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COMPARING 2-CROSSED MODULES WITH GRAY 3-GROUPS

MURAT SARIKAYA AND ERDAL ULUALAN

ABSTRACT. In this paper, we have constructed the close relationship between 2-crossed
modules and Gray 3-groupoids with a single object (Gray 3-groups). Using both the equiv-
alence between 2-crossed modules and Gray 3-groups, and the Gray category structure
over the category of chain complexes of vector spaces; we describe linear representations
as certain 3-functors.

1. Introduction

Whitehead in [29] introduced the concept of crossed modules of groups as an algebraic
model for homotopy 2-types. As an algebraic model for homotopy 3-types, Conduché, [14],
defined the notion of 2-crossed modules and showed how to obtain a 2-crossed module from
a 2-truncated simplicial group. This model extends canonically to a 2-truncated simplicial
group (cf. [13]) and is also equivalent to the notion of crossed square introduced by Loday
and Guin-Walery in [27]. For this connection, see [15]. As an alternative algebraic model for
homotopy 3-types, in [10], Brown and Gilbert gave a lead, from the automorphism structure
for crossed modules, to the notion of braided regular crossed modules. This structure is
equivalent to Conduché’s 2-crossed module. There is also an equivalence between the
category of braided regular crossed modules and that of 2-truncated simplicial groups. For
this equivalence see [3] in terms of Carrasco-Cegarra pairings operators given in [13] and
examined in [26].

Gray, in [19], has developed tensor products for 2-categories. As an algebraic aspect of
this structures, the construction of the tensor product has been restricted to the notion of
2-groupoids and this gives naturally another basic example for 3-types. Then, Joyal and
Tierney in [21], proved that Gray groupoids model all homotopy 3-types. Since 2-crossed
modules are algebraic models of homotopy 3-types and the 2-crossed module underlying
a Gray 3-group has a natural almost geometric description (cf. [6]), in this work, we
give an explicit comparison between 2-crossed modules and Gray 3-groups. In order to
better understand the verification of each axiom in this comparison, we have intensively
given diagrams representing these axioms visually. Furthermore, the concept of a 3-crossed
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module, which is equivalent to a 3-truncated simplicial group, has been introduced in [2]
as an algebraic model for homotopy 4-type. This structure can be regarded as a suitable
model for extending the comparison between 2-crossed modules and Gray 3-groups to the
next higher dimension and provided that the corresponding notion of Gray 4-group can be
defined.

In the literature, it is relatively to find some references to the construction of a Gray
3-groupoid or a 2-groupoid enrichment for the category Ch of positive chain complexes
over vector spaces, for instance in the papers [7] and [8]. For further results about the
Gray category structure for positive chain complexes see also Kamps and Porter’s work
[22]. They have mainly proved that the category of chain complexes of length-2, Ch3,, over
vector spaces has a Gray 3-groupoid structure. In this context, Barker in [5], using the
fact that the category of chain complexes of length 1, Chj, has a 2-groupoid structure,
has defined the linear representation of crossed modules or equivalently cat!-groups (cf.
24]), as a 2-functor ® : € — Chj, where € is a cat!-group obtained from a crossed
module. The functorial image of € under ® lies within a sub 2-groupoid with a single
object; Aut(§) of Chy, called automorphism cat'-group. Elgueta in [18] has constructed
an alternative representation of 2-groups or equivalently cat!-groups in the 2-category of
finite dimensional 2-vector spaces as defined by Kapranov and Voevodsky [23]. As a 2-
dimensional version of these results, Al-asady, in [1], has considered a linear representation
of a cat?-group €2, as a lax 3-functor ¢2 — Aut(§) < Ch%, where § is the chain complex
of length 2 of vector spaces.

In the last section, using the detailed comparison between 2-crossed modules and Gray
3-groups given in sections (3),(4) of this work and evaluating the results of how linear
representations of the above-mentioned algebraic models are constructed, we define an
indirect linear representation for 2-crossed modules.
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2. Preliminaries

2.1. 2-CROSSED MODULES. Crossed modules were introduced by Whitehead in [29]. A
crossed module X := (M, N, ) consists of groups M, N together with a homomorphism
0: M — N and a left action N x M — M of N on M given by (n,m) — ™m, satisfying the
conditions: (i) 9("m) = nd(m)n~" and (ii) 2™m/ = mm'm=" for all n € N, m,m’ € M.
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Condition (ii) is called the Peiffer identity. A structure with the same data as a crossed
module and satisfying the first condition but not the Peiffer identity is called a pre-crossed
module.

Recall from [14] that a 2-crossed module of groups consists of a complex of groups

o1

L=L-2s -2 N

together with (a) actions of N on M and L so that 0y, d; are morphisms of N-groups, and
(b) an N-equivariant function

{—.=}:MxM-—1L

called a Peiffer lifting. This data must satisfy the following axioms:

PL1: Oof{m,m'}y = mm/(m=)%m(m')

PL2: {Osl,m} = 1™(1)™"

PL3: {m, 00} = ™()O™()

PL4 : (@) {m,m'm"} = {m,m/}"" " m, m"}
(ZZ) {mm/’ m//} _ m{m’, m”}{m, 81m’m//}

PL5 : {0ul, 05"} = [I,1']

PL6 : "{m,m'} = {"m,"m’}

forall [,I' € L, m,m’,m"” € M and n € N.

2.2. GRAY 3-GROUP(OID)S. Recall that a small category A consists of an object set Ay,
a set of morphisms Ay, source and target maps from A; to Ay, a map e : Ag — A; which
gives the identity morphisms at an object and a partially defined function A; x A; — A
which gives the composition of two morphisms. We will show a small category (A;, Ag)
and diagramatically as

Al ﬁAQ.
e

For the set of morphisms A;, and x,y € Ay the set of morphisms from z to y is written
Ai(x,y) and termed a hom-set. Then for a € A;(z,y), we have s(a) = z and t(a) = y.
We will usually write e, for e(x) and b o a for the composite of the morphisms a : x — y
and b : y — 2. The elements of Ay are also called 0-cells and the elements of A; are called
1-cells between 0-cells.

A groupoid A is a small category in which every morphism (or every 1-cell) is an
isomorphism (or invertible), that is, for any 1-cell (a : © — y) € Ai(x,y), there is a 1-cell
(at:y — x) € Ai(y,z), such that a™* oa = e, and aoa™' = e,. If Aij(z,y) is empty
whenever x and y are distinct (that is s = t), then A is called totally disconnected. Note
that a groupoid with a single 0-cell can be regarded as a group. For a survey of application
of groupoids and introduction to their literature, see [9, 10].
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We now recall the definition of a Gray 3-groupoid from Martins and Picken’s work [25].
For this definiton see also Wang [28]. Their definition is slightly different from the ones of
Kamps-Porter [22] and Crans [16].

A Gray 3-groupoid A is given by a set Ay of O-cells, a set A; of 1-cells, a set Ay of
2-cells and a set As of 3-cells, and maps s;,t; : A — A;_1 where i = 1, ..., k such that:

1. sp0583 =89 and ty ot3 =ty as maps A3 — Aj.
2. 81 =8108y=81083 and t; =1t oty =t oty as maps Az — Ap.
3. 81 = 81089 and t; = t; oty as maps Ay — Ag.

4. There exists a 2-vertical composition J#s3J' of 3-cells if t3(J') = s3(J). Then,
53,13

A3 ——= A, is a groupoid with this composition.
€3

5. There exists a vertical composition
r
F/#QF - |:F/:|

s2,t2

of 2-cells if t5(I") = so(I”). Then, Ay —= A; is a groupoid with the composition

€2
#2.
6. There exists a 1-vertical composition J'#;J of 3-cells if so(J) = to(J). Then,

s2,t2

A3 ——= A, is a groupoid with this composition. In this case, we have two dif-
e2

ferent groupoids over Ay; (As, A;) and (Ag, Ay). Then, s3,t3 : A3 — Ay are functors
between two categories and these are considered as groupoid morphisms.

7. The 1-vertical and 2-vertical compositions of 3-cells satisfy the interchange law;

(it ) #1(S 33 T) = (Ji#h S )#a (i),

According to these conditions, we can say that 2-vertical and 1-vertical compositions
of 3-cells and vertical compositions of 2-cells give a structure of 2-groupoid (cf. [20])

shown pictorially as;
53,t3

As < Ay

€3

2\

% bid
Ay

where A; is the set of 0O-cells, A, is the set of 1-cells and Az is the set of 2-cells for
this structure.

X
K



10.

11.

12.

13.
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(Whiskering by 1-cells) For each x,y € Ay, it can be defined a 2-groupoid A(z, y)
of all 1-; 2- and 3-cells b such that s1(b) = x and ¢;(b) = y. Given a l-cell n:y — z,
there is a 2-groupoid map 5171 : A(z,y) — A(y, z). Similarly if /' : w — z, there is a
2-groupoid map 7't : A(z,y) = A(w,y).

There exists a horizontal composition nf;n" of 1-cells if s1(n) = t1(n), which is to be
associative and to define a groupoid with set of objects Ay and set of 1-cells Aj.

Given n,n € Ay;

o tin’ = t(n'n), nhon'ty= ()i and ngi oty = hn' o,
whenever these compositions make sense.

There are two horizontal compositions of 2-cells

{r F’} (Tt (7)) 4 (52D ) and {F r/} — (t2(T)T ) #s (Thy52(T))

and of 3-cells:

[J J'} = (Jhita(J)#1 (s2(J)1J')  and [‘] J,} (t2(N) i) #1(Jtrs2(J")).

It follows from the previous axioms that they are associative.

(Interchange 3-cells) For any 2-cells I' and [, there is a 3-cell (called an interchange
3-cell)

I’ T#T r
o =g g = T
(2-functoriality) For any 3-cells
Ty = s5(J) —L=t3(J) =T and T} = s3(J) —L=t5(J") =T ,

with s1(J') = ¢1(J) the following upwards compositions (1-vertical compositions) of
3-cells coincide:

and



1562 MURAT SARIKAYA AND ERDAL ULUALAN

This of course means that the collection I'#I"”, for arbitrary 2-cells I' and I with
s1(I") = t;(I") defines a natural transformation between the 2-functors of 11. Note
that by using the interchange condition for the vertical and upwards compositions, we
only need to verify this condition for the case when either J or J' is an identity.(This
is the way this axiom appears written in [22, 16, 6])

14. (1-functoriality) For any three 2-cells LN ) r, Y and ~"” o, ¢" with so(I") =
to(I') and (') = t1(I") = s1(I') the following 2-vertical compositions of 3-cells
coincide:

(a)
YL { Lol ] Lhy” [ Ty } Ihy”

Fh1¢// Fh;(b_ ¢h11“/l L I“/ulfyl/
F/h1¢1/ Flu1¢/l whlrll
and
IV/ N 1'\ 2
T | Eper LT
I5¢" | ———— ("
F/h1¢// 77Z)bll‘\ll

and so, we can write

|:Fhl,7//:| # |:F#F//:|
F/#F” 3 F/u1¢//

I
| — |
3
_
=
=

Similarly,

(b)

7' {F”,/,IE;IE} v [ D#0 ] My

V'l ————— "¢ | ————— | ¢"ul
F//hlw (b//hll—v ¢//hlr/
and
LRI I ES D T
//hll—‘/ (b//h F
F//h1/¢) ¢//h1F/

and so, we can write
FI/ F 1 F I‘\
[d/;i—v} #3 {I’-\Y//izr/} = FH# |:1—\/:| .

A Gray 3-group, [4], is a Gray 3-groupoid with a single O-cell x. We can show it
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pictorially as;
A
52,t2

AQ Al-

We will denote the category of Gray 3-groups by Gray.

3. From 2-crossed modules to Gray 3-groups

In this section, we will construct a Gray 3-group A, from a 2-crossed module £. Thus, we
will define a functor ® : XoMod — Gray.

Let £:= L2 M -2+ N be a 2-crossed module together with the Peiffer lifting map
{—,—}: M x M — L. Suppose Ay = {x} and A; = N. Then, any element n in N can
be regarded as a 1-cell in A,. That is, n : * — % where s1(n) = ¢;(n) = *. The horizontal
composition of 1-cells is given by the group operation in V.

Using the group action of NV on M, we can create the semi-direct product group A, =
M x N together with the operation (m,n)(m',n') = (m"m/,nn') for m,m’ € M and
n,n’ € N. An element I' = (m,n) of Ay can be considered as a 2-cell from n to dymn,
so we can define source, target maps between A, and A; as follows: for I' = (m,n) €
(M x N) = A, the 1-source of this 2-cell is n and so ss(m,n) = n and 1-target of this
2-cell is to(m,n) = dymn. The 0-source and O-target of (m,n) is . We can represent a
2-cell (m,n) in A, pictorially as:

n

Y

* (m,n) *
\V/\
d1mn

The vertical composition of I' = (m,n) and I' = (m/,0ymn) in A, is given by

4,1 = [11:,] = (m/,ymn) #2(m,n) = (m'm,n)

with £3(I") = dymn = so(I"). The vertical composition #2 of 2-cells can be pictured as
follows:

n n

I
Y
¥ ——————————9mn—> % = % [V#aT *

r/=<mﬁamn> \ﬂ/

orm/O1mn Orm/O1mn
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For this composition, we have clearly so(I"#2[") = n = so(I") and to(I"#:0) = Oym/Oymn =
t5(I"). For a 2-cell; I' = (m,n) in A,, the inverse of T' with #, is defined by (I'")#* =
(m~",0ymn). The identitiy map ey : A — A, is defined by es(n) = (1a,n). Thus,
we have soey = taey = idys,. Obviously, (T4, = (1,n) = es(n) = ey(so(T)) and
D#o(D1) 2 = (m,n)#a2(m~", 01mn) = (1a, 0ymn) = ea(t(T)). Thus, we get the follow-
ing result:

52,t2
3.1. PROPOSITION. Ay ——= Ay s a groupoid with the vertical composition #o of 2-cells.
€2
3.2. THE WHISKERINGS OF A 1-CELL ON A 2-CELL. The whiskering of a 1-cell n’ € A;
on I' = (m,n) € Ay on the left side is n'j1I" = ("'m,n'n). We can show it diagramatically
by

n n'n

S TN o ST N
* T * —— *k = ok n'j *
\@/ oY
omn n’1mn

The left whiskering of n’ on I' appears on the left in the notation n'g;I", but on the right
in the picture. For this definition, we can see that so(n'fiI") = n'f1so(I") and to(n'ji ) =
n'f1to(I"). Similarly, the right whiskering of n’ on I' = (m, n) is given by I'tyn’ = (m,nn’)
shown pictorially by

n nn'

N S N
* — 3 ok I'=(m,n) * . ok Ihin’ *
N~ S NS
Omn Omnn’

For this definition, clearly we have so(T'jin’) = so(T)n’ and to(T'mn’) = to(T)mn'.

3.3. THE HORIZONTAL COMPOSITIONS OF 2-CELLS. Let I' = (m,n) : n = 0ymn and
I"'= (m/,n') : n' = Oym'n’ be 2-cells. Using the left and right whiskerings of 1-cells on
2-cells, we can define the horizontal composition [ '] of T" and I by
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This can be represented by the diagram below:

nn'

1

s2(D)g T
W

noym/'n’ — %
[l

k= - s

ﬂ - S Thit2(IY)
= kZ /’/// M

L Fim'n’ - ormn

JORNEES o Fhltg(rl) d1mndim'n/

and similarly, we can show this by a diagram

e
m P g Caroa(T)
* '“:::__f‘f\;"‘\\e\\:ﬂg:\}‘\\\ 5_:\\)_ * = % —3177*1271/—) *
\\&\‘\ < - “«ﬁ\ tQ(Fl)th’
o <
ot ta(D)gi 1" e O1mmnorm/n/

Note that [ "] # [' ] since 0y is not a crossed module. We have clearly,

s ([ 7)) =satmm. oty = = sa0)sair)

and

o ( P ) =0 (m"(m’))nn’ = Oymnoym'n’ = t2(F>t2<F/)
and similarly,

89 ( r'—> =55 (™ (1 ym, nn') = nn’ = $5(T)so(I")

and

to < ) =0 (6lmn(m/)m)nn/ = dymnoym'n’ = ta (D)t (IV).
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3.4. THE SET OF 3-CELLS. Now, we can define the group of 3-cells in .4, . Using the group
actions of M and N on L, we can create the semi-direct product group A3 = L x M x N
with the multiplication

(Lm,n) (' m! )y = (" (){0(" (1)), m}, m™ (m'), nn)

where {—, =} : M x M — L is the Peiffer lifting of the 2-crossed module £. Using the
equality 1{0yl7",m} =™l , we can rewrite it as

,myn)(U,m' ;n')y = (™), m"m’,nn').

Any 3-cell in Az can be given by an element J = (I,m,n) in L x M x N forl € L, m €
M, n € N. The 2-source of a 3-cell J is given by s3(J) = (m,n) and 2-target is given by
t3(J) = (Oalm,n). Clearly, so(J) = n and t3(J) = 0ymn. We can show a 3-cell in A3 by a
diagram;

n

AT, TS

% (m,n) %(azlm,n) k

N

3.5. THE 2-VERTICAL COMPOSITION OF 3-CELLS. Let J = ([,m,n) : (m,n) = (Ozlm,n)
and J' = (I',0lm,n) : (Oolm,n) = (02l'0slm,n) be 3-cells with s3(J") = t3(J). The
2-vertical composition J'#3J of J and J’ represented by the diagram below

(m,n) (m,n)

n (8glm,n) =———=> Jymn = n J/#,SJ Ormn
[l
J’ jl[
A4
G RD) (81" Bylm,n)

can be given by

J'H#H3] = {:]],] = (', alm, n)#3(l,m,n) = (I'l,m,n).

For this definition, we obtain clearly

s3(J'#3J) = s3(I'l,m,n) = (m,n) = s3(J) and

tg(J/#gj) = tg(l/l, m, n) = (821,821777,, n) = tg(J/)

The identity map ez : Ay — Aj is defined by ez(m,n) = (15,m,n). We clearly have
s3e3 = lses = idy,. The inverse (J)** of a 3-cell J = (I,m,n) is given by (J-)** =
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(l;, Bolm,n). We have s3((J=)7*) = (9olm, n) = t3(J) and t5((J)"*) = (m,n) = s3(J)
(J’l)#3#3J = (17, 0olm, n)#3(l,m,n) = (15, m,n) = ez(s3(J))

and

J#g(Jﬁl)#g = (l, m, n)#g(lil, 82[771, n) = (1L, Gglm, n) = eg(tg(J))
So, we obtain the following result:

53,t3
3.6. PROPOSITION. A3 ——= A, is a groupoid with the 2-vertical composition #3 of 3-

€3
cells.

3.7. THE WHISKERINGS OF A 2-CELL ON A 3-CELL. Let I' = (m,n) be a 2-cell and
J = (I,m’';0ymn) be a 3-cell with t5(I") = so(J). The right whiskering of I" on J is given
by

Joo T = (I, m/, 0ymn) e (m,n) = (I,m'm, n).

This can be represented pictorially as

(m’ ") (mm.n)
o m m
n :> o1mn (1, m! n) Blmn = JhQF om'n’

where n’ = dymn. For this definition, we have clearly
s3(Jhel) =(m'm,n) = (m', 0ymn)#2(m,n) = s3(J)#
and
t3(Jhal') =(0alm’m, n) = (Oplm’, Dymn)#a(m, n) = t3(J)#-T.

The left whiskering of a 2-cell I' = (m/, 9ymn) on a 3-cell J = (I,m,n) with to(J) = so(T)
is given by

Tty = (m/, dmn) o (L, m,n) = ("1, m'm,n) = (1{0:1*, m'}, m'm,n).
This can be represented pictorially as

(m,n) (m'm,n)

i !
m',n
n (1,m,n) or1mn :g om'n’ .— n TheJ orm'n’

N N

(8glm,n) (m!dglm,n)
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where n' = 0ymn. For this definition, we have clearly
s3(T2J) =(m'm,n) = (m', ymn)#a(m, n) = I#ass(J)
and
t3(ThoJ) =t3(I{0l",m'}, m'm,n) = (0alda{ Dol ™", m'}m'm, n)
and from the Peiffer lifting axiom (PL1)
o { Dol '} = Dol m 121221 (/)
and so; since 0;0,17' = 1, we have;
t5(Td) =(0alBsl~ m 5171 %1 (m!)"'m'm, n)
=(m'dslm, n)

=(m’, Oymn)#2(0slm, n)
=[#ats(J).

3.8. THE WHISKERINGS OF A 1-CELL ON A 3-CELL. Let n’ : ¥ — % be a 1-cell and
J = (I,m,n) be a 3-cell. The right whiskering of n’ on J as shown in the following
diagram:

’
n nn

; T I e

* —— % (m,n) =—= (02lm,n) * = % (m,nn') ==—===>(62lm,nn’) *
~L VS ~ v S
Oymn Omnn’

is defined by Jiyn' = (I,m,nn’). For this definition clearly;
s3(Jmn') = (m,nn’) = s3(J)n’ and t3(Jon') = (Oelm, nn’) = t3(J)hin'.

The left whiskering of a 1-cell n’ : x — % on a 3-cell J = (I, m,n) represented by the
diagram

n n'n
T . o,
i 1 ’
* (m,n) === (02lm,n) ¥ —> k= % (™ m,n'n) =—=(" (82lm),n'n) _ *
U U
grmn n'dymn

is defined by
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For this definition, we have clearly,
ss(n't1J) =("'m,n'n) = n'ty (m,n) = n'tys5(J)
and
ts(n'tJ) =D (" D)™ m,n'n) = (V' (Balm), n'n) = n'ty (dolm, n) = n'ys5(J).

On the other hand; we have so(n'f;J) = n'n = n'sy(J) and ta(n'tyJ) = n'Oymn = n'ta(J).

3.9. THE 1-VERTICAL COMPOSITION OF 3-CELLS. Let J = (I, m,n) and J' = (I', m’, Oymn)
be 3-cells with so(J’) = t2(J). The 1-vertical composition J#,J’ of J and J' is given by

J'H# T = (™), m'm,n) = ('I{31*,m'}, m'm,n).

The 1-vertical composition of these 3-cells can be represented pictorially by

(m,n) (m/,01mn) (m'm,n)
l 21 N 0 N
n J O1mn J! om'omn = n J#1J om’O1mn
(02lm,n) (02l'm/,01mn) (92l'm/ Bglm,n)

For this definition, we have

s3(J'#1J) = (m'm,n) = (m',00mn)#2(m,n) = s3(J")#as3(J)

tg((],#lj) == (82l'm'(92lm,n) == (82l’m’,81mn)#2(82lm, TL) == tg((],)#gtg(J)

Similarly, we have so(J'#1J) = n = so(J) and to(J'#1J) = Om'Oymn = to(J'). The
identity map ey : A; — Ajs is defined by ey(n) = (11, 1y, n). Clearly, soes = taeg = idy,.

Using the 2-vertical composition of 3-cells and whiskerings of 2-cells on 3-cells, we can
also give the 1-vertical composition of 3-cells as follows:

J#1J =(UI1{d0",m'}, m'm,n)

(', m/Oolm, n)#3(1{0al™",m'}, m'm, n)

((I',m, 0ymn)ba(Oalm, n)) #3 ((m', dymn)ha(l, m,n))
=(J "ot (J))#3(s3(J" )12 )

)]
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and similarly

JH#J =(UI{d0",m'}, m'm,n)
o (l{(%l Lm' DU m/m,n)

=(
("
@=L DI m'm, n)
(
(
(

ool (" ) Ol'm'm,n)#3(I', m'm,n)

Ol'm’, Oymn) (I, m,m))#s((I',m', dymn)z(m, n))

(
t3(J )b )#s(J t253(J]))
B {J s (J )}

t3(J )b |
For the 3-cell J = (I,m,n) the 1-vertical inverse (J*1)7¢1 is given by

(J7)* = (I7{0ol,m™"},m ™", Oymn).

Clearly, we have;
(J‘l)#l#lJ = (I"Hhl,m '}, m™ 0omn)#1(L,m,n) = (I7{0el, m " H{Dsl ™' ,m™"}, 1y, m).

From Peiffer lifting axioms; {05l~",m~'} = = (™ 1) and {dol,m~'} = I[("™ 'I""), we have
(J ) 44 = (11,147, n) = e3(n) = ex(s2(J)). Similarly, we obtain

T ()

(L,m,n)# (0l m™ },m™" 0ymn)
(l 1{82[,771 1}{82(l_1{(92l,m_l})_l,m},1M,(91mn).

From Peiffer lifting axioms, we have,
{0a(17{0ul,m ) m} = {0u(™ 1), m} = (") and I7{Dal,m 7 =" 17

and then, J#,(J )" = (11,15, Oymn) = ey(dymn) = eyty(J). Thus, we get the following
result:

52,12
3.10. PROPOSITION. As——= Ay is a groupoid with the 1-vertical composition #, of 3-

cells.

3.11. THE INTERCHANGE LAW FOR #; AND #j3 OF 3-CELLS. Let J and J' be 3-cells
in Az with s3(J") = t3(J). Define J = (I,m,n) and J" = (I';0xlm,n). The 2-vertical
composition of J and J' is given by (J'#3J) = (I'l, m,n).

On the other hand, J; and Jj be 3-cells in A3 with s3(J]) = t3(J1). Define

Jl = (ll, myq, 81mn) and J{ = (lll, 82[17711, 81mn)
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The 2-vertical composition of J; and Jj is given by
(J{#gjl) = (lllll, my, 81mn)

Since so(Ji#3J1) = to(J'#3J), the 1-vertical composition of 3-cells (Ji#3.J1) and (J'#3J)
can be given by

(J{#SJI)#I(J/#Q%J) :(lllll, ma, almn)#l(l/la m, n)
:(llllll/l{ag<l/l)71, ml}, mim, n)

(A)

Since to(J') = s9(J]), the 1-vertical composition of J’, J] in A3 can be given by
Ji#k1 " =1y, Oalymy, Oymm)#1 (I, Dolm, n)
:(l’ll'{82(l')‘1, 62l1m1}, 82l1m182lm, n)
and since so(J1) = to(J), the 1-vertical composition of J, J; in A3 can be given by
(Ji#t1 ) =(l, ma, Oymn)#4 (L, m, n)
:(lll{aglil, ml}, mim, n)

Since s3(J1#1J") = t3(J1#1J), the 2-vertical composition of 3-cells (Ji#:.J") and (J1#1J)
is given by
(J{#ljl)#g(Jl#lj) = (g’ll’{fb(l/)’l, 82l1m1}lll{82(l)*1, ml}j mim, n)
®)

It must be that (A) = (B). For these equalities, we have;

(A) :l/llll/l{ag(l/l)il, ml}
=140 (1) 0o (1), may }
L0 (B0 i HOu(D) 2O (my)} (. PLAG))
:llllll/ll_l{ag(l/>_l,ml}l{ag(l)_l,ml}
LI () (M) (M) (- PL2)
=L (MU)(™)

and

(B) :l'll’{ag(l’)’l,82l1m1}l1l{82(l)’1,m1}
{1 Dol YT O (0,1 m Ml o) ma} (- PLA())
S RN CNG R AN ) (- PLS)
=) () M ()M () T (M)
S Garan)
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Thus, we have
(‘]{#3‘]1)#1(J/#3J) = (J{#ljl)#S(Jl#lj)'

Consequently, the interchange law for #; and #j3 is satisfied. We can give the following
result:

3.12. PROPOSITION. The 2-vertical and 1-vertical compositions of 3-cells and vertical com-
positions of 2-cells give a structure of 2-groupoid shown pictorially as;

83,t3

Asz < L Ay

€3

S8 Y
2 X
% &

Ay
where Ay is the set of 0-cells, As is the set of 1-cells and As is the set of 2-cells for this

structure.

3.13. THE HORIZONTAL COMPOSITIONS OF 3-CELLS. The horizontal composition [ ; /']
of 3-cells J = (I,m,n) : 'y = Iy and J' = (I'ym/,n’) : I} = I'} in A3, where I'y = (m,n),
[y = (Oalm,n) and 'y = (m/,n'), T, = (0ul'm/,n’) is given by

b

Jaita(J"))#1(s2(J)oJ")

(L, m, n)g Oym/n )1 (nin (U, m/, ')
Lm,nOvmn’)# (" ()" (m'), nn)
('), m" (m’), nn’)

C{0("(1) 7, m}p, m"(m), nn)

(
(
(
(
(

We can show this composition by the following diagram:
S9o (J ) ﬂ 1 J !
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and

u ([, 7)) ~@r@@e @y mm .o
(@07 ()02 (W) o (')
= (@) (1)) (1) () ) (- PLA)
— (@u()mon" (1)) (). 0= 1)
— (Ou(0)m™ (@u(0 ).
—(Oalt)m, mOyl a0 o),
=((0(l)m,n)g10vm'n")#2(nk (9al'm’, "))

(Dol'm 1 )] _ { @,(J/)} |

[(aﬂma n) t3(J)

On the other hand, we can define the horizontal composition [/ ;] by

=(to(N)oJ")#1(J152(J"))

=(Oymnl (I',m',n"))#1((1,m,n)5n’)
Normn (Y Oymmn’)#4 ((1, m, nn'))
() @), (' ym, )
almn(l/)almn<l{a2l—17 m/})781mn (m/)m’ TLTL,)
(I'H{0u171,m'}), 2™ (m/Ym, nn).

Similarly, we can represent this composition by a picture
J h182(<] /)

107 Tl =
am'n tz(z])hljl --Qymn T

For this definiton, we obtain

() R
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and

w([75]) —@em ey nm )

=(Oy (O (1 l))alm"(m’)m,nn’) (- PL2)
= (OO (1 D) ol Y,
) aa (P (" 1) (m ym, nn)
(1)) Yl (47 (o)) o,
= (" (Do (l'ym") D (1ym, ')
=(Oimni (O ()m’, ') ##2((92(1)m, n)in)

- 1) - [tgw w)

=0y (" (I

(81 mn <a2

3.14. THE INTERCHANGE 3-CELL. For any 2-cells I' = (m,n) and I'' = (m/,n’), the
interchange 3-cell is defined by
THI = ({m,"m/} ", m"m/, nn’).
For this interchange 3-cell, we have
/
s (01 = () = |
and
t3 (THT) =(0{m," m'} 'm™m/ , nn')
:(( ( ) (81m<nm/)—1))71mnm/7nn/) ('.'PLl)
= (O™ (" Ym"m/ " m T m m nn)
=(""("mym, n’)
ol
Thus, we can say that the interchange 3-cell P#I" is a 3-cell from [ '] to [V /] in Aj.

We can represent the interchange 3-cell by the following diagram,

Omndim'n’

where

So(CHI) = nn' = s9(T)so(I”) and to(T#I') = Oymndym'n’ = to(T)to(TV).
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3.15. 2-FUNCTORIALITY. Consider the 2-cells I'y = (m,n), I'ys = (lm,n), I'} = (m’,n’)
and Iy = (Osl'm/,n’) and 3-cells J = (I,m,n) and J = (I',m/,n') with

Ty =s5(J) —2=t3(J) =Ty and T =s5(J") —L>t3(J) =T} .
We know that

[Fl Fll} =m"m’, nn' and [Fl F’} = (2™ ("m/)ym, nn)
and

{F FQ} = (Oolm™ (Dpl'm’),mn’)  and [ } = (9 (Dyl'm ) Dylm, n).
2

I
Our aim is to show the following equality:
J J'
[ J/] #a(Di#tl) = (Do#tls)#3 [J } .
On the left side of the equality, we have already
J ormn (! -1 N\ oimn / /
7] = ey 2 ),

and
Dy#0 = (myn)#(m',n') = {m,"m'} ", m"m/ nn’).

Since t3(T1#1Y) = [Fl Fll] =s3 ([’ ,/]), we obtain

J / mn (/! -1 !/ mn / !/ n -1 n, ./ !/
{ J’} #3(0#1Y) :(81 (l'l{Osl™t,m }),8 (m")m,nn")#s({m," m'} ", m"m’, nn’)
:(almn(lll{azlil, m/}){m’n m/}fl, mnm/’ nn/)

-~

A

where

(P o)y 7 (o) o)
On the right side, we have already
] = eo@emm .
and

Do# Ll = (Oolm,n)#(0l'm’ n') = ({Dalm,™ (Oel'm/)} 7, Dalm™(Dal'm”), nn').
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Since, s3(Ia#1%) = [m Fé] =13([,”"]), we obtain

a7
= ({0alm,™ (Ol'm")} 7, Dolm™ (Dal'm"), mn ) #5(I" (1) {0 (" (1)), m}, m™(m), nn’)
= (i@glm," (Dl'm/ )} (1IN0 (" (1), m}, m"™ (m/), nn')

-~

B

where

o(wn], ), ] (e, D[ o]
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To prove the necessary equality for this axiom, we must show that A = B. Using the
Peiffer lifting axioms, we have

B = ({0slm," (0p'm")} 1" (I){ 0 (" (1)), m})
{Oalm, 0o("(I'))"m/} )" ({0 (" (1)), m})

)
({0utm. 2 (Y™ D (ot m'})) UG m))
("
("

—~

)
{0, 0, (1)} O (b, ') O W) mY)

( DY @] utm, O ) (1) m})

(%! ({m, (" (UDPIBL™ (D))} (1] Zm“m’}(alm”a’»*)”zw’){a <"<1’>>*1,m})
(52 (")) 0L, Do (W)Y ) Dot} () )0 (0)) )
( l

{ lmain/

Oal (mnl 81mnl/) )[l 81mn( )]81mn

{Oalm, "} () ) T () {0e(" (1)) m})

) )
) D, ) )
(0" () m})

)
)
(
(

l(mnl (81mnl) 1) 1l(’)1mn( ) (81mn l/

(0 {0ty () ) {01 m} )
P ) {0, () HO ) ) U8R (1)) )
T O ) ) (1) mY)
() (O G ) ) () ()
e )N () ) (W) )

) ) (') )
) (. ') )

= (" IHoL, m ) ({m, m'}) )
=A

I I I I I
S X~~~
3
3

I
S N7 N7 N7 N7 N7 NN N7 N7 N7 N7 N7 NN

—

and thus, we obtain
J J’
[ J/] #3(F1#F/1) = (F2#F/2)#3 [J } .
3.16. 1-FUNCTORIALITY. For the 2-cells I' = (m,n) , IV = (m/,0ymn) and I'" = (m”, n")

given by the following diagrams;

(m,n) (m/,01mn) (m

n =———0mn oym'oymn and n’ :8 m'n”
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by taking y=n,~" =n", ¢ =mn , ¢ =0om"n" | = 0ym'dymn, first we must show

that Dy L4 .
[F/#F//] #3 |:F/h1¢”:| = |:F/:| #F//.

On the left side, we have already
F#F// — ({m’n m//}—l’ m’nm//’ nn//)

and
F/hl /! — F/h a m// " (ml,almn)h (almll //) (m 81mnalm// /I)

and so, we have

| R "
|:F/u1¢//:| _(F h1¢ )hQ(F#F )

(m almnalm” //) ({m’n m//}—l’ mnm//’ nnl/)

(™ ({m,"m"}7), m'm" m”  nn").
Similarly, we have

D4 = (m!, Oymn)#(m”,n”") = ({m’ 2™ m”} =1 m! (O™ m"), Oymnn”)
and 'y = (m,n)jn” = (m,nn”) and so, we have

Fhl’)/” ! " "
|:F/#1’w:| :(F #F )hQ(Fm’Y )

:({ /81mn //} 1 (81mnm//>7almnn//)m(m’nn//)

=({m’ 2"} ! (O ym, ).
([T Y ([T
3 F/#F” — 43 P/b1¢// )

it | = (02 )2 )

Since

we obtain,

On the right side, we have already

{H = (m', 0ymn)#s(m,n) = (m'm,n)
and

|:FF/:| #F” — (m/m7 n)#(m”, n//) — ({m/m7n m”}_l, m/mnm//’nn//)
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where

—1

fm, "yt = (7 (D 2 ) (- PLAG)
— ! 2 ()} (Y (" ),

Consequently,
|:1£‘/:| #F” :({m/ﬁlmn (m//)}_1<m/ ({m7n m//}—1))’ m/mnm//7 nn//)

Ty ISR
|:F/#l—w:| #3 [F,h ¢//:|

Now, for the same 2-cells, we must show that

F”#F ”h r e r
|:¢//hlrl} #3 [F/,#F/] =TI # |:F/:| .

On the left side, we have already

"

’y//hlr — n”h1<m, n) — (n m7 n//n)

e T/HT = (", n")#(m', dymn) = {m" ™ m'} 1, m" ("' m’), n"8;mn)
and so,
L] =6 )
(" ' ) () )

Similarly, . .

I"#0 = (m", n")#(m,n) = {m",™ m}", m" (" m),n"n)
and

&"m I = dym " n"t(m', dymn) = (alm//”//( "), 01m" n" Oymn)
so, we obtain

| s

urss

_(alm n ( '),ﬁlm"n"almn) ({ml/’n

"1 "o

:<81m n (m)({m//’n” m}* ) om''n (m/)m//<n”m)’n//n)'

17

m}_l, m//(n”m)’ TLNTL)

Therefore, we obtain

@' T

-

1579

" " "t / 1 1 "
B ) R ) S RN}
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On the right side, we have already

Ll:/} = (m', 0mn)#s(m,n) = (m'm,n)

and

F//# |:£/:| _ (m//7n//)#<m/m7 n) _ ({m//,n” (mlm)}_l, m//(n”<m/m))’n//n)

where

17

3

(" Gy Gm))}) ™
= ("t ot ) © (- PL4())
(" G )

Consequently, we obtain

F// F ! F F
|:¢//g?érl} #3 {g”izl“’} = FH# |:F/:| .
Therefore, we have verified all Gray 3-group axioms, so this is functorial and hence defines a
functor from the category of 2-crossed modules of groups to the category of Gray 3-groups:

O : XoMod — Gray.

4. From Gray 3-groups to 2-crossed modules
Let A, be a Gray 3-group shown as
A

s3,t3 l 82,t2

i

s2,t2 As.

As

We will construct a 2-crossed module L* —Z= M* -2~ N with the Peiffer lifting map
s1,t1
{—, =} M*x M* — L*. Since A; — % is a totally disconnected groupoid, it can be
€1
52,t2

regarded as a group and so we can take A; = N. We know that Ay —— A; is a groupoid
€2
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together with the operation #, of 2-cells. Define a set in Ay by M* = {I" € Ay : so(T") =
1n}. In this case, any element of M* is given by the form I' : 1y = n as a 2-cell in A,.
The set M* is a group with the operation given by

T — [r P’} (Tt (T)) T = (T’ )T

for T': 1y = nand I": 1y = n' in M* with s3(T") = so(I") = 1y. Firstly, we show that
M* is a group together with this operation. For any elements I' : 1y = n, IV : 1y = n/
and I' : 1y = n” in M*, we have;
(FF/)F// :((FF/)h1t2<F//))#2F//

=(((Thuta (")) #2l ) to(T")) #oT"

=(Thita(T) 8t (T7)) F2 (M t2(T7))#2I7)

=(Tuto(TT"))F#2(IMhata (T7)) #21")

(Tt (') o ()

:F(I‘\/F//>

and also, I'"' : 1y = n~! and ey(1y4,) is an identity element in M*. So we have
[T = (Toto(T7Y))#2l ! = ea(1a,) and I = (I 'pta(D))#oI = ea(14,).
Therefore, M* is a group with the operation given above. Moreover,
(I)nn = () "#2 and ((I) #2)pn™" =17

Since to|p+ (LTY) = nn' = to|pr(I)ta|p+ () for T, I € M*, the map 0; = to|y- is a
homomorphism of groups. The action of element p € N on I' : 1y = n € M* is given by
PI" = pgI'yp~". For this action, we have

01(PT) = to|m(PT) = pnp™" = pta|p-(T)p~" = poi (I')p™"

and so 0; is a pre-crossed module.
52,t2
We know that A3 ——= A; is a groupoid with the 1-vertical composition #; of 3-cells.
€2

Define a set in Az by A5 = {J € A3 : s5(J) = 1y}. For this description, any element in Aj

r
can be illustrated by the picture 1 Nm/ﬂ\&n,
S b A
t3(J)
o
Z S
An action of (I': Iy = n) € M*on J = 1n Jli nin A% is given by
t3(J)

FJ = (Fhln/n’l)hQ(Jhln’l)hgf’l.
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This action can be represented pictorially as

Mgyt (Thin'n= )2 (M n =) #I!
r-! I Thin/n—1 |||
1y =—— n! Jhin~1 n'n~! —— nn'n~! = 1pn ry nn/n~1!
W mv
t3(J)gin ! (Chin/n=Y)#2(t3(J)hin=1)#I 71

where

ts("J) =(Coan'n ") #o(ts(J)n ") #o0
=((Tn")#ats(J))n " #T
=T'ty(J)

and t5(FJ) = nn/n=' = t5(D)ty(J)to(T)~ . For this definition A is a group with the opera-
tion by

I = l ; J'} — (It = (e

for any J, J' € A%. This operation can be represented by the following diagram
y 3

(Than’ )T T
70 N Z 1
JJ = 1n JJ! nn/ = 1n JJ' nn'.
Nt A
(ts(Ngin")#2ts(J") t3(J)ts(J)

For this operation, the inverse J~! of J is given by

t3(J)71

Define a set in Af by L* = A3™(14,) = {J € A3™ : s3(J) = ea(lya,) and so(J) = t5(J) =
ez(lAl)

/@\
b~

t3(J)

14,}. For this description, any element in L* is given by the form 1, 14,. The

1

group operation in L* is given by

JJ = L J/} = (Jiuto(J) S = (Jiula,)#0J = J#.1J".
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The map 0y : L* — M* is given by the restriction of t3 to L*. Since t3|p«(JJ') =
ts| o+ (J)ts|p-(J) for J, J" € L*, 05 is a homomorphism of groups. The action of I' : 1y = n
on J € L* is given by: 'J = (Thyn Y)ba(Jhin )bl ! and we can show it pictorially by

62(1A1)
m
F(] = 1y ry 1n.
¥
Tta(J)I—1
For this action, we have
t3(J)#aea(la, )#ats(J) 7! e2(la;)
//m\s m
t3(‘])Jl = In t3(J)JI In = 1N t3<J)J’ 1N
\\m/{ w
ta(J)ta(J )ts(J) L t3(JI)ts(J)ts(J) !
On the other hand, we have
e2(lay)
I
JJJ = 1x JJ' g1 Iy

SNt

ta(J)ta(J")ta(J) ™!

Therefore, we have 0y("'J) = T'0y(J)I' and 22))J" = JJ'J* and so, , is a crossed

module. Since 0102(J) = ta(t5(J)) = 1y for all J € L*, the diagram L* M BN
is a complex of groups.
We can define the Peiffer Lifting {—, —}* : M* x M* — L* by

I es (sa((T#L)7#s))
{F> I } = [(F#F/)_I#B :| .

ForT': 1y =nand IV : 1y = n' in M*, we have

- (s3((T4T) H#2)
TN = gy o |

where
(Sg((F#F/)_1#3))71 = ((TLHIF,)#QF)_l and tg(F#F')‘1#3 = (Fhln')#gf/

and

(R I")#20) 7 = (0l ) #2D) " #2) 00 (n') 07"
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So, we have

B {D, T"}* =((T
(

and clearly this is the first axiom of Peiffer Lifting.
Now, we show that {t3(J),T'}* = J'(J)~'. We know that

: ex (sal(ta( D)) )"
(LT = |y o ]

where
(t3(J)h1n)#2F T#at3(J)

I I
ts(J)#I = 1n ts(J)#T nand (t3(J)#0) s = Iv  (a()#D) #s n
¥ ¥

Dfats(J) (ts(J)hin)#l
On the other hand, we have
(s3((t3(J)#L) #s)) = Tdfats(J) and  (s3((t3(J)#L)"#9)) " = (Dfats(J)) "
e (Data(J)) ™" = ((ta(T)#2)un ) F#o (D) #2)un™") : Iy = n7 "
We have also
((ts()#D) )™t = J#hres(Thin ) (Jiin ) #1(es(ts(J)mn ™).

Thus, we have

(O TY = gy e (OO 00)

=(((ta(N)#L) " #s)un ™" )#res (s () #2)n ") #2(((1) 7 #2)n ™))
=(((ts(J)# )I#S)hln 1)#163((lt?)(J)_l#?) e (D) #2)hin ™)
=J#1e3(Lon™")#1 (7 n ™" )Fhies(ta()n ) #hies((ta(J) " #2)nn ™" )#

es(((0) 7 #2)in™)

:J#1€3(Fh1n_l)#1(J_lﬂln_l)#lei%(r_l)
=J#1 (Tn ") (J n ") l™)
:JF(J)A
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and thus the second axiom of the Peiffer Lifting is satisfied. Using the 1-and 2-functorialities,
the other Peiffer lifting axioms can be shown similarly.

Therefore, we have defined a functor from the category of Gray 3-groups to that of
2-crossed modules denoted by A : Gray — X;Mod.

5. The equivalence between XoMod and Gray

In the previous sections, we obtained functors between the categories of 2-crossed modules
and Gray 3-groups: © : XoMod — Gray and A : Gray — X;Mod. We will prove
that XoMod is equivalent to Gray.

Let £ : L-2-M-2+N be a 2-crossed module with the Peiffer lifting {—, -} :
M x M — L in XoMod. If we apply the functor ® to this 2-crossed module, we obtained
the following Gray 3-group:

LxMxN
s3,t l s2,t2
o(0) - /\
M x N N

$2,t2

Now we apply the functor A to this Gray 3-group @(L). We will obtain a 2-crossed module
which is isomorphic to £ in each step. We know that in @(L), the 1-cells are the elements
of N and 2-cells are given by the form (m,n) : n = dymn. Then;

M* = A" ={(m,n) : sa(m,n) =1nx} = {(m,1) :m e M} = M.
Similarly,
A" ={(l,m,n) : so(l,m,n) =n=15}={(,m,1):l € Lym e M}
and so we have,
L* ={(,m,1) : s3(I,m,1) = (m,1) = ex(1n) = (Ips, In)} ={(1,1,1): l € L} 2 L.

We know that for any 2-cells I' = (m,1) : Iy = dm =n,I" = (m/,;1) : 1 = oym’ =n’ in
M*, the group operation in M* is given by,

LT = (m, 1)(m' 1) = | oy ™| = (m, 0ym) 2 (', 1) = (1)
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and the group operation in L* is given by JJ = (I,1,1)(I',1,1) = (II',1,1). For these
elements, the Peiffer Lifting is

{I, T/} = es (53((F#F’)1#3))—1}

[(D#HLY)
[ 63(83<{m7m/}_17mm/71)71#3)_1
<{m7 m,}717 mm,? 1>_1#3

e3(Oe{m, m'} 'mm/, 1)_1)]
({m,m'}, Oo{m, m'} 'mm/, 1)

(L, (m=)2m(m), 1)]

[({m, m’}, 27 (m/)m, 1)

=({m,m'},1,1)

where {—, —} is the Peiffer lifting of the 2-crossed module £. Thus, we have A®(L) = L.

Let A, be any Gray 3-group. If we apply the functor A to A,, we obtained a 2-crossed

module as L* —2= M* -2~ N with the Peiffer lifting map {—, —}* : M* x M* — L* given

above. If we apply the functor © to this 2-crossed module A(A,), we have OA(A;) = N
s2,t2

and since A( Ap—= A4, ) = M* O N , by applying the functor ©, we have

€2

52,t2
O(M* -2 N)i= M*x N—=N
where 53(I',n) = n and t5(I',n) = t2(T')pn with T : 1 = n’ in M*. We must show that
(M*x N = N)=(Ay = A;). Define a groupoid morphism

Ay —"o M* x N

!

Aj=————=N

no=1id

by 71 (T') = (T'#ae2820' ", 52(I)) and ng = id. In this case, we obtain s3(I'#2e25:1' 1, s9(I7)) =
s2(T') and to(T#2e9520' ", s2(T")) = t2(T"). Conversely, define a groupoid morphism

M* x N -2 4,

Ay

Vo=id
by ¢1(I',n) = I'#ae2(n) where I' : 1 = n’ in M*. Therefore, for all I" € Ay, we have

Yy o (D) = 1 (T#aeas2l ™, s2(11)) = T'#aeasol " #oeasol =T
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and for all (I',;n) € M* x N with ' : 1 = n/, we have

m o Yi(L,n) =i (T#a2e2(n))
=(T#aea(n)#aeasa(I#aean) ™, so(I'#aea(n)))
=(I'#aea(n)#f2e2(n) ", n) (o s2(l) =1)
=(T,n).

Thus, we have (A2 = A;) = (M* x N = N). Now, we must show that
(A3 =2 Ay) 2 (L" X M*"x N = M*x N).

Define a groupoid morphism

Ay L M* % N

ool

AQ M* x N

by Bl(J) = (J#16353J71,Sg(J)hth(J>71,t2(J)> and 60(F) = 771(F) Then, by takmg J =
(I,m,n), we can check that by
Bi(J) =(J#iesss ", s3(S)ta(J) ", 12(J))

(L) (1,7 = ™), (m, )™ )
=((1,1,1),(m,1),n) € L* x M* x N.

Conversely, define a groupoid morphism

L* x M* x N2~ A,

S

M* < N A

by ai(J,I',n) = J#ie3(I)#1e3(n) and ap(I',n) = o1 (I, n) where s3(J) = ea(ly,), I': 1=
n’. In this case, by taking J = (I,1,1) € L*,T' = (m,1) € M* and n € N we can check it
by

a1 (J,Tyn) = (1,1, D)#1es(m, 1)#1(1,1,m) = (1,1, 1)#1(1,m, 1)#:1(1,1,n) = (I, m,n).
On the other hand, for all J € A3, we have
ay o B1(J) =ar(J#1(ess3]) ", s3(J)ta (), t2(J]))
=J#1e353J) ' Hies(s3Joita(J) ) mesta(J)

=JH#ess3 ] H#iess3JH#H1esta( ) F#resta(J)
=J
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and similarly for all (J,I',n) € L* x M* x N, we have

Biroay(J,T,n) =61 (J#1esT#1e3n)
=(J#1e3(D)Ff1e3(n)#1e3s3(JF#1esl#ies(n)) ™,
s3(JHrresT#tesn)ita(JH#esl#esn) ™ ta(J#1esT#esn))
=(J#1es(D)#1es(n)resn  Fesl ", (Cin)un ™", n) (0 s3(J) = ea(la,))
(J,I',n)

By taking J = (I,1,1) € L*, ' = (m, 1) € M* and n € N, we can check it by

Broai((l,1,1),(m,1),n) =B1((1, 1, 1)#1e3(m, 1)#1e3(n))
=61((1, 1, D)#1(L,m, 1)#4(1, 1,n))
=pG1(l,m,n)
=((1,1,1), (m,1),n).

53,13

Therefore, we have; ( A3 ——= Ay ) = (L* x M* x N = M* x N). Consequently, we obtain

€3

that OA(A,) = A, and AG(L) = L. Thus, we get the following result.

5.1. THEOREM. X;Mod is equivalent to Gray.

6. A linear representation of 2-crossed modules

A common approach to representations of groups is via modules over a group or an algebra
[12], [17]. Linear representations of a group G are in one-to-one correspondence with
modules over its group algebra, K(G), see [5], where K is the group algebra functor from
the category of groups to that of algebras. A linear representation of a cat!'-group or
(indirectly) a crossed module has been obtained by Barker [5]. Barker’s result, of course,
was a 2-dimensional generalisation of a linear representation of groups. In [5], Barker has
proven that the category Ch}. of chain complexes over vector spaces on a fixed field K is a
2-category. Using this result, a linear representation of a crossed module or equivalently of
a cat!-group € is a 2-functor € — Aut(5) < Chj, where Aut(6) is a cat'-group obtained
from Ch},. The subcategory Aut(4) is considered automorphism cat!-group. In Ch},, by
considering only the invertible chain maps over a fixed linear transformation ¢ : Vi — V;
of vector spaces, Aut(d) has a 2-groupoid structure with a single object d. In this section,
we will explain 2-dimensional version of these results for 2-crossed modules.

6.1. A GRAY 3-GROUP FROM CHAIN COMPLEXES OF LENGTH-2. Let K be a field and
V(i € Z) be vector spaces over K. Consider the chain complexes of linear transformations

do

Vi=... A s Vs —— -V A 1 » Vo,

g
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A chain map between chain complexes V and V' ; F': V — )’ consists of components
F, : V; — Vi’ such that F,_,d; = d;F} for all i € Z where each F} is a linear transformation.
We can say that the following diagram is commutative.

dp+1 d dn—1

s Vg Ry, sy L

an+1 an an—l

V/ V/

"oy,

e —

-1 d/

n—1

!
TL+1 dl
n+1

Let F': V — V' and G : V' — V" be chain maps. The composition GF : V — V" is
defined (GF); = G;F; for all i, where G;F; is the usual composition of linear transforma-
tions.

Let F' and G be chain maps from the chain complex V to the chain complex V'. A
chain homotopy from F to G ; H : F ~ @ consists of a linear map H/, : V, — V', 1
satisfying the condition

Gn— Fn = d;ﬁ-lH;z + H,_ydy

for each n € Z.

The category of chain complexes will be shown by Ch. Kamps and Porter in [22] showed
that Ch has a 2-groupoid enriched Gray category. We will consider in this section non-
negative chain complexes in which the subscripts are non-negative integers. Now, recall
from [1] and [22],the construction of a Gray category structure from the chain complexes
of length-2 of vector spaces. Suppose that

V=V, 2,1, s Vo

is a chain complex of vector spaces of length-2. By considering all chain complexes of
length-2 as objects, we can create the category Ch3 whose morphisms are chain maps
between chain complexes of length-2.
A chain map F = (Fy, Fy, Fp) from V to V' is given by following commutative diagram:
82 &1

Vo — Vi —— 1)

vy A Vi s Vo
where Fj is a linear transformation for : = 0,1, 2.
Thus, we can consider the chain maps F := (Fy, Fy, Fy) as l-cells for Ch%. Now
suppose that F' and GG are chain maps between the chain complexes of length-2 V and V'.
A 1-homotopy (H, F') := ((Hy, H}), F) from F to G with the chain homotopy components
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Hj, H) can be represented pictorially as

o 2 é 1
1% Vi Vo

7 7
Fo | | G2 /H2 1| |Gy /Hl Fo| | Go

7/ /
/7 7/
» »

5 i

Vs Vo

5
For the homotopy components H] and HY the following conditions are satisfied.
1. 01H] = Gy — Fy,
2. Hi0, + 05H) = Gy — Iy,
3. Hyoy = Gy — F.

Thus, we can consider the 1-homotopies (H, F) from F to G as 2-cells for Ch3. Now,
we briefly describe a 3-cell for Ch3, using the definition of a 2-homotopy between 1-
homotopies given in [1]. Suppose that (H, F) := (H{, H), F) and (K, F) = (K|, K}, F)
are 1-homotopies from F' to G. A 2-homotopy from (H, F') to (K, F') is given by a triple
a:= («/,H, F) where o/ : Vj — Vj is the homotopy component linear map satisfying the
conditions; dha’ = K| — H| and o/6; = K} — H). Therefore, we can represent the cells in
Ch? pictorially as

F

|| (o’ ,H,F) ||

v (H,F) = (K,F) V!

N

G

Now, we give the source and target maps. For any 3-cell (o/, H, F) these maps are given
by
s3(a/,H,F)=(H,F), so(c/,H,F)=F and s,(c/,H,F)=V.

and similarly
ts(o/,H, F) = (K, F) , to(¢/, H,F) =G and t;(a/,H,F)=V".

We will give the definitions of vertical and horizontal compositions of 2-cells and 3-cells.
The 2-vertical composition of o := (o, H, F') and § := (f/, K, F') is defined by

[g} = B#sa = (' +d',H, F)

where t3(a) = s3(/), that is K| = H{ + d4a’ and K}, = Hy + o/6;.
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For any 2-cells, (H, F') : F = G and (K, G) : G = T, the vertical composition #s is
given by K#,H : ' = T where the chain homotopy component is (K#,H) = K' + H’
with K’ = (K7, K)) and H' = (Hj, H}). For any 1-cell F' : V — V' and a 2-cell (K,G),
the right whiskering of I’ on (K, G) is given by (K,G)nF' = (K{F}, K{F],GF') where
(K,G) : G = G’ is a 1-homotopy. Similarly, the left whiskering of a 1-cell G : V' — V"
ona2-cell (H,F): F= F':V —V isgiven by Gty (H, F) = (G1H{, GoH}, GF).

The horizontal compositions of 2-cells
I'= (K, G) = ((Ki,Ké), (GQ,Gl,GQ)) G =G
and
"= (H,F) = ((H, Hy), (F2, F1, Fy)) - F' = F'
are given by

!/
{F F} _ (K|F}+ GyH], K,F| + Gy Hj, GF)

and

F F,} = (K{Fy + G1Hy, KyFy + GyHy, GF).

For any 3-cells 5 := (', K,G) : (K,G) = (K',G) and a := (¢/,H,F) : (H,F)= (H', F),
the horizontal composition of o and g is given by

R N A RN R AN

Similarly, [* g] can be defined. The verification of Gray 3-group axioms for these structures,
can be found in [1] and [22]. Therefore, we can say that Ch? has a Gray category structure.
b2,y 0
of length-2. The automorphism cat?-group (cf. [24]) as a Gray 3-groupoid with a single

object 9; Aut(d) was defined by Al-Asady in [1]. This structure is a Gray 3-group and
consists of

Suppose now that ¢ := V5 * Vp is afixed chain complex of vector spaces

1. Aut(d), = {0} as a set of O-cells,

2. Aut(0), is the chain automorphisms F' : (Fy, Fy, Fy) : 6 = 0 where each F; is a
linear isomorphism from V; to V;,

3. Aut(0), is the group of all 1-homotopies (H, F') from F to G,

4. Aut(0), is the group of all 2-homotopies (/, H, F') from (H, F) to (K, F).
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Thus, Aut(d) can be considered as a Gray 3-group. Any 3-cell in Aut(d) can be
represented pictorially as

F

TS

5 (H,F) ===\ (K,F) 5

T

G

6.2. THE LINEAR REPRESENTATION DEFINED. In section 5, we have established the equiv-
alence between the categories of Gray 3-groups and 2-crossed modules. We have, from a
2-crossed module

L:=L-2-M-2-N
a Gray 3-group;

( AO = {*} and Al = N,
s2,to st
Ay—=A,) = (Mx N—=N
O(L) == A, = ez d) = (M N2 ),

$3,L3 st
(As—=Ay) = (LXM xN—=M xN)

\ es e

and this may be thought of as a graded set with 4 non-empty levels, the lowest of which is

a singleton and various graded maps. Thus, we may look for a linear representation of a

2-crossed module or its associated Gray 3-group as a 3-functor ® into a suitable 3-category

taking elements of N to 1-cells, the elements of M x N to 2-cells and the elements of

L x M x N to 3-cells, so as to preserve the structures. This suitable 3-category is Ch?.
For the 0-cell Ag = {x}, we can define as

(o) =0)=( 2w "y )

where ¢ is a chain complex of length-2 over vector spaces.
For any n € N, as a 1-cell, we can define ®(n) = F; = (Fy, F1, Fo) as a chain map from
0 to 0. That is

2 o1
Vo —= Vi —> 1)
(ves ) o |l n e =g
Vo ——— Vi —— W
b2 4

where Fj is a linear isomorphism of vector spaces for each 1.
For any 2-cell (m,n) : n = dymn in M x N, we can define (®(m,n) : &(n) = ®(dymn)) :=
(F = @) as a 1-homotopy in Aut(d).
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We can represent it pictorially as

1593

52 61
Vo Vi Vo
n s % F=®(n)
7 7
m Fy Gy / . Fy G s R Go m
* (mv,/n) * /Hé /Hi ) (H*;F) )
\_/ e 7/ \_/
9ymn il il G=®(d1mn)
\% V; \%
2 52 1 51 0

For any 3-cell (I,m,n)

: ((myn) = (Galm,n)

:n = Oymn) in L x M x N, we can

define ®(1,m,n) as a 2-homotopy from ®(m,n) to ®(dim,n). We can picture it by

(m,n)

n (I,m,n) 91mn

Va
e
v

02
|41
5 % G o
KL -7
H), “ o
~
/ - ///
~
~

o1
Vo
V4
! 7
- Fy Go
A
K1

F

> = § (HF) == K/F)
g U
(8glm,n)

—

\%
2 o

Vi

Vi
51 0

G

Since a 2-crossed module L itself is not a category, we should not expect to construct a
direct definition of 2-crossed module representation functorially. But it was shown that
a 2-crossed module can be thought as a Gray 3-group. Thus, an important criterion
for a definition of a 2-crossed module representation is that it should be equivalent to a
representation of the corresponding Gray 3-group A, as defined above. Then a definition
of a linear representation of the 2-crossed module £ would be to first pass to the associated
Gray 3-group ©(L) := A, as suggested above and find a representation, which will give as
a mapping into the Gray 3-group Aut(d) for our choice of 4, and then we could then pass
back to the associated 2-crossed module of Aut(§). Therefore, we can give the following
result.

6.3. PROPOSITION. A linear representation of the 2-crossed module L or associated Gray
3-group A, is a 3-functor
d: A, — Ch%(

as defined above.

Therefore, the image of A, lies in Aut(9), where § is the chain complex of length-2.
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