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ENRICHED MORITA THEORY OF MONOIDS IN A CLOSED
SYMMETRIC MONOIDAL CATEGORY

JAEHYEOK LEE, JAE-SUK PARK

ABSTRACT. We develop Morita theory of monoids in a closed symmetric monoidal
category, in the context of enriched category theory.

1. Introduction

Let R, R’ be rings. The Eilenberg-Watts theorem [4], [12] states that every cocontinuous
functor F : Modr — Modpg between the categories of right modules is naturally isomor-
phic to the functor — ® g kMg of taking tensor product over R for some (R, R’)-bimodule
rMp. We say R, R are Morita equivalent if we have an equivalence of categories between
Modg and Modg. The main theorem of Morita theory [9] states that the following are
equivalent:

e Rings R, R’ are Morita equivalent;

e There exists a finitely generated projective generator Pg in Modg together with
an isomorphism of rings R = Endr (P );

e There exists an (R, R')-bimodule gk Mg and an (R, R)-bimodule g Ng together with
isomorphisms of bimodules Rk Mpr Qp  Ng = rRp and pNp @r pMp = p Ry

We generalize these results in the context of enriched category theory. We begin by
establishing the Eilenberg-Watts theorem in an enriched context. We follow the approach
introduced by Mark Hovey in [5, §1-2] using tensorial strengths of enriched functors be-
tween tensored enriched categories. After establishing the Eilenberg-Watts theorem, we
provide a theorem which characterizes when an enriched category is equivalent to the
enriched category of right modules over the given monoid of the base category. As a
corollary, we obtain the main result of Morita in enriched context.

The base category that we consider in this paper is a closed symmetric monoidal cat-
egory C = (C,®,c,[—, —]) whose underlying category C is finitely complete and finitely
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cocomplete. Some examples are the closed symmetric monoidal categories Set/fSet /sSet
of small sets/finite sets/simplicial sets, Cat of small categories, A6/f AL of abelian
groups/finitely generated abelian groups, Vec /fVec . of vector spaces/finite dimensional

vector spaces over a field K, Mod g/ Mod /dgMlod ;, of modules/ L-complete modules/dg-
modules over a commutative ring R, CGT /CGT, of unbased/based compactly generated
topological spaces, Sp%GT* of topological symmetric spectra, CGWFH /CGWFH, of un-
based/based compactly generated weakly Hausdorff spaces, Ban of Banach spaces with
linear contractions. Every elementary topos is also an example.

We explain our main ideas and results. A monoid in C is a triple b = (b, uy, my,) where
b is an object in C and uy, my are the unit, product morphisms in C. For each monoid b
in C, we denote Mod, as the C-enriched category of right b-modules. We can see b as a
right b-module which we denote as b,. Let D be a tensored C-enriched category whose
underlying category Dy has coequalizers. For each C-enriched functor F : Mod, — D,
the object F(by) in D is equipped with a left action of b, and we have the C-enriched left
adjoint functor

— @bb.F(b[,) : MOL{[] — D

of taking tensor product over b. We show that there is a canonical C-enriched natural
transformation

Mo — @ F(by) == F : Mod, — D (1.1)

associated to F : Mod, — D (Lemma 3.1). This was defined in [5, Proposition 1.1] as an
ordinary natural transformation when D = Mod,, for another monoid b’ in C. Moreover,
we show that the following are equivalent (Proposition 3.2):

o F: Mod, — D is a C-enriched left adjoint;
o F: Mod, — D is C-enriched cocontinuous;

o F : Mod, — D preserves C-tensors, i.e. its tensorial strength is invertible, and the
underlying functor Fy preserves coequalizers;

e The C-enriched natural transformation A : — ®; o F(by) = F : Mod, — D in (1.1)
is invertible.

Using this result, we prove the following generalization of the Eilenberg-Watts theorem.
Left b-module objects in D are introduced in §2.4.

1.1. THEOREM. Let b be a monoid in C and let D be a tensored C-enriched category whose
underlying category Dy has coequalizers. We have a fully faithful left adjoint functor

oD — C-Funct(Mod,, D) (1.2)

from the category of left b-modules objects in D to the category of C-enriched functors
Mod, — D. The essential image of the left adjoint functor (1.2) is the coreflective full
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subcategory C-Funct cocon(Mody, D) of cocontinuous C-enriched functors Mody, — D, and
we have an adjoint equivalence of categories

oD 7= C-Funct speon(Mody, D).

The coreflection of a C-enriched functor F : Mod, — D is the associated C-enriched
natural transformation \* in (1.1).

Let us explain why Theorem 1.1 can be seen as a generalization of the Eilenberg-Watts
theorem. Given another monoid b’ in C, we define a (b, b’)-bimodule as a left b-module
object in Mody, (Definition 2.6). After substituting D = Mod,, in Theorem 1.1, we obtain
the following corollary.

1.2. COROLLARY. Let b, b’ be monoids in C. We have an adjoint equivalence of categories
o Mody T C-FPunct coon(Mody, Mody)

from the category of (b, b")-bimodules to the category of cocontinuous C-enriched functors

Molfb — MOC{[,/.

The original Eilenberg-Watts theorem [4], [12] states that the functor from left to
right in Corollary 1.2 is essentially surjective when C = 6. This has been generalized
to the situation where the target category is a general tensored A 6-enriched category by
Nyman and Smith [10]. The main result of their article is precisely our Theorem 1.1 in
the special case C = A6. We mention that Corollary 1.2 has been discussed online when
C is a Bénabou cosmos. !

In the original Eilenberg-Watts theorem, we only assume the cocontinuity of the under-
lying functor (i.e., preservation of sums and coequalizers). In a general C-enriched setting
this is not enough, and we use preservation of C-tensors which is a more restrictive con-
dition than preservation of sums. The reason why the weaker assumption is enough in
the case of C = A6 is the following special property of abelian module categories: any
natural transformation between cocontinuous functors out of an abelian module category
is invertible as soon as it is invertible at a projective generator.

Next, we characterize when a C-enriched category D is equivalent to Mod,. We say an
object X in a C-enriched category D is a C-enriched compact generator if the C-enriched
Hom functor D(X, —) : D — C is conservative, preserves C-tensors and the underlying
functor D(X, —)g preserves coequalizers (Definition 4.1).

1.3. THEOREM. Let b be a monoid in C, and let D be a tensored C-enriched category
whose underlying category Dy has coequalizers. Then D is equivalent to Mod, as C-
enriched categories if and only if there exists a C-enriched compact generator X in D
inducing an isomorphism of monoids f : b = Endp(X) in C.

1See https://mathoverflow.net/questions/159735/in-what-generality-does-eilenberg-watts-hold and
https://ncatlab.org/nlab/show/Eilenberg-Watts+theorem for the discussions of Corollary 1.2 over a
Bénabou cosmos C.
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Using Theorem 1.1 and Theorem 1.3, we establish the main theorem of Morita theory
in enriched context. We say monoids b and b’ in C are Morita equivalent if Mod, and
Mody are equivalent as C-enriched categories.

1.4. COROLLARY. Let b, b’ be monoids in C. The following are equivalent:
(i) Monoids b, b" in C are Morita equivalent;

(ii) There exists a C-enriched compact generator xy in Mody together with an isomor-
phism of monoids b = End gy, (zy) in C;

(iii) There exists a (b,b’)-bimodule yxy and a (b, b)-bimodule vy, together with isomor-
phisms of bimodules yxy Ry wYp = vby and wyp ®p pTor = by .

If we consider C = A6 in Corollary 1.4, we recover the original result of Morita.

2. Enriched Categories

We fix a closed symmetric monoidal category C = (C,®, ¢, [—, —]) whose underlying
category C is finitely complete and finitely cocomplete. We denote objects in C with
small letters. Let z, z, y be objects in C. We have the functor ® : C x C — C and the
unit object ¢ in C, together with coherence isomorphisms

Uy @ 2Q(T®Y) = (z®1)®Y, Iy : C®xi}x’ )

Sey - x®yi>y®x, Jz - x®ci>:1:

in C that are natural in variables z, z, y. For each object x in C, the functor —®x : C — C
admits a right adjoint [z, —] : C — C and we have a functor [—, —] : C°* x C — C.

We refer [3], [6] for the basics of enriched category theory. Let D be a C-enriched
category and let X, Y, Z be objects in D. We denote D(X,Y) as the Hom object and
Ix:c— DX, X), uxyz : DY, Z)® D(X,Y) — D(X, Z) as the identity, composition
morphisms in C. We denote D, as the underlying category of D. A morphism X — Y
in D means a morphism from X to Y in the underlying category Dy of D. We denote
Iy : X = X as the identity morphism Iy : ¢ — D(X, X) of X in D. For each morphism
[: X =Y in D, we have morphisms [, : D(Z,X) — D(Z,Y)and I* : D(Y, Z) — D(X, Z)
in C.

The category C has a canonical C-enriched category structure whose Hom objects are
given by C(z,y) = [z, y]. We identify the underlying category of the C-enriched category
C with the original category C.

Let D’ be another C-enriched category. For each C-enriched functor o : D — D/,
we have the underlying functor ag : Dy — Dj and we denote ayxy @ D(X,Y) —
D'(a(X),a(Y)) as the morphism between Hom objects. We write Ip : D — D as the
identity C-enriched functor of D. Let 5 : D — D’ be another C-enriched functor from
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D to D'. For each C-enriched natural transformation £ : & = 8 : D — D', we have the
underlying natural transformation &, : ag = By : Dy — D) whose component at each
object X in D is (§)x = &x : a(X) — B(X). We denote C-Funct(D,D’) as the category
of C-enriched functors from D to D’.

2.1. TENSORED ENRICHED CATEGORIES AND TENSORIAL STRENGTHS. We say a C-
enriched category D is tensored if for each object X in D, the C-enriched Hom functor
D(X,—) : D — C admits a left adjoint C-enriched functor — ® X : C — D. We denote
the components of the unit, counit of the C-enriched adjunction — ® X - D(X,—) at
z € Obj(C), Y € Obj(D) as

-®X

o

C D Cv,x: 2z—D(X,z®X), FLvxy: DX, Y)®Y — X.

N

D(X7_)
For each morphism [ : 2 ® X — Y in D, we denote the corresponding morphism in C
as | : z = D(X,Y) and call it as the right adjunct of [. We have a unique isomorphism
1x:c®X = X in D whose right adjunct is the morphism 7x = Ix : ¢ — D(X, X) in C.

Let D, D’ be tensored C-enriched categories and let z € Obj(C), X € Obj(D). For

each C-enriched functor g : D — D', the tensorial strength associated to 3 at z, X is a
morphism tiX c2® B(X) = B(z® X) in D' defined as follows:

t) ¢ 1= Bugx) pieex) © (Bxzex ® Lgix)) o (Cu.x ® Igcx))

2®B(X) — DX, 2@ X)®B(X) — D' (B(X), B(z®X))®@B(X) — Bz®X).

We say the C-functor § : D — D' preserves C-tensors if the tensorial strength th
associated to [ is an isomorphism in D’ for every pair z, X.

2.2. EXAMPLE. The C-enriched category C is tensored. Let z, x, y € Obj(C). The
tensored object of x, y in C isx®y =2 ®y. Moreover,

oY

e the coherence isomorphism 1, : ¢ @ x — x in (2.1) corresponds to the unique iso-

morphism 1, : c®x — x in C;

e the coherence isomorphism a, ;. : 2 ® (x @ Y) S (z@z)®y in (2.1) corresponds to
5 (2

the tensorial strength 73V : 2z ® (v ® y) ® x) ® y associated to the C-enriched
functor —®y:C — C at z, x.

Let x, y be objects in C. Throughout this paper, we identify the object x ® y in C
with the tensored object x ® y in C. For instance, given a monoid b = (b, up, mp) in C, we
denote the product morphism as my : b® b — b.

Let D be a tensored C-enriched category. For each object X in D, the C-enriched
functor — ® X : C — D preserves C-tensors. We denote the associated tensorial strength
as

1%

Ao X 1= t;uf*;X P w®(z®X) — (wB2)®X, YVw, z € Obj(C).
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We often omit this isomorphism and simply denote w ® z ® X € Obj(D).

2.3. EXAMPLE. Let b = (b, up, myp) be a monoid in C. We explain the tensored C-enriched

category Mod, of right b-modules. A right b-module is a pair z, = (z, 2@ b z) of an
object z in C, and a morphism v, : 2 ® b — z in C satisfying the right b-action relations.
Forinstance, we have the right b-module by := (b, b® b b). The Hom object between

right b-modules zy = (2,7,) and Z, = (Z,7;3) is given by the equalizer

Z/{z z (FYZ)*
Mody (2, Z0) - C(2,2) 1 C(2®), 2). (2.2)
(7z)x0(=®b),z

The tensored object of w € Obj(C) and z, € Obj(Mody) is the right b-module
WD zp = (WR 2, Yows), Yooz = Ly @Y. 1 W 2@ — w ® 2.

For each right b-module z, = (z,7,), the morphism v, : z® b — z in C becomes a
morphism v, : z@by — 2z in Mody,. For instance, the morphism ~, = my, : b®b — b in C
becomes a morphism Yy, : b®by — by in Mody. The underlying category (Mody)o of Mod,
has coequalizers. For each right b-module z, = (z,7,), we have the following coequalizer
diagram in (Mody ).

'Yz®Hb >
z@b@be:b§z®th>zb (2.3)
z®'th

Let b be a monoid in C. We have the forgetful C-enriched functor U : Mod, — C
whose morphism on Hom objects is given by the equalizer U,, z, : Mody(z,2) < C(z, 2)
defined in (2.2). The forgetful C-enriched functor U : Mod, — C preserves C-tensors, as
the associated tensorial strength at w € Obj(C), 2, = (2,7.) € Obj(Mod,) is the identity
morphism w ® z = w ® z in C.

We introduce basic properties of tensorial strengths without proof. See [11, §3] for
detailed explanations.

1. Let D, D’ be tensored C-enriched categories and let w, z € Obj(C), X € Obj(D).
For each C-enriched functor 8 : D — D', the tensorial strength associated to
satisfies the following relations.

B B B
Ly ®tz,X tw,z@X

@H(X) 3 p(e8X)  we(z@8(X)) S weBzeX) N f(we (@ X))

& glﬁ(ZX) aw,z,ﬂ(X)l% 5 E\L:B(aw,z,X)
5(X) B(X) (w®z)®PB(X) went B(wez)®X)

(2.4)
Conversely, suppose we have a functor Fy : Dy — D between the underlying
categories of D, D’ together with a collection of morphisms in D’

{ t.x : 2®@Fo(X) = Fo(z®X) | z € Obj(C), X € Obj(D) }
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which is natural in variables z, X and satisfies the relations (2.4). Then we have a
unique C-enriched functor § : D — D’ whose underlying functor S, is equal to Fy
and tg + = t. x holds for every pair 2z, X.

2. Let o, B : D — D’ be C-enriched functors between tensored C-enriched categories
D, D' and let z € Obj(C), X € Obj(D). For each C-enriched natural transformation
§:a= [:D — D, we have the following relation.

a

z®a(X) LN a(z®X)
L. ®£XJ/ . lﬁz@ax (2.5)
2®B(X) —— B(z:®X)

Conversely, suppose we are given a natural transformation &, : ag = By : Dy — D
between the underlying functors ag, By. Then & becomes a C-enriched natural
transformation § : @« = § : D — D’ if and only if it satisfies the relation (2.5)
for every pair z, X. This is precisely the correspondence between C-enriched natu-
ral transformations and strong natural transformations, first introduced by Anders
Kock in [7]. It is also explained in [2].

3. Let D, D', D" be tensored C-enriched categories and let D 5 B probe c-
enriched functors. The tensorial strength of the composition '8 : D — D" at
z € Obj(C), X € Obj(D) is given by

0% = B(t1x) 0t ) 2®BBX) — B/(2@B(X)) — BBz X).

2.4. LEFT MODULE OBJECTS. For the rest of this section, b = (b, uy, my) is a monoid in
C.

2.5. DEFINITION. Let D be a tensored C-enriched category. A left b-module object in D
1S a pair X = (X, b@Xp—X>X) of an object X in D, and a morphism px :b® X — X
in D satisfying the left b-action relations. A morphism z X — o X of left b-module objects
in D is a morphism X — X in D which is compatible with the left b-action morphisms

px, px- We denote
oD

as the category of left b-module objects in D. We do not treat D as a C-enriched category.

Let X be an object in a tensored C-enriched category D. Then the triple Endp(X) :=
(D(X,X), Iy, pxx.x) is a monoid in C. For each morphism px : b® X — X in D,
the pair (X, px) is a left b-module object in D if and only if the right adjunct px : b —
D(X, X) of px becomes a morphism px : b — Endp(X) of monoids in C.

Let D be a tensored C-enriched category and let . X = (X, px) be a left b-module
object in D. Then the C-enriched Hom functor D(X,—) : D — C factors through the
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forgetful C-enriched functor U : Mod, — C. We have a C-enriched functor

MOL[[,

K.}l D(bX, —) D — MOL[[, (26)
D(X

which sends each object Y in D to the right b-module D(,X,Y) = (D(X,Y), vp(x,v))
whose right b-action is given by

Ip(x,y) ®px

ox,y) i D(X,Y)®b D(X,Y)®D(X, X)X D(X, V).

2.6. DEFINITION. Let b’ = (V/,uy, my) be another monoid in C. We define a (b,b')-
bimodule yxy as a left b-module object in the tensored C-enriched cateqory Mody: of right
b’-modules. Equivalently, it is a pair yxy = (:Eb/, b@xblm—b;ajb/) of a right b'-module
Ty = (x, x@b’km) and a morphism pg, : b ® Ty — Ty in Mody satisfying the left

b-action relations. We denote

[,MOL{[,/

as the category of (b, b')-bimodules. We do not treat yMody as a C-enriched category.
Note that we have the (b, b)-bimodule xby := (by, b, : b®by — bp).

2.7. EXAMPLE. We explain what Mody, and yMody are in each example of the base
category C.

1. Let C = A6 be the closed symmetric monoidal category of abelian groups.

e Monoids b, b’ in C are rings;
e Mod, is the preadditive category of right modules over the ring b;
o  Mody is the category of (b,b')-bimodules.
2. Let C = fAG be the closed symmetric monoidal category of finitely generated abelian
groups.
e Monoids b, b’ in C are rings finitely generated as abelian groups;

o Mody is the preadditive category of right modules over the ring b which are
finitely generated as abelian groups;

o Mody is the category of (b, b')-bimodules which are finitely generated as abelian
groups.

3. Let C = sSet be the closed symmetric monoidal category of simplicial sets.

e Monoids b, b’ in C are simplicial monoids;
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o Mody, is the simplicially enriched category of simplicial sets equipped with a
right action of the simplicial monoid b;

o Mody is the category of simplicial sets equipped with a bi-action of the sim-
plicial monoids b, b'.

4. Let C = Ban be the closed symmetric monoidal category of Banach spaces and linear
contractions between them, equipped with the projective tensor product.

e Monoids b, b’ in C are associative unital Banach algebras;

o Mody, is the Ban-enriched category of Banach spaces equipped with a right
action of the Banach algebra b;

o Mody is the category of Banach spaces equipped with a bi-action of the Banach
algebras b, b’.

5. Let C = Sp%GT* be the closed symmetric monoidal category of topological symmetric
spectra.

e Monoids b, b’ in C are symmetric ring spectra;

o Mod, is the cS’p%GT*—enriched category of symmetric spectra equipped with a
right action of the symmetric ring spectrum b;

o Mody is the category of symmetric spectra equipped with a bi-action of the
symmetric ring spectra b, b’.

2.8. DEFINITION. Let D be a tensored C-enriched category whose underlying category Dy
has coequalizers. We define the functor

— ®p — (MO({[,)O X bD — D()

as follows. The functor sends each pair of a right b-module z, = (z,7.) and an object
o X = (X, px) in D to the following coequalizer in Dy.

- ®1
@b®X 7:X; ®X e @ppX

I ®px

The functor sends each pair of a morphism @z — Zy in Mmfb and a morphism [: pX —
bX wm D to the unique morphism l@bl 2 Pp pX —> Zp Bp bX i D satisfying the relation

@l ORI
z®X Z®X - -
Az, le, l zy.p X nghva © (l ® l) = (l ®p l) © Qo+
2 ®ppX el g 2 ®p 0 X
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Let D be a tensored C-enriched category whose underlying category Dy has coequaliz-
ers. For each object X = (X, px) in 4D, we have a unique isomorphism Z:X by ®p e X —
X in D which satisfies the relation px =1y o ¢q,,  x. The inverse of 2"y is given by

cqp bfiX ~ <ZEX>_1 = by, x © (ub®ﬂx> ° 2)_(1 (2 7)
b 31 4b ~ :
bb ®b bX ........... bX) X X — C@X b@X bb @be.

2.9. LEMMA. Let D be a tensored C-enriched category whose underlying category Dy has
coequalizers. We have a well-defined functor

oD ——— C-Funct(Mody, D)

(2.8)
bX _>_®be39\/[0£[5—>®

from the category of left b-module objects in D to the category of C-enriched functors
MOC{b — D.

1. For each object X = (X,px) in D, we have a C-enriched functor — ®p s X :
Mod, — D which is uniquely determined as follows. The underlying functor of
— ®p pX 15 defined in Definition 2.8, and the associated tensorial strength

o

Ay, zp, 0 X = t;%EbX : w@(z[,@be) — (ZU@Z{,)@[,[,X, w e ObJ(C), Zp € ObJ(MOL[b>
15 the unique isomorphism in D satisfying the relation

Ay, 2, X

wR(z®X) —————— (w®2)®X
P ®Cquth:L lcq“@%va

!
W (2pBppX ) 2 (W@ 2p) B p X

qu@zb,bX O Qoy,z,X

== CL’LU,Z[,,[,X o (I[’LU ®quh,hX)'

2. For each morphism X — v X in yD, the following collection of morphisms in D
{ Zb®be — Zb®be ‘ 2y € ObJ(MOtf[,) } (29)

defines a C-enriched natural transformation — ®p s X = — @y bf( : Mody, — D.

PRrROOF. We leave for the readers to check that such isomorphisms a,, ., ,x in D uniquely
exist, and satisfy the relations (2.4). Thus we have a unique C-enriched functor — ®; X :
Mod, — D as described in statement 1. Statement 2 is also true, as we can check that
the collection (2.9) of morphisms in D satisfies the relation (2.5). We conclude that the
functor (2.8) is well-defined. n
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We will show in §3 that the functor (2.8) in Lemma 2.9 is the fully faithful left adjoint
functor (1.2) described in Theorem 1.1.

2.10. PROPOSITION. Let D be a tensored C-enriched category whose underlying cate-
gory Dy has coequalizers. For each left b-module object v X in D, we have a C-enriched
adjunction

— ®ppX

/\‘
MOL[[, D — @be = D([,X, —) : MO&[{, — D
Dxn)
D b,

whose unit, counit C-enriched natural transformations n, € are described below.

e The component of the unit n at each z, = (2,7.) € Obj(Mody) is the unique mor-
phism 1., : 2o — D(sX, 26 ®pX) in Mody, whose corresponding morphism in C
18

Cv,
ey @ 72— D(X,2®X)

(qub,bX)*
—_—

D(X, 2 ®ppX ).

e The component of the counit € at each Y € Obj(D) is the unique morphism ey :
D(X,Y) ®p o X — Y in D which satisfies the relation

DX, Y)®X
qu(bx,Y),[,Xl Evxy = ey o ¢dp(,x,v),,x-

D(bX7 Y) ®b bX ...... >Y

PrRoOOF. The components n,,, €y are well-defined and are natural in variables z,, Y,
respectively. As their components 7,,, €y satisfy the relation (2.5), we obtain C-enriched
natural transformations 7, €. We leave for the readers to check that 7, ¢ satisfy the
triangular identities. [

3. The Eilenberg-Watts Theorem

In this section, we prove Theorem 1.1 which generalizes the Eilenberg-Watts theorem
in enriched context. We also give a proof of Corollary 1.2. Throughout this section,
b = (b, up, myp) is a monoid in C and D is a tensored C-enriched category whose underlying
category Dy has coequalizers. We are going to show that the functor

oD _e9 C-Funct(Mod,,, D)

le—)—@)be : MOL{[, — D

defined in Lemma 2.9 is left adjoint to the functor of evaluating at b, € Obj(Mod,). Let
us explain the right adjoint functor in detail. Using the properties (2.4), (2.5) of tensorial
strengths associated to C-enriched functors Mod, — D, one can check that the following
are true.
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e For each C-enriched functor F : Mod, — D, the object F(by) in D becomes a left
b-module object yF (by) = (F(by), pr(s)) in D whose left b-action morphism is

Yoy

by F (o)
PFby) ¢ bBF (by) ——s F(b®by) —— F(by).

e For each C-enriched natural transformation & : F = F . Mod, — D, the component
v, + F(by) — F(bp) of & at by, becomes a morphism &, : pF(by) — o F(bp) of left
b-module objects in D.
Thus we obtain a well-defined functor
C-Funct(Mod,, D) —— D (3.1)
F : Mody, — D +——— o F(by) '

of evaluating at by.

3.1. LEMMA. For each C-enriched functor F : Mod, — D, we have a C-enriched nat-
ural transformation X : — ®g o F(by) = F : Mod, — D whose component )\f; at
2p € Obj(Mody,) is the unique morphism in D satisfying the relation

t]:
2@ F (by) —— Fz@by) i )
csz’bJ:(bh)J; EIDYa lf(vz[,) f(”yzb) o tz,b[, — )\Zb 0 s\ Fibe)-
Zb@bbf(bb) <<<<<<<<<< Zb> F(Zb)

Moreover, the component of ¥ at by is given by )\fh = ng(bb) : by ®ppF (bp) i>]—"(bb).

PROOF. We leave for the readers to check that such morphism Af; in D uniquely exists,
and that the following diagram of morphisms in D commutes.

tZe
2®b® F(bp) 2L Fz@b@by)
7z®ﬂf(bh>uﬂz BoF@y) F(wz@Ibb)MF(L ®Yby)
tZ
Z@f(bb> bp F(Z@bb) (32)
C‘Izb,h}-(bb)l 5 )\Z l]:(’yzb)
25 @ppF (D) s F(2)

The collection {A]} of morphisms in D is natural in variable z,. To show that the
collection {/\Z'; } is C-enriched natural in variable z,, we need to verify the following relation

for every pair w € Obj(C), 2, € Obj(Mod,).

w® (2@ F (b)) 2% (@ 24,) @0 F (by)

Ly ®A7, ~ pi@% (3.3)
w®F (2p) o Fw®zp)
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Consider the following commutative diagram.

w® (2®F (bp)) =——=w® (2@ F (by)) == w® (:@F (by)) =——=w® (2:®F (by))
o ®cgy 7o) lﬂw ®tl, Lo ®cgz 75y
w@(zb@)bb}"(bb)) = | Quw,z, F(by) wRF (2@ by) _ w@(zb®bbf(bb))
| e, T ®F (W\ ez,
o | @ 2y F(by) (w®z)®F (by) Fwa(z@by)) wRF(2p)
fg/w@zb,f(b/b) \ti@mbb %l]—"(aw,z,bb) F 972,)
(U)@Zb)@bbf"(bb) ]-"((w@z)@bb) th .z
l)‘£®z[, lf(Ww@sz)
F(w®zp) FwRzy) =————=F (w®zy)

After right-cancelling the epimorphism I, ®cq, 74, in the above diagram, we obtain
the relation (3.3). Thus we have a well-defined C-enriched natural transformation A7 as
we claimed. From the definition of ZE]—'(bb) given in (2.7), we obtain that )\bfb = be]:(bb) :

by ®p v F (bp) =t F (Do) .

3.2. PROPOSITION. For each C-enriched functor F : Mod, — D, the following are equiv-
alent:

(i) F: Mody, — D is a C-enriched left adjoint;
(i) F : Mod, — D is C-enriched cocontinuous;

(1ii) F : Mod, — D preserves C-tensors, and the underlying functor Fy preserves co-
equalizers;

(iv) The C-enriched natural transformation X7 : — ®y o F (by) = F : Mody, — D defined
in Lemma 3.1 is invertible.

PROOF. By Proposition 2.10, (iv) implies (i). It is straightforward that (i) implies (ii), and
(ii) implies (iii). We claim that (iii) implies (iv). Assume that the C-enriched functor F :
Mod, — D preserves C-tensors, and the underlying functor Fy : (Mody)o — Dy preserves
coequalizers. Recall the coequalizer diagram (2.3) in (Mody)o. If we look at the diagram
in (3.2) we see that the top, middle horizontal morphisms in D are isomorphisms, and
the right vertical morphisms also form a coequalizer diagram in the underlying category
Dy of D. This shows that )\;T'h is an isomorphism in D for every z, € Obj(Mod,). We
conclude that the C-enriched natural transformation \” is invertible. [

3.3. LEMMA. Let F, F Mod, — D be C-enriched functors. For each C-enriched
natural transformation & : F = F : Mod, — D, we have the following relation for every
2p € Ob_](MOL{b)

F

)\Z’
Zb®bbf(bb)—[>F(Zb)
sz bgbb gzb 34
® L ; Nl (3-4)
2 ®yp o F (by) ——— F(2)
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PROOF. For each z, = (2,7.) € Obj(Mod,), we have the following diagram.

2®F (by) =——=2®F (by) —=2®F (by) ———=2® F (bp)
i(:qzh‘h]:(hh) ltfbb lﬂz BEp, lcq 07 (bp)
Z[,@bbf(bb) f(z@bb) Z f(bb) Zb®bbf<bb>
l)\f" ]:(’Yzb/ lgz@b" ba/ }%mﬁ% lL" Bl
Flz) Z®bb) 2 ®ppF (bp)
lézb l]: 'Yzb lAZ
F(20) =——=F(2) F ()
After right-cancelling the epimorphism cq, 7, in the above diagram, we obtain the
relation (3.4). =

Let s X be a left b-module object in D. The functor C-Funct(Mody,, D) — D of
evaluating at b, € Obj(Mod,) defined in (3.1) sends the C-enriched functor — ®g X :
Mod,, — D to the left b-module object zby ®p 5 X = (by ®p 12X, Poyw,,x) i D, where

Ab,by,p X Vo, ®oly x

Pogge X D® (b @y X ) ——— (b®by) ®pp X ———— by ®p . X.

One can check that the 1somorphlsm 2° ox ¢ bp ®p p X = X in D defined in (2.7) becomes

an isomorphism 2° X b ®ppX = pX in yD. We are ready to prove Theorem 1.1.

PROOF OF THEOREM 1.1. From the equivalence of statements (7)-(iv) in Proposition 3.2,
we conclude that the map (2.8) induces an equivalence of categories

6D —— C-Funct coeon(Mody, D)

between , D and the category of cocontinuous C-enriched functors Mody, — D. The latter
is a full, coreflective subcategory of the category C-Funct(Mody, D) of all C-enriched
functors Mod, — D thanks to Lemma 3.3 by taking F to be a general C-enriched functor
and F a C-cocontinuous one. This completes the proof of Theorem 1.1.

One can also directly show that the functor 4D — C-Funct(Mod,, D) in (2.8) is
left adjoint to the functor C-Funct(Mody, D) — D in (3.1). The component of the
unit at each object X in D is the isomorphism (25 )~" o X — 1be®pp X in pD. The
component of the counit at each C-enriched functor F : Mod, — D is the C-enriched
natural transformation \” : —®y,F (by) = F defined in Lemma 3.1. One can check that
the isomorphism (ZE +) 71 is natural in variable X, and by Lemma 3.3 \” is natural in
variable F. We can check the triangular identities using the relation )\bfh = ZE Fbe) and the

explicit description of (20 )" given in (2.7). The rest of the statements in Theorem 1.1
are straightforward to check using Proposition 3.2. This is another proof of Theorem 1.1.m
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PROOF OF COROLLARY 1.2. Let b’ be another monoid in C. After substituting D =
Mody in Theorem 1.1, we obtain the adjoint equivalence of categories

bMOCfb/ i G-Functeocon(f]\/[ocfb, MOCfb/)

whose right adjoint is the functor of evaluating at by. [

4. Morita Theory

In this section, we prove Theorem 1.3 which characterizes when a C-enriched category D
is equivalent to Mod, for a given monoid b in C. We also give a proof of Corollary 1.4
which generalizes the result of Morita in enriched context.

4.1. DEFINITION. Let D be a C-enriched category and let X € Obj(D). We say

(i) X is a C-enriched compact object in D if the C-enriched Hom functor D(X, —) :
D — C preserves C-tensors, and the underlying functor D(X, —)o preserves coequal-
12€Ts;

(i1) X is a C-enriched generator in D if the C-enriched Hom functor D(X,—) : D — C

18 conservative;

(#i) X is a C-enriched compact generator in D if it is both a C-enriched compact object
and a C-enriched generator in D.

4.2. EXAMPLE. Consider the case when C = A6 is the closed symmetric monoidal cate-
gory of abelian groups. Let R be a ring and let Mody be the preadditive category of right
R-modules. For each right R-module Ng,

(i) Npgis an Ab-enriched compact object in Modg if and only if it is a finitely generated
projective right R-module;

(i) Ng is an AB-enriched generator in Modyg if and only if it is a generator in the
category of right R-modules;

(iii) Ng is an Ab-enriched compact generator in Mody if and only if it is a finitely
generated projective generator in the category of right R-modules.

Let us explain the ‘only if " part of statement (i). Assume that Ng is an A6-enriched com-
pact object in Mody. By Proposition 3.2, the A6-enriched Hom functor Modr(Ng, —) is
Ab-enriched cocontinuous. In particular, the underlying functor Modr(Ng, —)o is cocon-
tinuous.

e Ny is a projective right R-module if and only if the underlying functor Modr(Ng, —)o
preserves coequalizers.
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o A projective right R-module Ng is finitely generated if and only if the underlying
functor Modp(Ng, —)o preserves arbitrary sums. This is explained in the proof of
[1, Proposition1.2(c)].

Therefore Ng is a finitely generated projective right R-module.

4.3. LEMMA. Let b = (b, up, mp) be a monoid in C. The right b-module by is a C-enriched
compact generator in Mody,, and we have an isomorphism of monoids b = End a4 (by) in

C.

PROOF. Recall that for each z, € Obj(Mod,), we have a morphism 7,, : 2 ® by — 2 in

Mody,. One can check that the corresponding right adjunct 7,, : =z =N Mody,(by, 2p) is an
isomorphism in C, and is C-enriched natural in variable z,. Thus we have an isomorphism
of C-enriched functors U = Mod,,(by, —) : Mod, — C. The forgetful C-enriched functor
U : Mod, — C is conservative, preserves C-tensors, and its underlying functor U, preserves
coequalizers. We conclude that by is a C-enriched compact generator in Mod,. We leave
for the readers to check that the isomorphism ¥, : b =N Mody (by, by) in C becomes an
isomorphism of monoids 7y, : b = End gy, (bs) in C. "

We are ready to prove Theorem 1.3.

PROOF OF THEOREM 1.3. By Lemma 4.3, the only if part is true. We prove the if part

as follows. Let us denote f : b — D(X, X) as the isomorphism in C. Then we have a

. felx Evx x . . . . =)
morphism px 1 b®X —= D(X, X)®X —= X in D whose right adjunctis px = f : b —

D(X, X), and the pair , X = (X, px) is a left b-module object in D. By Proposition 2.10,
we have the following adjoint pair of C-enriched functors.

ai=—®ppX
B::’D(bXﬂ_)

We are going to show that the C-enriched adjunction (4.1) is an adjoint equivalence of C-
enriched categories. First, we show that Sa : Mod, — Mod, is C-enriched cocontinuous
as follows. Recall the diagram in (2.6).

e The C-enriched functor D(X,—) : D — C preserves C-tensors, and the underlying
functor D(X, —)o preserves coequalizers.

e The C-enriched category Mod,, is tensored, and the underlying category (Mody)o
has coequalizers.

e The forgetful C-enriched functor U : Mod, — C is conservative, preserves C-tensors,
and the underlying functor U, preserves coequalizers.

Thus we obtain that the C-enriched functor § = D(,X,—) : D — Mod, preserves C-
tensors, and the underlying functor 3, preserves coequalizers. Then the C-enriched functor
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Ba : Mod, — Mod, also has the same properties. By Proposition 3.2, we conclude that
the C-enriched functor Ba : Mod, — Mod, is cocontinuous.

Next, we show that the adjunction (4.1) is an adjoint equivalence of C-enriched cat-
egories. We begin by showing that the unit n : Iy, = fa : Mod, — Mod, is a
C-enriched natural isomorphism. By Corollary 1.2, it suffices to show that the compo-
nent 1y, : by — D(pX, by ®p p-X ) at by is an isomorphism in Mod,,. Consider the following
diagram.

b b b
lCUbX %lf
Moy 'D(X b@X C
(f®lx) UD(X,X),X
gthth)/* \ /
D(X, b[,@be) X D(X X @X
gl(z‘éx)* l(va,x)*

We obtain that the morphism 7, : b — D(X,b, ®p X) in C is equal to (zEX)*_l of:
b = D(X,X) = D(X, b, ® ,X) which is an isomorphism. This shows that the unit
N : Iagg, = Ba is a C-enriched natural isomorphism.

To conclude that the C-enriched adjunction (4.1) is an equivalence of C-enriched cat-
egories, it suffices to show that the right adjoint 8 = D(,X,—) : D — Mod, is con-
servative. This is because any C-enriched adjunction with fully faithful left adjoint and
conservative right adjoint is an adjoint equivalence of C-enriched categories due to the
triangular identities. As we assumed that X is also a C-enriched generator in D, the
C-enriched functor D(X,—) : D — C is conservative. From the relation (2.6), we obtain
that 8 = D(, X, —) : D — Mod, is also conservative. This completes the proof of Theo-
rem 1.3. n

4.4. REMARK. Let us weaken the assumption of Theorem 1.3 and merely assume that X is
a C-enriched compact object in D. Then the left adjoint C-enriched functor o : Mod, — D
in (4.1) induces an equivalence of C-enriched categories from Mody, to a coreflective full
C-enriched subcategory of D.

4.5. REMARK. Theorem 1.3 is related to the result in [2] which states that the Eilenberg-
Moore category of a C-enriched C-tensor preserving monad T on C is equivalent to the
category of right T (c)-modules.

Let b = (b, up, mp) be a monoid in C. We have a C-enriched natural isomorphism
jb : _®bbbb é [Mot{b : MO([{, — MOL[[, (42)

whose component at z, = (2,7,) € Obj(Mod,) is the unique isomorphism ]Eb : 2p ®ppbp =
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2p in D satisfying the relation

Z@bb Yz
cq _qb
Zb’bbb‘IV/ % Voo = Jzy © g, yby -

2 ®ppDp e 2

Let b’, b” be additional monoids in C. For each pair of a (b, b’)-bimodule 2y = (24, pz,,)
and a (b’, 6”)-bimodule yyp», we have the (b, b”)-bimodule

b Lo’ ®p/ v/ Yo/ = (%/®b/ oY Payy gy - 0P (To Bor oY) — Ty By b'yb")
whose left b-action is given by

Ab,xy 01 Yy Pz /®b’]I 1Yyt
b L b /Y
Py @y - OB (T B oY) ——=— (DB Ty ) B o0 Yo ———— Ty By o/ Yo

We have a C-enriched natural isomorphism

~

A oo - —®p (6Zy Ry Y ) = (— RppTe ) Ry v+ Mody — Modyn (4.3)

whose component @, ,ze/ . yer at 26 € Obj(Mod,) is the unique morphism in Mody,» which
makes the following diagram commutative.

az,xb/ p! Yp!!

Z@(J}b/@b/ h'yb") = (Z@xbl)@)bl b’yb”
qub*hzb/@h'b/yh//l quzb,th@b’Hb/yb//
A azy pry v
Zb @b (bﬂfhl®b/ h’yb”) """"""""" %> (Zb ®bb$b’)®b’ b’ Yp!’

We are ready to prove Corollary 1.4.

PROOF OF COROLLARY 1.4. By substituting D = Mody in Theorem 1.3, we immediately
obtain that statements (i), (ii) are equivalent. We are left to show that statements (i),
(iii) are equivalent. The monoids b, b’ in C are Morita equivalent if and only if there
exist a pair of cocontinuous C-enriched functors o : Mod, — Mody, 3 : Mody — Mod,
together with a pair of C-enriched natural isomorphisms Sa = Ingy, aff = Iggy,. By
Corollary 1.2 and using the C-enriched natural isomorphisms (4.2), (4.3), we obtain that
the existence of such pair «;, § is equivalent to the existence of bimodules yxy, pys together
with isomorphisms of bimodules pzy @y pYp = pbp and gy iy ®p p Ty = by n
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