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KLEISLI CATEGORIES, T-CATEGORIES
AND INTERNAL CATEGORIES

DOMINIQUE BOURN

ABSTRACT. We investigate the properties of the Kleisli category KIT of a monad
(T, A\, 1) on a category E and in particular the existence of (some kind of) pullbacks.
This culminates when the monad is cartesian. In this case, we show that any T-category
in E in the sense of A. Burroni coincides with a special kind of internal category in KIT.
Thus, it is the case in particular for T-operads and T-multicategories. More unexpect-
edly, this, in turn, sheds new conceptual lights on internal categories and n-categories.

1. Introduction

It is well known from [Eilenberg and Moore, 1965] that any monad (7', A, 1) on a category
E determines an adjoint pair (UL, FT) : AlgT = E. The Kleisli category KIT of this
monad [Kleisli, 1965] is then produced by the canonical decomposition of the functor F:

T
E- KT 22 AlgT

into a bijective on objects functor F7 followed by a fully faithful one Kp. If the properties
of the category AlgT of T-algebras are well known, those of KIT have been neglected.
After some recalls, a first part of this work (Section 3) will give us the opportunity to
investigate them. For instance, the functor 7 becomes an inclusion as soon as the natural
transformation A is a monomorphism. More generally we shall show how, step by step,
the several assumptions of a cartesian monad (7', A, 1) surprisingly organize the properties
of KIT. When the monad (7, A, ) is fully cartesian, we show that:

1. the bijective on object natural functor F7 : E—KIT is actually an inclusion;

2. the subcategory E then appears to be left cancelable in KIT, i.e. such that h € E
and g € E imply f € E when h = g.f in KIT;

3. when E is finitely complete, not only the category AlgT of algebras on the monad is
finitely complete as well, but the Kleisli category KIT', which is not finitely complete,
is however such that any map f : X —Y in (the subcategory) E has a pullback
along any map in KI7T" which still belongs to [E; in other words, [E becomes a pullback
stable subcategory of the Kleisli category KIT'.
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The notion of T-category in a category E endowed with a monad (7', \, u) was intro-
duced in [Burroni, 1971]. It is a kind of a mix of a relational algebra on 7" in the sense
of [Barr, 1969] and of “something” which looks like an internal category, but shifted by
this monad, see precise definition in Section 6. Ultimately, the category T-CatE of T-
categories appears to be a fully faithful extension of AlgT < T-CatE. A second part of
this work (Sections 6 and 7) will investigate what is exactly the “something” in question.
First, it easily appears that a T-category is a special kind of 3-truncated simplicial object
in the Kleisli category KIT of this monad.

Then, from the observation 3) above, we shall show that, when the monad is cartesian,
the previous 3-truncated simplical object in KIT" is actually underlying a regular internal
category in KIT', and that any T-category coincides with this kind of internal category.
So, according to [Leinster, 2004], T-operads and T-multicategories appear to be internal
categories in KIT. On the other hand, when the monad is cartesian, we get a natural
notion of T-groupoid, see Section 7.10.

We are also able to localize these results with respect to a pullback stable class ¥ in
E when the monad is only »-cartesian, see Section 7.2.

Conversely, and more unexpectedly, any internal category in E will appear to be a
special kind of G-category where (G, o, m) is the monad on the category PtE of split
epimorphisms in E whose category of algebras AlgG is known to be nothing but the
category GrdE of internal groupoids in E, see [Bourn, 1987]. In this way, the inclusion
GrdE — CatE is thoroughly produced by a standard construction on this only monad.

From that we shall show how internal n-categories and n-groupoids are related to this
monad as well. So that the following whole tower of fibrations:

. n—CatE 557 (n—1)—CatE ...... 2 CatE Y CatE Y E

is entirely ruled by the split epimorphisms in E and the monad (G, o, 7). Beyond the
heuristic interest of this result, it could appear very useful when combinatorial diagram-
matic calculations will have been developed on computers. The last part of this article
(Sections 9 to 11) is devoted to examples.

For some fresh results on Burroni’s T-categories in another direction see [Tholen and
Yeganeh, 2021]. T thank Cl. Berger and N. Arkor for their bibliographic suggestions.

The ideas of this work came to my mind during a talk of M. Batanin in Nice for the
Homotopical days (7-9 Dec. 2022), see [Batanin and De Leger, 2019] and also [Batanin,
2008]. The article is organized along the following lines.

Section 2: recalls about monads (7', A, 1), cartesian monads, cartesian and autonomous
adjunctions. Section 3: step by step properties of the Kleisli category KIT. Section
4: brief recalls about internal categories. Section 5: recalls about internal groupoids
and the monad (G, o, 7) on PtE. Section 6: recalls about T-categories; their simplicial
description in KIT. Section 7: when T-categories in E coincide with a special kind of
internal categories in KIT. Section 8: when internal categories in E coincide with a
special kind of G-categories. Section 9: extensions of the results of the previous section
to internal n-categories and n-groupoids. It is well known that any internal category
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X, in a finitely complete category C produces a cartesian monad (T, , Ax,, ftx,) on the
slice category C/Xy; Section 10 is devoted to make explicit all the results of Section 7
concerning this cartesian monad. If AlgTY, is well known to be nothing but the category
DisF/X, of the discrete fibrations above X,, the category of T'x,-categories surprisingly
coincides with the whole slice category CatC/X,. Section 11 is devoted to translate the
results of this same section 7 to the T-operads and the T-multicategories themselves and
to their algebras.

2. Monads

2.1. Basics. Let us briefly recall the basics about monads. A monad on a category E is
a triple (T, \, ) of an endofunctor T' and two natural transformations:

Idg =2 T & 772

satisfying p.uT = p.Tu and p T = 1p = p.TA. An adjoint pair (U, F,\¢) : E = E
determines the monad (7', A\, u) = (U.F, \,UeF) on E.

A T-algebra [Eilenberg and Moore, 1965] on an object X is given by a map & :
T(X)— X satisfying £ Ax = 1y and E.ux = £.T(§). Accordingly the pair (T'(X), pux)
produces a T-algebra on T'(X). A morphism f : (X,£) — (Y, ) of T-algebras is given
by a map f: X —Y such that f.& =~.T(f).

This construction determines the category Alg T of T-algebras and the forgetful functor
UT : AlgT —E : (X,£) — X which is obviously conservative. It has the functor
FT : E—AlgT defined by FT(X) = (T(X), ux) as left adjoint which makes U” a left
exact functor. The monad associated with the adjoint pair (U?, FT) recovers the initial
monad (T, )\, r). From an adjoint pair (U, F,\,¢) : E = E and its associated monad
(T, A\, 1) = (U.F,\,UeF) we get a comparison functor A ) : E— AlgT, defined by
Aw,r(Z) = (U(Z),U(ez)), making the following adjoint pairs commute:

_ A
E— Y2 AlgT

The functor U is said to be monadic when the comparison functor Ay, ) is an equivalence
of categories.

A comonad (Ce€,v) is the dual of a monad; it determines the category ColgC of co-
algebras and a coadjoint pair (Fg, Ug) : ColgC = E. Any adjoint pair (U, F,\,¢) : E=E
determines the comonad (C,¢,v) = (F.U,¢, FAU) on E and a comparison functor Cur):
E—ColgC, defined by Cy, ) (X) = (F(X), F(Ax)), making the following coadjoint pairs

commute:

c
U ColgC

E}\\g%

E
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The functor F' is said to be comonadic when the comparison functor Cy ) is an equiva-
lence of categories.

2.2. CARTESIAN MONADS. A functor F' : C—1D is said to be cartesian when C has
pullbacks and F' preserves them. A natural transformation v : FF = G between any pair
of functors is said to be cartesian when, given any map f : X —Y € C, the following
square is a pullback in ID:

F(X) X2 G(X)
F(h)| e
F(Y) 57 G(Y)

A monad (T, A, p) is cartesian when the three ingredients are cartesian. A. Burroni
[Burroni, 1971] was deeply involved in the cartesian monad induced by the free adjunction
Cat = Gph between categories and directed graphs. More specifically, from T. Leinster
[Leinster, 1998], the free monoid monad (M, A, u) on Set is a cartesian one: it is the
restriction of Burroni’s monad to directed graphs with only one object. Sections 4.6 will
be devoted to a cartesian monad associated with any internal category X,.

By the following lemma, when A is cartesian, A is the equalizer of AT and T'\.

2.3. LEMMA. Guwen any cosplit parallel pair in a category E:

m
~

X <9— X

—_

m/

any equality m.k = m’.h implies k = h. Accordingly the pullback of the maps m and m’
produces their equalizer. So:

1) given any monad (T, \, i), if X is cartesian, then X is the equalizer of the pair (Ar, T(X\));
2) any cartesian functor preserves the equalizers of cosplit parallel pairs.

2.4. PROPOSITION. Let (T, A, i) be a monad on E where p is cartesian; the two following
conditions are equivalent:
1) X is the equalizer of \T' and T'\, and 2) X is cartesian.

PROOF. When p is cartesian, the natural transformations \T° and T'\ are necessarily
cartesian as well, being splittings of the cartesian pu. Now, for any map f: X —Y in ¥,
consider the following diagram:

N AT(x)
X 25T (X) T T2(X)
T(A
fl T(f)l A(T(j)) sz 9
Y= T(Y) =z T%(Y)
v T(Ay)

Any of the right hand side commutative squares is a pullback. Moreover, under assump-
tion 1), the two horizontal ones are pullbacks. Accordingly, the “box lemma” for pullbacks
makes the left hand square a pullback as well. [
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Later on, we shall need the following:

2.5. DEFINITION. A monad (T, \, ) is said to be half-cartesian when the endofunctor T
is cartesian and X is the equalizer of the pair (A, T'(N)).

Accordingly, a monad is cartesian if and only if it is half-cartesian and p is cartesian.

2.6. CARTESIAN ADJOINT PAIRS. It is then natural to call cartesian adjoint pair, any
adjoint pair (U, F') : C &2 D such that C and D has pullbacks, the functor F' is cartesian,
the natural transformations A : Idp = U.F and € : F.U = Id¢ are cartesian. Then the
induced monad (T, \, 1) on D is clearly a cartesian monad, since p = U(ep). The induced
comonad (C,e,v) on C is cartesian as well: the functor C' = F.U is cartesian and the
natural transformation v, being a section of the natural transformation ec, is cartesian
as soon as so is €.

2.7. PROPOSITION. Given any cartesian adjoint pair (U, F) : C 2 D, the natural trans-
formation p : T?> —=T of the induced monad on D is such that the following diagram is
a kernel equivalence relation:

T(px)

T3 (X) L(Arx)) T2 (X)

HT(X)

T(X)

nx

Conversely, suppose that (T, \, 1) is a cartesian monad. The adjoint pair (UT, FT) :
AlgT = E is a cartesian one if and only if the natural transformation p satisfies the
above property. In this case, given any T-algebra & : T(X) — X, the following diagram
produces a kernel equivalence relation:

(&)

T2(X) <rox—T(X) —
Tax

X

PRrOOF. The first assertion is the consequence of the fact that the commutative square
underlying the diagram in question is the image by the cartesian functor U of the following
pullback:

(FURFX) L FUF(X)
FU(er(x))) Jereo
FUF(X) = F(X)

Now suppose the monad is cartesian. Given any T-algebra z : T'(X) — X on the object
X ans applying p-cartesianness to the map x, we get a pullback, in such a way that the
map T'(ux) delineates the composition map of an internal category in E (see Section 4
below):

HT(X) 15
—_— —_—

T3(X) —T(ux)~T*(X) <r00x)— T(X)
T?(x) T(x)



KLEISLI CATEGORIES, T-CATEGORIES AND INTERNAL CATEGORIES 1113

When, in addition, p satisfies the condition in question, the pair (pr(x),T(jx)) is the
kernel pair of uy and this category is actually a groupoid (see Theorem 5.7 below). Any
morphism of T-algebras: f : (X,z) — (Y,y) produces the following vertical discrete
fibration between groupoids:

HT(X) HX
T3(X) —T(ux)= T*(X) <r(0x)— T(X)
T?(z) T(x)
T3(f) T2(f) T(f)
HT(Y) Hy
T3(Y) ~T(uy)=T*(Y) <r(0v)— T(Y)
T2(y) T(y)

So, it is a discrete cofibration as well, and the following rightward left hand side commu-
tative square is a pullback:

A

T2(X) <2 (X)X x

) T(z) x

T2(p) () /
A

T2(Y) < piy) Ly
() v

So, the rightward right hand side commutative square is a pullback as well, since, com-
posed with the leftward right hand side pullback (A is cartesian), it gives rise to the
pullback obtained by composition of the two left hand side pullbacks. This exactly means
that the co-unit € : FT.UT — Idpgr of the comonad on AlgT is cartesian. The last
assertion is obtained by applying e-cartesianness to e itself. [

So, let us introduce the following:

2.8. DEFINITION. A monad (T, \, ) is said to be hypercartesian when it is cartesian and
the natural transformation p is such that:

T(ux)

3 (X) L(Arx)) T (X)

—_—
HT(X)

T(X)

nx

1s a kernel equivalence relation for any object X .
2.9. AUTONOMOUS ADJOINT PAIRS. Let us introduce the following:

2.10. DEFINITION. An adjoint pair (U, F) : E 2 E is said to be autonomous when U is
monadic and F' comonadic.

In other words, an adjunction is autonomous when it does not expand in new adjunc-
tions via the algebra or co-algebra constructions. The aim of this section is to prove that
any half-cartesian monad makes the adjoint pair (U7, FT) : AlgT = E an autonomous
one.



1114 DOMINIQUE BOURN

2.11. PROPOSITION. Let (U, F) : E 2 E be an adjoint pair and (T, \, j1) its associated
monad on E. The following conditions are equivalent:

1) the natural transformation X is the equalizer of the pair (Ap, T'(\));

2) the comparison functor Cy gy : E— ColgC is fully faithful.

Any of these conditions implies that the functor F : E—=E is conservative.

PROOF. Suppose 1). Let h: F(X)—=F(Y) be a map in E making the following left hand
side square commute:

F(Ax) Ax ﬂ)
F(X)—TFT(X) X-—=T(X)__T*X)
h lFU(h) kv U(h)l f(:(j)) lTU(h)
FOY) g5 FT(Y) Y= T(Y) _ZT2(Y)
T(Ay)

then the two right hand side squares of the right hand side diagram commute and, by 1),
we get the dotted factorization k in E such that U(h).Ax = Ay.k. It remains to show that
F (k) = h, which is a consequence of UF(k).Ax = Ay.k = U(h).Ax. The unicity of such
a k is a consequence of the fact that Ay is a monomorphism.

Conversely suppose 2). Let [ : Z—=T(X) be a map such that Ar(x).l = T(Ax).l. We
get the following commutative square in E:
F(2)2%%p1(2)
er ) F(D)| | FUterco-F@)

F(X) o FT(X)
Since:
FU(epx)-F(1))-F(Az) = FU(epx)).-FT(1).F(Az) = FU(erx))-F(Arx)) . F(1) = F(1)
While:
F(Ax)-erx)-F(I) = err). FT(Ax).F(1) = errex)- F(Arex)-F(1) = F(1).

According to 2), there is a map k : Z — X such that F(k) = epcx).F'(I). Whence
Ax.k =1, by epx). F(Ax.k) = F(k) = epcx).F(I). It remains to show the unicity of
the factorization. Let k" be be such that Ax.k" = [. Since C(y p) is faithful, checking
k = k' is equivalent to checking F'(k) = F(k'). We get: F(k') = epx).F(Ax).F(K) =
erx)-F(Az.k') = epx).F(I) = F(k). The last assertion is straightforward since F' =
Fo.Cw,ry and Fg is conservative. n
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2.12. PROPOSITION. Let (U, F) : E 2 E be an adjoint pair and (T, \, p) its associated
monad on E. Suppose the functor F' cartesian. Then the following conditions are equiva-
lent:

1) the natural transformation X is the equalizer of the pair (Ap, T'(N));

2) the functor F' is conservative.

Under any of these conditions, the functor F' is comonadic.

PROOF. Suppose 1). We shall show that the comparison functor C(y r) is an equivalence
of categories. Accordingly the functor F' will be comonadic and thus conservative. So,
let us show that C(y py is essentially surjective. Let a : W — F.U(W) = C(W) be a co-
algebra structure on W in E. By the identities eyr.a = 1y and F.U(a).a = F(Aymn).a,
it produces a 2-truncated split simplicial object in E:

CF.U(W)
W~—"_FUW) —FOuw)— (F.U)*(W)
— <~—F.U(ew)—
F.U(a)

Accordingly, a is the equalizer of the pair (F.U(a), F(Ayaw))) in E. We have to find an
object J in E such that C ) (J) = (F(J), F(A;) ~ (W,a) in ColgC. For that take
the equalizer j : J—U(W) in E of the cosplit parallel pair (U(a), A\yw)). Since F is
cartesian, this equalizer is preserved by F. So the natural comparison v : F(J) — W
such that a.y = F(j) in E is an isomorphism. It remains to check that the following
square commutes:

W —% FU(W)

'YT T FU(7)

F(J) F_(,\;)F'T(J)
namely that F.U(7y).F(\;) = F(j). We shall check it by composition with the monomor-
phism F.U(a): F.U(a).F.U(y).F(Ay) = FUF(j).F(A;) = F(Auw)).F(j) while F.U(a).F(j) =
F(Auw)-F(j) by definition of j.

Conversely, suppose 2). We have to show that the natural transformation A is the
equalizer of the pair (Ar,T'()\)). For that, take the equalizer j : J »— X in E of the
cosplit pair (Ar(x), T (Ax)) and denote v : X — J the natural comparison such that
Ax = j.y. Since F' is cartesian, this equalizer j is preserved by F', and, F'Ax being
necessarily the equalizer of the pair (F(Ap(x)), F.T(Ax)) thanks to the retraction ep(x),
the map F(v) : F(X)— F(J) is an isomorphism is E. Now, since F is conservative, vy
is an isomorphism, and Ax is the equalizer of the pair (Ap(x), T(Ax)). n

2.13. COROLLARY. Let (T, A\, ) be a monad with a cartesian endofunctor T, then the
following conditions are equivalent:

1) the monad is half-cartesian;

2) the endofunctor T is conservative.
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Under any of these conditions, the adjoint pair (UT, FT) : AlgT = E is an autonomous
one.

Moreover, when the monad is hypercartesian, the adjoint pair (UT, FT) : AlgT = E
1S a cartesian one.

PROOF. The functor U? being monadic, it reflects pullbacks; so, T is cartesian if and
only if F'T' is cartesian. Applying the previous proposition, the natural transformation \
is the equalizer of the pair (Ar, T'(A\)) if and only if F7 is conservative. This is the case,
UT being conservative, if and only if 7" is conservative. Then F7 is comonadic; since U7
is monadic, the adjoint pair (UT, FT) : AlgT = E an autonomous one. The last assertion
is a consequence of Proposition 2.7. [

3. Kleisli category of a monad

The canonical decomposition of the functor FT : E ki Xz Alg T into a functor
FT which is bijective on objects followed by a fully faithful functor K; produces the
Kleisli category KIT of the monad [Kleisli, 1965]. Accordingly, the functor F7 remains
a left adjoint to : U = UT. Ky : KIT —E, and obviously this adjoint pair recovers the
monad (T, \, 1) as well. Moreover the functor U7 is conservative as a composition of two
conservative functors.

By the adjoint bijection Homy 7(X,Y") ~ Homg(X,TY), any map X --+» Y in KIT is
given by a map a : X —T'(Y) in E; we call the map « € E, the support of this map in
KIT which we shall then denote by “a” : X --» Y. Given any other map “4” : Y --» Z
in KIT, we get “67.“a” = “uz.T(F).«” in KIT. In this way, the natural transformation
ex : FT.UT(X) = T(X) --» X is given by “1"7(x) and, for any map “a” : X --» Y in
KIT, its support « is the unique map in E such that “a” = “1"7x).FT(a) in KIT. So,
given any map f : X —Y in E, we get FT(f) = “Ay.f”, and UT(“a”) = py.T(a) :
T(X)—T(Y) in E.

We shall now investigate, step by step, how the assumptions of a cartesian monad
surprisingly organizes the properties of KIT'.

3.1. CONSEQUENCES OF CONSTRAINTS ON . Let (7', A, 1) be a monad on E.

3.2. PROPOSITION. The endofunctor T' of the monad is faithful if and only if the natural
transformation X is monomorphic. The functor FT : E—=KIT is then an inclusion.

PROOF. Suppose A is monomorphic. Given a parallel pair (f, g) of maps between X and
Y such that T'(f) = T(g). Then T'(f).Ax = T(g).Ax. So, A\y.f = Ay.g and f =g.
Conversely suppose the endofunctor T' faithful. Given a parallel pair (f,g) of maps
between X and Y such that Ay.f = Ay.g, we get T(\y).T(f) = T(A\y).T(g). Since T'(Ay)
is a monomorphism as a retract of py, we get T'(f) = T(g); and f = g. The last assertion
is then straightforward since F'T is bijective on objects. [
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So, when A is monomorphic, we are in the rather weird situation of a bijective on
objects inclusion FT : E » KIT which admits a right adjoint U”. The endofunctor of
the induced comonad (C' = FT.UT, ¢, v) on KIT coincides with T on objects and maps
in E and we get C'(“a”) = py.T(a). Whence the following diagram in KIT where px
coincides with C'(“1"7(x)):

LLl”T(X) T2(X)
g 9
X = TN SRne THX)
* T(Ax)
uaw Hy .o T(N/Y Oé)
“17 4
Y 44177T T4(Y)
(Y) BT 9
Y < /\ ““““ T (Y) _EYAT(Y% T (Y)
i T(\v)

Thanks to the horizontal 2-truncated split simplicial objects, the map Ax appears to be
the equalizer in KIT of the pair (Ar(x), T(Ax)).

3.3. PROPOSITION. Let j : E — E be a bijective on objects inclusion. When j admits
a right adjoint T : E—E, the induced monad (T, \, ) on E has its A monomorphic.
Moreover we get KIT = E.

PROOF. Let us denote by ex : X ¢-- T(X) the co-unit in E of this adjunction. The map
1x : X — X produces aiunique map Ay : X —T(X) in E such that ex.Ax = 1x and
the following diagram in E:

,,,,, T ..
X < T(X) 0= T?(X)
—_— ~px—
Ax N
T(Ax)

which makes ex the coequalizer of the pair (er(x), T'(ex)) in E, and Ay the equalizer of
the pair (Ap(x), T(Ax)) in E. So, Ax € E is a monomorphism in E, therefore in E. Since
the co-unit ex in E is the coequalizer of the pair (er(x), T'(ex)), the comparison functor
Ay E — Alg T is fully faithful. Now consider the following commutative diagram:

_ A .
E— "7 AlgT

Since E — E is bijective on objects, we get E = KIT. [

From Proposition 2.11, we get the following:

3.4. COROLLARY. Let (T, \, i) be a monad onE. The following conditions are equivalent:
1) the natural transformation X is the equalizer of the pair (Ap, T'(\));

2) a map “a” : X -—» Y in KIT lies in E if and only if Apiyy.ao = T(Ay).« in E.

The inclusion FT : E — KIT is then conservative; this last point means that the inverse
in KIT of a map f of (the subcategory) E belongs to E.
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PROOF. The condition 2) of Proposition 2.11 means that, when the following square
commutes in KI7T', the map “a” belongs to E:

X -XT7(X)
“o” v luy T(a)

The commutation in KIT is: T'(Ay).cc = Appyy.py.T'(a).Ax in E; now this last term is
clearly: ATiy)./JLy.)\T(y).a = )‘T(X)‘O“ When 1) is true, the endofunctor T is conservative;
since T'= UT.FT the functor F7 is conservative as well. =

Let us introduce the following:

3.5. DEFINITION. A class ¥ of maps in a category K is said to be left cancellable, when
it is such that g.f € ¥ and g € ¥ imply f € 3.

3.6. PROPOSITION. Let (T, A\, 1) be a monad with A monomorphic. Then the following
conditions are equivalent:

1) the natural transformation X is cartesian;

2) the inclusion FT : E — KIT makes E a left cancellable subcategory of KIT.

Any of these conditions implies that X\ is the equalizer of the pair (Ap, T(X\)).

PROOF. Suppose 1). Let h: X —Z € E, g: Y —Z € E,and “¢" : X --» Y € KIT
be such that ¢g.“¢” = h in KIT. This means that T(g).¢ = Az.h in E. According to
the previous corollary, we must show that Apy).¢ = T(Ay).¢ in E. Now consider the
following diagram in E:
$ AT(v)
X —=TY)=m=T*Y)

T(Ay)
h T(g) Ar i) T2(g)
T(Z

Z 0 T(Z) ~<pz— T2(Z)

ﬁ\l
>
&

Since the leftward right hand side commutative square is a pullback, it is enough to check
our equality via composition with py (trivial) and by T?(g) which is straightforward since
the left hand side square commutes.

Conversely suppose 2). We have to show that the following left hand side square is a
pullback in E. So let (h,¢) be a pair of maps in E such that T(g).¢ = Az.h. This means
that the following right hand side triangle commutes in KI 7"

Y -X7(Y) Y
Z—=T(2) X—s7Z
Z

According to our assumption, the map “¢” is in E, which means that there is a map
f: X—Y in E such that ¢ = A\y.f and ¢g.f = h in E. This map f is unique since \y is
monomorphic. So, the square in question is a pullback. [
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Finally we get:

3.7. PROPOSITION. Let 5 : E >—>_I_E be a bijective on objects left cancellable inclusion.
When j admits a right adjoint T : E—E, the induced monad (T, \, i) on E is such that
A is cartesian.

PROOF. According to Proposition 3.3, Ax is monomorphic and E = KIT. Since E is left
cancellable in [E, the previous proposition asserts that A is cartesian. [

3.8. CONSEQUENCES OF CONSTRAINTS ON 7. Rephrasing Corollary 2.13 we get:

3.9. COROLLARY. Let (T, A\, p1) be a monad with a cartesian endofunctor T. When A is
the equalizer of the pair (A, TA), the injective functor FT : E — KIT is conservative,
cartesian and then it reflects the pullbacks of E.

3.10. CONSEQUENCES OF CONSTRAINTS ON /i.

3.11. DEFINITION. A pullback stable class X2 of maps in a category E is a class of maps
which admit pullbacks along any map in E and whose pullbacks stay in 3.

3.12. PROPOSITION. Let (T, A, p1) be a monad with a cartesian endofunctor T and a
cartesian natural transformation p. Then, the class FT(X) is pullback stable in KIT.

PROOF. Starting with a map f, consider the following left hand side pullback in E:

T
| v
é liﬁ ¢”\5/ . 7

This pullback in E determines a right hand side commutative square in KIT. Let us
show that it is a pullback in this category. Since Ky : KIT — Alg T is fully faithful it
is sufficient to check it in Alg T"; now, since U’ reflects pullbacks, it is sufficient to check
that its image by U?, which is given the following vertical rectangle, is a pullback in E:
T(v) -2 )
T(6)} ) VT ()
T(X) - TH(Y)
NX\L \LMY
I(X) 5 T)
This is the case since the lower square is a pullback, p being cartesian, and the upper one
as well since, T' being cartesian, the image by T of our above left hand side pullback is
preserved by T [
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From Propositions 3.6, 3.12 and 2.12, we get:

3.13. COROLLARY. Let (T, A\, ) be a cartesian monad on E. We then get a bijective on
objects inclusion FT : E — KIT, which makes E a left cancellable subcategory of KIT
which is pullback stable in KI'T. This inclusion functor is cartesian and conservative. It
admits a right adjoint UT which necessarily makes this inclusion comonadic.

And from Proposition 3.7 the following:

3.14. COROLLARY. Let j : E — E be a bijective on objects left cancellable and pullback
stable inclusion. When j admits a right adjoint T : E—E, the induced monad (T, A\, )
on E is cartesian and E s the Kleisli category of this monad.

PROOF. By Proposition 3.3, we know that \ is cartesian and E = KIT. The endofunctor
T.j : E—E is cartesian since so are T' (being a right adjoint) and j (E being pullback
stable in KIT, the inclusion j preserves the pullbacks). It remains to check that p is
cartesian. For that, given any map f € E, consider the following leftward pullback square
in KIT"

The commutation of this square in KI'T means T'(f).¢; = f in E. The commutation of the
quadrangle in KIT produces a factorization f in KI T since E is left cancellable in KI T, the
commutation of the vertlcal right hand side triangle makes fin E. So we get f. f T( f)
in £ and “¢;” f = “lpx)” in KIT which means ¢;. f = lp(x) in E. Checking ¢y. f = lrx)
in E will prove that the quadrangle is a pullback in KI'T', which, being preserved by T,
will prove, in turn, that p is cartesian. We shall check ¢y. f= 17(x), by composition with
fand ‘o in KIT. 1) for.f = T().f = f = [ o >“¢f” br.f = 65" lrex i

KIT is equivalent to ¢s.f.¢y = ¢¢ in [E, which is true since ¢y. f= L7(x)- [

4. Internal categories

From now on, we shall suppose any ground category E has pullbacks and terminal object
1. Given any map f, we shall denote the kernel equivalence R[f] of this map (which is
underlying an internal groupoid R|[f], in E) in the following way:

f f

Po Py
Rylf] —l— R[f] ~<—sj— X — LY

f f
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and given any commutative square, as on the right hand side, we denote by R(¢) the
induced map between the kernel equivalences:

P ;
Rf|sl=X —Y
f
R(¢)l P lqﬁ lzﬁ
RIf| == X'—-Y".

which is underlying an internal functor R(¢), : R[f]e—R[f']s. Let us recall the following
useful Barr-Kock Theorem [Bourn and Gran, 2004]:

4.1. LEMMA. When the above right hand side square is a pullback, the left hand part
of the diagram is a discrete fibration between groupoids, which implies that any vertical
commutative square is a pullback. Conversely, if the left hand side part of the diagram is
a discrete fibration, and if f is a pullback stable strong epimorphism (it is the case when
f is split), then the right hand side square is a pullback.

4.2. BAsIcs. Internal categories have been introduced by Ch. Ehrhesmann in [Ehres-
mann, 1963]. We deliberately choose the simplicial notations. For the basics on simplicial
objects, see, for instance, Chapter VIL.5 in [Mac Lane, 1971]. An internal category in E
is is a 3-truncated simplicial object X, in E, namely a diagram:

X
—dy 3 —> dg(z
<—s§(3— _— a5
X X 1
_d2 3 bsl 2 _ >
X. . X3 <—sf3— X2 —di{2—> X1 <—sOXl— X()
—df3+ <—58(2— _
%3X3— _ Xm
0
0 dX2
_—
a3 ’
0

(where we shall drop the upper indexes when there is no ambiguities) subject to the
following identities:

di.dj+1 = dj.di, 1 < ] di.Sj = Sj—l-dia 1 <]
Sj+1-8i = Si-55, 1 S j di.Sj = 1, 1= j,j +1
di.S]‘ = Sj.di_l, 1> j +1

where the object X, (resp. X3) is obtained by the pullback of dy' along dy' (resp. d)*
along d5). An internal functor is a simplicial morphism between this kind of 3-truncated
simplicial objects. Let us recall some classical classes of internal functors:

4.3. DEFINITION. An internal functor fo : Xe—=Y, is a discrete cofibration (resp. fibra-
tion) when the following right hand side square horizontally indexed by O (resp. by 1) is
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a pullback:
do do
XQ —d;— Xl <—S0— XO
da d
f2\ do ‘fl d ‘fo
Yo —di—Y) <—s0—Y)
da d

We denote by CatE the category of internal categories in E, and by ( ) : CatE—E
the forgetful functor associating with any internal category X, its “object of objects” Xj.
Since E has pullbacks, so has the category CatE, since, by commutation of limits, it is
easy to see that the limits in CatE are built levelwise in E. So, the forgetful functor ( ),
is cartesian.

The functor ( )o is actually a fibration whose cartesian maps are the internal fully
faithful functors (obtained by a joint pullback) and whose maps in the fibers are the
internal functors which are “identities on objects” (ido-functors or idomorphisms for
short).

It is clear that the fiber C'at{E above the terminal object 1 is nothing but the pointed
category MonlE of internal monoids in E. Any fiber CatyE above an object Y, with
Y # 1, has an initial object with the discrete equivalence relation Ay = R[ly| and a
terminal one with the indiscrete one Vy = R[ry], where 7v : ¥ — 1 is the terminal
map. So, the left exact fully faithful functor V : E— CatE admits the fibration ( ), as
left adjoint and makes the pair (( )o, V) a fibered reflection in the sense of [Bourn, 1987]
(see also section 9.1 below). A functor f, is then cartesian with respect to ( ) (namely,
internally fully faithful) if and only if the following left hand side square is a pullback in
CatE, or, equivalently the right hand side one is a pullback in E:

X, -y, X — .y

l l (do,dl)l l(do,dl)

VX.V_f.>vY XoXXofOx—f;YbXYo

As for any left exact fibration, we get:

4.4. PROPOSITION. 1) The cartesian maps (= internally fully faithful) functors are stable
under composition and pullback.
2) Given any commutative square in CatE where both xo and ys are cartesian maps:

X, == X!

f.l K

y.

then it is a pullback:
1) if and only if its image by ( )o is a pullback
2) in particular when fo and f, are ido-functors.
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The dual category X of X, is the internal category where the role of dé(l and dfl
are interchanged. In the context of monads, we have the following:

4.5. PROPOSITION. Let (T, A, p) be any monad on E with p cartesian. Then, for any
algebra (X, &), the following diagram produces an internal category T(X,€) in AlgT':

HT(X)
, LOrx)- X
(T(X), i) =1 (T2(X), i) Ow— (T(X), pix)
<T?(\x)— _—
- 7€)
T2(¢)

determining the following commutative square:

AlgT —Z CatAlgT
vr| |00
E o7 AlgT

Moreover any morphism f : (X,§) —= (Y,7) of T-algebras produces a discrete fibration
T(f):T(X,) —T(Y,7) in CatAlgT.

PRroOF. First, we have the following pullbacks in [E since p is cartesian:

T4(x) D9 s x) Q2

Hr2(x) l BT(X) l px

T*(X) 55 T2(X) 57 T(X)

T3(¢)

Then T'(uyx), thanks to the axioms of T-algebra on X, furnishes a composition map. The
following pullback in E:

T*(X) == T(X)
2(p)| |
T*(Y) 5= T(Y)

Hny

determines the last assertion. m

There is a comonad (Dec, ¢,v) on the simplicial objects which is stable on CatE as
soon as [E has pullbacks. We shall briefly describe this endofunctor Dec and the co-unit
€ : Dec — 1gur because they will be useful in Section 8. Let us start with the lower
internal category X, and consider the following diagram, where X, is determined by the
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pullback of dg : X3—>X2 along d() : X3—>X22

d,
% . do do
DecXy: Xy 377 Xg—di—> Xy <—s0— X,
T do dq
€Xe dy d3 d3 da dy
0
- do dO
. —di—
X.: X3 —d2—>X2 —di— X <=—so— X
T d2 d1
d3

The category DecX, is given by the upper row (in Set, it is the sum of all the coslice
categories Y/EE), while the co-unit of the comonad is given by the vertical internal functor
which is a discrete cofibration.

4.6. THE CARTESIAN MONAD (Tx,,Ax,,tx,) ON E/Xqy. Given any object Y, the slice
category E/Y has the maps with codomain Y as objects, and the commutative triangles
above Y as morphisms. Given any map g : Z — Y, the composition with g determines
a functor ¥, : E/Z — E/Y which admits as right adjoint the pullback functor g¢* :
E/Y —E/Z along g.

Let X, be an internal category in E. It produces a cartesian monad on the slice
category £/ Xy whose endofunctor is Tx, = Y4,.d;. The following diagram where any
leftward plain square is a pullback describes vertically the behaviour of the endofunctor
Tx, from left to right. The associated natural transformations Ay, and px, are precisely
described by the upper horizontal dotted arrows off and 8 which are induced by the
middle horizontal ones:

6h
oh U .
72 a2 )y (2)
51 * 621 *
o ldah) h l(dl.dw (h)
Xo= 9~~~~>X1 """"""""""""""" X5
dq d do d
lo do lO
XO-< <<<<<<<<<<<<<<<<<<<<<<<<<< Xl
dy ldo
Xo

h— Tx,(h)<—— T)Q(.(h)

90 1

It is a cartesian monad on E/Xj since the upper plain part of the diagram is made
of pullbacks. It is well known (see for instance [Johnstone, 1977]) that the algebras of
this monad coincides with the internal discrete fibrations above X,; namely, we have
AlgTx, = DisF/X,.
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5. Internal groupoids

5.1. BAsics. A category X, is a groupoid if and only if any map is invertible. It is a
property, which, internally speaking, is equivalent to saying that the following square in
the 3-truncated simplicial object defining X, is a pullback:

X, -2 X,

W

Xl TO)XO

It is easy to check (via the Yoneda embedding) that a category X, is a groupoid if
and only if any commutative square in the 3-truncated simplicial object of its definition
is a pullback, see [Bourn, 1987]. The category GrdE of internal groupoids is the full
subcategory of C'atE whose objects are the groupoids, and it determines a sub-fibration:

GrdE>— CatE
()ol l()o
E=—EFE

The fibre GrdyE has the same initial and terminal objects as the fibre CatyE.

5.2. THE FIBRATION OF POINTS. We denote by PtE the category whose objects are
the split epimorphisms (g,7) : X 2 Y in E and whose morphisms are the commutative
squares between them:

X =X

o

YT‘Y’

We denote by qg : PtE — E the functor which associates with any split epimorphism
(g,t) its codomain Y, and associates with any morphism (y, x) the map y. It is a left exact
fibration whose cartesian maps are those squares which are pullback of split epimorphisms
in E; it is called the fibration of points [Bourn, 1991]. The class § of cartesian maps is
stable under composition and pullbacks in PtE, it is left cancellable and contains the
isomorphisms. Accordingly, it determines a bijective on objects inclusion jq : Xq — PtE,
where Yq denotes the subcategory of PtEE whose morphisms belong to the class ¢, which
is left cancellable and pullback stable in PtE.

The fibre above Y is denoted by PtyE and an object of this fibre is called a (gen-
eralized) point of Y, while any morphism in a fiber is, for short, called an idomorphism
(=having an identity as lower map y). The left exact change of base functor produced by
the map ¢ : Y — Y’ € E is the pullback along it and denoted by: ¥* : Pty/E — Pty E.
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5.3. THE MONAD (G,o,7m) ON PtE. The endofunctor G on PtE defined by G(g,t) =
(pd, s3) is underlying a monad described by the following diagram in E, where t; =

(tg, 1)()1

It is clear that the maps o, and 7,4 belong to the class q of cartesian maps. Although
being not strictly cartesian, this monad shares many properties with this notion.

5.4. Y-CARTESIAN MONADS. Given any pullback stable class 3 of maps in a category E,
we shall call X-cartesian any functor or natural transformation which only satisfies the
cartesian condition on the maps in X:

5.5. DEFINITION. Given any pullback stable class ¥ of maps in a category E and any
monad (T, A\, i) on E, we shall say that:

1) this monad is X-cartesian, when:

i) the endofunctor T preserves the maps in ¥ and is ¥-cartesian ;

i) the natural transformations X is the equalizer of the pair (Ap, T'(N));

i11) the natural transformations y is 3-cartesian;

2) this monad is strongly 3-cartesian when:

i) it is 3-cartesian;

ii) any Ax and any px belong to 3.

Remark. 1) A X-cartesian monad is such that X is X-cartesian;
2) a monad is a strongly X-cartesian one if and only if:

i) the endofunctor T preserves the maps in ¥ and is X-cartesian ;
it) the natural transformations X\ and p are X-cartesian;

iii) any Ax and any px belongs to ..

PROOF. The point 1) is obtained by the proof of Proposition 2.4 restricted to maps in X.
As soon as Ax belongs to ¥ and A is Y-cartesian, then the natural transformations A is
the equalizer of the pair (Ar, T'(\)), whence 2). n

5.6. PROPOSITION. [Bourn, 1987] The endofunctor G is cartesian. It preserves and
reflects the maps of the class §. The monad (G, o, m) is strongly §-cartesian. Furthermore,
given any object (g,t) in PtE, the following diagram is a kernel equivalence relation in
PtE with its (levelwise) quotient:

TG(g,t)
GO’(G,( i)
G (g, 1) 220G (g, 1) — Gy, 1

P——

Gm(g,1)
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PRrROOF. The endofunctor G is cartesian because it is the result of a cartesian construction.
The second assertion comes from Lemma 4.1. We already noticed that the maps o,
and 7,4 belong to the class 4. It remains to show that the natural transformations o
and 7w are -cartesian. The second point is a consequence of the fact that the pullbacks
in PtE are levelwise and of Lemma 4.1, while the first one is a consequence of the further
fact that, in the pullback of a split epimorphism, the splitting is pullbacked as well. The
last assertion comes from the fact that in the diagram of a kernel equivalence relation:

vy Py
................. -~ 0 f
Ro[f] —pi—= R[f] <-sf X >Y
v} pl
the diagram in plain arrow is again a kernel equivalence relation. [

Again from [Bourn, 1987], recall the following:

5.7. THEOREM. Any algebra o : G(g,t) — (g,t) of this monad is necessarily a -cartesian
map. The category of algebras of the monad (G,o,m) on PtE is the category GrdE of
internal groupoids in E. The functor U® : GrdE—=E associates (dy, s0) : X1 2 Xo with
any groupoid X,, while the functor F® : E—=GrdE associates the internal groupoid R[]
with split epimorphism (g,t).

PROOF. We refer to [Bourn, 1987] for the proof. The main conceptual aspects of the proof
are detailed in the proof of Proposition 7.12. [

Accordingly an internal groupoid is given by a reflexive graph in E as on the right
hand side, completed by a map ds : R[dy] — X; which makes the following diagram :

Po

Po do
—P1— <—S0——
X. : R2 [do] — s R[dg] _:Ig%—> Xl ~<~—S0— X()
................ - R —a
d3=R][ds 2 !

a 3-truncated simplicial object; namely the map dy must: 1) complete a 2-simplicial
object, and 2) satisfy ds.R(ds) = da.pa. In the set theoretical context, the map dy is
defined by ds(cr, 8) = B.a~! for any pair («, 8) of arrows with same domain. n

5.8. COROLLARY. The adjoint pair (U, F®) : GrdE = E is autonomous and the comonad
induced on GrdE coincides with the restriction to GrdE of the comonad (Dec,€,v) on
CatE. The endofunctor Dec : CatlE — CatE reflects the groupoids.

PROOF. By Proposition 5.6, the endofunctor G is cartesian, and the monad (G, o, ) is
strongly 9-cartesian with a 9-cartesian o; so, o is the equalizer of the pair (og, G(0)),
and the monad is half-cartesian. Then apply Corollary 2.13: accordingly the adjoint pair
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(U®, F®) : GrdE = E is autonomous. As for the second point, starting with an internal
groupoid X,, observe that the endofunctor Dec on CatE is stable on GrdE:

do
_ do do
DecX, : Rg [do] :j;: R [do] —di1—> R[dg] <so— X
¢ 7 da dq
Xeo d4 50 d3 dO d2 do dl
—d—
X, : Ry [do] > R[do] —di—> X7 <—s0— X
e Z

since the upper horizontal diagram is the groupoid R,[dy] and that this DecX, is nothing
but FC.UC(X,).
As for the last point, consider the following vertical discrete fibration in CatkE:

d,
2 . do do
—d
DecX, : X4 —d;:X3 —d—> XQ -<—80—X1
T do dq
€Xe dy d3 ds da dy
0
- do dO
. —d—
X : X3 —d2—>X2 —di— X <=—s0— X
E—— do dy
ds

and suppose the upper horizontal part is groupoid. Since the vertical discrete fibration
he has its hy = d; split by sg, then the lower horizontal row is a groupoid: denote by
v : X9 — X5 the involutive mapping producing the inversion in the upper groupoid.
Then dy.7y.s; : X7 — X7 determines an involutive map which produces an inversion for
the lower row and makes it a groupoid as well. n

5.9. COROLLARY. The category PtE is a subcategory of KlG; the morphisms of this last
category are the commutative squares in KE:

X=X

l@ lA
g|it gl
A A

Y —=Y

not necessarily respecting the sections.

PRrROOF. The first assertion is a consequence of Proposition 3.2. The morphisms in KIG
between the two vertical objects of the previous diagram are given by the internal functors
between R[g] and R[¢'] which produce (and are produced by) the commutative diagrams in
question since g and ¢’, being split, are the quotients of these kernel equivalence relations.

u
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5.10. THE MONAD (TXx,, Ax,, ftx,) WHEN X, IS A GROUPOID.

5.11. PROPOSITION. Given any internal category X, the monad (Tx,, Ax., tx,) 1S hy-
percartesian if and only if Xo is a groupoid.

PROOF. Suppose X, is a groupoid. We have to show that the monad is hypercartesian.
For that, let us reproduce below a part of the upper part of the diagram of Section 4.6
and let us complete it on the left hand side:

5h
oh .
di(Z) j_h (dy.da)*(Z) =——0b——(d1.d2.d3)*(Z)

5 ~

jd;‘(h) ’ L(dl.dﬂ*(h) % L(dl d3.dg)* (h)
d - e

X1 D R[dl] d; Rz[dl]
do s

In this diagram, any commutative vertical square is a pullback. Since X, is a groupoid,
we get the following kernel equivalence relations on the lower row:

d i
Xi<~—R[d\]) " Ro[dy]
da

which is lifted by pullback on the upper row as a kernel equivalence relation:

, s
&H(Z) <22 (dy.do)*(2) (o) (2)

which is the hypercartesian condition for the cartesian monad (T, , Ax,, tix,)-

Conversely, suppose this monad is hypercartesian. The hypercartesian condition ap-
plied to the terminal object 1y, of E/X, says that in the following diagram which is
nothing but the DecXP:

d
dy PRt
Xl — 51— X2 PSR Aoy X3
da &

the dotted part of the diagram is a kernel equivalence relation, and consequently that
DecX is a groupoid. According to Corollary 5.8, X, and thus X,, is a groupoid. =

This gives a conceptual way to a straightforward result in Set:

5.12. COROLLARY. The domain of any discrete fibration above a groupoid in CatE is a
groupoid as well.
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ProoOF. We know that any T, -algebra produces a discrete fibration above the groupoid

X.:
do do

Ly —di—>= L <=so— L
th & th o Lho
R[do] —di— X1 <s0— X

da dy

By Proposition 2.7, any Tx,-algebra dy : Tx,(h) — h produces a kernel equivalence
relation:

TX. (do) d
T%.(h) Tx,(h) 2 h

HXeh
which, here, is nothing but:

d .

ZQ Zl > ZO

do

and shows that the category Z, is a groupoid. [

6. T-categories

Now, let (T, \, ;) be any monad on E. The notion of T-category has been introduced
by A. Burroni, see [Burroni, 1971], as a mix of a relational algebra in the sense of Barr
[Barr, 1969] and of something which looks like a kind of internal category, but shifted by
this monad. For that, he first introduced the notion of pointed T-graph in E as a triple
(do, 01, S9) of maps:

X
do \51
Xo;%Z T(Xo)

Axq

such that dy.sp = 1x, and ;.89 = Ax, (Axioms 1). According to our notations, it is
nothing but a reflexive graph in the Kleisli category KIT"
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Then building the pullback of the map d; along T'(dp) in E (in plain arrows in the following
diagram):

()
/\ /; <

XO ......................... - T<X0 T2 (XO>

Ax, Xo

Burroni first observed that the section sg of dy produces, through the existence of T'(s) a
section s of d} such that 6.5} = T'(s¢).0; (Observation 2) and that the identity d;.59.dy =
AXo.dg = T(dp).Mx, produces amap sj : X;—=Xy such that d}.s] = sg.dp and d.5] = A X,
(Observation 3).

Then he demanded a “composition” map di : X, — X in E satisfying: do.d} = dy.d},
and 8;.d} = ux,.T(81).02 (Axioms 4) which, with our notation, delineates the beginning
of a 2-truncated simplicial object in KIT"

“5277
_ """"""" > 4451”
<FT(sh— i >
Xo —FT(d})= X1 <FT(s0)— X
<FG
—_— FT(dO)
FT(dg)

Then Buronni demands Axioms 7 (neutrality): di.sy = 1x, and dj.s; = 1x, which com-
pletes the previous diagram into a plain 2-truncated simplicial object in KIT. Finally,
constructing the pullback of the map &, along T'(d}) in E:

o X3
20 dy” %

dl X2 /’/dg Tw(l)% T(XQ)

A N A N
1 1
x, 24 T(X)) STy T2(X))

2.¢]

Burroni observed that:
we get a morphism d? : X3 — X, such that d}.d? = d}.d% and 6,.d? = T(d}).63 (Observa-
tions 5);
2) and from: 6;.di.d3 = px,.T(01).09.d% = px,.T(61).T(d}).03
= px,-T?(do). T(02).63 = T(do).pux,-T(02).03, we get a morphism d3 : X3—= X, such that:
db.d% = di.d% and §y.d3 = px, . T(02).05 (Observations 6).
Then he added Axiom 8 (associativity) dj.d? = d}.d3 to complete the definition of a
T-category.

Further observations: the splitting s} of d} produces, via the map T'(s}), a splitting
st : X1 —= X, of d% such that d3.53 = T'(s}).02. And from: di.s}.do = Ax,-do = T'(do). Mx,
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we get a map s; : X; — Xy such that d}.s] = sg.dp and d5.5] = Ax,. Finally from
by.51.dYy = Ax,.dy = T(d}).Ax,, we get a map s2 : Xo —= X3 such that d2.s2 = si.d} and
03.52 = \x,. Again, with our notation, this delineates a 3-truncated object in the category
KIT (where the higher degeneracies are omitted):

........ 08
<FT(s3)— | KA
_FT(dg)a. éF‘T(S%)_ ...... z‘nl(';'lua‘v llll N
X3 <FT(s3)— Xo —FT(d})> X7 <F7(s0)— Xo
_ <FT(s})— _—
- T T
<FT(3)—  Fra)
r———
FT(d3)

A morphism of T-categories, namely a T'-functor, is a morphism (fo, f1) of pointed
T-graph:
T(fo)

5 T(Xo) T(v1)
X, ; Y,
0

which preserves the “composition maps” di. Any T-functor naturally induces a morphism
of 3-truncated simplicial objects in KIT. Whence the category T-CatE of T-categories
whose objects will be denoted X? and morphisms Al : XT —= Y. We get a forgetful
functor ( )7: T-CatE — E associating the object Xy with the T-category Xy doox, o
T(Xo).

We get an injective fully faithful injective functor TEC : AlgT — T-CatE where
T4Cx(X, &) has the following underlying pointed T-graph:

3 7(X) lr(x)
\I:\X
XJAXAX T(X)

the structure of T-category being produced by the following diagram:

rie) THX) 4,
4 px \
3 TX) lrexy  T(€) X T(lrex))
X 7. )\X)\X ...... > T(X) < Pr TQ(X)
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The functor T§Cy makes the following diagram commute:

Alg TS T CalR

UTl LOT

E=E

In this way, the category T-CatE appears as a natural extension of the category AlgT'.
d1

Warning: However an internal category X, : X; <so= X in [E does not induce in general
do

a structure of T-category on the following pointed T-graph:

X

1
do )\Xo.dl

T'(Xo)

Xo0

since the pullback of T'(dy) along Ax,-d1 does not coincide with Xy in general. When
the endofunctor 7' is cartesian, so is F' T E—KIT. However, for the same reason, the
internal category F7(X,) in KIT does not coincide with a T-category.

6.1. PROPOSITION. Suppose T and \ cartesian. Then the image by the inclusion FT :
E — KIT of an internal category is a T-category. So, we really get an inclusion functor

Cat(FT) : CatE ~— T-CatE.

PROOF. Start with an internal category X, in E. We have Ax,.di = T'(d1).\x,. Now,
since the following whole rectangle is a pullback in E
A
X, 227 (X,) "7 (xy)
dol T(do) |0
X 57 T &) g T Xo)

the composition map d} : Xy — X; of X, in E produces the map d} demanded by the
definition of a T-category. The satisfaction of the other axioms immedialely follows. m

7. When T-categories in E coincide with (a special kind of) internal cate-
gories in KI'T

In this section, we are going to investigate the T-categories in the setting of the >-cartesian
monads and to show that some specific class of T-categories coincides with some specific
class of internal categories in the Kleisli category KIT of the monad. This will be the case
thanks to the following:
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7.1. PROPOSITION. Given any pullback stable class ¥ in E and any X-cartesian monad
(T, A\, ), then:

1) the class X is pullback stable in KIT';

2) given a pair (g, h) of maps in L XE with same codomain Z, if there is amap ¢ : X --»Y
i KI'T such that g.¢ = h, then ¢ belongs to E.

PROOF. First, since A is the equalizer of the pair (Ar, T'(N)), E is a subcategory of KIT.
1) By the same proof as the one of Proposition 3.12, restricted to the maps in X, any map
in Y is pullback stable in KIT'"

2) Again, by a careful inspection, the same proof as the one of Proposition 3.6 works,
when it is restricted to the maps in . [

7.2. T-CATEGORIES AND Y-CARTESIAN MONADS. Now, let be given any pointed T-graph
in E:

X1
do \51
i e

7.3. PROPOSITION. Let ¥ be a pullback stable class of morphisms in E and (T, \, u) be
a Y-cartesian monad. Then there is a bijection between the T-categories X1 having its
underlying pointed T'-graph with leg dy € X and the internal categories in KI'T':

“53 ”
82 46277
2
................. >
—d— g Y.
1
X. X3 <—s% X2 —dié Xl <—50 XO
<—s B —
i 0 4
2
<50 dg
-
d

KIT having leg dy : X1 —= Xy € X and section sy € E.

PROOF. Starting with such a T-category X', according to the previous proposition, the
following diagrams are pullbacks in KIT' since dj is in X:

d3 dp
Xy —Xo — X,
“5377 “5277 “6177
\ Y Y
Xg e X1 I XO
d} do

and the above 3-truncated simplicial object in KIT" is underlying an internal category in
KIT.

Conversely, starting with any internal category in KIT with dy : X; — Xy € ¥ and
so € E, the pullbacks involved in the definition of an internal category are obtained as
above, and then they coincide with Burroni’s construction. By the second part of the same
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proposition and the identity dy.di = dy.d}, the composition map d} : Xo—= X necessarily
belongs to E, since dy € 3; in the same way, since d} € ¥ as well, by d}.d? = d}.d3, the
map d? is in E too; finally the identity d}.d3 = di.d? assures us that d3 is in E; accordingly,
the internal category X, in KI7T' is underlying a T-category in E. n

Similarly, by the same previous proposition, we know that any internal functor (hg, hq)
between internal categories in KIT with dy € ¥ and having hy € E is such that h; € E;
accordingly the full subcategory Tx-CatE of T-CatE whose objects are the T-categories
with dy € X coincides with the subcategory C'atsKIT of internal categories in KI'T" having
dy € ¥ and sy € E and internal functors (hg, h1) in KIT with hy € E. It is obtained by
the following pullback:

Ty—CatE CatAlgT
l nglgT
PtyE>——— PtE ?(;T)PtAlg T

where PtyE denotes the full subcategory of PtE whose objects are the split epimorphism
(f,s) in E with f € .

When, in addition, the class 3 contains the identity maps, is stable under composition
and left cancellable, the situation becomes even clearer since we are now assured that the
map so and the composition map d; : Xo — X; belong to ¥. So, we get a fully faithful
inclusion j : CatsE — Tx-CatE where ClatsE denotes the full subcategory of C'atlE whose
objects are the internal categories in .

7.4. T-CATEGORIES AND CARTESIAN MONADS. Now, we get our more meaningful result:

7.5. THEOREM. When the monad (T, \, u) is cartesian, a T-category coincides with an
internal category XI in KI'T whose leg dy belongs to the subcategory E. A T-functor, coin-
cides with an internal functor in KI'T whose image by the functor ( )o : Cat(KIT)—KIT
belongs to the subcategory E. The image by the cartesian inclusion functor FT : E »— KIT
of any internal category is a T-category. The image of any T-category by the fully faithful
functor K : KIT — AlgT produces an internal category in AlgT.

PRrROOF. It is a corollary of the previous proposition where > = E. ]

By Proposition 111.2.21 in [Burroni, 1971}, the author observed that, when the monad
(T, \, i) is cartesian, the image by the functor U7 = UT . K7 : KIT—=E of the 3-truncated
simplicial object in KIT induced by a T-category in [E is an internal category in E, but he
did not produce the previous characterization; for that the Proposition 3.6 concerning the
behaviour of the maps of [E inside KI'T and the Proposition 3.12 concerning the existence
of a certain class of pullbacks in KIT" are needed. According to the previous proposition,
the category T-CatE is defined by any of the following pullbacks:

T—CatE>— CatKIT T—CatE — CatAlgT

| | r J | Phr

PtE>—— PtKIT PtE —— PtAlgT
Pt(FT) Pt(FT)
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Let us denote by ( )1 : T-CatE—E the forgetful functor associating with any T-category
X7 its “object of objects” Xj.

7.6. PROPOSITION. When the monad (T, \, ) is cartesian, the category T-CatE has
pullbacks and the forgetful functor ( )r is cartesian; it is a fibration such that, in the
following commutative diagram, the inclusion Cat(FT) : CatE — T-CatE is fully faithful,
cartesian and preserves the cartesian maps:

a T
CatE Cat(l rf—C’aﬂE

()ol l()T

E=E

PRrROOF. Let f, : XTI —=ZT and ¢, : YT —= ZI be a pair of T-functors. Consider the
following levelwise pullbacks in E:

The split epimorphisms (dp, s¢) in E produce a split epimorphism (df, si’) : P, = By in E.
And since the injection E — KI T is cartesian (Proposition 3.9), the maps “6;” : X7 --+ X
in KIT produces a map “0,” : P, --» Py in KIT'; from that the structure P! of T-category
on this induced pointed graph follows. By this construction, the functors ( )7 and Cat(F7T)
are cartesian.

To show that this functor is a fibration, we have first to check that the classical
construction of the cartesian maps above a map f : X —Yj is valid in KIT', namely to
build some joint pullbacks in KIT. So let Y be a T-category and f : X —= Y, any map
in E. The following diagram where any square is a pullback in KI'T" makes it explicit:

Whence a morphism of pointed graphs in KIT"

X, f¢ Y,

d_oq_SlIv “517» f do lIv 4451”
/

X Yo
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which, by general arguments, endows the left hand side reflexive graph with an internal
category structure X7I in KI7T. By Theorem 7.5, this internal category in KIT is a T-
category.

We have now to check the universal property: so, let ZI' be another T-category and
Ge : ZI' —= Y a T-functor, such that gy = f.h for some h : Zy— X in E. Again, by
general arguments, we certainly get an internal functor h, : ZX' —= X7 in KIT such that
ho = h € E. Since both Z, and X, are T-categories and hg belongs to E, then h, is a
T-functor, see Theorem 7.5. Since FT preserves pullbacks, Cat(FT) preserves the fully
faithful internal functors, namely the cartesian maps with respect to ( )o. n

In our context, the construction of the endofunctor Dec can be extended to T-
categories:

7.7. PROPOSITION. Given any cartesian monad (T, \, i), there is an endofunctor Dec
on T-CatlE which mimicks the endofunctor Dec on CatlE. However the co-unit € does not
belong to T-CatE.

Proor. Consider the upper part of the following vertical diagram in KIT":

do

[, do do
—d1—>
DecX, : X4 ds Xy —di— Xy <—s0— X
€Xq 54 di “63” “(52” “(51”
s do : do :
\ d A \ N
. 1 >
Xo . X3 —d2—>X2 —dléXl <—50—X0
................................. .
.4.,.4.45:.3,;;4.“ “62” 6177

where X is defined by the pullback in KIT of the map dy : X3— X5 € E along the map
532X3 --» X e KIT. [ |

7.8. PROPOSITION. Given any cartesian monad (T, )\, p), the fully faithful inclusion

Cat(FT) : CatE » T-CatE admit a right adjoint R which preserves the cartesian maps
(=fully faithful functors).

PROOF. Let us start with a T-category XI and define R(XZ) by the following fully
faithful internal functor in CatE:

_ b
X, —LT(X .
JAl (T 1) {(j )
670‘50‘51 T(do)}T(SO) T%(X,)
I |
XO TXO>T(X0)

HXq
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It determines the left hand side T-functor in T-CatE where \; is the factorization of \;
through Ax;:

A1
£ 50— T
do lsoldl do ‘SOE “§17 T(do)}T(go) T2 (XO)
l lV * %0
Xo Xy ™ T(Xo)
0
since “6;”.\; = dy in KIT means d;.\; = )\XO.Jl in E which is true since /\XO.Jl =

MXO'T(dl)-)\l == MXO-T((Sl)-)\Xl)\l = /’LXO'AT(XO)'d].')\]. = 51.)\1.

Now, let he : Zy —= XTI be any T-functor with Z, € CatE. This means that we get
01.h1 = Ax,-ho.d; in E. We have to check that the map h; : Z; — X, factors through
A\ oOr equivalently that Ax,.h; factors through A\;. For that it is enough to check that we
have an internal functor in C'atE:

Ax, .h
7, T () )

(5
| o
do [s0|d1 T(do) ['(S0) Tz(XO)

l “Txo
2 =7 T (Xo)

which is straightforward. The functor R preserves the fully faithful functors since the
functor Kp : KIT — AlgT is cartesian as soon as the monad is cartesian. [

Now, when the monad is cartesian, the injective functor:
T4Cy : AlgT — T-CatE — Cat(KIT) is defined by the following diagram:

................. 1" 3(x)
é)\T(X))— .................
T*(X) —pnx—s T(X) <~ x—X
<T(Ax)— _
- o 3
()

which makes commute the following diagram:

Alg T Cat(KIT)

ot [ o

E=E

7.9. PROPOSITION. The upper injective functor is cartesian. We get R(T§Cg(X,§)) =
AUT(X,¢) = Ax.
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PRrROOF. The first point is straightforward since the pullbacks of internal categories are
levelwise and that it is also the case for the T-algebras when T' is cartesian. For the
second point, given any T-algebra (X, &), consider the following joint pullback diagram:

X Ix X
)\X\L )\X
2
T(X)AT&)T (X) 7z T(X)
El lT(é)
X ——~T(X)

Cat(FT)
The composition functor AlgT ~— Cat(KIT) >(—> Cat(AlgT) gives rise, for any

X € E to the following internal category in AlgT"

HT(X)
5 L (Ar(x))- ) . S
(T (X)> MTZ(X)) _;;(";X)_) (T (X)7 HT(X)) <L(OAx)— (T(X)’ IUX)
=0~ T©
T2(¢)

For further developments on these internal categories, see []%atanin and Berger, 2017]. On
the other hand, the “intersection” of the inclusions Cat(FT) : CatE — Cat(KIT) and
AlgT — Cat(KIT) is clearly the empty set.

7.10. T-GROUPOIDS. Is the notion of T-groupoid meaningful? Probably not in general,
but it is clear that when a T-category coincides with an internal category in KIT', it is
legitimate to say that a T-category:

“5377
~s— o
l% 1 “51”
@51 .................... >
X Xz =—si— Xp —dj— Xj =—0— X
1
—d%—)- <—s; T)
~—s2 1
0 dy
_—
d2
0
is a T-groupoid when:
di
_—
Xo <—si— X1 Xo
dg

is a kernel equivalence relation in E.

7.11. WHEN T-ALGEBRAS PRODUCE T-GROUPOIDS. We shall try now to answer the
question: when is the image T§Cg(X, &) an internal groupoid in KIT?
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7.12. PROPOSITION. Let ¥ be a pullback stable class of morphisms and (T, \, ) be a
strongly Y-cartesian monad on E. Suppose that the object X is such that the following
diagram 1s a kernel equivalence relation:

T(ux)

3 (X) L(A7r(x))- TQ(X)

_—
HT(X)

T(X)

wx

Then the object T'(X) satisfies the same property. Suppose moreover that X is a bijective
on objects left cancellable subcategory of E containing all the isomorphisms. Then any
algebra & : T(X)—=X on X belongs to X2 and the following diagram is a kernel equivalence

relation:
()

T2(X) <rox—T(X) —
Tax

X

So, the T-category TECx(X, &) is actually a T-groupoid, i.e. an internal groupoid in the
Kleisli category KIT'.

PROOF. Since py is in ¥ and p is Y-cartesian, the map T'(ur(x)) delineates the compo-
sition map of an internal category in E:

K12 (x) HT(X)

T (X) —T(ur(x))> T3(X) <I'(Apx))— T2 (X)
T%(ux) T(x)

When the diagram in question is a kernel equivalence relation, its image by 7" is a kernel
equivalence relation (i.e. the pair (T'(ur(x)), T?(px)) is the kernel pair of T'(pux)), and
this category is actually a groupoid. By duality, the pair (ur2(x), T'(pir(x))) is the kernel
equivalence relation of jp(x) and we get the first assertion.

Any T-algebra £ : T(X) — X produces the following diagram:

Hr2(x) M (X)
T4(X) T(pr(x))> Ik (X) <T(Arx)) T2 (X)
T%(px) T(ux)
T3(8) T2(€) ()
H(X) 15
T3(X) —T(ux)=T? (X) ~T(\x)— T(X)
T(€) ()

Now, since the square in question is a pullback, the maps T'(¢) and T?(¢) makes the lower
row an internal groupoid. So, the involutive “inversion” mapping ¢ : T%(X)—T?(X) of
this groupoid exchanges the maps px and 7'(€). Since, by assumption, the isomorphism
7vx is in 3 which is a subcategory of E, then T'(§) = p1x.7¢ belongs to ¥. Now, the identity
Ax.& = T(§).Ar(x) shows that £ € ¥, since ¥ is left cancellable.
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It remains to check the last assertion. Since the lower row of the diagram above is a
groupoid, by duality, the following diagram is a kernel equivalence relation:

(X)) ()
T (X T (X)) —T(X
) T(&)

The endofunctor T is conservative since A is the equalizer of the pair (Ar, T'()\)) (since
Ais in 3 and A\ Y-cartesian); accordingly it reflects the pullbacks of maps in 3, and the
following diagram is thus a kernel equivalence relation:

THX)__TT(X)——X
()

7.13. COROLLARY. Let (T, A\, i) be a cartesian monad on E. Suppose the object X is
such that the following diagram is a kernel equivalence relation:

T(px)
T3(X) 0 T2(X) —— T(X)
HT(X)

Then any T-algebra £ : T(X) — X on X is such that the T-category THCg(X, &) is
actually a T-groupoid, i.e. an internal groupoid in KIT'.

In Section 10.5 we shall produce a cartesian monad where this condition is satisfied
for any object X.

8. When internal categories in E coincide with G-categories in PtE

In this section we shall show that the category C'atE of internal categories in [E coincides
with a specific subcategory of the category of G-categories in PtE.
The monad (G, o, m) being strongly §-cartesian on PtE (Section 5), we get:

8.1. PROPOSITION. The full subcategory Gq-CatPtE of G-CatPtE whose objects are the
G-categories with a §-cartesian 0-leg coincides with the category whose objects are the
discrete fibrations he : Xe¢ —= Y, tn E, where hy : Xg —= Y, is endowed with a given
splitting ty and whose morphisms are the commutative squares between discrete fibrations
in C'atlE as on the left hand side:

X, X, -2 X,
l | hu o [0
Y, =Y, Yo=Yy

such that the above right hand side square is a morphism in PtE.

ProOF. Apply Propositions 7.3 and 5.9. [
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We shall be interested now in the full subcategory of Gq-CatPtE whose objects are
the G-categories having, in addition, an idomorphic 1-leg.

8.2. THEOREM. The full subcategory of G-CatPtE whose objects are the G-categories
with a §-cartesian 0-leg and an idomorphic 1-leg is isomorphic to the category CatE of
internal categories in E.

PROOF. Let he : Xq —Y, be a G-category with a §-cartesian 0-leg, namely a vertical
discrete fibration with a section ty of hq:

dyx do

XO —sé’—> Xl ~<—di— XQ

d,x d2
h t 1 h h

Yb —S0—> Yi <~—d1— ng

dyy da

we shall denote by t; the induced section of h;. Its underlying G-graph:

(dy dg)

(ho,to) =" (hy,t1)

dX R(d¥)).o(h1,
A G, )

is the following one:
dyx X1 di¥ t1.h1,d5)

Xy hi| |t R[ho]

Yo ° Xo
Saying that its 1-leg is idomorphic is saying that di*.t; = 1y,. Whence:
1) hg = ho.df t; = dY .hy.ty = dY , and 2) tg = to.dY .sp = d¥.t1.s) = s}, and consequently
(ho, to) = (d1, s0). Similarly we have dy .ty = ly,. Whence:
1) hy = hy.dy ty = dY hyty = dY ,and 2) t; = t,.d} .s¥ = dX ty.57 = s¥, and consequently
(h1,t1) = (dg, s1). Accordingly, we get the following diagram:

do do

Y] —so—=Y; <di— Y3

d1 do
dq S0 do ds
do do

Yy —so—=Y, <di— Y,

dy d2

which is nothing but the discrete fibration ey, : DecY, — Y, with the section sy, and
nothing more. So that a G¢-category with an idomorphic 1-leg is just an internal category
in E. Conversely any internal category Y, in E produce the above Gq-category with an
idomorphic 1-leg. ]
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Now, consider the injective functor G4C : AlgG = GrdE — G-Cat(PtE); according to
Proposition 7.12, any G-algebra is §-cartesian, so that the pointed G-graph underlying
G1#C((dy, s0), (dy,ds)) (following the notations of Section 5):

G(do, So)

(ch ) ~Sldoo)
(do,So) d G(do,So)
o(do,s0)

has a §-cartesian 0-leg and an idomorphic 1-leg. Accordingly, the injective functor GfC
factors through CatE, producing the natural inclusion GrdE — CatE. So, not only the
monad (G, o, 7) on PtE produces the category GrdE = AlgG of internal groupoids, but
also it entirely rules the construction of C'atE and the previous inclusion.

9. Internal n-groupoids and n-categories

In this section, we shall show that the constructions and results of the previous section
about the monad (G, o, ) have a natural extension to the internal (strict) n-groupoids
and n-categories.

9.1. THE MONAD (Gpg,0p,r). We Sh_all first introduce a locating process for the monad
(G,o,m) up to a fibration. So let F': E—I be any fibration whose underlying functor
is cartesian; we denote by Fy, the fiber above W € E.

9.2. LEMMA. Given any fibration F : E—=E whose underlying functor is cartesian, then
any fiber Fy has pullbacks.

PROOF. Given pair (f, g) of maps with same codomain in the fiber Fip(yy and their pullback
in E:

prEx F(P) X F(x)
pyl i Fo)| |7
7Y F(Z) 5= F(Y)

g

F(g)

we get F(px) = F(py) = 7, where 7 is an isomorphism in E. Taking ¢ : P — P the
cartesian map above 7~ with domain P furnishes the pullback of the pair (f,g) inside
the fiber Fp(y) n

Let us denote by PtzE the full subcategory of PtE whose objects are the split epi-
morphisms in a fiber of F', it is obtained by the following left hand side pullback where
9r
PtpE~— PtE E

S

E—— PtE
1g
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This makes PtpE a cartesian category and any functor in this diagram is a cartesian one.
This produces, in addition, the upper horizontal cartesian functor €z which becomes a
subfibration of €z by the following specification of the base-change functor 1*: starting
with any split epimorphism (f,s) : X = Y in the fiber Fr(y), take the pullback in E as
on the left hand side which produces a cartesian map above 9 in PtE:

X'y FX) 2 px)
i T ; T F(’)l HF(f)

So, in its right hand side image by F' in E which is a pullback, the map F ( f) =7isan
isomorphism whose inverse is F'(§). Taking the cartesian 1somorphlsm ¢ : X — X above
7~ with codomain X produces the desired split epimorphism (f.¢,¢(1.5) : X 2 Z in the
fiber above F'(Z). From now on we shall use the previous specification in the construction
of the base-change functors *.

We shall denote by € the class of the cartesian maps with respect to the fibration §x
(namely pullbacks between split epimorphisms belonging to a fiber) and, again, we shall
call idomorphims the morphisms (y,z) in PtzE whose lower map y in E is an identity
map. Modulo the above precisions, the monad (G, o, 7) on PtE is stable on PtpE; for

sake of clarity, we shall denote it by (Gp,op, TF).

9.3. PROPOSITION. The endofunctor Gp on PtpE is cartesian. It preserves and reflects
the class §r. The monad (Gp,op, 7F) is strongly §g-cartesian. Furthermore, given any
object (g,t) in PtpE, the following diagram is a kernel equivalence relation in PtE with
its (levelwise) quotient:

TrGR (gvt)

Gr(orGp(g,t))

G?})T'(gvt) G? <g7 )ﬂ'F( D GF(gut)

_——
GFWF(QJ)

PROOF. It is just Proposition 5.6 restricted to the full subcategory PtpE of PtE since
the inclusion (g preserves the cartesian maps and the monad (Gp,0p,mF) is just the
restriction to PtpE of the monad (G, o, 7) on PtE. =

9.4. PROPOSITION. Any algebra o : Gr(g,t) — (g,t) of this monad necessarily belongs
to the class §r. The category of algebras of the monad (Gp,op,mF) on PtpE is the full
subcategory Grd'E of GrdE whose objects are the internal groupoids in the fibers of F.

PROOF. This time, it is just a restriction of Theorem 5.7 to the full subcategory PtzE of
PtE. m
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We shall denote by ()5 the diagonal functor of the following commutative square:

AlgGr = Grd"E GrdE
Utr T~ i)g (o
cr{ PtpE )

I

9.5. DEFINITION. A functor F : E—=E is called a fibered reflection when it is cartesian
and is a fibration such that any fiber Fy of F' has a terminal object T (W) which is stable
under any base-change functor.

The easiest examples of fibered reflection are the fibrations ( )y : CatE — E and
( )o : GrdE—E, when E is a cartesian category with a terminal object; in both cases,
the terminal object in the fiber above the object X in [E being the undiscrete equivalence
relation Vx = R[rx], where 7x : X —1 is the terminal map. We are going to show now
that when F is a fibered reflection, so are the forgetful functors ( )§ : Grd"E—TF and
()& : Cat" E—E. First, the previous terminology comes from the following:

9.6. PROPOSITION. [Bourn, 1988] A functor F : E—=F is a fibered reflection if and only
if the following conditions hold:

1) the functor F is cartesian and has a right adjoint right inverse T : E—=1TE such that
the unit nx : X —TF(X) of this co-adjoint pair is such that F(nx) = lpx);

2) for any map h: Z—=F(X) in E, there is a map h : Z—=X in E such that F(h) = h
and the following square is a pullback:

i
TF(Z) = T(Z) ;o TF(X)

PROOF. Suppose F' is a fibered reflection. Choose a terminal object T'(W) in the fiber
Fy; this determines a right adjoint right inverse 7' of F' with nx : X — TF(X) the
terminal map in the fiber Fr(x). Then a map f: X —Y in E is cartesian with respect
to F if and only if the following left hand side square is a pullback in E, see Section 1 in
[Bourn, 1988] for instance:

x— 71 .y 7" . x
] ISR I
TF(X) 5 TF(Y) T(2) =5+ TF(X)

Now starting with a map h : Z— F(X) in E, take the above right hand side pullback in
E. Since F' is cartesian, its image by F is a pullback in E, and F'(7) is an isomorphism.
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1 with codomain Z, produces

Taking v : Z— Z the invertible cartesian map above F(17)~
the desired map h = h.y : Z— X of condition 2).
Conversely, let F' be a functor satisfying the two above conditions. Condition 1)
implies that any map f : X — Y making the above left hand side square a pullback is
cartesian with respect to F', while Condition 2) guarantees the existence of a cartesian
map above any map h. Then nx : X — T'F(X) is necessarily the terminal map in the

fiber FF(X) |

9.7. PROPOSITION. When the fibration F : E—E is a fibered reflection, so is the forgetful
functor ()} : Grd"E—E.

PRrROOF. The kernel equivalence relation R[nx| produces a groupoid R.[nx] in the fiber
Fp(x) (since F(nx) = 1px)) such that Rylnx| = X, and it is clearly a terminal object
among the groupoids Z, in the fiber Fr(x) such that Z; = X.

Let us check that ( )f is a fibration whose base-change functors preserve these terminal
objects. So, let X, be any internal groupoid in a fiber of F' and h : Z — Xy be any map
in E; then consider the following left hand side pullback in the following left hand side
diagram in E, where 7; X, is the factorization of the pair (ds*, d;*):

Po

Zy—" Rlns| == 2 —"%TF(Z) Zo—" Ru[nz]
P

hlj R(h)l . jh lTF(h) Fre lR.(h)
0

X1 —= Rlnx] <m:>Xon—XO>TF(Xo) Xe —= Ralix,]

This produces an internal groupoid in E, since this pullback in E is underlying the right
hand side pullback in GrdE. The map 7 is not necessarily inside a fiber, but certainly F(7)
is an isomorphism since F' (71 X,) = 1p(x,). Take the invertible cartesian map ¢; : Z1—=2;
above F(77)~! with codomain Z;, then the associated internal groupoid Z, (which is
isomorphic to Z,) belongs to GrdrE. It is then straighforward to check that the internal
functor he.Ce : Ze— X, is the desired cartesian map above h with respect to the functor:
() : Grd"E—=E. This construction makes R,(h) a cartesian map above h, which means
that the terminal object Re[nx,] in the fiber of (){" is preserved by the base-change functor

along h; in other words this means that the fibration (){ is a fibered reflection. ]

9.8. THEOREM. The full subcategory of Gp-Cat(PtrE) whose objects are the G p-categories
with a §r-cartesian 0-leg and an idomorphic 1-leg is isomorphic to the full subcategory
Cat"E of CatE whose objects are the internal categories in the fibers of F. The inclusion
GHCp : AlgGr — Cat™E coincides with the following upper one:

Grd*E—— Cat'E
()gl l( )&
]E=]E

When F is a fibered reflection, so is ( )§ : Cat'E—E.
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PROOF. Once again, the first point is only a straighforward restriction of Theorem 7.5 to
the full subcategory PtzE of PtE. And the second one holds since the previous proof for
Grd"E is still valid for Cat’E, which means, as expected, that the terminal objects in
the fibers Grd§E and CatLE are the same one. o

9.9. WHEN THE FIBRATION I’ HAS PROTOMODULAR FIBERS. Recall from [Bourn, 1991},
that a category C is protomodular when any base-change functor of the fibration ¢ :
PtC —C is conservative, that any protomodular category is a Mal’tsev one in the sense
of [Cardoni, Lambek and Pedicchio, 1991] (namely any reflexive relation in C is an equiv-
alence relation), and that any internal category in a Mal’tsev category is an internal
groupoid [Carboni, Pedicchio and Pirovano, 1992].

The easiest examples of protomodular category are the category Gp of groups and
GpE of internal groups in E when E is cartesian. More generally any fiber of the fibration
()o : GrdE—E is protomodular, again see [Bourn, 1991], and when C is protomodular, so
is the category GrdC. When the fibration F' has protomodular fibers, then the extension
determined by Theorem 9.8 does not produce anything new:

9.10. PROPOSITION. When the fibration F' has protomodular fibers, the inclusion G§Cp :
AlgGr = Gf'rdFIEiH Cat"E is an isomorphism of categories, and the fibered reflection
()& : Grd"E —=E has protomodular fibers as well.

Proor. Following what we just recalled, internal categories and internal groupoids do
coincide inside the protomodular fibers of F : E— E; whence the first point. Now, the
fiber ( )OF’X of ()& above the object X € E is a cartesian subcategory of the category
Grd(Fp(x)y) which, as we just recalled above, is protomodular since so is Fp(x). Accord-

ingly, so is this fiber ( )o™.

9.11. 2-CATEGORIES AND 2-GROUPOIDS. (Strict) 2-categories have been introduced by
Benabou [Benabou, 1965] and Maranda [Maranda, 1965] as Cat-enriched categories. They
are examples of double categories in the sense of Ehresmann [Ehresmann, 1965] as well,
namely as special cases of internal categories. Internally speaking, the category 2-C'atE of
internal 2-categories in E is nothing but the full subcategory of the category Cat(CatE)
of double categories whose objects are the internal categories in the fibers of the fibration
()o : CatE—E, see Section V1.2 in [Bourn, 1988]. So we are in the situation investigated
in Section 9.1 with the fibration F' = ( )o. This section will be devoted to the translation
of the results of Section 9.1, and this will show how, again, the monad (G, o, 7) entirely
rules the construction of the category 2-C'atE. Similarly, the category 2-GrdE of internal
2-groupoids in E is nothing but the full subcategory of the category Grd(GrdE) of double
groupoids whose objects are the internal groupoids in the fibers of the fibration ( )g :
GrdE—E.

Let us begin by the category 2-GrdE. In this way, 2-GrdE = Grd °GrdE. When
there is no ambiguity, a 2-groupoid will be denoted by the central part X2 of the internal
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groupoid defining it in a fiber of ( )y : GrdgE —E:

d2? a3t
2 2 2 1
X: Xog X —d2? X; 520 X,
d0 dz°

where the left hand side object is a pullback in this fiber. The internal groupoid X! is
called the groupoid of 1-morphisms, while the internal groupoid X2 is called the groupoid
of 2-morphisms or 2-cells. Let us translate now the results of Section 9.1 with F' = (' )g :
GrdlE—E. For that and for sake of simplicity we shall denote:

1) by PtoGrdE the category Pt(,GrdE whose objects are the split epimorphisms between
internal groupoids lying in a fiber of ( )o,

2) by qoE the fibration §), : PtoGrdE = Pt(),GrdE— GrdE associating with any split
epimorphism of this kind its codomain,

3) and by (Gy, 01, 7m1) the monad (G(),,0(),,7(),) on the category PtoGrdE.

So we get:

9.12. PROPOSITION. 1) The category 2-GrdE is isomorphic to AlgG,. The forgetful
functor ()1 : 2-GrdE — GrdE associating the groupoid X! with the 2-groupoid X? is a
fibered reflection.

2) The inclusion G4C, : AlgG, = 2-GrdE »— Cat°GrdE is an isomorphism of categories
and the fibered reflection ( )1 : 2-GrdE— GrdE has protomodular fibers.

ProOF. For the first point, just apply Propositions 9.3, 9.4 and 9.7 to the fibration
()o : GrdE—E. For the second one, apply Proposition 9.10. ]

Let us translate now the results of Section 9.1 related with F' = ( )y : CatE —E.
In this way, 2-CatE = Cat\)°CatE. Again, when there is no ambiguity, a 2-category will

be denoted by the central part X? of the internal category producing it in a fiber of of
()o: CatE—E:

d2? a1
X2 xp X2 —g2 X2« 2o x!
220 220

where the left hand side object is a pullback in this fiber of ()¢ : CatE—E. The internal
category X! is called the category of 1-morphisms, while the internal category X2 is called
the category of 2-morphisms or 2-cells. Again for sake of simplicity, we shall denote:

1) by PtoCatE the category Pt(),CatE whose objects are the split epimorphisms between
internal categories lying in a fiber of ( )o,

2) by qJE the fibration (), : PtoCatE = Pt(),CatE — CatE associating with any split
epimorphism of this kind its codomain,

3) and by (GY, 0¥, 7¥) the monad (G ),, 0(),, 7(),) on the category PtoCatE.

Now translating the results of Section 9.1 we get:
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9.13. THEOREM. 1) The category AlgGY is the full subcategory 2q-CatE of Grd(CatE)
whose objects are the internal groupoids in the fibers of ( )o : CatE —=E, namely the 2-
categories with invertible 2-cells. The forgetful functor (), : 2¢-CatE—CatE associating
the category X} with the 2-category X? is a fibered reflection.

2) The full subcategory of G¢-Cat(PtoCatE) whose objects are the GY -categories with
a Y§E-cartesian 0-leg and an idomorphic 1-leg is isomorphic to the category of internal
categories in the fibers of ( )o, namely to the category 2-CatE of internal 2-categories.

3) The inclusion GHC, : AlgG{ — 2-CatE coincides with the following upper horizontal
one in the following commutative diagram:

2¢—CatE>——2—CatE

On) lol

CatE CatE

where the vertical functors are fibered reflections.

PRrOOF. Apply Proposition 9.4 and Theorem 9.8. m

9.14. n-CATEGORIES AND n-GROUPOIDS. Internally speaking, the category (n+1)-CatE
of internal (n + 1)-categories in E is defined by induction from the construction of the
fibered reflection ( ); : 2-CatE — CatE, see for instance [Bourn, 1990]. Suppose we
have defined the fibered reflection ( ),—1 : n-CatE — (n-1)-CatE. Then the category
(n + 1)-CatE of (n + 1)-categories is the full subcategory of Cat(n-CatE) whose objects
are the internal categories in the fibers of ( ),,_1. We are now in the situation investigated
in Section 9.1 with F' = ( ),—;. This section will be devoted to the translation of the
results of Section 9.1, and this will show how, this time, the monad (G, o, ) entirely
rules the construction of the category (n + 1)-CatE. Similarly, the category (n + 1)-
GrdE of internal (n + 1)-groupoids in E is inductively defined as the full subcategory of
the category Grd(n-GrdE) whose objects are the internal groupoids in the fibers of the
fibration ( ),—1 : n-GrdE — (n — 1)-GrdE.

Let us begin by the category (n + 1)-GrdE. When there is no ambiguity, a (n + 1)-
groupoid will be denoted by the central part X?*! of the internal groupoid defining it in
a fiber of ( ),—1 : n-GrdE — (n — 1)-GrdE:

d7:+1,2 d:z+1,1
_ >
n+1 n+1 1,1 n+1 1,0 n
XL, XLt Xl o X
T ——
d:L+l,0 d:H»l,O

where the left hand side object is a pullback in this fiber. The n-groupoid X[ is called
the n-groupoid of n-morphisms, while the n-groupoid X?*! is called the n-groupoid of
(n + 1)-morphisms or (n + 1)-cells. Let us translate now the results of Section 9.1 with
F = (),-1. For that and for sake of simplicity we shall denote:

1) by Pt,,_1n-GrdE the category Pt(), ,n-GrdE whose objects are the split epimorphisms
between internal n-groupoids lying in a fiber of ( ),_1,
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2) by 9,—E the fibration 9, , : Pt,_1n-GrdE — n-GrdE associating with any split
epimorphism of this kind its codomain,

3) and by (G, 0n,m,) the monad (G(),_,,0(),_,,7(),_,) on the category Pt,_in-GrdE.
Now translating the results of the Sections 9.1 and 9.9, we get:

9.15. PROPOSITION. 1) The category (n + 1)-GrdE of internal (n + 1)-groupoids is iso-
morphic to AlgG,,. The forgetful functor (), : (n + 1)-GrdE — n-GrdE associating the
n-groupoid X2 with the (n + 1)-groupoid X is a fibered reflection.

2) The inclusion: G4C,, : AlgG,, = (n+1)—GrdE — CatO»—n—GrdE is an isomorphism
of categories and the fibered reflection: ( ), : (n + 1)-GrdE —n-GrdE has protomodular
fibers.

PRrooF. For the first point, apply Propositions 9.3, 9.4 and 9.7 to the fibered reflection
( )n—1: n-GrdE — (n-1)-GrdE. For the second one, apply Proposition 9.10. n

Let us translate now the results of Section 9.1 related to the fibration ( ),—1 : n-
CatE—(n —1)-CatE. In this way, (n+ 1)-CatE = Cat")»-1n-CatE. Again, when there
is no ambiguity, a (n+1)-category will be denoted by the central part X! of the internal
category producing it in a fiber of ( ),—; : n-CatE — (n — 1)-CatE:

dn+1,2 dn+1,1

L] L]

X:L+1 X1 X:m+1 _d:l+1,1 5 X:L+1 SIL+1,0 X:L
_—
d:z+1,0 d:7,+1,0

where the left hand side object is a pullback in this fiber. The internal category X[ is
called the category of n-morphisms, while the internal category X! is called the category
of (n + 1)-morphisms or (n + 1)-cells. Again for sake of simplicity, we shall denote:

1) by Pt,_1CatE the category Pt(), ,n-CatE whose objects are the split epimorphisms
between internal n-categories lying in a fiber of ( ),_1,

2) by 9¢_|E the fibration q), , : Pt,_1n-CatE — n-CatE associating with any split
epimorphism of this kind its codomain,

3) and by (GY, 0%, 7<) the monad (G, ,,0(), ,7()._,) on the category Pt,_in-CatE.

Now translating the results of Section 9.1 we get:

9.16. THEOREM. 1) The category AlgGS is the full subcategory (n+1)g-CatE of (n+1)-
CatE whose objects are the internal groupoids in the fibers of ( )1 : n-CatE—(n —1)-
CatE, namely the (n + 1)-categories with invertible (n + 1)-cells. The forgetful functor
()n—1 : n-CatE—(n — 1)-CatE associating the n-category X7 with the (n + 1)-category
X s a fibered reflection.

2) The full subcategory of GS-Cat(Pt,_1n-CatE) whose objects are the GS -categories with
a ¢ _,E-cartesian 0-leg and an idomorphic 1-leg is isomorphic to the category of internal
categories in the fibers of ( )n—1, namely to (n+ 1)-CatE.

3) The inclusion GHCS : AlgGS — (n + 1)-CatE coincides with the following upper
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horizontal one in the following commutative diagram:

(n+1)g—CatE>=— (n + 1)—CatE

On| [0

n — CatE =——n — CatE

where the vertical functors are fibered reflections.

PRroOOF. Apply Proposition 9.4 and Theorem 9.8. m
Accordingly, the construction of the following tower of fibered reflections is entirely

ruled by the monad (G, o, 7) on PtE:

0)

won—CatE " (n = 1)—CatE ..... 2-CatES CatE B E

10. The Tx,-categories

10.1. THE GENERAL CASE. In section 4.6 we observed that, when X, is an internal
category, the monad (Tx,, Ax,, ttx,) on E/Xj is cartesian, and that the algebras of this
monad coincide with the discrete fibrations above X,, so that AlgTx, = DisF/X,. We
are now going to investigate what are that the T'x,-categories.

10.2. PROPOSITION. Given any internal category X, in the category IE, then the category
Tx,-Cat(E/Xy) is isomorphic to CatE/X,.

PROOF. A pointed Tx,-graph on an object gy : Yo —= Xy of E/Xj is given by a diagram
of the following kind in E, where go.d} =~ = do.d}(g0).d1 = do.g1:

satisfying (¥, g1).s5 = 03° = (1yq, S0-90), namely d} .s} = 1y, and g;.s} = s9.go. Accord-
ingly it is equivalent to a morphism of internal reflexif graphs in E:

ay
0
-2

Yo —si =Y

B
dY
go 1 g1
do
S
XO —S0—> Xl
-

di
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We have to build now the pullback of d; = (d), g1) along Tx, (d} ), namely the pullback
of d¥ along d} whose domain is denoted Y5:

— (@ g1.dY)
Yi—di (Y1) =——Y;
1
d(}),l Tx, (90) ld(})/
0905

o .

Y= iVl G
gol ldf(go)

XO —S0—> X1

di

This induces a map g, : Yo— X5 such that gl.dé/ = dy.g> and g1.dY = dy.go. Accordingly,
we get the following diagram where the two central “vertical” triangles commute and
where g, = d}(g1).do, with dy = (dY, g1.d} ):

@ -7 /,/ Y,
- — / - d}/ ) /J/Q
A (V1)
iy _ -~ 50 g
//// dq TX.(Jl/)//
- » ~
Yos——oi"—di(Yo) (d1.d2)*(Yp)
890 650
gol dT(Qo)L (c?hdz)*(go)j
dy
XO 80— Xl X2
d1 j d2 l
do dO
do
XO Xl
di

The structure of T,-category on go is then completed by the data of a map d} : Yo—=Y)
in E/X, such that Burroni’s Axioms 4, 7, 8 hold. The first part of Axioms 4 is d} .dY =
dy.dy (which implies that d} is a map in the slice category E/X,), while the second
part is di.dY = px,(g0).Tx.(d1).dy = 67°.Tx,(d1).dy. This second part is equivalent to
d¥.d¥ = d¥.d¥ and g,.d¥ = dy.go, which would complete the structure of an internal
functor:

dy dy

Yo —si— Y1 <di — Y

% %
go a4 g1 d3 g2
do do

Xg—so—=> X <di— X,
di da
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provided that neutrality and associativity of the composition map d¥ : Yo —= Y] hold,
which is straightforward with Axioms 7 and 8. [

The inclusion Cat(E/Xy) = CatE/Ax, — Tx,-Cat(E/X,) = CatE/X, is given by
composition, in CatE, with the inclusion functor Ay, — X,; while its coadjoint R (see
Proposition 7.8) is obtained by the pullback in C'atE along this inclusion functor.

10.3. THE Tx,-GROUPOIDS.

10.4. PROPOSITION. Given any internal category Xo in the category E, a Tx, -groupoid is
functor above X, whose domain is a groupoid. Accordingly, the category Tx,-Grd(E/X,)
1s given by the following pullback:

TX.—GTd(E/XQ) > C’atE/X.

| o

GrdE CatE

PROOF. According to Section 7.10, a Tx,-category gives rise to a Ty, -groupoid if and only
if the map d} : Yo —=Y] produces the following kernel equivalence relation:

dy . a5
Yo=—MN Y;

dY

1

which is equivalent to the fact that Y, is a groupoid. [
10.5. THE Tx,-CATEGORIES WHEN X, IS A GROUPOID. By Section 5.10, we know that:

HXeT
HXe o Xe

3
Xe

Tx,

T%,

Txq(KxXe)

is a kernel equivalence relation if and only if X, is a groupoid. In this case, by Corol-
lary 7.13, any T',-algebra produces a Ty, -groupoid and we get the following string of
inclusions:

TxetiC

AlgTX. TX.—GTd(E/Xo)>—>TX.—CCLt(E/XQ)

DFib/ X, GrdE/X,

CatE/ X,

11. T-operads and T-multicategories

About thirty years after Burroni’s work [Burroni, 1971] (which was published in french),
his ideas have been independantly rediscovered by Leinster [Leinster, 1998] and Hermida
[Hermida, 2000]. According to the historical note, p. 63, of Leinster’s encyclopedia about
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operads [Leinster, 2004], the notions of operad and multicategory gradually emerged from
multiple horizons until they found a name, the first one in May [May, 1972] and the second
one in Lambek [Lambek, 1969], before being completely stabilized. Finally, starting with
E = Set and (M, \, p1) the free monoid monad which is cartesian as we recalled above,
operads appeared to coincide with M -categories with only one object, while muticategories
appeared to coincide with M -categories [Leinster, 1998]. Then Leinster introduced the
terminolgy T-operads and T-multicategory for the same notions related to any cartesian
monad (7', A\, ). So, in the cartesian context, T-multicategory in the sense of Leinster
coincides with T-category in the sense of Burroni. See also [Hermida, 2000] and [Crutwell
and Shulman, 2010].

So, given any cartesian monad (7, A, 1) and following our results, and with respect to
our notations related to the inclusion F7 : E — KIT, a T-multicategory in E is nothing
but an internal category in KIT"

“5g”
"""""""""" > “62”
d2 """""""""" > “61”
<81 >
X3 <—s1 Xy —di— X1 <—s0 Xy
d]—> 50 d()
—_——
_— do
do

Warning: Leinster’s designation of a T-operad in terms of “generalized monoid” could
be a bit confusing, because, beyond the undisputable existence of a unit e and of an
internal “operation” m, a T-operad is an actual internal category in KIT"

X

since the object 1 does not stay a terminal object in KIT', unless 7T(1) ~ 1, and conse-
quently the map m is far from being a classical binary operation.

11.1. THE CARTESIAN MONAD (T'xr, Ax7, pxr). Given any cartesian monad (7', A, i) on
E and any T-category XI, Leinster introduced in [Leinster, 1998] a notion of algebras
associated with them. Indeed, on the model of Section 4.6, we get a cartesian monad
(T'xr, Axr, pxr) on the slice category E/Xo:

1) we get a cartesian functor on E/ X since, in the cartesian context, [E becomes a pullback
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stable subcategory of KIT"

st

7 =—op=di(Z) (dy.dy)*(Z)

.............. s

“(Sh” uéhva
N R [OR AT
1

Xo=—s0— X Xo
oz So—=> X1 _

“6 ” “6 ”
do

> G X4
“6 ”

1 ldo

Xo

h
90 1

2) and, in addition, since the diagram X A X4 & X, lies in E, so does:

1155

oh h
Z 5 di(Z) & (dy.d9)*(Z); accordingly, this monad is entirely defined inside the slice

category E/Xy. So, in our terms, we get:

11.2. PROPOSITION. When (T, A\, i) is a cartesian monad, the algebras of the monad

(T'xr, Axr, pxr) are the discrete fibrations above XTI in the category CatKIT:

in other words, we get AlgTyr = DisF(T-CatE/X]).

PROOF. Straightforward from the classical result on the monad (T, , Ax,, ftx.)

11.3. THE Txr-CATEGORIES. It remains to characterize the T'yr-categories.

model of what happens for an ordinary internal category X,, we get:

11.4. PROPOSITION. The T'yr-categories are the T'-functors above X7

in other words, we get Txr-Cat(E/Xy) = T-CatE/X] .

On the
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PROOF. Let us follow step by step the proof of Proposition 10.2. A pointed T'xr-graph
on an object go : Yo — X of E/ X, is given by a diagram of the following kind in KIT,
where go.dy =~ = do.d}(go).d1 = dy.g; which implies g, € E:

satisfying (“077,g1).s5 = 08 = (ly,, S0-90), namely “67”.s¥ = 1y, and g1.s} = s0.90.

Accordingly it is equivalent to a morphism of pointed T-graphs:

dY
0
-

Yo —si—=Yi

<o
go 0y g1
do
-b

We have to build now the pullback of T (d¥) along di = (“6}”,¢1) in KIT, which is
nothing but the pullback of d} along “6Y” in KIT, whose domain is denoted Y5:

S (‘46Y77791.dY)
Y, < d’{(Yl) DR Y,
“510- 0»
dé’l lTX:F(gO) ld{
Yoo 0T (V) Y,
0 ="iaon W1\10) T 1
550 ( 6}/ ) 1)
gol ld’f(go)
XO S0——> Xl
[ RPN
L(5177

This induces a map g : Yo —= X5 in KI7T' such that gl.déf = dy.g2 (which implies that go
belongs to E) and ¢;.40 " = “05”.go. Accordingly, we get the following diagram in KIT'
where the two central “vertical” triangles commute in E and where g, = d5(g1).ds, with
JQ = (“53”,91.610}/)1
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uég() 9

(@1.d2)* (g0)
dy

The structure of T'yr-category on gq is then completed by the data of a map d¥  Yo,—Y;
in E/ X, (and thus in E) such that Burroni’s Axioms 4, 7, 8 hold. The first part of Axioms
4isdy.dy = d .4y, while the second part is di.d} = pxr(go). Txr(d1).do = 6{° Txr(dy).do.
This second part is equivalent to “6) ".d}Y = “677.“6)” and ¢;.d} = d;.g», which would
complete the structure of a T-functor:

Y Y
dO dO

Yo —si =Y <df — Y5

s D
13 ” “ ”»
go 0y g1 0 g2
do do

XO —S0—> Xl ~<—d1— X2
< <

“61” 446277

provided that neutrality and associativity of the composition map d} : Yy — Y} hold,
which is straightforward with Axioms 7 and 8. [

So, the canonical inclusion is the following one:

TxriC: AlgTyr = DisF(T—CatE/X]) — T—CatE/X]
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