, ¢c)
defines a natural morphism

Tp(Hermp(C,d,n, P)) — (C,d,n, P)

of anti-involutive categories with positivity notions. We already observed in lemma 4.6
that (K¢, ¢c) is an equivalence in ICat. For it to also be an equivalence in PCat we need
to check that every positive fixed point in (C,d,n, P) is hit (up to transfer) by (K¢, ¢c).
We saw above that every morphism d(a) o h o a can be written as ¢ n) o F(p). Setting
a = id, we see that indeed every positive fixed point A can be hit by this. [

5.15. COROLLARY. Let (C, 1) and (D, T) be two dagger categories. Then F +— fpo Fof,
defines an anti-involution on the category of all functors C — D. The inclusion of the
dagger functors into the fixed points

Fun'((C,1), (D, 1)) = (Fun(C, D)™

18 fully faithful and its essential image consists of those functors that preserve the positivity
notions.

PROOF. We have seen in 3.9 that given two anti-involutive categories (C,dc), (D, dp)
there is an anti-involution d on Fun(C,D) given by the expression F' +— dp o F o de.
Its fixed points are the category of which objects are involutive functors and morphisms
are involutive natural transformations. Specializing to the case where the anti-involutive
categories come from dagger categories, we see that

(Fun(C, D)™ = Homycat (TC, TD).

The corollary now follows directly from the main theorem. [
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6. Applications to unitary topological field theory

In this section, we will outline how this work applies to the question of how to define
unitary topological quantum field theory. Recall that Atiyah [20] introduced the notion
of a topological quantum field theory. A topological quantum field theory (TQFT) is
defined as a symmetric monoidal functor (Bordgs—1,U) — (Vectc, ®) from the oriented
bordism category to vector spaces. With the purpose of defining unitary TQFT, he also
introduced a Hermitian axiom. This required Hilbert space pairings in such a way that
simultaneously reversing in- and output and orientation-reversing bordisms amounts to
taking adjoints of operators. A more precise formulation is: [21, 22]

6.1. DEFINITION. A d-dimensional unitary TQFT is a symmetric monoidal dagger func-
tor
(BOI’dd’d,h |_|) — (Hllb, ®)

In [15, Definition 4.14], the authors define a reflection structure on a TQFT to be
Z/2-equivariance data for certain Z/2-actions 6 on the domain and target category.
They define reflection positive TQFTs as reflection TQFT's preserving a certain positivity
notion. Our approach in this paper is strongly motivated by Freed-Hopkins. It is shown
in [14, Section 2.2] that reflection structures on a TQFT are equivalent to anti-involutive
structures for the anti-involution U* The following corollary thus makes precise the
relationship between reflection positive and unitary TFT.

In [23, Appendix A], it is shown that our main theorem 5.14 generalises to (sym-
metric/braided) monoidal categories. In particular, we have the following analogue of

Corollary 5.15:

6.2. COROLLARY. Let (C,1,®) and (D,T,®) be two symmetric monoidal dagger cate-
gories. Then F +— fp o F ot defines an anti-involution on the category of symmetric
monoidal functors C — D. The inclusion of the symmetric monoidal dagger functors into
the fixed points

Fun®'((C,1,®), (D, 1, ®)) — (Fun®(cap))ﬁx

1s fully faithful and its essential image consists of those functors that preserve the positivity
notions.

ProoF. Following the proof of Lemma 3.9, we can construct an anti-involution on the
category Fun®((C, ®), (D, ®)) of symmetric monoidal functors by setting

dFI:TDOFOT07

which in the case at hand will square to d>F = F because C and D are dagger categories.
Therefore we may set n = idp. As in Lemma 3.9, the groupoid of Hermitian fixed points
of (d,n) is the groupoid of anti-involutive symmetric monoidal functors as defined in [14,
Definition 2.2.12]. Now [23, Theorem A.8| shows that the groupoid of symmetric monoidal
dagger functors is equivalent to the groupoid of those anti-involutive symmetric monoidal
functors that preserve the positivity notions. [
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As an example of how Corollary 6.2 can be applied to TQFTs, we will consider the
case of 2-dimensional unitary TQFTs. First, let us recall the folk-theorem that classifies
them as commutative Frobenius algebras.

6.3. DEFINITION. We define the groupoid of commutative Frobenius algebras over C,
CFrobe to have objects

(Ajpu: AR A= Av: 1 AN A AR Ae: A= 1)

where (A, , v) is a commutative algebra, (A, A, €) is a cocommutative coalgebra, and they
satisfy the Frobenius axiom

(p®idg) o (ida ®A) =Aopu = (idg ®u) o (A ®id,).

Morphisms in this groupoid are maps A — B that are both algebra and coalgebra homo-
morphisms. (These are necessarily invertible.)

6.4. THEOREM. [24], also see [25] There is an equivalence of groupoids
Fun®(Bord, o, Vectc) ~ CFrobe

defined by sending Z: Bord; » — Vecte to Z(S'), equipped with the Frobenius structure
given by
(Z2(8),n=2(D),v=2(a),A = Z2(),e = Z(v)).

To study 2-dimensional unitary TQFTs we equip Bord, » with the symmetric monoidal
anti- 1nvolut10n 1 that reverses bordisms and Vectc with the symmetric monoidal anti-
involution (—) ) Recall that this anti-involution Vectc corresponds to the indefinite dagger
category Herm. From Corollary 6.2, we get an induced anti-involution on Fun®(Bord, 5, Vectc)
defined by

Z—> ( )J*oZot.

The equivalence in Theorem 6.4 is equivariant with respect to this involution, if we equip
CFrob¢ with the involution:

d: (A, p,v,Ae) —> (A AT 7Y,
with 7: id = d* given by the same natural isomorphism as in (Vectc,ﬁ*). Here we
implicitly used that (—)* is symmetric monoidal to get isomorphisms A ® A ~A A
Passing to fixed points we get an equivalence

Fun®1(Bord, 5, Herm) ~ CFrob™.

A fixed point on the right is a commutative Frobenius algebra (A, u,v, A ¢) with an
isomorphism a: A = A" of Frobenius algebras that “squares” to the identity. We can
encode the isomorphism in terms of a non-degenerated sesquilinear pairing (.,.): A® A —
C such that

{a,b) = (b, a).
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That « is an isomorphism of Frobenius algebras then means that with respect to the
pairing (.,.), p is adjoint to A and v is adjoint to €. Because of this it will suffice to
only encode the algebra structure and the pairing. We make the following definition, see
e.g. [26, Definition 3.3]:

6.5. DEFINITION. A Hermitian commutative Frobenius algebra is a tuple (A, pu, v, (.,.))
of a commutative algebra (A, u,v) and a Hermitian pairing (.,.) on A such that

(idou) o (ideu’) = pulop = (id®u) o (1 ®id)

where (—)7 denotes the adjoint operator with respect to the pairing. A Hermitian com-
mutative Frobenius algebra is called unitary if (.,.) is positive definite. A morphism of
Hermitian commutative Frobenius algebras is an isometry that is also an algebra homo-
morphism.

In summary, we obtain the following:

6.6. COROLLARY. There is an equivalence between 2d unitary TFTs and unitary com-
mutative Frobenius algebras.

PROOF. If (A, i, v, (., .)) is a Hermitian commutative Frobenius algebra, then (A, p, v, uf, v7)
is a commutative Frobenius algebra. Indeed, (A, uf, ") is cocommutative coalgebra be-
cause (A, p,v) is a commutative algebra. Clearly (A, u, v, uf,v") is a fixed-point of the
anti-involution on CFrobc¢ defined above. Conversely all fixed points are of this form and
we in fact have an equivalence of groupoids. Combining the classification of ordinary
2-dimensional TQFTs 6.4 with Corollary 6.2, we see that there is an equivalence between
anti-involutive TQFTs and Hermitian commutative Frobenius algebras. Therefore the
corollary follows from Corollary 6.2 after realizing that the TQFT preserves positivity
notions if and only if A is a Hilbert space. [

6.7. REMARK. We illustrated how our theorem allows us to take the computation of non-
unitary TFTs as a black box and from it compute the groupoid of unitary TFTs. This
computation has been done by hand in the literature, see [27, 28, 29].

6.8. REMARK. In [15] Freed-Hopkins define and then classify invertible fully extended
unitary (or in their setting reflection positive) TQFTs, but how to define general fully
extended unitary TQF Ts remained open. In [30], based on the current article, a proposal
for a definition of a dagger n-category is given, together with the construction of a bordism
dagger n-category. This leads to a definition of a fully local unitary TQFT with values in
a target dagger n-category.
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