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A 2-CATEGORICAL ANALYSIS OF CONTEXT COMPREHENSION

GRETA CORAGLIA AND JACOPO EMMENEGGER

ABSTRACT. We consider the equivalence between the two main categorical models
for the type-theoretical operation of context comprehension, namely P. Dybjer’s cate-
gories with families and B. Jacobs’ comprehension categories, and generalise it to the
non-discrete case. The classical equivalence can be summarised in the slogan: “terms
as sections”. By recognising “terms as coalgebras”, we show how to use the structure-
semantics adjunction to prove that a 2-category of comprehension categories is biequiva-
lent to a 2-category of (non-discrete) categories with families. The biequivalence restricts
to the classical one proved by Hofmann in the discrete case. It also provides a framework
where to compare different morphisms of these structures that have appeared in the lit-
erature, varying on the degree of preservation of the relevant structure. We consider in
particular morphisms defined by Claraimbault—Dybjer, Jacobs, Larrea, and Uemura.

1. Introduction

The problem of modelling the structural rules of type dependency using categories has
motivated the study of several structures, varying in generality, occurrence in nature, and
adherence to the syntax of dependent type theory. One aspect, that involving free vari-
ables and substitution, is neatly dealt with using (possibly refinements of) Grothendieck
fibrations. The other main aspect of type dependency is the possibility of making as-
sumptions as encoded in the two rules below

' A Type ' A Type
FT.Actx F'Akvy: A

where the first one (context extension) extends the context I' with the type A, and the
second one (assumption) provides a “generic term” of A in context I''A. In the first
order setting, they allow us to add assumptions to a context, and to prove what has been
assumed, respectively.
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The present paper provides a purely 2-categorical comparison of the two main cate-
gorical accounts of these two rules: Jacobs’ comprehension categories [Jacobs, 1999] and
Dybjer’s categories with families [Dybjer, 1996]. They differ in that the former gives
prominence to context extension, and the latter to assumption. For the comparison, a
taxonomy of morphisms of both structures is proposed, from lax versions to strict ones,
and a general biequivalence between 2-categories of lax morphisms is proved. This then
specialises to (possibly stricter) equivalences between subcategories.

The taxonomy that we propose is based on the one, well established, for morphisms
between comonads and between adjunctions [Kelly and Street, 1974]. The fact that com-
prehension categories can be formulated as a pair of a fibration and a (suitable) comonad
has been known since the early days. In fact, Jacobs introduces these weakening and con-
traction comonads first' and uses them to justify comprehension categories [Jacobs, 1999,
Definition 9.3.1, Theorem 9.3.4] (whose definition appears in a theorem). We call them
w-comonads for short. On the other hand, the formulation of categories with families
as a pair of discrete fibrations over the same base connected by a (suitable) adjunction
is also known, but its formulation took some time and the observations (and proofs) of,
among others, Fiore [2008], Awodey [2018], and Uemura [2023, Section 3|. In order to
have a uniform comparison with comprehension categories, we drop the assumption of dis-
creteness on the two fibrations and call the resulting structure a generalised category with
families, see Definition 3.15, which has previously appeared in [Coraglia and Di Liberti,
2022] under a different name.

Figure 1: The underlying diagrams in Cat of, from left to right, a comprehension category,
a w-comonad, and a generalised category with families.

A

U B KU U~ ~ U
u by
B B B

The correspondence between categories with families and comprehension categories
is well-understood at the level of the objects. Indeed, categories with families are in
bijection with Cartmell’s categories with attributes [Cartmell, 1986; Moggi, 1991], which
can be identified, via the Grothendieck construction, with comprehension categories with
discrete fibration. The original proof is due to Hofmann [1997, Section 3|, and can be easily
extended to an equivalence between categories of strict morphisms. This is made explicit
in [Blanco, 1991], which provides a comprehensive investigation of the relations among
several categories of structures for type dependency. The morphisms considered there are,
however, only strict morphisms: they preserve comprehensions on the nose. If we wish to

! Actually, they are introduced first in [Jacobs, 1999], but in the earlier [Jacobs, 1993] they do not
appear, in fact.
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compare categories with families with structures not arising from syntax, strict morphisms
are no longer useful. As a case in point, consider Claraimbault and Dybjer’s biequivalence
between extensional type theories and locally cartesian closed categories [Clairambault
and Dybjer, 2014]. Extensional type theories are there presented by certain categories
with families with additional structure. The morphisms between them needed to make
the biequivalence work, called pseudo cwf-morphisms, are not the strict morphisms of
cwfs defined by Dybjer [1996] and considered by Blanco [1991]. In fact, these pseudo cwi-
morphisms are not morphisms of discrete fibrations, and do not strictly preserve generic
terms. They are, however, morphisms of (certain) generalised categories with families.

Categories with families are in bijection with discrete comprehension categories be-
cause, for every object A of U, the objects of Y mapped to A (the terms) are in bijection
with sections of the display map yA. But sections can be describes as coalgebras, and
these sections are the coalgebras of the w-comonad K induced by x. This simple ob-
servation suggests that the classical correspondence between categories with families and
comprehension categories could be phrased within the framework of the correspondence
between adjunctions and comonads. The internal structure-semantics adjunction [Street,
1972] can be used to show that comonads are 2-reflective in a suitable 2-category of ad-
junctions, where the 1-cells are pairs of functors commuting with the left adjoints. Of
course, this reflection is in general far from being an equivalence. Nevertheless, we show
that it lifts to a 2-reflection between generalised categories with families and w-comonads
which becomes a biequivalence if one takes as morphisms of generalised categories with
families functors that commute with left adjoints up to a natural vertical iso. We call
these [oose morphisms. In type theoretic terms, this means preserving typing only up to
iso. The discrete case is recovered thanks to the fact that vertical isos in discrete fibrations
are identities.

Section 2 reviews the taxonomy of morphisms of (co)monads and adjunctions and
the details of the 2-reflection between them (2.9), and extends it to the case of loose
morphisms of adjunctions in (2.14). Section 3 defines the 2-categories of interest: in order,
those of comprehension categories in (3.7), of w-comonads in (3.13), and of generalised
categories with families in (3.22). Section 4 proves the biequivalence of comprehension
categories and generalised categories with families by establishing first a biequivalence
between comprehension categories and w-comonads in (4.9), and then a biequivalence
between the latter and generalised categories with families in (4.11). We conclude in (4.18)
considering the discrete case, and the case of full comprehension categories.

2. A biadjunction between comonads and adjunctions

Every adjunction L 4 R determines a comonad on the composite LR (and a monad
on RL), as it was observed in [Huber, 1961]. Conversely, every comonad determines an
adjunction via the Eilenberg—Moore construction of the category of coalgebras [Eilenberg
and Moore, 1965]. In fact it determines two adjunctions—the second one being given
by the Kleisli construction [Kleisli, 1965] of the category of free algebras, but we shall
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only be interested in the former. As it turns out, the Eilenberg—Moore construction
provides a fully faithful embedding of comonads into adjunctions, with a reflector given
by the comonad induced by an adjunction. This can be seen restricting (and dualising)
the classical structure-semantics adjunction [Dubuc, 1970]. In this section we shall recall
some details of this construction, which we need to show that it extends to a 2-reflection,
and that it further extends to the case of loose morphisms of adjunctions.

2.1. MORPHISMS OF ADJUNCTIONS AND OF COMONADS. The 2-category of comonads
can be defined as a suitable dual of a 2-category of formal monads. We refer to the original
source [Street, 1972] for what we need of the theory of formal monads in a 2-category.

Given a 2-category C, we write C° for the 2-category with the 1-cells reversed, and
C< for the 2-category with the 2-cells reversed.

2.2. DEFINITION. The 2-category Cmd is defined as Mnd(Cat®)®, where Mnd(X)
denotes the 2-category of formal monads in a 2-category X. The definition unfolds as
follows.

A 0-cell is a pair of a category C and a comonad (K, e€,v) on C.

A 1-cell from (C, K,e,v) to (C',K',€,V') is a (lax) morphism of comonads, that is, a
pair (H,0) of a functor H: C — C' and a natural transformation 0: HK = K'H such
that the diagrams below commute.

N~ A b

HK? = K'HK — K"H
0K K'0

The composite of two (composable) morphisms of comonads (Hy,6,) and (Hs,0s) is
(Hng, (02H1)(H291))

A 2-cell from (Hy,0,) to (Hs,02) is a natural transformation ¢: Hy = Hsy such that
(K'6)0) = 0a(6 ).

A morphism of comonads (H,0) is a pseudo (respectively, strict) morphism if 0 is
invertible (respectively, the identity). The identity morphism is strict, and it is clear that
pseudo and strict morphisms are closed under composition. We write Cmdps and Cmdgg,
for the 2-full 2-subcategories of Cmd with the same 0-cells, and only those 1-cells (H,0)
which are pseudo (respectively, strict) morphisms of comonads.

2.3. REMARK. The right-hand diagram in the definition of lax morphism of comon-
ads (2.2) can be read as saying that, given a lax morphism of comonads (H,0): (K, e,v) —
(K',€,v'), each component g is a morphism of coalgebras from (HKE,0xg o Hvg) to
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(K'HE, V};;). This means that 6 lifts to  below, in the sense that Ug/f = 6.

C el s C!

R Kl 0 lR -

COAIg(K) m COAIg(K’)

Several kinds of morphisms between adjunctions can be considered. The list below
is compiled from the squares of one of the two double categories of adjunctions defined
in [Kelly and Street, 1974, pg. 86]. In particular, all these morphisms have unital and
associative compositions. The double category defined by Kelly and Street consists of:
objects are categories, vertical morphisms given by adjunctions, directed according to the
left adjoint; horizontal morphisms given by functors; squares given by natural transfor-
mations filling the square involving left adjoints, as in the left-hand square below.

D¢ D¢
Ll <C: JL’ RT :£> TR’ (1)
C———C C———C

The other one is defined similarly, but using right adjoints instead as in the right-hand
square above. These two double categories are isomorphic [Kelly and Street, 1974, Propo-
sition 2.2]. The isomorphism is the identity on everything but 2-cells, and maps 2-
cells (: L'G = FL and £: GR = R'F to their mates (# := (R'Fe)(R'(R)(fGR) and
&# .= (R'Fe)(R'CR)(WGR), as shown below in (2).

c—Lt.p_S¢ . ,p D& ,.p Y,
| | ~Jd Id T 0
NA | €
N e . O/ . D D . C s o — M
F 7 R/ 7 L 7 F 7

As we are not interested in composing adjunctions, we take adjunctions as objects
and consider the squares, i.e. the triples consisting of two functors and the natural trans-
formation, as morphisms. Moreover, we shall only be interested in those squares whose
transformation is invertible.

2.4. DEFINITION. Let (L, R,n,€) and (L', R',n,€) be adjunctions, where L: D — C and
L':D —C.

A left loose morphism of adjunctions from (L, R,n,€) to (L', R',n',€) is a triple
(F,G,¢) where F: C — C' and G: D — D' are functors, and (: L'G = FL is a nat-
ural iso.
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A right loose morphism of adjunctions is defined dually as a triple (F,G,&) where
F:C—C and G: D — D' are functors, and ¢: GR = R'F is a natural iso.

A left morphism of adjunctions is a left loose morphism of adjunctions with ( = id.
In particular, in this case L'G = FL. Similarly, a right morphism of adjunctions is a
right loose morphism of adjunctions with & = id.

A left loose morphism of adjunctions (F,G,() is a pseudo left loose morphism if the
mate (¥ is invertible. It is a strict left loose morphism if the mate (* is the identity. In
particular, in this case GR = R'F.

2.5. REMARK. It follows from [Mellies and Rolland, 2020, Proposition 12] that a left loose
morphism of adjunctions (F,G,(): (L, R) — (L', R") gives rise to a formal adjunction in
the 2-category Funys, which consists of functors, squares commuting up to a natural iso,
and pairs of compatible natural transformations. The formal adjoints are the two 1-cells
(L,L',¢™Y): (D,D',G) — (C,C,F) and (R,R',¢*): (C,C,F) — (D,D',G). However,
note that our objects are adjunctions whereas their objects are functors: this setting
seems somewhat orthogonal to ours and not easily comparable.

The composite of two (composable) left loose morphisms of adjunctions (F, Gy, (1)
and (Fy, Go, () is (FaFy, GoGy, (F5(1)((Gh)). Tt follows from (2.6.1) below that pseudo
and strict left loose morphisms are closed under composition. The same is true for right
loose morphisms.

2.6. REMARK. Using naturality of the arrows involved and the triangular identities, it is
straightforward to verify the following facts about mates of left loose morphisms.

1. Let (F1,G4,¢) and (Fy, G, (o) be two composable left loose morphisms of adjunc-
tions. Then

(Fali 0 GG = (T FioGolf

2. Let (F,G,() be a left loose morphism of adjunctions. Then the two squares below

commute.
G =25 rRIG L'GR =L FLR
Gnﬂ ﬂR’C L’g#ﬂ ﬂFe
GRL — R'FL L'R'F ——= F
CH#L e€F

3. Consider two left loose morphisms of adjunctions (Fy, Gy, (1) to (Fy, Ga, () and a
pair (¢,%) of natural transformations ¢: F; = F, and ¢: Gy = G5. Then the
left-hand square below commutes if and only if the right-hand one does.

#
UG, = FL GiR == R'F,

v ﬂ(ﬂ wRﬂ B2

L/Gg ? L G2R ? R/FQ
2
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2.7. DEFINITION. The 2-category LAdj~ is defined as follows.

A 0-cell is an adjunction.

A 1-cell is a left loose morphism of adjunctions.

A 2-cell from (F1,G1,(1) to (Fa,Ga, () is a pair (¢,v) of natural transformations
¢: F1 = Fy and v: G1 = Gy such that the left-hand square above in (2.6.3) commutes.
Pasting squares, we see that the 2-cells are closed under component-wise composition.

The 2-category LAdj is the 2-full sub-2-category of LAdj~ on the 1-cells which are
left morphisms of adjunctions. Here the 2-cells are pairs (¢,v) such that L'ty = ¢L.

We write LAdji, LAdj,, LAdjS,,, and LAdj,,, for the 2-full sub-2-categories on
pseudo and strict left (loose) morphisms, respectively. In the last two cases the 2-cells are
pairs (¢,) such that R'¢ = Y R.

The 2-categories RAdj~ and RAdj are defined similarly to LAdj~ and LAdj, re-
spectively, but using right (loose) morphisms instead of left ones.

In other words, RAdj~ and LAdj~ are the categories of vertical arrows and pseudo
squares of the two double categories of adjunctions defined in [Kelly and Street, 1974,
pg. 86], together with the 2-cells defined above. Actually, Kelly and Street work in a (suit-
able) 2-category X, and define adjunctions and morphisms of them internally to X. From
this more general perspective, it is possible to observe that RAdj(X) = LAdj(X)«
and, dually, LAdj(X) = RAdj(X)®. The same holds of course for LAdj~(X) and
RAdj™(X) (and for the 2-categories whose morphisms are the squares of Kelly and
Street’s double categories).

2.8. THE 2-REFLECTION BETWEEN COMONADS AND ADJUNCTIONS. Let X be a 2-
category that admits the construction of algebras. The 2-category of formal monads
on some object X in X is 2-reflective in a suitable full sub-2-category of X/X: this is
the content of the (internal) structure-semantics adjunction [Street, 1972, Theorem 6],
see [Dubuc, 1970] for the enriched version. The construction of algebras for a monad ¢
in X provides a “forgetful” 1-cell X* — X, where X' is the object of algebras: this is
the semantic functor. The subcategory of X /X consists of those 1-cells A — X, called
tractable, that induce a monad on X (in a suitably universal way): this is the structure
functor. The reflection is based on the observation that, given a 1-cell f: A — X and a
monad t: X — X, 1-cells g: A — X! over X are in bijection with algebra structures on
f, that is, 2-cells ¢: tf = f making the usual diagrams involving unit and multiplication
commute (this is obvious when X = Cat, and follows from the universal property of
X" in general). But then the pair (f,) is precisely a (lax) morphism of monads from
the identity monad on A to t. The definition of tractable functor ensures that these
are in bijection with (lax) morphisms of monads from the monad induced by f, called
codensity monad, to t.2 In practice, tractable functors can be defined via right Kan ex-
tensions [Dubuc, 1970], or via cocartesian lifts [Street, 1972], but we do not need the

2In Dubuc the adjunction involves the opposite of the category of monads over a fixed category B:
this is because his morphisms of monads are the oplax ones, instead of lax ones. Over B it is enough to
take the opposite since (Mndogpla”x)Op = Mndlgx. However, this is no longer true if we do not work over
a fixed base.
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precise definition. For us, it is enough to observe that right adjoint functors are tractable:
in this case the codensity monad is the monad induced by the adjunction. More pre-
cisely, let us consider the 2-category Radj(X), which is defined as RAdj in (2.7) but
internally to X. Its sub-2-category Radj(X)x on the adjunction whose right adjoint has
codomain X (and both 1- and 2-cells are identities) embeds fully into the full sub-2-
category of X /X on the tractable functors. Since the semantics functor clearly lands in
Radj(X)x, the 2-reflection restricts between Mnd(X)x and Radj(X)x. Moreover, the
family of 2-reflections extends to a 2-reflection between the global 2-categories of monads
and adjunctions over the 2-category of arrows of X, as shown in (3) below.

, M
Mnd(X) * n _ Radj(X)

7

\ M / (3)
EM X2

By taking X = Cat® and recalling that Cmd = Mnd(Cat®)® and LAdj =
RAdj(Cat)«, we see that the 2-category Cmd is a 2-reflective sub-2-category of LAdj.
It is also straightforward to verify that the reflection restricts to the sub-2-categories of
pseudo and strict morphisms. We record this fact in the theorem below.

2.9. THEOREM. There is a 2-reflection

Cmd I LAdj

such that the counit is the identity C o EM = Idcma. In particular, the right adjoint EM
is injective on objects and fully faithful.

The 2-reflection restricts between the wide 2-full sub-2-categories on the pseudo and
strict morphisms.

In fact, the 2-reflection in Theorem 2.9 can be extended to a bireflection involving the
2-category whose 1-cells are left loose morphisms of adjunctions. This is not hard to see,
but we find it convenient to first recall some details of the proof of (2.9). These details
will also be helpful in clarifying the proof of our main result in (4).

2.9.1. THE RIGHT ADJOINT EM. The 2-functor EM maps a comonad (K, e, v) to the
Eilenberg—Moore adjunction of coalgebras [MacLane, 1978, V1.3]:

CoAlg(K) T C
Ugk

whose counit is €: UxRg = K = Ide and whose unit n<: Idcoalg(x) = Rk Uk has
component at a coalgebra (A,a: A — KA) the arrow a itself seen as a morphism of
coalgebras (A,a) — (KA, vy).
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A lax morphism of comonads (H,0): K — K’ induces a functor CoAlg(H,#) from
CoAlg(K) to CoAlg(K’) which maps a K-coalgebra (A, a) to the K’-coalgebra (HA, 040
Ha). Clearly, Ug:CoAlg(H,0) = HUg. Therefore the pair (H, CoAlg(H,6)) is a left
morphism of adjunctions, which gives the action of the 2-functor EM on 1-cells.

Finally, it is easy to see that every 2-cell ¢ in Cmd lifts to a natural transforma-
tion CoAlg(¢): CoAlg(Hy,60,) = CoAlg(H,,0s) whose component at (A, a) is ¢4 itself.
Therefore (¢, CoAlg(¢)) is a 2-cell in LAdj, which gives the action of EM on 2-cells.

It is straightforward to verify that the mate of id: Ux/CoAlg(H,0) = HUk is 6 itself.
It follows that the functor EM restricts to the sub-2-categories on pseudo and strict
morphisms.

2.9.2. THE 2-REFLECTOR C. The 2-functor C maps an adjunction (L, R,7n,€) to the
comonad (LR, e, LnR).

A left morphism of adjunctions (F, G) induces a lax morphism of comonads C(F, G) =
(F, I'id%), as we will see in (2.12). It is then clear that C restricts to the sub-2-categories
on pseudo and strict morphisms.

A 2-cell (¢,%) in LAd]j is simply mapped to ¢. A proof that this gives a 2-cell in
Cmd is in (2.12).

2.9.3. THE cOUNIT. We have

CoEM = Id.
On objects, this follows from UxRgx = K and UgnRg = v. To see that C o EM(H,0) =
(H,0) for a lax morphism of comonads (H,0), recall that 7, , = a and use the two

diagrams in (2.2) to show that Uxid? = K'Heg o Uk (0kg o Hvg) equals Og. Finally,
both functors act identically on 2-cells.

2.9.4. THE UNIT. Every adjunction (L, R, 7, €) gives rise to a canonical comparison func-
tor Ky r making the diagram below commute.

L,R

» CoAlg(LR)

\/

Recall that K; r maps an object A to the coalgebra Lns: LA — LRLA.

The unit i of the 2-adjunction C 4 EM at (L, R, 7, €) is defined as the strict left mor-
phism of adjunctions (Id, Kz g): (L, R,n,€) — (Urr, Rrr, n*%, €). This family is natural
in (L, R,n,¢€) since, for every left morphism of adjunctions (F,G),

L'id? o FLny = I'R'Fepp 0 L'njyppa 0 L'Gna
=L'R'Fepao L'R'L'Gnao L'n;,
= L'nga

and FLf = L'Gf for A and f in D, imply CoAlg(C(F,G,()) o Ky r = K/ g o G. Note
that this proof heavily relies on L'G = F L.
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2.9.5. THE TRIANGUAR IDENTITIES. The two equations below hold.

The left-hand one does since the mate id” : KrrR = Rpg of id: UrgKy g = L is itself
an identity. The right-hand one does since Ky r, = Idcoalgr)
Now we turn to the case of left loose morphisms of adjunctions.

2.10. THE BIREFLECTION FOR LOOSE MORPHISMS.

2.11. LEMMA. Let (F,G,(): (L,R,n,e) — (L', R',n',€') be a left loose morphism of ad-
jgunctions. Then the following facts hold.

1. The two diagrams below commute.

FLR — &R ppip
L'¢#o¢™'R I Dt
FLR o———— LRF FLT]RU' ﬂL/ﬁ/R/F
N F(LRY (LR)F
F (L’g#og‘1R)LR\5L/R/FLR/LZR’(L’§#OC1R)
2.
Il
L’n’Gﬂ L'¢#Lo¢ " 'RLoFLn
Y

L'RL'G — L'R'FL
L'R'¢

PRrROOF. Using (2.6.2) and naturality of the arrows involved.
1.
€Fol/(*o(T'R=Feo(Ro('R=Fe

L'R(L/¢* o('R) o L'¢* LRo¢C"*(RL)R o (FL)nR

L'R(L'¢F o ¢'R) o L'(CFL)Ro L'(Gn)Ro ('R
= L'R(L'¢(*o('R)o ’R'CRo L'GRo ('R

= L'(R'L')(" o L'f (GR)o ('R

— L/U/R/F . L/C# o C—IR

2. L'(*Lo( 'RLoFLno(=L'(*LoL'Gn=LR(¢oL7G. ]
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2.12. COROLLARY. The 2-functor C eatends along LAdj — LAdj~ to a 2-functor
C : LAdj~ — Cmd by defining

C (F,G.Q) = (F,L'(* o ("'R) (5)

on 1-cells (F,G,C): (L,R,n,e) — (L', R',n,€).
~ This functor restricts between the sub-2-categories on pseudo morphisms. Note that
C~ restricted to LAdjZ, still lands in Cmd,.

PROOF. We only need to consider 1-cells and 2-cells. Given a 1-cell (F,G,(): (L, R,n,€) —
(L', R',n',€), the diagrams in (2.11.1) ensure that (F, ) is a lax morphism of comonads
C(L,R,n,¢) — C(L',R',n,€), where § := L'¢* o("*R. Functoriality follows from (2.6.1).
It is also clear that (F0) is pseudo whenever (F,G, () is. However, the image of a
strict left loose morphism (F, G, () is strict if and only if (F, G, () is in fact a strict left
morphism.
Given a 2-cell (¢,v): (F1,G1, (1) — (Fa, Ga, (2), we have

LRéoL'(F o' R=L'C o 'YvRo(T'R=1/¢f o (;'Ro ¢LR.

by (2.6.3). It follows that ¢ is a 2-cell C (Fy, Gy, () — C (Fy, Ga, G). n

2.13. REMARK. Consider a left loose morphism of adjunctions (F,G,(): (L, R,n,€) —
(L',R',1,€). Then (2.11.2) entails that the natural iso (: L'G = FL lifts to a natural

1SO

o

6: KL’,R’ oG £> COAIg(C (F, G,C)) o KL,R

meaning that Uy = C.

2.14. THEOREM. The 2-reflection from 2.9 extends along LAdj — LAdj~ to a bireflec-
tion

Cmd T LAdj™

such that the counit is the identity C- o EM™ = Idcma. In particular, the right adjoint
EM ™ is injective on objects and fully faithful.

The biadjunction restricts between the wide 2-full sub-2-categories on pseudo mor-
phisms.

PROOF. It only remains to show that the unit : Id = EM ™ oC lifts to a pseudo-natural
transformation n7: Id = EM ™ oC™. This amounts to give, for every left loose morphism of
adjunctions (F,G,(): (L, R,n,e) — (L', R',n',€), an invertible 2-cell (F, Ky r o G,() —

(F, CoAlg(C™(F,G,¢)) oKy g,id) in LAdj~. For this 2-cell we can take (idg, (), where ¢
is the natural iso from 2.13. ]
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3. The 2-categories of interest

All 2-categories that we shall define below will contain Grothendieck fibrations.

3.1. DEFINITION. The 2-category of fibrations Fib is the 2-full sub-2-category of the 2-
category of arrows Cat? on those functors which are fibrations, and those morphisms of
functors

E—Lo¢&

L b

B—> B,
such that E maps cartesian arrows to cartesian arrows.

The 2-cells in Fib are the same of Cat?: pairs of natural transformations (v, ¢) with
1: By = By and ¢: F1 = F5 such that p'¢ = ¥p.

3.2. THE 2-CATEGORY OF COMPREHENSION CATEGORIES.

3.3. DEFINITION. [Jacobs, 1999, Theorem 9.3.4] A comprehension category (without ter-
minal object) consists of a fibration p and a morphism x of functors over B as depicted

below
£ X > B2
R AB
B

such that x preserves cartesian arrows, that is, it maps them to pullback squares in B.
When x is full and faithful, the comprehension category is called full.

Comprehension categories are usually required to have terminal objects in B. Here we
dispense with this assumption. Note however that, in all our constructions, the fibration
p remains fixed, and so does its base B.

Examples of comprehension categories abound in the literature. Several of them can be
found in [Jacobs, 1993, 1999]. Here we only mention three classes of examples. Lawvere’s
hyperdoctrines with comprehension [Lawvere, 1970]; the fibration of presheaves over Cat
with comprehension given by the Grothendieck construction [Ehrhard, 1988]; categories
C equipped with a class of morphisms D closed under composition and under pullback
along any arrow, such as fibrations of subobjects, or Brown’s categories with fibrant ob-
jects [Brown, 1973]: the comprehension exhibits D as the full subfibration of cod: C* — C
on the arrows in D. A variation on the last example, given a topos, consists in taking the
fibration of predicates, i.e. arrows into the subobject classifier €2, instead of subobjects:
the comprehension of a predicate is the subobject it classifies. Note that the resulting
comprehension category is not full [Jacobs, 1993].
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3.4. DEFINITION. Let (p,x) and (p',x") be comprehension categories. A lax morphism
of comprehension categories from (p, x) to (p',X’') is a triple (B, H,() as in the diagram
below, such that

1. (B,H) is a 1-cell in Fib, and

2. cod( = Idp,.
B2 ki » B2
// ¢ X’
£ a y &
pl /cod p’l cod
B 5 s B

A lax morphism of comprehension categories (B, H,() is a pseudo (respectively, strict)
morphism of comprehension categories if ¢ is invertible (respectively, the identity).

Given two composable lax morphisms of comprehension categories (By, Hy,(1) and
(By, Hy, (), their composite is (By By, HoHy, ((Hy)(B3(y)). It is straightforward to verify
that this composition is unital and associative. Pseudo and strict morphisms are clearly
closed under composition.

3.5. EXAMPLE. Strict morphisms of comprehension categories are considered in [Ja-
cobs, 1993; Blanco, 1991]. Pseudo morphisms of comprehension categories are considered
in [Larrea, 2018]

3.6. REMARK. The component at an object E of the natural transformation ¢: B%y =
X'H in a lax morphism of comprehension categories consists of just one arrow, making
the triangle below commute.

> X

Bxg Xup

BpE =p'HE

3.7. DEFINITION. The 2-category CompCat of comprehension categories is defined as
follows.

A 0-cell is a comprehension category (p, x).

A 1-cell (p,x) = (P, X') is a lax morphism of comprehension categories (3.4) from
(p,x) to (P, X')-

A 2-cell (BlthCl) = (BQ,HQ,CQ) is a 2-cell (¢,¢) (Bl,H1> = (BQ,HQ) i Fib as
in the left-hand diagram below, such that xX'¢ o ( = (s 0 ¥?x. Pasting diagrams, we see
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that 2-cells are closed under component-wise composition.

/Hl\k /B%ﬂ ’ /B%N /
E &’ 82 BZ B2 2 B2
\é}jﬁ \ééw)r
pl lp’ XT ' Tx’ XT H Tx’
— B 7 — = ’ ,
B\étwjl%‘ 5\#2@25 E\szs

We write CompCaty,s and CompCatg, for the 2-full 2-subcategory of CompCat with
the same 0-cells and only those 1-cells which are pseudo (respectively, strict) morphisms
of comprehension categories.

It is straightforward to verify that the composition of lax morphisms of comprehension
categories is unital and associative, as it is that of 2-cells.

3.8. REMARK. Let (By, Hy,('), (Bs, H2,¢%): (p,x) — (P, X’) be lax morphisms of com-
prehension categories. A 2-cell (¢, ¢): (By, H1) = (B2, H2) in Fib is a 2-cell in CompCat
if and only if, for every E in £ over X, the top square in the diagram below commutes,

Px
BlXE a E > BQXE o
Xk > X
BIXE ’ BQXE\L ’
XH,E XHyE
le o > BQX

where the front square is the image under x’' of ¢g: H1E — HyFE, the back square is
naturality of ¢, and the side triangles are those from (3.6).

If (By, Hy,¢Y) and (Bs, Ho,¢?) are strict morphisms, the top square above commutes
if and only if its horizontal arrows coincide. Therefore (¢, ¢) is a 2-cell between strict
morphisms if and only if domy’¢ = »)domy.

3.9. WEAKENING AND CONTRACTION COMONADS. Here we recall the intermediate no-
tion, the weakening and contraction comonads introduced by Jacobs, that we use to
compare comprehension categories and generalised categories with families.

3.10. DEFINITION. [Jacobs, 1999, Def. 9.3.1] Let p: € — B be a fibration. A weakening
and contraction comonad on p, or w-comonad for short, is a comonad (K, €,v) on € such
that

1. the counit € is p-cartesian and,
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2. for every cartesian arrow f: A — B in &£ the image in B under p

pKA 245 pA

wi| |

pKB 25 pB

of the naturality square of € is a pullback square.

We may write pA. A for pK A, and we may say w-comonad to mean the pair of a fibration
and a w-comonad on it.

3.11. REMARK.

1. For every cartesian arrow f, the naturality square of the counit e

KA 25 A

o D

KB 2%+ B

is a pullback. This follows from the fact that, in general, a square in £ is a pullback
if it has two parallel cartesian sides and it is sitting over a pullback in B.

2. Given a w-comonad (K, €, ) on a fibration p, the naturality square of € for €4 itself
is a pullback. It follows that the comultiplication is canonically determined by the
counit € via the two counitality axioms. Thus one could equivalently define a w-
comonad to be a copointed endofunctor which enjoys conditions 1 and 2 in (3.10).
See also [Jacobs, 1999, p.536]. It also follows that coalgebras for the copointed
endofunctor coincide with coalgebras for the comonad.

3.12. REMARK. Given any fibration, if a composite gf is cartesian and g is cartesian,
then f is cartesian too. Two immediate consequences of the fact that the counit of a
w-comonad is cartesian are:

1. The functor K in a w-comonad preserves cartesian arrows.
2. If (E,e) is a coalgebra for a w-comonad, then e is a cartesian arrow.

The 2-category of weakening and contraction comonads is a strict 2-pullback over Cat
of the 2-category of fibrations (3.1) and the 2-category of comonads (2.2).

3.13. DEFINITION. The 2-category WCmd of weakening and contraction comonads is
defined as follows.

A 0-cell is a pair (p, K) with p a fibration and K a w-comonad on p.

A 1-cell from (p, K) to (p', K') is a triple (C, H,0) as in the diagram below, such that
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E—H=>E
1. (C;H): p—1p is a 1-cell in Fib KT ﬂe TK/
E—H—> &
2. (H,0): K — K’ is a 1-cell in Cmd. l l'
p P
c ¢

A 2-cell from (Cy, Hy,01) to (Cq, Ho,02) is a 2-cell (1, ¢): (Cy, Hy) — (Cq, Hy) in Fib
as in the left-hand diagram below, such that ¢ is a 2-cell (Hy,6,) — (Hs,02) in Cmd, as
in the right-hand side.

/Hl\l /HIN /Hl\\

5\}%528 E 0 E 5\%@525
pl lp’ K)[ ' ,I\K’ = KT ,I\K’
02
Cq Hy
¢ o e o & £ g
S~ Co 1 ~ Hy 1 ~ Hy 1

We write WCmdps and WCmdgy, for the 2-full 2-subcategories of WCmd with the
same 0-cells, and only those 1-cells (C, H,0) such that (H,0) is a pseudo (respectively,
strict) morphism of comonads.

3.14. THE 2-CATEGORY OF GENERALISED CATEGORIES WITH FAMILIES.

3.15. DEFINITION. [Coraglia and Di Liberti, 2022, Def. 3.0.1] A generalised category
with families, gewft for short, is the data of a morphism X of fibrations over the same base
B as depicted below, together with a right adjoint A to ¥ such that the components of both
unit and counit are cartesian with respect to u and u, respectively.

A
Yo

T

us__ =~ Su

A

B

Notice that the adjunction > 4 A in not fibred: the triangle involving A does not
commute, i.e. A is not a morphism of functors, and the unit and counit are cartesian
rather then vertical. Still, in (3.20) we will show that it inherits some desirable fibrational
properties.

Of course, a category with families [Dybjer, 1996] is the same thing as a generalised
category with families with discrete fibrations v and % and a terminal object in B, as
implied in the following example.

3.16. ExAMPLE. [The free syntactic (g)cwf] Given a calculus of dependent types a la
Martin-Lof [Martin-Lof, 1984], see [Rijke, 2022 for an introduction, one can build a
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(generalised) category with families as follows, see e.g. [Palmgren, 2019, §5.5] for the
proofs and more details.

FAFvy: A< t ' = A Type
, \4
U={TFa:A} T AT+ AType} =U
T 4
> I'+ A Type
I u
Ctx

First of all, we can define a category Ctx of contexts, whose objects are (equivalence
classes of definitionally equal) well-formed contexts of the form I' = x1 : Ay,... 2, : A4,
and whose morphisms are (equivalence classes of definitionally equal) terms

t:(tl,,tn)@%F

where © F ¢ : Ay and © & ¢; : Aift1/xq, ..., ti_1/xiq] for i = 2 : n. We ought to think
of these as substitutions from © into I', with composition being iterated substitution and
identity the trivial (zq,...,x,): ' = I'. The empty context is the terminal object in Ctx
so defined.

In what follows, in order to improve readability, we omit repeating that all contexts,
types, and terms are intended ‘up to definitional equality’, but it is so throughout this
construction. Now, the category of types U is that of type judgements and type substi-
tutions: mapping each type judgement to its context provides the structure of a discrete
fibration u: U — Ctx. The fibre over each I', then, is the set Ur = {I' = A Type} which is
precisely the image of I" through the presheaf of types Ty: Ctx°® — Set in the classical
definition of a cwf, and reindexing along a context morphism ¢: © — I" precisely computes
substitution in types, I' - A Type — O  A[t/x] Type. Similarly we can define a discrete
fibration @: U — Ctx classifying terms: its total category is that of typing judgements
and term substitutions, which are mapped, respectively, to their underlying context and
context morphism.

On top of that we can define an adjoint pair T 4V where the two functors act as in
the two following rules involving the structure of judgements?.

'kFa:A ' A Type

FI—AType(T) F.AI—VA:A(V)

Notice that T makes the obvious triangle commute because contexts are preserved and a

3While V is a proper ‘structural’ rule, and it is often assumed, T describes the structure but is usually
derivable in a given calculus of dependent types.
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morphism of typing judgements is in particular a morphism of type judgements.? Being
both fibrations discrete, T is trivially cartesian: notice that this implies [Streicher, 2022,
Lemma 2.1] that it is itself a fibration, so that terms are fibred over types, as well. On
the other hand, as we said just before this discussion, notice that it is key that V does not
add up to a functor morphism u — 1, or the context would be preserved and we would
not have context extension.

Finally, we unpack the unit and counit needed: again, they will be cartesian ‘for free’,
since both fibrations are discrete. We begin with the counit, whose components need to
be morphisms of type judgements I''A - A Type — I' - A Type: one can show that
the cartesian lifting (i.e. substitution) of (z1,...,z,): LA — ' at (i.e. in) A has the
desired universal property: it does basically nothing, as expected by weakening. This is
often called projection or display, depending on which model one is considering. The unit,
instead, has less popular correspondents in the literature, and at a term I' 4 a : A it is the
cartesian lifting of (z1,...,z,,a): I' — I'.A at v4 — that is substituting a into the fresh
free variable produced by context extension.

Examples of generalised categories with families are described in [Coraglia and Di Lib-
erti, 2022, §§3-5]: among others, they arise from categories with finite products, from
Lawvere-style doctrines, from topoi.

3.17. REMARK. Since the free syntactic object produced out of a calculus of depen-
dent types produces fibrations that are discrete, one could wonder whether from a type-
theoretic perspective it might only be worth to give an account of the discrete case. Else-
where [Coraglia and Emmenegger, 2023], we argue that the ‘remaining’ vertical portion
of a gewf is actually apt to describe dependent types with subtyping.

Next, we make few simple observations on generalised categories with families.
3.18. REMARK. Each component of the unit in a gewf is a monic arrow. Indeed, let
fyg: a— bin U be such that n,f = nyg. It follows that
if = (uesy)(im)(0f) = (uesy)(in)(ig) = g
and, in turn, that f = g since 7, is cartesian.

3.19. LEMMA. Let (u,u, X 4 A) be a gewf. The left adjoint ¥ induces a bijection

U(a,b) ——— {f € U(Za,50) | (Emp) [ = (BAS)(3na)}-

PROOF. The counter-image of f in the right-hand set is the (only) arrow ¢ in U(a, b) over
uf such that m,g = (Af)n,. It exists since 7, is cartesian.
To see that X is faithful, use (3.18) and the naturality square of the unit. (]

4Writing this back to back we realise the way we call the two might lead to some confusion, but we
hope to make the distinction clear along the way.
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The next lemma shows that A is a cartesian functor. Still, recall that A is not (required
to be) a morphism of functors over B.

3.20. LEMMA. Let (u,u, X 4 A) be a gcwf. Then we have that
1. A preserves cartesian maps iff X reflects cartesian maps;
2. A preserves cartesian maps.
3. X reflects cartesian maps.

PROOF. Let us start with (1). From left to right, let f: a — b in U such that Tf is
cartesian, then AY f is cartesian, and we have the following

a—1 5 p Yo —L s

| |

with cartesian units, hence 7, f is cartesian with 7, cartesian. By (3.12), f is cartesian
too. The converse can be worked out the dual way using counits.

Next, we prove (2). Let h: A — B in U be cartesian and consider f: ¢ — AB and
¢: uc — uAA such that @f = WAh o ¢, as in the left-hand diagrams below.

UE A
uep

Note first that XAh is cartesian by (3.12) because its postcomposition with eg is. It
follows that there exists a unique dotted map ¢: ¢ — XAA that post-composed with
Y Ah is X f. We can then take the transpose of the composite e4g to be ¢’. The left-hand
triangle commutes since the right-hand diagram does. This ¢’ the unique such since, in
addition, ¥ is faithful by (3.19). "
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Morphisms of generalised categories with families are defined using morphisms of fi-
brations (3.1) and morphisms of adjunctions (2.4).

3.21. DEFINITION. Let U = (u,u,% 4 A) and U = (v, 4/, %" + A') be gewfs. A (lax)
loose gewf morphism from U to U is a quadruple (C, H, H,() such that

1. (C,H): w— ' is a I-cell in Fib,
2. (C, H): i — i is a 1-cell in Fib, and

3. (H,H,Q): (Z,A) = (XA is a 1-cell in LAdj", i.e. a left loose morphism of
adjunctions. In particular ¢: ¥'H = HX.

/u
b
\/y
A
U= LA
u U u
B >

A (lax) gewf morphism from U to U is a loose gewf morphism (C, H, H,() such that
¢(=id: ¥'H = HY.

A loose gcewf morphism (C, H,H,() is pseudo (respectively strict) when the corre-
sponding 1-cell in LAdj~ is.

The 2-category of generalised categories with families is a pullback, over Cat x Cat x
Cat, involving the 2-category of fibrations (3.1) (two times) and the “left” 2-category of
adjunctions (2.7).

3.22. DEFINITION. The 2-category GCWF%of gewfs and loose gewf morphisms has these
as objects and arrows, and a 2-cell (Cy, Hy, Hy, (1) — (Co, Hy, Hy, (o) is a triple (¢, ¢, 1)
of natural transformations as in the left-hand diagram below, such that

1. (1, ¢) is a 2-cell (Cy, Hy) — (Cy, Hy) in Fib (i.e. in Cat?),
2. (1, ) is a 2-cell (Cy, Hy) — (Cy, Hy) in Fib, and

3. (¢, ) is a 2-cell (Hy, Hy, () — (Ha, Ha, () in LAdJ™, meaning that the right-hand
diagram below commutes.
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. /Hl\\ ./
u—__ . 3u

>

/ S, =S fy
u—7 s u 1 !

— g, Z’wﬂ ﬂ@
u i u! E/HQ ? HyY

The 2-category GCwF of gewfs and gewf morphisms is defined as the wide 2-full
sub-2-category of GCwWF= on the gcwf morphisms.
We write GCwFL,, GCwWF,, and GCwFy, for the 2-full 2-subcategories of GCWF=

and GCwWF on the 1-cells which are pseudo and strict morphisms, respectively.

4. The biequivalence between comprehension categories and generalised
categories with families

In this section we shall prove the following result.

4.1. THEOREM. There is an adjoint biequivalence.

CompCat GCwF=

such that G o F = 1d.
The biequivalence restricts to the wide 2-full sub-2-categories on the pseudo morphisms.

The biequivalence is obtained composing the two biequivalences appearing in the dia-
gram below, which commutes appropriately (left and right adjoints separately) and where
the vertical arrows are the obvious forgetful functors.

All top 2-categories have a forgetful to Fib (for a gewf (u, 4, 4 A) it is u), and all
top 2-functors commute (strictly) with these forgetful 2-functors.
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2 Y 2 é
CompCat = , WCmd ) = , GCwF=
g ¢
WCmd | L . GCwF
EM §
o c” A
Cmd . L . LAdj™
/ EM™ /
o C 4
Cmd L . LAdj
EM ’

The adjunction in the bottom-front is the 2-adjunction from Theorem 2.9. The one
in the bottom-back is the biadjunction from Theorem 2.14.

The left-hand biequivalence is proved in Theorem 4.9, the right-hand one is proved in
Theorem 4.11, which also proves the top 2-adjunction.

4.2. REMARK. All top 2-categories in the diagram above have a forgetful to Fib (for
a gewf (u,4,...) it is w) and, as it is clear from their definitions in (4.6), (4.8), (4.14),
and (4.16), all top 2-functors commute (strictly) with these forgetful 2-functors.

In particular, it follows that the whole diagram restricts to the 2-full sub-2-categories
on objects whose base category has a terminal object and on morphisms preserving it.

4.3. REMARK. In the 2-category DscGCWF of discrete generalised categories with fam-
ilies, 7.e. those whose fibrations u and u are discrete fibrations, every loose gcwf morphism
is a gcwf morphism since in discrete fibrations all vertical isos are identities. Note however
that it still makes sense to distinguish between lax, pseudo, and strict morphisms, since
the mate of id: ©'H = HY. need not be vertical. In fact, it is vertical if and only if the
morphism strictly preserves comprehensions. Let us identify categories with families with
discrete generalised categories with families:

CwF := DscGCwF, CwFps := DscGCwWF g, CwFgi, := DscGCwFy,.

Consider also the full sub-2-category DscCompCat of CompCat on those objects
with discrete fibration. Note that 2-cells (¢, ¢) in DscCompCat and 2-cells (1, ¢, $) in
DscGCwF are determined by v since all components of ¢ and ¢ have to be cartesian,
and cartesian lifts are unique in discrete fibrations. In particular, the 2-category CwF g
(together with terminal objects in base categories and morphisms preserving terminal
objects, see (4.2)) is the one described by Uemura in [2023, Example 5.21]: the Beck-
Chevalley condition [Uemura, 2023, Definition 3.13] requires the mate of id: ¥ H=HY
to be invertible. More general morphisms between categories with families, the pseudo
cwi-morphisms of Clairambault and Dybjer in particular, are discussed in (4.21).
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In (4.19), we show that the biequivalence in (4.1) restricts to an adjoint 2-equivalence
between DscCompCat and CwF, which further restricts to their 2-full sub-2-categories
on pseudo and strict morphisms and, in particular, yields the classical equivalence by
Hofmann between discrete comprehension categories and categories with families.

4.4. REMARK. The biequivalence also restricts if we require

1. all the components on Fib of the 0-cells to come equipped with a split cleavage and,
for gewfs, that the functor X preserves the cleavage, and

2. all the components on Fib of the 1-cells to preserve the cleavage.

Indeed, the 2-functors X, Y, and C~ fix the component on Fib of the structures involved.
The 2-functor EM™ fixes the first component on Fib and its second Fib component is the
fibration of coalgebras. As observed in 4.13, the fibration of coalgebras of a w-comonad
on a split fibration is also split, and given a lax morphism of w-comonads (C, H,#) such
that (C, H) preserves the cleavage, the pair (C, CoAlg(H,#)) also preserves the cleavage.

4.5. THE BIEQUIVALENCE BETWEEN COMPREHENSION CATEGORIES AND W-COMONADS.
First of all, we prove the 2-equivalence suggested in [Jacobs, 1999, 9.3.4]. For the following
result we need to assume that the underlying fibrations of comprehension categories and
w-comonads are cloven. Morphisms, however, are not required to preserve cleavages.

4.6. LEMMA. There is a 2-functor X: CompCat — WCmd.
This 2-functor restricts to the wide sub-2-category on the pseudo morphisms.

PROOF. Let (p,x): &€ — B? be a comprehension category together with a cleavage for
p. For each E in &, consider the chosen reindexing of F along its comprehension yp as
below.

K.E 25 E £
lp (6)
Xp 25 pE B

Since cartesian lifts are defined by a universal property, K, extends to an endofunctor
K, on £. Moreover, K, is copointed because the transformation eg := X is natural by
the very definition of K, on arrows. It satisfies (3.10.1) by construction and (3.10.2) by
the fact that x preserves cartesian arrows. Therefore (K, €) is a w-comonad.

A lax morphism of comprehension categories (C, H,(): (p,x) — (p/,x’) induces a 1-
cell (C,H): p — p/ in Fib by its very definition. To obtain a lax morphism of w-comonads
(C,H,0): K, — K,/, it only remains to provide §: HK, = K, H that makes (H,6) into
a lax morphisms of comonads. For E over X, the component g can be obtained, using
the fact that €}, is cartesian, as the universal arrow induced by Heg as in the diagram
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below.
K'HE e xe)
w O\ cEl \ )
HKE -, HE X,y —HE,

Naturality of 8 follows from that of € and ¢’ using again the fact that the components of ¢
are cartesian. Finally, # commutes with the counits by definition, and it does so with the
comultiplications since these are canonically determined by counits (3.11.2). This action
is clearly functorial in H and C, and it is so in ( since # is defined by a universal property.

It is clear from (7) that 0 is invertible if (and only) (g is invertible.

To conclude the construction, we show that a 2-cell (¢, ¢): (By, Hy, (') = (Ba, Hs, (?)
in CompCat is also a 2-cell (v, ¢): (By, Hy,0') = (Bs, Hz,6%) in WCmd. As (¢, ¢)
is, in particular, a 2-cell in Fib, it only remains to check that K, ¢ o 8' = 62 o ¢K,,.
This amounts to verifying that, for every E over X, the left-hand square in the left-hand
diagram below commutes.

H K\ E ; B\ Xp
1€E Bixe
P 4}3\/\
PR\ E Kx’HlE — HlE Yxp X}hE — BlX
€H|E XH|E
|
HyK B — "xoF vr BoXp —— Ux
—
\ l H”E g}g\ Baxm
K HQE —> HQE XIILIQE — BQX
H2E o FE
p/

g

But this follows from the fact that €}, is cartesian once we show that the other faces
and the right-hand diagram commute. The right-hand diagram commutes by 3.8, the two
triangles commute by definition of 6 (7), and the back and front squares by naturality of
¢ and €, respectively. Functoriality is trivial. [

4.7. REMARK. Note that the 2-functor X does not necessarily map a strict morphism of
comprehension categories to a strict morphisms of w-comonads. Indeed, it is clear from
the definition of 6 in (7) that, if ¢ is an identity, 6 is only forced to be a vertical iso.

4.8. LEMMA. There is a 2-functor Y : WCmd — CompCat, which restricts to the wide
2-full sub-2-categories on the pseudo and invertible morphisms.

PROOF. On objects, it suffices to map a pair (p: € — B, K) to x: &€ — B2, x(E) := peg.
To define its action on a 1-cell (C, H,0), we use 6 to induce a suitable ¢: C?x = Y'H
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as follows:

CpKE — 7 OpE

i

pPHKE id

P/9El

PK'HE —25 s wHE

on the top row we read C?yg = Cpeg, on the bottom Y'H = p'é}yy, and the square
commutes because, by hypothesis, Cp = p’H. It follows, thanks also to (3.6), that we
can define (p := p'0p. With this definition, proving that a 2-cell (¢, ¢) in WCmd is also
a 2-cell in CompCat is straightforward using that the 8’s commutes with the counits.
Functoriality is clear. [

Jacobs proves in [1999, Theorem 9.3.4] that w-comonads are in bijection with com-
prehension categories. We extend that result to lax morphisms.

4.9. THEOREM. The two 2-functors Y: WCmd S CompCat : X give rise to an adjoint
biequivalence such that Y o X = Id.
The biequivalence restricts to the wide 2-full sub-2-categories on the pseudo morphisms.

PROOF. We have to show that Y o X = Id and that there is a natural iso &: XY = Id
such that
Y¢ =1dy and €£X =1idyx.

The first equation follows from p(Yz) = xg and p(0g) = (g, which hold by construc-
tions (6) and (7), respectively, and the fact that both 2-functors fix the 2-cells.

To obtain the natural iso £ recall that, in XY (p, K, €), the counit at F is defined as the
(chosen) cartesian lift of peg (6). As egp is also cartesian over peg and into E, it follows
that there is a unique vertical invertible arrow £ between them. The component £p.x)
is then the (invertible) morphism of comonads (Id, Id,¢’). Naturality is ensured by the
uniqueness of these vertical isos £’. The first equation is then clear. The second one holds
since, if (p, K) is in the image of X, also € is a chosen cartesian lift of p. As'Y and X fix
p, it is the same (chosen) cartesian lift as the one in XY (p, K). =

4.10. THE BIEQUIVALENCE BETWEEN W-COMONADS AND GENERALISED CATEGORIES
WITH FAMILIES. Here we use the two adjunctions from Section 2.

4.11. THEOREM. The biadjunction in (2.14) lifts to an adjoint biequivalenceAC

on the left-hand below whose counit components are identities. In particular, oEM =
Id.
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The biequivalence restricts along GCwF — GCwF= to a 2-reflection C 4 EM on the
right-hand below, lifting the 2-adjunction in (2.9)

1R

o

R
WCmd © = GCwF=
—_—

WCmd GCwF
EM™

EM
The biequivalence also restricts to the wide 2-full sub-2-categories on the pseudo mor-
phisms, and the 2-reflection restricts to the wide 2-full sub-2-categories on the pseudo and
on the strict morphisms.

R

o

M
WCmd,s = GCwF,
—
EM
I
WCmd,s :/7 GCwE,

WC mdstr
EM

—C
1 GCWFStr

—

EM
The rest of the section is devoted to the proof of Theorem 4.11. We begin with two
lemmas ensuring that the 2-functors EM and C lift to 2-functors between GCwF and
WCmd. We begin with EM
4.12. LEMMA.

1. If (p, K, €,v) is a w-comonad, then pUg: CoAlg(K) — B is a fibration
2. ,

If (B,H,0): (p,K,e,v) — (p/,K',€',V) is a lax morphism of w-comonads, then
(B, CoAlg(H,0)): pUx — p'Ug: is a morphism of fibrations

PROOF. (1). Consider the Eilenberg-Moore adjunction associated to (K, e, v)

Rk

T E

_
Uk

CoAlg(K)

and let e: ' — KFE a coalgebra, 0: X — pE and s: Fo — E a p-cartesian lift of 0. To

have a cartesian lift of o at e in CoAlg(K), it is enough to find an arrow ec which is a
coalgebra and such that the left-hand square in (8) commutes

EU%E

K(Eo) = K(E)
I v [q=
K(Eo) — K(E) E

Fo ———
K(s)
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The right-hand square in (8) is a pullback by (3.11.1), therefore the span
Eo «+“— Fo -4 F

induces a (unique) section eo of eg, which makes the left-hand square in (8) commute.
It is a coalgebra by (3.11.2).
(2). We have p'Ug/CoAlg(H,0) = p HUx = BpUg, and CoAlg(H, 6) preserves carte-

sian arrows by naturality of 6. [

4.13. REMARK. The proof of (4.12.1) above shows in particular that a cleavage for p
induces a cleavage for pUg. It is clear that Ux maps one to the other. It is also easy to
see, using functoriality of K, that a split cleavage induces a split cleavage.

If (C,H,0) is a morphism of w-comonads such that (C, H) preserves the cleavage,
then so does (C, CoAlg(H,#)). For this, it is enough to show that 0g, o Heo equals the
chosen reindexing of 0 o He over Co. Since (C, H) preserves the cleavage, the latter is
the (unique) dashed arrow making the square below commute

H H(eo)
(Fo) ———— HE

GEOHG

The claim follows from the fact that 0, o H(eo) also makes that square commute.

4.14. COROLLARY. The 2-functor EM™ : Cmd — LAdj" lifts to a 2-functor

WCmd B . GCWF™

(paK7€>l/) (papUKaEMg(Kaeay))
,0,CoAl
(C,H,0) </(7:¢)T> (¢, H'8") ————— (C,H,CoAlg(H.0)) <(7 ¢ g(d))) (C',H' CoAlg(H',0))
(p,aK/7€,>I//> (plap/UK’aEMg(Klaelayl))

This 2-functor restricts to 2-functors between the wide 2-full sub-2-categories on the pseudo
and strict morphisms.

PROOF. First, we need to verify that (p, pUgx, EM™ (K, €, v)) is a gewf. We already know
from (2.9.2) that EM™ (K, €, v) is an adjunction. The functor pUg is a fibration by (4.12.1).
It only remains to show that the components of the unit and counit of Ux - Ry are
cartesian arrows. For the counit this holds by assumption, and the component of the unit
at a coalgebra is the coalgebra structure map, which is cartesian by 3.12.

Given a lax morphism of w-comonads (C, H,0): (p, K,e,v) — (p/, K',€', /), we have
that (C, H) is a morphism of fibrations by assumption, (C, CoAlg(H, #)) is a morphism of
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fibrations by (4.12.2), and (H, CoAlg(H,6)) = EM(H, 0) is a left morphism of adjunctions
by (2.9.1). This proves that (C, H, CoAlg(H,0)) is a gewf morphism.

Given a 2-cell (v,¢): (Cy, Hy,6,) = (Cy, Hy,05) in WCmd, the pairs (v, ¢) and
(v, CoAlg(¢)) are clearly 2-cells in Fib, and (¢, CoAlg(¢)) is 2-cell in LAdj~ by (2.9.1).
It follows that (v, ¢, CoAlg(¢)) is a 2-cell in GCwWF*=.

The 2-functor restricts since EM does by (2.9.2). "

We now turn to the 2-functor C from adjunctions to comonads.

4.15. LEMMA. If (u, 4,3 - A) is a gcwf, then for every cartesian arrow f: A — B in U
the square
XA "% X
uAfl luf
Y.B —25Y
1s a pullback in B.

PROOF. Let k: Z — X and h: Z — pKB be such that (ueg)h = (uf)k and consider
a cartesian arrow b: M — AB in U over h. The arrow induced by h and k will be the
image under @ of a (cartesian) arrow d: M — AA in U such that (Af)d = b. Note
first that, since f is cartesian, there is a unique arrow a: XM — A in U over k such

that the left-hand diagram in (9) commutes. In particular, a is cartesian since f and
ep(Xb): XM — B are.

M —% s A M~ AA M —% s A
Ebl lf bl lAf Ea#l lidA (9)
YAB —(— B ABmAB YAA —— A

Transposing the left-hand square in (9) yields the central one, while transposing a trivial
square involving a” yields the right-hand one. It follows that all three squares in (9)
commute.
Define
d:=a": M — AA,

which is cartesian because d = Aa o 77, the unit is cartesian and A preserves cartesian
maps by (3.20). Commutativity of the central and right-hand square in (9) entails that
(WA f)(ud) = h and (ueq)(ud) = k, respectively. We are left to prove that ud is the unique
such.

Let [: Z — X.A be such that (¢Af)l = h and (ues)l = k. Since Af is cartesian,
there is a unique arrow I': M — AA over [ such that (Af)l' = b. Transposing as above
yields fI'* = ep(Xb) = fa. As u(I'") = u(ea(X1')) = k, it follows that I'# = a, and thus
I'=d. m
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4.16. COROLLARY. The 2-functor C~ : LAdj~ — Cmd lifts to a 2-functor

2=

GCwF= © s WCmd

(u, i, 4 A) (u,C7(Z,A))

(C,F,GC) <7’$@> (€' F G () ——————— (C,C™ (F,G,0) CV:’(@) (' CT(F G )

(u/ ', = A) (u',C™ (X, A"))

The 2-functor C™ restricts to a Q-functor between the wide 2-full sub-2-category on the
pseudo morphisms. Its restriction C to GCWF also restricts to a 2-functor between the
wide 2-full sub-2-category on the strict morphisms.

PROOF. We need to verify that, when (u, 4, ¥ 4 A) is a gewf, the comonad C(X, A) is a
w-comonad with fibration u. Condition 1 in (3.10) is satisfied since the counit is cartesian
by assumption. Condition 2 in (3.10) follows from (3.11.1) and (4.15).

To verify that (C,C” (F,G,¢)) is a morphism of w-comonads whenever (C, F,G, () is
a 1-cell in GCwWF= note that the functor component of CE(F .G, () is F' by construc-
tion (2.12). But (C, F) is a morphism of fibrations by assumption, and we already know
that C~ (F,G, ) is a lax morphism of comonads.

Given a 2-cell (v, ¢,v): (C1, F1,G1,() = (Cy, Fa, Ga, () in GCWF= | it is clear that
(7, 0): (Cr,C7(F1, G1, &) = (Co, O (Fy, Gy, () is a 2-cell in WCmd, since C™ (¢, 1) =
¢ is a 2-cell in Cmd by (2.12).

The 2-functor restricts as stated because C~ does, see (2.9.2) and (2.12). "

PROOF OF THEOREM 4.11. From 4.14 and 4.16 we have two 2-functors

o

EM : WCmd S GCwF= : C

We begin by showing that they form a biadjunction by lifting the biadjunction from (2.14).
The 2-adjunction involving GCwF will follow by restriction along the inclusion GCwF —
GCwF=.

As in 2.14, the composite C™ o EM” is the identity on WCmd. Next, we show that
the unit i of C 4 EM from (2.14) lifts to a pseudo-natural transformation 7: Idwcma —
C” oEM™. The component of n at an adjunction & 4 A is the strict left morphism of ad-
junctions (Id, Ky ), where Ky, o is the canonical comparison functor described in (2.9.2).
Given a gewf (u,u,> - A), the component of p at ¥ 4 A is the strict left morphism
of adjunctions (Id, Ky a). The functor Ky o preserves cartesian arrows since ¥ does and
coalgebra structure maps are cartesian by (3.12). It follows that

Nuwas-a = (de, Msa) = (Ide, Idy, Ks a)

is a strict gewf morphism. To see that this choice is pseudo-natural in (u,u, ¥ 4 A), let
(C,F,G,Q): (u,4,2 4 A) — (u,a/,% 4 A’) be a loose gewf morphism. The required
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invertible 2-cell (C,n, ,(F,G,¢)) — (C,EMC(F,G,{))n,.) is (ide,idp,{), where ¢ is
the natural iso from 2.13 (and (idg, ) is the pseudo naturality of n (2.14)). Clearly, if
¢ = id so is é , and thus the invertible 2-cell, meaning that 7 is natural with respect to
gewf morphisms. This last fact proves that the biadjunction will restrict to a 2-adjunction
between WCmd and GCwF.

The triangular identities for C™ 4 EM™ follow immediately from those of C 4 EM
in (4):

C Nyaza = (de, Cng ) = tde=(, i 5n)

ﬁEME (Kev) (IdBa ’rlEM(K,E,V)) = idEME(K,G,V)

It remains to show that the biadjunction C™ 4 EM" is in fact a biequivalence. This
amounts to showing that each component of 7 is an equivalence in GCwWF=. As 7 is
pseudo-natural, so will be the family of its weak inverses. To construct a weak inverse,
consider the functor Jy a: CoAlg(XA) — U and natural isos ¢: JxaKs A = Id;; and
£ Kealsn = Idcoalgzay from (4.17) below. The quadruple (Id,Idy,Jsa, Usaf) is a
loose gewf morphism (u, uUsa, Usa, Rsa) — (u, 4,2 4 A) since Ugaé: BIga = Usa.
Note that the triple (id,id, ) is an invertible 2-cell in GCwWF= from (Id,Id,KJ, U¢) to
(Id,Id, Idcoarg(za)). Note also that the triple (id,id, () is an invertible 2-cell in GCwF~
from (Id,Id, JK, U¢K) to (Id,1d,Id;;) since 3¢ = UEK. This concludes the proof of the
biequivalence.

To see that the biadjunction and the 2-reflection restrict as stated, recall first that
the 2-functors EM~ and C~ restrict in all three cases, see (4.14) and (4.16). The unit 9
restricts as well since its components are strict gcwf morphisms.

The biequivalence restricts to pseudo morphisms because each component of the mate
of Uga€ is invertible by (4.17). =

In the next lemma we construct the weak inverse used in the proof of (4.11) above.
To prove the lemma we assume that the term fibration % is cloven (since X preserves
cartesian maps, u becomes cloven too).

4.17. LEMMA. Let (u,4,% 4 A) be a generalised category with families. There are a
functor Js a1 CoAlg(XA) — U and natural isos ¢: Jx aAKs A = Id;; and §: Ky ads A =
Idcoalgza) making Ks A and Js A into an adjoint equivalence of categories, meaning that

KsaC=EKsa and Jeal = (Jza.

Moreover, each component of (, &, and the mate of Usa& is vertical, and the latter is also
invertible.

PrOOF. The functor Jy A is defined on a coalgebra h: A — YAA as the reindexing of
AA along uh. The action on a morphism of coalgebras f is induced accordingly using the
cartesian lift wh that defines Jy Al as depicted below, where both top squares, in ¢ and
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U respectively, sit on the bottom square.

IJsak =%+ AB B 5 AR
| A
JE,AJ:L B l f fl lEAf
Joah — AA Ay YAA

y —“* . vB

| Juas

X Yy xA

As the action on arrows is defined by a universal property, functoriality of Js A is
straightforward. It is also clear that Jy A preserves cartesian arrows.

Recall that Ky, aa = X1,. Therefore Jy; oKy aa is defined as the domain of a cartesian
lift of @7, into AXa. But the component 7, of the unit at an object a of I is also cartesian
into AXa. Therefore there is a unique vertical iso (,: Jx AXn, — a such that n,(, = Un,.
Naturality can be shown using that 7, is cartesian. It follows that (: Jx AKs A = Id;;.

On the other hand, a coalgebra h is cartesian over uh and so is Yuh, since ¥ preserves
cartesian arrows. It follows that there is a unique vertical iso &,: ¥Jyah — A such
that h&, = Yuh. Again, since h is cartesian, &, is natural in h, and it follows that
§: Xsa = Usa. To obtain a natural iso Ky adsa = Idgoalg(za), it is enough to show
that &, is in fact a morphism, and thus an iso, of coalgebras from Xy, ,n to h. This
amounts to the commutativity of the square below.

SIgah — 5 A

~
EnJhl Suh lh
~
2AEJ27Ah m} YAA
The upper-right triangle commutes by definition of &,. The lower-left triangle is the

image under ¥ of the left-hand square below, which is the transpose under > - A of the
right-hand square.

Joah —2 AXJs A SJsah 2 Sy ah
El lﬁﬁh Zﬁl l&h

The right-hand square commutes since Yuh = h&, and eqh = id4. It follows that the
other two squares commute as well.

To see that Ky ¢ = (K5 A note that, for every a € U, Xn, 0¥, = Xun, by definition
of (,. It follows that ¥(, = &y, as required. The other equation JyA{ = (Js A follows
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from the fact that uh is cartesian and

uhoJsaly, = A& ouny, = A& ool = uho (g,

using definitions of J and of {, and commutativity of the left-hand square above.
Finally, to see that the mate (Uf)#: Ju.aRsa = A is a vertical natural iso, note first
that (Uéra)nira = @, which can be seen post-composing with A(egaava) and using
the definition of £. It follows that (U&)% = (Aey)uwy is cartesian over the identity on
uAA, thus vertical and invertible. [

4.18. DISCRETE AND FULL COMPREHENSION CATEGORIES. Recall that we have defined
CwF = DscGCwF (4.3). As we show below, the biequivalence (4.1) restricts to cate-
gories with families and discrete comprehension categories. The general reason is that,
in discrete fibrations, vertical isos are identities. In particular, as already observed, loose
gewf morphisms coincide with gewf morphisms.

4.19. COROLLARY. The 2-category DscCompCat of comprehension categories with dis-
crete fibration and the 2-category CWF of categories with families are adjoint 2-equivalent.

The adjoint 2-equivalence restricts to the wide 2-full sub-2-categories on the pseudo
and strict morphisms.

PROOF. As shown in (4.6), (4.8), and (4.16), the 2-functors X, Y, and C~ fix the com-
ponent on Fib of the structures involved. The 2-functor EM™ fixes the first component
on Fib, and its second component on Fib is the fibration of coalgebras (4.14), which is
clearly discrete if the original fibration is. Therefore all the 2-functors involved restrict to
2-functors between DscCompCat and CwF.

Note also that the invertible 2-cells ( and ¢ witnessing that 7 is weakly invertible have
vertical components (4.17). Therefore 7 is, in fact, invertible.

Finally, note that the mate of the (vertical) natural iso U¢ of the inverse to the unit
7 is itself a vertical natural iso (4.17). It follows that the inverse of 7 is also a strict gewf
morphism. Therefore the 2-equivalence restricts as required. [

Recall that a full comprehension category is one whose comprehension functor y is
fully faithful.

It is well-known that a functor F': C — C’ factors as an injective-on-objects functor
al': C — FC followed by a fully faithful one oF': FC — C’. The category FC has the same
objects of C, and FC(X,Y) :=C'(FX, FY). It is also well-known that this factorisation is
part of an orthogonal factorisation on Cat, and that it provides a reflection of the arrow
category Cat? =: Fun into the full sub-category of fully faithful functors.

f&fFun @ Fun (10)

Moreover, the factorisation extends to morphisms in Cat/B, as well as to morphisms
in Fibg, the category of fibrations over B. Similarly, the reflection also works replacing
Cat® with (Cat/B)? or Fiby. With these observations, it is possible to see that the
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reflection lifts to a reflection of comprehension categories and strict morphisms into full
comprehension categories and strict morphisms, see [Jacobs, 1993, Lemma 4.9] where the
result is attributed to Erhard. The reflector maps (p,x) to its heart (p¥,x"), where
x¥ = oy, and p¥: Y& — B is the unique functor induced by the universal property of the
unit ay.

On the other hand, it is also easy to see that the reflection in (10) lifts to a 2-reflection
on functors and pseudo morphisms.

f&fFun, @ Funp, (11)

More precisely, Funy is the 2-category where the 1-cells are squares commuting up to
a natural iso, and the 2-cells are the 2-cells of Cat? compatible with the natural isos.
This construction does not seem to give a reflection when instead of Funys one considers
Funy,,, where 1-cells are squares filled with an arbitrary natural transformation.

4.20. PROPOSITION. The heart of a comprehension category lifts to a 2-reflection to the
inclusion of full comprehension categories and pseudo morphisms into comprehension cat-
egories and pseudo morphisms.

(-)°
FullCompCat,, « = 3 CompCaty, (12)
A (split) cleavage on the fibration p induces a (split) cleavage on p¥, so that the 2-
reflection restricts to the full sub-2-categories on split comprehension categories.

Moreover, the 2-reflection also restricts to the 2-full sub-2-categories on split compre-
hension categories, where morphisms preserve the cleavage.

(-)?

FullSplCompCat @ SplCompCat (13)

All these 2-reflections restrict to the sub-2-categories on strict morphisms.

PRrROOF. Note that CompCatps((p, x), (P, x’)) is the limit in Cat of the diagram of
forgetful functors below

Fib(p,p') —_ Funp,(x, x')
Cat(B,B) - Cat(B2 B?) Cat(E, &)

When Y is fully faithful, the functor (=) o ax: f&fFunys(x",x') — Funps(y, x') is
invertible by (11). It is also follows that the functor (=) o ay: Fib(p”, p') — Fib(p,p’) is
invertible. Therefore

FullCompCatps((p”, x%), (¥, X)) T) CompCatps((p, x), (P, X))
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as required.

A cartesian lift for p¥ is the image under x of a cartesian lift for p. This choice is
split since x is a functor. The claim that the induced 1-cells preserve the cleavage has a
straightforward verification. n

It is well known, and easy to verify, that discrete fibrations are 2-coreflective in split
fibrations. The coreflector maps a fibration to its wide subfibration with only the arrows
of the cleavage. The total category is indeed a category since the cleavage is split, and the
fibration is clearly discrete. The 2-coreflection lifts to a 2-coreflection between discrete
comprehension categories and split comprehension categories

|-
T~
DscCompCat .~ SplCompCat (14)

which restricts to subcategories on pseudo and strict morphisms.
By composing the adjunctions in (14) and in (13), one obtains the right-hand 2-
equivalence below. The left-hand one is from (4.19).

CwF s = DscCompCatps = FullSplCompCat, (15)

When restricted to strict morphisms, it is the equivalence in [Blanco, 1991, Proposi-
tion 1.2.4].

4.21. REMARK. Note that the 1-cells in the 2-categories in (15) involve functors that
preserve the cleavage, since morphisms in Fib between discrete fibrations must preserve
the (split) cleavage, as those are the only (cartesian) arrows. To obtain more morphisms,
one should use (12) instead of (13) and, given categories with families (u, %) and (u/,d'),
look at

FullCompCat, (G (u, )", G(u/,a)?). (16)

Note that those in the image of (—)¥ do preserve the cleavage, but the others do not
(necessarily). If we also require the base categories to have terminal objects preserved by
the morphisms then the morphisms in (16) are the pseudo cwf-morphisms between (u, )
and (u', %) of Clairambault and Dybjer [2014, Definition 3.1].

Indeed, consider first the functor T': C°® — Cat from [Clairambault and Dybjer, 2014,
Proposition 2.7] associated to a category with families (C,7": C°® — Fam). The (split)
fibration wp: [ T — C corresponding to T': C°® — Cat under the Grothendieck con-
struction is the underlying fibration of the heart (G(mry,., TTmys))” of the comprehension
category associated to (C,T), where (7., Trm,) is the generalised category with families
described in (3.16).

As observed in [Clairambault and Dybjer, 2014}, a pseudo cwf-morphism (F,0): (C,T) —
(C',T") induces a morphism of fibrations (F, H): mry, — 71y, which preserves context
comprehension up a natural iso p. This means precisely that (F, H, p) is an object in (16).

Conversely, given an object (F, H,() in (16), the isomorphism 6 is given by the fact
that H" preserves cartesian arrows. It “preserves substitution in terms” since postcompo-
sition with 6 preserves sections of display maps. The “coherence conditions” involving 6
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correspond to the fact that the cleavage of the heart of a cwf is split. The iso p witnessing
the preservation of context comprehension is ( itself.
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