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A COHERENCE THEOREM FOR PSEUDO SYMMETRIC
MULTIFUNCTORS

DIEGO MANCO

ABSTRACT. Donald Yau defined the notion of pseudo symmetric Cat-enriched mul-
tifunctor between Cat-enriched multicategories and proved that Mandell’s inverse K-
theory multifunctor is pseudo symmetric. We prove a coherence theorem for pseudo
symmetric Cat-enriched multifunctors. As an application we prove that pseudo sym-
metric Cat-enriched multifunctors, and in particular Mandell’s inverse K-theory, pre-
serve Y-free E,-algebras (n = 1,2,...,00), at the cost of changing the parameterizing
Y-free E,-operad O for the YX-free E,-operad O x EX,.

1. Introduction

Permutative categories are symmetric monoidal categories that are strictly associative
and unital. Let Perm be the category of permutative categories. By a construction of
May [May, 1974], we can define algebraic K-theory as a functor from Perm to spectra.
Elmendorf and Mandell [Elmendorf and Mandell, 2006] introduced multicategories in ho-
motopy theory to study the multiplicative properties of this functor. They gave Perm the
structure of a multicategory and showed that the K-theory construction can be extended
to a symmetric multifunctor landing in spectra. This implies that K-theory preserves
certain multiplicative structures—for example, the K-theory of a bipermutative category
is an E,-ring spectrum.

Following work of Thomason [Thomason, 1995], Mandell [Mandell, 2010] introduced
inverse K-theory P, a functor from I'-categories (modelling connective spectra) to Perm
that provides a homotopy inverse to K-theory. Elmendorf [Elmendorf, 2021] had initially
extended P to a symmetric multifunctor, but some mistakes were found as it is described
in [Yau, 2024] Explanation 10.3.13. Johnson and Yau [Johnson and Yau, 2022] finally
extended P to a Cat-enriched multifunctor, but one that is not symmetric: it is not
compatible with the permutation of elements in the domains of multicategory mapping
spaces. To account for this Yau [Yau, 2024] introduced pseudo-symmetric multifunctors,
where there is a compatibility only up to coherent natural isomorphisms, and he proved
that Mandell’s inverse K-theory multifunctor P is pseudo symmetric in his sense.

In this article we establish a 2-adjunction that lets us rigidify pseudo symmetric mul-
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tifunctors and write them as symmetric multifunctors at the cost of fattening up their
domain in a specific way. As an application we get a new result in multiplicative K-theory:
pseudo symmetric multifunctors, and in particular Mandell’s inverse K-theory, preserve
E,-algebras for n = 1,2,...,00 at the cost of changing the parameterizing F,-operad.
For example, they send commutative monoids to F..-algebras.

Let us go back and provide more details of the above panorama. Segal’s infinite loop
space machine [Segal, 1974] allows the construction of spectra from symmetric monoidal
categories. May’s construction [May, 1974] provides an alternative way of building spec-
tra from permutative categories. Both K-theory constructions turn out to be equivalent
[May and Thomason, 1978], with Perm being equivalent to the category of symmetric
monoidal categories by a theorem of Isbell [Isbell, 1969]. The question about what kind
of structure to impose on a permutative category so that its K-theory is an E,-ring spec-
trum was answered independently by Elmendorf and Mandell [Elmendorf and Mandell,
2006] and May [May, 2009], the former using the theory of multicategories. To study
multiplicative K-theory, one would like the domain of the K-theory construction Perm
to have a symmetric monoidal structure and K-theory to be a monoidal functor. That
way, K-theory would preserve multiplicative structures in Perm. However, Perm lacks
a natural symmetric monoidal structure, although it admits one in a 2-categorical sense
[Gurski, Johnson, and Osorno].

Multicategories, also known as colored operads, generalize symmetric monoidal cate-
gories by supplying a setup for working with multi-input maps, thus providing an alterna-
tive way of encoding multiplicative structures even in the absence of symmetric monoidal
structures. In a sense, multicategories allow us to talk about multilinear maps without
making any reference to tensor products. Multiplicative structures can then be encoded
in a multicategory via the actions of operads and similar gadgets. Elmendorf and Mandell
[Elmendorf and Mandell, 2006] gave Perm the structure of a multicategory and extended
algebraic K-theory to a symmetric multifunctor landing in symmetric spectra. This im-
plies that K-theory preserves multiplicative structures. This is how they proved that the
K-theory of a bipermutative category is an E..-ring spectrum. Multiplicative K-theory
has also been defined as a symmetric multifunctor from the multicategory of Waldhausen
categories Wald to spectra [Blumberg and Mandell, 2011], with Wald providing an-
other example of a multicategory that doesn’t arise from a symmetric monoidal structure
[Zkharevich, 2018].

Spectra arising from the Segal-May construction are all connective, and by a theo-
rem of Thomason [Thomason, 1995] the K-theory construction is surjective on homotopy
types. Mandell’s inverse K-theory functor P: I'-Cat — Perm witnesses this by provid-
ing a homotopy stable inverse to K-theory. Here I'-categories model connective spectra
by [Thomason, 1980, Cisinski, 1999, Bousfield and Friedlander, 78]. The question of
whether Mandell’s inverse K-theory functor could be extended to a multifunctor was first
attacked by Elmendorf [Elmendorf, 2021]. After mistakes were found (see [Yau, 2024] Ex-
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planation 10.3.13) Johnson and Yau settled the matter and proved that Mandell’s inverse
K-theory is equivalent to a Cat-enriched multifunctor P: I'-Cat — Perm, albeit one
that is not symmetric. The Cat-enriched multifunctor P doesn’t preserve the action of
the symmetric group on the hom objects of the multicategories by permutation of inputs.
So, Johnson and Yau’s results can only be used to prove that P preserves multiplicative
structures that don’t involve symmetry, like associative monoids [Johnson and Yau, 2022].
This obstruction led Yau [Yau, 2024] to define pseudo symmetric multifunctors. These
are non-symmetric Cat-enriched multifunctors that preserve the action of the symmetric
group of multicategory mapping spaces only up to coherent natural isomorphisms. One
of the main results of [Yau, 2024] is that P is in fact pseudo symmetric.

Our main result can be interpreted as a coherence result for pseudo symmetric multi-
functors. If F': M —=N is a pseudo symmetric multifunctor between Cat-enriched mul-
ticategories, we prove that the natural isomorphisms attesting the pseudo symmetry of F'
assemble together to give a symmetric Cat-enriched multifunctor ¢(F): M x EX,—N
satisfying a universal property, where EY, is the categorical Barratt-Eccles operad de-
fined in Example 2.5. We can also think about our result as a rigidification result. We
can rigidify F' and turn it into a symmetric Cat-enriched multifunctor ¢(F"), at the cost
of changing its domain.

1.1. THEOREM. (Theorem 3.3) Let M be a Cat-enriched multicategory. There is a
pseudo symmetric multifunctor gy M — M x E¥, such that for every Cat-enriched
multicategory N and pseudo symmetric multifunctor F': M — N, there exists a unique
symmetric Cat-enriched multifunctor ¢(F): M x EX, — N such that the following
diagram commutes:

M x EY,

V &(F)

M > N

That is, F' = ¢(F') o nyq as pseudo symmetric multifunctors.

Thus, if O is an operad in Cat, pseudo symmetric algebras in a Cat-enriched multicat-
egory M over O, i.e., pseudo symmetric multifunctors O — M, are symmetric algebras
in M over O x EY,, i.e., symmetric multifuntors O x E¥, — M The following result,
which appears as Corollary 4.7, holds since multiplying by E>, sends the commutative
operad {x} to the E.-operad EY, and -free E,-operads in Cat, like the ones defined
in [Berger, 1996] and [Fiedorowicz et al., 2003], to E,-operads.

1.2. COROLLARY. (Corollary 4.7) Let F': M — N be Cat-enriched pseudo symmetric
multifunctor. Then,

1. F sends commutative monoids to F,.-algebras.
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2. F sends symmetric E,-algebras over a Y-free F,, Cat-operad O to symmetric F,-
algebras over the free E, Cat-operad O x E3,, forn=1,2,... 00.

In this sense, pseudo symmetric Cat-enriched multifunctors preserve symmetric F,,-
algebras parameterized by free F,-operads at the cost of changing the parameterizing
operad. We notice that requiring that ¥, acts freely on the E,-operad O doesn’t im-
pose a serious restriction since there are F, Cat-operads (n = 1,2,...,00) like the ones
defined in [Berger, 1996] and [Fiedorowicz et al., 2003] that are 3-free. This corollary
extends our understanding of the behavior of inverse K-theory since it implies that the
inverse K-theory multifunctor P sends commutative monoids to F.-algebras and sends
E,-algebras (n = 1,2,...) parameterized by free Y-operads to F,-algebras. Since P pro-
vides a stable inverse to K-theory, and K-theory is a symmetric multifunctor, this implies
that every symmetric E,-algebra parameterized by a Y-free Cat-operad in I'-categories is
stably equivalent to the K-theory of an symmetric E,-algebra in permutative categories
for n = 1,2,...,00. This shows how Theorem 1.1 can be used to grasp the behavior
of pseudo symmetric multifunctors on structures parameterized by symmetric operads in
general.

In [Yau, 2024] Yau defines the 2-category Cat-Multicat having Cat-enriched multi-
categories as O-cells, symmetric multifunctors as 1-cells and multinatural transformations
as 2-cells. He also defines the 2-category Cat-MulticatP® with 0-cells Cat-enriched mul-
ticategories, 1-cells pseudo symmetric multifunctors, and 2-cells pseudo symmetric Cat-
multinatural transformations. Every symmetric Cat-enriched multifunctor (respectively
multinatural transformation) is canonically a pseudo symmetric multifunctor (respectively
multinatural transformation), so there is a 2-functorial inclusion j: Cat-Multicat—=Cat-
MulticatP®. Taking into account these 2-categorical structures we can improve our previ-
ous result by providing a left adjoint v to j, which, at the 0-cell level, sends a multicategory
M to p(M) = M x EX,.

1.3. THEOREM. (Corollary 3.5 and Theorem 3.7) The inclusion j: Cat-Multicat—Cat-
MulticatP® admits a left 2-adjoint ¢: Cat-MulticatP®— Cat-Multicat with /(M) =
M x EY, for M a Cat-multicategory. In particular, for Cat-multicategories M and N
we have an isomorphism of categories

Cat-Multicat?® (M, N) = Cat-Multicat(M x EX, N).

An important consequence of this theorem is that we can give a very simple and com-
pact description of the 2-category Cat-MulticatP® solely in terms of symmetric Cat-
multifunctors and Cat-mutinatural transformations, which we do in Definition 3.8.

The equivariant infinite loop space machine Kg from [Guillou, May, Merling, and Os-
orno, 2023 is also suspected to be pseudo symmetric, so our result might help understand
the preservation of multiplicative structures in the equivariant context as well. A multi-
functorial equivariant Algebraic K-theory construction was provided by Yau [Yau, 2024].
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Our result could also be used to prove that the two equivariant K-theory constructions
from [Guillou, May, Merling, and Osorno, 2023] and [Yau, 2024] are equivalent.

Outline. In Section 2 we recall the definition of the 2-categories Cat-Multicat and
Cat-MulticatP®. In Section 3 we prove Theorems 1.1 and 1.3. We also extract a new
and compact description of the 2-category Cat-MulticatP®. In Section 4 we obtain the
desired consequences for Mandell’s inverse K-theory functor P included in Corollary 1.2.

Acknowledgements. The author would like to thank Angélica Osorno, without
whom this article wouldn’t exist, for her mentorship and guidance during all stages of
this project. The author would like to thank Dan Dugger for providing helpful advice and
feedback as well as Donald Yau for his helpful comments, questions, email exchanges, and
encouragement. The author would also like to thank the referee for their very careful read-
ing and helpful suggestions. The author was supported by the Fulbright-COLCIENCIAS
scholarship awarded by the Fulbright Colombia Commission and COLCIENCIAS, now
a part of the Ministry of Science, Technology, and Innovation of the Colombian govern-
ment. The author was also supported by the University of Oregon through the Anderson
Mathematics PhD Student Research Award.

2. Symmetric and pseudo symmetric Multifunctors

We begin by reviewing the definition of multicategory enriched in a symmetric monoidal
category. In the following definition (C,1,®, )\, p,€) is a symmetric monoidal category
with @: C' x C'— C the monoidal product, 1 the monoidal unit, A the left unit isomor-
phism, p the right unit isomorphism and ¢ the symmetry. In this paper we will consider
only categories enriched over Cat with the monoidal structure given by products, but
we use a general monoidal category in the definition to make explicit the fact that this
definition doesn’t make use of the 2-categorical structure of Cat.

2.1. REMARK. We will also use the following notation: if ¢ € X, and 7, € X, for
1<i<n,o(r,...,Tn) € Xk, ++k, is the permutation that permutes n blocks of lengths
k1, ..., k, according to ¢ and each block of length k; according to ;.

2.2. DEFINITION. If C is a symmetric monoidal category, a C-multicategory (M,~,1)
consists of the following data.

e A class of objects Ob(M).

o For everyn >0, (a) = (a;)i~; € Ob(M)" and b € Ob(M), an object in C denoted
by
M({a);b) = M(ay,...,an;b).
We will write (a) instead of (a;)?_, when n is clear from the context or irrelevant.
[In the case C = Cat, an object f of M({a);b) will be called an n-ary 1-cell with
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input (a) and output b and will be denoted as f: (a) —=b. Similarly, we will call
a: f—=g in M({a);b)(f,g) an n-ary 2-cell.]

e For eachn >0, (a) € Ob(M)", b € Ob(M), and o € %,,, a C-isomorphism
M({a); ) —= M({a)o; )

called the right o action or the symmetric group action. Here

(a)o =(a1,...,an)0 = (Ao(1), - - -, Ao(n))-

[In the case C' = Cat we write fo for the image of an n-ary 1-cell f: (a) —=b in
M and similarly for 2-cells.]

e For each object a € Ob(M), a morphism
1 —“% M(a:a)

called the a-unit. In the case C' = Cat we notice that if a € Ob(M), 1,: a—=a is
a 1-ary 1-cell while if f: (a) —=b is an n-ary 1-cell, then 1¢: f— f is an n-ary
2-cell in M({a);b)(f, f) so our notation is unambiguous.

e For every c € Ob(M), n > 0, (b) = (b;)}_; € Ob(M)", kj > 0 for 1 < j < n, and
(a;) = <a,j,i>fi1 € Ob(M)*i for 1 < j <mn, a morphism in C,

M((b);¢) @ @ M({az);by) —— M((a);c),

=1

where we adopt the convention that (a) € Ob(M)*, where k =Y | k;, denotes the
concatenation of the varying a;’s for j =1,...,n. We write this as

<a) = <a1, ce 7an) = <<CL]'>>?:1 = <CL1,1, N ,al,kl, ag’l’ PN ,an,l’kn_laml, e ,anykn>.

The previous data are required to satisfy the following axioms.

e Symmetric group action: For everyn >0, (a) € Ob(M), b € Ob(M), and o, T
n Y, the following diagram commutes in C' :

b — s M
T
M(

M({a);

|

({a)a; )
(a)oT;b).
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We also require the identity permutation id, € ¥, to act as the identity morphism
on M({a);b).

e Associativity: For every d € Ob(M), n > 1, (c) = (¢;)j=; € Ob(M)", k; > 0 for
1 <j<nwihk; >1 for at least one j, (b;) = (bjz>fi1 € Ob(M)*i for1 < j <n,
lij>0forl <j<nandl <i<k; and (aj;) = (aj,i,pﬁ’:jl € Ob(M)4i for
1 <j<nandl <i<kj, the following associativity diagram commutes in C':

n n k;
M((c);d) @ <® M((bﬁ;q)) ® & <® M(<aj,i>§bj,i)>

j=1 j=1 \i=1
YR1
n kj
. M) e @ (Q M<<aj,i>>;bj,i>
j=1 \i=
(1)
n kj
M((c);d) ® @1 (M(<bj>;0j) ® @M«am‘%bj,z‘)) v
1®®?:1'Y
Ml d) & @ Mi(as)icj) ———— M({a);b)

e Unity: Suppose b € Ob(M) and (a) = (a;)j_; € Ob(M), then the following right
unity diagram commutes in C' :

<
&
E
—
%
IR

M(({a);b) @ Q M(aj; a;) —— M((a); b).

Jj=1

With b, {(a) as before, we also demand that the following left unity diagram commutes

wm C.
1 ® M((a); )

1,®1d \

M(b;0) @ M((a);b) —— M((a); ).
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e Top equivariance: For every c € Ob(M), n > 1, (b) = (b;)7_; € Ob(M)", k; > 0

for1<j<n, (a;) = (aj7i>fi1 € Ob(M)*i for 1 < j <n, and o € %, the following
diagram commutes:

M((b); ¢) ® éM(<aj>; bj) —2T— M(()a;0) @ @ M({ao(); bot)

M({ar), ..., {an);c) M((as)), -, (Ao(m)); €).

a<idka(1) i >

Here 0= is the unique isomorphism in C, given by the coherence theorem for sym-

metric monoidal categories, that permutes the factors M({a;),b;) according to o~*.

e Bottom equivariance: For (a;), (b) and ¢ as in Top equivariance 2, the following
diagram commutes:

n zd®élfj n
M((b),c)@%j\/l((a]%bj) —— M((b),c) @ gM(@j)Tj;bj)
d b v
M({ar), ..., {an);c) > M({(a1)11, ..., {ap)To; c).

This concludes the definition of a C-multicategory.

2.3. REMARK. A C-operad is a C-multicategory with one object. If O is a C-operad,
its n-ary operations will be denoted by O,, € Ob(C). A non symmetric C-multicategory
(C-operad) is defined in the same way as a C-multicategory (C-operad) excluding the
data of the symmetric group action as well as the symmetric group, top and bottom
equivariance coherence axioms. We will only be concerned with symmetric multicategories
and operads. C-multicategories are often referred to as colored operads, with the objects
of the C-multicategory being referred to as colors and C-operads having just one color.

2.4. EXAMPLE. As examples of Set-operads, where Set has the monoidal structure in-
duced by products in Set, we have the commutative operad Comm = {x} with Comm,, =
{*}. Another example is the associative operad Ass = X, with Ass, = %,, with the
right action of the symmetric product given by right multiplication and ~ defined in the
following way. If n > 1 and ky,...,k, natural numbers with k£ = X' k;, we define
v B, X ([T, k) —= Xk given for 0 € ¥, and (7y,...,7,) € [[_, Xk, by

Y(o, (pi)izt) = o{pi)iy = o{p1, -, Pn),

as in Remark 2.1. When n is clear from the context we will write o(p;) = o (p;)I";.
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2.5. EXAMPLE. We will consider Cat-multicategories where the monoidal structure in
Cat is given by products. One source of examples is the forgetful functor Ob: Cat—Set
which forgets the morphism structure and remembers only the object set. Its right ad-
joint F: Set — Cat is the functor that takes a set A to FA, the category with objects
Ob(FA) = A, and with a unique isomorphism between each pair of objects. F sends a
morphism f: A— B of sets to the functor Ff: EA— EB, the only functor such that
f = Ob(Ef). E preserves products, and thus, if O is a Set-operad, FO is a Cat-operad.
Similarly, if M is a Set-multicategory, EM is a Cat-multicategory with the same collec-
tion of objects as M.

We will call EComm = {x} the commutative Cat-operad. The Barratt-Eccles operad
is the Cat-operad EY, = EAss.

2.6. EXAMPLE. Another source of examples for multicategories are symmetric monoidal
categories, and thus also permutative categories. Each symmetric monoidal category C'
has an associated Set-multicategory End(C'), whose objects agree with the objects of C'
and such that for (a) € Ob(C)™ and b € Ob(C),

End(C)({a);b) =C(a1 ® - - - @ ay, b).

Here we take a1 ® - - - ® a,, with the leftmost parenthesization. Any fixed parenthesization
would work. An empty string of objects is interpreted as the monoidal unit 1 € Ob(C).

Next, we define 1-cells between C-multicategories that preserve the action of the sym-
metric group. These are called symmetric C-multifunctors.

2.7. DEFINITION. A symmetric C-multifunctor F: M —= N between C-multicategories
M and N consists of the following data.

e An object assignment F: Ob(M)—= Ob(N).
e For eachn >0, (a) € Ob(M)"™ and b € Ob(M) a C morphism

M((a);b) —E—= N((Fa); Fb).

These data are required to preserve units, composition, and the action of the symmetric
group.

e Units: For each object a € Ob(M), F(1,) = lgg, i.e., the following diagram
commutes in C :

1 » N(Fa, Fa).
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e Composition: For every ¢ € Ob(M), n > 0, (b) = (bj>;-‘:1 e Ob(M)", k; >0

for 1 < j <mn, and (a;) = <aj,i)fi1 € Ob(M)¥i for 1 < j<mnandl <i<n, the
following diagram commutes in C :

n
FOQ® F
1

M((b);¢) @ @ M({aj);by) ——— N((Fb); Fe) @ @ N({Fay); Fby)

Jj=1 Jj=1

| L :

» N((Fa); Fe).

F

e Symmetric Group Action: For each (a) € Ob(M)" and b € Ob(M) the follow-

ing diagram commutes in C' :

M({a);b) —— N({Fa); Fb)

gla gla

M({@)o:b) —— N((Faya; Fb).

2.8. DEFINITION. Let O be a C-operad and a M be a C-multicategory. A symmetric
algebra in M over O 1is a symmetric multifunctor O — M.

Symmetric algebras are usually called algebras, but we add the adjective symmetric
to distinguish them from pseudo symmetric algebras, which will be defined later.

2.9. EXAMPLE. Since their introduction by May [May, 1972], operads have been used
to characterize certain categories as the categories of symmetric algebras over a certain
operad. For example, symmetric algebras over Comm in Set are commutative monoids.
Symmetric algebras over Y, in Set are associative monoids. Symmetric algebras over the
Barrat-Eccles operad EY, in Cat are precisely permutative categories [May, 1974].

Next we define composition of C-multifunctors.

2.10. DEFINITION. We define the horizontal composition of C'-multifunctors in the fol-
lowing way.

o Let F: M—=N, and G: N—=Q be C-multifunctors, we define the C-multifunctor
GF: M — Q on objects as the composition

Ob(M) —E Ob(N) —5— 0b(Q),
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and its component functors for (a) € Ob(M)™, b € Ob(M) as the composite
M((a);b) —E—= N((Fa); Fb) —— Q((GFa); GFb).

o The identity C-multifunctor 1 : M—=M 1is defined as the identity assignment on
objects with the identity functors as component functors.

Next we define 2-cells between C-multifunctors. These will be the 2-cells of a 2-
category with O-cells C-multicategories and 1-cells C-multifunctors.

2.11. DEFINITION. ([Yau, 2024], Def. 3.2.5) For (symmetric) C-multifunctors F, G: M—=N/,
we define a C-multinatural transformation 6: FF = G as the data of a component mor-
phism 6,: 1—N(Fa,Ga) in C for each a € Ob(M) subject to the commutativity of the
following diagram in C' for each (a) € Ob(M)™ and b € Ob(M),

9b®F

N(Fb;Gb) @ N ({(Fa); Fb)

M((a),b) N ((Fa); Gb).

GOR b, /

M((a);h) ® Q)_ I ——' N((Ga); Gb) @ Q) N (Fay; Gay)

1® M({a); b)

1R

IR

We define the identity multinatural transformation 1z: F'— F' as having component
(1p)y = 1p, for a an object of M.

2.12. REMARK. When C' = Cat, and given F,G: M —= N Cat-multifunctors and the
data of a 1-ary 1-cell 6, : Fa—=Ga for each a € Ob(M), the commutativity of the diagram
in the previous definition means that for every n > 0, (a) € Ob(M)", b € Ob(M) and
each 1-cell f: (a) —=b,

VG S;(0a,)) = 7(0; F'f) (5)
holds in NV ({Fa); Gb) and that, for every 2-cell a: f—=g in M({a);b)(f,g),
(Ga; {1y, ) = 1(1g,; Far) (6)

in N ((Fa); Gb). We can express (5) diagrammatically as the commutativity of the square

(Fa) 225 (Gay

| s

Fb —" 5 ao,
where the composition of adjacent 1-cells is done through + and a square represents an
equality between composite 1-cells. In the same fashion, and using (5), we can express
(6) as the equality of multicategorical pasting diagrams
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B Oa
(Fa) -2 (Ga) (Fa) -2 (Ga)

Ff <‘%% Fg ng = Ffl Gf <‘%% Gy
Fb —— Gb Fb — 5 qo.

Here the concatenation of adjacent 2-cells is done through v, and an arrow labeled with
the 1-cell h is interpreted as the 2-cell 1, : h—=h. For example, the left hand side diagram
represents y(1g,, F'a) while the right hand side represents v(Ga, (f,,)). The empty squares
represent equalities between composite 1-cells.

Next, we define horizontal and vertical compositions of C-multinatural transforma-
tions.

2.13. DEFINITION. ([Yau, 2024], Def. 3.2.7)

Suppose given ¢: F' = G, (: G = H C-multinatural transformations with
F,G,H: M —= N C-multifunctors. The vertical composition (0: F = H is defined as
having as component at each a € Ob(M) (¢6),, the composite

1 =5 191 2% N(Ga; Ha) @ N (Fa; Ga) —— N(Fa; Ha).

Suppose that 6: F = G and (: F/ = G’ are C-multinatural transformations with
F.G: M—N and F',G": N — Q C-multifunctors. The horizontal composition ( *
0: F'F = G'G is defined as the C-multinatural transformation with component at each
a € Ob(M), given by the composite

(¢*0)a R

1 7 Q(F'Fa;G'Ga)

T
l CGa ®0q 1QF’

191 —— Q(F'Ga;G'Ga) ® N(Fa;Ga) —7 Q(F'Ga;G'Ga) ® Q(F'Fa; F'Ga).

2.14. REMARK. When C' = Cat and given 0: F' = G, (: G = H Cat-multinatural
transformations with F, G, H: M — N C-multifunctors and a € Ob(M),

(C0>a = ’V(Caa ea-) (7)

On the other hand, if §: ' = G and (: I’ = G’ are Cat-multinatural transformations
with F,G: M—=N and F',G': N — Q Cat-multifunctors,

(C * (9),1 = ’Y(CGa; Flea)- (8)

Yau proves in [Yau, 2024] that Definitions 2.2, 2.7, 2.10, and 2.13 assemble together
to give the 2-category C-Multicat, with O-cells consisting of C-multicategories, 1-cells
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symmetric C-multifunctors, and 2-cells C-multinatural transformations. There is a non
symmetric variant where we drop the requirement that the C-multifunctors preserve the
symmetric group action, as well as dropping the coherence axioms related to the symmet-
ric group action, but we won’t refer to this 2-category again.

For the rest of the article we fix our symmetric monoidal category C' to be Cat, with the
symmetric monoidal structure induced by products. In this context we can define a pseudo
symmetric variant of this 2-category, namely Cat-MulticatP® using the 2-categorical
structure of Cat. The objects of Cat-MulticatP® are still Cat-multicategories, but the
1-cells are pseudo symmetric Cat-multifunctors: Cat-multifunctors where we only require
that they preserve the symmetric group action up to coherent isomorphisms.

2.15. DEFINITION. ([Yau, 2024] Def. 4.1.1) Suppose that M, N are Cat-multicategories.
A pseudo symmetric Cat-multifunctor F': M —= N consists of the following data:

e A function on object sets F': Ob(M)—= Ob(N).
e For each (a) € Ob(M)™ and b € Ob(M), a component functor

M((a);b) —E— N((Fa); Fb).
e For each 0 € ¥, (a) € Ob(M)", b € Ob(M), a natural isomorphism F; ()4

M({a);b) —5— N ((Fa); Fb)

M({a)o;b) —— N((Fa)o; Fb).

When (a) and b are clear from the context we write simply F,,, and if f € Ob(M ({a), b))
we will denote by F, ) 4.5 = Fo,p: F(fo)—=F(f)o the 2-cell in N'({(Fa)o; Fb) corre-
sponding to the component of F}, at f. Naturality for F,, means that given a: f—=g

a 2-cell in M((a);b)(f, g), the following diagram commutes in N ((Fa)o;b) :

F(fo) ==L F(f)o
F(ozo)l l(Fa)a (9)

F(go) —— F(g)o.

These data are subject to the same axioms of unit and composition preservation (4) as
a symmetric Cat-multifunctor, but we replace the symmetric group action preservation
axiom by the following four axioms.
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Unit permutation: Let n > 0, (a) € Ob(M)" and b € Ob(M), then

Fa, @p = 1p. (10)

Product permutation: This axiom expresses the coherence of the natural isomor-
phisms Fj,, for varying o, with respect to the symmetric group action. Let n > 0,
(a) € Ob(M)™, b € Ob(M) and 0,7 € %,. Then, the following equality of pasting
diagrams holds.

M({a);b) —E— N((Fa); Fb) M({a);b) —F— N((Fa); Fb)
| =

(a)o;b) — N((Fa)o; Fb) = or or

1 o= b

M(
M((a)ot;b) —— N((Fa)oT; Fb) M((a)oT;b) —— N({(Fa)oT; F'b).

Thus, for every 1-cell f € Ob(M((a);b)), the following diagram of 2-cells commutes
in N'((Fa); Fb):

F(fo)r
e N (11)
F(for) o > F(f)or.

Top equivariance: For every ¢ € Ob(M), n > 0, (b) = (b;)7_; € Ob(M)", k; >0
for 1 < j < n, and (a;) = <aj,i)fi1 € Ob(M)* for 1 < j < n, and o € %, the
following two pasting diagrams are equal.



1658

DIEGO MANCO

FxII; F
MbYs ) X [Tfmy M({ay)iby) —» N((Fb); Fe) x [1j=y N({Fay); Fbj)

| ) I\

M(({az))feric) > N((Faj))}_y; Fe)

olids, >l la(idka )

M({ag(jy))i=1:c) 7 N(((Fag(jy))jq; Fe)

FG id
ko5’

F

FxI]; F
M(bYs e) x TTF—q M({aj)3b;) —————————2 N((Fb); Fe) x [[f—; N((Fay); Fb;)

-1 -1
oXo l /F},Zd lo'xa

M((b)o;e) x [Tj=1 M({ag(5))ibo(s)) ﬁ) N{Fbyo; Fe) x [T7—1 N((Fag(4)); Fbg(j))
J

I1

| I

M{(ag(jy)) =13 ) 7 ? N(({(Fag(jy))jeq; Fe)

Here o (idy, ) = o(idy, ), - - -, 1dg, (n))- This means that for 1-cells f € Ob(M((b); c))
and g; € Ob(M((a;);b;)) for 1 < j <n,

FG(idko(j)>;’Y(f;<9j>) =7 (FU%f; <1Fgg<j)>?:1> : (12)

The domains and codomains of these pasting diagrams are equal by top equivari-
ance in M and N, and the fact that F' preserves v implies the commutativity of
the empty rectangles, see [Yau, 2024].

Bottom Equivariance: For every ¢ € Ob(M), n > 0, (b) = (b;)7_, € Ob(M)",
kj >0for1<j<mn,and (a;) = <aj,i)fi1 € Ob(M)ki for 1 < j<mand1<i<ky,
and 7; € X, the following two pasting diagrams are equal.
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M(B); ) % Ty M({a5):bs) —— s N((FB); Fe) x [T ((Fa)s Fby)

| I

M({{a;))m_y;c) £ » N({(Fa,))i_y; Fe)
idn<Tj>l /Fm;m lidnﬁj)
M(({a;)75)7=15¢) = » N(((Faj)7;)i_y; Fe)
H
M(B)s¢) x Ty M{as)iby) ——2 s N((FbY; Fe) x [Ty N((Fay); Fby)
idx[T; 7 /1;1'[]- P lidx I 7

M((b); €) x TTj=y M((a;)753 b)) eIl 7 N((Fb); Fe) x [Tjoy N (((Fag)); Fbj)

] |

M(({a;)75)7=15¢) » N(((Faj)7;)}_y; Fe)

F

This means that for 1-cells f: (b)) —c and g¢;: (a;) —0b; for 1 < j <n,

Edn(Tj)%“/(f;(Qﬁ) = 7<1Ff5 <F‘Fj§9j>) (13)

as 2-cells in N (((Fa;)7;); Fc). The domain and codomain of these pasting diagrams
are equal by bottom equivariance for M and N, and the preservation of v by F
guarantees that the empty squares commute, see [Yau, 2024].

Next we describe the horizontal composition of 1-cells in the 2-category Cat-MulticatPs.

2.16. DEFINITION. ([Yau, 2024] Def. 4.1.1) Let F': M—N, and G: N —=Q be pseudo
symmetric Cat-multifunctors. We define the pseudo symmetric functor GF': M—Q. On
objects GF' is the composite function GF': Ob(M)—Ob(Q). The composite component
functor is given for (a) € Ob(M)", and b € Ob(M) by the pasting

M((a);b) —E N((Fa);b) —%— Q((GFa): GFb).

The symmetry isomorphisms are given for each o € %,,, (a) € Ob(M), and b € Ob(M)

M((a);b) —E— N((Fa); Fb) —%— Q((GFa); GFb)

Ul /Fi(a),b la /G7<Fa>,Fb la

o o,

M((a)o;b) —E— N((Fa)o: fb) —— Q({GFa)o; GFb).
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That is, for each 1-cell f: (a) —=b, the f component of GF, is given by the composite

G((F[f)o)
G(Fof) ﬁf (14)
GF(fo) T > (GFf)o.

Next we define the 2-cells of the category Cat-MulticatPs.

2.17. DEFINITION. ([Yau, 2024] Def. 4.2.1) Suppose that F,G: M —= N are pseudo
symmetric Cat-multifunctors. A pseudo symmetric Cat-multinatural transformation
0: F = @G is the data of a component 1-cell 6, : Fa — Ga for each a € Ob(M)
subject to axioms (5), (6) and the following extra axiom. For each n > 0, (a) € Ob(M)",
b € Ob(M), object f € Ob(M({(a);b)), and permutation ¢ € ¥, the following arrow
equality holds in the category N({Fa)o;b),

V(s Frip) =7 (Gongi (Lo, ) - (15)

This can also be expressed diagrammatically as the equality of multicategorical pasting
diagrams

<9ag(j)> <9a0’(j)>
(Fa)o —= G(a)o (Fayo —= (Ga)o
Fa;f Ga;f
F(fo)| =——|(Ff)o (Gf)o = F(fo) G(fo)| ——=|(Gf)o
Fb —— Gb b —" 5 an,

where the diagrams are interpreted as in Remark 2.12, the squares commuting by (5) and
top and bottom equivariance for N, see [Yau, 2024].

We define the vertical and horizontal composition of pseudo symmetric Cat-multinatural
transformations in the same way that we did for symmetric ones, through diagrams (7)

and (8).

It is a theorem of Yau [Yau, 2024] that the data we have just defined gives the structure
of a 2-category, namely Cat-MulticatP®. Definition 3.8 says that we can describe this 2-
category solely in terms of symmetric Cat-multifunctors and symmetric Cat-multinatural
transformations.

3. Coherence

To prove our first result we use finite products in the category Cat-Multicat. Having
just the 1-categorical structure in mind, the products in Cat-Multicat are given in
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the following way. If M and N are two Cat-multicategories, then M x N has objects
Ob(M x N) = Ob(M) x Ob(N). Now, for n > 0, (a) € Ob(M)", (¢} € Ob(N)",
b € Ob(M), and d € Ob(N), we define

M X N(((a,c)); (b,d)) = M((a);b) x N({c); d).

The composition v of M x N, as well as the X, action and the multicategorical
units, are defined componentwise. Next we define the pseudo symmetric multifunctor na,
appearing in the statement of 1.1.

3.1. DEFINITION. Let M be a Cat-multicategory. We define the pseudo symmetric Cat-
multifunctor na: M —= M x EX, which, when there is no room for confusion, we will
denote . For an object a € Ob(M) as n(a) = (a,*). We will abuse notation and denote
the object (a,*) of M x EX, as a.

Forn >0, (a) € Ob(M)"™ and b € Ob(M) we need to define a functorn: M({a); b)—=M({a);b)x
EY,. For a 1-cell f: (a) —=b, we define

n(f) = (f,id,) € Ob(M(a;b) x EX,).
Similarly, for a 2-cell a: f—=g in M({a);b),

(@) = (a, Lig,) € M((a); b) x EX,((f, idn)), (g, idn).

Next, we define the components of the pseudo symmetry isomorphisms. For o,7 € ¥,
we will denote from here on by EI the unique arrow o —=1 in EX,. For o € ¥,, (a) €
Ob(M)™, and b € Ob(M) we need to define a natural isomorphism 1y () p: (no0)—=(oon)
that fits in the following diagram

M((a);b) —— M({a);b) x E%,,

l No,(a),b l

M((a)o,b) —— M({a)o;b) x EX,,.
The isomorphism 1y, 4y s defined for every I-cell f: (a) —=b as the 2-cell
Noiy = (g0, E): (fo,idy) —=(fo,0).

3.2. LEMMA. Let M be a Cat-multicategory, then ny: M—= M x EY, is pseudo sym-
metric.

PrROOF. We start from a non symmetric multifunctor n: M — M x EY, that is the
identity on the first coordinate and the multicategorical unit in the second coordinate.
As a non symmetric multifunctor, n preserves units and v composition. We need to show
that 7 is a pseudo symmetric Cat-multifunctor. The naturality of 7n,,; follows from the
commutativity of the following diagram for any 2-cell a: f—g¢:
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(fo.id,) "2 (f5 o)

(0,154, )l l(aa,lg)

(go,idn) ——— (go,0).
(Lo B )

Next we focus on the coherence axioms. The unit permutation axiom (10) holds since,

for all (a) € Ob(M)", b € Ob(M), and f: (a) —=b,

Midwit = (Lpido, i) = (1f, Lia,) = Ligian) = Locs)-

Let (a),b and f be as before, the product permutation axiom (11) holds again by
definition. Indeed, for 7,0 € %,,, we have

Norf = <1fO'T7E ) (1f07'7 E;TT) o <1fUT7E17(—jn) - (na;f7—> ONrifo-

For Top Equivariance (12), suppose that ¢ € Ob(M), n > 1, (b) = (b;)7_; € Ob(M)",

ki > 0for1 < j <mn, (a) = <ajﬂ-)fi1 € Ob(M)i for 1 < j < mn,0 € %,, f €

Ob(M((b);c)), and g; € Ob(M ({(a;);b;)). We have that

s ) = (L B (L B, )
( 1fm 9o (j ) (Ei?i; E1dk:((j))))
<ldk

U(J)>
gO’(]) 1 <1dk (])>

ofide_ )
E a(J)
ldka(])> idg )

= Nolid, ;) )i (f3{9:))

AA

For Bottom Equivariance, let ¢, n, (b), k; for 1 < j <n, (a;) for 1 < j <mn, f and g; be
as above and let 7; € X, for 1 < j < n. We also let k = Z;;l k;. Bottom Equivariance
(13) for i is

=7 (15 10) (e, B, )
= (101517, L0, (B, )

= (Lo B ™)
(1rtssarpian s B ™)
Thid(7j) ~(f3(93)-

Thus, we conclude that n: M — M x E¥, is a pseudo symmetric Cat-multifunctor. m
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Recall that j: Cat-Multicat — Cat-MulticatP® denotes the inclusion functor. We
are ready to present a proof of 1.1.

3.3. THEOREM. Let M and N be a Cat-multicategories and F: M — N a pseudo sym-
metric Cat-multifunctor. There exists a unique symmetric Cat-multifunctor ¢(F): M x
EY, — N such that the following diagram commutes:

M x EY,

V Jo(F)

M s N

That is, F = jo(F) ona in Cat-MulticatPs.

PROOF PROOF OF THEOREM 1.1. For uniqueness, suppose that ¢(F): M x EX,— N
is a symmetric Cat-multifunctor satisfying F' = (j¢(F')) on. We will abuse notation and
write jo(F) = ¢(F). We will prove there is a unique way of defining ¢(F'). At the level
of the objects of the multicategory we must have ¢(F')(a,*) = ¢(F) on(a) = F(a) for
each a € Ob(M). Next, we show that there is a unique way of defining each component
functor of ¢(F'). For this let (a) € Ob(M)", b € Ob(M), and consider the functor
d(F): M((a);b) x EX,,—= N ((Fa); Fb). If f: (a) —=b is a 1-cell and o € %,,, we must
have that

(F)(f,0) = ¢(F)((fo,idy)o)
= ¢(F)((fo™,idy))o
zcb(F)on(fa o
= F(fo )0, (16)

where in the second equality we used that ¢(F') is symmetric. So the values of the
component functors of ¢(F') on n-ary l-cells are uniquely determined by F. In exactly
the same fashion, for (a),b and o as before, f,g: (a) —b, and a: f—g a 2-cell,

O(F)(a,1,) = Flao™")o. (17)
Finally, if f, o are as before and 7 € ¥,,, we get that

¢(F)(1y, E7)

O(F) (g0, B 0)
O(F) (Lot B ))o
(
)

= O(F)(1rg-1,5r-1)0
( (F O?’]To.—l.f,r—l)o—
( To— L fr— 1)0’ (18)

We have used the definition of composition of pseudo symmetric Cat-multifunctors (14)
where we see ¢(F') trivially as a pseudo symmetric functor. For (a),b, f, g, a, o, and T as
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before, we can write the morphism (a: f—g, ET) in M({a);b) x ¥,, as (1,, ET)o (f,1,).
Since both ¢(F)(1,, E7) and ¢(F)(f,1,) are uniquely determined by F', we conclude that
the component functors of ¢(F) are uniquely determined. We have proven the uniqueness

of ¢(F).

Next we prove the existence of ¢(F'). By uniqueness, we have no choice but to define
d(F)(b,*) = Fbfor any b € Ob(M). Likewise, for (a) € Ob(M)™ and b € Ob(M), unique-
ness forces the definition of the component functor ¢(F): M({a);b) x ¥, — N ({Fa);b).
For f: (a) —b, a 1-cell in M({a);b) and o € ¥,, we define

S(F)(f,0) =F(fo ™ )o (19)
as in (16). For a 2-cell a: f—=g in M({a);b)(f, g), we define
O(F)(,1,) = Flac™)o (20)
as in (17). For 7 € ¥,, we define
o)1y, Ey) = (Fro-vr1) 0 (21)
as in (18).

We still have to prove that ¢(F) : M({a);b) x ¥, is well defined and extend our
definition to all 2-cells. Notice that for a 1-cell f: (a)—b our definition is ambiguous for
the identity arrow (1¢,1,) since both (20) and (21) apply. However, ¢(F') is well defined
in this case since F' is a functor componentwise and so, it preserves identities. Explicitly,

F(lfO’il)U = F(lfa—l)O' = lr(o-1)0 = lp(fo-1)0s

and

(F00717f071)0 = Fidmfo.aa = 1F(fg—1)0' = 1F(fa—1)g.

So, our definition is so far unambiguous and ¢(F') preserves identities. We go on to
extend the definition of ¢(F) to the rest of the arrows. For a: f—g 2-cell in M({a),b)
and 0,7 in X, we define ¢(F)(a, ET): F(fo™')o—= F(gr')7 by

O(F) (e, Eg) =o(F)(14, E7) 0 o(F)(a, 15)
:¢(F> (047 17’) © ¢(F)(1f7 E;) (22)
The last equality together with the preservation of identities already proven implies that
our definition is unambiguous. This equality holds since,

O(F)(Lg, E7) 0 ¢(F)(v; 15) = (Fro-1i9r-1) 0 0 F(ag™')o
= (Fro1gr10F(ac™))o
= (Flar™ )10 o Frporipr1) 0
= F(ar )10 (Fg-1.47-1) 0
= 6(F)(a,1,) 0 o(F) (15, E).
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The third equality holds since it is precisely the commutativity of the following diagram:

F_ o —1.4.-1
F(fr-lro™h) AN F(frY)ro™!
F(QT_lTO'_l)l l(FaT_l)To_l (23)

F(gTilTa'il) ﬁ) F( )7'0'71.

This diagram commutes since it is an instance of the pseudo symmetry naturality co-
herence axiom for F, (9). Next, we check that the defined assignments give a functor
O(F): M({a);b) x EX,, — N ({Fa);b). The fact that ¢(F) preserves identities was al-
ready proven. We prove functoriality in the second variable first. For f: (a) —=b 1-cell,
0,7, and p in X,

(F) (g, E7) 0 ¢(F) (L, E7) = (Fpr=;p, 1T)O(Fw*1;fr1‘7)
( pr1ifp=1) TO o TU*I;fT’l)U
= ( pcr‘lfp‘l)J
= ¢(F)(1y, E7). (24)

Here the third equality holds by (11), which implies the commutativity of the following
diagram:

F(fp=tpr=)ro™!

e I (25)

E(fp~tpr=tro™) » E(fp=hprirot,

F __ 1 -
pr—lro=1ifp=1

On the other hand, if a: f—=g and 3: g —h are 2-cells in M({a);b), and o € X,, we
have that

() (B, 15) 0 9(F)(a, 15) = o(F)(Ba, 15). (26)

The functoriality of ¢(F) follows from a straightforward argument by (24), and (26) to-
gether with the exchange property (22).

The next step is to prove that the component functors give rise to a symmetric Cat-
multifunctor ¢(F): M x EX, — N. First, notice that ¢(F) preserves units since, for
a € Ob(M) ¢(F)(14,idy) = F(laid;Y)id; = F(1,4) = 1pg, since F itself preserves units.
Next we prove that ¢(F) preserves the ¥,-action. For n > 0, (a) € Ob(M)", b € Ob(M),
and o € X, we show that the following diagram commutes in Cat :

M((a);b) x ES, —2 5 N((Fa); Fb)

Gl l"

M((a;)o;b) x EX, > N((Fa)o; Fb).
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For this we don’t need any of the pseudo symmetry axioms for F. For 1-cells (f: (a)—=b, T)

of M({a);b) x EX,,
(F)(f, 7)o = (F(fr)1)o

A similar calculation works for 2-cells of the form
morphisms of the form (1¢, E?) in M({a);b) x E

a: f—=g,1;) in M({a);b) x EX,,. For

M/-\

((F)(15, E2))o = (Fpr-1,5p17)0
= Fprorip-1(70)
po(ro) =1 fo(po)—1 (TO)
= ¢(F)(1s,, BL7)
= ¢(F)((1y, EY)o).

By functoriality of ¢(F') and o we conclude that ¢(F') preserves the action of the sym-
metric group.

The only step we are missing to finish proving that ¢(F') defines a Cat-multifunctor
is the preservation of . Let ¢ € Ob(M), n > 0, (b) € Ob(M)", k; > 0 for 1 < j < n,
(a;) = (ajJ)fil for1 <j <mn.Seth =737 k. Asusual (a) = (a;) = <<aj,i>fi1>?:1 denotes
the concatenation of the a;’s. We will prove that the following square is commutative:

d(F)xTT(F)
M((b);c) X EXy X H?:l M((aj);bj) x EZk]. E— N ({(Fb); Fc) X H?:l N((Faj); Fbj)

| | (27)

M({a); c) x E(Zg) #(F) >

7 N((Fa); Fc).
The commutativity of this diagram at the level of 1-cells will follow from top and
bottom equivariance for M and 3, as well as the fact that F' preserves «. Let f: (b)—c,
0 € Xy, and g;: (a;) —=b; and 7; € X, for 1 < j < n. We have that

HSE)f, ), (6(F) g5, 7))) = 1(F(fo)or, (Flgym)73))
= ((F(fo ), (F (ga-lwg-%(j))}) o(r3)
( (4o <90 g >T 1@)}))0

E(v(f,{gi)(o{m) ") o(r;
o(F)(v(f, (g )) ( 7))
o(EF)(v((f,0), (g5, 73)))-
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We have proven that our diagram is commutative at the level of 1-cells. For the morphisms
we will consider again morphisms that change the first variable only and morphisms that
change the second variable only separately.

For 2-cells that change the first variable only, the commutativity of our diagram follows
in the same way as it did for 1-cells. We consider two cases for 2-cells that change the
second variable. For 2-cells of the form ((17, £7), (14,,1,,)) where f: (b) —c, 0,7 € ¥y,
and g; € Ob(M((a;);b;)) and p; € ¥y, for 1 < j < n, we have that

3 () B {9(F)(1,,.1,)))
=7 ((Ffa—l;ff‘l)a> <1F(gjpj_1)9j>>
=7 (Fm—l;ff‘l’ <1F(g(,_1(]-)p(,i1(j)> >) 7{pi)

_FTJ—1<ide1(j)>;’Y(f7'_1<gT—1(j)PT_11(j)>>U<pj>
=Fr o) (0 o) 1l (o) 1 O (P
=6(F)(Lys. 0, Bait)
=p(F)(v(Ls, (1g,), 7(E7, (1))

The above equalities follow from our definitions, top and bottom equivariance in M, N,
and EY, except the third equality which follows from top equivariance for F' (12). Next,
let’s consider two cells of the form ((1y,1,), (1,,, E,.)) where f: (b) —¢, o € 5, and
g; € Ob(M((a;);b;)) and pj,v; € Xy, for 1 < j < n. We get that

7 (6F) (17,10, 6(F)(Ly,. E2)))
=7 <1F(fa—1)m <F1/]-pj_1;gjyj_1> Pj>

:7 (]—F(fol)) <FVU_1(]')/J;11(j);gd_l(j)l/;—ll(]-)> U(p]>
)

_F .
idn<”o—1(j>f’;1(j)>?7 (f"_17<9a-1<j>”;—11(j>>) 7

=Fo () (040,) - 1 (Flg)) (o)) -1 T {P5)
o(vj)
=o(F) <1v(f,<gj>)v <Eg<pj> >)

—¢(F) <7 ((1f7 Lo), <(19j’ EZ?) >>) '

The third equality above follows from the bottom equivariance axiom for F' (13) and the
rest by our definitions as well as top and bottom equivariance for M, N, and EY,.
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By functoriality of v and ¢(F'), and since every morphism in the source category can
be written as a composite of arrows for which we already proved the commutativity of
(27), we can conclude that the square (27) is commutative.

We are almost done, we just have to prove that our definition of ¢(F') gives us F =
¢(F) o n in Cat-MulticatPs. This is clear for objects of the multicategory M. For each
n >0, (a) € Ob(M)", b € Ob(M), and f: (a) —b,

S(F) on(f) = ¢(F)(f.idn) = F(fid, " )idy = F(f).

Similarly for a: f—g a 2-cell in M((a);b). Finally, we just need to prove that (¢(F) o
Mo(a)b = Foayp for any o € X,,. Let f: (a) —=b be a 1-cell. Since ¢(F) is symmetric,

(M) o:r = O(F)(os) = O(F) (g0, Biar) = Foiay-1i00-1 = Foys

where we have used the notation introduced just before (9). We have proven that jo(F')o
n = F. This finishes our proof.

Similarly, pseudo symmetric Cat-multinatural transformations between F' and G cor-
respond to symmetric Cat-multinatural transformations between ¢(F') and ¢(G).

3.4. LEMMA. Let M, N be Cat-multicategories with F,G: M —= N pseudo symmetric
Cat-multifunctors and 0: F—G a pseudo symmetric Cat-multinatural transformation.
There exists a unique symmetric Cat-multinatural transformation ¢(0): ¢(F) — ¢(G)
such that ¢(0) * 1,,, = 0 in Cat-MulticatP®. That is, the following pasting diagram
equality holds in Cat-MulticatPs :

F

/\
M ﬂe N M £ s N
— #(F)
m ¢ () N M(G)
M x EY, Mx EY,.

PROOF. We prove uniqueness first. Suppose ¢(0) is a symmetric Cat-multinatural trans-
formation ¢(6): ¢(F)—¢(G) such that ¢(0) =1, = 6. Any object of M x EX, takes the
form (a, %) for some object a of M, with i(a) = (a, *). By definition,

0, = V(Qb(e)na’ ¢(F)((177)a)> = '7(@25(9)77&7 lra)) = ¢(9)na'

Since all objects of the Cat-multifunctor M x E3., are of the form na for some object a of
M, this is the only possible way of defining such Cat-multinatural transformation ¢(0).
Next, we check that by defining ¢(0) ) = 0, for a € Ob(M), we in fact get a symmetric
Cat-multinatural transformation ¢(0): ¢(F) — ¢(G). Let n > 0, (a) € Ob(M)", b €
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(Ob(M)™), f: {(a) —=b, and o € 3,,, then

Y(O(G)(f,0); (@(0)(a,)) =

Where we have used top and bottom equivariance, as well as the Cat-multinaturality
of 8. Now we need to prove Cat-multinaturality of ¢(6) for 2-cells. As before, the case
where the 2-cell changes just the first variable is similar to what was done for 1-cells.
Now, if (a), b, f are as before and E7 is a morphism in EY,,, (1, E7) is a morphism in
M({a);b) x E%,,, and

gl (¢(G)(1fv Eg); <1¢>(9><aj,*>>>

7 ((Gromrigr1)o (10,))

7 <G”_1;fr1; <19“o—lu> >> ’

Y (1017; Ffa_l;fT_l) o
=7 <1¢(9)(b,*); (b(F)(lf’ E;)) .

In the third equality we have used pseudo symmetric Cat-multinaturality for 6. In con-
clusion, by componentwise functoriality of ~y,#(F) and ¢(G) we conclude that Cat-
multinaturality holds for ¢(6) at the 2-cell level finishing the proof of the lemma. m

Furthermore, Theorem 3.3 and Lemma 3.4 together give the following isomorphism.

3.5. COROLLARY. If M, N are Cat multicategories, then there is an isomorphism of
small categories

Cat-Multicat®* (M, ) = Cat-Multicat(M x EX,, N).
PRrROOF. Recalling the definitions from the two previous results, we define
¢: Cat-Multicat?® (M, N') — Cat-Multicat(M x EX,, M) (28)

for pseudo symmetric Cat-multifunctors as in Theorem 3.3 and for pseudo symmetric
Cat-multinatural transformations as in Lemma 3.4.

It is immediate from the definitions that ¢ is a functor. Indeed, if a: F — G and
B: G—=H are pseudo symmetric Cat-multinatural transformations with F, G, H : M—sN

(B * ) ey = (B* @)e = V(Be, @) = Y(D(B)(er)s P(@)(er)) = (D(B) * D)) (c0)
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We can define the inverse of ¢, n*, as the composite

Cat-Multicat(M x EX,, N') —2— Cat-Multicat?*(M x EX,, N)

x ln}i/l (29)

Cat-MulticatPs(M, ).

Finally, the existence part of Theorem 3.3 and Lemma 3.4, implies that n* o ¢ is the
identity of Cat-Multicat?®(M,N), while the uniqueness part of both results implies
that ¢ o n* is the identity of Cat-Multicat(M x EX,, N). =

The two previous results hint at the existence of a 2-adjunction between the 2-inclusion
j: Cat-Multicat — Cat-MulticatP® and the 2-functor which we define next.

3.6. DEFINITION. We define the 2-functor 1p: Cat-MulticatP® — Cat-Multicat as
follows. For a Cat-multicategory M, yM = M x EX,. For M, N Cat-multicategories,
we define the component functor ¢ as the composite

Cat-MulticatPs(M, N) —2* Cat-Multicat?s(M, N x EX,)

T

Cat-Multicat(M x EX,, N x EX,).

Thus, by Theorem 3.3 if F: M —= N is a pseudo symmetric Cat-multifunctor, then
YE: M x EX, —= N x EY, is the unique symmetric Cat-multifunctor which makes the
diagram

M2 M x EX,

Fl lij (30)

NTNXEZ*

commute in Cat-MulticatP®. Similarly, by Lemma 3.4, for : F'— G a pseudo sym-
metric Cat-multinatural transformation between F,G: M —=N pseudo symmetric Cat-
multifunctors, V0 : Y F —1G is the unique symmetric Cat-multinatural transformation
such that the equality of pasting diagrams

M 5 M x EX, M 5 M x EX,
P <$§ a ljw? = Fl JUF <J_Lg§ pie: (31)

holds in Cat-MulticatPs.
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3.7. THEOREM. There is a 2-adjunction

P
—_—
Cat-MulticatPs 1 Cat-Multicat
v

J
where j is the inclusion 2-functor.

ProoF. Following Corollary 3.5, we define the unit of the adjunction as the strict 2-natural
transformation 7: 1cag-Multicates—J % having component 7,4 at a Cat-multicategory M.
We also define the counit of the adjunction 7: 17 — lcat-Multicat @S having component
at a Cat-multicategory M the projection my;: M x EY, — M.

The fact that n defines a strict 2-natural transformation follows directly from (30)
and (31). To prove that the data of 7 defines a strict 2-natural transformation we need
to prove that given F': M —= N symmetric Cat-multifunctor, the following diagram
commutes:

Mx EY, M5 M

o

./\/’XEZ*TN.

Indeed, we prove that ¥jF = F x 1gx,. By (30), it suffices to show that the following
diagram commutes in Cat-MulticatP®:

M M x EX,
jFl lj(Fxl) (32)

It is clear that this diagram commutes at the level of objects, 1-cells, and 2-cells of
the multicategory. The pseudo symmetry isomorphisms of both composites also agree.
Indeed, for f: (a) —b a 1-cell of M and o € ¥,,, by (14), we get that

(J(F x 1)77/\/()0;1” =j(F x 1)0;77fv1(f) o j(F x 1)(77Ma;f)
= (Lrpo, 1o) © (Lrpos E57)
= (Lrpo E) © (L(rpos 1o)
= NNy © NI Foip)
= (nNojF)a;f'

To finish proving the 2-naturality of my, we need to prove that given M, N Cat-
multicategories, I, G: M —= N Cat-multifunctors and a Cat-multinatural transforma-
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tion #: F— G, the following equality of pasting diagrams holds in Cat-Multicat:

M x E¥, "5 M M x EX, "5 M
, $io _ , 0
J(Fx1) <:§](G><l) J/G = ](Fxl)l F£:>>G

In turn, the last equality of pasting diagrams holds since 170 = j(6 x 1). To see this, by
(31), we must show the following equality of pasting diagrams in Cat-MulticatPs :

M —— M x EY, M —— M x EY,
iF <L—9§jc; lj(G’xl) = jFl J(Fx1) C% J(@x1) (33)

To check that this equality holds let a € Ob(M). We get, by (8), that

(177N(J'Ga)'77/\f(0 ))
((1Gav 1d) (eavlld))
((0a; Lia); (1Fa, Lia))
(](9 X )nN(a);j(F X 1)(177/\4(@)))
= (J(9 X 1) * 1a)a-

Thus, n and 7 are strict 2-natural transformations and we just need to prove that they
satisfy the triangle identities. To prove that the identity (1, * 7)(n * 1;) = 1; holds we
need to prove that for M a Cat-multicategory the diagram

M x EY,

e &

M > M

1m

commutes in Cat-MulticatP®. This is clear at the level of objects, n-ary 1-cells and n-ary
2-cells. The pseudo symmetry isomorphisms of both pseudo symmetric Cat-multifunctors
also agree since, for f: (a) —b an n-ary 1-cell of M and o € ¥,,, we obtain, by (14),

((G7m) o NM)oir = (UTM)oimpn(f) © ITMNrtsp) = Lo = Inoss-

The other triangle identity is (m*1,)(1y *n) = 1,,. To check it, we must prove that, given
a Cat-multicategory M, the composite

M x EY, ™My M x BY, x EY, Y% A x EY,
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agrees with 1,y ps,. This holds since, if A: EX, — EY, x EY, denotes the diagonal
map, then ¥(nr) = Ly x A. To see this, notice that by (30) all we need is to prove that
the following diagram is commutative:

M—"™M . MxEY,

UMl lj(le) (34)
Mx EY, —— M x EFY, x EX,.

* NMxES

Now, the previous diagram is evidently commutative at the level of objects, 1-cells, and
2-cells. The diagram also commutes at the level of pseudo symmetry isomorphisms since,
for f: (a) —=b an n-ary 1-cell in M and ¢ € ¥,

(MmxEs, © nM)g;f = NIMXES.omum(f) © 77M><EE*<77MU;f)
= (Lfo, 1o, E53) © (150, By, Lia)
= (145,15, 1,) 0 (140, B, EX)
= J(1X A)oimp(r) © 31X A) (1Mo p)
= (J(1 x A) O77M)a;f-
We conclude that the triangle identities are satisfied and thus we get the desired 2-
adjunction. -

We can use this 2-adjunction to describe the 2-category Cat-MulticatP® in terms
of symmetric Cat-multifunctors and symmetric Cat-multinatural transformations alone,
thus upgrading the functors ¢ from Corollary 3.5 to an isomorphism of 2-categories.

3.8. DEFINITION. The 2-category D has Cat-multicategories as objects. For M, N Cat-
multicategories, the category of morphisms between M and N is

D(M,N) = Cat-Multicat(M x EX,, N).

In particular, vertical composition of 2-cells is defined as in Cat-Multicat. For F': M X
EX,—=N and G: N x EX, — Q symmetric Cat-multifunctors, the composition G o F
1s defined as the composite

MxES, 28 MxES, x B, YN NxED, —S5 0

in Cat-Multicat. Similarly, for F,J: M x EX,—N, G, K: N x EX,—= Q symmetric
Cat-multifunctors and 0: F—J, (: G—= K Cat-multinatural transformations, ¢ %6 is
defined as the pasting

Fx1 G
/_\ /_\
MxEY, 28 MxEY, xEY, |ox1~ N x EX, e
_ 7 \j
Jx1 K

in Cat-Multicat.

The previous definition makes D into a 2-category and the functors ¢, and n* from
Corollary 3.5 into the components of isomorphisms of 2-categories.
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3.9. THEOREM. The data of the previous definition defines a 2-category D isomorphic to
Cat-MulticatPs.

PROOF. The (horizontal) composition functors are defined so that ¢ and n* become the
componentwise functors of a 2-category isomorphism between D and Cat-MulticatPs.
More precisely, for M, N and Q Cat-multicategories, we will prove that the D composi-
tion functor defined, o': D(N, Q) x D(M, N )—=D(M, Q), makes the following diagram
commute, where o denotes the horizontal composition functor of Cat-MulticatPs:

/

D(N, Q) x D(M, N) 2 » D(M, Q)
"*X"*l Tqﬁ (35)

Cat-MulticatP3(N, Q) x Cat-MulticatP$(M,N) — Cat-MulticatP$(M, Q).

Let G: N x Q@ and F: M x EX, — N be symmetric Cat-multifunctors. The com-
mutativity of (35) for (G, F') reduces to the commutativity of the following diagram by
Theorem 3.3:

M—"M s MxEY,

an lj(le)

NMMXESx

M X EY,, — M x EFX, x BEY,

jFl lj(Fxl)

N — N O NxER, 9 0.

This diagram in turn is commutative by (32) and (34). Now, if F,G are as before,
J: M x EY, and K: N x EX, — Q are symmetric Cat-multifunctors, and 6: F — J,
(: G— K are Cat-multinatural transformations, by Lemma 3.4, the commutativity of
(35) for (¢, @) reduces to the equality of pasting diagrams:

M—"™ s MxEY, M—"™ s MxEY,
M lj(le) an J(1xA)
M x EX, "% M x EY, x EY, — M x EX, "% M x EY, x EY,
JF JFX1) ["=="]4(Ix1) iF| =— |jJ J(JIx1)
N —"™ s N xEY, N —"™ s N xEY,
| <j<> | | <j<> |
JG| = |iK jG | == |jK
Q Q.

This equality holds by (33) and makes implicit use of (32) and (34). We can thus
define ¢: Cat-Multicat?® — D in objects as the identity map, and do the same for
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n*: D — Cat-MulticatP®, with the component functors given for M and N multicate-
gories by (28) and (29) respectively. By (35) and the fact that ¢ and n* are componentwise
isomorphisms, ¢ and 7 preserve vertical composition of 2-cells and horizontal composition
of 1-cells and 2-cells. The fact that Cat-MulticatP® is a 2-category implies that D is a
2-category. This further turns ¢ and n* into isomorphisms of 2-categories. [

4. Applications to inverse K-theory

We use our understanding of pseudo symmetric Cat-multifunctors to show that they
preserve certain F,-algebras for n = 1,2, 3, ..., 0. First we define F,, Cat-operads.

4.1. DEFINITION. Forn = 1,...,00, an E, Cat-operad is a Cat-operad that becomes a
topological E,-operad (in the sense of [May, 1972]) after applying the classifying space
functor. A topological E,-operad is one that has the same Y-equivariant homotopy type
as the little n-cubes operad.

4.2. EXAMPLE. An example of an F,, Cat-operad is EY,. There are also examples of F,,
Cat-operads for each n = 1,2, ... in [Berger, 1996] and [Fiedorowicz et al., 2003], which
furthermore have a free action of the symmetric group. Importantly, symmetric algebras
over topological E,-operads are grouplike n-fold loop spaces. Symmetric algebras over
the £, Cat-operads in [Fiedorowicz et al., 2003] are n-fold monoidal categories, with the
group completion of the classifying space of an n-monoidal category being an example of
an n-fold loop space.

4.3. DEFINITION. Let M be a Cat-multicategory and O a Cat-operad. A pseudo sym-
metric algebra in M over O is a pseudo symmetric Cat-multifunctor O — M. For
n € {1,2,...,00}, a symmetric E,-algebra (respectively a pseudo symmetric E,-algebra)
in M is a symmetric algebra (respectively a pseudo symmetric algebra) over an E,,-operad.

1. Let O be a X-free E,, Cat-operad. Then O x EY, is an E, Cat-operad.

2. Pseudo symmetric E,-algebras over ¥-free E,, Cat-operads are symmetric E,-algebras
form=1,2,..., c0.

PROOF. Let O be a ¥-free Cat-operad. We will show that O x EY, is componentwise
Y-equivariantly homotopy equivalent to O (after taking nerves), that is, for each n > 0,
we will show that the projection O(n) x EX,, — O(n) induces a ¥,-equivariant homo-
topy equivalence on classifying spaces. Since B(O(n) x EY,) and B(O(n)) are %,-CW
complexes we must show that for subgroups H < ¥, the projection induces homotopy
equivalences B (O(n) x £,)" —=B (O(n))" . Since the action of ¥, on both O(n) x EX,,
and O(n) is free, the fixed point map is either empty when H is non-trivial or the projec-
tion B (O(n)) x B(EY,) — B (0O(n)), which is a homotopy equivalence since B (E%,,)
is contractible. [
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4.5. EXAMPLE. If O is Cat-operad and M is a Cat-multicategory, the pseudo symmetric
algebras over O agree with symmetric algebras over the operad O x E¥,. For example,
while algebras over the commutative operad {*} in M are the commutative monoids in
M, pseudo symmetric algebras over {x} in M are precisely algebras over the Barratt-
Eccles operad and thus, F.-algebras. Similarly, pseudo symmetric algebras over the F
Cat-operad E3,, which are defined in [Yau, 2024] as pseudo symmetric E-algebras in
M, are algebras over FX, x EXY, = E(3, x X,) which is still an E,, Cat-operad, and
thus, they are still E-algebras in the sense defined above. Thus, we have the following
result.

4.6. REMARK. We remind the reader that >-freedom is not a serious restriction since
there are F,-operads in Cat, like those in [Berger, 1996] and [Fiedorowicz et al., 2003]
which are ¥-free. As a corollary, we conclude that pseudo symmetric Cat-multifunctors
preserve certain F,-algebras.

4.7. COROLLARY. Let M and N be Cat-multicategories and F: M —= N be a pseudo
symmetric Cat-multifunctor, then:

1. F sends commutative monoids in M to E..-algebras in N.
2. F preserves E,-algebras parameterized by Y-free Cat-operads.

We conclude our paper by applying our understanding of pseudo symmetric Cat-
multifunctors to multifunctorial inverse K-theory. In [Johnson and Yau, 2022], John-
son and Yau define Mandell’s inverse K-theory multifunctor P as well as the Cat-
multicategories that are its domain (I'-categories) and target (permutative categories).
Yau proves in [Yau, 2024] that P is pseudo symmetric. We refer the interested reader
[Yau, 2024] of which the following theorem is one of the main results.

4.8. THEOREM. [Yau, 2024] Mandell’s inverse K-theory functor is a pseudo symmetric
Cat-multifunctor P: I'-Cat — PermCat®é.

As a consequence, P sends commutative monoids to F.-algebras and preserves E,,-
algebras parameterized by Y-free E,-operads, as was stated in Corollary 1.2.
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