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FORMAL CATEGORY THEORY IN
AUGMENTED VIRTUAL DOUBLE CATEGORIES

SEERP ROALD KOUDENBURG

Abstract. In this article we develop formal category theory within augmented virtual
double categories. Notably we formalise the classical notions of Kan extension, Yoneda
embedding yA : A → Â, exact square, total category and ‘small’ cocompletion; the
latter in an appropriate sense. Throughout we compare our formalisations to their
corresponding 2-categorical counterparts. Our approach has several advantages. For
instance, the structure of augmented virtual double categories naturally allows us to
isolate conditions that ensure small cocompleteness of formal presheaf objects Â.

Given a monoidal augmented virtual double category K with a Yoneda embedding
yI : I → Î for its monoidal unit I we prove that, for any ‘unital’ object A in K that has
a ‘horizontal dual’ A◦, the Yoneda embedding yA : A→ Â exists if and only if the ‘inner
hom’ [A◦, Î] exists. This result is a special case of a more general result that, given a
functor F : K → L of augmented virtual double categories, allows a Yoneda embedding
in L to be “lifted”, along a pair of ‘universal morphisms’ in L, to a Yoneda embedding
in K.
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Introduction

In this work we take a “double-dimensional” approach to formal category theory by taking
augmented virtual double categories, which have been recently introduced in [Kou20], as
a setting. The author’s motivation for doing so is twofold. Firstly he considers double
categorical structures to be a natural setting for the formalisation of classical categorical
results that involve both profunctors and Yoneda embeddings. Consider for instance the
classical result by Day ([Day70]) asserting that any promonoidal category A embeds into
a monoidal category P . Denoting by T the ‘free strict monoidal category’ 2-monad, the
promonoidal structure on A can be regarded as given by a profunctor α : A −7−→ TA satis-
fying certain conditions, while the Yoneda embedding y : A → SetA

op
=: P underlies the

promonoidal embedding A ↪→ P , with the monoidal structure on P given by ‘Day convo-
lution’1 with respect to α. Formalisation of Day’s result potentially allows us to apply it
to other category-like objects, such as posets, double categories and double 2-categories
([CLPS22]), that are equipped with promonoidal-like structures. Similarly it allows for
generalisations to other 2-monads T , such as the ultrafilter monad on the 2-category of
posets. In more detail, the latter generalisation isolates conditions on any ‘modular topo-
logical space’ A ([Tho09]), analogous to those satisfied by the profunctor α, ensuring that
A embeds into an ordered compact Hausdorff space ([Tho09]).

Another relevant classical categorical result is Adámek and Rosický’s Theorem 2.6 of
[AR01]. Given a copresheaf d : A→ Set one of its assertions is that the left Kan extension
lany d : P → Set of d along the Yoneda embedding y : A → P preserves finite products
if and only if the category of elements

∫
d is ‘cosifted’. Writing S for the extension of

the ‘free category with finite products’ 2-monad to profunctors, with unit transformation
ι : id ⇒ S, and by regarding d as a profunctor D : 1 −7−→ A, the cosiftedness of

∫
d can

be equivalently expressed as a ‘Beck-Chevalley’-like condition on the transformation of
profunctors ιD : D ⇒ SD. In [Kou14b] this observation is used to formalise Adámek and
Rosický’s result in terms of any ‘double monad’, acting on some double category, whose
vertical part is a colax-idempotent 2-monad; the latter in the sense of e.g. [KL97].

Before describing the second part of the author’s motivation we pause to describe the
main difference between our formal notion of Yoneda embedding (Definition 4.5 below)
and the 2-categorical approach taken by Street and Walters in [SW78]. To do so we partly
recall their notion of Yoneda structure on a 2-category C, which consists of a ‘right ideal’
A of admissible morphisms in C and, for each admissible object A (that is idA ∈ A), a
formal Yoneda embedding yA : A→ PA that is itself admissible. The collection of these
formal Yoneda embeddings is required to satisfy three axioms. We recall only Axiom 2

1For a formalisation, in augmented virtual double categories, of Day convolution when restricted to
structure morphisms A −7−→ TA that are representable, see Section 8 of [Kou15b].
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here: for each admissible morphism f : A → B a cell χf as on the left below, which
exhibits f as the absolute left lifting of yA through B(f, 1) in C, is required to exist. For
the prototypical example of the classical Yoneda embeddings yA : A → SetA

op
, one for

each locally small category A, take admissible functors f : A → B to be those with all
hom-sets B(fa, b) small and set B(f, 1)(b) := B(f –, b).

A B

PA

f

yA B(f, 1)
χf

A B

Â Â

J

y Jλ

I
Â

cart

A B

Â

J

y Jλcart

In our double-dimensional approach we take vertical morphisms f : A→ C to represent
abstract functors and horizontal morphisms J : A −7−→ B to represent abstract profunctors.
In contrast to Street and Walters’ approach our formalisation of the Yoneda lemma does
not require a notion of admissibility: instead we consider all horizontal morphisms to be
admissible. For instance, to recover the classical Yoneda embeddings y : A→ SetA

op
=: Â,

with A locally small and Â large in general (see [FS95]), we take the horizontal morphisms
J : A −7−→ B to be Set-profunctors J : Aop×B → Set: similar to the assignment f 7→ B(f, 1)

for admissible functors f above, every such profunctor J induces a functor Jλ : B → Â
given by Jλ(b) := J(–, b). Notice that a functor f : A → B is admissible precisely if it
induces a representable Set-profunctor f∗ : A −7−→ B (the companion of f), and in that case
(f∗)λ recovers B(f, 1) above.

Regarding all horizontal morphisms as being admissible is the main feature of our ap-
proach, and we consider next the requirements that this imposes on our double-categorical
setting. First notice that in the prototypical example, of Set-profunctors between large
categories (such as Â), we are not able to compose Set-profunctors in general. Thus, in
general, we cannot require the vertical and horizontal morphisms to combine into a pseudo
double category (see e.g. [GP99]), which is equipped with composition for both vertical
and horizontal morphisms. Instead we require them to form a virtual double category
(see e.g. [CS10] or the ‘fc-multicategories’ of [Lei04]). This is a weaker structure that does
not require horizontal composition; instead its cells are ‘multicells’ ϕ : (J1, . . . , Jn) ⇒ K,
as on the left below, that have (possibly empty) paths as horizontal sources. Writing
Set′ for the category of large sets, the prototypical example is the virtual double category
(Set, Set′)-Prof of Set-profunctors between large categories (i.e. categories internal in Set′).

Secondly notice that the classical Yoneda lemma supplies, for each Set-profunctor
J : A −7−→ B, natural isomorphisms J(a, b) ∼= Â(ya, Jλb). In the pseudo double category
Set′-Prof of Set′-profunctors between large categories these isomorphisms combine into
a cartesian cell of the form as in the middle above, where IÂ denotes the horizontal
unit profunctor given by the hom-sets of Â; for the universal properties of cartesian
cells and horizontal units see e.g. Section 4 of [Kou20] or Definition 1.16 below. It is
natural to axiomatise the Yoneda lemma as the requirement that this cartesian cell ex-
ists for every horizontal morphism J : A −7−→ B. However, since the unit profunctor IÂ
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is not a Set-profunctor in general, we cannot do so in the prototypical virtual double
category (Set, Set′)-Prof. We are thus led to the notion of augmented virtual double cat-
egory [Kou20], which extends that of virtual double category by adding in nullary cells
ψ : (J1, . . . , Jn) ⇒ C of the form as on the right below, with empty horizontal targets.
The virtual double category (Set, Set′)-Prof naturally extends to an augmented virtual
double category whose nullary cells ψ below are transformations that map into the (pos-
sibly large) hom-sets of C. In particular we can, in the augmented virtual double category
(Set, Set′)-Prof, consider nullary cartesian cells as on the right above. Let now y : A→ Â
be any morphism in any augmented virtual double category: the Yoneda axiom of Def-
inition 4.5 below requires that, for every horizontal morphism J : A −7−→ B, there exists
a vertical morphism Jλ : B → Â equipped with a nullary cartesian cell as on the right
above.

A0

C D

f g

K

ϕ

A0 A1 An−1 An

C D

J1

f

Jn

g

K

ϕ

· · · A0

C

f gψ

A0 A1 An−1 An

C

J1

f

Jn

g
ψ

· · ·

Returning to the author’s motivation for this article, its second part is to contribute
to formal approaches to higher dimensional category theory, as follows. In Chapter 9 of
[RV22] Riehl and Verity employ formal category theory in virtual double categories to
define pointwise Kan extensions of functors between∞-categories; in fact their definition
is recovered by one of the notions of Kan extension that we consider (see Example 1.10
below). Their formal approach does not however include a formal notion of Yoneda em-
bedding, and the author believes that the theory of the present paper is likely to be
of help towards obtaining such a notion, as is explained shortly. In the case of double
categories, Grandis and Paré in [GP07] introduce pointwise Kan extensions of lax dou-
ble functors between pseudo double categories, as an instance of their formal notion of
pointwise Kan extension in pseudo double categories [GP08]. It is currently unclear to
the author whether the former notion can be reconciled with the notions considered in
the present article. The author is aware of three approaches to a notion of Yoneda em-
bedding for double categories: the original approach by Paré in [Par11]; Street’s formal
approach for strict double categories [Str17], which uses the main result of [Web07]; and
a formal approach using “generalised Day convolution”, by applying the formalisation of
Day’s result, as described previously, to the ‘free strict double category’ 2-monad. The
precise relationship between these three approaches is currently unclear to the author; in
particular he does not know if Paré’s Yoneda embeddings satisfy any of the formal notions
of Yoneda embedding.

With the main aim of this work being the formalisation of category theory, notably
that of the notions of Kan extension and Yoneda embedding, in augmented virtual double
categories, our second aim is to provide necessary and sufficient conditions for the existence
of formal Yoneda embeddings. This gives us a handle on the points raised in the preceding
paragraph: the sufficent condition allows us to obtain formal Yoneda embeddings (such as
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for∞-categories) while, given a family of “ad hoc” Yoneda embeddings yA (such as Paré’s
Yoneda embeddings for double categories), the necessary condition facilitates constructing
an augmented virtual double category in which the yA satisfy our formal notion of Yoneda
embedding. The aforementioned conditions generalise as well as recover the following fact
for finitely complete categories E with subobject classifier Ω: E has power objects if and
only if Ω is exponentiable; see e.g. Section A2.1 of [Joh02]. In some more detail, they
apply to a monoidal augmented virtual double category (K,⊗, I) whose monoidal unit
I admits a Yoneda embedding yI : I → Î, as follows. Given any unital object A in K,
i.e. A admits a horizontal unit (Definition 1.16), we prove in Theorem 8.21 below that,
under mild conditions, the Yoneda embedding yA : A→ Â exists if and only if the ‘inner
hom’ [A◦, Î] does, with A◦ the unital ‘horizontal dual’ of A (formalising the notion of dual
category), and in that case Â ∼= [A◦, Î].

The horizontal dual A◦ here is defined by a ‘horizontal copairing’ ι : I −7−→ A◦ ⊗ A
(Definition 8.11), which induces an assignment that maps every horizontal morphism
J : A −7−→ B to its ‘adjunct’ J ♭ : I −7−→ A◦⊗B. Theorem 8.21 also applies in the cases where
the assignment J 7→ J ♭ is not essentially surjective onto the collection of morphisms of
the form I −7−→ A◦ ⊗ B, e.g. in the case of small profunctors between large categories in
the sense of [DL07]; see also Example 2.8 of [Kou20]. In such cases the universal property
of the inner-hom [A◦, Î] is restricted to morphisms A◦ ⊗ B → Î in the essential image of
the composite below, where J 7→ Jλ is given by the formal Yoneda axiom as described
previously; see Definition 8.14 for the details.

{A −7−→ B} (–)♭−−→ {I −7−→ A◦ ⊗B} (–)λ−−→ {A◦ ⊗B → Î}

Moreover Theorem 8.21 is obtained as a corollary of the following more general result,
which combines the main results of Section 8: Theorems 8.33 and 8.36. Given a func-
tor F : K → L of augmented virtual double categories and, in L, a Yoneda embedding
yA : A → P and a ‘universal morphism’ ι : A −7−→ FA′ (generalising the notion of copair-
ing), under mild conditions these theorems show that a Yoneda embedding yA′ : A′ → P ′

exists in K if and only if there exists a ‘universal morphism’ ε : FP ′ → P whose universal
property is “restricted” like that of [A◦, Î] above. The author believes that these results
will be useful in obtaining formal Yoneda embeddings.

The third aim of this work is to compare, throughout, its double-dimensional approach
to formal category to the classical 2-categorical approaches that use Yoneda structures,
as taken by Street and Walters in [SW78] and by Weber in [Web07]. We close this
introduction by outlining one of the advantages of our approach: it allows for isolating
conditions that ensure the ‘small cocompleteness’ of formal presheaf objects Â, as follows.
Weber in Definition 3.17 of [Web07] defines an object C, of a 2-category equipped with
a ‘good Yoneda structure’, to be ‘cocomplete’ whenever it admits pointwise left Kan
extensions of all diagrams C d←− X

h−→ Z such that X, the presheaf object X̂, Z and h
are admissible. All of our notions of left Kan extension, including the pointwise variant,
that are defined in Section 1 below and used throughout this work, are along a (path
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of) horizontal morphism(s); see also the Overview below. Thus, as a consequence of
our viewpoint of all horizontal morphisms being ‘admissible’, we regard our notions of
left Kan extension as being along ‘admissible’ morphisms only. Analogous to Weber’s
definition we define an object M of an augmented virtual double category to be cocomplete
(Definition 7.2) whenever it admits pointwise Kan extensions (Definition 1.24) of all (or
some pre-specified class of) diagrams M d←− A

J−7−→ B.
Consider a formal Yoneda embedding y : M → M̂ in an augmented virtual double cat-

egory K. An advantage of our approach is that the existence of pointwise Kan extensions
into M̂ is related to the existence of ‘pointwise horizontal composites’ in K, and this can
be used to obtain a condition that ensures cocompleteness of M̂ . In some more detail,
pointwise composites of horizontal morphisms are defined by ‘pointwise cocartesian cells’
(see Definition 9.1 of [Kou20] or Remark 2.13 below), and in Definition 2.12 below the
latter notion is weakened in two ways, resulting in that of ‘pointwise right unary-cocarte-
sian cell’. Given a diagram M̂

d←− A
J−7−→ B it is shown in Corollary 5.7 below that the

pointwise left Kan extension of d along J exists if and only if there exists a pointwise
right unary-cocartesian cell of the form

M A B

M B,

M̂(y, d) J

K

where M̂(y, d) denotes the restriction of M̂ along y and d (Definition 1.16) and where K is
any horizontal morphism. Using this result Theorem 7.6, the main theorem of Section 7,
isolates conditions that ensure that y : M → M̂ defines M̂ as the ‘free cocompletion’ of
M , in the sense of Definition 7.2 (see also the Overview below); in particular they ensure
that M̂ is cocomplete. In contrast, consider the analogous Theorem 3.20 of [Web07]
which concerns a Yoneda embedding y : C → Ĉ of a good Yoneda structure. Like our
Theorem 7.6 it proves that y defines Ĉ as the free cocompletion of C, but it does not
isolate conditions ensuring cocompleteness of Ĉ; it instead assumes cocompleteness of
Ĉ. Further differences between Weber’s result and our Theorem 7.6 are described in
Remark 7.7. Given a monoidal augmented virtual double category (K,⊗, I), Theorem 8.9
uses Theorem 7.6 to describe conditions ensuring that the Yoneda embedding y : I → Î
defines Î as the ‘free cocompletion’ of the monoidal unit I.

Overview

We start in Section 1 by introducing four notions of left Kan extension in an augmented
virtual double category K: a notion of weak Kan extension (Definition 1.2); a notion of
Kan extension (Definition 1.9), which formalises enriched Kan extension (Example 1.13);
a notion of pointwise weak Kan extension (Definition 1.24), which is reminiscent of Street’s
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2-categorical notion of pointwise Kan extension [Str74b]; and a notion of pointwise Kan
extension (Definition 1.24) which combines the latter two notions. Each of these defines
the extension of a vertical morphism d : A0 →M along a path J : A0 −7−→ An of horizontal
morphisms, with the resulting left Kan extension l : An →M being exhibited by a nullary
cell

A0 A1 An−1 An

M ;

J1

d

Jn

l

η

· · ·

such cells we call (pointwise) (weak) left Kan. Weakly left Kan extending along compan-
ions in K recovers the classical 2-categorical notion of left Kan extension in the vertical
2-category V (K) of objects, vertical morphisms and ‘vertical cells’ of K (Proposition 1.7).
If K admits all horizontal units and restrictions on the right then the notions of left Kan
extension and pointwise left Kan extension coincide (Remark 1.26). Using the results
of [Kou18], in Example 1.33 we construct pointwise left Kan extensions of morphisms of
modular closure spaces [Tho09]. Given a functor F : K → L of augmented virtual double
categories the notion of a universal morphism ε : FC ′ → C, from F to an object C ∈ L,
is defined in Definition 1.39, analogously to the classical notion. Proposition 1.42 shows
that if a nullary cell of the form ϕ : FJ ⇒ C defines a left Kan extension in L then so
does its “ε-adjunct” ϕ♯ : J ⇒ C ′ in K.

In Section 2 we prove two pasting lemmas for left Kan cells that are used throughout
this work. The horizontal pasting lemma (Lemma 2.2) concerns the horizontal composite
of two left Kan cells. It recovers the classical result for enriched iterated Kan extensions,
and it forms the main reason for our choice of Kan extending along paths of horizontal
morphisms: without doing so the horizontal pasting lemma cannot be stated (Remark 2.4).
The vertical pasting lemma (Lemma 2.17) concerns the vertical composite η ◦ ϕ of a left
Kan cell η and a ‘cocartesian path of cells’ ϕ. In fact considering the weakest requirements
on the path ϕ such that, for each left Kan cell η composable with ϕ, the composite
η ◦ ϕ is again left Kan, leads to the weakened notion of right nullary-cocartesian path
(Definition 2.6). The vertical pasting lemma for this weakened notion of cocartesian
path is used throughout. The remainder of Section 2 consists of consequences of the
pasting lemmas. Given a path (J1, . . . , Jn) : A0 −7−→ An and a ‘full and faithful morphism’
f : An → B, Proposition 2.26 for instance shows that if l : B → M is the pointwise left
Kan extension of some d : A0 → M along the concatenation (J1, . . . , Jn, f∗) : A0 −7−→ B,
where f∗ : An −7−→ B is the companion of f , then l ◦ f forms the left Kan extension of d
along J ; this generalises the classical result on (enriched) left Kan extending along a full
and faithful functor.

The main theorem of Section 3, Theorem 3.20, shows that the notions of pointwise
weak left Kan extension and pointwise left Kan extension coincide in augmented virtual
double categories K that have all restrictions on the right as well as all ‘cocartesian
tabulations’. The notion of tabulation (Definition 3.5) formalises that of graph of a
functor. Proposition 3.22 then shows that pointwise left Kan extension along companions
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in such K coincides with pointwise left Kan extension in the vertical 2-category V (K),
the latter in the classical sense of [Str74b].

Using the notion of (weak) left Kan extension Section 4 starts by introducing the
notions of density and weak density for vertical morphisms (Definition 4.3). Definition 4.5
then defines a (weak) Yoneda morphism y : A→ Â to be a (weakly) dense morphism that
satisfies the Yoneda axiom, as described in the Introduction above. These conditions on y
do not imply that it is full and faithful, which instead is a consequence of the existence of
the horizontal unit IA : A −7−→ A (Lemma 4.6); a full and faithful y is called a (weak) Yoneda
embedding. Several of our results do not depend on the full and faithfulness of Yoneda
morphisms (Remark 4.7). A Yoneda morphism y such that all restrictions Â(y, f) exist,
for any f : B → Â, induces, for every object B, an equivalence between the category of
horizontal morphisms A −7−→ B and that of vertical morphisms B → Â (Proposition 4.24).
Our notion of Yoneda embedding recovers that of enriched Yoneda embedding, that of
enriched Yoneda embedding for small enriched presheaves in the sense of [DL07], that of
power object in a finitely complete category, in the sense of Section A2.1 of [Joh02], and
that of upper Vietoris space of downsets in a closed-ordered closure space, the latter in the
sense of [Tho09]; see Examples 4.9–4.17 and Example 4.33. The Yoneda embeddings of
the good Yoneda structure associated to a 2-topos [Web07] are instances of our notion too
(Example 4.30). Given an augmented virtual double category K, with vertical 2-category
V (K), in Theorem 4.35 we compare our notion of Yoneda embedding in K to the notion
of Yoneda structure on V (K) ([SW78]) and to the notion of good Yoneda structure on
V (K) ([Web07]).

In Section 5 the classical notion of exact square of functors, as considered by e.g. Gui-
tart [Gui80], is formalised as follows. Given a cell ϕ with horizontal target K : C −7−→ D
and a morphism d : C →M we call ϕ left d-exact if, for every left Kan cell η defining the
left Kan extension of d along K, the composite η ◦ ϕ is again left Kan (Definition 5.2).
In the presence of a Yoneda morphism y : C → Ĉ this notion relates to that of cocarte-
sianness and that of cocompleteness of Ĉ as follows. If ϕ has the identity morphism
idD as vertical target then it is left y-exact if and only if it is right unary-cocartesian
(Proposition 5.6). Moreover the left Kan extension of any morphism d : A0 → Ĉ along
a path (J1, . . . , Jn) : A0 −7−→ An exists if and only if there exists a horizontal left y-exact
cell with the concatenation (Ĉ(y, d), J1, . . . , Jn) : C −7−→ An as horizontal source (Proposi-
tion 5.5). Theorem 5.14 describes left exactness in terms of a Beck-Chevalley condition
(Definition 5.10); the latter condition, in turn, is used in Theorem 5.16 to characterise
absolute left Kan extensions (Definition 1.36).

In Definition 6.2 a morphism f : M → N is defined to be total if the pointwise left
Kan extension of f along every J : M −7−→ B exists. An object M is total if its identity
morphism idM is total; this recovers the classical notion of totality for enriched categories
([DS86] and [Kel86]). Given a Yoneda morphism y : M → M̂ consider the morphism
fλ
∗ : N → M̂ corresponding to the companion f∗ : M −7−→ N , as given by the Yoneda axiom:

Theorem 6.8 shows that the totality of f is equivalent to the existence of a left adjoint
to fλ

∗ . The latter condition is analogous to that of the classical 2-categorical definition of
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totality introduced in [SW78] (Example 6.9). Any presheaf object M̂ is total whenever
the companion y∗ : M −7−→ M̂ of its Yoneda morphism exists (Example 6.3) (the analogous
result Corollary 14 of [SW78] requires both M and M̂ to be admissible). Under mild
conditions any morphism f : A → C induces a morphism f̂ : Ĉ → Â of presheaf objects
(Definition 6.13); this formalises the classical functor f̂ given by restricting presheaves
along f . Proposition 6.15 describes the relation between the assignments f 7→ f̂ and
J 7→ Jλ, the latter given by the Yoneda axiom; in Corollary 6.16 this is used to describe
the uniqueness of Yoneda embeddings. Using the notion of totality, Corollaries 6.18
and 6.20 describe the right and left adjoints of f̂ .

The aim of Section 7 is to isolate conditions ensuring that a Yoneda embedding
y : M → M̂ defines M̂ as the free ‘small’ cocompletion of M . The appropriate notion of
‘smallness’ here depends on the augmented virtual double category under consideration:
while small cocompleteness in (Set, Set′)-Prof most naturally means “admits all pointwise
left Kan extensions along Set-profunctors J : A −7−→ B with A a small category” (Exam-
ple 7.9), in the pseudo double category (Set, Set′)-sProf of small Set-profunctors between
large categories the notion of “admitting pointwise left Kan extensions along all small
Set-profunctors” turns out to be more appropriate (Example 7.11). This is why in Defi-
nition 7.2 we assume specified an ‘ideal’ S of left diagrams (d, J), consisting of pairs of
morphisms M d←− A

J−7−→ B, and then define an object N to be S-cocomplete whenever,
for every (d, J) ∈ S such that d has N as target, the pointwise left Kan extension of
d along J exists. Given an ideal S of left diagrams, the main result Theorem 7.6 uses
the notion of pointwise right unary-cocartesian cell to give conditions that ensure that a
Yoneda embedding y : M → M̂ defines M̂ as the free S-cocompletion of M , as described
previously at the end of the Introduction.

The main results of the final section (Section 8) have already been described in the
Introduction. Its Theorem 8.21 is used in obtaining some of the examples of Yoneda
embedding in Section 4. Section 8 depends on Sections 1–4 only, except for Theorem 8.9
which depends on Section 7.

References to the prequel. This work is a sequel to the paper [Kou20], which
introduces the notion of augmented virtual double category. The results of the latter are
used throughout this work. To save space we, when referring to such results, do not cite
[Kou20] but instead refer to them by prefixing their numbering with the capital letter ‘A’;
e.g. “Definition A1.2” and “Lemma A8.1” in this text refer to Definition 1.2 and Lemma 8.1
of [Kou20]. References to sections of the prequel use the same prefix, e.g. “Section A7”
refers to Section 7 of [Kou20].

Like the prequel this work is based on parts of the draft [Kou15b], specifically its
Sections 4 and 5. The material presented here is significantly more streamlined and
expanded in many ways; in particular the material of the present Section 5 is new. The
author encourages readers to consult the present article rather than the corresponding
draft material of [Kou15b].



FORMAL CATEGORY THEORY IN AUGMENTED VIRTUAL DOUBLE CATEGORIES 297

Notation. We continue using the notation of [Kou20]. In particular:

- for any integer n ≥ 1 we write n′ := n− 1 for its predecessor;

- given composable paths J = (J1, . . . , Jn) and H = (H1, . . . , Hm) of horizontal mor-
phisms we write J ⌢ H := (J1, . . . , Jn, H1, . . . , Hm) for their concatenation;

- for a path J = (J1, . . . , Jn) of horizontal morphisms we write idJ := (idJ1 , . . . , idJn)
for the corresponding path of identity cells;

- most cartesian and cocartesian cells (Definition A4.1 and Section A7; see also Defi-
nition 1.16 below) are left unnamed, and instead denoted by “cart” and “cocart”;

- we assume fixed a category Set′ of large sets and a subcategory Set ⫋ Set′ of small
sets, such that the collection of morphisms of Set forms an object in Set′.

1. Left Kan extension

We begin by introducing four notions of left Kan extension in augmented virtual double
categories. The first of these, defined below, is that of ‘weak left Kan extension’. In
Proposition 1.7 we will see that weak left Kan extension along companions (see Defini-
tion A5.1 or Definition 1.20 below) in an augmented virtual double category K corresponds
to left Kan extension in the vertical 2-category V (K) contained in K (Example A1.5), the
latter in the classical sense. The stronger notion of ‘left Kan extension’, introduced in
Definition 1.9 below, recovers the classical notions of ‘weighted colimit’ and ‘enriched left
Kan extension’, as introduced by Borceux and Kelly in [BK75] (see also Sections 3 and
4 of [Kel82]), as we will see in Examples 1.12 and 1.13. On the other hand the notion of
‘pointwise weak left Kan extension’ of Definition 1.24 is reminiscent of that of pointwise
left Kan extension in a 2-category, as introduced by Street in [Str74b]. The same defi-
nition also introduces the notion of ‘pointwise left Kan extension’, which combines the
latter two strengthenings. In Section 3 we will see that the notions of ‘pointwise weak left
Kan extension’ and ‘pointwise left Kan extension’ coincide in augmented virtual double
categories K that have ‘cocartesian tabulations’ as well as restrictions on the right (The-
orem 3.20); moreover in that case they recover Street’s 2-categorical notion of pointwise
left Kan extension in V (K) (Proposition 3.22).

1.1. Weak left Kan extension. The notion of weak left Kan extension below gen-
eralises the notion of ‘Kan extension’ in a double category that was introduced in Defi-
nition 3.1 of [Kou14a], by allowing extensions of a vertical morphism d : A→ M along a
path of horizontal morphisms J1 : A −7−→ A1, . . . , Jn : An′ −7−→ An instead of a single mor-
phism J : A −7−→ B. The latter notion in turn specialises that of Kan extension given in
Section 2 of [GP08], which allows extension of d : A → M both at its source, along a
morphism J : A −7−→ B, as well as at its target, along some K : M −7−→ N .



298 SEERP ROALD KOUDENBURG

Recall from Lemma A1.3 the notion of horizontal composition ϕ ⊙ ψ of horizontally
composable cells ϕ and ψ in an augmented virtual double category, which is defined
whenever ϕ or ψ is nullary.

1.2. Definition. Consider the nullary cell η in the composite on the right-hand side
below. It is said to define l : An →M as the weak left Kan extension of d : A0 →M along
the (possibly empty) path J = (J1, . . . , Jn) if any nullary cell ϕ, as on the left-hand side,
factors uniquely through η as a vertical cell ϕ′ as shown. In that case η is called weakly
left Kan.

A0 A1 An′ An

M

J1

d

Jn

k
ϕ

· · ·
=

A0 A1 An′ An

M

J1

d

Jn

l k
η

ϕ′

· · ·

As usual any two nullary cells defining the same weak left Kan extension factor through
each other as invertible vertical cells. In Example 2.3 we will see that (weak) left Kan
extensions along a path J = (J1, . . . , Jn) can be obtained by extending along each of the
J1, . . . , Jn recursively.

1.3. Example. A vertical cell is weakly left Kan if and only if it is invertible; in fact in
that case it defines a left Kan extension in the sense of Definition 1.9.

1.4. Example. In Q(C), the double category of quintets in a 2-category C (see Exam-
ple A6.3), the notion of weak Kan extension coincides with the usual 2-categorical notion
of Kan extension in C, as given in Section 2 of [Str72].

1.5. Remark. The definition above induces a notion of weak left Kan extension for unital
virtual double categories, that is virtual double categories K that admit all horizontal
units (see Section A4 or Definition 1.16 below), as follows. Recall from Example A1.7 and
Section A10 that any such K induces an augmented virtual double category N(K) which
has the same objects and morphisms as K while its nullary cells J ⇒ M are precisely
the unary cells J ⇒ IM of K, where IM : M −7−→M is a chosen horizontal unit for M .
Regarding the definition above for N(K) in terms of K we obtain a notion of weak left
Kan extension for K, defined by universal unary cells η : J ⇒ IM whose horizontal targets
are horizontal units. Likewise all definitions and results of this article can be applied to
unital virtual double categories.

1.6. Remark. Recall from Definition A1.8 that every augmented virtual double category
K has a horizontal dual Kco. Horizontally dual to the definition above, a nullary cell
ε : (J1, . . . , Jn) ⇒ M of K is called weakly right Kan, thus defining a weak right Kan
extension, whenever the corresponding cell εco : (Jco

n , . . . , J
co
1 ) ⇒ M of Kco is weakly left

Kan. Horizontal duals of the notions of ‘left Kan cell’ and ‘pointwise left Kan cell’,
introduced in Definitions 1.9 and 1.24 below, are obtained analogously. This article only
concerns left Kan extensions.
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Remember from Example A1.5 that any augmented virtual double category K con-
tains a 2-category V (K) consisting of its objects, vertical morphisms and vertical cells.
Weak left Kan extension along companions (see Definition A5.1 or Definition 1.20 be-
low) in K corresponds to left Kan extension in V (K) as in the following proposition. In
Proposition 3.18 we will see that (weak) left Kan extension along a path J of horizon-
tal morphisms reduces to (weak) left Kan extension along a single companion morphism
whenever the ‘cocartesian path of (0, 1)-ary cells for J ’ exists. In the right-hand side below
“cocart” denotes the cocartesian cell that defines the companion j∗ of j; see Section A5
or Definition 1.20 below.

1.7. Proposition. In an augmented virtual double category K consider a vertical cell
η, as on the left-hand side below, and its factorisation η′ through the companion j∗, as
shown.

A

B

M

j

d

l

η =

A

A B

M

j

j∗

d lη′

cocart

The factorisation η′ is weakly left Kan in K if and only if η defines l as the left Kan
extension of d along j in V (K), in the sense of Section 2 of [Str72].

Proof (Sketch). It is straightforward to show that, by factorising through the cocarte-
sian cell defining j∗ (see Section A5 or Definition 1.20 below), the universal property of η
in K is equivalent to that of η′ in V (K).
1.8. Left Kan extension. Definition 1.2 strengthens to give a notion of left Kan exten-
sion in augmented virtual double categories as follows. This generalises the corresponding
notion for double categories, that was given in Definition 3.10 of [Kou14a] under the name
‘pointwise left Kan extension’; see Example 2.21 below.

1.9. Definition. Consider the nullary cell η in the composite on the right-hand side
below, where J = (J1, . . . , Jn) is possibly empty. It is said to define l : An → M as the
left Kan extension of d : A0 → M along J if any nullary cell ϕ as on the left-hand side
below, where H = (H1, . . . , Hm) is any (possibly empty) path, factors uniquely through η
as a nullary cell ϕ′, as shown. In that case η is called left Kan.

A0 A1 An′ An B1 Bm′ Bm

M

J1

d

Jn H1 Hm

k

· · · · · ·
ϕ =

A0 A1 An′ An B1 Bm′ Bm

M

J1

d

Jn H1

l

Hm

k

· · · · · ·
η ϕ′

Clearly every left Kan extension is a weak left Kan extension, by restricting the uni-
versal property above to cells ϕ with H = (An) empty.
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1.10. Example. In Section 8 of [RV22] Riehl and Verity introduce the unital virtual
equipment (see Definition 1.19 below) Mod(K) of ‘modules in an ∞-cosmos K’. In
Mod(K) consider a factorisation η = η′ ◦ cocart as in Proposition 1.7. The vertical
cell η : d⇒ l ◦ j corresponds to a ‘∞-natural transformation’ l ◦ j ⇒ d in the ‘homotopy
2-category associated to K’; see Proposition 8.4.11 of [RV22]. Using Theorem 8.4.4 and
Definition 9.1.2 of the latter it is straightforward to see that this transformation defines l
as a ‘pointwise right extension’, in the sense of its Theorem 9.3.3(iii), precisely if η′ is left
Kan in Mod(K), in our sense above.

1.11. Weighted colimits and enriched left Kan extension. The notion of left
Kan extension specialises to the classical notions of weighted colimit and enriched left Kan
extension as follows. As noted in the introduction to [Str74b] recall that the 2-categorical
notion of pointwise left Kan extension, as introduced therein, is too strong to recover the
notion of enriched Kan extension; see Example 3.24 below.

1.12. Example. Let V = (V ,⊗, I) be a monoidal category and η a cell in the unital
virtual equipment V-Prof of V-profunctors (Examples A2.4 and A4.2) that is of the form
as in the composite on the right-hand side below. Here I denotes the unit V-category
with single object ∗ and hom-object I(∗, ∗) = I; we identify V-functors f : I →M with
objects in M and V-profunctors H : I −7−→ I with V-objects.

A0 A1 An′ I I

M

J1

d

Jn H

k
ϕ

· · ·
=

A0 A1 An′ I I

M

J1

d

Jn H

l
k

η ϕ′

· · ·

One checks that the universal property defining η as a left Kan cell in V-Prof reduces
to the unique factorisations through η of the cells ϕ of the form as on the left-hand side
above; see Proposition 2.24 of [Kou15a] for the horizontally dual result in the case that
V has large colimits that are preserved by ⊗ on both sides, so that V-Prof is a pseudo
double category (Example A9.2).

Unpacking the reduced universal property above for a (1, 0)-ary cell η : J1 ⇒ M we
recover the notion of a ‘couniversal V-natural pair’ (l, η) that defines l ∈M as the tensor
product of J1 with d in the sense of Definition 3.5 of [Lin81]. Next consider the (n, 0)-ary
cell η : J ⇒ M above in a unital virtual equipment V ′-Prof where V ′ is a closed sym-
metric monoidal category, so that each V ′-profunctor Ji can be regarded as a V ′-functor
Ji : A

op
i′ ⊗ Ai → V ′. It is straightforward to check that η satisfies the reduced universal

property above if and only if the adjuncts of the composites

J1(x0, x1)⊗′ · · · ⊗′ Jn(xn′ , ∗)⊗′ M(l, k)
ϕ⊗′id−−−→M(dx0, l)⊗′ M(l, k)

M̄−→M(dx0, k)

define M(l, k) as the iterated end
∫

x0∈A0

· · ·
∫

xn′∈An′

[J1(x0, x1)⊗′ · · · ⊗′ Jn(xn′ , ∗),M(dx0, k)]
′.
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If n = 1, so that the end reduces to the V ′-object [Aop
0 ,V ′] (J1,M(d –, k)) of V ′-functors

J1 →M(d –, k), this recovers the notion of η defining l as the J1-weighted colimit of d, in
the usual sense of equation (3.5) of [Kel82] (where the colimit is said to be ‘indexed by
J1’) and as originally introduced in [BK75].

In light of the previous we call paths J : A0 −7−→ I of V-profunctors V-weights and say
that the left Kan cell η : J ⇒ M above defines l ∈ M as the J-weighted colimit of d.
We also use the term J-weighted colimit d for left Kan cells J ⇒M as above in the
unital virtual double category V-sProf of small V-profunctors (Examples A2.8 and A4.7).
Notice that the reduced universal property above, for η ∈ V-sProf, is the same whether
considered in V-sProf or in V-Prof, since all V-profunctors of the form H : I −7−→ I are
small. Together with Lemma 1.14 we conclude that the embedding V-sProf ↪→ V-Prof
both preserves and reflects cells η defining weighted colimits.

Next let V ⊂ V ′ be a universe enlargement in the sense of Section 3.12 of [Kel82]
(see also Example A2.7), that is a monoidal, limit-preserving and full embedding of V
into a closed monoidal and locally large category V ′ that is both large complete and large
cocomplete. Consider the sub-augmented virtual equipment (V ,V ′)-Prof ⊆ V ′-Prof of
V-profunctors J : A −7−→ B between V ′-categories, with J(x, y) ∈ V for all x ∈ A, y ∈ B;
see Examples A2.7 and A4.6. Applying Lemma 1.14 we find that a cell η : J ⇒ M
in (V ,V ′)-Prof, of the form as in the right-hand side above, is left Kan in (V ,V ′)-Prof
whenever it defines l as the J-weighted colimit of d in V ′-Prof. Notice however that the
reduced universal property for η above is in general weaker when considered in (V ,V ′)-Prof
(where H ∈ V) than when considered in V ′-Prof (where H ∈ V ′). One checks however
that the two properties coincide if the iterated end above, which is known to exist in the
large complete V ′, is (isomorphic to) a V-object. Recalling that V ⊂ V ′ preserves limits,
to ensure the latter it suffices that V is closed symmetric monoidal and small complete,
V ⊂ V ′ is a closed symmetric monoidal functor, and all of the Ai are small V ′-categories.

1.13. Example. Let V = (V ,⊗, I) be a monoidal category and let K denote either the
unital virtual double category V-Prof of V-profunctors or that of small V-profunctors
V-sProf. Notice that in either case K has all horizontal units and restrictions on the
right (Examples A4.2 and A4.7). Given a path J : A0 −7−→ An of (small) V-profunctors and
a V-functor d : A0 → M , assume that for each x ∈ An the

(
J1, . . . , Jn(id, x)

)
-weighted

colimit of d exists in K, in the sense of the previous example. Here Jn(id, x) is the
restriction (see Definition A4.1 or Definition 1.16 below) of Jn along x : I → An, the
V-functor that picks out x ∈ An. Denote each of these colimits by lx and its defining
cell, of the form as on the left below, by ηx. It is straightforward to show that the
universal property of the ηx ensures that the objects lx and cells ηx uniquely combine into
a V-functor l : An → M and a left Kan cell η such that the equation on the left below
is satisfied in K for each x ∈ An; here “cart” denotes the cartesian cell that defines the
restriction Jn(id, x).

Using Corollary 1.22 below we conclude that a cell η in K, of the form as in the
right-hand side on the left below, is left Kan precisely if for each x ∈ An the composite
ηx on the left below defines lx = lx as the

(
J1, . . . , Jn(id, x)

)
-weighted colimit of d in K.
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In particular it follows that V-sProf ↪→ V-Prof both preserves and reflects left Kan cells.
Given a universe enlargement V ⊂ V ′ (Example 1.12) recall that the augmented virtual

equipment (V ,V ′)-Prof of V-profunctors between V ′-categories need not have all horizontal
units (Example A4.6). It follows that we cannot apply Corollary 1.22 to (V ,V ′)-Prof in
general, so that its left Kan cells may not be “pointwise”; see Example 1.34. Analogous
to the above however any family of cells ηx in (V ,V ′)-Prof as on the left below, defining
weighted colimits lx in V ′-Prof, uniquely combine into a left Kan cell η in (V ,V ′)-Prof
that satisfies the equation on the left below for each x ∈ An; see also the last paragraph
of the previous example. In that case applying Lemma 1.28 below to η we find that it is
pointwise left Kan in (V ,V ′)-Prof, in the sense of Definition 1.24 below.

A0 A1 An′ I

M

J1

d

Jn(id, x)

lx
ηx

· · ·
=

A0 A1 An′ I

A0 A1 An′ An

M

J1 Jn(id, x)

x

l

J1

d

Jn

η

· · · cart

A

B

M

j

d

l

ζ =

A

A B

M

j

j∗

d lζ′

cocart

Next assume that V is symmetric monoidal and consider the factorisation ζ ′ of a
vertical cell (i.e. a V-natural transformation) ζ ∈ V-Prof as on the right above. Applying
the previous to ζ ′, together with the observations of the previous example we find that
ζ ′ is left Kan in V-Prof precisely if (l, ζ) is the ‘pointwise left Kan extension of d along
j’ in the sense of Section 4 of [Lin81]. If V is moreover closed symmetric monoidal then
this recovers the usual V-enriched notion of ζ ‘exhibiting l as the left Kan extension of d
along j’ in the sense of Section 4 of [Kel82], as originally introduced in [BK75].

Finally assume that A and B are small V-categories and that V is small complete, so
that the V-categories [A,M ] and [B,M ] of V-functors A → M and B → M exist; see
Section 2.2 of [Kel82]. In that case the existence of the left Kan extension l : B → M
of d along j implies the following weaker condition: there exists a V-natural isomor-
phism [A,M ](d, k ◦ j) ∼= [B,M ](l, k) for any V-functor k : B → M ; see Section 4.3
of [Kel82]. In particular if all left Kan extensions along j exist then the V-functor
[j,M ] : [B,M ]→ [A,M ] given by precomposition with j admits a left adjoint (Theo-
rem 4.50 of [Kel82]); the latter condition, in the case of V = Set, was originally studied
by Kan in [Kan58].

The following straightforward lemma is useful for obtaining (weak) left Kan extensions
in locally full sub-augmented virtual double categories. For the notion of (locally) full
and faithful functor between augmented virtual double categories see Definition A3.6.

1.14. Lemma. Any locally full and faithful functor F : K → L reflects (weakly) left Kan
cells, that is a cell η ∈ K is (weakly) left Kan whenever its image Fη is so in L. If F is
full and faithful then it preserves weakly left Kan cells as well: η ∈ K is weakly left Kan
if and only if Fη is so in L.
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1.15. Cartesian cells and restrictions of left Kan extensions. In Exam-
ple 1.13 we used Corollary 1.22 below. The latter uses the notion of cartesian cell (Def-
inition A4.1) which we recall here for convenience, together with the pasting lemma for
cartesian cells (Lemma A4.15) and the notion of augmented virtual equipment (Defini-
tion A4.10). We also recall the notion of full and faithful morphism (Definition A4.12) and
those of companion and conjoint (Definition A5.1), which are related to that of cartesian
cell.

1.16. Definition. A cell ψ : J ⇒ K with J of length |J | ≤ 1, as in the right-hand side
below, is called cartesian if any cell χ, as on the left-hand side, factors uniquely through
ψ as a cell ϕ as shown.

X0 X1 Xn′ Xn

A B

C D

H1

h

Hn

k

f g

K

. . .

χ =

X0 X1 Xn′ Xn

A B

C D

H1

h

Hn

k

J

f g

K

. . .

ϕ

ψ

Vertically dual, provided that |J | = 1, the cell ϕ is called weakly cocartesian if any cell
χ factors uniquely through ϕ as a cell ψ as shown.

If a (1, n)-ary cartesian cell ψ of the form above exists then its horizontal source
J : A −7−→ B is called the restriction of K : C −7−→ D along f and g, and denoted K(f, g) := J .
If K = (C

K−7−→ D) then we call K(f, g) unary ; in the case that K = C is an empty path we
call C(f, g) nullary. Restrictions of the form K(f, id) and K(id, g) are called restrictions
on the left and right. We call the nullary restriction C(id, id) : C −7−→ C the (horizontal)
unit of the object C and denote it IC := C(id, id); if IC exists then we call C unital.

1.17. Lemma. [Pasting lemma for cartesian cells] If the cell ψ in the composite on the
right-hand side above is cartesian then the composite ψ ◦ϕ is cartesian if and only if ϕ is.

1.18. Definition. A vertical morphism f : A→ C is called full and faithful if its identity
cell idf is cartesian.

1.19. Definition. An augmented virtual double category K is said to have restrictions
on the left (resp. right) if it has all unary restrictions of the form K(f, id) (resp. K(id, g)).
We call K a unital virtual double category if it has all horizontal units (see Section A10).
An augmented virtual equipment is an augmented virtual double category that has all
unary restrictions K(f, g). A unital virtual equipment is an unital virtual double category
that has all restrictions K(f, g).
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1.20. Definition. Let f : A→ C be a vertical morphism in an augmented virtual double
category. The nullary restriction C(f, id) : A −7−→ C is called the companion of f and
denoted f∗. Likewise C(id, f) : C −7−→ A is called the conjoint of f and denoted f ∗.

Factorising the identity cell idf : (A) ⇒ (C) through the cartesian cell defining the
companion f∗ we obtain a cocartesian cell, in the sense of Definition A7.1 (see also Defini-
tion 2.6 below), as described by the following lemma which combines Lemmas A5.4, A5.9
and A7.6 and Corollary A8.3. The identities below are called the companion identities.
A horizontal dual result similarly applies to the conjoint f ∗.

1.21. Lemma. Consider the factorisation of a vertical identity cell on the left below. The
following conditions are equivalent: (a) ψ is cartesian; (b) the identity on the right below
holds; (c) ϕ is weakly cocartesian; (d) ϕ is cocartesian (Definition A7.1 or Definition 2.6).
In that case J is the companion of f .

A

C

f fidf =

A

A C

C

f

J

f

ϕ

ψ

A C

A C

J

f

J

ϕ
ψ =

A C

A C

J

J

idJ

If f = idA then each of the previous conditions is further equivalent to each of the
following ones: (e) ψ is weakly cocartesian; (f) ψ is cocartesian; (g) ϕ is cartesian. In
that case J is the horizontal unit of A.

The following is an immediate consequence of Proposition 2.25 below.

1.22. Corollary. In an augmented virtual double category that has restrictions on the
right consider a cell η as in the composite below, with n ≥ 1 and where the object An is
unital. It is left Kan precisely if, for each vertical morphism f : B → An, the composite
is left Kan.

A0 A1 An′ B

A0 A1 An′ An

M

J1 Jn(id, f)

f

l

J1

d

Jn

η

· · · cart

Proof. For the ‘if’-part take f = idAn and use that Jn(id, id) ∼= Jn. For the converse
remember that An being unital ensures that all conjoints f ∗ : An −7−→ B exist, by Corol-
lary A4.16, and apply Proposition 2.25 below.
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1.23. Pointwise left Kan extension. The previous result leads us to the following
“pointwise” strengthening of the notion of (weak) left Kan extension.

1.24. Definition. Consider a path of horizontal morphisms J : A0 −7−→ An of length n ≥ 1
as well as vertical morphisms d : A0 → M and f : B → An. We say that the (weak) left
Kan extension of d along J (Definitions 1.2 and 1.9) restricts along f if the restriction
Jn(id, f) exists and, for any (weakly) left Kan cell η of the form below, the composite below
is again (weakly) left Kan. In that case we also say that η restricts along f .

We call a (weakly) left Kan cell η pointwise if it restricts along any f : B → An such
that the restriction Jn(id, f) exists; in that case we say that η defines l as the pointwise
(weak) left Kan extension of d along (J1, . . . , Jn).

A0 A1 An′ B

A0 A1 An′ An

M

J1 Jn(id, f)

f

l

J1

d

Jn

η

· · · cart

Restrictions of pointwise (weak) left Kan extensions are again pointwise (weak) left
Kan extensions as follows.

1.25. Lemma. Consider the composite above. If η is pointwise (weakly) left Kan then so
is the composite.

Proof. A consequence of the pasting lemma for cartesian cells (Lemma 1.17).

1.26. Remark. As a consequence of Corollary 1.22 the notions of left Kan extension and
pointwise left Kan extension coincide in any unital virtual double category that has all
restrictions on the right (Definition 1.19).

1.27. Remark. The notion of ‘Yoneda morphism’ introduced in Definition 4.5 below
formalises the classical notion of Yoneda embedding, and it is shown in Lemma 4.20 that
all four notions of left Kan extension along a Yoneda morphism coincide.

The following is an easy consequence of Lemma 1.14.

1.28. Lemma. Any locally full and faithful functor F : K → L that preserves cartesian
cells defining restrictions on the right reflects pointwise (weakly) left Kan cells, that is a
cell η ∈ K is pointwise (weakly) left Kan whenever its image Fη is so in L.

1.29. Examples. We will consider formal category theory in the augmented virtual dou-
ble categories V-Prof, (V ,V ′)-Prof and V-sProf of (small) V-enriched profunctors (Exam-
ples A2.4, A2.7 and A2.8; their left Kan extensions were described in Example 1.13); in the
unital virtual equipment Prof(E) of internal profunctors in a category E (Examples A2.9
and A4.9); in the unital virtual equipment dFib(C) of discrete two-sided fibrations in a
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K V (K) Equivalence of notions of Kan extension

(V ,V ′)-Prof V ′-Cat None in general

V-Prof
V-sProf
ClModRel

V-Cat
V-Cat
ClOrdCls



 LK ⇔ PLK

ModRel(E)
Prof(E)
dFib(C)

PreOrd(E)
Cat(E)
C





{
LK ⇔ PLK ⇔ PWLK
(PLK along f∗ in K) = (PLK along f in V (K))

Table 1.1: Augmented virtual double categories K grouped according to the equivalences
in K of the notions of left Kan extension (LK) (Definition 1.9) and pointwise (weak) left
Kan extension (P(W)LK) (Definition 1.24). The equivalence LK ⇔ PLK follows from
applying Remark 1.26 to K, while PLK ⇔ PWLK follows from applying Theorem 3.20
to K. That pointwise left Kan extensions along companions f∗ in K coincide with point-
wise left Kan extensions along f in the vertical 2-category V (K), the latter in the usual
2-categorical sense of [Str74b], follows from applying Proposition 3.22 to K.

2-category C (Example 1.30 below); in the unital virtual equipment ModRel(E) of in-
ternal modular relations in a category E (Example 1.31 below); and in the strict double
category ClModRel of closed modular relations between closed-ordered closure spaces (Ex-
ample 1.32 below). Table 1.1 shows the relations between the different notions of left Kan
extension in each of these augmented virtual double categories. After considering left Kan
extensions in ClModRel, in Example 1.33, Example 1.34 gives an example of a left Kan
extension that is not pointwise.

1.30. Example. Let C be a finitely complete 2-category and consider the unital virtual
equipment spFib(C) of split two-sided fibrations J : A −7−→ B in C (Examples A2.11 and
A4.9). Recall that we consider such J to be internal profunctors J : A2 −7−→ B2 in the
underlying category C0, where A2 denotes the internal category that is the cotensor of A
with the arrow category 2 = (0→ 1); see Example A2.11 where A2 was denoted by ΦA.
The assignment A 7→ A2 extends to a locally full embedding of spFib(C) into the unital
virtual equipment Prof(C0) of internal profunctors in C0 (Examples A2.9 and A4.9), which
restricts to the identity on horizontal morphisms.

A split two-sided fibration J : A −7−→ B, with underlying span A
jA←− J

jB−→ B, is called
discrete ([Str80a]) if for any cell ϕ : u⇒ v : X → J in C the following holds: if jA ◦ ϕ and
jB◦ϕ are identity cells then so is ϕ (in particular u = v). We denote by dFib(C) ⊂ spFib(C)
the full sub-augmented virtual double category generated by the discrete two-sided fibra-
tions in C. In Proposition 2 of [Str74b] it is shown that the assignment A 7→ A2 extends
to a locally full and faithful 2-functor (–)2 : C → Cat(C0) = V (Prof(C0)), with the corre-
spondence between the cells given by the universal property of the 2-cotensors. It follows
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that V (spFib(C)) ∼= C. Since dFib(C) ⊂ spFib(C) is full with respect to vertical cells we
likewise have V (dFib(C)) ∼= C.

It is straightforward to check that the horizontal units IA = (A ← A2 → A) of
spFib(C) are discrete two-sided fibrations, and that any restriction K(f, g) in spFib(C)
of a discrete two-sided fibration K is again discrete; for the latter recall that K(f, g) is
the iterated strict 2-pullback of A f−→ C ← K → D

g←− B (Example A4.9) and use its
2-dimensional universal property. Since the full and faithful inclusion dFib(C) ⊂ spFib(C)
reflects cartesian cells (Lemma A4.5) we conclude that dFib(C), like spFib(C), is a unital
virtual equipment (Definition 1.19).

Recall that spFib(C) has all horizontal composites as soon as C has reflexive coequalis-
ers preserved by pullback (see Example A7.5). The horizontal composite (J ⊙ H), in
spFib(C), of two discrete two-sided fibrations J : A −7−→ B and H : B −7−→ E, is not discrete in
general however. Indeed in order for all horizontal composites in dFib(C) to exist further
conditions on C are needed; compare [CJSV94] where discrete two-sided fibrations in a
finitely complete bicategory K are shown to form a bicategory DFib(K) as soon as K is
‘faithfully conservational’.

1.31. Example. Recall that a relation J in a category E (Example A2.10) is a span
A

j0←− J
j1−→ B in E whose legs j0 and j1 are jointly monic. If E has pullbacks then

relations in E form the horizontal morphisms of a unital virtual equipment Rel(E) whose
vertical morphisms are the morphisms of E ; see Examples A2.10 and A5.8. Rel(E) is
locally thin (Example A2.5), that is its cells are uniquely determined by their boundaries.

Consider the unital virtual double category ModRel(E) := (N ◦ Mod)
(
Rel(E)

)
of bi-

modules in Rel(E), as defined in Examples A2.1 and A2.2. The objects of ModRel(E)
are internal preorders in E : they consist of objects A of E equipped with a relation
α = (A

α0←− α
α1−→ A) such that the (unique) horizontal multiplication and unit cells

ᾱ : (α, α) ⇒ α and α̃ : A ⇒ α exist in Rel(E); in [CS86] these are called the ‘ordered
objects’ of E . The vertical morphisms of ModRel(E) are the morphisms of E that preserve
order, that is morphisms f : A → C for which there exists a cell in Rel(E) as on the left
below, while its horizontal morphisms are internal modular relations (‘ideals’ in [CS86]),
that is relations J : A −7−→ B in E such that there exist horizontal action cells λ : (α, J)⇒ J
and ρ : (J, β)⇒ J in Rel(E). ModRel(E) like Rel(E) is locally thin. In particular a nullary
cell of the form J ⇒ (C, γ) exists in ModRel(E) if and only if the underlying cell J ⇒ γ
exists in Rel(E). The locally thin vertical 2-category PreOrd(E) := V

(
ModRel(E)

)
con-

tained in ModRel(E) coincides with the 2-category of ordered objects of [CS86]. Notice
that Rel(E) embeds into ModRel(E) by equipping each object A ∈ E with the internal
discrete ordering IA = (A

id←− A
id−→ A).

ModRel(E) is a unital virtual equipment by Examples A4.8 and A5.8: unary restric-
tions are created as in Span(E) (Example A4.3) while the nullary restrictions C(f, g) of
ModRel(E) are created as the unary restrictions γ(f, g) in Span(E). Moreover the forgetful
functor U : ModRel(E) → Rel(E) creates pointwise composites (Definition A9.1), so that
ModRel(E) is an equipment (Proposition A7.8) whenever Rel(E) is, e.g. in the case that
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E is regular (Example A7.4). Indeed consider a path J : A0 −7−→ An of internal modular
relations in E and a horizontal cocartesian cell ϕ : J ⇒ K in Rel(E), defining K as the
horizontal composite of J . Then the actions λ : (α0, J1)⇒ J1 and ρ : (Jn, αn)⇒ Jn induce
actions of α0 and αn on K, making K into an internal modular relation and ϕ into a cell
in ModRel(E). That ϕ is pointwise cocartesian in ModRel(E) follows from Lemmas A9.4
and A9.8.

A A

C C

α

f f

γ

f̄

A α

α A× A

α̃

α̃ (α1, α0)

(α0, α1)

Next assume that E has all finite limits. An internal preorder A in E is an internal
partial order (Examples B2.3.8 of [Joh02]) whenever the square on the right above is a
pullback square in E . Using the joint monicity of α0 and α1 one easily checks that the
latter is equivalent to the following condition, which we will mostly use: for any parallel
pair ϕ, ψ : X → α of morphisms, (α0, α1) ◦ ϕ = (α1, α0) ◦ ψ implies ϕ = ψ. Notice that
the latter implies the following for a pair of parallel morphisms f and g : X → A: if there
exists a vertical isomorphism f ∼= g in ModRel(E) then f = g.

1.32. Example. By a closure space A = (A,ClA) we will mean a set A equipped with
a set ClA of closed subsets of A, such that A ∈ ClA and ClA is closed under arbitrary
intersections. As introduced by Tholen in [Tho09], a closed-ordered closure space A =
(A,ClA,≤) is a closure space (A,ClA) equipped with a preordering ≤ satisfying the
closedness axiom (‘preservation condition’ in [Tho09])

(C) V ∈ ClA ⇒ ↑V ∈ ClA,

where ↑V := {x ∈ A | ∃v ∈ V : v ≤ x} is the upset generated by V . A morphism
f : A→ C of closed-ordered closure spaces is an order preserving continuous map. Given
a relation J : A −7−→ B between sets, that is a subset J ⊆ A × B, we will abbreviate
(x, y) ∈ J by xJy and write JS := {y ∈ B | ∃s ∈ S : sJy} for the image of a subset
S ⊆ A under J . A closed modular relation J : A −7−→ B between closed-ordered closure
spaces is a relation that satisfies the modularity and closedness axioms

(M) x1 ≤ x2, x2Jy1, y1 ≤ y2 ⇒ x1Jy2,

(C) V ∈ ClA ⇒ JV ∈ ClB.

Closedness is equivalent to the reverse relation J◦ : B −7−→ A being upper hemi-continuous,
see e.g. Section 17.2 of [AB06]; see also Section 6 of [Kou18].

Closed modular relations and morphisms of closed-ordered closure spaces form a locally
thin (Example A2.5) strict double category (Proposition A7.8) ClModRel in which a cell
of the form below exists, and is unique, if and only if xJy implies (fx)K(gy) for all x ∈ A
and y ∈ B. The composite J ⊙H of closed modular relations J : A −7−→ B and H : B −7−→ E
is defined as usual: x(J ⊙H)z if and only if there exists y ∈ B with xJy and yHz. The
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horizontal unit IA : A −7−→ A is the order relation xIAy :⇔ x ≤ y, which is closed because
IAS = ↑S for all S ⊆ A.

A B

C D

J

f g

K

⊆

Consider the locally thin strict equipment ModRel := 2-Prof (Example A2.5) of modular
relations between preorders which, by definition, are profunctors enriched in the quantale
2 := (⊥ ≤ ⊤) of truth values (see Example 1.9 of [Kou18]). Notice that the forgetful func-
tor U : ClModRel → ModRel creates all restrictions K(id, g) on the right (Lemma A4.5)
but that restrictions K(f, id) on the left do not exist in ClModRel in general. In particular
the companion f∗ of a morphism f : A → C exists if and only if ↑fV is closed in C for
every V ∈ ClA.

Modular closure spaces, introduced by Tholen in [Tho09], are closed-ordered closure
spaces A = (A,ClA,≤) satisfying the modularity axiom

(M) V ∈ ClA ⇒ ↑V = V ,

which strengthens the closedness axiom above. This notion coincides with that of modular
(P, 2)-categories in the sense of Section 4 of [Kou18], where P is the powerset monad;
see Example 3.2 of [Kou18]. We denote by ClModRelm ⊂ ClModRel the full sub-double
category generated by modular closure spaces.

1.33. Example. Consider morphisms M d←− A
J−7−→ B in the locally thin strict double

category ClModRelm of closed modular relations between modular closure spaces and as-
sume that for each y ∈ B the maximum on the right-hand side below exists in M ; for
sufficient conditions see Theorem 8.1 of [Kou18]. These maxima combine to form an order
preserving map l : B →M given by

ly = max
x∈J◦y

dx

which forms the left Kan extension of d along J in the locally thin strict equipment
ModRel of modular relations (Example 1.32). In fact, as a left Kan extension l satisfies
the left Beck-Chevalley condition in ModRel, in the sense of Definition 2.4 of [Kou18]; see
Example 2.7 of [Kou18] or Example 5.17 below.

Regarding d and J as morphisms of modular (P, 2)-categories (Example 1.32), the
Beck-Chevalley condition for l, closedness of J and the fact that P preserves composites
of modular relations allows us to apply Theorem 7.9 of [Kou18] to Mod(P ) (see Section 4
of [Kou18]), which asserts that l is continuous and thus a morphism in ClModRelm. The
latter result partly generalises the “maximum theorem”, a classical result in analysis; see
e.g. Lemma 17.30 of [AB06]. Applying Lemma 1.14 to the locally full and faithful func-
tors ClModRelm ↪→ ClModRel

U−→ ModRel we conclude that l forms the left Kan extension
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of d along J both in ClModRelm and in ClModRel. Since the latter are strict double cat-
egories that have restrictions on the right l is in fact a pointwise left Kan extension by
Remark 1.26.

1.34. Example. In order to construct a Kan extension (Definition 1.9) that fails to
be a pointwise weak Kan extension (Definition 1.24) consider the locally thin equipment
[−∞,∞]-Prof of categories and profunctors enriched in the quantale [−∞,∞] of extended
real numbers, with reversed order ≥ and addition (+, 0) as monoid structure; see Exam-
ples 1.3 and 1.8 of [Kou18]. As is customary ([Law73]) we think of [−∞,∞]-categories
as generalised metric spaces with distances in [−∞,∞]. Let K denote the full sub-aug-
mented virtual double category of [−∞,∞]-Prof generated by those [−∞,∞]-profunctors
J : A −7−→ B with images J(x, y) ≥ 0 for all x ∈ A and y ∈ B. Notice that K is closed
under horizontal composition of [−∞,∞]-profunctors (Example 1.3 of [Kou18]) so that
K has all horizontal composites by Lemma A9.4.

Let M be the generalised metric space with two points d and u as pictured on the
left below and let I be the ‘unit [−∞,∞]-category’, consisting of a single point ∗ with
I(∗, ∗) = 0. We claim that any cell η in K of the form as in the middle below is left Kan.
To see this first notice that, by Example 2.21 and using that K is locally thin, it suffices
to show that all cells of the form as on the right below exist in K, where H is any path
of [−∞,∞]-profunctors of length m ≤ 1 in K and k : Bm → M is any morphism. It is
not hard to show that the latter follows from the fact that k and H are non-expanding
(Examples 1.10 and 1.11 of [Kou18]).

−1

1

0 0

d u

I M

M

J

d
η

M Bm

M

H

kϕ′

For a left Kan cell in K that is not pointwise weakly left Kan take J : I −7−→M to be
given by J(∗, d) = 1 and J(∗, u) = 0. Then J is non-expanding and the cell η of the form
above exists. By the previous η is left Kan; to arrive at a contradiction let us assume
that η is pointwise weakly left Kan as well. Let u : I → M denote the morphism that
picks out u in M and consider the composition J(id, u)⇒ M of η and the cartesian cell
defining the restriction J(id, u). By the assumption and Definition 1.24 the latter defines
u as the weak left Kan extension of d along J(id, u) : I −7−→ I. By the definition of J the
latter equals the horizontal unit of I so that, by Example 2.19, u ∼= d : I → M follows.
But that is impossible as there exists no vertical cell d⇒ u in K (nor in [−∞,∞]-Prof).

1.35. Internal left adjoints are cocontinuous. The two remaining results of this
section describe the interaction between adjunctions and left Kan extensions. The first
of these, Proposition 1.37 below, shows that left adjoints in an augmented virtual double
category are cocontinuous in the sense of the definition below. Analogous results, for left
adjoints in 2-categories (see e.g. Proposition 2.19(1) of [Web07]) and enriched left adjoints
(see e.g. Section 4.1 of [Kel82]), are well known. The second result, Proposition 1.42,
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instead considers ‘external’ adjunctions F ⊣ G : L → K, between augmented virtual
double categories and K and L, and shows that the ‘adjunct’ of a left Kan cell in L is
again left Kan in K.

1.36. Definition. Consider a (pointwise) (weakly) left Kan cell η of the form below.

A0 A1 An′ An

M

J1

d

Jn

l

η

· · ·

(a) A morphism f : M → N is said to preserve η, and to preserve the (pointwise) (weak)
left Kan extension of d along (J1, . . . , Jn), if the composite f ◦η is again (pointwise)
(weakly) left Kan.

(b) The cell η is called absolutely (pointwise) (weakly) left Kan if it is preserved by all
morphisms f : M → N ; in that case the (pointwise) (weak) left Kan extension of d
along (J1, . . . , Jn) is called absolute.

(c) A morphism f : M → N is called (weakly) cocontinuous if it preserves any (weakly)
left Kan cell ζ with horizontal target M .

Notice that (weakly) cocontinuous morphisms preserve pointwise (weakly) left Kan
cells as well. In Theorem 5.16 below absolutely left Kan cells are characterised in terms
of a ‘left Beck-Chevalley condition’ (Definition 5.10).

By a left adjoint in an augmented virtual double category K we mean a left adjoint
in the vertical 2-category V (K) (Example A1.5), in the usual 2-categorical sense; see e.g.
Lemma A5.16.

1.37. Proposition. Left adjoints are both cocontinuous and weakly cocontinuous.

Proof. Let f : M → N be left adjoint to g : N →M , with unit and counit vertical cells
ι : idM ⇒ g ◦ f and ε : f ◦ g ⇒ idN . To show that f is cocontinuous consider any left Kan
cell

A0 A1 An′ An

M

J1

d

Jn

l

η

· · ·

;

we have to show that f ◦η is again left Kan. To this end consider the commuting diagram
of assignments, between collections of cells of the forms as shown, below. The vertically
drawn assignments are bijections. Indeed, the triangle identities for ι and ε imply that
their inverses are given by composition with ε on the right. The bottom assignment is a
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bijection as well, because η is left Kan. We conclude that the top assignment is a bijection
too, showing that f ◦ η is left Kan as required.

An B1 Bm′ Bm

N

H1

f ◦ l

Hm

k

· · · A0 A1 An′ An B1 Bm′ Bm

N

J1

f ◦ d

Jm H1 Hm

k

· · · · · ·

An B1 Bm′ Bm

M

H1

l

Hm

g ◦ k

· · · A0 A1 An′ An B1 Bm′ Bm

M

J1

d

Jm H1 Hm

g ◦ k

· · · · · ·

{ } { }

{ } { }

(f ◦ η)⊙ –

η ⊙ –

(ι ◦ l)⊙ (g ◦ –) (ι ◦ d)⊙ (g ◦ –)

Restricting the previous to the empty path H = (An) shows that f is weakly cocontinuous
too.

1.38. External adjunctions and left Kan extension. Consider an adjunction
between augmented virtual double categories, that is an adjunction F ⊣ G : L → K in the
2-category AugVirtDblCat of augmented virtual double categories, their functors and the
transformations between them; see Section A3. Proposition 1.42 below asserts that a cell
ϕ : J ⇒ GM is left Kan in K whenever its ‘adjunct’ ϕ♭ : FJ ⇒M is left Kan in L. More
generally it applies to pairs of cells that are adjunct with respect to a ‘locally universal
morphism’, as we will now define. The latter is related to (the vertical dual of) the notion
of ‘universal 2-cell’ considered in Proposition 8.6 of [Shu08], for functors between pseudo
double categories. Proposition 1.42 and the notion of ‘relative universal morphism’, also
defined below, will be crucial in Section 8.

Given a functor F : K → L between augmented virtual double categories (Defini-
tion A3.1) and an object X in L we define the vertical slice category F /vX as follows.
Its objects are pairs (A, f) consisting of an object A in K and a morphism f : FA → X
in L. Its morphisms (H,ϕ) : (A, f) → (C, g) are pairs consisting of a path H : A −7−→ C
of horizontal morphisms in K, of any length, and a nullary cell ϕ in L that is of the
form below. Composition in F /vX is given by horizontal composition in L; notice that
invertible morphisms (H,ϕ) of F /vX necessarily have H empty and ϕ vertical. We ab-
breviate L /vX := idL /vX. In Section 4 we shall consider ‘horizontal slice categories’;
see Proposition 4.24 below.

FA FC

X

FH

f gϕ
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1.39. Definition. Let F : K → L be a functor of augmented virtual double categories
(Definition A3.1) and C ∈ L an object. We call a morphism ε : FC ′ → C locally universal
from F to C if the functor

ε ◦ F – : K /vC
′ → F /vC

is full and faithful; if it is an equivalence then we call ε universal from F to C.
Let J ⊆ F /vC be a full subcategory. A locally universal morphism ε : FC ′ → C is

called universal relative to J if the full and faithful functor ε ◦ F – above factors through
the inclusion J ↪→ F /vC as an equivalence K /vC

′ ≃−→ J .

Unpacking the definition of a locally universal morphism ε : FC ′ → C, notice that any
nullary cell ϕ as on the left-hand side below factors through ε as the F -image of a unique
nullary cell ϕ♯ : J ⇒ C ′, as shown. The cells ϕ and ϕ♯ are said to be adjuncts of each
other. If moreover ε is universal relative to J then for any morphism h : FA → C in J
we can choose an adjunct h♯ : A→ C ′ in K as well, such that h ∼= ε ◦ Fh♯ in L.

FA0 FAn

FC ′ FC ′

C

FJ

Ff Fg

ε ε

ϕ

=

FA0 FAn

FC ′

C

FJ

Ff Fg

ε

Fϕ♯

Notice that the uniqueness of the adjuncts ϕ♯ implies that the assignment ϕ 7→ ϕ♯ is
functorial with respect to horizontal composition of nullary cells, i.e. (ϕ⊙ ψ)♯ = ϕ♯ ⊙ ψ♯.
Also notice that any morphism universal relative to J is itself contained in J . It follows
that, for any two morphisms ε : FC ′ → C and ζ : FC ′′ → C that are universal relative to
J , the objects C ′ and C ′′ are equivalent in the vertical 2-category V (K) (Example A1.5),
with the equivalence being the chosen morphism ζ♯ : C ′′ → C ′ such that ε ◦ Fζ♯ ∼= ζ.

1.40. Example. If F : K → L is locally full and faithful (Definition A3.6) then any full
and faithful morphism ε : FC ′ → C in L (Definition 1.18) is locally universal from F to
C.

1.41. Example. Let F ⊣ G : L → K be an adjunction between augmented virtual double
categories, with unit ζ : idK ⇒ GF and counit ε : FG ⇒ idL transformations (Defini-
tion A3.2). For any object C ∈ L the vertical morphism component εC : FGC → C of
the counit is a universal morphism from F to C. Indeed the triangle identities for ζ and ε
imply that εC ◦F – : K /vGC → F /vC has an inverse (–)♯ given by h♯ := Gh ◦ ζA on ob-
jects h : FA→ C and ϕ♯ := Gϕ ◦ ζJ on morphisms ϕ : FJ ⇒ C, where ζJ := (ζJ1 , . . . , ζJn)
if J = (J1, . . . , Jn) and ζJ := ζA0 if J = (A0). The notion of adjunction between aug-
mented virtual double categories is used in Definition 8.16 below in order to define closed
monoidal augmented virtual double categories; see also the subsequent examples.
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1.42. Proposition. Consider the functor F : K → L, the locally universal morphism
ε : FC ′ → C and the adjuncts ϕ and ϕ♯ above. If ϕ : FJ ⇒ C is (weakly) left Kan in L
then so is ϕ♯ : J ⇒ C ′ in K. If moreover ϕ restricts (Definition 1.24) along all F -images
Fk of morphisms k : B → An for which the restriction Jn(id, k) exists, and F preserves
such restrictions, then ϕ♯ is pointwise (weakly) left Kan.

Proof. To prove that ϕ♯ is left Kan whenever ϕ is so we have to show that any nullary
cell ψ : J ⌢ H ⇒ C ′ in K, with vertical source f , factors uniquely as ψ = ϕ♯ ⊙ ψ′ with
ψ′ : H ⇒ C ′, as in Definition 1.9. Since ϕ = ε ◦ Fϕ♯ is left Kan there exists a unique cell
θ : FH ⇒ C in L such that ε ◦ Fψ = ϕ ⊙ θ, and we claim that ψ′ := θ♯ is the unique
factorisation that we seek. Indeed ψ = (ε ◦ Fψ)♯ = (ϕ ⊙ θ)♯ = ϕ♯ ⊙ ψ′ and, to show
that ψ′ is unique, consider any other cell ψ′′ with ψ = ϕ♯ ⊙ ψ′′. Applying ε ◦ F – gives
ε ◦ Fψ = ϕ ⊙ (ε ◦ Fψ′′), where we use that F (like any functor of augmented virtual
double categories) preserves horizontal composition of cells (see Definition A3.1). By the
uniqueness of factorisations through the left Kan cell ϕ it follows that ε ◦ Fψ′′ = θ, and
hence ψ′′ = (ε ◦ Fψ′′)♯ = θ♯ = ψ′.

When restricted to the empty path H = (An) the argument above reduces to the
weakly left Kan case. To prove the pointwise (weakly) left Kan case apply the above to
composites of the form ϕ♯ ◦ (id, . . . , id, cart), where cart is any cartesian cell that defines
a right restriction Jn(id, k) of Jn along some k : B → An, as in Definition 1.24, using the
fact that ϕ ◦ (id, . . . , id, F cart) = ε ◦ F

(
ϕ♯ ◦ (id, . . . , id, cart)

)
is (weakly) left Kan if ϕ

restricts along Ff and F preserves the cartesian cell.

1.43. Example. Let F ⊣ G : D → C be a strict 2-adjunction between 2-categories,
d : FA → M a morphism in D and j : A → B a morphism in C. The left Kan extension
of d along Fj exists in D whenever that of the adjunct d♯ : A → GM along j does in C,
and in that case the extensions are adjuncts. To see this consider the induced adjunc-
tion Q(F ) ⊣ Q(G) between the strict double categories of quintets Q(C) and Q(D); see
Proposition A6.4. By Example 1.41 the component εM : Q(F )Q(G)M →M of the counit
is universal from Q(F ) to M , so that the result follows from the previous proposition and
Example 1.4.

2. Pasting lemmas

This section describes two useful pasting lemmas for left Kan cells together with some
of their consequences. The first of these, below, is the ‘horizontal’ pasting lemma, which
concerns horizontal compositions of left Kan cells and whose proof is straightforward.
Applying it to the unital virtual double category V-Prof of V-profunctors (Example 1.13)
recovers the classical result on iterated enriched Kan extension (see page 42 of [Dub70]
or Theorem 4.47 of [Kel82]).

The ‘vertical’ pasting lemma, Lemma 2.17 below, concerns (weakly) left Kan cells
vertically composed with (weakly) cocartesian paths of cells; the latter in the sense of
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Definition A7.1 (see also Definition 2.6 below). It also applies to weaker variants of the
notion of (weakly) cocartesian path, which are introduced in Definition 2.6 below.

2.1. The horizontal pasting lemma.

2.2. Lemma. [Horizontal pasting lemma for left Kan cells] Assume that the cell η in the
composite below is left Kan. Then η ⊙ ζ is (weakly) left Kan precisely if ζ is so. In that
case η⊙ζ restricts along f : C → Bm (Definition 1.24) precisely if ζ does so. In particular
η ⊙ ζ is pointwise (weakly) left Kan precisely if ζ is so.

A0 A1 An′ An B1 Bm′ Bm

M

J1

d

Jn H1

l

Hm

k

· · · · · ·
η ζ

2.3. Example. By iterating the horizontal pasting lemma we see that (pointwise) (weak)
left Kan extensions along a path J = (J1, . . . , Jn) can be obtained by extending along
each of the J1, . . . , Jn recursively: if for each 1 ≤ i < n the cell ηi below is left Kan and
ηn is (pointwise) (weak) left Kan then so is their horizontal composite η1 ⊙ · · · ⊙ ηn.

A0 A1 An′′ An′ An

M

J1

d

l1

Jn′

ln′′

Jn

ln′
ln

· · ·
η1 ηnηn′

2.4. Remark. Notice that we would not have been able to state the horizontal pasting
lemma if our notions of left Kan extension had been defined along a single horizontal
morphism, rather than a path of horizontal morphisms.

2.5. Right cocartesian paths. Throughout the remainder of this article it will become
clear that the notions of weakly cocartesian path of cells and cocartesian path of cells,
as defined in Definition A7.1, are too strong. The vertical pasting lemma (Lemma 2.17
below) for instance, is most naturally stated using the weaker notions defined below. The
first of these weakens the univeral property of weakly cocartesian paths by restricting it to
either nullary cells or unary cells only, while the second introduces weaker, “right-sided”
and “left-sided” variants of the notion of cocartesian path.

2.6. Definition. A path of cells ϕ = (ϕ1, . . . , ϕn), as in the right-hand side below, is
called weakly nullary-cocartesian if any nullary cell χ, as on the left-hand side and with
L = (C) empty, factors uniquely through ϕ as shown. Analogously ϕ is called weakly
unary-cocartesian if any unary cell χ, as on the left-hand side below and with |L| = 1,
factors uniquely through ϕ. The path ϕ is weakly cocartesian, in the sense of Defini-
tion 1.16, if it is both weakly nullary-cocartesian and weakly unary-cocartesian.
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X10 X11 X1m′
1

X1m1 Xn0 Xn1 Xnm′
n

Xnmn

C D

H11

h ◦ f0

H1m1 Hn1 Hnmn

k ◦ fn

L

χ

· · · · · ·· · ·

=

X10 X11 X1m′
1

X1m1 Xn0 Xn1 Xnm′
n

Xnmn

A0 A1 An′ An

C D

H11

f0

H1m1

f1

Hn1

fn′

Hnmn

fn

J1

h

Jn

k

L

ϕ1 ϕn

χ′

· · · · · ·
· · ·

A weakly nullary-cocartesian path (ϕ1, . . . , ϕn) of the form below is called right nullary-
cocartesian if, for any non-empty path (K1, . . . , Kq) of horizontal morphisms such that the
restriction K1(fn, id) exists, the composite path below is weakly nullary-cocartesian. Right
unary-cocartesian paths are defined analogously; a path is right cocartesian whenever it
is both right nullary-cocartesian and right unary-cocartesian.

X10 X11 X1m′
1

X1m1 Xn0 Xn1 Xnm′
n

Xnmn Y1 Y2 Yq′ Yq

A0 A1 An′ An Y1 Y2 Yq′ Yq

H11

f0

H1m1

f1

Hn1

fn′

Hnmn K1(fn, id)

fn

K2 Kq

J1 Jn K1 K2 Kq

ϕ1 ϕn

· · · · · ·
· · · · · ·cart

Horizontally dual, the weakly nullary-cocartesian path (ϕ1, . . . , ϕn) above is called left
nullary-cocartesian if, for any non-empty path (K ′

1, . . . , K
′
p) : Y

′
0 −7−→ A0 such that the re-

striction K ′
p(id, f0) exists, the composite path (idK′

1
, . . . , idK′

p′
, cart, ϕ1, . . . , ϕn) is weakly

nullary-cocartesian, where cart defines K ′
p(id, f0). Left unary-cocartesian paths are de-

fined analogously; a path is left cocartesian whenever it is both left nullary-cocartesian
and left unary-cocartesian.

A right nullary-cocartesian path (ϕ1, . . . , ϕn) is called nullary-cocartesian if each of
the composite paths (ϕ1, . . . , ϕn, cart, idK2 , . . . , idKq) above are left nullary-cocartesian.
Unary-cocartesian paths are defined analogously. A path is cocartesian in the sense of
Definition A7.11 precisely if it is both nullary-cocartesian and unary-cocartesian.

Notice that the universal property of a right (respectively weakly) nullary-cocarte-
sian cell does not determine its horizontal target up to isomorphism, in contrast to the
universal property of (right) (respectively weakly) (unary-)cocartesian cells. While we

1Definition 7.1 of the original version of [Kou20] (published 2020-02-24), defining the notion of co-
cartesian path ϕ, contains a typo: the paths of identity cells that ϕ is concatenated with are allowed to
be of any lengths p and q, that is p, q ≥ 0 (and not p, q ≥ 1 as originally printed).
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will mostly use the nullary variant of right cocartesian paths of cells, the unary variant
will be important in our study of ‘exact cells’ in Section 5 below. Proposition 5.6 for
instance shows that, under mild conditions, horizontal cells are ‘left exact’ with respect
to a ‘Yoneda morphism’ (Definition 4.5) if and only if they are right unary-cocartesian.
The notion of left nullary-cocartesian paths is used in Section 3.

2.7. Example. Assume that the horizontal unit IC : C −7−→ C (Definition 1.16) of the
object C exists. It follows from the horizontal unit identities (see Lemma A5.9 or
Lemma 1.21) that the factorisations for the nullary cells χ above, with empty horizontal
target C, correspond precisely to factorisations of unary cells χ with horizontal target
IC . We conclude that in unital virtual double categories (Definition 1.19) the notions of
weakly unary-cocartesian path and weakly cocartesian path coincide, as well as those of
right (respectively left) unary-cocartesian path and right (respectively left) cocartesian
path.

Similarly the notions of right (respectively left or weakly) nullary-cocartesian path and
right (respectively left or weakly) cocartesian path coincide in augmented virtual double
categories K that admit, for each horizontal morphism L : C −7−→ D, a nullary cartesian
cell L ⇒ X where X is any object; see also Definition 3.2 below. Examples of such K
are the augmented virtual equipments of enriched profunctors V-Prof and (V ,V ′)-Prof
(Examples A2.4 and A2.7); see Example 3.10.

2.8. Example. Clearly cocartesian paths are both left and right cocartesian. The con-
verse however does not hold in general since cocartesian paths ϕ are required to be pre-
served under two-sided concatenations of the form (id, . . . , id, cart) ⌢ ϕ ⌢ (cart, id, . . . , id).

The following is a straightforward variation on the pasting lemma for cocartesian paths
(Lemma A7.7). Likewise Corollary 2.10 is a variation on Corollary A8.5.

2.9. Lemma. [Pasting lemma for cocartesian paths] In the configuration of cells below
denote by ϕj the path ϕj := (ϕj1, . . . , ϕjnj

), for each 1 ≤ j ≤ n, and assume that the path
(ϕ11, . . . , ϕnmn) is weakly nullary-cocartesian. Then the path ψ := (ψ1, . . . , ψn) is weakly
nullary-cocartesian if and only if the path of composites

(
ψ1 ◦ ϕ1, . . . , ψn ◦ ϕn

)
is so.

· · · · · · · · · · · · · · · · · ·

ϕ11 ϕ1m1 ϕ21 ϕ2m2 ϕn1 ϕnmn

ψ1 ψ2 ψn

· · · · · · · · ·
· · ·

Next denote the vertical targets of ϕnmn and ψn by fnmn : Xnmnkmn
→ Anmn and

hn : Anmn → Cn. If the path (ϕ11, . . . , ϕnmn) is right nullary-cocartesian then the following
hold:

(a) if ψ is right nullary-cocartesian then so is
(
ψ1 ◦ ϕ1, . . . , ψn ◦ ϕn

)
provided that

for any horizontal morphism K : Cn −7−→ C ′ the following holds: if the restriction
K(hn ◦ fnmn , id) exists then so does K(hn, id);
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(b) if
(
ψ1◦ϕ1, . . . , ψn◦ϕn

)
is right nullary-cocartesian then so is ψ provided that for any

horizontal morphism K : Cn −7−→ C ′ the following holds: if the restriction K(hn, id)
exists then so does K(hn ◦ fnmn , id).

Analogous assertions hold for right (respectively weakly) (unary-)cocartesian paths;
horizontally dual assertions hold for left (nullary- or unary-)cocartesian paths.

2.10. Corollary. The cell ψ below is right (respectively weakly) nullary-cocartesian if
and only if the composite is so.

An analogous assertion holds for the composite ψ ⊙ cart, where cart defines the com-
panion g∗ : Xn −7−→ B. Analogous assertions hold for right (respectively weakly) (unary-)co-
cartesian cells and left (nullary- or unary-)cocartesian cells.

A X0 X1 Xn′ Xn

A B

f∗ H1

f

Hn

g

J

ψcart

· · ·

Proof. Apply the pasting lemma to ψ1 = cart⊙ψ and ϕ1 = (cocart, idH1 , . . . , idHn) where
cocart denotes the cocartesian cell corresponding to the cartesian cell above (Lemma 1.21),
so that ψ1 ◦ ϕ1 = ψ.

2.11. Pointwise right cocartesian paths. The pointwise variants of the notions of
right (respectively weakly) nullary- and unary-cocartesian path are similar to the point-
wise variant of cocartesian path given in Definition A9.1, as follows; see Remark 2.13
below for the differences. Recall that n′ := n− 1 for any postive integer n.

2.12. Definition. Consider a right (respectively weakly) nullary-cocartesian path ϕ =
(ϕ1, . . . , ϕn) whose last cell ϕn has trivial vertical target and arity (mn, 1) with mn ≥ 1,
as in the left-hand side below.

Xn0 Xn1 Xn(mn)′ Y

Xn0 Xn1 Xn(mn)′ An

An′ An

Hn1 Hnmn (id, f)

f

Hn1

fn′

Hnmn

Jn

ϕn

cart· · ·
=

Xn0 Xn1 Xn(mn)′ Y

An′ Y

An′ An

Hn1

fn′

Hnmn (id, f)

Jn(id, f)

f

Jn

ϕ′n

cart

· · ·

(a) Let f : Y → An be any morphism. We say that ϕ restricts along f if both restric-
tions Hnmn(id, f) and Jn(id, f) exist and the path (ϕ1, . . . , ϕn′ , ϕ′

n) is again right
(respectively weakly) nullary-cocartesian, where ϕ′

n is the unique factorisation in the
right-hand side above.
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(b) We call ϕ pointwise if it restricts along any morphism f : Y → An such that
Hnmn(id, f) exists.

The notion of restriction for right (respectively weakly) unary-cocartesian and right (re-
spectively weakly) cocartesian cells is defined analogously, as is the notion of pointwise
right (respectively weakly) unary-cocartesian path and that of pointwise right (respec-
tively weakly) cocartesian path.

Unpacking the definition of a pointwise right (respectively weakly) nullary-cocarte-
sian path ϕ above we find that it requires the following for every morphism f : Y → An:
if the restriction Hnmn(id, f) exists then so does Jn(id, f) and, in that case, the path
(ϕ1, . . . , ϕn′ , ϕ′

n), with ϕ′
n as above, is right (respectively weakly) nullary-cocartesian. A

single horizontal cell ϕ : (H1, . . . , Hn) ⇒ J is called (pointwise) right cocartesian when-
ever the singleton path (ϕ) is (pointwise) right cocartesian; in that case we call J the
(pointwise) right composite of (H1, . . . , Hn). If (ϕ) is cocartesian (Definition 2.6) then
J is the horizontal composite (H1 ⊙ · · · ⊙ Hn) in the sense of Definition A7.1; in this
article we will use the notation (H1 ⊙ · · · ⊙Hn) for both horizontal composites and right
composites. Notice that the pasting lemma (Lemma 2.9) only allows us to combine right
composites on the left, that is given a right composite (H1 ⊙ · · · ⊙Hn) : A0 −7−→ An and a
path J : An −7−→ Bm, the right composite

(
(H1 ⊙ · · · ⊙ Hn) ⊙ J1 ⊙ · · · ⊙ Jm

)
exists if and

only if the right composite (H1⊙· · ·⊙Hn⊙J1⊙· · ·⊙Jm) does, and in that case they are
canonically isomorphic. In particular the associator

(
(H ⊙ J)⊙K)

) ∼=
(
H ⊙ (J ⊙K)

)
of

right composites need not exist in general, unless (J ⊙K) is a horizontal composite.

2.13. Remark. Consider a path ϕ = (ϕ1, . . . , ϕn) of the form as in the definition above,
but which is not necessarily nullary-cocartesian. In Definition A9.1 ϕ is called right
pointwise cocartesian if, for every morphism f : Y → An for which both Hnmn(id, f) and
Jn(id, f) exist, the path (ϕ1, . . . , ϕn′ , ϕ′

n), with ϕ′
n as above, is cocartesian. Since every

cocartesian path is right cocartesian (Example 2.8) it follows that any right pointwise
cocartesian path, in the sense of Definition A9.1, is pointwise right cocartesian, in the
above sense, whenever, for each f : Y → An, if the restriction Hnmn(id, f) exists then so
does the restriction Jn(id, f).

We conclude that in augmented virtual double categories that have restrictions on the
right (Definition 1.19) any right pointwise cocartesian path is pointwise right cocartesian
and, in particular, any pointwise composite (H1⊙· · ·⊙Hn) in the sense of Definition A9.1
is a pointwise right composite in the sense above. Under some conditions on the base cate-
gory V such pointwise composites exist in the augmented virtual double categories V-Prof,
(V ,V ′)-Prof and V-sProf of (small) V-profunctors, where they are given by V-coends; see
Examples A9.2 and A9.3.

Pointwise cocartesian paths are coherent in the sense of the following two lemmas.
Taking into account the slight difference in the notions of pointwise right cocartesian path
and right pointwise cocartesian path regarding the existence of the relevant restrictions,
as described in the previous remark, the proofs of these lemmas are essentially the same
as those of Lemmas A9.5 and A9.6.
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2.14. Lemma. If the path (ϕ1, . . . , ϕn) is pointwise right (respectively weakly) (nullary- or
unary-)cocartesian then any path of the form (ϕ1, . . . , ϕ

′
n) as in Definition 2.12 is again

pointwise right (respectively weakly) (nullary- or unary-)cocartesian.

Let (H1 ⊙ · · · ⊙Hn) be a pointwise right composite and f a morphism such that the
restriction Hn(id, f) exists. Applying the lemma above to the singleton path consisting
of the pointwise right cocartesian cell defining the composite we find that the restriction
(H1 ⊙ · · · ⊙Hn)(id, f) forms the pointwise right composite

(
H1 ⊙ · · · ⊙Hn(id, f)

)
.

2.15. Lemma. [Pasting lemma for pointwise cocartesian paths] Consider the configuration
of cells of Lemma 2.9. Assume that all its cells ψi and ϕij are unary, that ϕnmn has
non-empty horizontal source, and that the vertical targets of the final cells ψn and ϕnmn

are both the identity morphism on the object Cn. Denote by J the horizontal target of ϕnmn

and by H the final morphism of its horizontal source. Assume that the path (ϕ11, . . . , ϕnmn)
is pointwise right (respectively weakly) (nullary- or unary-)cocartesian.

If the path (ψ1, . . . , ψn) pointwise right (respectively weakly) (nullary- or unary-)co-
cartesian then so is the path of composites (ψ1 ◦ ϕ1, . . . , ψn ◦ ϕn). The converse holds
whenever the following holds for all morphisms f : Y → Cn: if the restriction J(id, f)
exists then so does H(id, f).

2.16. The vertical pasting lemma. We are now ready to state the vertical pasting
lemma for left Kan cells.

2.17. Lemma. [Vertical pasting lemma for left Kan cells] Consider the composite below.
If the path ϕ = (ϕ1, . . . , ϕn) is right (respectively weakly) nullary-cocartesian then the cell
η is (weakly) left Kan precisely if the composite η ◦ ϕ is so. If moreover ϕ restricts along
f : Y → An then η restricts along f (Definition 1.24) precisely if the composite does so.

Next assume that ϕ is pointwise right (respectively weakly) nullary-cocartesian. If η
is pointwise (weakly) left Kan (Definition 1.24) then so is the composite. The converse
holds whenever the restrictions Hnmn(id, f) exist for all f : Y → An.

X10 X11 X1m′
1

X1m1 Xn0 Xn1 Xnm′
n

An

A0 A1 An′ An

M

H11

f0

H1m1

f1

Hn1

fn′

Hnmn

J1

d

Jn

l

ϕ1 ϕn

η

· · · · · ·
· · ·

Proof. The main assertion follows from applying Lemma 2.20 below to η and χ = ϕ,
while ζ ranges over all (including the empty) paths of horizontal identity cells. Indeed, the
assertion of that lemma implies that the unique factorisations showing that η is (weakly)
left Kan correspond precisely to those showing that η ◦ ϕ is so.

Next assume that ϕ restricts along a morphism f : Y → An so that, in particular,
ϕn is of arity (mn, 1) with mn ≥ 1. The schematically drawn identity below, where the
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cartesian cells defining Hnmn(id, f) and Jn(id, f) are both denoted by ‘c’, follows from the
identity of Definition 2.12. By Definition 2.12(a) the top row of the right-hand side is
again right (respectively weakly) nullary-cocartesian.

· · ·

ϕ1

· · ·

η

· · ·

ϕn

c

=

· · ·
ϕ1 · · ·

· · ·
η

· · ·
ϕ′n

c

Notice that, by Definition 1.24, η ◦ ϕ restricts along f as soon as the left-hand side above
is (weakly) left Kan while η restricts along f whenever the composite of the bottom two
rows of the right-hand side is so. That the latter are equivalent follows from applying the
main assertion to (ϕ1, . . . , ϕ

′
n).

Finally assume that ϕ is pointwise right (respectively weakly) nullary-cocartesian. If
η is pointwise (weakly) left Kan then, for each f : Y → An such that Hnmn(id, f) exists,
both ϕ and η restrict along f so that by the previous the composite η ◦ ϕ restricts along
f too. We conclude that the composite is pointwise (weakly) left Kan. The converse
similarly follows from the previous provided that all restrictions Hnmn(id, f) exist so that,
by the assumption on ϕ, so do all restrictions Jn(id, f).

2.18. Example. Consider a path (J1, . . . , Jn) : A0 −7−→ An of horizontal morphisms as well
as a vertical morphism d : A0 →M and assume that the horizontal composite (J1⊙· · ·⊙Jn)
exists (Definition 2.12). Applying the vertical pasting lemma to the cocartesian cell
defining the composite we find that the (weak) left Kan extension of d along (J1, . . . , Jn)
exists precisely if that of d along (J1⊙· · ·⊙Jn) does, and in that case they are isomorphic.
If (J1⊙ · · · ⊙ Jn) is a pointwise composite (Remark 2.13) and all restrictions on the right
exist (Definition 1.19) then the analogous equivalence holds for pointwise (weak) left Kan
extensions.

2.19. Example. Consider parallel morphisms d and l : A → M whose source admits a
horizontal unit IA : A −7−→ A (Definition 1.16). Applying the vertical pasting lemma to the
cocartesian cell defining IA (Lemma 1.21), combined with Example 1.3, we find that l is
the (weak) left Kan extension of d along IA if and only if l ∼= d.

2.20. Lemma. Consider composable paths χ = (χ1, . . . , χn) and ζ = (ζ1, . . . , ζm) of cells
χi : Ki ⇒ J i and ζj : Lj ⇒ Hj, and assume that their concatenation χ ⌢ ζ is weakly
nullary-cocartesian so that the assignment of cells below, given by composition with χ⌢ζ,
is a bijection; here f0 : X10 → A0 and gm : Ymqm → Bm denote the vertical source of χ1

and the vertical target of ζm.

A0 Bm

M

J1
⌢ · · · ⌢ Jn

⌢H1
⌢ · · · ⌢Hm

d k

ϕ

X10 Ymqm

M

K1
⌢ · · · ⌢Kn

⌢ L1
⌢ · · · ⌢ Lm

d ◦ f0 k ◦ gm
ψ{ } { }– ◦(χ ⌢ ζ)
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Consider a nullary cell η of the form below. If ζ is weakly nullary-cocartesian too then
cells of the form ϕ above factor uniquely through η, i.e. each ϕ = η ⊙ ϕ′ for a unique
nullary cell ϕ′ : H1

⌢ · · ·⌢Hm ⇒M , precisely if cells of the form ψ above factor uniquely
through η ◦ χ, i.e. each ψ = (η ◦ χ)⊙ψ′ for a unique nullary cell ψ′ : L1

⌢ · · ·⌢Lm ⇒M .

A0 A1 An′ An

M

J1

d

Jn

l

η

· · ·

Proof. Consider the following assignments between collections of nullary cells that are
of the form as shown, where fn : Xnpn → An denotes the common vertical boundary of χn
and ζ1. The diagram commutes by one of the interchange axioms (Lemma A1.3).

An Bm

M

H1
⌢ · · · ⌢Hm

l k
ϕ′

Xnpn Ymqm

M

L1
⌢ · · · ⌢ Lm

l ◦ fn k ◦ gm
ψ′{ } { }

{ϕ} {ψ}

– ◦ζ

– ◦(χ ⌢ ζ)

η ⊙ – (η ◦ χ)⊙ –

The horizontally drawn assignments are bijective because the paths ζ and χ ⌢ ζ are
assumed to be weakly nullary-cocartesian, so that the proof follows.

2.21. Example. Consider an augmented virtual double category K that admits all hor-
izontal composites (Definition 2.12). Applying the lemma to the cocartesian cells ζ =
cocart defining these composites we find that the universal property of a left Kan cell
η : J ⇒ M in K, as given in Definition 1.9, reduces to the requirement that cells of the
form ϕ : J ⌢ H ⇒M with H of length |H| = 0 or 1 factor uniquely through η.

If K has horizontal units too, i.e. it is induced by a pseudo double category (see
Proposition A7.8), then the universal property need only be checked for cells of the form
ϕ : J ⌢ H ⇒ M with |H| = 1. It follows that the present notion of left Kan extension in
K coincides with that of ‘pointwise left Kan extension’ in K regarded as a pseudo double
category, in the sense of Definition 3.10 of [Kou14a].

Finally consider a ‘proarrow equipment’ (–)∗ : K →M in the sense of Wood [Woo85]
(whereM need not be biclosed, as is required in [Woo82]). As is shown in Proposition C.3
of [Shu08], if K is a strict 2-category then (–)∗ induces a pseudo double categoryD that has
all companions and conjoints (a ‘framed bicategory’). The objects and vertical morphisms
of D are those of K, and the horizontal morphisms are those of M. In such proarrow
equipments Wood’s notion of ‘indexed limit’, given in Section 2 of [Woo82], coincides with
the notion of ‘pointwise left Kan extension’ in the corresponding pseudo double category
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D, in the sense of [Kou14a] (see its Section 3.5), and hence coincides with our notion of
left Kan extension.

2.22. Consequences of the pasting lemmas. The remainder of this section consists
of consequences of the pasting lemmas.

2.23. Corollary. Let j : B → A be a vertical morphism. The nullary cartesian cell
below, that defines the conjoint of j, is absolutely pointwise left Kan (Definition 1.36).

A B

A

j∗

jcart

Proof. To see that the cartesian cell above is absolutely left Kan we have to show
that g ◦ cart is left Kan for any g : A → N . This follows from applying the vertical
pasting lemma to the identity g ◦ cart ◦ cocart = idg◦j which is the conjoint identity
for j∗ (Lemma 1.21) composed with g, and where idg◦j is left Kan by Example 1.3.
That the cartesian cell is in fact absolutely pointwise left Kan follows from the fact that
j∗(id, f) ∼= (j ◦ f)∗ for any f : C → B; see Lemma 1.17.

Combined with the horizontal pasting lemma the previous result implies the following.

2.24. Corollary. The composite on the left below is (pointwise) (weak) left Kan pre-
cisely if the cell ζ is so. The composite on the right is pointwise left Kan as soon as the
cell η is left Kan.

C A A1 An′ An

C

M

h∗ J1

h

Jn

l

d

ζ

· · ·
cart

A0 A1 An′ An B

A0 A1 An′ An

M

J1 Jn f∗

f

J1

d

Jn

l

η

· · · cart

The following result was used in the proof of Corollary 1.22.

2.25. Proposition. The composite below is left Kan as soon as the cell η is so and the
conjoint f ∗ : An −7−→ B exists.

A0 A1 An′ B

A0 A1 An′ An

M

J1 Jn(id, f)

f

l

J1

d

Jn

η

· · · cart
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Proof. Lemma A8.1 supplies a cocartesian horizontal cell ϕ : (Jn, f ∗)⇒ Jn(id, f) which,
when composed with the composite above, gives the composite on the right of Corol-
lary 2.24. The latter is left Kan because η is so and the proof follows from applying the
vertical pasting lemma to the path (idJ1 , . . . , idJn′ , ϕ).

The following propositions generalise well known results for Kan extensions internal
in a 2-category and enriched Kan extensions. The first of these generalises Proposition 22
of [Str74b] (for internal Kan extensions) and Proposition 4.23 of [Kel82] (for enriched
Kan extensions); see also Proposition 14 of [Woo82] for the analogous result in proarrow
equipments. Remember that a vertical morphism f : A → C is called full and faithful
(Definition 1.18) whenever its identity cell idf is cartesian.

2.26. Proposition. Consider a (weakly) left Kan cell η as in the composite below and
assume it restricts along the morphism f : An → B (Definition 1.24). If f is full and
faithful and the restriction B(f, f) exists then the composite is again (weakly) left Kan;
in particular if n = 0 then the composite, in that case a vertical cell, is invertible.

A0 A1 An′ An

A0 A1 An′ An B

M

J1 Jn

f

J1

d

Jn

f∗

l

· · ·
cocart

η

If f is full and faithful then B(f, f) is the horizontal unit of An by Lemma A5.14 so
that, in an augmented virtual double category with restrictions on the right, the composite
above is in fact pointwise (weakly) left Kan by Corollary 1.22.

Proof. Assume that f is full and faithful. Writing χ : B(f, f)⇒ B for the cartesian cell
defining B(f, f) consider the unique factorisation idf = χ ◦ id′

f , where the horizontal cell
id′
f : An ⇒ B(f, f) is cartesian and cocartesian by Lemma 1.21. Factorising both sides of

the latter identity through the cartesian cell f∗ ⇒ B corresponding to the cocartesian cell
above, in the sense of Lemma 1.21, we obtain cocart = χ′ ◦ id′

f where χ′ : B(f, f)⇒ f∗ is
cartesian by the pasting lemma (Lemma 1.17) and id′

f is cocartesian. The main assertion
now follows from the assumption that η restricts along f , so that η ◦ (idJ ⌢χ′) is (weakly)
left Kan, and the application of the vertical pasting lemma (Lemma 2.17) to the path
idJ

⌢ id′
f in η ◦ (idJ ⌢χ′) ◦ (idJ ⌢ id′

f ) = η ◦ (idJ ⌢ cocart). That the composite is invertible
in the case of n = 0 follows immediately from Example 1.3.

When applied to the unital virtual double categories Q(C), of quintets in a 2-category
C (see Example 1.4), or V-Prof, of V-profunctors (see Example 1.13), the following re-
sult reduces to the classical description of right adjoints as left Kan extensions, see e.g.
Example 2.17 of [Web07] and Theorem 4.81 of [Kel82] respectively.
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2.27. Proposition. In an augmented virtual double category K consider the factorisation
below.

A

C

A

f

g

ι =

A

A C

A

f

f∗
gι′

cocart

The following are equivalent:

(a) ι is the unit of an adjunction f ⊣ g in the 2-category V (K) (Example A1.5);

(b) ι′ is cartesian in K (defining f∗ as the conjoint of g);

(c) ι′ is weakly left Kan in K and is preserved by f (Definition 1.36);

(d) ι′ is absolutely pointwise left Kan in K (Definition 1.36).

Under these conditions f is full and faithful (Definition 1.18) if ι is invertible; the converse
holds whenever the restriction C(f, f) exists.

Proof. We have (a) ⇒ (b) by Lemma A5.16 and (b) ⇒ (d) by Corollary 2.23 while
clearly (d) ⇒ (c). That (c) ⇒ (a) follows from combining Proposition 1.7 with Ex-
ample 2.17 of [Web07]. For the final assertion notice that the invertible unit cell ι is
cartesian (Example A4.4) so that, composing with the counit ε : f ◦ g ⇒ idC , the identity
cell idf = (f ◦ ι) ⊙ (ε ◦ f) is cartesian too by Lemma A4.17. The converse follows from
Proposition 2.26.

2.28. Example. Applying the first assertion of Corollary 2.24 to the cell ι′ of the previous
proposition we obtain the following. Consider an adjoint pair f ⊣ g : A0 → C, a morphism
d : C → M and a path J : A0 −7−→ An. If the companion f∗ : C −7−→ A0 exists then the
(pointwise) (weak) left Kan extension of d ◦ g along J exists if and only if that of d along
f∗

⌢ J does, and in that case they are isomorphic.

3. Pointwise Kan extension in terms of pointwise weak Kan extension

In Theorem 3.20 below we prove that the notions of pointwise weak left Kan extension
and pointwise left Kan extension (Definition 1.24) coincide in augmented virtual double
categories K that have restrictions on the right (Definition 1.19) as well as ‘left nullary-co-
cartesian paths of (0, 1)-ary cells’; the latter in the sense of the definition below, which is
a strengthening of Definition A7.10. Together with Remark 1.26 and Example 2.21 this
result recovers Theorem 5.11 of [Kou14a]. In most of our examples left nullary-cocartesian
paths of (0, 1)-ary cells can be obtained by “concatenating” cocartesian universal cells that
define ‘tabulations’, in the sense of Definition 3.5 below; this is explained in Corollary 3.6.
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Proposition 3.22 shows that if K has such ‘cocartesian tabulations’ then pointwise left
Kan extension along a companion j∗ in K coincides with pointwise left Kan extension
along j in the vertical 2-category V (K) (Example A1.5); the latter in the classical sense
of [Str74b].

3.1. Cocartesian paths of (0, 1)-ary cells.

3.2. Definition. Let J = (J1, . . . , Jn) : A0 −7−→ An be a path of horizontal morphisms. A
(left, right or weakly) (nullary-)cocartesian path of (0, 1)-ary cells for J consists of an
object X together with a (left, right or weakly) (nullary-)cocartesian path (Definition 2.6)
ϕ = (ϕ1, . . . , ϕn) of (0, 1)-ary cells ϕi as on the left below. An augmented virtual double
category K is said to have (left, right or weakly) (nullary-)cocartesian paths of (0, 1)-ary
cells if every path J ∈ K admits a (left, right or weakly) (nullary-)cocartesian path ϕ of
(0, 1)-ary cells.

X

Ai′ Ai

fi′ fi

Ji

ϕi

A B

C

J

f gψ

Vertically dual, a cartesian nullary cell for a horizontal morphism J : A −7−→ B is a
cartesian cell ψ as on the right above. An augmented virtual double category K is said
to have cartesian nullary cells if every horizontal morphism J ∈ K admits a cartesian
nullary cell.

Notice that the cartesian nullary cell ψ on the right above defines J as the nullary re-
striction C(f, g) (Definition 1.16). Conversely nullary restrictions, including companions,
conjoints and horizontal units, admit cartesian nullary cells, by definition.

3.3. Example. Given a ‘(weak) Yoneda morphism’ y : A → Â, in the sense of Defini-
tion 4.5 below, any horizontal morphism J : A −7−→ B admits a cartesian nullary cell J ⇒ Â;
this is a direct consequence of the ‘Yoneda axiom’ that is satisfied by y.

3.4. Cocartesian tabulations. Many augmented virtual double categories K admit
a universal (0, 1)-ary cell among all (0, 1)-ary cells ϕ : X ⇒ J into any fixed horizon-
tal morphism J , in the sense of the following definition, which is a direct translation of
the double categorical notion of tabulation that was introduced by Grandis and Paré in
[GP99]. Examples 3.8–3.13 below give examples of (co)tabulations. Often this universal
cell is cocartesian so that, in that case, K admits all cocartesian paths of (0, 1)-ary cells
that are of length 1. In Corollary 3.6 below we will see that the latter can be “concate-
nated” to form cocartesian paths of (0, 1)-ary cells of any length, provided that K is an
augmented virtual equipment (Definition 1.19).
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3.5. Definition. The tabulation ⟨J⟩ of a horizontal morphism J : A −7−→ B consists of
an object ⟨J⟩ equipped with a (0, 1)-ary cell π as on the left below, satisfying the following
1-dimensional and 2-dimensional universal properties.

⟨J⟩

A B

πA πB

J

π

X0

A B

ϕA ϕB

J

ϕ

Given another (0, 1)-ary cell ϕ as on the right above, the 1-dimensional property states
that there exists a unique morphism ϕ′ : X0 → ⟨J⟩ such that π ◦ ϕ′ = ϕ.

The 2-dimensional property is the following. Suppose we are given another (0, 1)-ary
cell ψ as in the identity below, which factors through π as ψ′ : Xn → ⟨J⟩, like ϕ factors as
ϕ′. Then for any pair of cells ξA and ξB as in the identity on the left below there exists a
unique cell ξ′ as in the middle below such that πA ◦ ξ′ = ξA and πB ◦ ξ′ = ξB.

We call the tabulation ⟨J⟩ (left) (nullary-)cocartesian whenever its defining cell π is
(left) (nullary-)cocartesian (Definition 2.6).

X0 Xn

A B

H

ϕA ψA ψB

J

ξA

ψ
=

X0 Xn

A B

ϕA

H

ϕB ψB

J

ϕ

ξB

X0 Xn

⟨J⟩

H

ϕ′ ψ′ξ′

A B

[J ]

J

σA σBσ

Vertically dual, the cotabulation [J ] of J is defined by a nullary cell σ as on the right
above, satisfying 1-dimensional and 2-dimensional universal properties that are vertical
dual to those for ⟨J⟩. We call [J ] cartesian whenever σ is cartesian.

The following is a direct consequence of the pasting lemma for cocartesian paths of
(0, 1)-ary cells, Lemma 3.16 below.

3.6. Corollary. An augmented virtual double category has all left (nullary-)cocartesian
paths of (0, 1)-ary cells (Definition 3.2) whenever it has all left (nullary-)cocartesian tabu-
lations and all restrictions on the right (Definition 1.19). An augmented virtual equipment
(Definition 1.19) has all (nullary-)cocartesian paths of (0, 1)-ary cells whenever it has all
(nullary-)cocartesian tabulations.

3.7. Examples of tabulations.

3.8. Example. In the unital virtual equipment Set-Prof (Example A2.4), of Set-pro-
functors between locally small categories, the tabulation ⟨J⟩ is the well known graph of
J : A −7−→ B as follows. It has triples (x, u, y) as objects, where (x, y) ∈ A×B are objects
and u ∈ J(x, y), while a morphism (x, u, y) → (x′, u′, y′) is a pair (s, t) : (x, y) → (x′, y′)
in A × B such that λ(s, u′) = ρ(u, t) in J(x, y′), where λ and ρ denote the actions of A
and B on J . The functors πA and πB are the projections while the cell π : ⟨J⟩ ⇒ J maps



328 SEERP ROALD KOUDENBURG

(x, u, y) to u ∈ J(x, y). It is straightforward to check that π satisfies the universal prop-
erties above, and that it is cocartesian. Cocartesian tabulations in the augmented virtual
equipment (Set, Set′)-Prof, of Set-profunctors between Set′-categories (Example A2.6), are
constructed as graphs in the same way. We conclude that Set-Prof and (Set, Set′)-Prof
have all cocartesian paths of (0, 1)-ary cells.

3.9. Example. Let Cat := Cat(Set) (Example A2.9) denote the category of small cat-
egories. In the unital virtual equipment Cat-Prof (Example A2.4) the tabulation ⟨J⟩ of
a 2-profunctor (that is a Cat-enriched profunctor) J : A −7−→ B, where A and B are lo-
cally small 2-categories, is constructed as follows. It has as underlying category ⟨J⟩0
the graph of the profunctor J0 underlying J , whose images J0(x, y) are the sets of ob-
jects of the categories J(x, y), for all x ∈ A and y ∈ B. The cells (s, t) ⇒ (s′, t′) of
⟨J⟩ are pairs (δ, ε) of cells δ : s⇒ s′ in A and ε : t ⇒ t′ in B as in the diagram on the
left below such that λ(δ, u′) = ρ(u, ε) in J(x, y′). Tabulations in the augmented virtual
equipment (Cat,Cat′)-Prof, of 2-profunctors between (possibly locally large) 2-categories
(Example A2.7), are constructed in the same way.

x y

x′ y′

u

s s′ t t′

u′

δ ε
J(∗, ∗) =

(
u v

)
K(∗, ∗) =

(
u′ v′

)

Tabulations of 2-profunctors fail to be cocartesian in general. As an example consider
the 2-profunctors J and K : 1 −7−→ 1, where 1 denotes the terminal 2-category with single
object ∗, whose images J(∗, ∗) and K(∗, ∗) are the ‘interval category’ and the discrete
category with two objects respectively, as shown above. The tabulation ⟨J⟩ is discrete
with objects (∗, u, ∗) and (∗, v, ∗), so that the assignments (∗, u, ∗) 7→ u′ and (∗, v, ∗) 7→ v′

define a cell ϕ : ⟨J⟩ ⇒ K. It is easily checked that ϕ does not factor through π : ⟨J⟩ ⇒ J ,
showing that π is not weakly cocartesian. As a consequence Proposition 3.22 below fails
to hold in (Cat,Cat′)-Prof; see Example 3.24.

3.10. Example. Let V ′ = (V ′,⊗, I) be a monoidal category with initial object ∅ preserved
by the functors x ⊗ – and –⊗x, for all x ∈ V ′. In the unital virtual equipment V ′-Prof
(Example A2.4) the cotabulation [J ] of a V ′-profunctor J : A −7−→ B is the cograph of J ,
as follows. Its collection of objects is the disjoint union ob[J ] := obA ⊔ obB while its
hom-objects are given by

[J ](x, y) :=





A(x, y) if x, y ∈ A;
J(x, y) if x ∈ A and y ∈ B;
B(x, y) if x, y ∈ B;
∅ otherwise.

Composition in [J ] is induced by composition in A and B as well as the actions of A
and B on J . Taking σA and σB to be the embeddings of A and B into [J ], the uni-
versal cell σ : J ⇒ [J ] is simply given by the identities on the V ′-objects J(x, y). It is



FORMAL CATEGORY THEORY IN AUGMENTED VIRTUAL DOUBLE CATEGORIES 329

straightforward to check that σ satisfies the universal properties and that it is cartesian.
We conclude that V ′-Prof has all cartesian cotabulations and that, applying Lemma 3.14
below to (V ,V ′)-Prof ↪→ V ′-Prof, so does the augmented virtual equipment (V ,V ′)-Prof
(Example A2.7). In greater generality, in [Str80b] cographs of “V-gamuts” are used to
characterise V-profunctors; see paragraph 6.10 and Corollary 6.16 therein.

3.11. Example. Let E be a category with pullbacks. The unital virtual equipment
Prof(E) of internal profunctors in E (Examples A2.9 and A4.9) has cocartesian tabulations
as follows, and hence has cocartesian paths of (0, 1)-ary cells. In Proposition 5.15 of
[Kou14a], where E is assumed to have coequalisers preserved by pullback so that Prof(E)
has all horizontal composites (Example A7.5), the tabulation ⟨J⟩ of J : A −7−→ B in Prof(E),
with underlying span A← J → B, was constructed as follows. It is the internal category
that has J as its object of objects and, as its object of morphisms, the pullback ⟨J⟩ below,
where λ and ρ denote the actions of the objects of morphisms α and β, of the internal
categories A and B, on J . The source and target morphisms of ⟨J⟩ are the composite
projections d0 =

[
⟨J⟩ → J ×B β → J

]
and d1 =

[
⟨J⟩ → α ×A J → J

]
. If E = Set then

the latter recovers ⟨J⟩ as the graph of J (Example 3.8).

⟨J⟩ J ×B β

α×A J J

ρ

λ

The argument given in [Kou14a], proving that ⟨J⟩ is an internal category which forms the
tabulation of J , carries over to the general case, with E not necessarily having coequalisers,
with minor adjustments. In particular the universal cell π : ⟨J⟩ ⇒ J , as a (0, 1)-ary cell, is
given by the identity on J and it is straightforward to show that this makes π cocartesian
in the unital virtual double category Prof(E).
3.12. Example. Let E be a category with finite limits. The unital virtual equipment
ModRel(E) of internal modular relations in E (Example 1.31) has cocartesian tabulations
as follows, and hence has cocartesian paths of (0, 1)-ary cells. By applying the composite
2-functor N ◦ Mod of Example A2.2 to the embedding Rel(E) ↪→ Span(E) we obtain an
embedding ModRel(E) ↪→ Prof(E). We claim that the latter creates cocartesian tabula-
tions so that, like Prof(E) by the previous example, ModRel(E) has cocartesian tabula-
tions. Since the embedding is full and faithful and preserves cartesian cells, to prove the
claim it suffices, using Lemma 3.14 below, to show that for any internal modular relation
J : A −7−→ B in ModRel(E) the tabulation ⟨J⟩ in Prof(E), as constructed in the previous
example, is an internal preorder in E (Example 1.31). We do so below; as an aside we
remark that one can also show that if A and B are internal partial orders (Example 1.31)
then so is ⟨J⟩.

We have to show that the span J d0←− ⟨J⟩ d1−→ J underlying ⟨J⟩, with legs as described
in the previous example, is a relation in E , that is d0 and d1 are jointly monic. To do so
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consider any parallel pair ϕ, ψ : X → ⟨J⟩ of morphisms in E such that di ◦ ϕ = di ◦ ψ for
i = 0, 1. Writing p⟨J⟩α for the composite projection p⟨J⟩α :=

[
⟨J⟩ → α×A J → α

]
one checks

that α0 ◦p⟨J⟩α ◦ϕ = α0 ◦p⟨J⟩α ◦ψ follows from the fact that λ and ρ are morphisms of spans,
the definition of ⟨J⟩ as a pullback, the definition of d0, and the assumption on ϕ and ψ.
Similarly α1◦p⟨J⟩α ◦ϕ = α1◦p⟨J⟩α ◦ψ so that p⟨J⟩α ◦ϕ = p

⟨J⟩
α ◦ψ follows from the joint monicity

of α0 and α1. Together with d1 ◦ϕ = d1 ◦ψ we conclude that p⟨J⟩α×AJ
◦ϕ = p

⟨J⟩
α×AJ

◦ψ where
p
⟨J⟩
α×AJ

: ⟨J⟩ → α ×A J is the projection. Similarly also p⟨J⟩J×Bβ
◦ ϕ = p

⟨J⟩
J×Bβ

◦ ψ; together
the latter imply ϕ = ψ as required.

3.13. Example. The unital virtual equipment dFib(C) of discrete two-sided fibrations
in a finitely complete 2-category C (Example 1.30) has cocartesian tabulations that are
preserved by the embeddings dFib(C) ↪→ spFib(C) ↪→ Prof(C0), as follows. Given any
discrete two-sided fibration J : A −7−→ B in dFib(C) one can show that the square in C
on the left below commutes and that it is a pullback square; compare the definition of
internal discrete two-sided fibration given in Section 8 of [Str17].

J2 J ×B B2

A2 ×A J J

(d0, j2B)

(j2A, d1) ρ

λ

J

A B

jA jB

J

π

X2

A2 B2

ϕ2A ϕ2B

J

ϕ

It follows that, when regarding J as an internal profunctor J : A2 −7−→ B2 in Prof(C0),
we can take its tabulation, as described in Example 3.11, to have ⟨J⟩ := J2 as its object
of morphisms. Going through the proof of Proposition 5.15 of [Kou14a] it is then easy
to check that this choice implies that ⟨J⟩ = J2 as an internal category, and that the
projections πA : J2 → A2 and πB : J

2 → B2 are the internal functors j2A and j2B. Hence
the (0, 1)-ary cell π : J2 ⇒ J in Prof(C0), that defines J2 as the tabulation of J , forms
a (0, 1)-ary cell π in dFib(C) that is of the form as in the middle above. Next consider
any (0, 1)-ary cell ϕ : X ⇒ J in dFib(C), i.e. any cell ϕ in Prof(C0) of the form as on
the right above. One readily checks that the latter factors through π (in Prof(C0)) as
the internal functor ϕ2 : X2 → J2, showing that in dFib(C) the cell ϕ factors through π
as the morphism ϕ : X → J . We conclude that the 1-dimensional universal property of
π (Definition 3.5) in Prof(C0) restricts to its sub-unital virtual equipments dFib(C) and
spFib(C). That the 2-dimensional universal property does so too follows from the fact that
the embeddings dFib(C) ↪→ spFib(C) ↪→ Prof(C0) are locally full and faithful; we conclude
that π defines the object J as the tabulation of J : A −7−→ B both dFib(C) and spFib(C).
Because the embeddings preserve cartesian cells π is cocartesian in dFib(C) and spFib(C)
too by Lemma A9.4. In particular J ∼= j∗A⊙jB∗ in dFib(C) by Lemma 3.17 below; compare
Proposition 4.25 of [CJSV94] which shows that E ∼= p∗ ◦ q∗ for any ‘discrete fibration’
A

p←− E
q−→ B in a ‘faithfully conservational bicategory’.

The following lemma was used in the examples above in obtaining (co)tabulations in
full sub-virtual double categories. The proof of its main assertion is straightforward; for



FORMAL CATEGORY THEORY IN AUGMENTED VIRTUAL DOUBLE CATEGORIES 331

the other assertions use Lemmas A4.5 and A9.4.

3.14. Lemma. Any full and faithful functor F : K → L (Definition A3.6) reflects tabula-
tions, that is π : X ⇒ J defines X as the tabulation of J in K whenever Fπ defines FX
as the tabulation of FJ in L. Similarly F reflects (cartesian) cotabulations. If moreover
F preserves cartesian cells then it reflects cocartesian tabulations as well.

3.15. Properties of cocartesian paths of (0, 1)-ary cells. Before stating the
main theorem of this section we record some useful properties of cocartesian paths of
(0, 1)-ary cells. Recall that n′ := n− 1 for any positive integer n.

3.16. Lemma. [Pasting lemma for cocartesian paths of (0, 1)-ary cells] Consider com-
posable paths of horizontal morphisms J : A0 −7−→ An and H : An −7−→ Bm. Let ψ =
(ψ1, . . . , ψm) be a left cocartesian path of (0, 1)-ary cells for H and assume that the re-
striction Jn(id, g0) : An′ −7−→ Y exists, where g0 : Y → An is the vertical source of ψ1. If
ϕ = (ϕ1, . . . , ϕn) is a left cocartesian path of (0, 1)-ary cells for (J1, . . . , Jn′ , Jn(id, g0)) then
the concatenation (ϕ1, . . . , ϕn′ , cart ◦ ϕn, ψ1, . . . , ψm) is a left cocartesian path of (0, 1)-ary
cells for J ⌢ H, where cart denotes the cartesian cell defining Jn(id, g0).

Denoting the vertical targets of ϕn and ψn by fn : X → Y and gm : Y → Bm, the latter
concatenation is a cocartesian path of (0, 1)-ary cells for J ⌢ H whenever ϕ and ψ are
cocartesian and, for every K : Bm −7−→ C, if the restriction K(gm ◦ fn, id) exists then so
does K(gm, id).

Analogous assertions hold for left nullary-cocartesian paths of (0, 1)-ary cells; horizon-
tally dual assertions hold for right (nullary-)cocartesian paths of (0, 1)-ary cells.

The next lemma shows that a (0, 1)-ary cocartesian cell ϕ1 : X ⇒ J1 can be used
to write J1 as a composite of a conjoint followed by a companion. This formalises the
classical fact (see e.g. Proposition 2.3.2 of [Bén73]) that any profunctor J : A −7−→ B can be
written as J ∼= π∗

A ⊙ πB∗ where A πA←− ⟨J⟩ πB−→ B are the projections of the graph ⟨J⟩ of
J (Example 3.8).

3.17. Lemma. Let ϕ1 : X ⇒ J1 be a cocartesian (0, 1)-ary cell for J1 : A0 −7−→ A1 as in
Definition 3.2. If the conjoint f ∗

0 : A0 −7−→ X and the companion f1∗ : X −7−→ A1 exist then
the composite cart ⊙ ϕ1 ⊙ cart : (f ∗

0 , f1∗) ⇒ J1, where the cartesian cells defining f ∗
0 and

f1∗ are denoted by cart, is cocartesian. In particular J1 ∼= f ∗
0 ⊙ f1∗.

Proof. Denote by cocart the cocartesian cells corresponding to the cartesian cells that de-
fine f ∗

0 and f1∗ (Lemma 1.21). By the pasting lemma for cocartesian paths (Lemma A7.7)
the path (cocart, cocart) : X ⇒ (f ∗

0 , f1∗) is cocartesian. Applying the same lemma to
(cart⊙ ϕ1 ⊙ cart) ◦ (cocart, cocart) = ϕ1 shows that cart⊙ ϕ1 ⊙ cart is cocartesian too.

Cocartesian paths of (0, 1)-ary cells can be used to reduce left Kan extension along a
path J of horizontal morphisms to left Kan extension along a single companion morphism
as follows.
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3.18. Proposition. Consider the right (respectively weakly) nullary-cocartesian path
ϕ of (0, 1)-ary cells for the path J in Definition 3.2 and assume that the companion
fn∗ : X −7−→ An exists. For any morphism d : A0 → M the (weak) left Kan extension of d
along J exists if and only if the (weak) left Kan extension of d ◦ f0 along fn∗ does so, and
in that case they are isomorphic.

Proof. Let cart and cocart denote the cartesian and cocartesian cells that define the com-
panion fn∗, as in Lemma 1.21. Applying the pasting lemma for nullary-cocartesian paths
(Lemma 2.9) to the identity (ϕ1, . . . , ϕn, cart) ◦ cocart = (ϕ1, . . . , ϕn), which follows from
the companion identities (Lemma 1.21), we find that the path (ϕ1, . . . , ϕn, cart) : fn∗ ⇒ J ,
which has vertical source f0, is right (respectively weakly) nullary-cocartesian because ϕ
and cocart are so. The result follows from applying the vertical pasting lemma for left
Kan extensions (Lemma 2.17) to the path (ϕ1, . . . , ϕn, cart).

3.19. Pointwise Kan extensions in terms of pointwise weak Kan exten-
sions. The following theorem is the main result of this section.

3.20. Theorem. In an augmented virtual double category that has restrictions on the
right (Definition 1.19) as well as left nullary-cocartesian paths of (0, 1)-ary cells (Defini-
tion 3.2), all pointwise weakly left Kan cells are pointwise left Kan (Definition 1.24).

Proof. Consider a pointwise weakly left Kan cell η as in the composite on the left
below. We will first prove that η is left Kan (Definition 1.9), that is any cell ϕ as in
the middle below factors uniquely through η. To do so let ζ = (ζ1, . . . , ζm) be a left
nullary-cocartesian path of (0, 1)-ary cells for the path H = (H1, . . . , Hm) and denote by
h0 : X → An and hm : X → Bm the vertical source of ζ1 and the vertical target of ζm.
Under precomposition with the weakly cocartesian path (idJ1 , . . . , idJn′ , cart, ζ1, . . . , ζn),
where cart defines Jn(id, h0), cells ϕ as in the middle below correspond to cells ψ as on
the right. Applying Lemma 2.20 to χ = (idJ1 , . . . , idJn′ , cart) and ζ we find that, under
this correspondence, the cells ϕ factor uniquely through η precisely if the cells ψ factor
uniquely through the composite on the the left below, as vertical cells l ◦ h0 ⇒ k ◦ hn.
The latter factorisations exist by the assumption that η is pointwise weakly left Kan, so
that the existence of the factorisations of the cells ϕ through η follows as required.

A0 A1 An′ X

A0 A1 An′ An

M

J1 Jn(id, h0)

h0

l

J1

d

Jn

η

· · · cart A0 Bm

M

J ⌢ H

d k
ϕ

A0 A1 An′ X

M

J1

d

Jn(id, h0)

k ◦ hn

· · ·
ψ

Finally, to prove that η is in fact pointwise left Kan, we have to show that any
composite η ◦ (idJ1 , . . . , idJn′ , cart), where cart defines the restriction Jn(id, f) along any
morphism f : B → An, is again left Kan. Since the latter composite is again pointwise
weakly left Kan by Lemma 1.25 this follows immediately from the argument above.
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3.21. Pointwise left Kan extension along a companion. We can use the pre-
vious theorem to extend Proposition 1.7 to the pointwise case. This generalises the
corresponding result for pseudo double categories, Proposition 5.12 of [Kou14a].

3.22. Proposition. Consider the following factorisation in an augmented virtual double
category K that has restrictions on the right (Definition 1.19) as well as left nullary-co-
cartesian tabulations (Definition 3.5).

A

B

M

j

d

l

η =

A

A B

M

j

j∗

d lη′

cocart

The cell η defines l as the pointwise left Kan extension of d along j in the 2-category
V (K) (Example A1.5), in the sense of Section 4 of [Str74b], precisely if its factorisation
η′ is pointwise left Kan in K (Definition 1.24).

Street’s notion of pointwise Kan extension in a 2-category uses the well known notion
of comma object ; see e.g. Section 1 of [Str74b]. Instead of recalling the definition of
comma object we record the following straightforward lemma, which relates it to that of
tabulation.

3.23. Lemma. Consider morphisms f : A → C and g : B → C in an augmented virtual
double category K. If both the cartesian cell and the tabulation below exist then their
composite defines ⟨C(f, g)⟩ as the comma object f/g of f and g in V (K).

⟨C(f, g)⟩

A B

C

πA πB

C(f, g)

f
g

π

cart

Proof of Proposition 3.22. First notice that the assumptions imply that K has left
nullary-cocartesian paths of (0, 1)-ary cells by Corollary 3.6, so that Theorem 3.20 applies.
Moreover notice that all restrictions B(j, f), where f : C → B, exist in K as the restric-
tions j∗(id, f) (compare Lemma A5.11). Next consider composites ζ as on the left below,
where f : C → B varies, cart ◦ π defines the comma object j/f as in the previous lemma,
and η = η′ ◦ cocart. In each ζ the composite cocart ⊙ cart : B(j, f) ⇒ j∗ is cartesian:
using the pasting lemma for cartesian cells (Lemma 1.17) this follows from the fact that
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composing it with the cartesian cell defining j∗, that corresponds to cocart (Lemma 1.21),
results in the cartesian cell defining B(j, f).

ζ :=

j/f

A C

A B

M

πA

j

πC

f

l

B(j, f)

j∗

d

π

η′

cart
cocart

C

B

M

f

k

l
j/f

A C

M

πA πC

d k

A C

M

B(j, f)

d k{ }

{ }

{ }

η ⊙ (l ◦ cart)⊙ –

– ◦π

ζ ⊙ (– ◦πC)

It follows that the top assignment in the commutative diagram on the right above, between
collections of cells in K as shown, is a bijection, for every f , precisely if η′ is pointwise
weakly left Kan in K. By Theorem 3.20 the latter is equivalent to η′ being pointwise left
Kan. Because the cell π is weakly nullary-cocartesian the assignment on the right is a
bijection, and we conclude that η′ is pointwise left Kan precisely if the bottom assignment
is a bijection, for every f . Since cart ◦ π defines the comma object j/f the latter, by
definition, precisely means that η exhibits l as the pointwise left Kan extension in the
2-category V (K), which completes the proof.

The following is Example 2.24 of [Kou13].

3.24. Example. Recall from Example 3.9 that tabulations of 2-profunctors are in general
not cocartesian. As a consequence the equivalence of Proposition 3.22 fails to hold in the
unital virtual equipment Cat-Prof. For a counterexample consider the cell η′ below, where
1 is the terminal 2-category and the collapsing 2-functor l on the right has the ‘free
living’ cell as source and the free living parallel pair of arrows as target; η′ is uniquely
determined by its boundary. Using Example 1.13 it is straightforward to check that η′
is left Kan in Cat-Prof, so that the corresponding 2-natural transformation η : x′ ⇒ l ◦ x
defines l as the enriched left Kan extension of x′ along x, in the sense of e.g. Section 4.1
of [Kel82]. In contrast the pointwise left Kan extension of x′ along x in the 2-category
2-Cat = V (Cat-Prof), of 2-categories, 2-functors and 2-natural transformations, and in the
sense of Section 4 of [Str74b], does not exist. To see this one checks that the composite of
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η with the cell defining the comma object x/y does not define ly as a left Kan extension.

x y

x′ y′

1 ( )

( )

x∗

x′ (collapse onto x′) =: l

η′

4. Yoneda morphisms

Having introduced notions of left Kan extension in augmented virtual double categories
we now turn to formalising the classical notion of Yoneda embedding. Informally, in
Definition 4.5 below we will take a ‘Yoneda morphism’ in an augmented virtual double
category to be a vertical morphism that is ‘dense’ (as defined below) and that satifies an
axiom that formalises the classical Yoneda’s lemma (see Example 4.10 below). These two
conditions are closely related to the axioms satisfied by the formal Yoneda embeddings
comprising a ‘Yoneda structure’ on a 2-category, as introduced by Street and Walters in
[SW78]. In fact given an augmented virtual double category K the main theorem of this
section, Theorem 4.35, describes relations between supplying a family of (weak) Yoneda
morphisms in K, in our sense (Definition 4.5), and equipping the vertical 2-category V (K)
(Example A1.5) with a Yoneda structure, in the sense of [SW78], as well as equipping
V (K) with two strengthenings of the latter that were introduced in [SW78] and [Web07].

An advantage of our approach to formalising Yoneda embeddings is a consequence
of our viewpoint of regarding all horizontal morphisms as being ‘admissible’ (informally
these are to be thought of as “small in size”; see the Introduction): this enables us to give
a relatively simple definition of a single Yoneda morphism, which satisfies a formalisation
of Yoneda’s lemma “with respect to all horizontal morphisms”. In contrast the notions
of Yoneda structure of [SW78] and [Web07] consist of a collection of Yoneda embeddings
satisfying a formalisation of Yoneda’s lemma with respect to a specified collection of
‘admissible’ morphisms.

4.1. Density. Using the notion of (weak) left Kan extension, we start by defining the
notion of (weak) density as one of the three equivalent conditions below. For augmented
virtual double categoriesK satisfying the assumptions of Proposition 3.22 condition (c) be-
low coincides with the original 2-categorical notion of density, given in Section 3 of [Str74a],
when applied to the vertical 2-category V (K); in particular density in (Set, Set′)-Prof (Ex-
ample A2.6) recovers the classical notion of density for functors (see e.g. Section X.6 of
[ML98]). Similarly it follows from Example 1.13 that, when considered in the unital vir-
tual equipment V-Prof of V-profunctors, condition (c) below coincides with the classical
notion of density for enriched functors; see e.g. Section 5.1 of [Kel82].

4.2. Lemma. For a morphism f : A→M the following conditions are equivalent:
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(a) if a cell η, as on the left below, is cartesian then it is (weakly) left Kan (Defini-
tions 1.2 and 1.9);

(b) if a cell η as below is cartesian then it is pointwise (weakly) left Kan (Defini-
tion 1.24).

If the companion f∗ : A −7−→M exists then the following condition is equivalent too:

(c) the cartesian cell defining f∗ on the right below is pointwise (weakly) left Kan.

A B

M

J

f l
η

A M

M

f∗

f cart

4.3. Definition. A morphism f : A→M is (weakly) dense if the equivalent conditions
above are satisfied.

Notice that the notions of weak density and density coincide in augmented virtual
double categories that satisfy the assumptions of Theorem 3.20, as do the notions of weak
Yoneda morphism and Yoneda morphism below.

Proof of Lemma 4.2. (b) ⇒ (a) is clear. For the converse assume that (a) holds: we
have to show that any composite as on the left-hand side below is (weakly) left Kan. Since
η is cartesian the composite is cartesian too by the pasting lemma (Lemma 1.17), so that
it is (weakly) left Kan by (a).

A C

A B

M

J(id, g)

g

J

f l
η

cart A B

M

J

f l
η =

A B

A M

M

J

l

f∗
f

η′

cart

(b) ⇒ (c) is clear. For the converse consider a cartesian cell η as on the right above
and let η′ be its factorisation as shown; η′ is cartesian because η is so, by the pasting
lemma. Assuming (c) it follows from Lemma 1.25 that η is pointwise (weakly) left Kan.

4.4. Yoneda morphisms. (Weak) Yoneda morphisms in an augmented virtual double
category are (weakly) dense morphisms satisfying a ‘Yoneda axiom’ as follows.
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4.5. Definition. A (weakly) dense morphism y : A → Â is called a (weak) Yoneda
morphism if it satisfies the Yoneda axiom: for every horizontal morphism J : A −7−→ B
there exists a vertical morphism Jλ : B → Â equipped with a cartesian cell

A B

Â.

J

y Jλcart

Notice that the (weak) density of y : A → Â implies that the vertical morphism Jλ

is unique up to vertical isomorphism. In particular, if the companion y∗ : A −7−→ Â exists
then its defining cartesian cell implies that yλ

∗
∼= idÂ. Since density implies weak density,

any Yoneda morphism is a weak Yoneda morphism. We call the target Â of y the object
of presheaves on A, or presheaf object for short. (Weak) Yoneda morphisms y : A → Â

such that all nullary restrictions Â(y, f) exist, for any f : B → Â, are especially pleasant
to work with; in that case we will say that y admits nullary restrictions. Notice that,
when considered in an augmented virtual double category with restrictions on the right
(Definition 1.19), the latter condition reduces to the existence of the companion y∗, since
Â(y, f) ∼= y∗(id, f) by the pasting lemma for cartesian cells (Lemma 1.17).

Before giving examples of Yoneda morphisms in Examples 4.9–4.17 below we first
consider full and faithfulness of Yoneda morphisms y : A→ Â, that is the cartesianness of
their identity cell idy (Definition 1.18). Full and faithfulness of y does not hold in general;
it is instead related to the unitality of A as described by the lemma below. This is in
contrast to the situation for Yoneda structures, in the sense of Street and Walters [SW78],
whose Axiom 3 ensures that its Yoneda embeddings are full and faithful, in their sense.

By a (weak) Yoneda embedding we will mean a (weak) Yoneda morphism that is
full and faithful. All examples of Yoneda morphisms below are Yoneda embeddings.
In Corollary 6.16 below we will see that (weak) Yoneda embeddings are unique up to
equivalence provided that they admit nullary restrictions.

4.6. Lemma. Let y : A → Â be a weak Yoneda morphism. The object A is unital (Def-
inition 1.16) if and only if both the restriction Â(y, y) exists and y is full and faithful
(Definition 1.18). In that case IA ∼= Â(y, y) so that Iλ

A
∼= y.

It follows that if y admits nullary restrictions (Definition 4.5) then the unitality of A
is equivalent to the full and faithfulness of y.

Proof. The ‘if’-part follows immediately from Lemma A5.14. To prove the ‘only if’-part
assume that A is unital with horizontal unit IA : A −7−→ A and consider the cartesian cell ε
that defines IA as the restriction of Â along y and Iλ

A : A→ Â, as supplied by the Yoneda
axiom (Definition 4.5). Weak density of y (Definition 4.3) implies that ε is weakly left Kan
so that the composite ε◦cocart, where cocart denotes the weakly cocartesian cell defining
IA (Lemma 1.21), is an invertible vertical cell y ∼= Iλ

A by Example 2.19. Composing ε with
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the inverse Iλ
A
∼= y we thus obtain a cartesian cell that defines IA as the restriction Â(y, y).

Moreover cocart is cartesian by Lemma 1.21 so that ε ◦ cocart : y ∼= Iλ
A is cartesian by the

pasting lemma (Lemma 1.17). Composing the latter with its own inverse we find that the
identity cell idy is cartesian, that is y is full and faithful.

4.7. Remark. We remark that several of our results concerning Yoneda morphisms do
not require full and faithfulness. None of the results on exact cells (Section 5) do. Several
results on totality (Section 6) do, but not the main result, Theorem 6.8, of that section.
Theorem 7.6, which describes the sense in which a Yoneda embedding y : A→ Â defines
Â as the ‘free small cocompletion’ of A, requires A to be unital.

4.8. Examples of enriched Yoneda embeddings. The following two examples show
that the classical Yoneda embeddings yA for V-enriched categories A satisfy Definition 4.5.
The first treates the simple case yI of the unit V-category I (Example 1.12). The second
summarises how yI and the closed monoidal structure for V-categories can be used to
“generate” Yoneda embeddings for other V-categories, by using the results of Section 8.
We will see in Example 4.33 that the Yoneda embeddings of the unital virtual double
category V-sProf of small V-profunctors (Example A2.8), in the sense of Definition 4.5,
can be obtained by corestricting of the Yoneda embeddings yA to V-categories of small
V-presheaves.

4.9. Example. Let V be a monoidal category and let V ⊂ V ′ be a universe enlarge-
ment (Example 1.12). The Yoneda embedding y : I → Î for the unit V-category I (Ex-
ample 1.12) in the augmented virtual equipment (V ,V ′)-Prof, of V-profunctors between
V ′-categories, is defined as follows. Since V ′ is closed monoidal V can be enriched in V ′,
with hom V ′-objects V(x, y) := [x, y]′, and we take Î := V to be the object of presheaves
on I. As expected the Yoneda embedding y : I → V is the V ′-functor that maps the
single object ∗ ∈ I to y(∗) := I, the monoidal unit of V : we will show that y satisfies
Definition 4.5.

First notice that the companion y∗ : I −7−→ V exists in (V ,V ′)-Prof because for all x ∈ V
the image y∗(∗, x) = [I, x]′ ∼= x is (isomorphic to) a V-object (Example A4.6). Hence to
prove that y is dense it suffices by Definition 4.3 to show that the cartesian cell defining
y∗ is pointwise left Kan. By Example 1.13 in turn it suffices to show that, for all x ∈ V ,
the cartesian cell in the right-hand side below defines x : I → V as the y∗(id, x)-weighted
colimit of y in V ′-Prof which, by Example 1.12, means that any cell ϕ below, with H ∈ V ′,
factors uniquely as shown. It is easy to check that, under the isomorphisms [I, x]′ ∼= x
and [I, y]′ ∼= y, the factorisation ϕ′ : H → [x, y]′ is the adjunct of ϕ : [I, x]′ ⊗′ H → [I, y]′.

I I I

V

y∗(id, x)

y

H

y
ϕ =

I I I

V

y∗(id, x)

y

cart

H

x
y

ϕ′
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Finally to prove that y : I → V satisfies the Yoneda axiom define, for any V-profunctor
J : I −7−→ B, the V ′-functor Jλ : B → V as follows. Set Jλ(y) := J(∗, y) on objects and let
the action Jλ : B(y1, y2)→ [J(∗, y1), J(∗, y2)]′ on hom-objects be the adjunct of the action
of B on J . That J is the restriction of V along y and Jλ, as required, follows from the
isomorphisms [I, Jλ(y)]′ ∼= Jλ(y) = J(∗, y) which are natural in y ∈ B.

4.10. Example. Consider a universe enlargement V ⊂ V ′ (Example 1.12) that is sym-
metric, i.e. such that V , V ′ and the embedding itself are symmetric monoidal; see Sec-
tion 3.11 of [Kel82]. Writing [Aop,V ]′ for the V ′-category of V-presheaves on a V-cate-
gory A (see e.g. Section 2.4 of [Kel82]) consider the classical enriched Yoneda embedding
yA : A→ [Aop,V ]′ given by yAx = A(–, x). In Example 8.23 below we will see that, using
the closed monoidal structure of V ′-Prof, the Yoneda embedding y : I → V of the previous
example “generates”, for each V-category A, yA as a Yoneda embedding in (V ,V ′)-Prof
and that yA admits nullary restrictions, both in the sense of Definition 4.5. In par-
ticular any V-profunctor J : A −7−→ B induces a V ′-functor Jλ : B → [Aop,V ]′ given by
Jλy = J(–, y), which is equipped with a cartesian cell (Example A4.6) consisting of iso-
morphisms J(x, y) ∼= [Aop,V ]′(yx, Jλy) natural in x ∈ A and y ∈ B. Restricted to B = I,
so that V-profunctors J : A −7−→ I can be identified with V-presheaves J : Aop → V , these
isomorphisms recover the classical enriched Yoneda lemma; see e.g. Section 2.4 of [Kel82].
Instantiating V ⊂ V ′ by Set ⊂ Set′ recovers the original (unenriched) Yoneda lemma; see
e.g. Proposition I.1.4 of [GV72] or Section III.2 of [ML98]. Returning to general V ⊂ V ′

and B, it follows from Proposition 4.24 below that the assignment J 7→ Jλ extends to an
equivalence between V-profunctors A −7−→ B and V ′-functors B → [Aop,V ]′.

In the case that the universe enlargement V ⊂ V ′ does not admit a symmetric monoidal
structure the Yoneda embedding yA : A → Â in (V ,V ′)-Prof can still be constructed,
directly, for any V-category A. Indeed one can take V-presheaves on A, which are the
objects of Â, to be V-profunctors of the form p : A −7−→ I, while taking the hom V ′-object
Â(p, q) to be the “end-like” limit of the diagram in V ′ that consists of all cospans of the
form [px, qx]′ → [A(x, y)⊗ py, qx]′ ← [py, qy]′, one for each pair x, y ∈ A, whose legs are
induced by the actions of A on p and q. For details see Proposition 5.5 of [Kou15b].

4.11. Example. Consider the universe enlargement 2 ⊂ Set′ of the category of truth
values 2 = (⊥ → ⊤), that maps ⊥ to the empty set ∅ and ⊤ to the terminal set 1.
Applying Lemma 4.13 below to the full inclusion ModRel := 2-Prof ↪→ (2, Set′)-Prof we
find that the Yoneda embeddings in (2, Set′)-Prof, as described in the previous example,
reflect as Yoneda embeddings in the locally thin strict equipment ModRel of modular
relations between preorders (Example 1.32) as follows. The presheaf object Â of a preorder
(A,≤) is the set DnA of downsets X ⊆ A in A, satisfying

x ≤ y and y ∈ X ⇒ x ∈ X

for all x, y ∈ A. The preorder on Â := DnA is given by inclusion and the Yoneda
embedding y : A → DnA is given by y(x) = ↓x, the downset generated by x. Under the
equivalence of Proposition 4.24 below any modular relation J : A −7−→ B corresponds to the
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order preserving morphism Jλ : B → DnA given by Jλ(y) = J◦y := {x ∈ A | xJy}, the
preimage of y ∈ B under J , as supplied by the Yoneda axiom (Definition 4.5).

4.12. Example. The Yoneda embedding for a closed-ordered closure space A (Exam-
ple 1.32) reflects along the forgetful functor U : ClModRel → ModRel as follows. The
closed subsets ClA of A induce a set Cl(DnA) of closed subsets of the preorder DnA of
downsets in A, making DnA into a modular closure space (Example 1.32), as follows. We
take Cl(DnA) to be generated by (arbitrary intersections of) subsets of the form

V + := {X ∈ DnA | X ∩ V ̸= ∅}

where V ∈ ClA; compare the upper Vietoris topology on the powerset PA of a topological
space A, see e.g. Section 1 of [CT97]. Since ↑(V +) = V + for all V ∈ ClA, with respect
to ⊆ on DnA, it follows that each W ∈ Cl(DnA) is an upset, i.e. ↑W = W , showing
that Dn+A :=

(
DnA,Cl(DnA),⊆

)
is a modular closure space. We call Dn+A the upper

Vietoris space of downsets in A.
Next consider the Yoneda embedding y : A → DnA in ModRel and, for each closed

modular relation J : A −7−→ B (Example 1.32), its corresponding morphism Jλ : B −7−→ DnA;
both as described in the previous example. Notice that y as well as all Jλ are continuous
morphisms with respect to the closed subsets of Dn+A: this follows from the closedness
axioms satisfied by A and J (Example 1.32) together with the fact that y−1(V +) = ↑V
and (Jλ)−1(V +) = JV for all V ∈ ClA. Notice too that ↑(yV ) = V + for V ∈ ClA,
so that the companion y∗ : A −7−→ Dn+A exists in ClModRel. Using Lemma 4.13 below we
conclude that y : A→ Dn+A forms a Yoneda embedding in ClModRel. In particular, using
Proposition 4.24 below, we obtain a correspondence between closed modular relations
A −7−→ B and continuous maps B → Dn+A. Compare Proposition 3.1 of [CT97] which
describes the related correspondence for (unordered) topological spaces, between closed
relations A −7−→ B and continuous maps B → P+A, where P+A is the powerset PA
equipped with the upper Vietoris topology.

Finally notice that, if A itself is a modular closure space too then, again by the lemma
below, we find that y : A→ Dn+A also forms a Yoneda embedding in the full sub-double
category ClModRelm of ClModRel that is generated by all modular closure spaces.

Let F : K → L be a functor and let A f−→ C
K−7−→ D

g←− B be morphisms in K, with
|K| ≤ 1. We say that F creates the restriction K(f, g) in K if, given a cartesian cell
ψ defining (FK)(Ff, Fg) in L, there exists a unique cartesian cell ϕ in K that defines
K(f, g) such that Fϕ = ψ. Notice that if (FK)(Ff, Fg) exists then this means that F
preserves any cartesian cell that defines K(f, g). The following lemma is a straightforward
consequence of Lemma 1.14.

4.13. Lemma. A locally full and faithful functor (Definition A3.6) F : K → L reflects
any (weak) Yoneda morphism y : A→ Â in K, that is y is a (weak) Yoneda morphism in
K if Fy is so in L, whenever the following conditions hold:

(a) F preserves and creates restrictions of the form Â(y, f), for any f : B → Â;
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(b) F is essentially full on morphisms of the form (FJ)λ : FB → FÂ, that is for every
J : A −7−→ B in K there exists Jλ : B → Â in K such that F (Jλ) ∼= (FJ)λ, where
(FJ)λ is given by the Yoneda axiom for Fy (Definition 4.5).

4.14. Generic subobjects as Yoneda embeddings. Let E be a category with finite
limits. The next two examples show that a generic subobject in E (see e.g. Section A1.6
of [Joh02]) is the same as a Yoneda embedding y1 : 1 → 1̂ in ModRel(E) (Example 1.31)
for the terminal internal preorder 1 whose presheaf object 1̂ is an internal partial order
(Example 1.31). Assuming that E is cartesian closed Example 4.17 then describes how y1
generates the other Yoneda embeddings of ModRel(E), using the results of Section 8.

4.15. Example. Consider the unital virtual equipment ModRel(E) of internal modular
relations in a category E with finite limits (Example 1.31) and write 1 := (1, I1) for the
terminal internal preorder in E . Given any internal preorder B = (B, β) we call internal
modular relations J : 1 −7−→ B modular subobjects of B. They consist of monomorphisms
j : J ↣ B equipped with a right action ρ : (J, β)⇒ J , that is a (necessarily unique)
morphism ρ : J ×B β → J over B. Modular subobjects of a discrete internal preorder
(B, IB) are precisely the subobjects of B in the usual sense; see e.g. Section A1.3 of
[Joh02]. Given another modular subobject K : 1 −7−→ (D, δ) and an order preserving mor-
phism g : (B, β) → (D, δ) notice that a cell J ⇒ K, as labelled (a) below, exists in
ModRel(E) if and only if there exists a morphism J → K in E that makes the square la-
belled (b) below commute. Recalling from Example 1.31 the way restrictions are created
in ModRel(E) we find that the cell J ⇒ K is cartesian if and only if the latter square is a
pullback square.

1 B

1 D

J

g

K

(a)

J B

K D

j

g

k

(b)

J B

y∗ 1̂

j

Jλ

y∗1

(c)

J B

y∗ 1̂

j

g

y∗1

(d)

Next consider an order preserving morphism of the form y : 1→ (1̂, ω). Its companion
y∗ = (1

!←− y∗
y∗1−−→ 1̂) is a modular subobject of 1̂; recall that y∗ is the pullback of

1
y−→ 1̂

ω0←− ω and that y∗1 is the composite y∗ → ω
ω1−→ 1̂. Using the previous we

can translate the Yoneda and density axioms for y (Definitions 4.3 and 4.5) in terms
of (pullback) squares in E , by factoring the (cartesian) cells considered in these axioms
through y∗ and by appying the pasting lemma for cartesian cells (Lemma 1.17). We find
that y is a weak Yoneda embedding (and hence a Yoneda embedding, by Definition 4.3
and Example 3.12) if and only if for each modular subobject j : J ↣ B there exists an
order preserving morphism Jλ : B → 1̂ equipped with a pullback square in E as labelled
(c) above, that is universal as follows: for every commuting square as labelled (d) above,
with g : B → 1̂ order preserving, there exists a (unique) vertical cell Jλ ⇒ g in ModRel(E).
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Using the weak density of y this implies that Jλ is unique up to isomorphism among order
preserving morphisms g : B → 1̂ for which there exists a pullback square of the form as
on the right above.

In particular if 1̂ is an internal partial order (Example 1.31) then Jλ is uniquely
determined by J : 1 −7−→ B so that, restricting the previous to discrete B = (B, IB) and
thus to ordinary subobjects J ↣ B in E , we find that y∗1 : y∗ ↣ 1̂ is a generic subobject
in E , defining 1̂ as the subobject classifier for E ; see e.g. Section A1.6 of [Joh02]. As
discussed there it follows in this case that y∗ ∼= 1; since the cocartesian cell defining
y∗ : 1 −7−→ 1̂ necessarily consists of this isomorphism we conclude that y =

[
1 ∼= y∗

y∗1−−→ 1̂
]

is itself a generic subobject in E , whose companion in ModRel(E) can be taken to be
y∗ ∼= (1

id←− 1
y−→ 1̂).

4.16. Example. In the previous example we saw that a (weak) Yoneda embedding
y : 1 → 1̂ in ModRel(E) is a generic subobject in E whenever 1̂ is an internal partial
order. Here we will show the converse: a generic subobject ⊤ : 1 → Ω in E lifts as a
Yoneda embedding ⊤ : (1, I1) → (Ω, ω) in ModRel(E). To start, first recall from e.g.
Lemma A1.6.3(a) of [Joh02] that Ω admits the structure of an internal Heyting semilattice
in E , which equips Ω with an internal partial ordering ω = (Ω

ω0←− ω
ω1−→ Ω); see also Exam-

ples B2.3.8(a) therein. That ⊤ is an order preserving morphism ⊤ : (1, I1)→ (Ω, ω) (Ex-
ample 1.31) follows immediately from the definition of ω; see the proof of Lemma A1.6.3(i)
of [Joh02], where the ordering is denoted Ω1. The latter contains another assertion that
we will use: any morphism (f, g) : A → Ω × Ω in E , where f and g : A → Ω classify
subobjects f ∗(⊤) and g∗(⊤) of A, factors through (ω0, ω1) : ω → Ω × Ω if and only if
f ∗(⊤) ≤ g∗(⊤), that is there exists a morphism f ∗(⊤)→ g∗(⊤) in the slice category E/A
of E over A. If f and g are order preserving morphisms (A,α)→ (Ω, ω) in ModRel(E) then
the former means that there exists a vertical cell f ⇒ g in ModRel(E). For instance notice
that id∗

Ω(⊤) = ⊤ ≤ idΩ = (⊤ ◦ !)∗(⊤) so that there exists a vertical cell ϕ : idΩ ⇒ ⊤◦ ! in
ModRel(E).

We can use the cell ϕ to prove that the companion ⊤∗ is the modular relation
(1

id←− 1
⊤−→ Ω) in E , as follows. Analogous to the construction of y∗ in the previous exam-

ple recall that ⊤∗ is the pullback of 1 ⊤−→ Ω
ω0←− ω, with non-trivial leg ⊤∗1 the composite

⊤∗ → ω
ω1−→ Ω. Hence it suffices to show that the commuting square on the left be-

low is a pullback. To do so consider any morphism f : X → ω with ω0 ◦ f = ⊤◦ !; we
have to show that f = ω̃ ◦ ⊤◦ !. Regarding ω1 ◦ f as an order preserving morphism
ω1 ◦ f : (X, IX)→ (Ω, ω), the assumption on f implies that there exists a vertical cell
⊤◦ !⇒ ω1 ◦ f in ModRel(E). Together with the vertical cell ϕ ◦ ω1 ◦ f : ω1 ◦ f ⇒ ⊤◦ ! we
conclude that ω1 ◦ f ∼= ⊤◦ ! so that, because Ω is an internal partial order, ω1 ◦ f = ⊤◦ !
follows; see Example 1.31. But this means that (ω0, ω1) ◦ f = (ω1, ω0) ◦ ω̃ ◦ ⊤◦ ! from
which, as required, f = ω̃◦⊤◦ ! follows, again by using that Ω is an internal partial order.

We can now show that ⊤ is weakly dense in ModRel(E) so that, since ModRel(E)
has cocartesian tabulations (Example 3.12), ⊤ is in fact dense; see Definition 4.3. Weak
density of ⊤ means that any nullary cartesian cell in ModRel(E) as in the middle below
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is weakly left Kan (Definition 1.2), that is any nullary cell as in the right below induces a
vertical cell l⇒ k in ModRel(E). As explained in the previous example, the factorisations
of these nullary cells through ⊤∗ = (1

id←− 1
⊤−→ Ω) correspond to commutative squares in

E : the cartesian cell corresponds to the pullback square l ◦ j = ⊤◦ ! while the other cell
corresponds to the commuting square k ◦j = ⊤◦ !. The pullback square implies l∗(⊤) = j
while the other square factors through the pullback that defines the subobject k∗(⊤).
We conclude that l∗(⊤) = j ≤ k∗(⊤) so that the existence of the cell l ⇒ k follows as
required.

1 ω

1 Ω

ω̃ ◦ ⊤

id ω0

⊤

1 B

Ω

J

⊤ l
cart

1 B

Ω

J

⊤ k

It remains to show that ⊤ satisfies the Yoneda axiom in ModRel(E) (Definition 4.5).
To do so let J : (1, I1) −7−→ (B, β) be a modular subobject and consider the morphism
l : B → Ω that classifies J ↣ B. It suffices to show that l is an order preserving
morphism (B, β) → (Ω, ω): as explained in the previous example the pullback square
defining l then corresponds to the cartesian cell in the middle above in ModRel(E). That
l is order preserving means that (l ◦ β0, l ◦ β1) : β → Ω × Ω factors through (ω0, ω1).
Composing the pullback square that defines l with the action ρ : J ×B β → J we obtain
the commuting square

[
J ×B β → β

β1−→ B
l−→ Ω

]
= ⊤◦ !. The latter factors through the

pullback square that defines (l◦β1)∗(⊤) so that (l◦β0)∗(⊤) =
[
J×Bβ → β

]
≤ (l◦β1)∗(⊤);

hence (l ◦ β0, l ◦ β1) factors through (ω0, ω1) as required.

4.17. Example. Assume that E is a cartesian closed category with finite limits. A
Yoneda embedding y : 1 → 1̂ in ModRel(E) (Example 4.15) induces Yoneda embeddings
for all internal preorders A = (A,α) in E as follows. Writing A◦ for the ‘horizontal
dual’ A◦ := (A,α◦) of A, with reversed internal order α◦ = (A

α1←− α
α0−→ A), we will

see in Example 8.12 below that the internal order α can be considered as a modular
subobject of A◦ × A which, under the correspondence of Example 4.15, induces an or-
der preserving morphism A◦ × A → 1̂. The cartesian closed structure on E induces a
cartesian closed structure on the locally thin 2-category PreOrd(E) = V

(
ModRel(E)

)
(Ex-

amples 1.31 and 8.19) of internal preorders, under which the latter corresponds to an
order preserving morphism yA : A→ [A◦, 1̂]. In Example 8.24 we will see that yA forms
a Yoneda embedding in ModRel(E). In particular, using Proposition 4.24 below, internal
modular relations A −7−→ B correspond to order preserving morphisms B → [A◦, 1̂].

Next assume that 1̂ is an internal partial order so that y defines 1̂ as the subobject clas-
sifier Ω := 1̂ for E (Example 4.15). In this case the latter correspondence recovers the nat-
ural equivalence considered on page 283 of [CS86]. Moreover, using that IA ∼= [A◦, 1̂](y, y)
by Lemma 4.6 we find that our yA : A → [A◦, 1̂] coincides with the Yoneda embedding
yA : A → PA considered there. In our terms the ‘membership ideal’, considered on the
same page, is the companion ∈A:= yA∗ : A −7−→ [A◦, 1̂]. Finally restrict to a discrete internal
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preorder A = (A, IA) in the previous, so that A◦ = A and, as we will see in Example 8.19,
[A, 1̂] is an internal partial order with the exponential 1̂A as underlying E-object. Using
arguments similar to the ones used in Example 4.15 it is straightforward to see that, in
this case, yA being a Yoneda embedding in ModRel(E) implies that the internal relation
underlying ∈A= yA∗ defines 1̂A as the power object of A in E in the classical sense; see
e.g. Section A2.1 of [Joh02].

4.18. Properties of Yoneda morphisms. The results below record some basic prop-
erties of Yoneda morphisms. The first of these follows immediately from the density of
Yoneda morphisms (Definition 4.3) and the vertical pasting lemma (Lemma 2.17).

4.19. Corollary. Let y : C → Ĉ be a (weak) Yoneda morphism. Consider the composite
below where Kλ is supplied by the Yoneda axiom (Definition 4.5). If the cell ϕ is right
(respectively weakly) nullary-cocartesian (Definition 2.6) then the composite is (weakly)
left Kan (Definitions 1.2 and 1.9).

If moreover ϕ restricts along g : X → D (Definition 2.12) then so does the (weakly) left
Kan composite (Definition 1.24). If ϕ is pointwise right (respectively weakly) nullary-co-
cartesian (Definition 2.12) then the composite is pointwise (weakly) left Kan (Defini-
tion 1.24).

A0 A1 · · · An′ D

C D

Ĉ

J1

f

Jn

K

y Kλ

ϕ

cart

The lemma below is a variation of Lemma 3.2 of [Web07]. It implies that the notions of
weak left Kan extension and pointwise weak left Kan extension coincide when extending
along a weak Yoneda morphism, and that all four notions of left Kan extension coincide
when extending along a Yoneda morphism.

4.20. Lemma. Let y : A → Â be a (weak) Yoneda morphism. The following are equiva-
lent for the cell η below: (a) η is cartesian; (b) η is pointwise (weakly) left Kan (Defini-
tion 1.24); (c) η is weakly left Kan (Definition 1.2).

A B

Â

J

y l
η

Proof. (a) ⇒ (b) follows from the (weak) density of y (Definition 4.3) and (b) ⇒ (c)
is clear. To prove (c) ⇒ (a) consider the morphism Jλ : B → Â supplied by the Yoneda
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axiom (Definition 4.5), which comes equipped with a cartesian cell that defines J as the
nullary restriction of Â along y and Jλ. By (weak) density of y this cartesian cell is
weakly left Kan so that, assuming (c) and using the uniqueness of left Kan extensions, η
factors through it as a vertical isomorphism Jλ ∼= l. Since cartesian cells are preserved by
horizontal composition with vertical isomorphisms we conclude that the cell η is cartesian
too, as required.

The following is a variation of Corollary 3.5(2) of [Web07].

4.21. Proposition. Let y : A→ Â be a weak Yoneda embedding. If the composite below
is invertible then f : A → C is full and faithful (Definition 1.18). The converse holds
whenever the restriction C(f, f) exists.

A

A C

Â

f

f∗
y fλ

∗

cocart

cart

Proof. Assume that the composite is invertible. Since the identity cell idy is cartesian
and because cartesian cells are preserved under horizontal composition with invertible
vertical cells, it follows that the composite is cartesian as well. Hence the cocartesian
cell cocart is cartesian by the pasting lemma for cartesian cells (Lemma 1.17). Since idf
factors through the latter as a cartesian cell f∗ ⇒ C (see Lemma 1.21), the same pasting
lemma implies that idf is cartesian too, so that f is full and faithful. The converse follows
from the fact that the cartesian cell defining fλ

∗ is weakly left Kan, by the weak density
of y (Definition 4.3), and Proposition 2.26.

The following lemma is important to our study of Yoneda morphisms: its corollary
Proposition 5.5, for instance, is used in Theorem 7.6 to give a condition that ensures
the ‘cocompleteness’ (Definition 7.2) of presheaf objects. Its restriction to empty paths
H = (B) is analogous to Proposition 7 of [SW78] for Yoneda structures.

4.22. Lemma. Let y : A → Â be a Yoneda morphism. The equality below determines a
bijection between cells ϕ and ψ of the forms as shown.

A B B1 · · · Bn′ Bn

A D

Â

J H1 Hn

s

K

y Kλ

ϕ

cart

=

A B B1 · · · Bn′ Bn

D

Â

J

y

H1

Jλ

Hn

s

Kλ

ψcart
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If y is merely a weak Yoneda morphism then the equality above determines a bijection
between cells ϕ and ψ with H = (B) empty. Under the latter restriction ϕ is cartesian if
and only if the corresponding ψ (in this case a vertical cell) is invertible.

Proof. The bijection is given by the assignment ϕ 7→ ψ obtained by factorising the
left-hand side above through the cartesian cell that defines Jλ (Definition 4.5), which is
(weakly) left Kan by density of y (Definition 4.3), and the assignment ψ 7→ ϕ obtained
by factorising the right-hand side through the cartesian cell that defines Kλ. Restricting
to empty paths H = (B), notice that ψ is invertible if and only if the right-hand side,
and hence both sides, are weakly left Kan. By the previous lemma this is equivalent
to the left-hand side being cartesian which, by the pasting lemma for cartesian cells
(Lemma 1.17), is in turn equivalent to ϕ being cartesian.

4.23. Equivalence of morphisms A −7−→ B and morphisms B → Â. Let y : A→ Â be
a weak Yoneda morphism. The proposition below uses the previous lemma to describe the
functoriality of the assignment J 7→ Jλ (Definition 4.5), showing also that the resulting
functor is an equivalence if and only if y admits nullary restrictions (Definition 4.5).

In stating the proposition we use the following two notions of slice category in an
augmented virtual double category K. Given an object A of K the horizontal slice category
A /hK has as objects horizontal morphisms J : A −7−→ B and as morphisms J → K cells ϕ of
the form as on the left below. Fixing a target B in K we denote by H(K)(A,B) ⊆ A /hK
the subcategory generated by morphisms J → K with vertical target s = idB. Next
recall that K contains a 2-category V (K) of vertical morphisms (Example A1.5). Given an
object P of K we denote by V (K)/P the lax slice category consisting of vertical morphisms
g : A→ P as objects and cells ψ of the form as on the right below as morphisms g → h;
see e.g. Section I,2.5 of [Gra74] for the more general notion of “lax comma 2-category”
(therein called “2-comma category”). Notice that V (K)/P contains the hom-categories
V (K)(A,P ) as subcategories.

A B

A D

J

s

K

ϕ

A B

P

s

g hψ

4.24. Proposition. Let y : A→ Â be a weak Yoneda morphism in an augmented virtual
double category K. Choosing for each J : A −7−→ B a morphism Jλ : B → Â as in the
Yoneda axiom (Definition 4.5) induces a full and faithful functor

(–)λ : A /hK → V (K)/Â
that maps a cell ϕ : J ⇒ K as on the left above to the vertical cell ϕλ : Jλ ⇒ Kλ ◦ s that
corresponds to ϕ under the bijection of Lemma 4.22 (with H = (B) empty). Fixing the
target B restricts (–)λ to a full and faithful functor

(–)λ : H(K)(A,B)→ V (K)(B, Â).
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Moreover (–)λ is an equivalence of categories A /hK ≃ V (K)/Â if and only if y admits
nullary restrictions (Definition 4.5).

Proof. To show that (–)λ is functorial consider composable morphisms in A /hK, that is
cells ϕ : J ⇒ K and ψ : K ⇒ L both with vertical source idA; let us denote their vertical
targets by s : B → D and t : D → E respectively. Using the bijection of Lemma 4.22
and the interchange axioms (Lemma A1.3) we obtain the following equality, where the
cartesian cells define the morphisms Jλ, Kλ and Lλ.

cartJλ ⊙ (ψ ◦ ϕ)λ = cartLλ ◦ ψ ◦ ϕ = (cartKλ ⊙ ψλ) ◦ ϕ
= (cartKλ ◦ ϕ)⊙ (ψλ ◦ s) = cartJλ ⊙ ϕλ ⊙ (ψλ ◦ s)

By weak density of y (Definition 4.3) the cartesian cell cartJλ is weakly left Kan so that,
using the uniqueness of factorisations through left Kan cells, the equality above implies
(ψ ◦ ϕ)λ = ϕλ ⊙ (ψλ ◦ s) as required. That the functor (–)λ is full and faithful is because
the correspondence of Lemma 4.22 is a bijection.

To show the final assertion it suffices to prove that y admits nullary restrictions if
and only if (–)λ is essentially surjective (see e.g. Theorem 1 of Section IV.4 of [ML98]).
For the ‘only if’-part consider any morphism g : B → Â and assume that the restriction
Â(y, g) : A −7−→ B exists; we will show that g ∼= Â(y, g)λ (Definition 4.5). Consider the
cartesian cells that define Â(y, g) and Â(y, g)λ. By weak density of y (Definition 4.3) both
define the weak left Kan extension of y along Â(y, g) so that the required isomorphism
exists by the uniqueness of Kan extensions. To show the converse assume that (–)λ is
essentially surjective: for every g : B → Â there exists J : A −7−→ B with Jλ ∼= g. Composing
the latter isomorphism with the cartesian cell defining Jλ (Definition 4.5) we obtain a
cartesian cell that defines J as the nullary restriction Â(y, g).

4.25. Remark. Consider a Yoneda structure on a 2-category C, in the sense of [SW78],
consisting of a right ideal A of ‘admissible’ morphisms in C and a ‘Yoneda embedding’
yA : A → PA for each admissible object A (i.e. with idA ∈ A). Similar to the above
result such a structure induces full and faithful functors CA(A,B)→ C(B,PA), given
by f 7→ B(f, 1) (see Axiom 1 and Proposition 7 of [SW78]), where CA(A,B) ⊆ C(A,B)
denotes the full subcategory of admissible morphisms. These functors however are not es-
sentially surjective in general, as can be easily seen by taking C = Cat(Set′) the 2-category
of large categories and A = B = 1 the terminal category.

The following result is a partial converse to the previous proposition.

4.26. Proposition. Let f : A→ P be a morphism in an augmented virtual double cate-
gory K and let B ∈ K be an object. Choosing nullary restrictions P (f, g) : A −7−→ B for all
g : B → P induces a functor

P (f, –) : V (K)(B,P )→ H(K)(A,B)
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which maps a vertical cell ϕ : g ⇒ h to the unique factorisation P (f, ϕ) : P (f, g)⇒ P (f, h)
in the right-hand side below.

A B

P

P (f, g)

f
g hϕ

cart
=

A B

A B

P

P (f, g)

P (f, h)

f
h

P (f, ϕ)

cart

The following hold:

(a) f is weakly dense (Definition 4.3) if and only if the functors P (f, –) are full and
faithful for each object B ∈ K;

(b) f satisfies the Yoneda axiom (Definition 4.5) if and only if the functors P (f, –) are
essentially surjective for each B ∈ K;

(c) f is a weak Yoneda morphism if and only if the functors P (f, –) are equivalences of
categories V (K)(B,P ) ≃ H(K)(A,B) for each B ∈ K.

Moreover if f is a weak Yoneda morphism then the functors P (f, –) extend to a
pseudo-inverse to the equivalence (–)λ : A /hK ≃ V (K)/P of Proposition 4.24, that is
induced by f .

Proof. To see part (b) notice that the Yoneda axiom asserts that, for every horizontal
morphism J : A −7−→ B, there exists a vertical morphism Jλ : B → P such that J ∼= P (f, Jλ).
That part (c) follows from parts (a) and (b) is well-known (see e.g. Theorem 1 of Sec-
tion IV.4 of [ML98]). To prove part (a) consider the assignments below between cells of K
of the form as shown, given by composition with the cartesian cells that define the chosen
nullary restrictions P (f, g) and P (f, h) respectively. By definition (Definition 1.16) the
assignment on the right is a bijection.

B

P

g h

A B

P

P (f, g)

f h

A B

A B

P (f, g)

P (f, h)

{ } { } { }cartP (f,g) ⊙ – cartP (f,h) ◦ –

By definition the image under P (f, –) of a vertical cell ϕ : g ⇒ h as on the left above
is the horizontal cell P (f, ϕ) : P (f, g)⇒ P (f, h) that corresponds to cartP (f,g) ⊙ ϕ under
the bijection on the right. Hence P (f, –) is full and faithful precisely if the assignment
cartP (f,g) ⊙ – on the left is a bijection for each g : B → P . By Definition 1.2 the latter
means that any nullary cartesian cell with f as vertical source is weakly left Kan, that is
f is weakly dense (Definition 4.3) as required.



FORMAL CATEGORY THEORY IN AUGMENTED VIRTUAL DOUBLE CATEGORIES 349

For the final assertion assume that f : A → P is a weak Yoneda morphism, thus
inducing the an equivalence of categories (–)λ : A /hK ≃ V (K)/P as in Proposition 4.24.
As explained in proof of the latter (–)λ is essentially surjective because g ∼= P (f, g)λ

for each g : A → P . It follows that the assignment g 7→ P (f, g) uniquely extends to a
pseudo-inverse to (–)λ, with the latter isomorphims forming the unit (see e.g. Theorem 1
of Section IV.4 of [ML98]). That the action of this pseudo-inverse on vertical cells coincides
with that of the functors P (f, –) of the statement is straightforward to check.

4.27. Remark. Given a morphism y : C → C̄ in a ‘bicategory C equipped with proar-
rows’, in the sense of [Woo82], Melliès and Tabareau consider in [MT08] functors analogous
to the functors P (f, –) of Proposition 4.26; they define y to be a ‘Yoneda situation’ if both
y and each of these functors are full and faithful.

4.28. Yoneda embeddings from 2-toposes. Weber shows in [Web07] that every
‘2-topos’ C admits a ‘good Yoneda structure’, the construction of which he attributes
to Street ([Str74a] and [Str80a]). Given a finitely complete cartesian closed category E ,
in Section 7 of [Str17] this result is used to obtain a good Yoneda structure on the 2-cat-
egory Cat(E) of categories internal to E . Similarly to Weber’s result, Example 4.30 below
shows that a 2-topos structure on a 2-category C induces a collection of Yoneda embed-
dings, in our sense, in a certain full sub-augmented virtual equipment of the unital virtual
equipment dFib(C) of discrete two-sided fibrations in C (Example 1.30). We will use the
following lemma, which generalises the functors P (f, –) described in Proposition 4.26, to
functors K(id, –) given by restriction of a fixed horizontal morphism K on the right.

4.29. Lemma. Let K : C −7−→ D be a morphism and B an object in an augmented virtual
double category K. Choosing a restriction K(id, g) : C −7−→ B for each morphism g : B → D
induces a functor K(id, –) : V (K)(B,D) → H(K)(C,B) which maps a cell ϕ : g ⇒ h to
the unique factorisation K(id, ϕ) : K(id, g)⇒ K(id, h) in the right-hand side below:

C B

C D

K(id, g)

g h

K

ϕcart =

C B

C B

C D

K(id, g)

K(id, h)

h

K

K(id, ϕ)

cart

4.30. Example. Let C be a finitely complete 2-category with terminal object denoted
by 1. A discrete opfibration (Section 2 of [Web07]) is, in our terms, a discrete two-sided
fibration J : 1 −7−→ B in dFib(C) (Example 1.30). In Definition 4.1 of [Web07] a discrete
opfibration τ : 1 −7−→ Ω is called classifying if, in our terms, for each B ∈ C the functor
τ(id, –) : C(B,Ω)→ H(dFib(C))(1, B) of the previous lemma, given by pulling back τ ,
is full and faithful. Definition 4.10 of [Web07] defines a 2-topos (C, (–)◦, τ) to consist
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of a finitely complete cartesian closed 2-category C equipped with a ‘duality involution’
(–)◦ : Cco → C (Definition 2.14 of [Web07]) and a classifying discrete opfibration τ : 1 −7−→ Ω.

Given an object A in a 2-topos C, Section 5 of [Web07] sets Â := [A◦,Ω] and considers,
for each B ∈ C, the composite functor

C(B, Â) ∼= C(A◦ ×B,Ω) τ(id,–)−−−−→ H(dFib(C))(1, A◦ ×B) ≃ H(dFib(C))(A,B),

where the isomorphism is given by the cartesian closed structure and the equivalence is
given by the involution structure; this composite is full and faithful and pseudonatural
in A and B. A discrete two-sided fibration J : A −7−→ B is then called an attribute if it is
contained in the essential image of this composite. We write Attr(C) ⊆ dFib(C) for the full
sub-augmented virtual double category generated by the attributes. The pseudonaturality
of the composite above implies that Attr(C) is closed under taking restrictions so that it,
like dFib(C) (Example 1.30), is an augmented virtual equipment. Moreover by Lemma 3.14
Attr(C) has all cocartesian tabulations, that are created as in dFib(C) (Example 3.13).

A morphism f : A → C of C is defined to be admissible in Section 5 of [Web07]
whenever, in our terms, the companion f∗ : A −7−→ C of f (in dFib(C)) is an attribute; i.e. f
admits a companion in Attr(C). In particular an object A is admissible if and only if its
horizontal unit IA : A −7−→ A (Definition 1.16) is an attribute, that is A admits a horizontal
unit in Attr(C). Consider an admissible object A. By definition there exists a morphism
yA : A→ Â whose image, under the composite above, is isomorphic to IA and we will show
that yA forms a Yoneda embedding (Definition 4.5) in the augmented virtual equipment
Attr(C) of attributes in C.

To prove the Yoneda axiom for yA consider any attribute J : A −7−→ B and let Jλ : B → Â
be any morphism whose image under the composite above is isomorphic to J . By Propo-
sition 5.2 of [Web07] we have J ∼= yA/J

λ, the comma object of yA and Jλ in C; see e.g.
Section 1 of [Str74b]. In our terms, by Proposition 1 of the latter, yA/Jλ ∼= yA∗⊙(Â)2⊙Jλ∗
as spans in Span(C0) (Example A2.9), so that J ∼= Â(yA, J

λ) in dFib(C) (see Example 1.30
and Example A4.9) and hence in Attr(C), which proves the Yoneda axiom for yA. It
remains to show that yA is dense in Attr(C). We use that yA is admissible, which is a
consequence of Proposition 5.2 of [Web07]. It follows that the companion yA∗ exists in
Attr(C) so that, by Definition 4.3, it suffices to show that the cartesian cell cart defining
yA∗ is pointwise left Kan in Attr(C). By applying Proposition 3.22 to the companion
identity idyA = cart ◦ cocart (Lemma 1.21), we may equivalently show that the identity
cell idyA defines idÂ as the pointwise left Kan extension of yA along yA in the vertical
2-category V

(
Attr(C)

) ∼= C. Since idyA trivially defines yA as an absolute left lifting of yA
along idÂ the latter follows from Theorem 5.3(2) of [Web07].

4.31. Lifting Yoneda morphisms along universal morphisms. Given a functor
F : K → L and an object P ∈ L consider a universal morphism ε : FP ′ → P from F to P
(Definition 1.39). Given A ∈ K and a (weak) Yoneda morphism yFA : FA→ P in L, the
following theorem gives conditions ensuring that yFA induces a (weak) Yoneda embedding
yA : A → P ′ in K. In Example 4.33 below we use this to obtain Yoneda embeddings in
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the unital virtual double category V-sProf of small V-profunctors (Example A2.8) from
those in (V ,V ′)-Prof (Example 4.10). A related result is Theorem 4.1 of [Her01], which
allows one to transfer a Yoneda structure ([SW78]) on a 2-category L along a biadjunction
F ⊣ G : L → K with full and faithful unit.

To state the theorem consider the vertical slice category F /v P (Definition 1.39) and let
(F /v P )

λ ⊆ F /v P denote the full subcategory generated by all objects (B, f : FB → P )
such that f ∼= (FJ)λ for some J : A −7−→ B in K, where (FJ)λ is supplied by the Yoneda
axiom for yFA (Definition 4.5). In other words (B, f) ∈ (F /v P )

λ if and only if the re-
striction P (yA, f) exists in L, and it is contained in the essential image of F . Assume that
ε : FP ′ → P is universal from F to P relative to (F /v P )

λ (Definition 1.39) and that A is
unital, with horizontal unit IA : A −7−→ A. It follows that FA ∈ L is unital, with horizontal
unit FIA (see Corollary A5.5), and that FIA ∼= P (yFA, yFA) by Lemma 4.6. Compar-
ing the cartesian cell defining the latter restriction with the cartesian cell defining (FIA)

λ

(Definition 4.5), using that both cartesian cells are (weakly) left Kan by the (weak) density
of yFA (Definition 4.3), we find that (FIA)λ ∼= yFA. We conclude that yFA ∈ (F /v P )

λ so
that, by universality of ε, there exists a morphism yA := (yFA)

♯ : A→ P ′ in K such that
yFA ∼= ε ◦ FyA.

4.32. Theorem. Let the functor F : K → L, the unital object A ∈ K, the (weak)
Yoneda morphism yFA : FA → P in L and the universal morphism ε : FP ′ → P rela-
tive to (F /v P )

λ be as above. The morphism yA : A→ P ′, as obtained above, is a (weak)
Yoneda embedding in K as long as the functor ε ◦ F – : K /v P

′ → F /v P (Definition 1.39)
preserves and reflects all cartesian cells in K /v P

′ that define restrictions of the form
P ′(yA, g), where g : B → P ′ is any morphism.

Proof. Denote the invertible vertical cell yFA ⇒ ε◦FyA by σ. To show that yA is (weakly)
dense we have to show that any cartesian cell η in K as on the left below is (weakly) left
Kan (Definition 4.3). By assumption ε ◦ Fη is cartesian in L so that σ ⊙ (ε ◦ Fη) is
(weakly) left Kan by the (weak) density of yFA. We conclude that ε ◦ Fη is (weakly) left
Kan so that η, being the adjunct of ε ◦ Fη, is (weakly) left Kan by Proposition 1.42.

A B

P ′

J

yA l
η

FA FB

FP ′ FP ′

P

FJ

FyA

yFA (FJ)λ

FJλ

ε ε

cart

∼= ∼= =

FA FB

FP ′

P

FJ

FyA FJλ

ε

Fϕ

To prove the Yoneda axiom (Definition 4.5) for yA : A → P ′ we have to supply, for
every J : A −7−→ B in K, a morphism Jλ : B → P ′ and a cartesian cell that defines J
as the restriction P ′(yA, Jλ). By the Yoneda axiom for yFA there exists a morphism
(FJ)λ : FB → P such that FJ ∼= P

(
yFA, (FJ)

λ
)
, and we take Jλ :=

(
(FJ)λ

)♯ to be
its adjunct, satisfying (FJ)λ ∼= ε ◦ FJλ, which exists by the universality of ε. Consider
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the composite cartesian cell on the left-hand side above, of the cartesian cell that defines
(FJ)λ and the invertible vertical cells that equip the adjuncts yA and Jλ. Its adjunct
ϕ : J ⇒ P ′, which exists by the local universality of ε (Definition 1.39), satisfies the
identity above. By assumption the cartesianness of the left-hand side above implies the
cartesianness of ϕ, which thus defines J as the restriction P ′(yA, Jλ) as required.

4.33. Example. Let V ⊂ V ′ be a symmetric universe enlargement (Example 4.10), and
assume that V is small complete. By applying the previous theorem to the full embedding
F : V-sProf ↪→ (V ,V ′)-Prof we will see that the Yoneda embeddings yA : A→ [Aop,V ]′ of
(V ,V ′)-Prof (Example 4.10), for V-categories A, can be corestricted to V-categories of
‘small V-presheaves on A’, as introduced by Lindner in [Lin74], to form Yoneda embed-
dings in the unital virtual double category V-sProf of small V-profunctors (Example A2.8).

We denote by [Aop,V ]s ⊆ [Aop,V ]′ the full sub-V ′-category of V-presheaves p : Aop → V
that are small in the sense of [Lin74] and [DL07]: these are precisely the V-presheaves
Aop → V that correspond to small V-profunctors A −7−→ I in the sense of Example A2.8.
It is straightforward to check that V being small complete implies that [Aop,V ]s is a
V-category; see also Corollary 2.3 of [Lin74]. In fact, using that any small V-presheaf
p : A −7−→ I is “generated” by its restriction to a small sub-V-category A∗ ⊆ A, in the sense
of Example A2.8, one checks that the hom V ′-objects [Aop,V ]′(p, q) are computed by the
small V-ends

∫
x∈A∗

[px, qx].
Regarding [Aop,V ]s as an object of V-sProf let ε : F [Aop,V ]s ↪→ [Aop,V ]′ denote the

embedding in (V ,V ′)-Prof. Because ε is full and faithful in (V ,V)′-Prof and F is a full
and faithful functor, ε is locally universal by Example 1.40. To show that ε is univer-
sal relative to (F /v[A

op,V ]′)λ (Definition 1.39) let f : FB → [Aop,V ]′ be any V ′-functor,
with B a V-category. Using the correspondence of V-profunctors A −7−→ B and V ′-functors
B → [Aop,V ]′ in (V ,V ′)-Prof (Example 4.10) one checks that (B, f) ∈

(
F /v[A

op,V ]′
)λ

precisely if f , regarded as a V-profunctor A −7−→ B, is small in the sense of Example A2.8,
that is f(y) : Aop → V is a small V-presheaf for every y ∈ B or, equivalently, the V ′-func-
tor Aop → [B,V ]′ corresponding to f is pointwise small in the sense of [DL07]. Hence
(B, f) ∈

(
F /v[A

op,V ]′
)λ if and only if there exists a V-functor f ′ : B → [Aop,V ]s such

that f = ε ◦Ff ′ and we conclude that ε ◦F – : V-sProf /v[A
op,V ]s → F /v[A

op,V ]′ factors
as an equivalence through

(
F /v[A

op,V ]′
)λ
↪→ F /v[A

op,V ]′, so that ε is universal relative
to

(
F /v[A

op,V ]′
)λ.

Moreover since F preserves and reflects cartesian cells (use Example A4.7), so does
ε◦F – : V-sProf /v[A

op,V ]s → F /v[A
op,V ]′, by combining Example A4.11 and the pasting

lemma (Lemma 1.17). Thus all hypotheses of the theorem are satisfied. We conclude
that the Yoneda embedding yA : A → [Aop,V ]′ in (V ,V ′)-Prof factors through ε as a
V-functor yA : A → [Aop,V ]s that is a Yoneda embedding in V-sProf. Finally notice
that the companion yA∗ : A −7−→ [Aop,V ]s is a small V-profunctor so that, because V-sProf
has restrictions on the right (Example A4.7), yA admits nullary restrictions in the sense
of Definition 4.5. To see this consider, for any p ∈ [A,V ]s, the small sub-V-category
Ap := A∗ ⊆ A as in the above. The cascade of isomorphisms below, for each x ∈ A,
shows that y∗ is small. The first and last isomorphisms here are induced by the ‘strong
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Yoneda lemma’ (see e.g. Formula 2.31 of [Kel82]) while the middle isomorphism exhibits
the smallness of p.

∫ x′∈Ap

A(x, x′)⊗ y∗(x
′, p) ∼=

∫ x′∈Ap

A(x, x′)⊗ px′ ∼= px ∼= y∗(x, p)

4.34. Yoneda morphisms compared to Yoneda structures and powers. We
next compare our notion of (weak) Yoneda embedding to the notions of Yoneda structure
and good Yoneda structure of [SW78] and [Web07] respectively, in the theorem below, as
well as to the notion of power of [Lam22], in Proposition 4.40 below. Recall that part
of a (good) Yoneda structure is a right ideal A of admissible morphisms in V (K): any
composite g ◦ f in V (K) is admissible as soon as g is so. An object A ∈ K is called
admissible whenever its identity morphism idA is admissible.

4.35. Theorem. Let K be an augmented virtual double category and let A be a right
ideal of admissible morphisms in V (K). Assume that for every admissible f : A→ C the
companion f∗ : A −7−→ C exists and consider given an admissible morphism yA : A→ Â for
each admissible object A.

The implications (gys) ⇒ (ys*) ⇒ (ys) and (ye) ⇒ (wye) hold among the conditions
below. If K has restrictions on the right (Definition 1.19) then (wye) ⇒ (ys) holds too.
If K has weakly cocartesian paths of (0, 1)-ary cells (Definition 3.2) then (wye) ⇒ (ys*).
If K has left nullary-cocartesian tabulations (Definition 3.5) and restrictions on the right
then (ye)⇔ (wye)⇒ (gys). If K has left cocartesian tabulations, restrictions on the right
and, for each J : A −7−→ B with A admissible, a cartesian nullary cell (Definition 3.2) below
exists with f admissible, then (gys) ⇒ (ye) holds too.

A B

C

J

f gcart

(ys) The morphisms yA form a Yoneda structure on V (K) in the sense of [SW78];

(ys*) the morphisms yA form a Yoneda structure on V (K) that satisfies Axiom 3* of
[SW78];

(gys) the morphisms yA form a good Yoneda structure on V (K) in the sense of [Web07];

(wye) each morphism yA is a weak Yoneda embedding (Definition 4.5);

(ye) each morphism yA is a Yoneda embedding (Definition 4.5).
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Proof. That (gys)⇒ (ys*) and (ye)⇒ (wye) is easily checked. Proposition 11 of [SW78]
proves (ys*)⇒ (ys). Suppose that K has restrictions on the right. To show (wye)⇒ (ys)
we have to show that the family of weak Yoneda embeddings yA satisfies Axioms 1, 2 and
3 of [SW78]. Axioms 1 and 2 ask, for each f : A → B with both A and f admissible, a
morphism B(f, 1) : B → Â equipped with a cell χf : yA ⇒ B(f, 1)◦f that simultaneously
defines, in V (K), B(f, 1) as the left Kan extension of yA along f and f as the absolute
left lifting of yA along B(f, 1). By assumption f∗ exists and we can take B(f, 1) := fλ

∗ as
supplied by the Yoneda axiom (Definition 4.5); let χf be the composite

χf :=

A

A B.

Â

f

f∗
yA B(f, 1)

cocart

cart

It follows from weak density of yA (Definition 4.3) and Proposition 1.7 that χf defines
B(f, 1) as the left Kan extension of yA along f in V (K); that it defines f as the absolute
left lifting of yA along B(f, 1) too follows from Lemma A5.17. Notice that Axioms 1 and
2 hold without requiring that K has restrictions on the right.

The first part of Axiom 3 requires that the identity cell idyA : yA ⇒ idÂ ◦ yA defines
idA as the left Kan extension of yA along yA. By assumption yA is admissible so that
yA∗ exists and, by weak density of yA (Definition 4.3), it follows that the defining cell
cart : yA∗ ⇒ Â is weakly left Kan so that idyA = cart ◦ cocart (Lemma 1.21) defines
idÂ as the required left Kan extension by Proposition 1.7. Next consider a composable
pair of morphisms f : A → B and g : B → C with A, B and g admissible; notice that
admissibility of B implies that of f . The second part of Axiom 3 requires that the
composite χyB◦f ⊙ (B̂(yB ◦ f, 1) ◦ χg ◦ f), which by definition of χyB◦f and χg is the
left-hand side of the equality below, defines B̂(yB ◦f, 1)◦C(g, 1) as the left Kan extension
of yA along g ◦ f in V (K).

In the middle composite below the cell cart′ denotes the factorisation of the cartesian
cell that defines C(g, 1) through the cartesian cell that defines yB∗ while the cell ϕ is
the composite of the cocartesian cell defining (yB ◦ f)∗ with the cartesian cells defining
f∗ and yB∗. Notice that the first identity below follows from the companion identity
for f∗ (Lemma 1.21) and the definition of cart′, and that the latter is again cartesian
by the pasting lemma for cartesian cells (Lemma 1.17). Moreover it follows easily from
the companion identities that, together with the cell ψ : (yB ◦ f)∗ ⇒ yB∗ obtained by
composing the cartesian cell defining (yB ◦ f)∗ with the cocartesian cell defining yB∗, the
cell ϕ satisfies both identities of Lemma A8.1, so that ϕ is pointwise right cocartesian by
Lemma A9.7 and Remark 2.13. By weak density of yA (Definition 4.3) the cartesian cell
cart defining B̂(yB ◦ f, 1) in the middle composite below is pointwise weakly left Kan, so
that by the vertical pasting lemma (Lemma 2.17) the composite cart◦ϕ is pointwise weakly
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left Kan too. By Definition 1.24 it follows that the composite η := cart◦ϕ◦(id, cart′) of the
bottom three rows of the middle composite below is weakly left Kan. Finally consider, as
in the second identity below, the unique factorisation η′ of η through the cocartesian cell
(f∗, g∗) ⇒ (g ◦ f)∗ that is defined analogously to the cocartesian cell ϕ. By the vertical
pasting lemma η′ is weakly left Kan. By definition of cocart : (f∗, g∗) ⇒ (g ◦ f)∗ the
composite of the top three rows in the right-hand side below is the cocartesian cell that
defines the companion (g ◦f)∗. Applying Proposition 1.7 we conclude that the right-hand
side, and hence the left-hand side, defines B̂(yB ◦ f, 1) ◦C(g, 1) as the left Kan extension
of yA along g ◦ f in V (K). This completes the proof of (wye) ⇒ (ys).

A

A B

B C

A B̂

Â

f

f g

g∗

yB C(g, 1)

(yB ◦ f)∗

yA B̂(yB ◦ f, 1)

cocart

cocart

cart

cart

=

A

A B

A B C

A B B̂

A B̂

Â

f

f∗
g

f∗ g∗

C(g, 1)

f∗ yB∗

(yB ◦ f)∗

yA B̂(yB ◦ f, 1)

ϕ

cocart

cocart

cart′

cart

=

A

A B

A B C

A C

Â

B̂

f

f∗
g

f∗ g∗

C(g, 1)

(g ◦ f)∗

yA

B̂(yB ◦ f, 1)

η′

cocart

cocart

cocart

Next, assume that K has weakly cocartesian paths of (0, 1)-ary cells (Definition 3.2).
To show (wye) ⇒ (ys*) we have to prove that the weak Yoneda embeddings yA satisfy
Axioms 1, 2 and 3* of [SW78] in V (K). That they satisfy Axioms 1 and 2 follows from
the argument given above. Axiom 3* is equivalent to the assertion that any cell ψ as on
the left below, with A and f admissible, defines g as a left Kan extension of yA along f
in V (K) as soon as it defines f as an absolute left lifting of yA along g. Considering the
factorisation ψ′ of ψ through f∗ as shown, this is a consequence of the assumption on K
as follows: ψ defining f as an absolute left lifting in V (K) means that ψ′ is cartesian in
K, by Lemma A5.17 and Proposition A7.12, which implies that ψ′ is weakly left Kan by
weak density of yA, so that ψ defines g as a left Kan extension in V (K) by Proposition 1.7.

A

B

Â

f

yA

g

ψ =

A

A B

Â

f

f∗
yA gψ′

cocart

A B

A C

Â

J

g

f∗
yA

C(f, 1)

χ′

cart′
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Next we will show that (ye)⇔ (wye)⇒ (gys) whenever K has left nullary-cocartesian
tabulations and restrictions on the right. By Corollary 3.6 K has left nullary-cocartesian
paths of (0, 1)-ary cells so that by Theorem 3.20 the notions of pointwise weak Kan
extension and pointwise Kan extension coincide in K. As remarked after Definition 4.3
this implies (ye) ⇔ (wye). Assuming (ye) we will show that the Yoneda embeddings
yA, together with the cells χf defined above, satisfy the two axioms of a good Yoneda
structure on V (K), in the sense of Definition 3.1 of [Web07], which proves (gys). The first
axiom of a good Yoneda structure coincides with Axiom 2 of a Yoneda structure, which
we proved previously. The second axiom strengthens Axiom 3* as follows: any cell ψ as
on the left above, with A and f admissible, defines g as a pointwise left Kan extension
in V (K) as soon as it defines f as an absolute left lifting. To see this notice that, as
before, the assumption on ψ implies that its factorisation ψ′ is cartesian in K, so that ψ′

is pointwise left Kan by density of yA (Definition 4.3) and hence ψ defines g as a pointwise
left Kan extension in V (K) by Proposition 3.22.

For the converse (gys) ⇒ (ye) assume that, besides left cocartesian tabulations and
restrictions on the right, K has cartesian nullary cells for all J : A −7−→ B with A admissible,
in the sense described in the statement. By Corollary 3.6 K has all left cocartesian paths
of (0, 1)-ary cells. That each yA is dense follows easily from Proposition 3.4(1) of [Web07],
which shows that the identity cell idyA defines idÂ as the pointwise left Kan extension of yA
along yA in V (K): applying Proposition 3.22 to the companion identity idyA = cart◦cocart
for yA∗ it follows that cart is pointwise left Kan in K so that yA is dense by Definition 4.3.
It remains to show that yA satisfies the Yoneda axiom (Definition 4.5), that is for each
J : A −7−→ B there exists a morphism Jλ : B → Â such that J is the restriction Â(yA, J

λ).
Consider a cartesian nullary cell cart : J ⇒ C as in the statement, with admissible vertical
source f : A → C and vertical target g : B → C, and set Jλ := C(f, 1) ◦ g, where
C(f, 1) : C → Â is supplied by the good Yoneda structure (Definition 3.1 of [Web07]). To
show that J is the restriction Â(yA, J

λ) consider the composite cell on the right above,
where cart′ is the factorisation of cart : J ⇒ C through f∗ and χ′ is the factorisation of
the vertical cell χf : yA ⇒ C(f, 1) ◦ f , that defines C(f, 1), through f∗. By the pasting
lemma (Lemma 1.17) cart′ is cartesian and, since χf defines f as an absolute left lifting,
χ′ is cartesian by Lemma A5.17 and Proposition A7.12. Applying the pasting lemma
again we find that χ′ ◦ cart′ is cartesian, thus defining J as Â(yA, Jλ). This completes the
proof.

4.36. Example. Applying the theorem to the Yoneda embeddings of the augmented
virtual equipment (V ,V ′)-Prof (Example 4.10) we recover the Yoneda structure on the
2-category V ′-Cat of (large) V ′-categories, as described in Section 7 of [SW78], whose
admissible morphisms are the V ′-functors f : A → C for which all hom objects C(fx, z)
are (isomorphic to) V-objects (Example A5.6).

Instantiating V ⊂ V ′ by Cat ⊂ Cat′ (Example A2.7) recall that the augmented virtual
equipment (Cat,Cat′)-Prof of 2-profunctors does not have cocartesian tabulations (see
Example 3.9), so that we cannot apply the previous theorem to obtain a good Yoneda
structure on the 2-category Cat′-Cat = V

(
(Cat,Cat′)-Prof

)
of (locally large) 2-categories,
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in the sense of [Web07]. In fact it is shown in Remark 9 of [Wal18] that the Yoneda
embedding y : 1 → Cat(Set) for the terminal 2-category 1 (Example 4.9), with presheaf
object Cat(Set) the 2-category of small categories (Example A2.9), cannot be part of a
Yoneda structure on the 2-category Cat′-Cat that satisfies Axiom 3* of [SW78].

4.37. Example. In an augmented virtual equipment K (Definition 1.19) call a morphism
f : A → C admissible if its companion f∗ : A −7−→ C exists. Notice that the class A of
admissible morphisms in V (K) is a right ideal: for a composite g ◦f with g admissible the
companion (g ◦ f)∗ ∼= g∗(f, id) (Lemma A5.11) exists as well because K has restrictions
on the left, so that g ◦ f is admissible too. An object A ∈ K is admissible precisely if
it is unital, that is its horizontal unit IA ∼= (idA)∗ (Definition 1.16) exists. Using the
assumption that K has restrictions on the right the previous theorem shows that choosing
an admissible weak Yoneda embedding yA : A→ Â in K, for each unital object A, induces
a Yoneda structure on V (K), in the sense of [SW78].

4.38. Example. Consider a right ideal A of admissible morphisms in a 2-category C. Re-
call from Examples A6.3 and A7.9 the strict double category Q(C) of quintets in C, whose
vertical and horizontal morphisms both are the morphisms of C. Let QA(C) ⊆ Q(C) be
the full sub-augmented virtual double category generated by those horizontal morphisms
j : A −7−→ B that are admissible. Supplying a family of admissible weak Yoneda embed-
dings y : A → Â in QA(C), one for each admissible object A, is equivalent to equipping
C = V

(
QA(C)

)
with a Yoneda structure that satisfies Axiom 3* of [SW78]. Indeed notice

that all horizontal morphisms of QA(C), like those of Q(C), are companions, so that they
admit cocartesian (0, 1)-ary cells as well as restrictions on the left. It follows from the
pasting lemma for cocartesian paths of (0, 1)-ary cells (Lemma 3.16) that QA(C) has right
cocartesian paths of (0, 1)-ary cells so that (wye) ⇒ (ys*) holds in the previous theo-
rem. Using Lemma A5.17 and Proposition A7.12 it is straightforward to check that the
converse (ys*) ⇒ (wye) holds as well.

4.39. Example. Let A be a right ideal of admissible morphisms in a finitely complete
2-category C and consider the unital virtual equipment dFib(C) of discrete two-sided fibra-
tions in C (Example 1.30). Write dFibA(C) ⊆ dFib(C) for the full sub-augmented virtual
double category generated by those discrete two-sided fibrations J : A −7−→ B that admit a
cartesian nullary cell ψ : J ⇒ C (Definition 3.2) whose vertical source A → C is admis-
sible. Using the pasting lemma for cartesian cells (Lemma 1.17) and the fact that A is
a right ideal notice that dFibA(C) is closed under taking restrictions so that it is an aug-
mented virtual equipment by Lemma A4.5. By Lemma 3.14 dFibA(C) has all cocartesian
tabulations too, which are created as in dFib(C) (Example 3.13), so that by Corollary 3.6
dFibA(C) has left cocartesian paths of (0, 1)-ary cells. Applying the previous theorem we
find firstly that equipping C = V

(
dFibA(C)

)
with a good Yoneda structure, in the sense of

[Web07], is equivalent to supplying a family of admissible Yoneda embeddings yA : A→ Â
in dFibA(C), in the sense of Definition 4.5, one for each admissible object A. Secondly the
theorem shows that a family of admissible weak Yoneda embeddings yA in dFibA(C), one
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for each admissible object A, induces a Yoneda structure on C that satisfies Axiom 3* of
[SW78].

Finally consider an equipment K (Proposition A7.8), that is K is a pseudo double
category that has all restrictions. The horizontal dual of Definition 11.4 of [Lam22]
defines K to have powers whenever each object A ∈ K admits a horizontal morphism
∈A : A −7−→ PA satisfying the following property: for each J : A −7−→ B there is a unique
f : B → PA equipped with a cartesian cell of the form below. Having powers is one of
several conditions required for K to be equivalent to the equipment Rel(E) of relations
(Examples A2.10, A5.8 and A7.4) internal in some topos E ; this is proved in Theorem 11.5
of [Lam22].

A B

A PA

J

f

∈A

cart

Let us call the vertical 2-category V (K) (Example A1.5) locally skeletal whenever any
isomorphic pair f ∼= g of morphisms in V (K) is equal: f = g. Notice that in that case the
morphisms Jλ : B → Â supplied by the Yoneda axiom (Definition 4.5) are uniquely de-
termined by the horizontal morphisms J : A −7−→ B that induce them. The following result
is a straightforward consequence of the pasting lemma for cartesian cells (Lemma 1.17).

4.40. Proposition. Let K be an equipment with V (K) locally skeletal. If K has weak
Yoneda morphisms yA : A → Â (Definition 4.5) for all objects A then it has all powers
PA := Â, defined as such by the companions ∈A:= yA∗ : A −7−→ Â.

5. Exact cells

In this sections we use the formal notions of left Kan extension and Yoneda morphism
to consider in augmented virtual double categories the classical notions of exact squares,
as studied by Guitart [Gui80]. In Section 6 we likewise consider total morphisms and
objects, originally introduced by Street and Walters [SW78], and in Section 7 we consider
cocomplete objects.

5.1. Left exact paths of cells. The following definition generalises Guitart’s notion
of ‘carré exact’ [Gui80] to various notions of exactness for paths of cells in augmented
virtual double categories. In Example 5.11 we will see that, when considered in the aug-
mented virtual double category (Set, Set′)-Prof (Example A2.6), the notion of pointwise
left exactness below coincides with the classical notion of exactness. Analogous to the
classical situation Theorem 5.14 below characterises exactness in terms of a ‘Beck-Cheval-
ley condition’, in the sense of Definition 5.10. The latter condition is used in Theorem 5.16
to characterise absolute left Kan extensions (Definition 1.36).
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5.2. Definition. Consider a path ϕ = (ϕ1, . . . , ϕn) as in the composite below, with n ≥ 1,
and let d : C0 → M be any vertical morphism. The path ϕ is called (weakly) left d-exact
if for any (weakly) left Kan cell η (Definitions 1.2 and 1.9) as below, with d as vertical
source, the composite η ◦ ϕ is again (weakly) left Kan. If ϕ is (weakly) left d-exact for all
morphisms d : C0 →M , where M varies, then it is called (weakly) left exact.

A10 A11 A1m′
1

A1m1 An0 An1 Anm′
n

Anmn

C0 C1 Cn′ Cn

M

J11

f0

J1m1

f1

Jn1

fn′

Jnmn

fn

K1

d

Kn

l

ϕ1 ϕn

η

· · · · · ·
· · ·

Analogously ϕ is called pointwise (weakly) left d-exact if for any pointwise (weakly) left
Kan cell η (Definition 1.24) as above the composite above is pointwise (weakly) left Kan
too. A path that is pointwise (weakly) left d-exact for all d : C0 → M is called pointwise
(weakly) left exact.

5.3. Example. Consider a (pointwise) right (respectively weakly) nullary-cocartesian
path ϕ = (ϕ1, . . . , ϕn) (Definitions 2.6 and 2.12) such that the vertical target of ϕn is
trivial. By the vertical pasting lemma (Lemma 2.17) ϕ is (pointwise) (weakly) left exact.

5.4. Cells that are left exact with respect to Yoneda morphisms. Given
a Yoneda morphism y : A → Â the following two results concern left y-exact cells with
a trivial vertical target. The first of these is used in Example 6.3 below to show that,
under mild conditions, presheaf objects Â are ‘total’, in the sense of Definition 6.2 below.
In Theorem 7.6 it is also used, to give a condition that ensures the ‘cocompleteness’
(Definition 7.2) of presheaf objects. The second result below is used in Theorem 5.14.

5.5. Proposition. Let y : A→ Â be a Yoneda morphism (Definition 4.5) and let ϕ and
ψ be cells that correspond under the bijection of Lemma 4.22. The cell ϕ is (pointwise)
(weakly) left y-exact if and only if the cell ψ is (pointwise) (weakly) left Kan.

In particular consider a morphism d : B → Â such that the restriction Â(y, d) exists
as well as a path H : B −7−→ Bn. If there exists a (pointwise) (weakly) horizontal left y-exact
cell ϕ of the form below then the (pointwise) (weak) left Kan extension l : Bn → Â of d
along H exists. The converse holds whenever the restriction Â(y, l) exists.

A B B1 Bn′ Bn

A Bn

Â(y, d) H1 Hn

K

ϕ

· · ·
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Proof. We only treat the left y-exact and left Kan case; the proofs for the (pointwise)
(weakly) cases are the same. Recall from Lemma 4.22 that the unary cell ϕ : J ⌢ H ⇒ K

and the nullary cell ψ : H ⇒ Â correspond via the equality

cartKλ ◦ ϕ = cartJλ ⊙ ψ,

where the cartesian cells defineKλ and Jλ (Definition 4.5). By density of y (Definition 4.3)
these cartesian cells define Kλ and Jλ as pointwise left Kan extensions of y. Hence, by
definition, ϕ is left y-exact if and only if the left-hand side above, and hence both sides,
is left Kan which, by the horizontal pasting lemma (Lemma 2.2), is equivalent to ψ being
left Kan.

For the second assertion take J := Â(y, d) so that Jλ ∼= d by uniqueness of Jλ (Def-
inition 4.5). By the main assertion any horizontal left y-exact cell ϕ : Â(y, d) ⌢H ⇒ K

corresponds to a nullary cell ψ : H ⇒ Â that defines Kλ as the left Kan extension of d
along H. For the converse set K := Â(y, l) so that Kλ ∼= l. By the main assertion any
nullary cell ψ : H ⇒ Â that defines l as the left Kan extension of H along d corresponds
to a horizontal left y-exact cell ϕ : Â(y, d) ⌢H ⇒ Â(y, l).

5.6. Proposition. Let y : C → Ĉ be a (weak) Yoneda morphism (Definition 4.5) such
that the restrictions L(h, id) exist for all morphisms L : X −7−→ Y and h : C → X. Consider
the cell ϕ below. Assuming that either f = idC or the conjoint f ∗ : C −7−→ A0 exists, ϕ
is (weakly) y-left exact if and only if ϕ is right (respectively weakly) unary-cocartesian
(Definition 2.6). If moreover the restrictions K(id, g) exist for all g : X → D then the
analogous assertion for the pointwise (weak) case (Definition 2.12) holds too.

A0 A1 An′ D

C D

J1

f

Jn

K

ϕ

· · ·

Notice that together with Example 5.3 this proposition implies that, under the condi-
tions above, if the cell ϕ above is (pointwise) right (respectively weakly) nullary-cocarte-
sian then it is (pointwise) right (respectively weakly) cocartesian.

Proof. We will first prove the non-weak case in which f = idC . Afterwards we gen-
eralise to the case where f ∗ exists as well as consider the pointwise case. For the weak
case take H to be empty in the following. Given any path H : D −7−→ Bm of horizontal
morphisms consider the assignments below of cells of the forms as shown, that are given
by composition with the cartesian cells defining respectively the restriction L(h, id) and
the morphism L(h, id)λ (Definition 4.5). By definition ϕ is right unary-cocartesian if all
unary cells J ⌢H ⇒ L on the left below factor uniquely through the path ϕ⌢ idH , where
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idH := (idH1 , . . . , idHq).

C Bm

X Y

J ⌢ H

h k

L

C Bm

C Y

J ⌢ H

k

L(h, id)

C Bm

Y

Ĉ

J ⌢ H

y

k

L(h, id)λ

{ } { } { }cart ◦ – cart ◦ –

By the uniqueness of factorisations through cartesian cells the assignments above are
bijections, so that the latter is equivalent to all nullary cells J ⌢ H ⇒ Ĉ on the right
above factoring uniquely through ϕ ⌢ idH . Abbreviating M := L(h, id), spelled out this
means that ϕ is right unary-cocartesian if and only if the second assignment below is a
bijection. The first assignment below is given by horizontal composition with the cartesian
cell cart defining Kλ; it is a bijection because cart is pointwise left Kan, by the density
of y (Definition 4.3). We conclude that ϕ is right unary-cocartesian if and only if the
composite assignment below, given by horizontal composition with cart ◦ϕ, is a bijection.
But the latter means that cart◦ϕ again left Kan which, since cart has y as vertical source,
by definition is equivalent to ϕ being left y-exact.

D Bm

Y

Ĉ

H

Kλ

k

Mλ

C Bm

Y

Ĉ

K ⌢H

y

k

Mλ

C Bm

Y

Ĉ

J ⌢ H

y

k

Mλ

{ } { } { }cart⊙ – – ◦(ϕ ⌢ idH)

This completes the proof of the non-pointwise case with f = idC . In the general case,
where the conjoint f ∗ exists, apply the previous to the composite horizontal cell cart ⊙
ϕ : f ∗ ⌢ J ⇒ K where cart defines f ∗. The proof follows by noticing that ϕ is (weakly)
left y-exact if and only if cart ⊙ ϕ is so, by Corollary 2.24, and likewise that ϕ is right
(respectively weakly) unary-cocartesian if and only if cart⊙ ϕ is so, by Corollary 2.10.

Finally assume that the restrictions K(id, g) exist for all g : X → D. Restricting to
those g for which the restriction Jn(id, g) holds too, consider the unique factorisations ϕ′

g

in
ϕ ◦ (idJ1 , . . . , idJn′ , cartJn(id,g)) = cartK(id,g) ◦ ϕ′

g

as in Definition 2.12, where the cartesian cells define the restrictions Jn(id, g) and K(id, g)
respectively. Still denoting the cartesian cell defining Kλ by cart, recall that it is pointwise
(weakly) left Kan. It follows that ϕ is pointwise (weakly) y-exact precisely if for each g the
left-hand side above, and thus either side, postcomposed with cart is (weakly) left Kan.
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Since the composites cart ◦ cartK(id,g) are cartesian by the pasting lemma (Lemma 1.17),
and thus (weakly) left Kan by (weak) density of y (Definition 4.3), the latter is equivalent
to the factorisations ϕ′

g being (weakly) y-exact. By the main assertion this is equivalent to
ϕ′
g being right (respectively weakly) unary-cocartesian, for each g such that both Jn(id, g)

andK(id, g) exist. But that means precisely that ϕ is pointwise right (respectively weakly)
unary cocartesian. This completes the proof.

Combining Propositions 5.3 and 5.6 we obtain the following.

5.7. Corollary. In an augmented virtual double category K consider a horizontal mor-
phism J : A −7−→ B as well as a path H : B −7−→ Bn of length n ≥ 1, and assume that the
Yoneda morphism yA : A→ Â exists (Definition 4.5). Among the following conditions the
implications (a) ⇒ (b) ⇒ (c) and (b) ⇒ (d) ⇒ (e) hold. If K is unital (Definition 1.19)
then (b) ⇔ (c). If K has restrictions on the left (Definition 1.19) then (c) ⇔ (d). If
yA admits nullary restrictions (Definition 4.5) then (d) ⇔ (e). The same implications
hold for the pointwise variants of the conditions (Definitions 1.24 and 2.12 and Defini-
tion A9.1), except for (a) ⇒ (b) and (c) ⇔ (d) which moreover require the restrictions
K(id, g) to exist for all g : X → Bn.

(a) The horizontal composite (J ⊙H1 ⊙ · · · ⊙Hn) exists (Definition 2.12);

(b) a right (respectively weakly) cocartesian cell of the form below exists (Definition 2.6);

(c) a right (respectively weakly) unary-cocartesian cell of the form below exists;

(d) a (weakly) left yA-exact cell of the form below exists;

(e) the (weak) left Kan extension of Jλ : B → Â (Definition 4.5) along H exists (Defi-
nitions 1.2 and 1.9).

Finally restrict to paths H = (H1) of length n = 1 and assume that the Yoneda
morphism yB : B → B̂ exists. If the pointwise (weak) left Kan extension of Jλ : B → Â
along yB∗ exists then the pointwise variant of condition (e) is satisfied.

A B B1 Bn′ Bn

A Bn

J H1 Hn

K

ϕ

· · ·

Notice that if yA admits nullary restrictions then condition (e) above also applies to
(pointwise) (weak) left Kan extensions along H of any morphism d : B → Â, by taking
J := Â(yA, d) so that, by uniqueness of Jλ (Definition 4.5), Jλ ∼= d.
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Proof. (a) ⇒ (b) follows from Example 2.8, Definition 2.6 and Remark 2.13. (b) ⇒ (c)
and (c) ⇒ (b) follow from Definitions 2.6 and 2.12, and Example 2.7. (b) ⇒ (d) follows
from Example 5.3. Proposition 5.6 shows that (c) ⇔ (d). Applying Proposition 5.5 to
d := Jλ : B → Â, so that Â(yA, Jλ) ∼= J by the Yoneda axiom (Definition 4.5), shows that
(d)⇒ (e) and (e)⇒ (d). For the final assertion write η : yB∗ ⇒ Â for the nullary cell that
defines the pointwise (weak) left Kan extension of Jλ along yB∗, and write cart′ : H1 ⇒ yB∗
for the factorisation of the cartesian cell defining Hλ

1 : B1 → B̂ (Definition 4.5) through
the cartesian cell defining the companion yB∗. Since cart′ is cartesian by the pasting
lemma (Lemma 1.17), the composite η ◦ cart′ : H1 ⇒ Â defines the pointwise (weak) left
Kan extension of Jλ along H1, by Definition 1.24.

In an augmented virtual equipment (Definition 1.19) let us for a moment call an object
A ‘admissible’ if it admits a Yoneda morphism yA : A → Â that has nullary restrictions
(Definition 4.5). Fixing an object B it follows from the previous corollary that the fol-
lowing conditions are equivalent where, for condition (c) only, we assume that B itself is
admissible.

(a) For any path A J−7−→ B
H−7−→ E with A admissible a horizontal pointwise right unary-co-

cartesian cell (Definition 2.12) with horizontal source (J,H) exists;

(b) for any admissible object A and any morphisms Â d←− B
H−7−→ E the pointwise left Kan

extension (Definition 1.24) of d along H exists;

(c) for any admissible object A and any morphism d : B → Â the pointwise left Kan
extension of d along yB∗ exists.

The next example shows that for a locally small category B condition (a) implies essential
smallness. This is why we think of the conditions above as “restricting the size of the object
B”.

5.8. Example. Consider a locally small category B in the augmented virtual equipment
(Set, Set′)-Prof (Example A2.6) and assume that for any path 1

J−7−→ B
H−7−→ 1 of Set-pro-

functors a weakly unary-cocartesian horizontal cell (Definition 2.6) with horizontal source
(J,H) exists. Using an argument similar to the one used in Example A4.18, together with
the fact that the embedding Set ↪→ Set′ preserves colimits, this assumption implies that
the coend

∫ y∈B
J(∗, y)×H(y, ∗) is small. We can use the latter to show that the category

B̂ of presheaves p : Bop → Set is locally small too, so that B is essentially small by [FS95].
To do so let p and q be any presheaves on B and consider the composite below, where
the injection is induced by the unit of the double-powerset monad 2(2

–) on Set (see e.g.
Example 1 of [Tho09]). Applying the assumption to J = 2q and H = p we find that the
right-hand side below is small, so that the hom-set B̂(p, q) on the left-hand side is small
too, as required.

B̂(p, q) =

∫

y∈B

(qy)py ↪→
∫

y∈B

(
2(2

qy)
)py ∼=

∫

y∈B

22
qy×py ∼= 2

y∈B∫
2qy×py
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5.9. The left Beck-Chevalley condition. In Example 5.3, we saw that nullary-co-
cartesian paths with trivial vertical target are exact. The following definition, of the ‘left
Beck-Chevalley condition’, allows us to use this to obtain exact paths with any verti-
cal target (Corollary 5.13). In Example 5.11 we will see that this condition recovers the
classical notion of exactness for transformations of functors, as used by Guitart in [Gui80].

5.10. Definition. Consider a non-empty path ϕ = (ϕ1, . . . , ϕn) of cells. Denote the
(possibly empty) horizontal target of each ϕi by Ki : Ci′ −7−→ Ci and assume that ϕn is of
the form as on the left-hand side below. We say that ϕ satisfies the (weak) left Beck-
Chevalley condition if the restriction Kn(id, fn) exists and the path ϕ′ := (ϕ1, . . . , ϕn′ , ϕ′

n)
is right (respectively weakly) nullary-cocartesian (Definition 2.6), where ϕ′

n is the unique
factorisation below. Here if Kn = (Cn′) is empty then Kn(id, fn) = f ∗

n is the conjoint of
fn.

An0 An1 Anm′
n

Anmn

Cn′ Cn

Jn1

fn′

Jnmn

Kn

fnϕn

· · ·
=

An0 An1 Anm′
n

Anmn

Cn′ Anmn

Cn′ Cn

Jn1

fn′

Jnmn

Kn(id, fn)

fn

Kn

. . .

cart

ϕ′n

Likewise we say that ϕ satisfies the pointwise (weak) left Beck-Chevalley condition if ϕ′ is
pointwise right (respectively weakly) nullary-cocartesian (Definition 2.12). A single cell ϕ
is said to satisfy the (pointwise) (weak) left Beck-Chevalley condition whenever the single
path (ϕ) does so.

Notice that if the vertical target fn = idCn of ϕn is trivial then the left Beck-Chevalley
conditions above reduce to ϕ being (pointwise) right (respectively weakly) nullary-cocarte-
sian.

5.11. Example. Let V ⊂ V ′ be a universe enlargement and consider the cell ϕ below
in the augmented virtual equipment (V ,V ′)-Prof of V-profunctors between V ′-categories
(Example A2.7). Assume that the conjoint f ∗ : C −7−→ A exists (Example A4.6).

A B

C D

J

f g

K

ϕ

Combining Corollary 2.10, Example A9.2 and Remark 2.13 we find that ϕ satisfies the
pointwise left Beck-Chevalley condition whenever the morphisms

C(z, fx)⊗ J(x, y) id⊗ϕ−−−→ C(z, fx)K(fx, gy)
λ−→ K(z, gy)
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define each K(z, gy) as the coend
∫ x∈A

C(z, fx) ⊗ J(x, y) in V ′ (or, equivalently, in V ,
provided that V ⊂ V ′ preserves large colimits). If the latter coend, which exists in V ′,
is known to be (isomorphic to) a V-object then by Theorem 5.14 below the afore-men-
tioned sufficient condition is equivalent to ϕ satisfying the pointwise left Beck-Chevalley
condition, as well as to ϕ being pointwise left exact (Definition 5.2).

In particular, specialising to Set ⊂ Set′ and assuming that A is small, if J = j∗ and
K = k∗ for functors j : A→ B and k : C → D, so that ϕ corresponds to a transformation
k ◦ f ⇒ g ◦ j of functors, we find that our notion of pointwise left exactness coincides
with the notion of ‘carré exact’ given in Definition 1.1 of [Gui80]; see condition BC’ of
Theorem 1.2 therein.

Paths satisfying the left Beck-Chevalley condition can be concatenated as follows.

5.12. Lemma. Consider the path ϕ of Definition 5.10 and assume that it satisfies the
left Beck-Chevalley condition. A concatenation ϕ ⌢ ψ of paths satisfies the (pointwise)
(weak) left Beck-Chevalley condition if and only if the path idK′ ⌢ cart ⌢ ψ does so, where
K ′ := K1

⌢ · · · ⌢Kn′ and cart defines the restriction Kn(id, fn).

Proof (Sketch). Factorise ϕn = cart ◦ϕ′
n and ψm = cart ◦ψ′

m as in Definition 5.10 and
apply the pasting lemma for cocartesian paths (Lemma 2.9) to (ϕ1, . . . , ϕ

′
n, idH1 , . . . , idHm)

and idK′ ⌢ (cart, ψ1, . . . , ψ
′
m), where each Hj denotes the horizontal source of ψj and cart

defines Kn(id, fn).

The following result, which is a straightforward consequence of the vertical pasting
lemma for left Kan extensions (Lemma 2.17), shows that the left Beck-Chevalley condi-
tions imply left exactness. Recall from Definition 1.24 the notion of a left Kan extension
restricting along a vertical morphism.

5.13. Corollary. Consider the path ϕ of Definition 5.10 and a morphism d : C0 →M .
The path ϕ is (weakly) left d-exact (Definition 5.2) if ϕ satisfies the (weak) left Beck-
Chevalley condition and the (weak) left Kan extension of d along K1

⌢ · · · ⌢Kn restricts
along fn (and |Kn| ≥ 1).

Likewise ϕ is pointwise (weakly) left exact if ϕ satisfies the pointwise (weak) left
Beck-Chevalley condition (and |Kn| ≥ 1).

Proof. Write K := K1
⌢ · · · ⌢ Kn and consider the factorisation ϕn = cart ◦ ϕ′

n and
the path ϕ′ = (ϕ1, . . . , ϕn′ , ϕ′

n) of Definition 5.10, where cart defines the restriction
Kn(id, fn). We first consider the case where Kn is non-empty. Given a (weakly) left
Kan cell η : K ⇒ M that defines the (weak) left Kan extension of d along K we have
to show that η ◦ ϕ =

(
η ◦ (id, . . . , id, cart)

)
◦ ϕ′ is again (weakly) left Kan, assuming that

ϕ′ is right (respectively weakly) nullary-cocartesian and that η restricts along fn. By
Definition 1.24 the latter means that the composite η ◦ (id, . . . , id, cart) is (weakly) left
Kan, so that the result follows by applying the vertical pasting lemma (Lemma 2.17) to
the nullary-cocartesian path ϕ′.

For the second assertion assume that η : K ⇒ M is pointwise (weakly) left Kan
(Definition 1.24). By Lemma 1.25 the composite η ◦ (id, . . . , id, cart) is pointwise (weakly)
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left Kan as well so that η ◦ ϕ =
(
η ◦ (id, . . . , id, cart)

)
◦ ϕ′ is so too by applying the

vertical pasting lemma to the path ϕ′, which is pointwise right (respectively weakly)
nullary-cocartesian by assumption.

Finally consider the non-weak case where Kn = (Cn′) is empty, so that cart in
ϕn = cart ◦ ϕ′

n defines the conjoint f ∗
n : Cn′ −7−→ Anmn of fn. The same arguments apply

except for the claim that η ◦ (id, . . . , id, cart) is (pointwise) left Kan, which in this case
follows from the assumption that η is left Kan by Corollary 2.24.

Combining Proposition 5.6 and Corollary 5.13 the following theorem relates the no-
tions of nullary- and unary-cocartesianness, the notion of left exactness and the left
Beck-Chevalley condition.

5.14. Theorem. Consider the factorisation below. Assume that the (weak) Yoneda mor-
phism y : C → Ĉ exists and that either f = idC or the conjoint f ∗ exists.

A0 A1 An′ An

C D

J1

f

Jn

K

gϕ

· · ·
=

A0 A1 An′ An

C An

C D

J1

f

Jn

K(id, g)

g

K

. . .

cart

ϕ′

Among the following conditions the implications (a) ⇔ (b) ⇒ (c) ⇒ (d) ⇔ (e) hold.
All conditions are equivalent whenever a right (respectively weakly) cocartesian cell with
horizontal source J and vertical morphisms f and idAn is known to exist, or when they
are considered in a unital virtual double category (Definition 1.19).

(a) ϕ′ is right (respectively weakly) nullary-cocartesian (Definition 2.6);

(b) ϕ satisfies the (weak) left Beck-Chevalley condition (Definition 5.10);

(c) ϕ is (weakly) left d-exact (Definition 5.2) for any morphism d : C →M whose (weak)
left Kan extension along K restricts along g (Definition 1.24);

(d) ϕ is (weakly) left y-exact;

(e) ϕ′ is right (respectively weakly) unary-cocartesian.

If moreover the restrictions K(id, g ◦ h) exist for all h : X → An then the same impli-
cations hold among the pointwise variants (Definition 2.12) of the conditions above, with
the pointwise variant of (c) being

(c’) ϕ is pointwise (weakly) left exact.
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Proof. (a) ⇔ (b) by Definition 5.10. (b) ⇒ (c) follows from Corollary 5.13. Let
cartKλ : K ⇒ Ĉ denote the cartesian cell that defines Kλ : D → Ĉ (Definition 4.5). By
(weak) density of y (Definition 4.3) it definesKλ as the pointwise (weak) left Kan extension
of y along K, proving (c)⇒ (d). Next consider the equality cartKλ ◦ϕ = cartKλ ◦ cart◦ϕ′

where both cartKλ and cartKλ ◦cart define pointwise left Kan extensions of y, the latter by
Lemma 1.25. It follows that condition (d) is equivalent to ϕ′ being (pointwise) (weakly)
left y-exact which, by Proposition 5.6, is equivalent to (e). Finally assume either that
all horizontal units exist or that a (pointwise) right (respectively weakly) cocartesian cell
with horizontal source J and vertical morphisms f and idAn exists. In both cases (e)⇒ (a)
follows, either by Example 2.7 or by using that weakly unary-cocartesian cells uniquely
determine their horizontal targets up to isomorphism.

5.15. The left Beck-Chevalley condition and absolute left Kan exten-
sion. The second theorem of this section describes the relation between absolutely left
Kan cells (Definition 1.36) and the left Beck-Chevalley condition for nullary cells. Spe-
cialising (c) ⇔ (d) to Set-Prof (Example A2.4) recovers Example 1.14(9) of [Gui80]; spe-
cialising (a) ⇔ (b) to a locally thin equipment (see Proposition A7.8 and Example A2.5)
recovers Theorem 2.6 of [Kou18]. When considered in a pseudo double category (Proposi-
tion A7.8) condition (f) below is equivalent to the nullary cell η exhibiting l as an ‘absolute
left Kan extension’ in the sense of Section 2.2 of [GP08]. The latter notion is more general
however as it allows for unary cells η as well.

5.16. Theorem. Consider the cell η on the left-hand side below.

A0 An

M

J

d l
η =

A0 An

M An

M

J

d

l∗

l

η′

cart

Among the conditions below the implication (a) ⇒ (d) holds. If the conjoint l∗ exists
then the implications (a) ⇔ (b) ⇒ (c) ⇔ (d) hold. If moreover all cartesian nullary cells
(Definition 3.2) exist then all four conditions are equivalent.

(a) Any cell ϕ as on the left-hand side below (with H empty) factors uniquely as shown;

(b) the factorisation η′ in the right-hand side above is right (respectively weakly) cocarte-
sian (Definition 2.6);

(c) η satisfies the (weak) left Beck-Chevalley condition (Definition 5.10);

(d) η is absolutely (weakly) left Kan (Definition 1.36).
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A0 An Bm

M

N K

J

d

H

h

f

L

ϕ =

A0 An Bm

M

N K

J

d

H

l

h

f

L

η

ϕ′

If the (weak) Yoneda morphism y : M → M̂ exists then, among the conditions above and
those below, the implications (a) ⇒ (d) ⇒ (e) ⇒ (f) ⇒ (g) hold. If all companions exist
then (g) ⇒ (d).

(e) η is a (weakly) left Kan cell that is preserved by y (Definition 1.36);

(f) every cell ϕ above with f = idM (and with H empty) factors as shown;

(g) η is a (weakly) left Kan cell that is preserved by any g : M → N whose companion
g∗ exists.

If the conjoint (l ◦ k)∗ exists for all k : X → An then the same implications hold for
the analogous conditions in the pointwise (weak) case where, in (a) and (f), the unique
factorisations are through composites of the form f ◦ η ◦ (idJ1 , . . . , idJn′ , cart), with cart
defining any restriction of the form Jn(id, k).

Proof. For the weak case take H = (An) empty in the following. The implication
(a) ⇒ (d) simply follows from the fact that restricting the unique factorisation above to
cells ϕ that are nullary, that is L = (N) empty, gives the universal property of η asserted
by (d). (b)⇒ (c) immediately follows from Definitions 5.10 and 2.6 while (c)⇒ (b) follows
from Example 2.7 provided that all cartesian nullary cells exist. To see that (a) ⇔ (b)
consider the assignments below, of cells of the form as shown; here cart denotes the
cartesian cell defining the conjoint l∗. It follows from the conjoint identities (Lemma 1.21)
that the left assignment below is a bijection. Hence the assignment on the right below is
a bijection, that is (b) holds, precisely if the composite assignment (f ◦ η) ⊙ – below is
so, that is (a) holds. This proves (a) ⇔ (b). That (c) ⇔ (d) is similar: restricting the
assignments below to nullary cells, that is L = (N) empty, it follows that the assignment
on the right is a bijection, that is η′ is right (respectively weakly) nullary-cocartesian or,
equivalently, (c) holds, if and only if the composite is a bijection, that is (d) holds.

M Bm

N K

l∗ ⌢H

f h

L

An Bm

M

N K

H

l

h

f

L

A0 Bm

M

N K

J ⌢ H

d

h

f

L

{ } { } { }(f ◦ cart)⊙ – – ◦(η′ ⌢ idH)
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Next assume that the (weak) Yoneda morphism y : M → M̂ exists. Clearly (d)⇒ (e).
To prove (e) ⇒ (f) first notice that the required unique factorisation for unary cells
ϕ : J⌢H ⇒ L, as in the statement and where f = idM , reduces to that of the corresponding
nullary cells cart ◦ ϕ : J ⌢ H ⇒ M̂ , with f = y and where cart defines Lλ : K → M̂
(Definition 4.5); here we use the uniqueness of factorisations through cart. Thus it suffices
to prove that nullary cells of the form either J ⌢H ⇒M , with f = idM , or J ⌢H ⇒ M̂ ,
with f = y, factorise uniquely as in the statement. But that is precisely the assertion
that η and y ◦ η are (weakly) left Kan, which is condition (e). To see that (f) ⇒ (g) first
notice that the universal property of η being (weakly) left Kan is the unique factorisation
of nullary cells J ⌢ H ⇒ M as in the statement, with f = idM , which is asserted by (f).
Next consider any g : M → N whose companion g∗ exists. The unique factorisations that
exhibit g ◦ η as being left Kan factor precisely, through the cartesian cell g∗ ⇒ N that
defines g∗, as the unique factorisations of unary cells J ⌢ H ⇒ g∗ as in the statement,
with f = idM : these too exist by (f). This proves (f) ⇒ (g). Clearly (g) ⇒ (d) if all
companions exist.

Notice that the pointwise (weak) variants of (a) ⇒ (d) ⇒ (e) ⇒ (f) ⇒ (g) follow
from applying these implications to the composites η ◦ (idJ1 , . . . , idJn′ , cartJn(id,k)), where
cartJn(id,k) defines any restriction of the form Jn(id, k). The pointwise (weak) variants of
(b) ⇒ (c) and (c) ⇒ (b) follow from Definitions 5.10 and 2.12. For the pointwise (weak)
variants of (a)⇔ (b) and (c)⇔ (d) consider, for each k : X → An such that the restriction
Jn(id, k) exists and instead of the two assignments above, the analogous assignments
(f ◦ cart ◦ cart(l◦k)∗)⊙ –, where cart(l◦k)∗ : (l ◦ k)∗ ⇒ l∗ defines (l ◦ k)∗ as a restriction of
l∗ (see Lemma A5.11), and – ◦(η′′ ⌢ idH), where η′′ is the unique factorisation in

η′ ◦ (idJ1 , . . . , idJn′ , cartJn(id,k)) = cart(l◦k)∗ ◦ η′′,

as in Definition 2.12. Notice that the composite of these two assignments is

(f ◦ cart ◦ cart(l◦k)∗ ◦ η′′)⊙ – =
(
f ◦ cart ◦ η′ ◦ (idJ1 , . . . , idJn′ , cartJn(id,k))

)
⊙ –

=
(
f ◦ η ◦ (idJ1 , . . . , idJn′ , cartJn(id,k))

)
⊙ – .

Using arguments similar to those used above one then concludes that, for each morphism
k : X → An such that the restriction Jn(id, k) exists, the cell η′′ is right (respectively
weakly) nullary-cocartesian if and only if unique factorisations through the composite
f ◦ η ◦ (idJ1 , . . . , idJn′ , cartJn(id,k)) exist, analogous to the factorisations of condition (a).
From this the pointwise (weak) analogue of (a) ⇔ (b) follows and, as before, that of
(c) ⇔ (d) follows by restricting the factorisations to nullary cells.

5.17. Example. In the locally thin strict equipment ModRel of modular relations between
preorders (see Example 1.9 of [Kou18]) consider an order preserving map d : A→M and
a modular relation J : A −7−→ B. The left Kan extension l : B →M of d along J in ModRel,
if it exists, is given by the suprema

ly = sup
x∈J◦y

dx where J◦y = {x ∈ A | xJy};
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see Example 2.3 of [Kou18]. Example 2.7 therein describes the left Beck-Chevalley con-
dition for the left Kan cell defining l: it requires that for every y ∈ B there is x ∈ J◦y
with dx = ly, that is the suprema above are attained as maxima.

As an immediate corollary of the previous theorem we find that an absolute left Kan
extension l is preserved by any functor of augmented virtual double categories (Defini-
tion A3.1) that preserves right cocartesian cells, provided that the conjoint of l exists, as
follows.

5.18. Corollary. Let F : K → L be a functor of augmented double categories. In K
consider the factorisation η = cart ◦ η′ of Theorem 5.16 and assume that η satisfies
the (pointwise) (weak) left Beck-Chevalley condition (Definition 5.10). The following are
equivalent:

(a) F preserves η, that is Fη satisfies the (pointwise) (weak) left Beck-Chevalley condi-
tion;

(b) F preserves η′, that is Fη′ is (pointwise) right (respectively weakly) cocartesian.

Proof. This follows from Definition 5.10 and the fact that the image Fη = F cart ◦ Fη′
of η = cart ◦ η′ under F is again of the form as that of Theorem 5.16. This is because
functors of augmented virtual double categories preserve conjoints (Corollary A5.5) and
vertical identity cells.

6. Totality

In this section we study the notions of total morphism and total object in augmented
virtual double categories, which are introduced in the definition below. It follows from
Examples 1.12 and 1.13 that, when applied to the unital virtual equipment V-Prof of
profunctors enriched in a closed symmetric monoidal category V (Example A2.4), the
notion of total object below coincides with that of total V-category as considered in
[DS86] and [Kel86]. In contrast to Street and Walters’ original 2-categorical notion of
total morphism given in Section 6 of [SW78], which assumes a Yoneda structure, the
notion of (weak) total morphism below does not require the existence of (weak) Yoneda
morphisms.

In order to make precise the relation between our notion of weakly total object below
and that of total object in the sense of Street and Walters, consider an augmented virtual
equipment K (Definition 1.19) that has weak Yoneda embeddings yA : A → Â admitting
nullary restrictions (Definition 4.5) for all unital objects A. We will see in Example 6.9 be-
low that a unital object A is weakly total in the vertical 2-category V (K) (Example A1.5)
in the sense of [SW78], that is the weak Yoneda embedding yA admits a left adjoint, if
and only if A is weakly total in K in our sense.
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6.1. Total morphisms and objects.

6.2. Definition. A morphism f : M → N is called (weakly) total if, for any horizontal
morphism J : M −7−→ B, the pointwise (weak) left Kan extension of f along J (Defini-
tion 1.24) exists. An object M is called (weakly) total if its identity morphism idM is
(weakly) total.

6.3. Example. In an augmented virtual equipment K (Definition 1.19) any presheaf ob-
ject M̂ , defined by a Yoneda morphism y : M → M̂ (Definition 4.5), is total provided that
the companion y∗ exists. To see this let J : M̂ −7−→ B be any horizontal morphism. Since
the restriction J(y, id) exists in K so does the pointwise horizontal composite (y∗ ⊙ J),
by Lemmas A8.1 and A9.7. By Remark 2.13 the cell defining (y∗ ⊙ J) is pointwise right
cocartesian so that, by Example 5.3, it is pointwise left exact. Hence the existence of the
pointwise left Kan extension of idM̂ along J follows from Proposition 5.5.

Notice that besides assuming that y∗ exists we do not need to require any size restric-
tion on M̂ . This is in contrast to Corollary 14 of [SW78] which, in order to prove that a
presheaf object PA, given by a Yoneda structure on a 2-category, is total, in the sense of
[SW78], requires PA to be admissible.

The following result is analogous to the first assertion of Proposition 27 of [SW78] for
Yoneda structures.

6.4. Proposition. Consider an adjunction f ⊣ g : M → N with g full and faithful
(Definition 1.18). If g is (weakly) total then so is M .

Proof. The counit ε : f ◦ g ⇒ idM of the adjunction is invertible because g is full and
faithful, by Lemma A4.14 and (b) ⇒ (c) of Proposition 10 of [SW78]. We have to show
that the pointwise (weak) left Kan extension of any J : M −7−→ B along idM exists. If
g is (weakly) total then the pointwise (weak) left Kan extension of g along J exists;
let η : J ⇒ N denote its defining nullary cell. Using the fact that the left adjoint f is
cocontinuous (Lemma 1.37), f ◦ η defines the pointwise (weak) left Kan extension of f ◦ g
along J so that, composing on the left with the inverse ε−1 : idM ⇒ f ◦ g, we obtain a
nullary cell defining the pointwise (weak) left Kan extension of idM along J , as required.

The following formalises Corollary 6.2 of [Kel86], which is recovered by specialising to
the unital virtual equipment V-Prof (Example A2.4).

6.5. Proposition. Consider an adjunction f ⊣ g : M → N with g full and faithful.
Assume that the companion f∗ : N −7−→ M exists as well as all restrictions of the form
J(f, id), for all J : M −7−→ B. If N is (weakly) total then so are g and M .

Proof. The counit ε : f ◦ g ⇒ idM of the adjunction is invertible because g is full
and faithful, by Lemma A4.14 and (b) ⇒ (c) of Proposition 10 of [SW78]. Notice that
(weak) totality of M follows from that of g by the previous proposition. To show that
g is total we have to show that the pointwise (weak) left Kan extension of g along any
J : M −7−→ B exists. To this end consider the composite below where η defines l : B → N
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as the pointwise (weak) left Kan extension of idN along J(f, id), which exists because N
is (weakly) total, and where cocart defines J(f, id) as the pointwise horizontal composite
of (f∗, J); see Lemmas A8.1 and A9.7.

N M B

N B

N

f∗ J

J(f, id)

l
η

cocart

Notice that for each morphism h : X → B, if the restriction J(id, h) exists then so does
J(f, id)(id, h) ∼= J(id, h)(f, id) (Lemma 1.17), by assumption. Hence cocart is pointwise
right cocartesian by Remark 2.13, so that the composite above defines l as the pointwise
(weak) left Kan extension of idN along (f∗, J) by the vertical pasting lemma (Lemma 2.17).
By Example 2.28 l is the pointwise (weak) left Kan extension of g along J , as required.

The following ‘adjoint functor theorem’ is an immediate corollary of Proposition 2.27.
The analogous result for Yoneda structures is mentioned on page 372 of [SW78].

6.6. Corollary. Consider a morphism f : M → N whose companion f∗ exists and
whose source M is weakly total, so that the weak left Kan extension l : N → M of idM
along f∗ exists. If l is preserved by f (Definition 1.36) then f ⊣ l.
6.7. Totality in the presence of Yoneda morphisms. The following theorem is
the main result of this section. Its implication (c) ⇒ (d) is analogous to Lemma 3.18
of [Web07] for Yoneda structures. The latter requires M̂ to be admissible; here only the
existence of the companion y∗ : M −7−→ M̂ is assumed.

6.8. Theorem. For a morphism f : M → N the following are equivalent:

(a) f is (weakly) total;

(b) if a pointwise (weakly) left f -exact cell (Definition 5.2) of the form below exists then
so does the pointwise (weak) left Kan extension of f ◦ d along J (Definition 1.24).

A B

M B

J

d

K

ϕ

If the (weak) Yoneda morphism y : M → M̂ (Definition 4.5) as well as the companions
y∗ and f∗ exist then the conditions above and those below are all equivalent.
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(c) The weak left Kan extension of f along y∗ exists and restricts along fλ
∗ : N → M̂

(Definitions 1.2, 1.24 and 4.5);

(d) fλ
∗ admits a left adjoint z : M̂ → N .

Moreover in that case the weak left Kan extension of condition (c) and the left adjoint z
of condition (d) coincide.

Proof. (a) ⇒ (b) follows from applying the Definition 5.2 to the composites as on the
left below, where the cell η defines l : B → N as the pointwise left Kan extension of f
along K. (b) ⇒ (a) simply follows from applying (b) to the identity cell idJ . (a) ⇒ (c)
is clear, but notice that the restriction y∗(id, fλ

∗ ) exists and is equal to f∗. Indeed this
follows from the fact that the unique factorisation cart′ : f∗ ⇒ y∗, of the cartesian cell
defining fλ

∗ (Definition 4.5) through that defining y∗, is cartesian by the pasting lemma
(Lemma 1.17).

(d) ⇒ (a). Consider the composite in the middle below, of the cartesian cell that
defines fλ

∗ and the counit ε of z ⊣ fλ
∗ . It is cartesian by Lemma A4.17, showing that

(z ◦ y)∗ ∼= f∗. Since taking companions extends to an equivalence (–)∗ of augmented
virtual double categories (Theorem A6.5) we conclude that z ◦ y ∼= f . The pointwise
(weak) left Kan extension of f along any J : M −7−→ B can now be constructed as z ◦ Jλ,
with the composite on the right below as the defining pointwise (weakly) left Kan cell.
Here we use the fact that the left adjoint z is cocontinuous; see Proposition 1.37.

A B

M B

N

J

d

K

f lη

ϕ

M N

M̂

N

f∗

y fλ
∗

z

ε

cart

M B

M̂

N

J

y

f

Jλ

z

cart

∼=

(c) ⇒ (d). Let z : M̂ → N denote the weak left Kan extension of f along y∗ and let η
denote its defining cell, as in the left-hand side of the identity on the left below; we claim
that z forms the left adjoint of fλ

∗ .

M M̂

M N

M̂

f

y∗

z

fλ
∗

f∗
y

η

cart

cocart

=

M M̂

M̂ N

M̂

y∗

y
z

fλ
∗

ι

cart M N

N

f∗

f cart =

M N

M M̂

N

f∗

fλ
∗

y∗

f
zη

ε

cart′

As the unit cell ι : idM̂ ⇒ fλ
∗ ◦ z we take the unique factorisation as in the identity on

the left above; recall that the cartesian cell defining y∗ is weakly left Kan because y is
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weakly dense (Definition 4.3). The counit ε : z ◦ fλ
∗ ⇒ idN we take to the be unique

factorisation in the identity on the right above, where cart′ is the cartesian cell defining
f∗ as the restriction y∗(id, fλ

∗ ), as described previously, so that η ◦ cart′ is weakly left Kan
because η restricts along fλ

∗ by assumption.
To prove the triangle identity (ι◦fλ

∗ )⊙(fλ
∗ ◦ε) = idfλ∗ consider the equality of composite

cells that are drawn schematically below where, for ease of drawing, vertical and nullary
cells are drawn as rectangles. Here the cartesian cells defining fλ

∗ , y∗ and f∗ are denoted
by ‘c’, the cocartesian cells corresponding to the latter two cartesian cells by ‘cc’, and the
cartesian cell cart′ : f∗ ⇒ y∗ by ‘c′’. The identities follow from the definitions of cart′, ι
and ε, as well as the horizontal companion identity for f∗ (Lemma 1.21). Notice that the
left and right-hand side below are the two sides of the triangle identity composed with
the cartesian cell that defines fλ

∗ . Since the latter is weakly left Kan, by the weak density
of y, and because factorisations through weakly left Kan cells are unique, the triangle
identity itself follows.

c

ι

ε

=

c′

c ι

ε

= cc

c

c′

η
ε

=
cc

c

c
= c

The schematically drawn equality below likewise shows that the sides of the second triangle
identity (z ◦ ι) ⊙ (ε ◦ z) = idz coincide after composition on the left with η. Since η is
weakly left Kan the triangle identity itself follows.

η

ι

ε
=

cc

η

c ι

ε
= cc

η

cc

c

η

ε
=

cc

c′

η

η

ε
=

cc

c

η

= η

The third identity above follows from the claim that cocarty∗ ⊙ cartfλ∗ = cart′, where the
subscripts in the left-hand side denote the companions defined by the cocartesian and
cartesian cells. Indeed notice that the two sides of the latter identity coincide after com-
posing them with the cartesian cell corresponding to cocarty∗ , by the vertical companion
identity for y∗ and the definition of cart′. The claim then follows from the uniqueness of
factorisations through cartesian cells. The other identities above follow from the horizon-
tal companion identity for y∗, the definition of ι, that of ε, and the vertical companion
identity for f∗. This completes the proof.

6.9. Example. In an augmented virtual equipment K (Definition 1.19) consider chosen
weak Yoneda embeddings yA : A → Â that admit nullary restrictions (Definition 4.5),
one for each unital object A. By Example 4.37 they induce a Yoneda structure on V (K)
whose admissible morphisms are those morphisms admitting companions. Fixing a unital
object M notice that (idM)λ∗

∼= Iλ
M
∼= yM by Proposition 4.24 and Lemma 4.6. Together
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with (a) ⇔ (d) above it follows that M is total in the sense of Section 6 of [SW78], that
is yM admits a left adjoint, if and only if M is weakly total in our sense of Definition 6.2.

Similarly an admissible morphism f : M → N , with M unital, is total in the sense of
[SW78] if and only if it is weakly total in our sense such that the left adjoint z : M̂ → N
of (d) above admits a companion.

Applying the previous theorem to an identity morphism gives the following corollary.
Specialising (a) ⇔ (b) below to a V-category M in the augmented virtual equipment
(V ,V ′)-Prof (Example A2.7) recovers Theorem 5.2 of [Kel86], while (a) ⇔ (c) is similar
to its Theorem 5.3.

6.10. Corollary. Consider the following conditions for a (weak) Yoneda embedding
y : M → M̂ (Definition 4.5). The implication (b) ⇒ (a) holds. If the companion y∗ and
the horizontal unit IM exist then all conditions are equivalent. In either case the counit
ε : z ◦ y⇒ idM of the adjunction of condition (b) is invertible.

(a) M is (weakly) total;

(b) y admits a left adjoint z : M̂ →M ;

(c) if a pointwise (weakly) left idM -exact (Definition 5.2) of the form below exists then
so does the pointwise (weak) left Kan extension of d along J (Definition 1.24).

A B

M B

J

d

K

ϕ

Proof. The proof of (b) ⇒ (a) is similar to that of the implication (d) ⇒ (a) of the
previous theorem, as follows. Write z : M̂ → M for the left adjoint and ε : z ◦ y⇒ idM
for the counit of the adjunction. That y is full and faithful implies that ε is invertible,
by Lemma A4.14 and (b) ⇒ (c) of Proposition 10 of [SW78]. Using the fact that z is
(weakly) cocontinuous (Proposition 1.37) we can now show that M is (weakly) total:
for any J : M −7−→ B the pointwise (weak) left Kan extension of idM along J is z ◦ Jλ,
defined as such by the composite of the inverse of ε with the cartesian cell that defines Jλ

(Definition 4.5), the latter of which is pointwise (weakly) left Kan by (weak) density of y
(Definition 4.3).

If the companion y∗ and the horizontal unit IM exist then the equivalence of the
conditions above follows from applying the previous theorem to f = idM : remember that
(idM)∗ ∼= IM is the horizontal unit of M so that (idM)λ∗

∼= Iλ
M
∼= y by Proposition 4.24

and Lemma 4.6.
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The following is analogous to the first assertion of Proposition 25 of [SW78] for Yoneda
structures.

6.11. Corollary. Let f : M → N be a morphism and let y : N → N̂ be a (weak) Yoneda
embedding such that the companion y∗ exists and N is unital. If N and y ◦ f are (weakly)
total then so is f .

Corollary 6.20 below gives conditions ensuring that y ◦ f is (weakly) total.

Proof. By the previous corollary y has a left adjoint z : N̂ → N with invertible counit
ε : z ◦ y ⇒ idN . To prove that f is (weakly) total we have to show that the pointwise
(weak) left Kan extension of f along any J : M −7−→ B exists. If y ◦ f is (weakly) total then
the pointwise (weakly) left Kan extension of y ◦ f along J exists; let η : J ⇒ N̂ denote
its defining nullary cell. Using that the left adjoint z is cocontinuous (Proposition 1.37),
it follows that the composite (ε−1 ◦ f) ⊙ (z ◦ η) defines the pointwise (weakly) left Kan
extension of f along J , as required.

6.12. Formal restriction of presheaves. Given a morphism f : A→ C, the follow-
ing definition introduces the induced morphism f̂ : Ĉ → Â that formalises the restriction
of presheaves along f ; this is analogous to the definition of ‘Pf : PC → PA’ of Section 2
of [SW78] and that of ‘resf : Ĉ → Â’ of Section 3 of [Web07], for (good) Yoneda structures.

6.13. Definition. Consider weak Yoneda morphisms yA : A → Â and yC : C → Ĉ and
let f : A → C be a morphism such that the companion (yC ◦ f)∗ : A −7−→ Ĉ exists. We set
f̂ := (yC ◦ f)λ∗, as defined by the cartesian cell below (Definition 4.5).

A Ĉ

Â

(yC ◦ f)∗

yA f̂
cart

Recall that (yC ◦ f)∗ ∼= yC∗(f, id) by Lemma A5.11, so that in an augmented virtual
double category with restrictions on the left (Definition 1.19) all companions (yC ◦ f)∗
exist, for any f : A→ C, as soon as the companion yC∗ exists. Recall that the cell above
defines f̂ uniquely up to isomorphism (Definition 4.5).

6.14. Example. As in Example 4.10 consider V-categories A and C as well as their
V ′-enriched presheaf categories [Aop,V ]′ and [Cop,V ]′. For any V-functor f : A→ C the
V ′-functor f̂ : [Cop,V ]′ → [Aop,V ]′ exists in (V ,V ′)-Prof and can be taken to be given by
precomposition with f , that is f̂(p) = p ◦ f op for every V-presheaf p ∈ [Cop,V ]′.

Proposition 12 of [SW78], for Yoneda structures, is analogous to the second assertion
below.
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6.15. Proposition. Let yA : A → Â be a weak Yoneda morphism and yC : C → Ĉ a
(weak) Yoneda morphism. Consider morphisms f : A → C and K : C −7−→ D as well as
Kλ : D → Ĉ, as defined by the cartesian cell below (Definition 4.5). If the companions
yC∗, f∗ and (yC◦f)∗ exist, as well as the restriction Ĉ(yC◦f,Kλ), then f̂ ◦Kλ ∼= K(f, id)λ.

If moreover yA is a Yoneda morphism and C is unital (Definition 1.16) then f̂ : Ĉ → Â
preserves the (weak) left Kan cell below (Definitions 4.3 and 1.36). If the restrictions
Ĉ(yC , g) and Ĉ(yC ◦ f, g) exist, for all g : X → Ĉ, then f̂ preserves the pointwise (weak)
left Kan cell below.

C D

Ĉ

K

yC Kλcart

Applying the first assertion above to the companion K = h∗ of a morphism h : C → E
we obtain f̂ ◦ hλ

∗
∼= (h ◦ f)λ∗ (use Lemma A5.11). Analogous isomorphisms are required to

exist in a Yoneda structure; see Axiom 3 of [SW78]. If C is unital, so that Iλ
C
∼= yC by

Lemma 4.6, then taking K = IC gives f̂ ◦ yC ∼= fλ
∗ (use Corollary A4.16).

Proof. Write cart′ : K ⇒ yC∗ for the factorisation of the cartesian cell defining Kλ

above through the cartesian cell defining yC∗, as in the left-hand side below; cart′ is
cartesian by the pasting lemma (Lemma 1.17). Next notice that (yC ◦ f)∗ ∼= yC∗(f, id)
(Lemma A5.11) so that, by (Lemmas A8.1 and A9.7), there exists a pointwise horizontal
cocartesian cell cocart : (f∗, yC∗)⇒ (yC ◦ f)∗. Since the restrictions yC∗(id, Kλ) ∼= K and
(yC ◦ f)∗(id, Kλ) ∼= Ĉ(yC ◦ f,Kλ) (Lemma 1.17) exist, it follows from Definition A9.1 that
cocart is a right cocartesian cell that restricts along Kλ (Definition 2.12). Hence by Corol-
lary 4.19 there exists a weakly left Kan cell η as in the composites below that restricts
along Kλ, so that the composite on the left-hand side is weakly left Kan too. Simi-
larly, by factorising the latter composite through the cocartesian cell (f∗, K) ⇒ K(f, id)

(Lemma A8.1) we obtain a nullary cell K(f, id)⇒ Â that defines f̂ ◦Kλ as the weak left
Kan extension of yA along K(f, id), by the vertical pasting lemma (Lemma 2.17). Since
K(f, id)λ too is the weak left Kan extension of yA along K(f, id) (Definitions 4.3 and 4.5),
the assertion f̂ ◦Kλ ∼= K(f, id)λ follows from the uniqueness of Kan extensions.

A C D

A C Ĉ

Â

f∗ K

Kλ

f∗

yA

yC∗

f̂

η

cart′

=

A C D

A C Ĉ

Â

f∗ K

yC Kλ

f∗

yA

yC∗

f̂

η

cocart

cart

Next assume that yA is a Yoneda morphism so that, by the same argument as above,
the cell η and the left-hand side above are left Kan. Consider the right-hand side above,
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obtained by substituting cart′ = cocart ⊙ cart, which follows immediately from the defi-
nition of cart′ and the vertical companion identity for yC∗ (Lemma 1.21). To prove that
f̂ ◦ cart is again left Kan it suffices by the horizontal pasting lemma (Lemma 2.2) to show
that the composite f∗ ⇒ Â of the first column of the right-hand side above is left Kan.
Assuming that C is unital, so that yC is full and faithful and the restriction Ĉ(yC , yC)

exists by Lemma 4.6, this follows from Proposition 2.26. Finally if for all g : X → Ĉ the
restrictions Ĉ(yC , g) and Ĉ(yC ◦ f, g) exist then cocart : (f∗, yC∗)⇒ (yC ◦ f)∗ is pointwise
right cocartesian by Remark 2.13, so that η and the left-hand side above are pointwise
left Kan by Corollary 4.19 and Lemma 1.25. Applying the horizontal pasting lemma we
conclude that f̂ ◦ cart is pointwise left Kan as well. This completes the proof.

The previous proposition can be used to describe the uniqueness of (weak) Yoneda
embeddings, as follows. In an augmented virtual double category K consider weak Yoneda
embeddings y : A→ P and y′ : A→ P ′ that admit nullary restrictions (Definition 4.5), for
the same object A. Given any horizontal morphism J : A −7−→ B we denote by Jλ : B → P
and Jλ

′
: B → P ′ the morphisms associated to J by the Yoneda axiom (Definition 4.5)

for y and y′ respectively. Consider the morphisms (y′∗)
λ : P ′ → P and (y∗)λ

′
: P → P ′.

6.16. Corollary. The morphisms (y′∗)
λ and (y∗)λ

′ defined above form an equivalence
P ≃ P ′ in V (K). Moreover the pointwise weakly left Kan cartesian cells that define
the morphisms Jλ′ : B → P ′, as defined above, are preserved by postcomposition with
(y′∗)

λ : P ′ → P (Definition 1.36). Finally y is dense (Definition 4.3) if and only if y′ is
so.

Proof. Using weak density of y and y′ (Definition 4.3) the cartesian cells defining (y′∗)
λ

and (y∗)λ
′ are pointwise weakly left Kan so that, applying Proposition 2.26, we obtain

isomorphisms (y′∗)
λ ◦ y′ ∼= y and (y∗)λ

′ ◦ y ∼= y′. Next notice that îdA = (y′∗)
λ : P ′ → P

by Definition 6.13 so that (y′∗)
λ ◦ (y∗)λ′ = îdA ◦ (y∗)λ′ ∼= (y∗)λ ∼= idP where the first

isomorphism follows from the proposition above; for the second one see Definition 4.5.
By symmetry (y∗)λ

′ ◦ (y′∗)λ ∼= idP ′ too, and we conclude that (y′∗)
λ and (y∗)λ

′ form an
equivalence P ≃ P ′ in V (K).

To prove the second assertion, for any J : A −7−→ B we denote by ηJ : J ⇒ P ′ the
pointwise weakly left Kan cartesian cell that defines Jλ′ : B → P ′ (Definitions 4.3 and 4.5).
Using that both (y′∗)

λ and (y∗)λ
′ are left adjoints (see e.g. Proposition 1.5.7 of [Lei04])

and Proposition 1.37 it follows that (y′∗)
λ ◦ ηJ is pointwise weakly left Kan. Composing

(y′∗)
λ ◦ ηJ with y ∼= (y′∗)

λ ◦ y′ and using Lemma 4.20 we find that (y′∗)
λ ◦ ηJ is cartesian

too, proving the second assertion. Finally notice that if y′ is dense (Definition 4.3) then
the latter composite defines (y′∗)

λ ◦ Jλ′ as the pointwise left Kan extension of y along J ,
by combining Proposition 1.37, Lemma 1.3 the horizontal pasting lemma (Lemma 2.2).
Using the uniqueness of left Kan extensions we conclude that y is dense too.

6.17. Adjoints of f̂ . The remaining two results of this section ensure the existence of
left and right adjoints to the induced morphism f̂ : Ĉ → Â of Definition 6.13. In both
cases the existence of the adjoint is a consequence of a related morphism being (weakly)
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total; in particular both results are corollaries of Theorem 6.8. The first of these, below,
ensures the existence of the right adjoint. It is analogous to Proposition 13 of [SW78] for
Yoneda structures.

6.18. Corollary. Let yA : A→ Â be a Yoneda morphism, yC : C → Ĉ a (weak) Yoneda
morphism and f : A → C a morphism. If the companions yC∗, f∗, (yC ◦ f)∗ and (fλ

∗ )∗
exist as well as the restriction Ĉ

(
yC ◦ f, (fλ

∗ )
λ
∗
)

then fλ
∗ : C → Â is (weakly) total and

f̂ ⊣ (fλ
∗ )

λ
∗ : Â→ Ĉ.

Proof. Using (c) ⇒ (a) of Theorem 6.8 applied to fλ
∗ it suffices to construct the weak

left Kan extension of fλ
∗ along yC∗ so that it restricts along (fλ

∗ )
λ
∗ : Â→ Ĉ. To do so apply

the proof of the first assertion of Proposition 6.15 to f : A→ C and K := (fλ
∗ )∗ : C −7−→ Â,

thus obtaining a weakly left Kan cell η as on the left-hand side below that restricts along
Kλ = (fλ

∗ )
λ
∗.

A C Ĉ

Â

f∗

yA

yC∗

f̂
η =

A C Ĉ

Â

f∗

yA

cart

yC∗

fλ
∗

f̂

ζ

Next consider the unique factorisation ζ in the right-hand side above, through the carte-
sian cell that defines fλ

∗ , which is left Kan by the density of yA (Definition 4.3). Applying
the horizontal pasting lemma (Lemma 2.2) we find that ζ defines f̂ as the weak left Kan
extension of fλ

∗ along yC∗, which restricts along (fλ
∗ )

λ
∗ as required.

The following example is a variation of Corollary 14 of [SW78].

6.19. Example. Let yM : M → M̂ and yM̂ : M̂ → ̂̂
M be Yoneda morphisms. As-

sume that M̂ is unital and that the companions yM∗, yM̂∗ and (yM̂ ◦ yM)∗ exist, as

well as the restriction ̂̂
M(yM̂ ◦ yM , yM̂). Using that yλ

M∗
∼= idM̂ (Definition 4.5), so that

(yλ
M∗)

λ
∗
∼= Iλ

M̂
∼= yM̂ (Lemma 4.6), it follows from the previous corollary that ŷM ⊣ yM̂ . As

an alternative to Example 6.3, by Corollary 6.10 it now follows that M̂ is total.

The following result ensures the existence of a left adjoint to f̂ : Ĉ → Â; its implication
(b) ⇒ (a) is analogous to Theorem 3.20(2) of [Web07] for good Yoneda structures.

6.20. Corollary. Let yA : A→ Â be a (weak) Yoneda morphism and let yC : C → Ĉ be
a weak Yoneda morphism. Given a morphism f : A→ C assume that the pointwise weak
left Kan extension f ♯ : Â→ Ĉ of yC ◦ f along yA∗ exists (Definition 1.24). Consider the
conditions below. If (b) holds then yC ◦ f is (weakly) total and f ♯ ⊣ f̂ : Ĉ → Â, so that
(a) holds too.

If yA admits nullary restrictions (Definition 4.5) and is full and faithful (Defini-
tion 1.18) then (a) ⇒ (b); if moreover all restrictions on the right exist (Definition 1.19)
then (b) ⇒ (c) as well. If the horizontal composites (J ⊙ yC∗) (Definition 2.12) exist for
all J : A −7−→ C then (c) ⇒ (b).
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(a) f ♯ admits a right adjoint;

(b) the companion (yC ◦ f)∗ : A −7−→ Ĉ exists;

(c) the companion f∗ : A −7−→ C exists.

Proof. Assuming that the companion (yC ◦ f)∗ exists it follows from (c) ⇒ (d) of The-
orem 6.8 that f ♯ has f̂ := (yC ◦ f)λ∗ as a right adjoint, while yC ◦ f is (weakly) total by
(c) ⇒ (a) of the same theorem. This proves the first assertion.

To prove (a) ⇒ (b) denote the right adjoint to f ♯ by r : Ĉ → Â; we claim that
the restriction Â(yA, r) : A −7−→ Ĉ, which exists because yA admits nullary restrictions,
forms the companion of yC ◦ f . To see this consider the composite below where ε is the
counit of f ♯ ⊣ r; it is cartesian by Lemma A4.17. Because f ♯ is the pointwise weak Kan
extension along the companion of the Yoneda embedding yA we have yC ◦ f ∼= f ♯ ◦ yA by
Proposition 2.26. Composing the composite with this isomorphism we obtain a cartesian
cell that defines Â(yA, r) as the companion of yC ◦ f .

A Ĉ

Â

Ĉ

Â(yA, r)

yA r

f♯

ε

cart

If all restrictions on the right exist then the existence of (yC ◦ f)∗ implies that of
(yC ◦ f)∗(id, yC) ∼= Ĉ(yC ◦ f, yC) ∼= f∗, where the isomorphisms follow from Lemma 1.17
and Lemma A5.12; this proves (b) ⇒ (c). Using Lemmas A8.1 and A5.11 the converse
follows from (f∗ ⊙ yC∗) ∼= yC∗(f, id) ∼= (yC ◦ f)∗.
6.21. Example. Let V be a closed symmetric monoidal category that is small complete
and small cocomplete. In the pseudo double category V-sProf of small V-profunctors
(Examples A2.8 and A9.3) consider a V-functor f : A → C as well as the Yoneda em-
beddings yA : A → [Aop,V ]s and yC : C → [Cop,V ]s, as in Example 4.33. The V-functor
f ♯ : [Aop,V ]s → [Cop,V ]s of the corollary exists and is given by left Kan extending small
V-presheaves on A along f : to see this notice that, using Example 5.3 and Proposition 5.5,
f ♯ corresponds to the pointwise horizontal composite

(
[Cop,V ]s(yC , yC ◦ f) ⊙ yA∗

) ∼=
(f ∗⊙yA∗) (Lemma A5.12). All assumptions of the corollary are satisfied and we conclude
that f ♯ has a right adjoint if and only if the companion f∗ : A −7−→ C exists in V-sProf, that
is f∗ is a small V-profunctor (Example A2.8). This recovers Proposition 3.3 of [DL07].
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7. Cocompleteness

In this section we study the sense in which a Yoneda embedding y : M → M̂ (Defi-
nition 4.5) exhibits the presheaf object M̂ as the free ‘small’ cocompletion of M . As
described at the end of the Overview and as is clear from Examples 7.9–7.15 below, the
right notion of smallness here depends on the augmented virtual double category under
consideration; it is defined in terms of ‘left diagrams’ as follows. Recall that every aug-
mented virtual double category K contains a vertical 2-category V (K) (Example A1.5).

7.1. Cocompleteness, cocontinuity and free cocompletion.

7.2. Definition. Let K be an augmented virtual double category. By a left diagram in
K we mean a span of the form M

d←− A
J−7−→ B. A collection S of left diagrams is called

an ideal if (f ◦ d, J) ∈ S for all (d, J) ∈ S and f ∈ K composable with d; given such an
ideal and an object N ∈ K we write S(N) ⊂ S for the subcollection of spans of the form
N

d←− A
J−7−→ B. We make the following definitions.

- An object N is called S-cocomplete if for any (d, J) ∈ S(N) the pointwise left Kan
extension of d along J exists (Definition 1.24);

- a morphism f : M → N is called S-cocontinuous if, for any (d, J) ∈ S(M) and any
pointwise left Kan cell η that defines the pointwise left Kan extension of d along J ,
the composite f ◦ η is again pointwise left Kan;

- a morphism w : M → M̄ is said to define M̄ as the free S-cocompletion of M if M̄
is S-cocomplete and, for any S-cocomplete N , the composite

VS-cocts(K)(M̄,N) ↪→ V (K)(M̄,N)
V (K)(w,N)−−−−−−→ V (K)(M,N)

is an equivalence, where VS-cocts(K) ⊆ V (K) denotes the locally full sub-2-category
of S-cocontinuous morphisms.

The following result describes the relation between cocompleteness and totality; it is
a direct consequence of the definitions involved.

7.3. Corollary. Let S be an ideal of left diagrams and M an object. If (idM , J) ∈ S
for all J : M −7−→ B then M is total (Definition 6.2) whenever it is S-cocomplete. The
converse holds if, for each (d, J) ∈ S(M), there exists a pointwise left idM -exact cell
(Definition 5.2)

A B

M B.

J

d

K

ϕ

The proof of the following result is similar to that of Proposition 6.4.
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7.4. Proposition. Let S be an ideal of left diagrams and f ⊣ g : M → N an adjunction
with g full and faithful (Definition 1.18). If N is S-cocomplete then so is M .

7.5. Presheaf objects as free cocompletions. The following theorem is the main
result of this section. Using the notion of left exactness (Definition 5.2) it gives conditions
ensuring that a Yoneda embedding y : M → M̂ defines M̂ as the free S-cocompletion of
M . Recall that, for condition (e) below to be satisfied, it suffices that the cell ϕ defines
K as the pointwise right composite

(
M̂(y, d)⊙ J

)
(Definition 2.12); see Example 5.3.

7.6. Theorem. Let y : M → M̂ be a Yoneda embedding in an augmented virtual double
category K and let S be an ideal of left diagrams in K. Assume that y admits nullary
restrictions (Definition 4.5). The presheaf object M̂ is S-cocomplete if and only if

(e) for every (d, J) ∈ S(M̂) there exists a pointwise left y-exact cell

M A B

M B

M̂(y, d) J

K

ϕ

and, in that case, y defines M̂ as the free S-cocompletion of M if moreover

(y) (f, y∗) ∈ S for all f : M → N .

It follows from Lemma 5.6 that if K is an augmented virtual equipment (Defini-
tion 1.19) then pointwise left y-exactness of the cell ϕ in condition (e) is equivalent to
pointwise right unary-cocartesianness (Definition 2.12). We think of condition (y) as
“restricting the size of the object M ”, as explained after Corollary 5.7.

Proof. That condition (e) is equivalent to M̂ being S-cocomplete follows from Proposi-
tion 5.5. That, for any S-cocomplete N , precomposition with y induces an equivalence
VS-cocts(K)(M̂,N) ≃ V (K)(M,N) is shown in Lemma 7.18 below.

Before proving the main lemma used in its proof, in the remark below we compare
Theorem 7.6 to an analogous result for Yoneda structures and, in Examples 7.9–7.15,
describe some of its applications.

7.7. Remark. The above theorem is similar to Theorem 3.20(1) of [Web07] which, given
a small object C in a 2-category C equipped with a good Yoneda structure, asserts the
existence of equivalences Ccocts(Ĉ,X) ≃ C(C,X) given by precomposition with the Yoneda
embedding yC : C → Ĉ, one for each admissible and cocomplete object X. The latter
result differs from the theorem above in the following ways.

- It assumes that C is small, that is both C and Ĉ are admissible; the size restrictions
that we require are that y : M → M̂ admits nullary restrictions and that it is full
and faithful, which imply that M is unital by Lemma 4.6.
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- It proves the existence of the equivalences only for cocomplete objects X that are
admissible. In contrast our notion of free S-cocompletion (Definition 7.2) does not
restrict the size of the S-cocomplete objects N .

- It assumes that the presheaf object Ĉ itself is cocomplete. In contrast, the theorem
above asserts that S-cocompleteness of M̂ is equivalent to its condition (e). In some
cases the latter is trivially satisfied, e.g. when K is a pseudo double category with
all restrictions on the right (Definition 1.19); see Example 7.10 below.

7.8. Examples of free cocompletions.

7.9. Example. In the augmented virtual equipment (V ,V ′)-Prof of V-profunctors be-
tween V ′-categories (Example A2.7) consider the ideal of left diagrams

S = {(d, J) | J : A −7−→ B is a V-profunctor with A a small V-category}.

Assuming that V ⊂ V ′ is symmetric in the sense of Example 4.10, consider the Yoneda
embedding y : M → [Mop,V ]′ for a V-category M as described there. If moreover V is
small cocomplete then the pointwise composites M̂(y, d) ⊙ J exist in (V ,V ′)-Prof for all
(d, J) ∈ S(M̂) by Example A9.2, so that condition (e) above is satisfied by Remark 2.13.
Condition (y) is satisfied if moreover M is small, so that in that case y defines the V ′-cat-
egory [Mop,V ]′ of V-presheaves on M as the free S-cocompletion of M in (V ,V ′)-Prof.

Next assume that V is closed symmetric monoidal and both small complete and small
cocomplete, and that the embedding V ⊂ V ′ is a closed symmetric monoidal functor
(Example A2.7). From Examples 1.12 and 1.13 it follows that for V-categories S-cocom-
pleteness coincides with the classical notion of small cocompleteness, the latter in the
sense of e.g. of Section 3.2 of [Kel82]. The theorem in this case recovers the fact that,
for a small V-category M , the V-category of V-presheaves on M forms the free small
cocompletion of M ; see Theorem 4.51 of [Kel82].

7.10. Example. In any augmented virtual double category K consider the ideal A of all
left diagrams below. By Corollary 7.3 A-cocompleteness implies totality.

A = {(d, J) | (d, J) is any left diagram}

If K is a pseudo double category (Proposition A7.8) that has restrictions on the right
(Definition 1.19) then any Yoneda embedding y : M → M̂ in K satisfies the conditions of
the theorem above, and thus defines M̂ as the free A-cocompletion of M , as long as its
companion y∗ exists. Indeed condition (e) follows from the fact that K has all pointwise
right composites (Remark 2.13). Moreover by combining Corollary 7.3 and Corollary 6.10
we find that the following are equivalent: M is A-cocomplete; M is total (Definition 6.2);
y : M → M̂ admits a left adjoint. Indeed we can use Corollary A8.5, Lemma A9.8 and
Remark 2.13 to construct pointwise right cocartesian cells ϕ of the form as in Corollary 7.3.
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7.11. Example. In the unital virtual double category V-sProf of small V-profunctors
(Example A2.8) consider the ideal A of all left diagrams as in the previous example. We
claim that if V is closed symmetric monoidal then A-cocompleteness coincides with the
classical notion of small cocompleteness for V-categories, in the sense of e.g. of Section 3.2
of [Kel82], as we will show below. If moreover V is small complete then for any (possibly
large) V-category M the Yoneda embedding y : M → [Mop,V ]s exists in V-sProf, with
[Mop,V ]s the V-category of small V-presheaves on M ; see Example 4.33. If V is also small
cocomplete, so that V-sProf is a pseudo double category (Example A9.3), then by the
previous example y defines [Mop,V ]s as the free A-cocompletion of M ; this recovers The-
orem 2.11 of [Lin74]. As in the previous example we find that the following are equivalent:
M is small cocomplete, in the classical sense; M is A-cocomplete (Definition 7.2); M is
total in V-sProf (Definition 6.2); the Yoneda embedding y : M → [Mop,V ]s admits a left
adjoint.

To prove the claim first recall from Example 1.12 that small V-weighted colimits can
be equivalently defined as left Kan extensions in V-sProf along V-profunctors of the form
J : A −7−→ I with A small: this shows that A-cocompleteness implies small cocompleteness.
For the converse consider any left diagram M

d←− A
J−7−→ B with J small and M small co-

complete: we will show that the left Kan extension of d along J exists in V-Prof and hence
in V-sProf (Example 1.13), so that it is pointwise by Remark 1.26. Smallness of J (Exam-
ple A2.8) can be rephrased as follows: for every y ∈ B there exists a small sub-V-category
ιy : Ay ⊆ A and a cocartesian cell cocart :

(
ι∗y, J(ιy, y)

)
⇒ J(id, y) in V-Prof. For each

y ∈ B let ly ∈ M denote the J(ιy, y)-weighted colimit of d ◦ ιy (Example 1.12), which
exists by assumption. We assert that each ly coincides with the J(id, y)-weighted col-
imit of d, so that together the ly combine into a V-functor l : B → M that forms the
left Kan extension of d along J , as described in Example 1.13. To prove this assertion
denote by ηy : J(ιy, y) ⇒ M the nullary cell in V-Prof that defines ly and consider the
composite (d ◦ cart)⊙ ηy :

(
ι∗y, J(ιy, y)

)
⇒M , where cart defines ι∗y. The latter is left Kan

by Corollary 2.24 so that, using the vertical pasting lemma (Lemma 2.17), by factorising
it through cocart :

(
ι∗y, J(ιy, y)

)
⇒ J(id, y) we obtain a left Kan cell that defines ly as the

J(id, y)-weighted colimit of d. This completes the proof of the claim.

7.12. Example. Let E be a cartesian closed regular category, so that ModRel(E) is an
equipment (Proposition A7.8) by Example 1.31. Example 7.10 applies to the Yoneda
embedding y : M → [M◦, 1̂] of an internal preorder M , as constructed in Example 4.17,
so that it defines [M◦, 1̂] as the A-cocompletion of M .

7.13. Example. Example 7.10 applies to the Yoneda embedding y : M → Dn+M of a
closed-ordered closure space M (Example 4.12) in the locally thin strict double category
ClModRel of closed modular relations, so that y defines Dn+M as the free A-cocompletion
of M therein. Likewise if M is a modular closure space (Example 1.32) then y defines
Dn+M as the free A-completion in the full sub-double category ClModRelm ⊂ ClModRel
generated by modular closure spaces.

We claim that any A-cocomplete closed-ordered closure space N has all suprema.
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Indeed consider the singleton closed-ordered closure space ∗ := {∗} with closed subsets
Cl ∗ := {∅, {∗}} and notice that downsets X ⊆ N correspond precisely to closed modular
relations X : N −7−→ ∗. In fact it is straightforward to see that l ∈ N is a supremum of
X if and only if the morphism l : ∗ → N , that picks out l, forms the pointwise left Kan
extension of X : N −7−→ ∗ along idN in ClModRel, so that the claim follows. Having all
suprema is however unlikely to be sufficient for A-cocompleteness in general, as follows.
Consider the full sub-augmented virtual double category CptClModRelm ⊂ ClModRelm
generated by those closed modular relations J : A −7−→ B for which, for each y ∈ B, the
preimage J◦y is both compact and up-directed in A in the sense of Section 8 of [Kou18].
Combining Theorem 8.1 therein with Example 1.33 it follows that a modular closure space
N is A-cocomplete in CptClModRelm whenever N has all suprema and is normalised, that
is {x} = ↑x for all x ∈ N , where {x} denotes the closure of the singleton set; see Section 4
of [Kou18].

7.14. Example. To give a useful ideal C of left diagrams in a general augmented virtual
double category K let us call a horizontal morphism J : A −7−→ B left composable when the
pointwise right composite of (H, J) exists for any H : C −7−→ A (Definition 2.12); we set

C = {(d, J) | J is left composable}.

Using Example 5.3 a Yoneda embedding y : M → M̂ in K satisfies the conditions of the
theorem, so that M̂ forms the free C-cocompletion of M , as soon as y admits nullary
restrictions and its companion y∗ is left composable. Notice that if K has restrictions on
the right (Definition 1.19) then the latter is equivalent to the existence of the pointwise
right composites of all H : A −7−→ M and J : M −7−→ B, which follows from Lemma 2.14 and
the fact that J ∼= y∗(id, Jλ) (Definition 4.5).

Consider a ‘monoidal augmented virtual double category’ (K,⊗, I) in the sense of
Definition 8.2 below. In Theorem 8.9 we will apply the previous to obtain conditions
ensuring that the Yoneda embedding y : I → Î for the monoidal unit defines Î as the free
C-cocompletion of I.

7.15. Example. Let T be a monad on an augmented virtual double category K, in the
sense of Section 6 of [Kou15b]. As explained there ‘colax T -algebras’, ‘lax vertical T -mor-
phisms’ and ‘horizontal T -morphisms’ in K form an augmented virtual double category
T -Alg(c, l) that comes equipped with a forgetful functor U : T -Alg(c, l) → K. Given a co-
lax T -algebra A and a Yoneda embedding y : UA → Â in K one of the main results
of [Kou15b], its Theorem 8.1, gives conditions ensuring that y can be lifted along U as
an “algebraic” Yoneda embedding in T -Alg(c, l). This formalises equipping the category
[Aop, Set] of presheaves on a monoidal category (A,⊗) with the monoidal structure given
by Day-convolution induced by ⊗, as introduced in [Day70].

Next consider any ideal S of left diagrams in K and assume that y : UA→ Â satisfies
the conditions of the theorem above, so that Â is the free S-cocompletion of UA in K.
As described in Section 7.4 of [Kou15b] the ideal S induces an ideal S(c,l) of left diagrams
in T -Alg(c, l), and its Theorem 8.5 gives conditions on S ensuring that the lift of y in
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T -Alg(c, l) satisfies the theorem above with respect to S(c,l), so that it defines the free
S(c,l)-cocompletion of A in T -Alg(c, l). Theorems 8.1 and 8.5 of [Kou15b] also treat the
lifting of Yoneda embeddings along the forgetful functor for the augmented virtual double
category T -Alg(c, ps, lbc) of colax T -algebras, ‘pseudo vertical T -morphisms’ and horizontal
T -morphisms satisfying a ‘left Beck-Chevalley condition’.

7.16. Lemmas used in the proof of Theorem 7.6. In the proof of Lemma 7.18
below the following lemma is used, which is a weakening of the implication (c) ⇒ (d) of
Theorem 6.8. Given a Yoneda morphism y : M → M̂ the latter asserts that a left Kan
extension of a morphism f : M → N along the companion y∗ is a left adjoint but, unlike
the result below, it requires the companion f∗ to exist. The result below allows us to
prove in Theorem 7.6 that M̂ is the free S-cocompletion of M among all S-cocomplete
objects N (see Definition 7.2), without having to restrict to those S-cocomplete objects
that are unital.

7.17. Lemma. Let y : M → M̂ be a Yoneda morphism that admits all nullary restric-
tions (Definition 4.5) and let S be an ideal of left diagrams that satisfies condition (e) of
Theorem 7.6. Any pointwise left Kan extension along the companion y∗ is S-cocontinuous.

Proof. Suppose that the cell ζ in the composite below defines k as the pointwise left
Kan extension of e along y∗. We have to show that, for any left diagram (d, J) ∈ S(M̂)
and any pointwise left Kan cell η as in the composite θ below, the composite k ◦η is again
pointwise left Kan.

θ :=

M A B

M M̂

N

M̂(y, d) J

d l

y∗

e kζ

η
cart′

To see this consider the pointwise left y-exact cell ϕ :
(
M(y, d), J

)
⇒ K that exists by

condition (e) of Theorem 7.6. By the uniqueness of Kan extensions we may without loss
of generality assume that l = Kλ : B → M̂ (Definition 4.5) and that η corresponds to ϕ
as in Proposition 5.5; that is

cartKλ ◦ ϕ = cartM̂(y,d) ⊙ η

as in Lemma 4.22, where the cartesian cells define Kλ and M̂(y, d) respectively. We may
take the top row of θ above to be the factorisation of the right-hand side immediately above
through the cartesian cell that defines y∗ so that, by the equation above, θ = ζ ◦ cart′

Kλ ◦ ϕ
where cart′

Kλ is the factorisation of cartKλ through y∗. The factorisations cart′ and cart′
Kλ

are cartesian by the pasting lemma (Lemma 1.17) so that, using Lemma 1.25 and the
assumption that ϕ is pointwise left y-exact, we conclude that both θ and ζ ◦ cart′ are
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pointwise left Kan. By the horizontal pasting lemma (Lemma 2.2) it follows that the
second column k ◦ η of θ is also pointwise left Kan, as required.

7.18. Lemma. Let y : M → M̂ and S be as in Theorem 7.6. For any object N the top
leg of the diagram

V (K)(M̂,N) V (K)(M,N)

VS-cocts(K)(M̂,N) V (K)(M,N)′

V (K)(y, N)

≃

factors through the full subcategory V (K)(M,N)′ of V (K)(M,N), that is generated by
all g : M → N whose pointwise left Kan extension along y∗ exists, as an equivalence as
shown.

In particular if N is S-cocomplete then the factorisation above reduces to an equivalence
VS-cocts(K)(M̂,N) ≃ V (K)(M,N).

Proof. Firstly, for the final assertion, simply notice that condition (y) of Theorem 7.6
ensures that V (K)(M,N)′ = V (K)(M,N) for S-cocomplete N . Next to see that the
top leg of the diagram above factors through V (K)(M,N)′ consider any S-cocontinuous
f : M̂ → N ; we have to show that the pointwise left Kan extension of f ◦ y along y∗
exists. Since (y, y∗) ∈ S by the same condition it clearly does: it is f itself, defined by
the composite on the left below, where cart is pointwise left Kan by the density of y
(Definition 4.3).

To prove that the factorisation is an equivalence we will show that it is essentially
surjective and full and faithful. For the former consider any g ∈ V (K)(M,N)′, so that the
pointwise left Kan extension l : M̂ → N of g along y∗ exists; we denote its defining cell by
η, as in the middle below. By Lemma 7.17 l is S-cocontinuous while, by precomposing η
with the weakly cocartesian cell defining y∗, we obtain a vertical isomorphism g ∼= l◦y, as
follows from the assumption that y is full and faithful and Proposition 2.26. This shows
essential surjectivity.

To prove full and faithfulness, consider any vertical cell ϕ : f ◦ y⇒ g ◦ y with f and g
S-cocontinuous. We have to show that there exists a unique vertical cell ϕ′ : f ⇒ g such
that ϕ = ϕ′ ◦ y.

M M̂

M̂

N

y∗

y

f

cart M M̂

N

y∗

g l
η

M M̂

M̂ M̂

N

y∗

yy

f g

ϕ

cart

=

M M̂

M̂

N

y∗

y

f gϕ′

cart

Since y is dense, the cartesian cell in the right-hand side of the equation above is pointwise
left Kan by Definition 4.3. It follows that its composition with f is too, by S-cocontinuity
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of f and condition (y) of Theorem 7.6, so that the composite on the left-hand side above
factors uniquely as a cell ϕ′ as shown. Composing both sides with the weakly cocartesian
cell corresponding to the cartesian cell cart above, using the vertical companion identity
(Lemma 1.21) we conclude that ϕ′ is unique such that ϕ = ϕ′ ◦ y, as required. This
completes the proof.

8. Yoneda embeddings in monoidal augmented virtual double categories

Let E be a finitely complete category with a subobject classifier Ω. Recall from Exam-
ple 4.16 that Ω induces a Yoneda embedding y : 1 → Ω in ModRel(E). Also recall, from
e.g. Section A2 of [Joh02], that the following are equivalent for E : (a) E has power ob-
jects; (b) E has all exponentials of the form ΩA; (c) E is cartesian closed. In this final
section we generalise the implications (a) ⇔ (b) ⇐ (c) to augmented virtual double cat-
egories as follows. Given a monoidal augmented virtual double category K = (K,⊗, I)
in the sense below consider a Yoneda embedding y : I → Î for the monoidal unit as well
as a unital object A in K. The main result of this section, Theorem 8.21, shows that
under mild conditions the Yoneda embedding yA : A→ Â exists in K if and only if the
‘internal hom’ [A◦, Î] (Definition 8.14) does, where A◦ denotes the ‘horizontal dual’ of A
(Definition 8.11), and, in that case, Â ∼= [A◦, Î]. This result was used in Examples 4.10
and 4.17 to obtain Yoneda embeddings in V-Prof and ModRel(E), with the latter example
recovering the classical implication (b) ⇒ (a) above.

Instead of proving the main result Theorem 8.21 directly we will prove a generalisation
in Theorems 8.33 and 8.36 as follows; this generalisation is more widely applicable and
allows for simpler diagrams in its proof. Given a functor F : K → L of augmented virtual
double categories, a Yoneda embedding yA : A → Â in L, a ‘locally universal horizontal
morphism’ ι : A −7−→ FA′ from A to F in L (Definition 8.26) and an object P ∈ K, the gen-
eralisation asserts the equivalence of the existence of a Yoneda embedding yA′ : A′ → P in
K and that of a relative universal morphism ε : FP → Â in L (Definition 1.39). Applying
the generalisation to the endofunctor F := A◦ ⊗ – : K → K recovers Theorem 8.21.

The main result and its generalisation only depend on Sections 1–4. Theorem 8.9
below, which describes conditions ensuring that the Yoneda embedding y : I → Î defines
Î as a free cocompletion of I, depends on Section 7.

8.1. Monoidal augmented virtual double categories. We start by introducing
the notion of monoidal augmented virtual double category. Notice that the 2-category
AugVirtDblCat of augmented virtual double categories, their functors and the transforma-
tions between them (Section A3) has finite products. In particular the square K × K of
an augmented virtual double category K can be taken to have as objects, vertical mor-
phisms, horizontal morphisms and cells, ordered pairs of those in K where, in the case
of a pair of cells (ϕ, ϕ′), the arities of ϕ and ϕ′ coincide. Likewise the terminal object
in AugVirtDblCat is the strict double category 1 (see Proposition A7.8) generated by a
single object ∗. Analogous to the fact that monoidal categories are pseudomonoids (see
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Section 3 of [DS97]) in the 2-category of categories, monoidal augmented virtual double
categories are pseudomonoids in the 2-category AugVirtDblCat as follows.

8.2. Definition. A monoidal augmented virtual double category is an augmented virtual
double category K equipped with a monoidal product ⊗ : K×K → K and a monoidal unit
object I ∈ K, with specified horizontal unit II : I −7−→ I, as well as invertible associator and
unitor transformations

a : ⊗ ◦(⊗× id)
∼=
=⇒ ⊗ ◦ (id×⊗), l : ⊗ ◦(I × id)

∼=
=⇒ id and r : ⊗ ◦(id× I) ∼=

=⇒ id

satisfying the usual axioms.
We call (K,⊗, I) cartesian monoidal if ⊗ : K × K → K and I : 1 → K form right

adjoints to the diagonal functor ∆: K → K × K and the terminal functor ! : K → 1
respectively, in the 2-category AugVirtDblCat (see Example 8.6 below).

By the definition of functor of augmented virtual double categories and that of trans-
formation of such functors (Section A3), a monoidal structure on an augmented virtual
double category K restricts to a monoidal structure (⊗v, I, av, lv, rv) on the category Kv

of its objects and vertical morphisms. Notice that the invertible cells of the associator
and unitor transformations are of the forms below, where J : A −7−→ B, J ′ : A′ −7−→ B′ and
J ′′ : A′′ −7−→ B′′ are any horizontal morphisms in K. To prevent confusing the monoidal unit
object I with horizontal unit morphisms IA : A −7−→ A, throughout this section the latter
are consistently denoted with their object A as subscript.

A⊗ (A′ ⊗ A′′) B ⊗ (B′ ⊗B′′)

(A⊗ A′)⊗ A′′ (B ⊗B′)⊗B′′

J ⊗ (J ′ ⊗ J ′′)

a a

(J ⊗ J ′)⊗ J ′′

a

I ⊗ A I ⊗B

A B

II ⊗ J

l l

J

l

A⊗ I B ⊗ I

A B

J ⊗ II

r r

J

r

Given a unital object X and a path J = (J1, . . . , Jn) : A0 −7−→ An in K it will be useful to
abbreviate X ⊗ J := (IX ⊗ J1, . . . , IX ⊗ Jn) : X ⊗ A0 −7−→ X ⊗ An.

8.3. Example. A symmetry s : X ⊗ Y
∼=−→ Y ⊗ X for a monoidal category V induces

a monoidal structure on the unital virtual equipment V-Prof of V-profunctors, with the
usual monoidal product A⊗ A′ of V-categories A and A′ (see e.g. Section 1.4 of [Kel82])
and the monoidal product J ⊗ J ′ : A⊗A′ −7−→ B⊗B′ of V-profunctors J and J ′ defined by
(J ⊗ J ′)

(
(x, x′), (y, y′)

)
= J(x, y)⊗ J ′(x′, y′). Likewise a symmetric universe enlargement

V ⊂ V ′ (Example 4.10) induces a monoidal structure on the augmented virtual equipment
(V ,V ′)-Prof of V-profunctors between V ′-categories.

8.4. Example. As long as the monoidal product ⊗ of a symmetric monoidal category
V preserves small colimits on either side the monoidal structure on V-Prof restricts to
the unital virtual double category V-sProf ⊂ V-Prof of small V-profunctors. Indeed if
J : A −7−→ B and J ′ : A′ −7−→ B′ are small V-profunctors, with each J(–, y) and J ′(–, y′)
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“generated” by their actions on small sub-V-categories Ay ⊆ A and A′
y′ ⊆ A′ in the sense

of Example A2.8, then by using the ‘Fubini formula’ for coends (see Section 2.1 of [Kel82]
for its dual) one easily sees that each (J ⊗ J ′)

(
–, (y, y′)

)
is generated by its action on

Ay ⊗ Ay′ , regarded as a small sub-V-category of A⊗ A′.

8.5. Example. Let DblCatnl denote the 2-category of pseudo double categories, normal
lax double functors and transformations; see e.g. Section 6 of [Shu08], and let DblCat de-
note its locally full sub-2-category generated by pseudo double functors. Let VirtDblCatu
denote the 2-category of unital virtual double categories, normal functors and transfor-
mations; see Section A10. We have embeddings of 2-categories

DblCat ↪→ DblCatnl ↪→ VirtDblCatu
N−→
≃

AugVirtDblCatu ↪→ AugVirtDblCat;

see Section 2 of [DPP06] (where virtual double categories are called ‘lax double cate-
gories’) for DblCatnl ↪→ VirtDblCatu and Section A10 for the 2-equivalence N . Under this
composite a pseudo double category K, with horizontal composition denoted ⊙, is mapped
to the augmented virtual double category N(K) with the same objects and morphisms
as K, whose unary cells (J1, . . . , Jn) ⇒ K are cells J1 ⊙ · · · ⊙ Jn ⇒ K in K and whose
nullary cells (J1, . . . , Jn) ⇒ C are cells J1 ⊙ · · · ⊙ Jn ⇒ IC in K, where IC denotes the
horizontal unit of the object C. Except for DblCat ↪→ DblCatnl the embeddings above are
full and faithful.

Analogous to the definition above, in Definition 2.9 of [Shu10] a monoidal pseudo
double category is defined to be a pseudomonoid (K,⊗, I) in the 2-category DblCat. Since
the composite above preserves finite products any monoidal pseudo double category K
can be regarded as a monoidal augmented virtual double category N(K) in our sense.

8.6. Example. In Definition 4.2.1 of [Ale18] a pseudo double category K is defined to
be cartesian if it forms a cartesian object in the 2-category DblCat, that is the diagonal
pseudo double functor ∆: K → K×K and the terminal pseudo double functor ! : K → 1
admit right adjoints × : K×K → K and 1: 1→ K in DblCat. The pseudo double category
Span(E) of a spans in a category E with finite limits (Example A2.9) is cartesian under
the cartesian product of objects and spans; see Proposition 4.2.7 of [Ale18].

Using that the embedding DblCat ↪→ AugVirtDblCat above preserves finite prod-
ucts, any cartesian pseudo double category can be regarded as a cartesian object in
AugVirtDblCat and thus, since cartesian objects canonically are pseudomonoids (see Re-
mark 2.11 of [Shu10]), as a cartesian monoidal augmented virtual double category in the
sense of Definition 8.2. We conclude that Span(E), as a unital virtual equipment, admits a
cartesian monoidal structure (×, 1). Notice that the latter restricts to a cartesian monoidal
structure on the unital virtual equipment Rel(E) of relations in E (Example 1.31).

8.7. Example. Recall the 2-functor Mod : VirtDblCat→ VirtDblCatu that maps a virtual
double category K to the unital virtual double category Mod(K) of monoids and bimodules
in K; see Definition A2.1. Mod preserves finite products and hence the endo-2-functor

AugVirtDblCatu
U−→ VirtDblCat

Mod−−→ VirtDblCatu
N−→
≃

AugVirtDblCatu,
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where U forgets the nullary cells (Proposition A3.3), preserves (cartesian) monoidal struc-
tures on unital virtual double categories. Hence the cartesian monoidal structure on Rel(E)
of the previous example induces a cartesian monoidal structure (×, 1) on the unital virtual
equipment ModRel(E) := (N ◦ Mod)

(
Rel(E)

)
of internal modular relations in E (Exam-

ple 1.31).

8.8. Free cocompletion of the monoidal unit. Having introduced the notion of
monoidal augmented virtual double category K = (K,⊗, I), we now pause to describe
conditions ensuring that the Yoneda embedding y : I → Î for the monoidal unit defines Î
as the free cocompletion of I, in the sense of Definition 7.2. More precisely we will show
that Î is the free C-cocompletion, with C the ideal of left diagrams

C = {(d, J) | J is left composable}

where J : A −7−→ B is left composable in the sense of Example 7.14: the pointwise right
composites (H ⊙ J) (Definition 2.12) exist for all H : C −7−→ B. In order to state the
conditions consider the nullary cartesian cell cart : II ⇒ I on the left below that defines
the horizontal unit II (Definition 1.16) and, for any pair of horizontal morphisms J : A −7−→ I
and H : I −7−→ B, the monoidal product cell χ(J,H) := (idJ ⊙ cart) ⊗ (cart ⊙ idH) on the
right below. Because cart : II ⇒ I is cocartesian (Lemma 1.21), so are idJ ⊙ cart and
cart⊙ idH by the pasting lemma (Lemma A7.7).

I I

I

II

cart χ(J,H) :=

A⊗ I I ⊗ I I ⊗B

A⊗ I I ⊗B

J ⊗ II II ⊗H

J ⊗H

(idJ ⊙ cart)⊗ (cart⊙ idH)

8.9. Theorem. Let K and y : I → Î be as above. Assume that K has restrictions on the
right as well as restrictions along vertical isomorphisms on the left (Definition 1.19). If
the companion y∗ exists then y defines Î as the free C-cocompletion of I (Definition 7.2)
whenever the following conditions hold for any triple of morphisms J : A −7−→ I, H : I −7−→ B
and f : X → B:

(a) the cell χ(J,H) on the right above is cocartesian;

(b) the restriction H(id, f) is preserved by the assignment idJ ⊗ –.

Notice that condition (a) means that χ(J,H) defines J ⊗H as the horizontal composite
((J ⊗ II)⊙ (II ⊗H)) (Definition 2.12).

Proof. By Example 7.14 it suffices to prove that the pointwise right composite (J ⊙H)
exists for any pair J : A −7−→ I and H : I −7−→ B. We will do so by showing that the unique
factorisation ξ in the right-hand side below is right pointwise cocartesian (Definition A9.1),
thus defining the restriction K := (J ⊗H)(r−1, l−1) : A −7−→ B as the required pointwise
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right composite (J⊙H) by Remark 2.13. Notice that the top row of cells in the left-hand
side below is composable because (in any monoidal category) r = l : I ⊗ I → I; see e.g.
Section VII.1 of [ML98].

A I B

A⊗ I I ⊗ I I ⊗B

A⊗ I I ⊗B

J

r−1

H

l−1 l−1

J ⊗ II II ⊗H

J ⊗H

r−1 l−1

χ(J,H)

=

A I B

A B

A⊗ I I ⊗B

J H

K

r−1 l−1

J ⊗H

ξ

cart

We will start by showing that ξ is cocartesian (Definition 2.6). First notice that the
cartesian cell in the right-hand side above admits an inverse cart−1 : J ⊗H ⇒ K, which
can be seen by factorising the identity cell idJ⊗H through cart. Next notice that the path
of cells (r−1, l−1), that makes up the top row of the left-hand side, is cocartesian: this
follows from the fact that r−1 : J ⇒ J⊗II , l−1 : H ⇒ II⊗H, as well as cartesian cells that
define restrictions along r−1 : A→ A⊗ I or l−1 : B → B⊗ I, are invertible cells. Likewise
cart−1 is cocartesian so that, if χ(J,H) is cocartesian then ξ = cart−1 ◦ χ(J,H) ◦ (r−1, l−1) is
so too by the pasting lemma (Lemma A7.7).

To show that ξ is in fact right pointwise cocartesian fix a vertical morphism f : X → B
and consider the unique factorisation ξ′ : (J,H(id, f))⇒ K(id, f) in ξ◦(idJ , cartH(id,f)) =
cartK(id,f) ◦ ξ′, as in Definition A9.1 and where the cartesian cells define the restrictions
H(id, f) and K(id, f); we have to show that ξ′ is again cocartesian. To do so consider the
equality below, whose identities follow from the functoriality of ⊗, the naturality of the
cells l−1 (Definition A3.2), and the definitions of ξ and ξ′.

(
idJ ⊗ cartH(id,f)

)
◦ χ(J,H(id,f)) ◦

(
r−1, l−1

)

= χ(J,H) ◦
(
idJ⊗II

, idII ⊗ cartH(id,f)

)
◦ (r−1, l−1)

= χ(J,H) ◦
(
r−1, l−1

)
◦
(
idJ , cartH(id,f)

)

= cart ◦ ξ ◦
(
idJ , cartH(id,f)

)
= cart ◦ cartK(id,f) ◦ ξ′

Now write cart′ : K(id, f)⇒ J ⊗H(id, f) for the factorisation of cart ◦ cartK(id,f), in the
right-hand side above, through the cartesian cell idJ ⊗ cartH(id,f); cart′ is cartesian by the
pasting lemma (Lemma 1.17). We thus obtain

(
idJ ⊗ cartH(id,f)

)
◦ χ(J,H(id,f)) ◦

(
r−1, l−1

)
=

(
idJ ⊗ cartH(id,f)

)
◦ cart′ ◦ ξ′,

so that χ(J,H(id,f)) ◦ (r−1, l−1) = cart′ ◦ ξ′ by the uniqueness of factorisations through
cartesian cells. Since cart′ is cartesian the previous argument, proving the cocartesianness
of ξ, applies to the latter identity so that, because χ(J,H(id,f)) is cocartesian by assumption,
ξ′ is cocartesian too. This completes the proof.
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8.10. Horizontal duals. In order to explain the notion of ‘weak horizontal right dual’
defined below consider the dual A◦ of a category A enriched in a symmetric monoidal
category V ′, with hom-objects A◦(x, y) = A(y, x) (see Section 1.4 of [Kel82]). Assuming
that V ′ has large colimits preserved by ⊗′ on both sides, so that V ′-Prof is an equipment
(Example A9.2), it is shown in Theorem 5.1 of [Shu10] that the monoidal structure on
V ′-Prof restricts to a monoidal structure on the horizontal bicategory H(V ′-Prof) that it
contains, consisting of V ′-categories, V ′-profunctors and the horizontal cells (i.e. trans-
formations) between them. In the monoidal bicategory H(V ′-Prof) A◦ forms the ‘right
bidual’ of A, in the sense of Definition 6 of [DS97], defined as such by the ‘exact copair-
ing’ ι : I −7−→ A◦ ⊗′ A given by ι

(
∗, (x, y)

)
= A(x, y) which, for any V ′-categories B and C,

induces an equivalence of categories

ι♭ : H(V ′-Prof)(A⊗′ B,C)→ H(V ′-Prof)(B,A◦ ⊗′ C)

given by ι♭(J) := (ι ⊗′ IB) ⊙ (IA◦ ⊗′ J) where IB and IA◦ are unit profunctors. Us-
ing the ‘Yoneda isomorphisms’ (see e.g. Formula 3.71 of [Kel82]) we find that ι♭(J) can
simply be defined as ι♭(J)

(
y, (x, z)

)
:= J

(
(x, y), z

)
. It follows that, for a symmetric uni-

verse enlargement V ⊂ V ′ (Example 4.10), the equivalences above restrict to equivalences
H
(
(V ,V ′)-Prof

)
(A⊗′ B,C) ≃ H

(
(V ,V ′)-Prof

)
(B,A◦ ⊗′ C) of categories of V-profunctors

between V ′-categories. Taking B = I and restricting A and C to be V-categories, we
obtain an equivalence between V-profunctors A −7−→ C and V-profunctors I −7−→ A◦⊗C. No-
tice that the latter (trivially) are small V-profunctors (Example A2.8) while the former
are not in general, so that these equivalences do not restrict to analogous equivalences
for small V-profunctors. They do however restrict to full and faithful functors between
categories of small V-profunctors, and we conclude that the copairing ι induces full and
faithful functors ι♭ : H(K)(A,C)→ H(K)(I, A◦ ⊗′ C) in each of the cases K = V ′-Prof,
K = (V ,V ′)-Prof and K = V-sProf. Since V ′-Prof is a pseudo double category (Exam-
ple A9.2) it is straightforward to see that, in the cases K = V ′-Prof and K = (V ,V ′)-Prof,
the full and faithfulness of ι♭ is equivalent to condition (b) below. The same holds true
for K = V-sProf whenever V is small cocomplete and ⊗ preserves colimits on both sides,
so that V-sProf is a pseudo double category (Example A9.3).

8.11. Definition. Let A be an object of a monoidal augmented virtual double category
K = (K,⊗, I). A weak horizontal right dual of A (shortly weak horizontal dual of A)
is a unital object A◦ equipped with a horizontal copairing ι : I −7−→ A◦ ⊗ A satisfying the
following conditions:

(a) for each J : A −7−→ B the pointwise right composite (Definition 2.12) below exists,
called the adjunct of J ;

J ♭ := ι⊙ (A◦ ⊗ J) : I −7−→ A◦ ⊗B

(b) the assignments below, between collections of horizontal cells in K as shown and
where the cell cocart defines J ♭, is a bijection.
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A B

A B

H

J

I A◦ ⊗ A A◦ ⊗B

I A◦ ⊗B

ι A◦ ⊗H

J♭

{ } { }cocart ◦ (idι, A◦ ⊗ –)

If moreover for every K : I −7−→ A◦ ⊗ B in K there exists a morphism J : A −7−→ B with
J ♭ ∼= K then we call A◦ the horizontal dual of A.

8.12. Example. The horizontal dual A◦ of an internal preorder A = (A,α) in ModRel(E)
(Example 8.7) is A◦ := (A,α◦), where α◦ = (A

α1←− α
α0−→ A) is the reverse of α. Its hori-

zontal copairing ι : 1 −7−→ A◦×A is the modular subobject α
(α0,α1)−−−−→ A×A (Example 4.15),

whose right action is induced by the multiplication ᾱ : (α, α)⇒ α of A; similarly the ad-
junct J ♭ : 1 −7−→ A◦ ×B of an internal modular relation J : A −7−→ B is J itself considered as
the modular subobject J ♭ :=

[
J

(j0,j1)−−−→ A×B
]
. Indeed consider the cell (ι, A◦ × J)⇒ J ♭

induced by the action of A on J . It is a split epimorphism whose section is induced by the
unit cell α̃ : A⇒ α of A, so that it is (pointwise) cocartesian in Rel(E) (Example A7.4) and
hence pointwise right cocartesian by Example 1.31 and Remark 2.13; this proves condition
(a) above. Recall that ModRel(E) is locally thin (Example 1.31) so that, to prove (b), it
suffices to show that the assignments above are surjective. But that follows immediately
from the fact that there exists a cell H1 ⊙ · · · ⊙Hn ⇒ ι ⊙ (A◦ ×H1) ⊙ · · · ⊙ (A◦ ×Hn)
in Span(E), induced by the unit cell α̃, combined with the fact that the forgetful functor
U : ModRel(E)→ Span(E) is locally full and faithful.

8.13. Internal homs. If besides a weak horizontal dual A◦ the Yoneda embedding
y : I → Î for the monoidal unit I exists then we can compose the assignment (–)♭ of
Definition 8.11 with the assignment (–)λ given by the Yoneda axiom (Definition 4.5), thus
obtaining a composite assignment of morphisms of the form

{A −7−→ B} (–)♭−−→ {I −7−→ A◦ ⊗B} (–)λ−−→ {A◦ ⊗B → Î}

which, using Proposition 4.24, is essentially surjective if and only if A◦ is a horizontal
dual and y admits nullary restrictions (Definition 4.5). In the definition below we define
to be ‘ι-small’ those morphisms A◦ ⊗ B → Î in its essential image, besides defining the
internal hom for such morphisms. Alternative conditions equivalent to that of ι-smallness
are given in Lemma 8.30 below.

8.14. Definition. Let K = (K,⊗, I) be a monoidal augmented virtual double category.
Assume that the Yoneda embedding y : I → Î exists and let A be any object equipped with
a weak horizontal dual A◦, defined by a copairing ι : I −7−→ A◦ ⊗ A.

- A morphism f : A◦ ⊗B → Î is called ι-small if there exists a morphism J : A −7−→ B
such that f ∼= (J ♭)λ.
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- We denote by (A◦ ⊗ – /v Î)ι ⊆ A◦ ⊗ – /v Î (Definition 1.39) the full subcategory
generated by all ι-small morphisms A◦ ⊗B → Î.

- The internal ι-small hom [A◦, Î]ι, if it exists, is an object [A◦, Î]ι of K equipped with
a universal morphism ev : A◦⊗ [A◦, Î]ι → Î from A◦⊗– to Î relative to (A◦⊗– /v Î)ι
(Definition 1.39); ev is called evaluation.

The next result follows from the discussion preceding the definition; it can also be
obtained by instantiating the functor F of Proposition 8.31 below by A◦ ⊗ –.

8.15. Proposition. Let y : I → Î and ι : I −7−→ A◦⊗A be as above. Every morphism of the
form A◦⊗B → Î is ι-small if and only if A◦ is the horizontal dual of A (Definition 8.11)
and y admits nullary restrictions (Definition 4.5).

Assume that every morphism of the form A◦ ⊗ B → Î is ι-small, that is we have
(A◦ ⊗ – /v Î)ι = A◦ ⊗ – /v Î in Definition 8.14, and that the functor A◦ ⊗ – : K → K
admits a right adjoint [A◦, –]. It then follows from Example 1.41 that the evaluation
εÎ : A

◦ ⊗ [A◦, Î]→ Î defines [A◦, Î] as the internal ι-small hom [A◦, Î]ι. We are thus inter-
ested in monoidal augmented virtual double categories that are ‘closed’ in the following
sense.

8.16. Definition. Let K = (K,⊗, I) be a (cartesian) monoidal augmented virtual double
category (Definition 8.2). We call K closed (cartesian) monoidal if, for every unital
object A ∈ K, the functor A ⊗ – : K → K admits a right adjoint [A, –] in the 2-category
AugVirtDblCat (Section A3).

8.17. Example. Let K be a cartesian pseudo double category (Example 8.6). Using that
the embedding N : DblCatnl → AugVirtDblCat of 2-categories of Example 8.5 is full and
faithful, it follows that N(K) is closed cartesian monoidal in the above sense if and only if
K is precartesian closed in the sense of Definition 4.2 of [Nie20] such that, for each A ∈ K,
the right adjoint (–)A to –×A : K → K is a normal lax functor (see e.g. Definition 6.1 of
[Shu08]).

8.18. Example. Let V ′ = (V ′,⊗′, I ′) be a closed symmetric monoidal category that is
large complete and let A be any (large) V ′-category. Recall from Sections 2.2 and 2.3
of [Kel82] that, restricted to the 2-category V ′-Cat = V (V ′-Prof) of V ′-categories, the
endo-2-functor A ⊗′ – (Example 8.3) admits a right adjoint [A, –]′ : V ′-Cat → V ′-Cat,
whose image [A,C]′ of a V ′-category C is the V ′-category of V ′-functors p : A→ C.

It is straightforward to check that the adjoint functor pairs A⊗′ – ⊣ [A, –]′ on V ′-Cat
extend to adjoint functor pairs A ⊗′ – ⊣ [A, –]′ on V ′-Prof, thus making V ′-Prof into a
closed monoidal unital virtual equipment. The extension of [A, –]′ maps a V ′-profunctor
K : C −7−→ D to the V ′-profunctor [A,K]′ : [A,C]′ −7−→ [A,D]′ given by the ends

[A,K]′(p, q) :=

∫

x∈A
K(px, qx) (p ∈ [A,C]′, q ∈ [A,D]′),
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where K is regarded as a V ′-profunctor K : Cop⊗′D → V ′; these ends exist because V ′ is
assumed to be large complete. Notice that if K = IC is a unit V ′-profunctor then [A, IC ]

′

consists of the hom objects of the functor V ′-category [A,C]′.
Taking V ′ = Set′ in previous we recover Corollary 4.8 of [Nie20], which proves that

the pseudo double category Set′-Prof (Example A2.4) of Set′-profunctors between (locally
large) categories is precartesian closed; see the previous example.

8.19. Example. Let E be a cartesian closed category with pullbacks. As is shown in
Section 2 of [CS86], the locally thin 2-category PreOrd(E) = V

(
ModRel(E)

)
of internal

preorders in E (Example 1.31) inherits a closed cartesian monoidal structure from that of E
as follows. The exponential [A,C] of internal preorders A = (A,α) and C = (C, γ) is con-
structed as the pullback on the left below, and its internal ordering is obtained by pulling

the internal ordering (CA γA0←− γA
γA1−→ CA) on CA back along [A,C]× [A,C] ↣ CA × CA.

Notice that [A,C] is an internal partial order (Example 1.31) whenever C is so and that
[A,C] ∼= CA whenever A = (A, IA) is discrete. Underlying the order preserving evaluation
ε : A× [A,C]→ C in PreOrd(E) is the composite A× [A,C] ↣ A× CA ε−→ C in E .

[A,C] CA

γα Cα × Cα

(Cα0 , Cα1 )

(γα0 , γ
α
1 )

[A,K] KA

[A,C]× [A,D] CA ×DA

(
[A,K]0, [A,K]1

)
(kA0 , k

A
1 )

It is straightforward to show that the adjoint functor pairs A×– ⊣ [A, –] on PreOrd(E)
extend to adjoint functor pairs A× – ⊣ [A, –] on ModRel(E), thus making ModRel(E) into
a closed cartesian monoidal unital virtual equipment. The image [A,K] : [A,C] −7−→ [A,D]
of an internal modular relation K : C −7−→ D is given by the left morphism in the pullback
square on the right above.

8.20. Yoneda embeddings and internal homs. The following theorem is the main
result of this section. As promised in its introduction, for an object A in a monoidal
augmented virtual double category K = (K,⊗, I) it relates the existence of a Yoneda
embedding yA : A→ Â to that of the internal ι-small hom [A◦, Î]ι.

8.21. Theorem. In a monoidal augmented virtual double category K = (K,⊗, I) that has
restrictions on the right (Definition 1.19) let y : I → Î be a Yoneda embedding (Defini-
tion 4.5). Let A be a unital object (Definition 1.16) whose weak horizontal dual A◦ exists,
with copairing ι : I −7−→ A◦ ⊗ A (Definition 8.11), such that the functor A◦ ⊗ – : K → K
preserves restrictions on the right. Consider any object P equipped with morphisms
yA : A → P and ev : A◦ ⊗ P → Î. If the companion yA∗ : A −7−→ P exists then the fol-
lowing are equivalent:

(ye) yA : A→ P is a Yoneda embedding that defines P as the object of presheaves on A
(Definition 4.5) and there exists a cartesian cell as on the left below;



FORMAL CATEGORY THEORY IN AUGMENTED VIRTUAL DOUBLE CATEGORIES 397

(ih) ev : A◦⊗P → Î is the evaluation that defines P as the internal ι-small hom [A◦, Î]ι
(Definition 8.14) and there exists a cartesian cell as on the right below.

I A◦ ⊗ P

Î

y♭A∗

y evcart

I A◦ ⊗ A

A◦ ⊗ P

Î

ι

y

A◦ ⊗ yA

ev

cart

For reference we summarise the main definitions used in the proof of the implication
(ih) ⇒ (ye) above; for further details apply Definition 8.35 below to the endofunctor
F := A◦ ⊗ –. Let K, y : I → Î, A and ι : I −7−→ A◦ ⊗ A be as in the theorem, and
let ev : A◦ ⊗ [A◦, Î]ι → Î be the evaluation defining the ι-small hom [A◦, Î]ι (Defini-
tion 8.14). Like any functor A◦ ⊗ – preserves the horizontal unit IA (Corollary A5.5),
that is A◦ ⊗ IA ∼= IA◦⊗A. It follows that I♭A ∼= ι so that (I♭A)

λ ∼= ιλ : A◦ ⊗ A → Î by
the functoriality of (–)λ (Proposition 4.24); hence ιλ is ι-small. Using the universality
of the evaluation we obtain a morphism yA : A → [A◦, Î]ι such that ev ◦(A◦ ⊗ yA) ∼= ιλ.
Composing the latter isomorphism with the cartesian cell defining ιλ (Definition 4.5) we
obtain a nullary cartesian cell ι⇒ Î as on the right above, so that condition (ih) above is
satisfied. Next assume that the companion yA∗ exists so that we can apply the theorem;
we conclude that yA forms a Yoneda embedding. The existence of yA∗ also means that
yA has nullary restrictions (Definition 4.5) so that it induces an equivalence between hori-
zontal morphisms A −7−→ B and vertical morphisms B → [A◦, Î]ι (Proposition 4.24). Under
this equivalence a horizontal morphism J : A −7−→ B corresponds to the vertical morphism
Jλ :=

(
(J ♭)λ

)♯
: B → [A◦, Î]ι, that is (J ♭)λ ∼= ev ◦

(
A◦ ⊗ Jλ

)
where (J ♭)λ : A◦ ⊗ B → Î is

induced by J ♭ : I −7−→ A◦ ⊗B, using the Yoneda axiom for y : I → Î (Definition 4.5).

Proof of Theorem 8.21. As described in the introduction to this section, instead of
giving a direct proof we will prove a generalisation of the present theorem in Theorems 8.33
and 8.36 below. Applied to F = A◦ ⊗ – : K → K the latter imply the equivalence
(ye) ⇔ (ih) above as follows. Applying Lemma 8.28 to the copairing ι : I −7−→ A◦ ⊗ A
shows that ι is a locally universal morphism from I to the endofunctor F := A◦ ⊗ –,
in the sense of Definition 8.26 below. Assuming (ye), so that yA : A → P is a Yoneda
embedding, we can use Theorem 8.33 to obtain an evaluation ε : FP → Î that defines P
as the internal ι-small hom [A◦, Î]ι. From the definition of ε, the existence of the cartesian
cell on the left above and the uniqueness of the cartesian cells provided by the Yoneda
axiom (Definition 4.5), we conclude that ε ∼= ev. Using that A is assumed to be unital,
Theorem 8.33 also supplies the cartesian cell on the right above. This proves (ye)⇒ (ih).
For the converse (ih)⇒ (ye) notice that, similarly to the previous argument, the existence
of the cartesian cell on the right above implies that ev ◦(A◦⊗ yA) ∼= ιλ. It follows that we
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can take (ιλ)♯ := yA in Definition 8.35, so that the (ih)⇒ (ye) follows from Theorem 8.36.

8.22. Remark. The theorem above is reminiscent of Weber’s construction of a good
Yoneda structure on any 2-topos C = (C, (–)◦, τ), as given in Section 5 of [Web07]; see
also Example 4.30 above. Like the Yoneda embeddings yA : A→ [A◦, Î]ι obtained above,
the Yoneda embeddings yA : A → [A◦,Ω] of Weber’s Yoneda structure on C also map
into an inner hom-object, where Ω is the target of the classifying discrete opfibration τ .
Another similarity is the importance of the equivalence of the discrete two-sided fibrations
A −7−→ B in C and those of the form 1 −7−→ A◦ × B, analogous to our notion of horizontal
dual (Definition 8.11).

Differences include our construction requiring the monoidal unit I to be unital, while
Weber’s construction applies regardless of whether the cartesian unit 1 is admissible in
C; see Example 8.3 of [Web07]. Weber’s construction applies to 2-topoi only; unlike
our approach it cannot, for instance, be used to obtain enriched Yoneda embeddings
(see Example 4.36 and Example 8.23). Our result, finally, generalises in the form of
Theorems 8.33 and 8.36 below, as described in the introduction to this section.

8.23. Example. Let V ⊂ V ′ be a symmetric universe enlargement (Example 4.10) and
consider the Yoneda embedding y : I → V (Example 4.9) in the monoidal augmented
virtual equipment (V ,V ′)-Prof (Example 8.3). Let A be a V-category and let the hori-
zontal dual A◦ := Aop and the copairing ι : I −7−→ Aop ⊗′ A in (V ,V ′)-Prof be as defined
preceding Definition 8.11. Recall that we can take the image J ♭ : I −7−→ Aop ⊗′ B of a
V-profunctor J : A −7−→ B, under the assignment J 7→ J ♭ of Definition 8.11, to be given
by J ♭

(
∗, (x, y)

)
:= J(x, y) for all x ∈ A and y ∈ B. By Proposition 8.15 any V ′-functor

Aop ⊗′ B → V is ι-small (Definition 8.14).
Consider the adjunction Aop ⊗′ – ⊣ [Aop, –]′ of endofunctors on V ′-Prof of Exam-

ple 8.18 and notice that, because A is a V-category, Aop⊗′ – restricts to an endofunctor on
(V ,V ′)-Prof. As discussed before Definition 8.16 the component εV : Aop ⊗′ [Aop,V ]′ → V
of the evaluation defines [Aop,V ]′ as the internal ι-small hom in V ′-Prof. Moreover, while
[Aop, –]′ is unlikely to restrict along the embedding (V ,V ′)-Prof ⊂ V ′-Prof, the fact that
this embedding is full (Definition A3.6) implies that εV is universal too from Aop ⊗′ –, as
an endofunctor on (V ,V ′)-Prof, to V , which follows easily from the unpacking of Defini-
tion 1.39. We conclude that ev := εV : Aop⊗′ [Aop,V ]′ → V defines the functor-V ′-category
[Aop,V ]′ as an internal ι-small hom in (V ,V ′)-Prof too, in the sense of Definition 8.14.

The universality of ev induces a V ′-functor yA : A → [Aop,V ]′ as described after the
statement of Theorem 8.21. Using that ιλ : Aop⊗′A→ V is given by ιλ(x, y) = A(x, y), and
that yA := (ιλ)♯ = [Aop, ιλ]′◦coevA by Example 1.41, where coevA : A→ [Aop, Aop ⊗′ A]′ is
the coevaluation, it follows that yA : A→ [Aop,V ]′ recovers the classical enriched Yoneda
embedding given by yAx = A(–, x); see e.g. Section 2.4 of [Kel82].

Finally notice that the companion yA∗ : A −7−→ [Aop,V ]′ exists in (V ,V ′)-Prof: this
follows from the well known isomorphisms y∗(x, p) = [Aop,V ]′(yAx, p) ∼= px ∈ V , for
any x ∈ A and p ∈ [Aop,V ]′, that are given by the ‘strong Yoneda lemma’; see e.g.
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Formula 2.31 of [Kel82]. Applying Theorem 8.21 we conclude that, for each V-category
A, the classical enriched Yoneda embedding yA : A→ [Aop,V ]′ forms a Yoneda embedding
that admits nullary restrictions in the augmented virtual equipment (V ,V ′)-Prof, in the
sense of Definition 4.5.

8.24. Example. Let E be a cartesian closed category with finite limits. Let y : 1 → 1̂
be a Yoneda embedding in ModRel(E) (Example 4.15) and let A = (A,α) be any internal
preorder in E . The modular subobject α of A◦ × A, that defines the horizontal dual A◦

(Example 8.12), corresponds to an order preserving morphism A◦×A→ 1̂ (Example 4.15)
which, under the closed cartesian monoidal structure on ModRel(E) (Example 8.19), cor-
responds to an order preserving morphism yA : A→ [A◦, 1̂]. That condition (ih) of the
theorem above holds follows from Proposition 8.15 and the discussion following it, so that
yA forms a Yoneda embedding in ModRel(E) by condition (ye).

8.25. Universal horizontal morphisms. In the remainder of this section we state
and prove a generalisation of Theorem 8.21, as described in the introduction to this section.
We start by generalising the notion of horizontal dual (Definition 8.11) as a horizontal
variant of the notion of locally universal vertical morphism (Definition 1.39).

8.26. Definition. Let F : K → L be a functor of augmented virtual double categories
(Definition A3.1) and let A ∈ L be an object. We call a morphism ι : A −7−→ FA′ locally
universal from A to F if the following conditions are satisfied:

(a) for each J : A′ −7−→ B the pointwise right composite (Definition 2.12) below exists,
called the adjunct of J ;

J ♭ := ι⊙ FJ : A −7−→ FB

(b) for each h : X → A′ the restriction ι(id, Fh) exists;

(c) the assigments below, between collections of cells in K and cells in L as shown and
where the cells cocart and cart define J ♭ and ι(id, Fh), are bijections.

X0 Xn

A′ B

H

h k

J

A FX0 FXn

A FB

ι(id, Fh) FH

Fk

J♭

{ } { }cocart ◦ (cart, F –)

If moreover every H : A −7−→ FB in L admits a morphism J : A′ −7−→ B in K with J ♭ ∼= H
then we say that ι : A −7−→ FA′ is universal from A to F .

The assignment J 7→ J ♭ preserves restrictions as follows.

8.27. Lemma. Consider J : A′ −7−→ B and k : Y → B such that the restrictions J(id, k)
and J ♭(id, Fk) exist. If J(id, k) is preserved by F then

(
J(id, k)

)♭ ∼= J ♭(id, Fk).
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Proof. Write cartJ(id,k), cartJ♭(id,Fk) and cocartJ♭ for the (co)cartesian cells defining
J(id, k), J ♭(id, Fk) and J ♭. Since J ♭ is a pointwise right composite, by Definition 2.12
there exists a cocartesian cell cocartJ♭(id,Fk) : (ι, FJ(id, k))⇒ J ♭(id, Fk) unique such that

cocartJ♭ ◦ (idι, F cartJ(id,k)) = cartJ♭(id,Fk) ◦ cocartJ♭(id,Fk),

so that the assertion follows from the uniqueness of horizontal composites.

Under mild conditions condition (c) above simplifies as follows; compare the condition
satisfied by a locally universal vertical morphism (Definition 1.39).

8.28. Lemma. If A′ is unital and both K and L admit restrictions on the right, with those
of K preserved by F , then condition (c) of Definition 8.26 simplifies to the assignments
below, between collections of horizontal cells in K and in L and where cocart defines L♭,
being bijections.

A′ B

A′ B

K

L

A FA′ FB

A FB

ι FK

L♭

{ } { }cocart ◦ (idι, F –)

Proof. Since A′ is unital and K has restrictions on the right the conjoint h∗ of any
morphism h : X0 → A′ exists by Corollary A4.16; we write carth∗ for the defining cartesian
cell. By Corollary A5.5 the functor F preserves carth∗ and, because ι(id, Fh) exists, by
Lemma A8.1 there exists a cocartesian horizontal cell cocartι(id,Fh) : (ι, Fh∗) ⇒ ι(id, Fh)
such that

idι ⊙ F carth∗ = cartι(id,Fh) ◦ cocartι(id,Fh),
where cartι(id,Fh) defines ι(id, Fh). It follows that postcomposing the assignment of condi-
tion (c) of Definition 8.26 with the assignment – ◦(cocartι(id,Fh), id, . . . , id) coincides with
precomposing the assignment below with carth∗ ⊙ –. Since the assignments given by
cocartι(id,Fh) and carth∗ are bijections, by Definition 2.6 and by using the conjoint iden-
tities for h∗ (Lemma 1.21) respectively, it follows that condition (c) is equivalent to the
assignments below being bijections.

A′ X0 Xn

A′ B

h∗ H

k

J

A FA′ FX0 FXn

A FB

ι Fh∗ FH

Fk

J♭

{ } { }cocart ◦ (id, F –)

Next it follows from the identity derived in the proof of the previous lemma that
precomposing the assignment above with cartJ(id,k) ◦ – coincides with postcomposing
the assignment below, between horizontal cells in K and in L, with the assignment
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cartJ♭(id,Fk) ◦ –. Since vertical composition with cartesian cells gives bijective assignments
we conclude that condition (c) is equivalent to the assignments below being bijections.

cocartJ♭(id,Fk) ◦ (id, F –) :
{
h∗ ⌢H ⇒ J(id, k)

}
→

{
(ι, Fh∗) ⌢ FH ⇒ J ♭(id, Fk)

}

To complete the proof notice that, under the isomorphism J ♭(id, Fk) ∼=
(
J(id, k)

)♭, the
assignments above are of the form as in the statement, with K = h∗⌢H and L = J(id, k).

8.29. Definition. Let F : K → L be a functor between augmented virtual double cate-
gories (Definition A3.1) and let ι : A −7−→ FA′ be a morphism in L that satisfies conditions
(a) and (b) of Definition 8.26. Given a Yoneda morphism yA : A → Â (Definition 4.5)
we make the following definitions.

- A morphism f : FB → Â in L is called ι-small if there exists J : A′ −7−→ B in K such
that f is the left Kan extension (Definition 1.9) of yA along J ♭ : A −7−→ FB.

- We denote by (F /v Â)ι ⊆ F /v Â (Definition 1.39) the full subcategory generated by
all ι-small morphisms FB → Â.

Theorem 8.33 below shows that, under mild conditions, the existence of a Yoneda
morphism yA′ : A′ → Â′ induces a universal morphism ε : FÂ′ → Â from F to Â relative
to (F /v Â)ι (Definition 1.39). The lemma below lists conditions equivalent to ι-small-
ness: notice that the original notion above is condition (c) below for some J : A′ −7−→ B.
In Proposition 8.31 we use this to relate the universality of ι (Definition 8.26) to the
ι-smallness of all morphisms in L of the form FB → Â.

8.30. Lemma. Let F : K → L, ι : A −7−→ FA′ and yA : A→ Â be as in Definition 8.29. The
following conditions are equivalent for morphisms f : FB → Â in L and J : A′ −7−→ B in
K and, in that case, the left Kan extensions of conditions (c), (d) and (e) are pointwise
(Definition 1.24).

(a) f ∼= (J ♭)λ (Definition 4.5);

(b) J ♭ : A −7−→ FB (Definition 8.26) is the restriction of Â along yA and f ;

(c) f is the left Kan extension of yA along J ♭ : A −7−→ FB;

(d) f is the left Kan extension of yA along (ι, FJ);

(e) f is the left Kan extension of ιλ : FA′ → Â along FJ .
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Proof. (a)⇔ (c) follows from the fact that (J ♭)λ is the left Kan extension of yA along J ♭,
by the density of yA (Definition 4.3), and the uniqueness of left Kan extensions. (b)⇔ (c)
follows from Lemma 4.20. (c) ⇔ (d) follows from applying the vertical pasting lemma
(Lemma 2.17) to the pointwise right cocartesian cell (ι, FJ)⇒ J ♭ and (d) ⇔ (e) follows
from applying the horizontal pasting lemma (Lemma 2.2) to the cartesian cell that defines
ιλ (Definition 4.5), which is left Kan by density of yA. Finally notice that f ∼= (J ♭)λ is the
pointwise left Kan extension of yA along J ♭ by density of yA so that, because J ♭ is defined
by a pointwise right cocartesian cell and by the vertical and horizontal pasting lemmas,
the previous arguments in fact obtain f as a pointwise left Kan extension in each of the
conditions (c), (d) and (e).

8.31. Proposition. Let F : K → L, ι : A −7−→ FA′ and yA : A → Â be as in Defini-
tion 8.29. Every morphism in L of the form FB → Â is ι-small if and only if ι is a
universal morphism from A to F (Definition 8.26) and yA admits nullary restrictions
(Definition 4.5).

Proof. Using the equivalence (b) ⇔ (c) of the previous lemma, here we take ι-small-
ness of any morphism f : FB → Â in L to mean the existence of a horizontal mor-
phism J : A′ −7−→ B in K such that J ♭ ∼= Â(yA, f). For the ‘if’-part, assume that for any
f : FB → Â the restriction Â(yA, f) : A −7−→ FB exists. Assuming moreover that ι is uni-
versal from A to F there exists J : A′ −7−→ B such that J ♭ ∼= Â(yA, f), proving that f
is ι-small. For the ‘only if’-part assume that all morphisms of the form f : FB → Â
are ι-small. This immediately implies that yA admits all restrictions Â(yA, f). To show
that ι is universal too let H : A −7−→ FB be any horizontal morphism in L. We have
H ∼= Â(yA, H

λ) by the Yoneda axiom (Definition 4.5) so that, using that Hλ : FB → Â

is ι-small, there exists J : A′ −7−→ B such that J ♭ ∼= Â(yA, H
λ) ∼= H as required.

8.32. Universal vertical morphisms from Yoneda morphisms. The following
theorem generalises the implication (ye) ⇒ (ih) of Theorem 8.21.

8.33. Theorem. Let F : K → L be a functor of augmented virtual double categories
(Definition A3.1) and ι : A −7−→ FA′ a locally universal morphism from A to F (Defini-
tion 8.26). Consider Yoneda morphisms yA : A → Â and yA′ : A′ → Â′ (Definition 4.5)
such that, for any f : B → Â′, the restrictions Â′(yA′ , f) and y♭A′∗(id, Ff) exist.

A FÂ′

Â

y♭
A′∗

yA εcart

A FA′

FÂ′

Â

ι

yA

FyA′

ε

cart

If F preserves all Â′(yA′ , f) then the morphism ε := (y♭A′∗)
λ : FÂ′ → Â, that is given

by the Yoneda axiom (Definition 4.5) and that comes equipped with a cartesian cell as on
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the left above, is universal from F to Â relative to (F /v Â)ι (Definitions 1.39 and 8.29).
If moreover A′ is unital then there exists a cartesian cell as on the right.

Proof. The proof consists of three steps: we need to show that the functor (Defini-
tion 1.39)

ε ◦ F – : K /v Â′ → F /v Â

(1) factors through (F /v Â)ι ↪→ F /v Â (Definition 8.29), (2) is essentially surjective onto
(F /v Â)ι and (3) is full and faithful. To prove (1) consider any f : B → Â′; we have
to prove that ε ◦ Ff is ι-small. To do so write cart′ : Â′(yA′ , f) ⇒ yA′∗ for the unique
factorisation of the cartesian cell defining Â′(yA′ , f) through that defining the companion
yA′∗. By the pasting lemma (Lemma 1.17) cart′ is the cartesian cell that defines Â′(yA′ , f)

as the restriction of yA′∗ along f . Since F preserves the cartesian cells defining Â′(yA′ , f)
and yA′∗ it follows that it preserves cart′, again by the pasting lemma. We can thus apply
Lemma 8.27 to find that

Â(yA, ε ◦ Ff) ∼= Â(yA, ε)(id, Ff) ∼= y♭A′∗(id, Ff)
∼= (yA′∗(id, f))

♭ ,

where the first isomorphism follows from the pasting lemma and the second from the
cartesian cell defining ε, on the left above. Using Lemma 8.30(b) we conclude that ε ◦Ff
is ι-small.

In proving (2) and (3) we will use composites ζ of the form below, where f : B → Â′

is any morphism and where the cell η defines ε as the pointwise left Kan extension of
yA along (ι, FyA′∗). That η exists follows the fact that ε is ι-small and Lemma 8.30(d).
Notice that the composite ζ is pointwise left Kan too, because F cart′ is cartesian and
by Definition 1.24. To prove the final assertion for the moment assume that A′ is unital
so that both yA′ and FyA′ are full and faithful, by Lemma 4.6 and Corollary A5.15
respectively. Precomposing η with the F -image of the cocartesian cell that defines yA′∗
(Lemma 1.21), which is again cocartesian by Corollary A5.5, we obtain a nullary cell of
the form as on the right above, that is left Kan by Proposition 2.26 and hence cartesian
by Lemma 4.20, as required.

ζ :=

A FA′ FB

A FA′ FÂ′

Â

ι
F Â′(yA′ , f)

Ff

ι

yA

FyA′∗

ε
η

F cart′

To show (2) consider any ι-small morphism g : FB → Â. By Lemma 8.30(d) g is
the pointwise left Kan extension of yA along (ι, FJ) for some J : A′ −7−→ B. Taking
f := Jλ : B → Â′, as supplied by the Yoneda axiom (Definition 4.5), in the composite
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above and composing it with FJ ∼= FÂ′(yA′ , Jλ) we find that ε ◦FJλ too is the pointwise
left Kan extension of yA along (ι, FJ). By uniqueness of Kan extensions we conclude that
g ∼= ε ◦ FJλ, which proves (2).

To prove (3) consider the diagram of assignments between collections of cells in K
and L below, where cart′ is the cartesian cell Â′(yA′ , f) ⇒ yA′∗; cocart denotes the
cocartesian cell defining y♭A′∗ (Definition 8.26); ζ is the composite above and cart is the
cartesian cell defining ε = (y♭A′∗)

λ. That this diagram commutes follows from the equality
η = cart ◦ cocart in definition of ζ above (see the proof of (b) ⇒ (d) in Lemma 8.30),
the axioms satisfied by horizontal composition (Lemma A1.3) and the fact that F , like
any functor of augmented virtual double categories, preserves horizontal compositions of
cells.

X0 Xn

Â′

H

f g

A′ X0 Xn

A′ Â′

Â′(yA′ , f) H

g

yA′∗

FX0 FXn

FÂ′ FÂ′

Â

FH

Ff Fg

ε ε

A FA′ FX0 FXn

A FÂ′

ι
F Â′(yA′ , f) FH

Fg

y♭
A′∗

A FA′ FX0 FXn

Â

FÂ′

ι

yA

FÂ′(yA′ , f) FH

Fg

ε

{ }}{ }{

}{ }{

cart′ ⊙ – ε ◦ F –

cocart ◦ (id, F –)
ζ ⊙ –

cart ◦ –

Notice that showing (3), that is ε ◦ F – is full and faithful, amounts to showing that
the assignment ε ◦ F – in the right leg above is a bijection. Since ζ is left Kan the
assignment ζ ⊙ – is a bijection; hence it suffices to prove that the composite assignment
of the left leg above, and thus that of the right leg as well, is a bijection. In the left leg
cart◦ – is a bijection by definition (Definition 1.16) and cocart ◦ (id, F –) is a bijection by
Definition 8.26(c) (where we take h = idA′), which leaves the top assignment cart′ ⊙ –.

A′ X0 Xn

Â′

Â′(yA′ , f)

yA′

H

g
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To see that it too is a bijection notice that cart ◦ (cart′ ⊙ –) = (cart ◦ cart′) ⊙ –, where
cart denotes the cartesian cell defining yA′∗, is a bijective assignment onto the collection
of nullary cells of the form above, because the cartesian cell cart ◦ cart′ is left Kan by the
density of yA′ (Definition 4.3). Since cart ◦ – is a bijection too, from the collection of cells
in the top left in the diagram above onto that of the cells of the form above, we conclude
that cart′ ⊙ – is a bijection as well. This concludes the proof.

8.34. Lifting Yoneda embeddings along universal morphisms. The final the-
orem of this section — Theorem 8.36 below — is, roughly, a converse to the previous
theorem: given a functor F : K → L and, in L, a locally universal morphism ι : A −7−→ FA′,
a Yoneda morphism yA : A → Â and a universal morphism ε : FÂ′ → Â, it gives con-
ditions ensuring that the morphism yA′ : A′ → Â′ in K constructed below is a Yoneda
embedding.

8.35. Definition. Let F : K → L be a functor of augmented virtual double categories
(Definition A3.1) and yA : A→ Â a Yoneda morphism in L (Definition 4.5). Let A′ be a
unital object in K, with horizontal unit IA′ (Definition 1.16), and ι : A −7−→ FA′ a morphism
satisfying conditions (a) and (b) of Definition 8.26. Given a morphism ε : FÂ′ → Â that
is universal from F to Â relative to (F /v Â)ι (Definitions 1.39 and 8.29) we make the
following definitions.

- The morphism ιλ : FA′ → Â, given by the Yoneda axiom (Definition 4.5) and defined
by the cartesian cell in the right-hand side below, is ι-small (Definition 8.29) because
I♭A′ ∼= ι by Lemma A8.1. We define yA′ : A′ → Â′ in K to be yA′ := (ιλ)♯, i.e. the
chosen morphism yA′ : A′ → Â′ such that ε ◦ FyA′ ∼= ιλ (Definition 1.39).

- For every J : A′ −7−→ B in K we define Jλ′ : B → Â′ to be Jλ′ :=
(
(J ♭)λ

)♯, where
(J ♭)λ : FB → Â is defined by the cartesian cell in the left-hand side below, so that
it is ι-small by Lemma 8.30(b).

A FA′ FB

A FB

Â

ι FJ

J♭

yA (J♭)λ

cocart

cart

=

A FA′ FB

Â

ι

yA

cart

FJ

ιλ

(J♭)λ
χJ

- For every J : A′ −7−→ B in K we denote by χJ the unique factorisation in the right-
hand side above, which exists because the cartesian cell defining ιλ is left Kan (Def-
inition 4.3). Because ε ◦ F – is full and faithful onto F /v Â (Definition 1.39) there
exists a unique cell χJ♯, of the form as on the left below, that satisfies the identity
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on the right.

A′ B

Â′

J

yA′ Jλ′χJ♯

χJ =

FA′ FB

FÂ′

Â

FJ

FyA′

ιλ

FJλ′

(J♭)λε

FχJ♯

∼= ∼=

8.36. Theorem. The morphism yA′ : A′ → Â′ defined above is a Yoneda embedding, with
each of the cells χJ♯ being cartesian, if the following conditions are satisfied:

(a) the restrictions yA′∗(id, f) and y♭A′∗(id, Ff) exist for any f : B → Â′ in K and F
preserves all yA′∗(id, f);

(b) ι : A −7−→ FA′ is locally universal from A to F (Definition 8.26).

Moreover, in that case y♭A′∗ : A −7−→ FÂ′ is the restriction of Â along yA and ε.

Proof. To show that yA′ is a Yoneda embedding we have to prove that it is dense
(Definition 4.3) and that it satisfies the Yoneda axiom (Definition 4.5); that yA′ is full
and faithful then follows from Lemma 4.6 as A′ is assumed to be unital (Definition 8.35).
That yA′ satisfies the Yoneda axiom is proved in Lemma 8.37 below; here we prove the
density of yA′ . To do so consider the equation below, where the left cartesian cell in the
left-hand side defines ιλ ∼= ε◦FyA′ (Definition 8.35) and where the nullary cell ξ : y♭A′∗ ⇒ Â
is the unique factorisation through the pointwise right cocartesian cell that defines y♭A′∗
(Definition 8.26). We claim that ξ is cartesian, and hence pointwise left Kan by density
of yA : A→ Â. Before proving this claim let us use it to prove the density of yA′ . Notice
also that the final assertion above simply follows from the fact that ξ is cartesian.

A FA′ FÂ′

FÂ′

Â

ι

yA

FyA′∗

FyA′

ε

F cart

cart
=

A FA′ FÂ′

A FÂ′

Â

ι FyA′∗

y♭
A′∗

yA ε
ξ

cocart

Using that the restrictions (FyA′∗)(id, Ff) ∼= F
(
yA′∗(id, f)

)
and y♭A′∗(id, Ff) exist for

any f : B → Â′ by condition (a), it follows from the vertical pasting lemma (Lemma 2.17)
that the right-hand side above, and thus both sides, are left Kan cells that restrict along
any F -image Ff . Since the left cartesian cell in the left-hand side is left Kan too, again
by the density of yA, it follows from the horizontal pasting lemma (Lemma 2.2) that the
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composite ε◦F cart in the left-hand side is a left Kan cell that restricts along any Ff too.
Using Proposition 1.42 we conclude that the adjunct of ε ◦ F cart, which is the cartesian
cell cart defining yA′∗ itself, is pointwise left Kan. By Definition 4.3 this means that yA′

is dense as required.
It remains to prove the claim that the nullary cell ξ in the right-hand side above is

cartesian. Notice that ε = ε ◦ F (idÂ′) is ι-small because ε ◦ F – factors through (F /v Â)ι
(Definitions 1.39 and 8.29). Hence, by Lemma 8.30(b), the restriction Â(yA, ε) : A −7−→ FÂ′

exists and Â(yA, ε) ∼= J ♭ for some J : A′ −7−→ Â′. To prove the claim we will show that the
cartesian cell J ♭ ⇒ Â, that defines Â(yA, ε), factors through ξ as an invertible horizontal
cell J ♭ ∼= y♭A′∗. For this it suffices to prove that for anyH : A′ −7−→ Â′ inK the assignment ξ◦–
on the left below, between collections of cells in L as shown, is a bijection. Precomposing
with the right cocartesian cells (ι, FH)⇒ H♭ (Definition 8.26) and using the uniqueness
of factorisations through cocartesian cells, we may equivalently prove that the assigment
ξ ◦ – on the right below is a bijection.

A FÂ′

A FÂ′

H♭

y♭
A′∗

A FÂ′

Â

H♭

yA ε

A′ Â′

A′ Â′

H

yA′∗

A FA′ FÂ′

A FÂ′

ι FH

y♭
A′∗

FA′ FÂ′

FÂ′

Â

FH

FyA′

ε

ε

A FA′ FÂ′

Â

ι

yA

FH

ε

{ }

{ }

{ }

{ }

{ }

{ }

ξ ◦ –

cocart ◦ (idι, F –)

cart⊙ –

ε ◦ F (cart ◦ –)
ξ ◦ –

To do so, consider the whole diagram of assignments on the right above, where the co-
cartesian cell defines y♭A′∗ and where the cartesian cells are those in the left-hand side of
equality that defines ξ above; that the diagram commutes follows from the same equality
and the interchange axioms (Lemma A1.3). We claim that, besides ξ ◦ – on the right,
all assignments above are bijections, so that ξ ◦ – is a bijection as well. Indeed, cart⊙ –
is a bijection since cart is left Kan, by the density of yA (Definition 4.3); ε ◦ F (cart ◦ –)
is a bijection because of the companion identities for cart (Lemma 1.21) and the fact
that ε ◦ F – : K /v Â

′ → F /v Â is full and faithful (Definition 1.39); cocart ◦ (idι, F –) is a
bijection by Definition 8.26(c), where h = idA′ and k = idÂ′ . This completes the proof.

8.37. Lemma. In Definition 8.35 the morphism ι : A −7−→ FA′ satisfies condition (c) of
Definition 8.26 (i.e. ι is locally universal) precisely if, for each J : A′ −7−→ B in K, the cell
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χJ♯ is cartesian (i.e. yA′ : A′ → Â′ satisfies the Yoneda axiom of Definition 4.5).

Proof. Consider the diagram of assignments between collections of cells in K and L
below, where cocart denotes the cocartesian cell definining J ♭ (Definition 8.26) and the
cartesian cells denoted by cart, cart(J♭)λ and cartιλ define the morphisms ι(id, Fh), (J ♭)λ
(Definition 4.5) and ιλ respectively. The vertical isomorphisms σh and τk in the middle
assignment of the right leg denote the composites σh := σ ◦ Fh and τk := τ ◦ Fk, where
σ : ιλ ∼= ε ◦ FyA′ and τ : ε ◦ FJλ′ ∼= (J ♭)λ are the isomorphisms that equip the chosen
morphisms yA′ : A′ → Â′ and Jλ′ : B → Â′ (Definition 8.35).

X0 Xn

A′ B

H

h k

J

A FX0 FXn

A FB

ι(id, Fh) FH

Fk

J♭

X0 Xn

A′ B

Â′

H

h k

yA′ Jλ′

FX0 FXn

FA′ FB

Â

FH

Fh Fk

ιλ (J♭)λ

A FX0 FXn

FB

Â

ι(id, Fh)

yA

FH

Fk

(J♭)λ

{ } { }

{ }

{ }

{ }

χJ♯ ◦ –

cocart ◦ (cart, F –)

σh ⊙ (ε ◦ F –)⊙ τk

cart(J♭)λ ◦ –

(cartιλ ◦ cart)⊙ –

Notice that cart(J♭)λ ◦ – is a bijection by the definition of cartesian cell, and that
(cartιλ ◦ cart) ⊙ – is so too because cartιλ is pointwise left Kan, by the density of yA
(Definition 4.3). Since ε ◦ F – : K /v Â

′ → F /v Â is full and faithful, by Definition 1.39,
and because σh and τk are isomorphisms, it follows that σh ⊙

(
ε ◦ F –

)
⊙ τk, in the right

leg above, is a bijection too. Finally notice that condition (c) of Definition 8.26 states that
the assignment cocart ◦ (cart, F –), in the left leg above, is a bijection for all J : A′ −7−→ B,
while the cells χJ♯ being cartesian amounts to the top assignment being a bijection for all
J : A′ −7−→ B. Hence the proof follows by showing that the diagram above commutes. That
it does is shown by the equality below, whose left-hand side is the composite of the right
leg above and whose right-hand side is that of the left leg.

(cartιλ ◦ cart)⊙ σh ⊙
(
ε ◦ F (χJ♯ ◦ –)

)
⊙ τk = (cartιλ ◦ cart)⊙ σh ⊙

(
ε ◦ FχJ♯ ◦ F –

)
⊙ τk

= (cartιλ ◦ cart)⊙
[(
σ ⊙ (ε ◦ FχJ♯)⊙ τ

)
◦ F –

]
= (cartιλ ◦ cart)⊙ (χJ ◦ F –)

= (cartιλ ⊙ χJ) ◦ (cart, F –) = cart(J♭)λ ◦ cocart ◦ (cart, F –)
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The identities follow from the functoriality of F , the definitions of σh and τk together
with the interchange axiom (Lemma A1.3), the definition of χJ♯ (Definition 8.35), the
interchange axiom, and the definition of χJ (Definition 8.35).
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