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FRECHET MODULES AND DESCENT

OREN BEN-BASSAT AND KOBI KREMNIZER

ABSTRACT. Motivated by classical functional analysis results over the complex num-
bers and results in the bornological setting over the complex numbers of R. Meyer, we
study several aspects of the study of Ind-Banach modules over Banach rings. This al-
lows for a synthesis of some aspects of homological algebra and functional analysis. This
includes a study of nuclear modules and of modules which are flat with respect to the
projective tensor product. We also study metrizable and Fréchet Ind-Banach modules.
We give explicit descriptions of projective limits of Banach rings as ind-objects. We
study exactness properties of the projective tensor product with respect to kernels and
countable products. As applications, we describe a theory of quasi-coherent modules in
Banach algebraic geometry. We prove descent theorems for quasi-coherent modules in
various analytic and arithmetic contexts and relate them to well known complexes of

modules coming from covers.
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The use of categorical and homological techniques in functional analysis has a long and
complicated history which we can not adequately summarize here. This includes work of
Helemskii [20], Meyer [25] [24], Cigler, Losert and Michor [14], Paugam [29], Taylor [38],
Wengenroth [40] and others. We follow the approach of using the homological algebra
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of quasi-abelian categories of Prosmans and Schneiders [37], [34] generalized from the
functional analysis of Banach and Ind-Banach spaces over complex numbers to general
Banach rings.

Grothendieck developed the theory of nuclearity for topological vector spaces over C.
In [34] these ideas are carried over to the closely related setting of ind-Banach spaces over
C. We were able to prove analogues of these results in the setting of Ind-Banach modules
over arbitrary Banach rings R. The definition of nuclearity we use is in Definition 4.11
and an equivalent characterization in Remark 4.17. Not having Hilbert space techniques
available when working over general Banach rings, we were unable to prove that subspaces
and quotients of nuclear maps are nuclear. However, we can prove many other standard
“permanence properties” of nuclearity. We discuss countable products and coproducts in
Corollary 5.22 and a two out of three rule for strict short exact sequences in Lemma 4.13
and the projective tensor product of nuclear spaces in Lemma 4.18. A different approach
to nuclearity which works in both the Archimedean and non-Archimedean settings could
be inspired by Schneider’s notion (see [36]) of compact morphisms between Banach spaces.
Corollary 5.9 proves that nuclearity also ensures an interesting interaction with products
of dual spaces. Following work of Prosmans and Schneiders we prove that nuclear spaces
can be written in certain canonical ways in Lemmas 4.19 and 4.20. We define metrizabil-
ity in Definition 5.5. Important examples of metrizable modules are Banach or Fréchet
modules. Notice that as nuclearity of an object implies it is flat for the projective tensor
product (Lemma 4.21), one may ask what condition on an object might ensure that the
projective tensor product with it commutes with countable products. This turns out to be
a complete characterization of metrizability as proven in Lemmas 5.18 and 5.19. There-
fore, in combination the properties of nuclearty and metrizability for an object imply
that the projective tensor product with it commutes with countable limits (Lemma 5.18).
Banach algebraic geometry and its derived versions is an approach to analytic geometry
which uses geometry relative to categories of Banach spaces (or modules) in the same
way that usual algebraic geometry is based on categories of abelian groups. In particular,
this philosophy applies to rigid analytic geometry [10], overconvergent rigid geometry [7]
and Stein geometry ([8], [31], [5]) and in these articles it was shown that the homotopy
monomorphism topology specializes to conventional ones in special cases. There are also
projects on derived analytic geometry [9] and analytic Fy-geometry [11]. Most of the
constructions in this article are based on an arbitrary Banach ring R. If R is a non-
archimedean Banach ring (see Definition 3.30), this entire article can be separately read
in two different versions, depending on whether one considers the categories Ind(Bang) of
all Banach modules or Ind(Ban’y") of non-archimedean Banach modules. Therefore, in this
case, notation such as symbols for limits, colimits, products and coproducts, can some-
times take on two different meanings. We have chosen to write everything with the default
version being of the archimedean version. This has the appealing aspect of being com-
pletely the same for any R, archimedean or not. In the case that R is non-archimedean,
the reader who wants to work in a non-archimedan context should replace all limits and
colimits in the category Ind(Bang) by those in the category Ind(Ban’y"). All the proofs go
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through in a similar way. Given a union of subsets one often wants to describe modules
on the union in terms of modules on the components together with gluing data. The
subsets themselves usually must cover the space and each subset individually should have
nice properties. We therefore need to translate both of these features into algebra. Our
main descent results can be found in Theorem 7.11. To formulate this we introduce a
generalization of a coherent module called a quasi-coherent module. This notion was also
needed in [10, 7, 8] where some properties of quasi-coherent modules were studied, and
in this article we extend that study. We relate our results to Tate’s acyclicity theorem in
Lemma 7.14 and modules on Stein covers.

This article was originally motivated by a desire to make “more categorical” the results
on descent for Stein algebras from [8] (see also [5]). We believe that we have succeeded in
a large aspect in terms of the issues surrounding infinite products and completed tensor
products and their interaction. Unfortunately, we have not been able to make categorical
the Mittag-Leffler aspects which involve dense maps of algebras in the projective sys-
tem and lim-acyclicity. In standard complex analysis one often exhausts a Stein open
subset by an increasing union of compact, convex subsets with the Noether property.
Then one would like to understand how certain quasi-abelian categories of quasi-coherent
modules on the Stein open are constructed as categorical limits of the similar categories
on the compact subsets. More precisely, can a nice enough module over the algebra
of holomorphic functions on the Stein open be determined in terms of gluing data for
modules on the compact subsets? These questions also have a rich history in the non-
archimedean literature, for example see work of Ardakov and Wadsley [3], where one uses
affinoids in place of compact convex subsets. In our desire for a unified approach to the
archimedean and non-archimedean case, we can restate Theorem 7.11 in this case. Let
A; be Banach rings, flat over R together with a sequence of dense, nuclear, homotopy
epimorphisms --- - Ay - A;. Any quasi-coherent, metrizable, ind-Banach module M flat
over R over A =lim A; can be expressed as a limit in Mod(A) of a sequence --- - My - M,
where each M; is a nuclear, metrizable ind-Banach object of Mod(A;) flat over R and
the morphisms are consistent with this action in the sense that there are isomorphisms
AHITGFEI,Mi ~ A;1®4, M; 2 M;,; compatible with one another and with the maps in the
sequence. Any element of Hom (M, N) in the category of ind-Banach A-modules is a con-
sistent limit of elements of Hom(M;, IV;) in the category of ind-Banach A;-modules. This
should have applications in non-archimedean geometry for instance in the case of analytic
differential operators as appear in work of Ardakov and Wadsley (see also [4]) which are
Fréchet (and as we have shown therefore metrizable) modules which are not coherent over
the functions, but which can be shown to be quasi-coherent in our definition. A version of
the results in this subsection was given in [8] over a complete valuation field but there we
needed to separately prove the theorem in the archimedean and non-archimedean cases
whereas in this article we provide a single proof over a Banach ring that works in the
archimedean or non-archimedean case.

In future work, to be based on this article, we will discuss a new notion of the analytic
specrum of the integers and its covers by homotopy monomorpisms. We will also introduce
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anlaytic versions of the Weil-étale topos.

2. Notation

We use the notation lim instead of 1i<£n and colim for li_r)n. The letter R denotes a gen-

eral Banach ring, defined in Definition 3.27. We denote categorical products by [] and
categorical coproducts by [, it should be clear in what category these take place, usu-
ally it is sufficient to consider them in the category Ind(Banz). Given an object A in
Comm(Ind(Bang)), we use spec(A) to just denote the same object in the opposite cate-
gory. As usual, Z, denotes the p-adic integers, unless we are scaling the norm on Z with
a real number in the sense of Definition 3.31, this should be clear from the context. For
an abelian group A we use A* to denote A - {0}.

3. Some Category Theory and Its Uses in Functional Analysis and Geom-
etry

3.1. RELATIVE ALCEBRA AND HOMOLOGICAL ALGEBRA.

3.2. DEFINITION. In an additive category with kernels and cokernels, a morphism f :
E — F is called strict if the induced morphism

coim(f) - im(f)

is an isomorphism. Here im(f) is the kernel of the canonical map F — coker(f), and
coim( f) is the cokernel of the canonical map ker(f) — E. An object P is projective
if for all strict epimorphisms E — F the associated map Hom(P, E) — Hom(P, F) is
onto. An object I is injective if for all strict monomorphisms E — F' the associated map
Hom(F,I) — Hom(E,I) is onto. If the category is equipped with a unital symmetric
monoidal structure ® then an object F' is called flat if the functor (=)®F preserves strict
monomorphisms.

Consider a unital, closed symmetric monoidal category (C,®, e = id¢) with finite limits
and colimits (more details in [10]). The internal Hom in C' will be denoted Hom as it
should be clear from the context what category we are working in. We will always suppress
the commutativity, unitality, and associativity natural transformations from the notation.
It is easy to see the following lemma.

3.3. LEMMA. The unit of C is flat in C'. A coproduct of objects is flat if and only if each
of them is flat. The monoidal product of two flat objects is flat.

Recall [39] the category Comm(C') of commutative unital rings with respect to (C, ®, e =
id¢) and for any S € Comm(C') the category Mod(.S) of S-modules internal to (C,®, e =
idg). If we further assume that (C,®, e = id¢) has countable coproducts then an impor-
tant construction is the symmetric ring construction which is a left adjoint to the forgetful
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functor Comm(C') - C B
Sym(V) = [V®"/S,. (1)

n>0

3.4. QUASI-ABELIAN CATEGORIES.

3.5. DEFINITION. Let £ be an additive category with kernels and cokernels. We say that
& is quasi-abelian if it satisfies the following two conditions:

e [n a cartesian square

El i) Fl

]

of fis a strict epimorphism then f' is a strict epimorphism.

e [n a co-cartesian square

E—L.F

|

 p—
!

of fis a strict monomorphism then f' is a strict monomorphism.

A quasi-abelian category is a category where the strict monomorphisms and strict
epimorphisms satisfy the conditions of a Quillen exact category. It may be useful to
allow for more general Quillen exact structures (see [11]) for instance using short exact
sequences that split over R but in this work we avoid this.

3.6. DEFINITION. Let E be a quasi-abelian category. Let K(E) be its category of complexes
up to homotopy. The derived category of E is D(E) = K(E)/N(E) where N(E) is the full
subcategory of strictly exact sequences.

Here a sequence

e/

E S5 E e_") E"
in a quasi-abelian category is strictly exact when the image of the first map is isomorphic
to the kernel of the second, and e’ is strict.

3.7. LEMMA. Let C and D be quasi-abelian categories. Let L : C— D be any functor with
a right adjoint R : D — C. Then L preserves strict epimorphisms and R preserves strict
monomorphisms.

PROOF. Let f:V — W be a strict epimorphism in C. Then of course L(f) is an epimor-
phism. Because f is a strict epimorphism, we have W = coker(ker(f) - V). Therefore,
since left adjoints preserve cokernels, L(f) expresses L(WW') as the cokernel of the mor-
phism L(ker(f)) — L(V'). The second statement is proven in a similar way. n
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3.8. DEFINITION. Let E be a quasi-abelian category. Let K(E) be its homotopy category.
A morphism in K(E) is called a strict quasi-isomorphism if its mapping cone is strictly
exact.

3.9. DEFINITION. Let E be an additive category with kernels and cokernels. An object I is
called injective if the functor E — Hom(E,I) is exact, i.e., for any strict monomorphism
u:E — F, the induced map Hom(F,I) - Hom(E,I) is surjective. Dually, P is called
projective if the functor E'— Hom(P, F) is exact, i.e., for any strict epimorphism u: E —
F, the associated map Hom(P, E) - Hom(P, F) is surjective.

3.10. DEFINITION. A quasi-abelian category E has enough projectives if for any object E
there is a strict eptmorphism P — E where P is projective. A quasi-abelian category E
has enough injectives if for any object E there is a strict monomorphism E — I where I
18 1njective.
3.11. DEFINITION. Let E be an additive category. An object E is called:

o small, if

Hom(E, [ | F;) 2 | [ Hom(E, F,) (2)

el iel

for any small family (F;);a of E whenever the coproduct on the left exists

o tiny, if
Hom(F, colimF;) = colim Hom(F, F;) (3)
g€l i€l

for any filtering inductive system | - E whenever the colimit on the left exists.

3.12. DEFINITION. Let E be a quasi-abelian category. A strict generating set of E is a
subset G of Ob(E) such that for any monomorphism

m:S—->FE
of E which is not an isomorphism, there is a morphism
G- FE

with G € G which does not factor through m.

3.13. DEFINITION. A quasi-abelian category is quasi-elementary (resp. elementary) if it
is cocomplete and has a small strict generating set of small (resp. tiny) projective objects.

For abelian categories quasi-elementary is equivalent to elementary. We will freely use
the following proposition which comes from Proposition 2.1.18 of [37]

3.14. PROPOSITION. Let C be a small, closed, symmetric monoidal, quasi-abelian cate-
gory and R € Comm(C). Then Mod(R) is elementary if C is, RQP is tiny in Mod(R)
whenever P is tiny in C. If G is a strict generating set of C then {R®G | G € G} is a
strict generating set of Mod(R).
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3.15. IND-CATEGORIES AND IND-CATEGORIES OF QUASI-ABELIAN CATEGORIES. Re-
call that for any category C we can define its ind-completion.

3.16. DEFINITION. Let C be a category. An ind-completion of C is a category D with a
functor 1 : C - D, such that D is closed under filtered colimits, and the functor i is initial
with respect to functors into categories closed under filtered colimits.

3.17. LEMMA. Let C be a category. Its ind-completion exists and can be realized as the
full subcategory of the category Pr(C) = Fun(C?, Set) whose objects are filtered colimits of
representable functors (note that the category of presheaves is cocomplete).

We will denote the ind-completion of C by Ind(C). Given two presentations of objects

Ex “coli[m” E; and F = “CQle”F}, we have a canonical isomorphism
i€ je

Hom(E, F') 2 lim colim Hom( E;, F).

el jeJ

3.18. REMARK. Therefore, a morphism can be represented by a functor a: I — J and for
each i € I an element of Hom(E;, Fo;y) giving a natural transformation E — F o a.

One way of getting elementary quasi-abelian categories is by looking at ind-completions
of quasi-abelian categories (2.1.17 in [37]):

3.19. THEOREM. Let E be a small quasi-abelian category with enough projective objects.
Then, Ind(E) is an elementary quasi-abelian category.

The following is 2.1.19 in [37]:

3.20. PROPOSITION. Let E be a small, closed, symmetric monoidal, quasi-abelian cate-
gory. The category Ind(E) has a canonical closed symmetric monoidal structure extending
that on E. Hence, if E has enough projectives, Ind(E) is a closed symmetric monoidal
elementary quasi-abelian category.

PROOF. The extension is given as follows:

“colim” B;® “colim” Fj; = “ colim " E;®F);
iel jedJ (i,5)eIxJ

Hom(“colim” E;, “colim” F}) = lim “colim” Hom(E;, F}).
iel JedJ iel jeJ
The following is 2.1.7 in [37]:

3.21. LEMMA. Let E be a cocomplete quasi-abelian category. A small subset G of objects
of E is a strictly generating set of E if and only if for any object E of E, there is a strict
epimorphism of the form

U G; - FE

JedJ

where (G;)jes is a small family of elements of G.
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We assume the reader is familiar with the notions of a family of injective objects with
respect to a functor between quasi-abelian categories [37]. In this section we recall how
to derive the inverse limit functor in quasi-abelian categories.

Let I be a small category. Given a functor V : I - C the Roos complex of V' is of the
form

0->%(V)—> 2% (V)>%*(V)~
#°(V) =T1V; and
iel
K n(v) = H Vio

. . . an .
G0 =11 > lo—> — i

where the product is over all composable sequences of n morphisms in /. The differential
Qn+1 .

A (V) - %71 (V) is defined for o the composable sequence i O

(d((v8)8))a = V(1) o, +Z( D', o e, +(=1)""0. oy

1] i —int] 20—>7,2—> =iy N T A | 1o =01 = —in
Usual abstract nonsense arguments show the existence of a derived functor ler}q.
1€

3.22. DEFINITION. The lir}l-acyclic objects are objects V of C! satisfying Rlir}lvi = lir}lvi.
1€ 1€ 1€

An object V' of C' will be called Roos-acyclic if the differentials in the Roos complex are
strict and the cohomology of the Roos complex is concentrated in degree zero.

Inverse limits have an explicit derived functor because of the following proposition of
Prosmans [33].

3.23. PROPOSITION. Let I be a small category and C a quasi-abelian category with exact

products. Then the family of objects in C' which are Roos-acyclic form a 111}1 acyclic

family. As a result, the functor
lim: C' - C

iel

is right derivable and for any object V e C', we have an isomorphism
RlimV; = 7°(V), (4)

where the right hand side is the Roos complex of V. The family of lim—acyclic objects for

the functor hm C!' 5 C form a family of injectives relative to thzs functor (a concept

appearing in [37/ ).

Because of the explicit formula of the Roos complex, notice that
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3.24. COROLLARY. Let I be a small category and C a quasi-abelian closed symmetric
monoidal category with exact products. If W is flat in C and W&(-=) commutes with
products in C then the natural morphism

W& (RlimV;) - Rlim(WaV;)

is an isomorphism. In particular, if V e C' is lir}l-acycléc then so is W®V and the
1€

canonical morphism
We(limV;) - lim(WeV;)

18 an isomorphism.

We will use this material again in Lemma 6.10.

3.25. RELATIVE GEOMETRY. Just as algebraic geometry is “built” from the theory of
commutative rings and their modules, much work on other kinds of geometry and topol-
ogy is based on commutative monoids and their modules internal to general symmetric
monoidal categories (C,®,e), for instance see [39]. In our approach we also ask that they
be equipped with compatible Quillen exact structures. The category most important for
us is the quasi-abelian example of Ind-Banach modules over a Banach ring together with
its projective tensor product and its applications to analytic and arithmetic geometry.
An important class of morphisms between “affine schemes” in relative geometry are op-
posite to those morphisms A — B in Comm(C') such that the natural map B@gB - B
is a quasi-isomorphism. Such a morphism will be called a homotopy epimorphism. We
use that terminology because this notion actually is equivalent to the general model or
infinity-category notion of a homotopy epimorphism as found in work of Toén and Vezzosi
(as used in homotopical or derived algebraic geometry). However, other sources call this
a stably flat morphism [26], an isocohomological morphism [25] or a homological epimor-
phism [16], [13]. It appears in homotopy theory [18], representation theory, and algebra
under different names. Practically, the only way we know to prove that a morphism is
a homotopy epimorphism is to resolve B by projective and flat A-modules in a clever
way allowing for computation of the derived projective tensor product. In particular, we
must prove that the resolution remains a resolution after applying the projective tensor
product with B. A particular example of a homotopy epimorphism is a flat epimorphism,
however there are other examples which will be shown in the next section.

3.26. BANACH RINGS AND BANACH MODULES.

3.27. DEFINITION. By a complete normed (or Banach) ring we mean a commutative ring
with identity R equipped with a function, |-|: R - Ryq such that

e |a|=0 if and only if a=0;
e |a+0b|<|a|+]b] for all a,be R;
e there is a C' >0 such that |ab| < Cla||b| for all a,be R;
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e R is a complete metric space with respect to the metric (a,b) = |a —b|.

The category of Banach rings has as morphisms those ring homomorphisms R — S such
that there exists a constant C' > 0 such that |p(a)|s < Cla|g for all a € R, in other words
bounded ring homomorphisms.

The initial Banach ring is the integers Z equipped with the standard absolute value
as norm.

3.28. DEFINITION. Let (R,|-|r) be a Banach ring. A Banach module over R is an R-
module M equipped with a function |- |y : M — Ryg such that for any m,n € M and
aeR:

o [[0ar]ar =0;

[+ nlar < lmfar+ Inla;

lam|ar < Cla|g|m|ar for some constant C' > 0;

|m|ar =0 implies that m =0y
e M is complete with respect to the metric d(m,n) = ||m —n/|.

3.29. EXAMPLE. Any abelian group or ring can be considered a Banach ring by equipping
it with the trivial norm which assigns 0 to the zero element and 1 for each non-zero
element. We use notation such as for example Zii, for the integers equipped with the
trivial norm. If M is a module over a Banach ring R, we can make M into a Banach
module by equipping it with the trivial norm.

3.30. DEFINITION. A Banach ring or a Banach module over a Banach ring is called non-
archimedean if its semi-norm obeys the strong triangle inequality: for any two elements
v, w we have |v+w| < max{|v|, |w]}.

3.31. DEFINITION. If (M, | |ar) is a Banach module over a Banach ring R and r is
a positive real number then M, is the Banach module over R defined by the underlying
module M equipped with the Banach structure r|| |as.

3.32. DEFINITION. Let (R,|-|r) be a Banach ring. A R-linear map between Banach R-
modules (Definition 3.28), f: (M, -|r) = (N,||-|~) is called bounded if there exists a
real constant C >0 such that

[ £ ()l < Clm|a

for any m € M. The homomorphism f is called non-expanding if this equation holds for
C=1.

The category of Banach modules with bounded morphisms is denoted by Bang. If R
is non-archimedean Ban;" denotes the category of non-archimedean Banach modules with
bounded morphisms.
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3.33. LEMMA. For any Banach ring R, R is projective as a Banach R-module.

3.34. LEMMA. For any projective R-module, P, and any real number r > 0, P, is also
projective.

3.35. DEFINITION. Given M, N € Bang we define M®rN as the (separated) completion
of M ®r N with respect to the semi-norm

n n
[l = inf{Q llmallllnal| | 2 = 3 mi®grna}.
i=1

1=1

Similarly, if R is non-archimedean, given M, N € Bany’ we define M®}, N as the (sepa-
rated) completion of M ® g N with respect to the semi-norm

n
Il = inf{ sup [fmillllnll | @ = m@gni}.
i=1

i=1,....,n

The internal Hom in these categories is denoted by Homp(V, W) and given by the
Banach space whose underlying vector space is just the bounded R-linear maps

{T € Ling(V,W)||IT|| < oo}

with norm given by |T| = sup HTM)H' We write VV for Homg(V,R) € Bang. The
veVu+0

categories Bang and Banl;' are both closed symmetric monoidal when equipped with
these projective tensor product with unit object given by R.

3.36. DEFINITION. The category Ban3, is defined to have the same objects as Bang. The
morphisms are the linear maps with norm less than or equal to one (these are called
non-expanding or sometimes just contracting).

This defines a closed symmetric monoidal category with the same internal hom and
tensor product and as before it has two versions (one of which exists only when R is
non-archimedean). Infinite products and coproducts in Ban3; exist even though they do
not exist in Bang. In the archimedean case (see page 63 of [20]) the product [15; V; of a
collection {V;};c; in Ban¥ is given by

{(vi)ier € XVi | sup [v;]| < o0}

iel 1€

equipped with the norm

| (vi)ier || = sup [
1el

while the coproduct [15; V; of a collection {V;};c; in Ban¥ is given by

{(vi)ier € XVi | 3 [uill < o0}

iel iel
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equipped with the norm

[i)ierll = 3 il

iel

If R is non-archimedean and we choose to work in the non-archimedean case, they can be
computed as in [17]: the product [T5; V; of a collection {V;}i; in Ban%, is given by

{(vi)ier € XV; | sup |vi| < oo}
iel i€l
equipped with the norm
[(wi)ier || = supfvi]

while the coproduct [I5} V; of a collection {V;};; in Ban% is given by

{(00)ier € X Vi | Tim Jur] = 0}
iel i€

equipped with the norm

| (vi)ier || = sup [vq].
1€

General limits (resp. colimits) are constructed out of kernels and products (resp. cokernels

and coproducts) in the usual way. Finite limits (resp. finite colimits) in Ban$; agree with
those in Bang.

3.37. LEMMA. Suppose we are given a collection {f; : Vi = W, }ier in Bang. Then observe
that the natural morphism

U iel ker(fl) - ker L[ V H :EIIW

1s an isomorphism. Similarly, if V; ¢V and W; c W are countable increasing unions of
complete closed isometric submodules with union V' and W, respectively, then the natural
map

colim; ker(f;) — ker[V — W]
s an isomorphism.

3.38. LEMMA. An object M of Bang is projective if and only if there exists a set S and
a functwn f 8 = Ry and another element N along with an isomorphism MIIN

L= Ry
L)

PROOF. There is a canonical strict epimorphism [] SlR”mH — M discussed in [10] and
meM™>

if M is projective this splits. Conversely, if M [[ N 2 ]_[SlRf(S) and F'— E is a strict epi-
seS

morphism then Hom( I_ElRf(s), F') - Hom( L};lRf(s), E) is surjective and this breaks up
€ S€

into a product of a map Hom(M, F') - Hom(M, E') and a map Hom(N, F') > Hom(N, E)
and so these are both surjective. Therefore M is projective. n
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3.39. LEMMA. If P and Q are projective in Bang then P®rQ is also projective in Bang.

ProoF. Using Lemma 3.38, we can complement P and () by modules P’ and )’ in order
to conclude that there is a module S = (P®zQ’) @ (P'®rQ) @ (P'®rQ’) so that

—~ <1
(PrQ)® Sz I ~ Ryl
(p,q)eP*xQx

and so the lemma follows from another application of Lemma 3.38. m
3.40. LEMMA. Any projective in Bang is flat in Bang.

PROOF. Let P be a projective in Bang. There is a canonical strict epimorphism [] S1R|‘p|| -
peP*

P discussed in [10]. As usual, it splits and so [] S1R||p‘| is coproduct (in Bang) of the
pePX

kernel and P. Hence P is flat by Lemma 3.3. n

The proof of the following is obvious from the definitions.
3.41. LEMMA. Any finite coproduct of projective objects in Bang is projective in Bang.

3.42. LEMMA. [17] A filtered colimit of strict, short ezact sequences in Ban% is a strict
short exact sequence.

PROOF. See Proposition 1 on page 69 of [17]. [

3.43. LEMMA. IfV — W is a strict epimorphism and P is projective then the correspond-
ing morphism Hom(P,V') - Hom (P, W) is a strict epimorphism.

PROOF. By Proposition 1.3.23 of [37] it is enough to show that for any projective @, that
Hom(Q, Hom(P,V)) — Hom(Q, Hom (P, W))
is surjective. This follows immediately from adjunction and from Lemma 3.39. [

3.44. REMARK. The projectives and strict epimorphisms determine one another in the
sense that a morphism V. — W is a strict epimorphism if and only if Hom(P,V) —
Hom(P, W) is surjective for every projective P and a module M is projective if and only
if Hom(M, V') - Hom(M, W) is surjective for every strict epimorphism V — W . We will
use this often in what follows.

3.45. LEMMA. For any small set S and projectives P; € Bang for each s € S the object

P = 115 P, is projective in Bang.
seS

PROOF. Let 7: V — W be a strict epimorphism and let f: P - W be any morphism. By
Lemma 3.43, for each projective P; we get a strict epimorphism

Hom(P;,7) : Hom(Fs, V') -~ Hom(Fs, W).

Let fs be the restriction of f to Py so ||fs]| < ||f]|- Fix € > 0. Using the strict epimor-
phism property (see the characterizations in the appendix of [10]), choose for each s a
lift f, € Hom(P,, V) of f, such that ||fi|| <||fs]| + € < ||f]| + . As their norms are bounded
independent of s, the f; assemble into a morphism f: P — V inducing f. ]
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3.46. LEMMA. The category Bang has enough projectives and all projectives in Bang are

flat.

PROOF. The proof is exactly as in [10]. n

3.47. LEMMA. Let R be a Banach ring and M a Banach R-module. Then for any positive
real number r we have (M,)V = (MV),-1.

3.48. LEMMA. Let R be a Banach ring and M a Banach R-module. Then for any positive
real number r, M, is projective if and only if M is projective.

3.49. LEMMA. Given an inductive system V; in Ban%, the canonical morphism
(colim*'V;)¥ - lim*! (V")
1el iel

(induced by the duals of the collection of isometric immersions V; — colilmﬂ‘/;) 1S an
1€
1somorphism.

PRrROOF. It is enough to show that it induces an isomorphism of sets
(Ccoim*v)) = (1w (v))

for any real number r > 1. The canonical morphism identifies the left hand side with
Hom*'(R,, (CQIiImSIVi)V) =Hom*'(R,, Hom(coliImSIVZ-, R)) = Hom51(Rr®R(CQIiImS11/;), R)

=Hom™' (colim™ ((V;),), R) = lim Hom*' ((V}),., R)

-l Hom! (R, ((19),)") = i How® (R, (17°))

lim Hom*! (R, ;") = Hom! (R,. lim (V;")),

(5)

which agrees with the right hand side. n

3.50. COROLLARY. Given a morphism of inductive systems induced by morphisms V; —
W; in Banizl the dual of the corresponding morphism

.o<1 .. <1
colim™"V; — colim™>"W;
iel iel

18 the morphism
lim=! (V) « lim*' (W)
corresponding to the dual morphisms V.Y < W..

Proor. This is automatic from the definitions and Lemma 3.49. =
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3.51. DEFINITION. For any Banach ring R and n-tuple of positive real numbers r =
(r1,...,7) the poly-disk algebra of poly-radius r is defined by the sub-ring

x Ty
R{_rll"”’_r }:{ZaJxJER[[xl,...,xn]] | Z|aj|7"‘]<oo}
n 7

J

equipped with the norm |Yayz’| = Ylay|r!. When R is non-archimedian, one can still
T T

use the above if in the archimedean context, or instead if one wants to work in the non-
archimedean context one can read this article using the Tate algebra

T T _
R{E Iy o (Yase? € B[z, 2,]] | limlayr’ =0}
1 Tn T J

equipped with the norm |Yayx’| = suplay|r?/. These are symmetric ring constructions
J J

(see Equation 1) in the categories Bany, or Banf%l’”a applied to the object of Bang given

by 11 R,. Similarly, we can define poly-disk versions of the Banach abelian groups
i=1,...,n

M{%, ce f—z} for any Banach abelian group M and when M is non-archimedean a Tate
verston which is non-archimedean. The formulas for them are

X Ty
MR = (Sme e M[enw]] | Sl < oo)
n J

J

equipped with the norm |Ym x’| = Ylmy|r?. When M is non-archimedian, one can still
T T

use the above if in the archimedean context, or instead if one wants to work in the non-
archimedean context one define

x Tn '
M{_17"'7_}:{ZmeEJEM[[l'l,...,xn]] | lim|m|r’ = 0}
T T'n 7 J

equipped with the norm |Ymjx’| = sup|my|r/. Notice that these are completions of the
T J

group M, ..., 5] and subgroups of M[[z1,...,z,]]. It is easy to see that they satisfy
M{Z,.. 22} = M@gR{Z,... ).

77»:"

3.52. REMARK. If R is non-archimedean, all of this subsection goes through for Ban'
in place of Bang. Just as finitely presentable rings play an important role in algebraic
geometry, in Banach algebraic geometry over R, the nice objects of study are quotients
of the above disk algebras by ideals, equipped with the quotient Banach structure. As
the category of these affinoid algebras is not closed under filtered limits or colimits, it is
natural to introduce also Stein and dagger algebras in Section 6 and perhaps even more
general limits and colimits like quasi-Stein, Stein-dagger, and quasi-Stein-dagger, etc.

3.53. REMARK. Let R be a non-zero Banach ring with multiplicative norm. It is auto-
matically an integral domain. Let S be a multiplicative subset, and equip the localization
S7'R of R with the norm |%| = % Then for any Banach ring T, the map R - SR

identifies Hom(S—1R,T') with the bounded ring morphisms R — T sending S to invertible
elements and so categorically, the map R — SR is an epimorphism in the category of
Banach rings, equivalently ST R®pSR =~ SR,
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3.54. GEOMETRIC AND ARITHMETIC EXAMPLES OF HOoMOTOPY EPIMORPHISMS. In
this subsection we discuss several examples of homotopy epimorphisms and derived pro-
jective tensor products. These all have a geometric meaning in terms of the Berkovich
or Huber spectrum of Z. As we are working over Z in this subsection, it takes place
entirely in the archimedean context. We will return to looking at these in terms of covers
of spec(Z) and descent in future work. As a matter of notation, we consider Z, Z,, Q,,
and R as Banach rings by using their standard norms.

3.55. OBSERVATION. We have Q,®zR = {0} = Z,®;R for any prime p and for distinct
primes p and q, we have Q,®8,Q, = {0} = Z,®,Z,. As a consequence, Q, and Z, are not
flat with respect to the completed tensor product over Z.

PROOF. In Z,®;R the element 1®1 can be written as p"®p~" which has norm p=2" for any
n. In Z,®,2Z, choose for each n, integers a,, and b, with a,p"+b,q" = 1. Then 1®1 can be
written as a,p"®1 + 1®b,,¢" which has norm less than or equal to p~ + ¢~™. Letting n go
to infinity we see that in both Banach rings, 1 = 1®1 has norm zero and hence vanishes
and so these rings are the zero ring. Applying the functor Z,®z(-) to the strict short
exact sequence Z -~ R - St gives Z, - {0} — Z,®z5" = {0} and so Z, is not flat. The
proofs for the fraction fields with their obvious Banach structures are similar. n

Using the resolutions we develop later, its easy to see that these rings are also orthogo-
nal on the derived level. The lack of flatness with respect to the projective tensor product
is similar to the known problem in analytic geometry that certain morphisms A - B
of various Banach, Fréchet, or bornological algebras corresponding to the restriction of
spaces of functions over various “open” sets do not exhibit B as a flat module with respect
to the completed tensor product over A [10, 11].

3.56. EXAMPLE. Consider the usual Tate algebra A = Q,(z) of non-archimedean geome-
try. We can think of it as a Banach-algebraic version of the closed disk {t € Q, | [t|<1}.
Meanuwhile, if we let W ={teQ, | 3<[t|<1} andV ={t€Q, | [t|< 3} so that the inter-
section of W and V is empty, we let Ay = A(3y)/(y—x) 2 Qy(z,3y)/(y—x) 2 Q,(3x) and
Aw = A(3)/(xz-1). Then Ay85Aw = {0}. We have then a strict short ezact sequence

and applying the functor (-)®aAy we get 0 > Ay — 0 and conclude that the categorical
epimorphism A — Ay is not flat in our sense and in fact (Aw|A)® Ay & Ay [1]. How-
ever, A - Ay is a homotopy epimorphism as proven in [10]. In this example we have
used the non-archimedean completed projective tensor product.

This explains our preference for using homotopy epimorphisms instead of flat epimor-
phisms. The analogous issue does not arise in finite dimensional algebraic or differential
geometry in the standard topologies. Let R be a Banach ring. Let V be a finite rank,
free Banach module over R. Let Sr(V') be the symmetric algebra of V' in the category
Ind(Bang), a free object in Comm(Ind(Bang)). Note that as a bornological ring, A is
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a polynomial algebra over R with number of generators equal to the rank of V. Con-
sider the algebra S5'(V), a free object in Comm(Ban%). This is a Banach ring which
can be explicitly described as the subring R{x1,...,z,} of R[[z1,...,z,]] where n is the

rank of V' consisting of elements Y a;x! such that Y |a;| < co and equipped with the
rezn, Iezn,

norm || ¥ arzf||= ¥ |as|. Notice that even when R is a non-archimedean ring or field,
€L, €27,

we can an_(oi will use tflois definition, because we are not restricting our attention to non-
archimedean modules. The idea of writing Z, in terms of disk algebras over Z goes back
to F. Paugam [30]. We use his idea in the following lemma which uses the disk algebras
(Definition 3.51). We show here that one can think of Z, as a sort of archimedean type
rational localization of Z. The symmetric ring construction in the contracting category

[10] works equally well to define infinite dimensional disk algebras.

3.57. DEFINITION. Let 7, be the completion of Z with respect to the norm |ap™[; = p~
for p not dividing a€Z, n>0 and 0 < e < oo and r = p~¢.

3.58. OBSERVATION. For distinct primes p # q and 0 < €,0 < oo we have Z¢,®77°, = {1}
similarly to Observation 3.55. On the other hand the tensor seminorm of Z = Z ®y 7 c
7, ®7 20, is just the norm |ap™| = min{p™¢,p} for p not dividing a € Z. Therefore,
Z,®z 10, is the completion of Zi with respect to the norm |ap™|s = p™¢ for p not dividing
a€Z and ¢ = max{e,0}.

3.59. LEMMA. For 0 <r <1, there is a strict short exact sequence
0-2{Zy 25y Lz, ~o.
r r

A p-adic number Y72 a;p* with a; between 0 and p —1 has norm Y2 |a;|r®. This is the
usual Z, as an abstract ring. In particular for r = p=t this gives the usual p-adic norm on
7\ =17,.

p = op

PROOF. In order to see that the multiplication by x—p map on Z{*} is a strict monomor-
phism suppose that (z - p) X2 air’ = ¥ b7, Then we see in particular by is divisible
by p, ag = —%bo, by + %bo is as well, and a; = —%(bl + %bo) and in fact we can solve for

1 1 1
a; = —5[% - Ebi—l -t piﬂ 0-
Therefore, ‘
|la;| < p_1|bi| +p_2|bz>1| + oo +p_(i+1)|b0| = Z |bj|p_1_i+j
§=0
and so

oo 7

I Zoaiwill =D lailr < Zg 2 bl = D0 gl =p1(kZ(£)’“)(Zolbjlrj)
1= i= =0 j=

i=0 3=0 0<j<i<oo —
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and so

I|Zax||<p —||wa]||

For every prime p there are isomorphisms of normed rings

Zlz]/(x-p) = Z

where |z| = 7 and the right hand side has the | [ norm. In order to explain this, given a
polynomial f(x) =Y a;x* with a, # 0, it is assigned to a number Y., a;p’ with norm
bounded as follows: |ZZ n @pYlS < max? {roe(e)+iy < pn < S alrt = sz n @iz 2y
This gives a (bounded) morphism Z[x ] — Z. In fact, any integer bp* where p does not
divide b and s > 0 has a p-adic expansion Y%, b;ps** where 0 < |b;| < p—1, in other words
it is the evaluation of }." b;z*** . Therefore, the infimum of the norms of any lift of bp*

to Z{%} is bounded by

pJO

1+S . 1 p_ S p_ S|€
Zlblr+<7“(p 1)27“ <ri(p-1) ) rt =Tt = Tl
i=0 =0 -r I-r

Therefore the morphism Z{%} — 7Z¢ is strict. By computing order by order modulo powers
of p with any polynomial YI" a;x* where Y1 a;p’ = 0, one finds that this element must
be in the ideal (x —p). If the polynomial f maps to bp® where p does not divide b then
bp* = 2, aip’ and so |bp[ < ||f||. We apply the completion functor to get the desired

Z logp(r)

isomorphism Z{%}/(z - p) "

3.60. REMARK. Z{%}/(x - p) represents the subset of Berkovich points which send p to
[0, r].

3.61. EXAMPLE. Cokernels in the category of Banach abelian groups are simply the group
quotient equipped with the norm given by the infimum of the norms of all lifts. Consider
the cokernel S' =R/Z. We can compute 51®HZ‘ZP using the above projective resolution of
Zy,. It is a non-zero Banach abelian group K sitting in degree —1 including for example the

element zlz Y2o(x/p)t which has norm p% and is in the kernel K of the strict epimorphism

1
SHpz} =" SHpz}.

3.62. REMARK. This geometric perspective can be useful, for instance, one could define

the p-adic completion of a Banach ring R as R{px}/(x—p). There are also interesting new

rings to define such as the following Fréchet version of the p-adic integers. For instance

we can consider the functions on the open disk of radius 1/p over spec(Z), 1<111rr/1 Z{%} in
r<1/p

place of Z{px} in the role it plays in Lemma 5.59.

3.63. DEFINITION.

Z, = lim (2} (e = p)) = (lim Z{ 1)/ (e = p) 2 O(DL, 1 5)/ (2 = )



FRECHET MODULES AND DESCENT 225
. X
7}, = “eolipt” (Z{}/(x - p))
r>=
P

There are bounded morphisms Zi,, — Z, and homotopy epimorphisms Z — Z; - Z;.
As far as the Fréchet version, this will appear in future work but for now we show:

3.64. LEMMA. The natural map Z — Z; 18 a homotopy epimorphism.

PROOF. Let p be a prime and let R be any Banach ring without p-torsion and with
multiplicative norm and let s be any real with 1 < s < p. Further assume that |p|gs > 1.

Consider the bounded morphism R{sz} —5 R{sz}. Define K ¢ R{sz} as the kernel
of the (bounded) evaluation at p morphism R{sx} — R. We define an inverse map
K* — R{sz} sending Y72, b;x7 to Y72 a;a’ where (z - p) X2 aix’ = Y520 bjrd. Then we
see in particular bq is divisible by p, ag = —}Dbo, by + %bo is as well, and a; = —}D(bl + %bo)
and in fact we can solve for

1 1 1

a; = __bi — _bi—l — e —
p P

bo.

pi+1
Therefore,

1
lailr < D" 1bjlalp™ |k
=0

and so making the substitution k£ =7 —j we have
[e o] [ee] o0 7, oo o0
1> @i’ =) |ailrs™ < ) Z b’ HrsT < Y Z 1bj|RlP" ™ RS
i=0 i=0 i=0 j=0 =0 7=0

.
< ln(- plas) (3 lns)

and so

I|Zax||<|p RT™ . U I|Zbl‘ll

|p|R J=0

Therefore, for 1 < u < s < p we have the strict short exact sequence
1
0 Z{sz} - Z{sx} - L, *" -0
and it becomes a strict short exact sequence

log, u log, u log, u—~ log, s
Ly ? {sx}y>Zy, " {sx}>Z, " ®zZy, " —0

after applying the functor (- )®ZZl ® " Passing to colimits over u < s < p we find that we
have a strict short exact sequence

0 - Z{px}' - Z{pz}' > Z - 0
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which is a projective resolution. Furthermore, after applying the functor (—)@ZZZ) the
result is the strict short exact sequence given by the colimits over u < s < p of

log, u—~

0— Zéogpu{sx} - Z;ngu{sx} -7y ®ZZ;Og”S - 0.

. . log, u~ ,,log, s log, s .
Now since we in fact have Z, " ®zZ, " =7Z, " we find a strict short exact sequence

0 - Zi{pz}' - Zi{pz}' > Zi - 0

showing that Z}®;7} = Z!. =

3.65. BORNOLOGICAL AND IND-BANACH MODULES. Let R be a Banach ring as defined
in Definition 3.27. A bornological module over R is a pair consisting of an R-module M
together with a bornology on the set M as in Definition 3.36 of [7] such that the structure
morphisms for addition and action of R are bounded. The morphisms of bornological
modules are bounded R-linear maps. The homological properties of bornological spaces
over C were discussed in [32]. We define the full subcategory CBorny as those bornological
modules for which there is an increasing union of subsets, each of which has the structure of
an object of Bang and the inclusion of the subsets in M and in one another are all bounded
morphisms. This category is equivalent to the subcategory of essentially monomorphic
objects in Ind(Bang). For more on this category see [7] and [8]. The importance of
bornological spaces in complex geometry was studied by Houzel [19]. Given an object
A € Comm(Ind(Bang)), the category Mod(A) shares all the nice properties of the category
Ind(Bang). We just remark here that the completed projective tensor product is defined
by

M®N = colim[ M®r AN = M®pN | (7)

3.66. LEMMA. The category CBorng is closed, symmetric monoidal, quasi-abelian, com-
plete and co-complete. It has enough flat projectives.

3.67. LEMMA. Direct products in CBorng commute with cokernels.

PROOF. Suppose we have f; : V; - W, with cokernels C;. Then we have a natural map
coker([ f;) = T1C;. Since CBorng has enough projectives, it has exact products by
Proposition 1.4.5 of [37]. Therefore [TW; — [1C; is a strict epimorphism as it is the
product of strict epimorphisms. The kernel is [T V; so we are done. [

By Proposition 3.20 we have:

3.68. LEMMA. If R is a Banach ring the categories Ind(Bang) (or Ind(Ban%y') for R
non-archimedean) is a closed, symmetric monoidal, complete and co-complete elementary
quasi-abelian category.
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3.69. DEFINITION. A Fréchet module over R is an object of Ind(Bang) which is a count-

able limit of a diagram in Bang. We consider Fréchet modules as a full subcategory of
CBorng.

Note that many function spaces in complex analytic geometry carry natural Fréchet
structures or more generally locally convex structures. We would like to relate these to
the category Ind(Banc). Let Tc be the category of locally convex topological vector spaces
over C and Fr the sub-category of Fréchet spaces. Note that both of these categories are
quasi-abelian but they don’t share all of the nice properties of Ind(Ban¢) such as having
enough projectives and having a closed symmetric monoidal structure. The following
definition is [34] definition 1.1:

3.70. DEFINITION. For any object E of Tc let Bg be the set of absolutely convex bounded
subsets of E. Given B € Bg, let Eg be the linear span of B with its gauge semi-norm pg.
Let

IB: Tc — Ind(Banc)

be defined as .
IB(E) = colim E'

where the colimit is taken over the directed system Bg. Given f: E — F inTc and B € Bg,
then f(B) € Bp. Hence we get a natural map colim Ep — colim Fygy. Composing this

with the canonical map Cé)llingf(B) - cBoliBmF;f we get the functoriality of 1B.
eBp 'eBr

Note that if E is a Banach space then IB(FE) = E. A subset of an object of Tc is
called bounded when it can be absorbed by scaling an open neighborhood of the origin.
An object of Tc is called bornological if every seminorm that is bounded on bounded sets
is continuous. The functor IB is in many cases fully faithful ([34] proposition 1.5):

3.71. PROPOSITION. Let E, F be objects of Tc. Assume that E is bornological and that
F' is complete. Then

Homrc(E, F') = Homynggan) (IB(E),IB(F)).

We also have that 1B has a left adjoint when restricted to the category of complete
locally convex vector spaces ([34] proposition 1.6).

4. Nuclear Modules

4.1. NUCLEAR BANACH MODULES. Let C be a closed symmetric monoidal category with
monoidal structure ® and unit e. This subsection will be applied only in the case that C
is one of four categories. For a general Banach ring we consider Bang and Ban$;. Also, if
R is non-archimedean, we could still consider those but also in this case we could consider
Bany' and Ban%a’ﬂ. These definitions and results will not be applied to the Ind-categories
we consider, on the other hand, in sub-section 4.10 we will separately define nulclear
objects of Ind-categories and work with objects in Ind-categories in a way that extends

the definitions given in this subsection.
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4.2. DEFINITION. Let V' and W be Banach modules. A element of Hom(V, W) is called
nuclear if it lies in the image of the composition

Hom(e, VV®W') - Hom(e, Hom(V, W)) = Hom(V, W).
An object is called nuclear if the identity morphism of this object is nuclear.

From Higgs and Rowe [21]

4.3. LEMMA. If a morphism is nuclear then so is its dual. If a morphism is nuclear then
s0 is any pre or post composition with it. The monoidal product of two nuclear morphisms
18 nuclear.

PROOF. The first two statements can be found in Proposition 2.2 of [21]. The statement
about the monoidal product can be found in Proposition 2.3 of [21] n

4.4. LEMMA. The following are equivalent [21]:
1. The object V' is nuclear.
2. The natural morphism VV®V — Hom(V, V') is an isomorphism.
3. For every object W, W®VV - Hom(V, W) is an isomorphism.
4. For every object W, VWY — Hom(W, V') is an isomorphism.

4.5. LEMMA. [21] If an object V is nuclear then its dual is also nuclear. Any nuclear
object is reflexive.

4.6. LEMMA. Let V' be a nuclear object of C.

1. The functor
C->C

given by
W ~ Hom(V, W)

preserves strict epimorphisms. If in addition, e is projective, then V is projective.

2. The functor
C-C

given by
W e WeV

preserves strict monomorphisms (V' is flat).
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PRroor.

1. Since V' is nuclear, we can consider the naturally isomorphic functor
W= VVeW
By Lemma 3.7, this functor preserves strict epimorphisms so we are done.

2. Because V is reflexive, we have W@V = We(VVV) 2 Hom(VV,W). Therefore, we
can consider the naturally isomorphic functor

W~ Hom(VY,W).
This preserves strict monomorphisms by Lemma 3.7.

The following Lemma was shown over C in [34]. The following is our version over a
Banach ring R.

4.7. LEMMA. Let V and W be two Banach modules over a Banach ring R and let f :
V - W be a nuclear morphism in Bang. Then there exists a countable set S and a map
m : S = Ry, a nuclear morphism p : V — I_IglRm(s) and a non-expanding morphism

seS
¢t 15" Ry(sy = W such that f =cop.
seS

PROOF. Let P be the element of W®rVV corresponding to f. We have a countable set

S so that P is a sum Y, ws®a, where L = Y [[wg]|||cs]| < 00. Let m(s) = ||ws||. We define
seS seS

p:V > 1T R
seS

by p(v) = (as(v))ses where
[lp(v)]| < %m(s)HasHllvH = Li[v]|.

The morphism p is actually nuclear as it can be written as Y, §,®c, where d, is the vector
seS

with 1 € R,,(5) in position s and 0 elsewhere. Define ¢ by c¢(p) = Y. prsws where g = (ft5)ses-
seS
We have

[le(r)ll < Egluslllwsﬂ = Z;mslllwsl|7”n(8)7”n(8)‘1
< (X luelm(t)) (supllwllm(s) ™) = 3 lpelm(t) = [l

teS seS teS

(8)

which shows that ¢ is non-expanding. For any element v € V' we have p(v) = (as(v))ses

50 c(p(v) = L as(v)ws = (). .
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4.8. LEMMA. Let V and W be two Banach modules over a Banach ring R and let f :
V = W be a nuclear morphism in Bang. Then there exists a countable set S and a map
m : S - Ry, a non-expanding morphism ¢ : V — Hng(s) and a nuclear morphism
seS
p: HSlRm(s) - W such that f =poc.
seS
PROOF. Let P be the element of W®x VY corresponding to f. We have a countable set S

so that P is a sum Y w,®as where L = Y ||wgl|||os|| < 0o. Let m(s) = L71||ws||. We define
seS seS

c:V - H;lRm(s)

by ¢(v) = (as(v))ses where

le(v)]] < sup m(s)lles|[[ol| < [[o]l-
Define p by p((pis)ses) = 2 psws. We have
seS

Ip()ll < Y luslllwsllm(s)m(s)™ < (3 [hwsllm(s)™") (supluem(t)) = (X llwllm(s)™)llull

seS seS teS seS

and so p is bounded. The morphism p is actually nuclear as it can be written as Y. §,@w;
seS
where 0, is the vector with 1 € R, in position s and 0 elsewhere. For any element v € V'

we have ¢(v) = (as(v))ses 50 p(c(v)) = ¥ as(v)ws = f(v). n
seS

4.9. REMARK. If R is non-archimedean, all of this subsection goes through for Ban'y' in

place of Bang.

4.10. NUucLEAR IND-BANACH MODULES. This subsection is about nuclear objects in
Ind(Bang) or if R is non-archimedean, about nuclear objects in Ind(Ban"). For read-
ability, we suppress the non-archimedean versions, all the statements and proofs in the
non-archimedean case are the same, up to the obvious substitutions. Of course in the
non-archimedean version, all categorical constructions in Bani1 are replaced by those in
Ban3, " and ®p is replaced by &} . As the beginning is more general, we work with a
closed symmetric monoidal category C' with monoidal structure ® and unit e with finite
limits and colimits, but the reader is invited to take C' = Bang, ® = ® and e = R or if R
is non-archimedean there is also the option C = Ban', ® = ®% and e = R.

4.11. DEFINITION. An object V' in Ind(C) is called nuclear if for every object W of C
the natural morphism

WYeV — Hom(W, V)

18 an isomorphism.
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4.12. REMARK. In general, an object which is nuclear under this definition is not nuclear
in the sense of subsection 4.1 applied to the category Ind(C). If we consider an object V
of Ind(C') which happens to be in C c Ind(C') itself then the definitions agree by Lemma
4.4. Later, we find another situation when the two definitions agree in Lemma 5.8.

4.13. LEMMA. If 0 > V] = Vo > V5 > 0 is a strict short exact sequence in Ind(C) then if
Vi and V5 are nuclear then Vs is as well.

PRrROOF. This follows immediately from the fact that the assumption allows us to identify
the strict sequences
WYeVy - WYV, - WVel; - 0

and
0 - Hom(W, V;) - Hom(W, V5) - Hom(W, V3).

Hence both can be completed to strict short exact sequences. Now because the outer
terms are identified by assumption, the needed isomorphism also holds for V5 and hence
it is nuclear. [

4.14. LEMMA. For any nuclear object V' of Ind(C') and an arbitrary object W of Ind(C)
represented as V = “CQliIIn”‘/i and W = “CQI%]HI”M/}' any morphism in Hom(W, V') can be
i€ je

represented in terms of a system of nuclear maps in C, W; - V;.

PROOF. Notice that
Hom (W, V') = Hom(e, Hom(W,V)) = Hom(e,lir?Hom(I/I/j, V)2 Hom(e,lirg(V@W/jv))
Je je
= lim Hom(e, V®W}’) = lim Hom(e, (“colim”V;)@W}")
jeJ jed iel

= lim Hom(e, “colim” (V;®@W)) = lim colim Hom(e, V;@W}").
jedJ iel jeJ i€l

On the other hand, by definition
Hom(W, V) = lirgl CQIiImHom(VVj,Vi) = ljr51 co‘liImHom(e,Hom(VVj7 Vi))-
J€ 1€ Je€ i€

Therefore, the canonical map

Hom (W, V') = 11151 cqliImHom(e,‘/i§WJ-v) -
je i€

10

11151 quiImHom(e,Hom(Wj,‘/;)):ljr? quiImHom(Wj,V;) (10)

je i€ je i€

is an isomorphism and so for any element ¢ in Hom(W, V') and for any j € J there exists
¢ € I and a nuclear map ¢, ; : W; — V; assigned to it. The collection of the ¢; ; define a
morphism of inductive systems representing ¢. [
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4.15. LEMMA. Given a filtered inductive system W; of C where all the maps in the system
are nuclear, then the object of Ind(C') given by “colijm”VVi is nuclear in the sense of
1€

Definition 4.11.

PRrROOF. Let V be any object of C'. Consider the canonical morphism
f: (“colilm” W;)®V" - Hom(V, “cqlilm” W;).

Since V' is in C' (hence a compact object in Ind(C')) we can equivalently write this as the
colimit of the morphisms
W,@V"¥ - Hom(V, W,).

Consider any W; — W, in the system corresponding to a non-identity arrow ¢ — j. Since
they are nuclear, the precomposition V' — W; — W; is also nuclear by Lemma 4.3. There-
fore it lies in the image of Hom(e, VV®W;). This constructs a two-sided inverse

(“coli[m” W)V = “CQliIm”(W@VV) < “cqlilm” Hom(V, W;) 2 Hom(V, “CQliIm” W)

to f. [

4.16. LEMMA. If an object W is nuclear in Ind(C') and presented as “quilm”I/Vi for I a

filtering ordered set with transition maps ¢;; : W; — W, then for each i € I there exists a
J €1 with j > 1 such that morphism ¢;; is nuclear.

PRrROOF. Consider Lemma 4.14 in the case V = W = “colijm”VVi in the case of identical

1€
inductive systems applied to the element id € Hom(WW, ). A representative of the identity
is given by a cofinal choice of transition maps. The lemma provides the nuclear maps ¢;;

representing the identity, which are therefore transition maps in the given presentation of
w. [

4.17. REMARK. Because of Lemmas 4.15 and 4.16 we can conclude that nuclear objects
are just those representable by an ind-sytem with nuclear transition maps.

4.18. LEMMA. If X and Y are nuclear in Ind(C') then so is X®Y .

Proor. If we consider Remark 4.17 and choose presentations of X and Y with nuclear
transition maps, then the induced monoidal structure presentation of X®Y also has nu-
clear transition maps by Lemma 4.3. [

4.19. LEMMA. Given I, an infinite filtering ordered set, and a functor I - Bang such
that the corresponding object W = “colilm”VVi is nuclear in Ind(Bang), there is a filtered
category K with the same cardinality of objects and morphisms as I, a functor K —

Bang with corresponding object P = “C(glilgn”Pk and an somorphism W = P such that

each Banach space Py is a countable coproduct in Ban% of weighted copies of R and the
transition functions are nuclear.
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PRrooF. Using Lemma 4.16 we may assume that for each ¢ there is a j > ¢ such that
¢ij : W; = W; is nuclear. Define

K={(t,j)elx1I | j>i,¢i:W; > W;is nuclear}.

Using Lemma 4.7 we can decompose each such morphism ¢;; into ¢;;op;; : W; — Py — W,
where P;; is a countable non-expanding coproduct of weighted copies of R and p;; is
nuclear. Given two pairs k = (¢,7) with j > ¢ and k' = (¢, ') with j' > i’ of K we define
the nuclear (see Lemma 4.3) morphism ny : P, - Py by py o ¢ for any pair k, k' such
that j = 4’. As in the proof of Lemma 2.3 of [34] we have a filtering inductive system
(K, {Py}, {nkxr}) which defines an object P of Ind(Bang) isomorphic to W which has the
desired properties. n

4.20. LEMMA. Gwen I, an infinite filtering ordered set and a functor I — Bang such
that the corresponding object W = “CQHIII]”VVi is nuclear in Ind(Bang), there is a filtered

€
category K with the same cardinality of objects and morphisms as I, a functor K — Bang
with corresponding object L = “C(lglgn”Lk and an isomorphism W = L such that each

Banach space Ly, is a countable product in Ban% of weighted copies of R and the transition
functions are nuclear.

Proor. Using Lemma 4.16 we may assume that for each i there is a j > ¢ such that
¢ij : W; = W; is nuclear. Define

K ={(i,j) el x1|j>1,¢;;: W; > W; is nuclear}.

Using Lemma 4.8 we can decompose each such morphism ¢;; into p;joc;; : Wy — Ly — W,
where L;; is a countable non-expanding product of weighted copies of R and p;; is nuclear.
Given two pairs k = (4,j) with j >4 and k' = (¢/, ') with j’ > i’ of K we define the nuclear
(see Lemma 4.3) morphism nyy : Ly - Ly by cg o py. for any pair k, k" such that j =i’. As
in the proof of Lemma 2.3 of [34] we have a filtering inductive system (K, {L}, {n})
which defines an object L of Ind(Bang) isomorphic to W which has the desired properties.

]

4.21. LEMMA. Any nuclear object of Ind(Bang) is flat in Ind(Bang).

PRrOOF. Using Lemma 4.19 we can write a nuclear object in a certain nice form as the
formal filtered colimit of countable coproducts in Ban$; of weighted copies of R. Each
weighted copy of R is projective by Lemma 3.48. Therefore their coproduct in Ban% is
projective by Lemma 3.41 and hence flat by Lemma 3.40. By Lemma 3.41 this colimit of
flat objects is flat. m

na

4.22. REMARK. If R is non-archimedean, all of this subsection goes through for Bany' in
place of Bang.
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5. The interaction of products and tensor products

Just as flatness in our context is about commuting kernels and completed tensor products,
we need to investigate the interaction of the other type of limit (products) with the
completed tensor product. Many of the results in this section are either taken from or
inspired by the book [24] by R. Meyer and discussions with him. In this section we
define metrizable modules and examine how the tensor product with them interacts with
products. We work in a general context and as usual, for simplicity, we look at the
archimedean setting, even if R is non-archimedean. In that setting, all the proofs in this
section go through with the obvious modifications for Ban" in place of Bang.

5.1. DEFINITION. Let \ be a cardinal. A poset J is called \-filtered if any subset S of J
with |S| < A has an upper bound.

5.2. REMARK. Let A be a cardinal. A finite product of A-filtered posets is \-filtered.

5.3. LEMMA. Let X\ be a cardinal. Suppose that I is a poset and we are given a functor
F:1xJ— Set where J has cardinality less than A and I is A-filtered. Then the natural
morphism

colimlim #(3, 5) — lim colim (3, 5)

s an isomorphism.

PRroOOF. This is well known in set theory. For example when A = Xy, one can consider sets
XicXocXgc, YicYocYsc, and Z) € Zy © Zg c -+, along with maps X; > Z; <« Y;
compatible with inclusions and then the claim is that (U; X;) xy, z, (U; Y3) = Ui(Xi %2, Y7)
as can be shown by hand. [

By considering objects in Ind(C') as functors from C to sets, Lemma 5.3 immediately
implies the following.

5.4. LEMMA. Let X\ be a cardinal. Suppose that I is a poset and we are given a functor
F:IxJ—Ind(C) where J has cardinality less than X and I is A-filtered. Then the natural
morphism

colimlim F'(%, j) ~ lim colim (%, 5)
18 an isomorphism.

Suppose now that C' is a closed symmetric monoidal category.
5.5. DEFINITION. An object V' of Ind(C') will be called metrizable if the category whose

objects consist of objects of C' along with morphisms to V and whose morphisms are
commuting triangles is Ry-filtered.

5.6. LEMMA. An object V' of Ind(C') is metrizable if and only if there is an Ri-filtered
category I, a functor F : I — C and an isomorphism V = cogimF.

PROOF. If there exists a functor as in the statement of the lemma, any morphism W — V
would factor via F'(i) for some object i € I. "
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5.7. COROLLARY. Let V = “cqlilm”‘/; € Ind(C') where V; € C and I has cardinality less
than \. Let W = “coli}n”W} where J is M-filtered. Then there is an isomorphism
J€

Hom(V, W) = coleHom(V, W;).
JE

Proof. By Lemma 5.4 we have
Hom(V, W) = 111}1 “co,lgm”Hom(Vi, W;) = coliJm ljr}q Hom(V;, W;) = cql'bmHom(V, W;).
i€ je je i€ je
5.8. LEMMA. Let V = “colijm”Vi € Ind(C) where V; € C and I has cardinality less than .
Let W = “col%jm” W; where J is A-filtered. Assume that W is nuclear in Ind(C'), then
je

Hom(V, W) = VV&W

ProoF. Using Lemma 4.16, without loss of generality we can assume that W is presented
by a system where all the structure morphisms are nuclear. Consider the morphism

(“CQliIm” W;)®V" - Hom(V, “cqlilm”I/Vi).
By Corollary 5.7 we can equivalently write this as the colimit of the morphisms
W;®V" — Hom(V, W;).

Consider any W; — W, in the system corresponding to a non-identity arrow ¢ — j. Since
they are nuclear, the precomposition V' — W; - W; is also nuclear by Lemma 4.3. There-
fore, it lies in the image of Hom(e, VV®WW;). This constructs an inverse

(“colim” V3@V « Hom(V, “colim™ 7).
n
5.9. COROLLARY. Let V = “C(;lilm”l/; € Ind(C) where V; € C and I has cardinality less
than \. Let W = “ccjyl%]m”l/[/j where J is \-filtered. Assume that W is nuclear in Ind(C').
Then the natural morphism

(Hm(V)8W = lim(V;'8W)

s an isomorphism. Also, if X = Ry and Vi,V5, V5, ... is a countable list of objects in C,
the natural morphism
([TVi))ew - [1(v;"&8w)
iel iel

18 an isomorphism.
PROOF. The left hand side is VV®W, which is isomorphic to
Hom(V, W) = limHom(V;, W) = lim(V;"® W)
where we have used Lemma 5.8. For the second statement let [ = Z.y and just consider

the system
Vi-VieVa-VieloVs— -

and apply the statement already proven. [
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5.10. DEFINITION. Let W be the poset consisting of functions v : I — Zyq with the order
1 <y if 1(i) <ha(i) for alliel. Let Y be the poset consisting of functions 1 : I — Zyy
with the order ¥y <y if Y1(i) < o(2) for all i € [ —J where J is a finite subset of I. The
categories W and Y with objects [1Zs1 can be thought of as categories of maps I — Z;.
iel

At this point in the subsection, we need to reduce the generality and take C' = Bang
for a Banach ring R. Of course, as usual, if R is non-archimedean, one can use C' = Ban’y'
instead with the obvious modifications, which we suppress to save space.

5.11. LEMMA. Suppose we are given a family (V;)ier in Bang (n.b. not in Ind(Bang))
indezed by a set I. Then the natural morphism in Ind(Bang)
“colim” H Sl((‘/;')w(i)-l) — H V;
pel iel iel
is an isomorphism in Ind(Bang) where the product on the right is taken in Ind(Bang), the
product on the left is taken in Ban% and the notation (Vi)w(iy uses Definition 3.31.

Proof. It is enough to show that the morphisms

HOHI(M, “Cgli\%ln”ngl((%)w(i)’l)) - HOIH(M, HV;)

iel iel
are isomorphisms of abelian groups for any M € Bang. We have

Hom(M, “cgliqun” [T (Vi) ygiy1)) = cgliqun Hom(M, [T='((Vi)yi)-1))
¢ iel € del
~ colim colim Hom™ (M, [T='((V;)y(i)-1))

¢€‘1’ j€Z>O iel

~ colim colim Hom*! (M, ([ T=*((V;)y(i)-1));-1)

Vel jeZng il

~ colim  colim Hom* (M, [T=" (Vi) jwiy-1))
Yel  jelag il
= czliﬁr}n Hom™ (M, [T= (Vi) y(iy1))
. <1 el (11)
~ colim [ [ Hom™ (M, (Vi) y(i)-1)
Vel T
~ [ colim Hom*" (M, (V;) ;1)
iel] J€4>0
=[] colim Hom* (M, V;)
sel JE4>0
= [[Hom(AM, V;)
i€l
~ Hom (M, [ Vi).
iel
Notice here that in order to pass from colimits over ¥ to colimits over Z.q, in the isomor-
phism
. <1 N ) ; <1 AT
ngnHHom (M, (Vi)y@iy-1) 2 [ ] colim Hom=' (M, (V;) 1)

ol
iel iel JEL>0
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we have used that in the category of sets, products and filtered colimits distribute (not
commute!). This means that for a set indexed by I of filtered sets {.S; ;},e; we have

colims; ; = cohm S w(i
J (4)

iel J€L>0 ZI;[I >0 jeI
See for instance [1] and [2], where this is explained. O

5.12. LEMMA. Suppose we are given a countable family (V;)i.r in Bang (n.b. not in
Ind(Bang) ) indezed by a set I. Then [1V; is metrizable in Ind(Bang).

iel
PRrROOF. Notice that ¥ is a non-full subcategory of T but they have the same objects. The
functor ¥ — Bang which sends 1 to H<1(V)¢(Z) 1 can be extended to a functor T — Bang.

Indeed suppose that 1 (i) < 19(7) for all i € I - J where J is a finite subset of /. Then we
have

suplfoglliys ()™ < max{ sup [loillia (1), suplloill2(é) ™ } < max{ sup [Juiflon () suplfodlliy» (1)~}

iel— el—
and therefore
Supllw||z-wz(i)’1 < Csupllvﬂliwl(i)’l
1€ 1€

where

C =max{l,c}

and

supl|vs||iwa (i)~

_ ieJ )
supl||v;||;201 (7)1
ieJ

The inclusion ¥ — T is a final functor. This is because if ¢4 (i) < ¥9(2) for all 4 in I - J
then by letting 3 = 1 + 19 we have 11(7) < 13(i) and y(i) < 3(2) for all i € I. The
category T is Rj-filtered: Given a countable collection q,1),... of objects of T, define
aeY by a(i) =1+ Yk o¥r(i). Then clearly for all i > j we have 1;(i) < a(i) and so in T
we have that ¢ < . Hence the inclusion induces an isomorphism

ceotin” [T (V)oco-+) = “eqlim” [T (V)oto)

iel € iel

Combining this with the isomorphism of Lemma 5.11 we see that [V is metrizable. m
iel
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5.13. COROLLARY. Suppose we are given a system
R R

in Bang (n.b. not in Ind(Bang)) such that all morphisms in the system are in Ban% . Let

U be the poset consisting of non-decreasing functions 1 : Zsy — Zs1 with the order vy <1y
if ¥1(3) < ha(i) for all i € Zsy. Then the natural morphism in Ind(Bang)

. < id-s < .
“colim”ker[ [T ((V)u-1) = [T *(Vartggueny)] — lim V,

. . A
26221 7,6221 telz1

is an isomorphism in Ind(Bang). Furthermore, 1inn‘/Z- is metrizable and so any Fréchet
1€L>1

module s metrizable.

PROOF. First notice that

lim V; = ker[ ] v = [TVl
i€Z>1 i€Zs1 1€Z>1

. . id-s
Using Lemma 5.11 we can write [] V; — [ Vi as a map
’iézzl iézzl

“colim” H Sl((‘/i)q/}(i)—l) N “Cgleiqfn” H Sl((‘/i)d)(i)*l) (12)

’(/}E‘I/ iEZzl iGZzl

however, the shift of an element (v;)iz,, of II <'((Vi)y@)-1) lands in ] (Vi) o(iy1)

’Lezzl ’LEZzl

whenever sup ||v;][;-1¢(i = 1)t < oco. This happens as long as sup||v||;¢(i — 1)~ < oo since
’L'Gzzl iEZZl

the maps are non-expanding. For ¢ =, ¢(i—1)71 >4 (2)~! so there is no reason why this
should be true. However, if we define ¢ = s1) by (s¢)(i) = ¥ (i + 1) then we do have the

map
s: [T = ((Vui) = TT (D)
7;6221 iezzl
induced by the obvious maps s; : (V;) @)1 = (Vi) @y = (Vi) sy i-1y-1 - Luckily, there
is also the map
id: JT=((VDuw) = TT (Vo)
iEZzl iEZzl
induced by id; : (V;) gy = (Vi) (se)(s)-1 since s1 > 9. The morphisms
(id=s);: [T = (Vi) = (Vi) sy

iEzzl

defined by

(041,062, R ) = Oy — Oy
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are non-expanding because of the inequalities

o = enll ) gy e = 278G + 1) My = gl < 279G + 1) M lagall + 279G + 1) oy
<2790 + 1) Mlagall+ 279 () eyl < supd (D) il
V€451

(13)
Therefore, we can rewrite (12) as
ol (T2 (0s0) — T (Do),
@belIl iEZZ1 Z'Ezzl

Because the functor “cglgrl” is exact, we are done. As in the proof of Lemma 5.12 we can
€

replace ¥ with the R;-filtered category T and conclude that

id-s

“colim” ker[ [T "((Vi)yy)-1) — ] ' ((Vi)2-1yis1y-1)] — Lm V;
YeY 1€l>1 i€Z>1 €251
is an isomorphism in Ind(Bang). Therefore, llZmV is metrizable. ]
1€4i>1

5.14. REMARK. It is completely fine to take some or all of the maps Vi1 — V; to be the
wdentity. In particular, taking them all to be the identity we see that any Banach module
15 metrizable.

5.15. LEMMA. For each k € K suppose we are given an inductive system I, - Bang given
by the system of Banach modules W( ) Let W) = cohm”W( ). Assume that for iy <1

ZEIk

the morphisms W( ) 5> W™ are non- expanding. Let ® be the poset whose objects are pairs

12

(¢1,02) where ¢1: K — LI Iy, such that ¢1(k) € Iy for all k and ¢o: K — Nyy. This has a

partial order defined by (¢1,¢2) < (@1, 94) if and only if p1(k) < @1 (k) and ¢2(k) < ¢h(k)
for all k e K. Then the natural morphism

“ colim ” <1 N W)
(¢1,92)e® kI] ( ¢1(k))¢2(k)1 kl;[{

1s an isomorphism. To explain the structure maps in the formal filtered colimit, for
(é1,02) < (@), ¢h) the morphism

< (k) < (k)
I (Weii)aaor = T (W) en
keK keK

1s the non-expanding product over k € K of the obvious morphisms
(WS oatryr = (W '(k))¢>2(k) =

If each I, is R, -filtered then if K is countable then T] W) is metrizable.
keK
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PRrROOF. It is enough to show that the morphisms

Hom(M, “ colim " T Sl(Wqu()k))@(k)—Q - Hom(M, [] “colim” Wi(k))

(¢1,02)e® [k pere i€l

are isomorphisms of abelian groups for any M € Bang. We have

Hom(M, “ colim ” <tk -1) = colim Hom(M, J=! wk) )
( (91,¢2)® kle_I[( ( ¢1(k))¢2(k)1) (¢1,92)e® ( kI;I< ( ¢1(k))¢2(k)1)

_ . : <j <1/1r7 (k) B
(SO Hom® (M, TT (W, 6 Jencor)

~ . . <1 <Ry
" ey Hom O IOV i)

B . <1 <1 (k)
= o Hom™ (M, kI_;L (W) )eatir)

B . <1 (k)
" oty LT Hom QL (V0 s

= H colim colim Hom*! (M, (m(k))j-l)

ke K ielk j€Z>0

=[] colim colim Hom* (M, I/Vi(k))

Lek i€l j€Z0
= [ ] colim Hom(A, Wi(k))

kek €1k
= [T Hom(M, “colim” W)

keK i€l
= Hom(M, [ “colim” W),

ke €l
(14)

As in the proof of Lemma 5.11 have used in the isomorphism

1. H <1 M (k) - ~ 1 l H <1 M W(k) L
(51%52@}}( om*= (M, (W, (1)) ga()-1) ,E(CQE},fn colim Hom™ (M, (W;)1)

that in the category of sets, products and filtered colimits distribute (not commmute!) as
explained in [1]. Let us now assume that each I, is ®;-filtered and K is countable (so we

can assume that K =N). Let A be the set whose objects are pairs A = (¢1, ¢2) where ¢ :

K — 11 I such that ¢1(k) € I} for all k and ¢, : K — Ny;. This has a partial order defined
keK

by (¢1,¢2) < (¢}, ¢5) when ¢1(k) < ¢} (k) and ¢o(k) < ¢4(k) for all but a finite number

of k € K. Say that we are given a collection A1 = (6" ¢{) A@ = () ¢{) ... e A

Define 8 = (31, 2) : K = ( 11 I;) x Ny; by choosing for each k an element (;(k) € I, such
keK

that By(k) > ¢\™ (k) for all m and Ba(k) = 1+ X ¢ (k) € N,;. Then for any fixed m,
i<k

Ba(k) > M™ (k) for all k> m and By(k) > A (k) for all m. Therefore B(k) > At™ (k) for
all £ >m and so 3> A" for all m. n
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By comparing Lemma 5.11 and Lemma 5.15 we get:

5.16. COROLLARY. Consider the set of functions ¢, : K — I_I Iy, such that ¢1(k) € I} for

all k. It has a partial order defined by ¢, < ¢} when qbl(k;) < ¢y (k) for all but a finite
number of k € K. Denote this poset by ®,. The natural morphism

(k) 43 kM (k)
C?g?HW(b W~ H C?ehkm W

s an isomorphism.

5.17. LEMMA. Let K be a countable set. For each k € K suppose we are given an inductive
system I, — Bang given by the system of Banach modules WZ.( Let W) = cohm”W(k)

lEIk

Ind(Bang) for each k. Then for any U € Bang the natural morphism
U@R(H W(k)) -] (U@Rw(k))
keK keK

1s an 1somorphism. Suppose now that K s a category with a countable set of objects and
morphisms. If U is flat over R and K — Ind(Bang) is any functor written as k W &)
then the natural morphism

keK ke K

U®r (hm W(k)) - lim (U®RW(k))

s an isomorphism.

PROOF. Let P =[] SlRTS with 74 > 0. Notice that
seS

P®R(H W(k)) ~ P& colim ” H gl(W(k ))¢>2(k) L~ “ colim nHSl H <1(W(

s k)-1
kel (61.62)€P g dr(k (61,62)e0 o i 51 () 2 (k)

while we can rewrite [ (P®gW ) as

I (P®R“cohm”W(k)) [] “colim” Ugl(VVi(k))rs = “ colim " [] SlHS1(W(k(,€))m¢2(k) ..

ek i€l kek e g5 (1,92)e® [k ses

Let f((d)l’d)2 denote the morphisms

¢1,62)
<1 k) k)
H H SI(W( (k))rs¢2(k) 1 H H S1(I/V( (k))rs%(k) !

seS  keK seS  keK

for (¢1,¢2) < (@], ¢%) and similarly let ggilig)) denote the morphisms

<1 k) <1
[T 1T (Wi reontyr — TTE LT W5 o
keK  seS keK  seS
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Now clearly for each (¢y, ¢2) we have that [ [] g1(I/V(k(k,))Tsd,Q(k) 1 is a Banach submod-
seS  keK

ule of [ st <1(W(k k))Te¢2(k) 1, denote the bounded inclusion by
keK seS

. (k < <1 (k)
L(p1,2) * H H<1(W¢1(k) rsda(k)t T H<1H (W (k))rs@(k) L

seS  keK keK seS
Notice that ( ) (
1,85 1,85)
9(¢i,¢>§) Uor.d2) = Uoh.0) © f (¢>11,¢>;) (15)

We now want maps in the other direction but this will not work without increasing

(¢1,¢2). Suppose that we are given an element (wy.s)kex ses € kg:lggﬂ(w(k(k))“@(k) 1.

By definition this means that
Z”wk‘ 5||¢1(k)7“5¢2(k‘)

seS

and
SupZ”wk s||¢1(k)Ts¢2(k)

keK geS

For each k this implies that {s € Sjwy s # 0} is countable. Let S. be the subset of S defined

by S.=5-{seSlwgs=0 forall k}. Notice that S, is countable since it is a countable

union of countable subsets: S, = U (5 —{s € Slws =0}). Because of this countability, we
keK

can choose a collection of positive real numbers p, for s € S, such that p = Y p, is finite.
se€Se

Choose ¢f, so that ¢h(k) = 25¢,(k) for all k. Then for any s € S. there exists a ks € K
such that we have

Suprk S‘|¢1(k)r8¢2(k) L<ps + w5 |¢1(k )7”5¢'2(k3)71

Now

sl rech k) <+ Tl

seSkeK

ks _
AN

<p+ Z S g || 8 sy (k)

keKseS

<p+ S0 Sl (g rata(h)

keK seS

<p+ ( Z 2_k) (SUPZHU% s||¢1(k)r8¢2(k) )

keK keK seS

(16)

and therefore Zsup||wks
seSkeK

bounded morphisms

7T(¢i,¢§) H< U U (k))Ts¢2(k) ! —’g ,L[:l W (k))wz(’f) '

||¢’j)(k)718¢/2(k)71 is finite. If ¢4(k) = 2Fpo(k) for all k, we get



FRECHET MODULES AND DESCENT 243

Clearly we also have
(¢1,95) (¢1,¢2) f(¢1 ¢2 (al»a'z)

Tg1,02) © (ar,a2) = J(ar,a8) © M(ar,a2)”

Finally, notice also that
L . (¢>1,¢>2) (¢1,95)
(©1:62) © T(p1,62) ~ I(1,62)

and (61,¢) (61,6})
1, 1
T(ordn © 161.62) = F(g1.00) -

These three identities combined with Equation (15) imply that

colim "| |~ <) , >« colim ” T (W , 17
Solim ]Z[s~ L1 Wi dronr = colim ™ TTH L (W v (17)

43

and therefore

P&y ( I W<k>) ~ [T (P8 ®).
keK keK
Now let U € Bang be arbitrary. Similarly to Lemma A.39 of [10] we can find a projective
resolution
K-P->U-0

where all morphisms are strict epimorphisms, K = [[*'R,, and P = [[*'R,.. The fact
teT seS

that products are right exact immediately implies that U@R( I1 W(k)) > [T (UBgW ).
keK keK
The second statement of the Lemma follows from writing the limit in terms of countable

products and kernels. [

5.18. LEMMA. Let K be a countable set, For each k € K suppose we are given an inductive
system I, - Bang given by the system of Banach modules Wi( Let W) = cohm”W(k)

el

Let V € Ind(Bang) be metrizable. Then the natural morphism
V@R(HW(’“)) > [T (Verw®)
keK keK

1s an isomorphism. Now let K be a category with a countable set of objects and morphisms.
If V is metrizable and flat over R (or metrizable and nuclear) and K — Ind(Bang) is any
functor then the natural morphism

keK ke K

V&g (11mW<k>) — lim (VW "))

18 an isomorphism.
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PROOF. Let V = “Colgrn”Vj where J is Ry-filtered. Using Lemma 5.4 we have
J€

[T (V&rWw®) = T colim (V;@xW ™) = colim [T (V;@zW*))

ek kel J€ 3¢ ek

because colimits over an Ri-filtered category commute with countable products by Lemma
5.4. Also

V&g ( [1 W("“)) ~ colim (Vj@R ( I1 W<k>)) = colim [ (V;@8xW™) (18)
e K et e K J&T ek

by Lemma 5.17. The second statement of the Lemma follows from writing the limit in
terms of countable products and kernels. [

5.19. LEMMA. The converse to the first part of Lemma 5.18 holds in the sense that we
can conclude that an object V € Ind(Bang) is metrizable if and only the functor V®g(-)
commutes with countable products.

PROOF. We will prove that if for some V' € Ind(Bang), that the natural morphism
Ver(J[R) — IV
Z Z

is an isomorphism, then V' is metrizable. Consider the category J of all objects of Bang
mapping to V. Then of course V coﬂliJmV}. The above isomorphism combined with
je

Lemma 5.17 which tells us
Vj®R(HR) = HVJ
/ Z

immediately implies that the natural morphism
colin(LIVD) = Leglinys

is an isomorphism. Suppose we are given a chain V;, - V,, = V;; = V;, - - in J. We
can lift the natural morphism [V}, — [IcolimV; to a morphism [[V, — colim[]V}.

keZ kez J&J keZ jeJ  kez
Therefore there exists some j € J such that all morphisms Vj, — V factor through some
V; = V. Therefore J is R;-filtered and so V' is metrizable. "

5.20. REMARK. This result is surprising since the analogous result in the purely algebraic
case is not true. In fact, in the algebraic case the tensor product of a module will commute
with all products of other modules if and only if the first module is finitely presented [23].
However, there is no contradiction here because if we take a ring, endow it with the discrete
Banach structure, then we can consider the category of discrete modules over the ring but
this category is not closed under the operation ®g.
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5.21. LEMMA. Say we fir A € Comm(Ind(Bang)). Let K be a countable set, For each
k e K suppose we are given an inductive system I, — Bang given by the system of Ba-
nach modules m(k). Suppose we are given objects W*) e Mod(A) with underlying object

“Colim”VVi(k) € Ind(Bang). Let V e Mod(A). Suppose the objects underlying A and V in

iEIk
Ind(Bang) are metrizable. Then the natural morphism

V&4 (1‘[ W<k>) - [T (vaaw®)

keK keK
18 an isomorphism.

Proor. This follows from the case of A = R which was proven in Lemma 5.18 and the
description of ®4 as a coequalizer in Equation 7 together with the fact that ®p is right
exact in each variable as discussed in subsection 3.26. [

5.22. COROLLARY. As a corollary of Remark 5.1/ (or of Lemma 5.17) and Lemma 5.19,
we see that if we have a countable collection V; of nuclear objects of Ind(Bang), their
product is nuclear. A coproduct of any collection of nuclear objects is also nuclear.

PROOF. Suppose that we have a countable collection of nuclear objects V; indexed by a
countable set I. For any Banach module W the map

([TVO)®rW" — Hom(W, ] [V3)

iel iel

breaks up as a product of maps V;® WV — Hom(W,V;). Write the coproduct of nuclear
objects V; over a countable set I as a filtered colimit of coproducts over finite subsets.
The finite coproducts of V; are clearly nuclear. Then notice that both sides of the needed
equation V@zrW" = Hom(W, V) are filtered colimits of true equations. n

6. Spaces of Functions

In this section, we use the previous results to study rings of analytic functions and their
modules on Stein spaces over Banach rings R. As usual, “affine” spaces are considered as
the opposite category of commutative, associative, unital ring objects over Ind(Bang). As
these form a huge category, one often wants to do geometry with a more manageable class
of objects. One can define define Stein algebras over R as limits of a sequence --- - A3 -
Ay - Ay where the A; are quotients of Banach disk algebras by finitely generated closed
ideals such that A; are flat over R, and the morphisms are ring homomorphisms over
R in Ind(Bang) which are injective, homotopy epimorphisms, nuclear, non-expanding,
and dense. These requirements were chosen based on the properties of the natural maps
on poly-disk or Tate algebras thought of as restrictions of functions from bigger radius
to smaller. This definition is motivated by local models in complex analytic geometry
together with properties of functions on open polydisks along with their usual structure
as Fréchet algebras. Similarly, dagger algebras over R are defined as colimits of systems
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made up of the same type of morphisms A; - Ay - A3 — ---. These limits and colimits
take place in Ind(Bang). In this section we focus on limits of colimits of canonical maps
of disk algebras, without quotienting by any ideals. It may be interesting to extend these
results to more general contexts to develop a complete theory.

6.1. DEFINITION. The analytic functions on n-dimensional affine space over R are de-
fined by

. x T
ALy =1 — —
O(AR) = lim R{-=,...,—
Similarly, given an n-tuple of positive real numbers r = (ry,...,r,) the n-dimensional open
disk with multi-radius v is defined by
T

O(D?, ) = imR{=,
’ p<r pl

n

The ring O(A%) is actually a bornological (in fact Fréchet) ring over R isomorphic to
{ > arz’ € R[[x1,...,2,]] |for each reZsg, > |aflr’ < oo}.

I€Z7, Iz,

The bornology is induced by the family of semi-norms ||f||, = ¥ |as|r! in the sense that
Iezn,
a subset is bounded if it is simultaneously bounded for all the metrics induced by this

collection of semi-norms. It is easy to see that the limit of algebras gives the standard
algebra of global analytic functions in both the R case and the Q,, case (with the standard
non-archimedean adaptations of using the Tate algebras instead of the ¢! disk algebras).
The ring O(DZ, ) thought of as functions on the open disk of multi-radius r is isomorphic
to

{ > aiz’ € R[[z1,...,2,]] | foreach p<r, Y |af|p" < oo}.

IeZn, €23y

Here, the bornology is induced by the family of seminorms ||f||, = > |a1|r(fm) where
IeZ3,

T(my = (11— %, T %) We could even consider A}, as the open disk of multi-radius

(00,...,00).

6.2. OBSERVATION. Recall the definition of the poset T = HZ>0 from Definition 5.10.

We can give an explicit description of the algebras of functzons on the affine line or on
an open disk. For example, in the one dimensional cases Lemma 5.13 applied in the case
Vi = R{%} c R[[z]] we have

O(}) = “egi™ = S e RILaL) | sup (v S <o)

=0

and if we apply Lemma 5.13 in the case V,, = R{—2=} c R[[x]] we get

O(Dir,R) = “Cgli%n”{f = i a;x" € R[[z]] | sup (Q/J(Tl)_l i |a;|(r - n‘l)i) <oo}.
€ i=0 neN =0
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These Stein rings are written here as formal Ri-filtered colimits of Banach modules. But
the Banach modules themselves indexed by Y and appearing within this colimit are not
Banach rings because they are not closed under the multiplication of R[[x]]. In fact the
same description can be done for any type of categorical limit limV; of Banach modules

cVyacVycl)

as submodules of a given algebraic module where V,, are the elements f in Vi with ||f||v, <
oo

: T 1
limV; = “colim™{f € Vi | sup (¢(n)"![If]l;) < oo}

6.3. LEMMA. For each p < T the restriction map

Tn Tn

L R{H
P1 p

n

x
R{=,...,
71

n
18 nuclear.

PRrROOF. This map clearly decomposes into the completed tensor product of its factors
R{%} - R{7'}. By the compatibility of nuclearity with the completed tensor product
discussed in Lemma 4.3, it is enough to treat the one dimensional case and to show that
for p < 7 that the map R{Z} » R{Z} is nuclear. For any 7 and p the Banach module

R{7}'®rR{%} can be described as

J€Zx0 1€Zx0 1€Zx0 J€Zz0
The right hand side consists of elements (a;;); jez., such that first of all
sup |a;|p't7 < o0
JeZ0
for any 7 € Zsy and that furthermore,
> sup |ag|p'T < oo.
i€Zs0 J€2L20

In the case that a;; = §;; which gives the restriction map, the first condition is vacuous
because it just says that (£)* < oo for any i € Zso. The second condition gives Y.;.;  (£)" <
oo which holds precisely when p < 7. n

Let ¢ be a non-decreasing sequence Zsy - Zs;. Define a Banach ring over R by

REZY ={ Y aa? e Rl[e]] | Y la,lr/(5) < oo}

j€ls0 J€Z>0

equipped with the norm

120 a2’ = 3, a7y (5).

J€Zz0 J€Lxo



248 OREN BEN-BASSAT AND KOBI KREMNIZER

Consider the morphisms

< xXr id —-s <
I IR{—_l}zw(wl)d—’ [ R{—=

’L'Ezzl T+ ’Lezzl

P 10 — R{- Yy (19)
given by
(id=s)(f1, fo, f3,---) = (fr, fa = fr, fa = fo, o)

and where the map o is defined by summation. Here, s(f); = f;_1 for i > 1 and s(f)o =0
The map s is contracting because it comes from the contracting maps R{W}w(i) -
R{—%=}y() and similarly the map id is contracting because it comes from the contracting
maps RB{ == }yarn) > B{7 o) For fe R{ 7=} apgisn)

G = )N = 1t + It ey < 2Nz iy = Il

T+

—1 }21,[1(7,+1)

T+

The map o is non-expanding as it is induced by the obvious non-expanding morphisms

Foa) > B Ty,

Define 6 : R{Z}¥ > 11 ' R{:%x}y@) by

iEZzl

R{

7‘+z‘1

6> aa’) = (a;z");.
J
The fact that § is bounded follows from the estimate:

- laal (r+ 7)) < (Sup(1 +=)7) D ladr'e (i) = e Y Jailrie (i),

i€Z>1 J€lx1 i€Z>1 i€Z>1

Then we have oo (id - s) = 0. Indeed the norm of ¥V (id - s) f is smaller than or equal to
e ||id -s|||| |, where fy is the component of f in R{-—%-},(n+1). Because the terms
of f are summable, ||fx|| = 0 as N goes to infinity and so the norm of oo (id -s) f is zero
for any f. Also notice that g 0d =idp(zy». We conclude that (19) splits on the right. By
dualizing it and using Lemma 3.49 we get the identification

(R 23y = ker[ [T ¥ (R{E—=})wiyr — [T (R{

’LEZ>1 i€Z>1

P )atpat](20)

r+¢1 r+1

where the morphism on the right is given by

(f17f27"')H(fl_f2>f2_f3,...).

6.4. LEMMA. For two sequences ¢, 1 such that 1 (i) > 2i¢(i) for all i the natural mor-
phism
x x
R{=}¥ - R{=}?
- 2y

18 nuclear.
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PROOF. As a module, we can identify R{%}¢ = 'Iil I R(rij1yi(;) and so
J€Lz0

Ty <1
(R{;}w) = [~ Reejysni-

J€Zz0

We have . . . )
—~ < <
R{=}@r(R{=}")" = LI IT™ Rowrnytoagys0)-

Jelxo 1€l

An element of this space is just a collection (a;,;);; such that

suplaa|(r+ 7)) (r + 57 6(5) < 00

ZEZZ()

for each j and
> supla|(r+ )™+ 571 6 (5) < oo
jelsol€Zzo
The morphism we care about is nuclear if and only if a,; = 0,; satisfies these conditions.
The first condition is obvious and the second reduces to checking that Y. ¥ (j) t¢(j) is

Jj€Zso
finite, but this finiteness follows from our assumptions. ]

6.5. DEFINITION. The dagger algebra [6] of overconvergent functions on the polydisk of
polyradius (r1,...,1,) € RY, is the colimit of the monomorphic restrictions of the functions
on closed polydisks in Comm(Ind(Bang)):

R{E, e ﬁ}f = “Colim”R{ﬂ, e Iny,
T T'n p>r P1 Pn
This also makes sense when r = (0,...,0). This bornological ring can be realized as the
subring of elements f = Y ajx! of R[[x1,...,x,]] such that for some p >r we have that
IeZy,

> |ag|p! < oo. A subset is bounded precisely when it is bounded in one of the Banach
IeZ,

: -
rings R AR L

6.6. LEMMA. There are canonical injective morphisms

x T\ "
(R{T_ll,’a}f) —>O(D<T_1,R)
O(D" , )Y — R{ZL, . 2y

’ 1 Tn,
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PROOF. For the second, we first define a bounded pairing between O(D” _, ) and R Ho
which is R-linear and non-degenerate in each variable. Consider the partially defined map

f:R[[z1,...,z,]] x R[[%1,...,2,]] - = R

given by

( Z CL[ZL‘I, Z bJZL‘J)H Z a[b].

IeZ;‘O JeZ’ZlO IeZSO

It suffices to show that it restricts to a well defined, bounded non-degenerate morphism
on the product

x Tn "
R{=,....=2} xO(D" ., p).
(&1 Tn

The non-degeneracy is obvious. The fact that it is well defined follows from the estimate

| > arbi| < ) agbs| = Y larp™|brp’| < ( > |afﬂfq) ( > |bJPJ|) (21)

IeZ3, IeZ3, IeZ3, IeZ, JEZZ,
assuming that Y. bz’ € R{%, e “Z—"} and p > r. In order to show that it is bounded
Jezy, "
we need to take a bounded subset By ¢ R{Z},..., 22} for p > r and another bounded

subset By ¢ O(D” _, ) and show that f(B; x By) is bounded. Let O(D” _, ), denote

r

the space O(D? _, ) equipped with the norm coming from R{piz1,..., pn2,}. The map
feR{ZE, ..., 32} x O(D2 L ) > R factorizes as

) pn
R{ZL, Iy xo(D" ) > R{ZL, .
1 '

Tn n
; L B O(Dl s ) > B

The first map is clearly bounded and so B; x By is still bounded in R{%,...,i—z

(Q(DZT_1 R) , and so lands inside the product of disks D x Dy where D; consists of elements

of norm less than d;. The estimate (21) again shows the image in R is bounded. ]
6.7. LEMMA. y

(RC2Y) =000
PrOOF. We have

(ry) =t (REP) - (L 07)

> > .
p>r PPT\eZso

i (T ((Rpj)v))) (22)

PPT\ jeZzo

 tim | [T (Rp_j)).

p>r j€Zs0

Sl
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On the other hand,
O(D 1 ) = lin_llR{é} = lgg}R{pa:}.

Now notice that [T =" (R,) = {X;ez., @j%7|Sup ez, la;lp™ < 00} and
J€Zz0 - B

Ripa}={ 3 aza’| 3 lajlp™ < oo}

J€Zso J€Zso

and

R{Z}={ Y )] 3 laylr! < oo}

J€Zo J€Zo

and that the inclusion map for 7= p~!

or in other words

Ripz} — [1° (R,)

J€ZLx0

is bounded. Also if 7 satisfies 1 < p~1 < 7~1 we have a bounded inclusion [] <! (Rp—j) —
J€Zso

R{;} because of the inequality

> lagln? = laslo™ (np)? < (sup lailp™) (Y (np)¥).

j€Zso j€Zs0 1€Zx0 keZso
Together these inclusions give the desired isomorphisms. n
6.8. LEMMA. y
X1 Xz
(R{—,...,—"}f) ~O(D" .\ 5
T1 Tn ’
PRrROOF. Let V, =R, ®--® R,,. We have

(R{f—ll,...,f—zp)v ;nm(m%,...,i—:p) “lim( (] Sl(v;@j/z:j))V)

> > .
p>r P>\ eZso

“tim | T ((vp@j/zj)v)) (23)

>7 .
P J€Zx0

=lim( [T~ ((vf{)zf))

P71\ jeZso

On the other hand,

n . 4o Tny o1 . <1 i
O(D<T,17R):Tl<1£11R{T—1,...,T— =1;glR{Pl$1,---,Pn$n}=1;gl( 11 (Vﬁ{/Ej))

n J€Z0
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Notice that for each p > r we have injective bounded maps
x Ty,
fo: R{pz1, ... ppy} — R{p—l,---,—}v
1 n
sending Y a;z! to the map sending Yb;x! to Yasb;. The later is bounded by Y ||as||p~/
T T T J

because
1> arbill < Y Mlarllllbrll = Y llarllo b~ < Qo llasllo™ ) lloxllo™).
T T T 7 K

This then shows that f, has norm less than or equal to one. For any 1 > p >r we have an
injective bounded map

Ty

_} - R{nlxla R 77771‘1'”}

n

T
ot R{—, ...,
P {pl

given by sending any a to Ya(x!)z! which can be seen to be well defined and bounded
T

by the estimate

IS0l = o < Sl - (;wn)f) ol

Notice that the composition g, , o f, is simply restriction from the disk of radius p=! to
n~t. The composition f, og,, is the identity. Therefore these maps give maps of systems
which give the required isomorphisms:

Tn

}V);(R{f—ll,...,f—:}f)v. (24)

n . T Zy
O(DZ s ) = l;gR{plxl, ey P lfgg (R{E, e

n

We can now finish showing that open disks and affine spaces over R are flat over R in
any dimension.

6.9. COROLLARY. O(D? _, ) is nuclear (and hence flat over R) for any r = (r1,...,m,)
with r; > 0.

PrOOF. We have by Equation 24 and the description of limits from Corollary 5.13 that
O(D? _, ) is isomorphic to

z1 Tn Tl Tn

“colim” ki <1 v N— =<1 VYoo . —1]-
colim cr[lZI (R{ Pl el Pyt = 11—[ (R{ B F o1y e1y-11

which is isomorphic to “Cgli\%n” (R{riz1,...,rx,}¥)" by Equation 20. Lemma 6.4 implies
€

that we can find a final indexing set so that all the morphisms in the system are nuclear.
Therefore, by Lemma 4.15, O(D? _, ;) is nuclear and hence flat by Lemma 4.21. ]
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6.10. LEMMA. Given a system --- - Vo — Vi = Vg in Bang where all structure morphisms
are dense, the canonical map
limV; — RlimV;
1S a quasi-isomorphism.
PROOF. Because the object RlimV; has bounded cohomological dimension (in fact with

amplitude [0, 1] by [33]), it is enough to show that for any projective P that the natural
morphism R Hom(P,limV;) - RHom(P,RlimV;) is a quasi-isomorphism of complexes of

abelian groups. We have
R Hom(P, ]Rlizm\/;) > RlignR Hom(P,V;)
and also (since P is projective) RthR Hom(P,V;) = ]Rlilm Hom(P,V;). Similarly,
R Hom(P, li%nVi) ~ Hom(P, li?ﬂ/}) > lilm Hom(P,V;).
Therefore, we need to show that the morphism
lign Hom(P,V;) —» Rli{ﬂ Hom(P,V;)

is a quasi-isomorphism. In the system defined by the Hom(P,V;) the structure maps
are bounded and dense. By the Mittag-Leffler lemma for abelian groups equipped with
compatible metrics given in the work of Palamadov [28], Vogt, and Retakh, we get a
quasi-isomorphism

limHom(P, V;) — RlimHom(P, V;) (25)

in the derived category of (the quasi-abelian category of ) topological abelian groups. This
implies that we have the needed quasi-isomorphism for the underlying abelian groups in

equation (25). =
6.11. COROLLARY. The natural morphism O(A%) — ]RIZimR{%,...,IT"} is a quasi-
T€L>0
isomorphism and therefore O(A%) = li%n R{%,... 2=}
T€L>0
6.12. LEMMA. For any 11,...,7, € (0,00] and p1,...,pm € (0,00] , we have

O(D2)BRO(DT) = O(D™™).

<(7.p)

In particular O(AL)®rO(AT) = O(AL™).
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PROOF. First notice that both R{p1x1,...,p,z,} and O(D?,) are metrizable by Corollary
5.13. Also, O(D?.) is nuclear by Corollary 6.9 and hence flat by Lemma 4.21. Now the
second statement in Lemma 5.17 shows that all the limits can be pulled outside. Explicitly

O(Dr)8RO(D) = O(D )@anR{ﬂ,...,z—m ;1112(0(037)@3{%,...,2—7”})
m s< 1 m

T = n Ym
~] IimR{— IV®rR{EF, ...,
im((lim { 7an}) R )
n P~ U1 Ym
= limlim(R ®rR{=,... 22 26
imlim( { oYBRR{S ) (26)
~  lim R{— “’ﬁ’ﬂ’”"y_m
(s,m)<(Tp) r1 'n S1 Sm,
= O(DLry)-

7. Topologies and Descent

Different considerations of abstract topologies and descent that we know of have appeared
for example in works of Orlov [27] and Kontsevich/Rosenberg [22]. We consider descent in
the infinity-category version of the homotopy monomorphism, flat, and other topologies
in our project on derived analytic geometry [11]. On the other hand, in this article we
try to focus on non-derived categories of modules (i.e. homotopicaly discrete modules or
complexes in degree 0) and the underived pullback functors of restriction. As this would
not work for arbitrary modules concentrated in degree zero, we need to specialize to
quasi-coherent modules. The Grothendieck pre-topology that we work with is not quasi-
compact, it has covers consisting of a countable collection of homotopy monomorphisms
spec(A;) — spec(A) such that given a morphism f: M — N in Mod(A) with M®4A; —
N®4A; an isomorphism for all ¢, then f is an isomorphism. This property is called
being conservative. It is expected to correspond to surjectivity of the cover for the topos-
theoretic notion of points. For instance, it is known that the Huber points correspond
with the topos-theoretic notion of points in the rigid-analytic context with the G-topology
(see [10] where more explanation and citations are given). In most geometric settings [10]
[11] [8] [9], conservativity on the level of quasi-coherent modules agrees with surjectivity
of the map L;JmaX(Ai) — max(A) on the maximal ideal spectrum, which then agrees with

the pullback map from quasi-coherent modules to the descent category for quasi-coherent
modules being fully faithful.

7.1. QUASI-COHERENT MODULES.

7.2. DEFINITION. Let A be an object of Comm(Ind(Bang)). Objects M and N of Mod(A)
are called transverse over A if M® N = M&4N.
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7.3. DEFINITION. Let A be an object of Comm(Ind(Bang)) flat over R. An object M of
Mod(A) is called quasi-coherent if it is flat over R and for all homotopy epimorphisms
A — B where B is metrizable that M 1is transverse to B over A. The full subcategory of
quasi-coherent modules is denoted by Mod™ (A).

7.4. DEFINITION. Let A be an object of Comm(Ind(Bang)) which is metrizable. An object
M of Modg(A) is called quasi-coherent if for all homotopy epimorphisms A - B in
Comm(Ind(Bang)) where B is metrizable that M is transverse to B over A. The full
subcategory of quasi-coherent modules is denoted by ModI@R(A).

Our notation “RR” is in credit to Ramis and Ruget who introduced a similar notion
in the context of complex analysis in [35].

7.5. EXAMPLE. Let A € Comm(Ind(Bang)) and V €Ind(Bang). Assume that both A and
V are flat over R and metrizable. Then A®RV € ModRF(A).

7.6. LEMMA. Say that C' is a category with countably many objects and morphisms. Then
given any functor F: C' - Mod®¥(A) the limit computed in Mod(A) lives in ModZ¥(A).

7.7. GENERAL RESULTS ON DESCENT.

7.8. LEMMA. Let A € Comm(Ind(Bang)), and let { E;}ic; be a projective system in Mod(A)
indezed by the countable poset I. Let F be an object in Mod(A). Suppose that the un-
derlying objects of A and F in Ind(Bang) are metrizable and flat over R. Suppose in
addition F' is transverse to E; over A for each i and the system {E;}ir is ljr}l-acyclic.
1€
Then {F®F;}icr is a lirfl—acyclic projective system, F' is transverse to hr}lE, over A and
the natural morphism
F&,(ImE;) » lim(F®4E;)
1€ 1€
1s an isomorphism. If instead of the condition that F is flat over R we have that both the
E; and l_iI}IEi are flat over R then the same conclusion holds.
1€

PROOF. Recall that the Bar complex .Z5(F') is strictly quasi-isomorphic to F' and that
F&'5(-) is computed by Z5(F)®r(-). Using the explicit form of this complex together
with the fact that F®z(—) and A®r(-) commute with products by Lemma 5.18, we can
see that it interacts well with the Roos complex of {E;}; in the sense that there is a
strict quasi-isomorphism
Tot(ZLI(F)®r%Z*({Ei}ier)) = Tot(Z2° ({ L3 (F)®rEi}ier))-

The left hand side computes F' @HA(RIiI}lEZ’) and the right hand side computes RIiI}I(F 8. E)).
Using that F' is transverse to E; over A for each i and the system {F;};; is ler—acyclic

the above equation simplifies to a quasi-isomorphism
F@HA(Iir}lEi) = Rlim(F&,4E,).

From which the rest of the claims follow immediately as one side is in non-negative degrees
and the other is in non-positive degrees and so both are concentrated in degree zero. m
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7.9. COROLLARY. Let A € Comm(Ind(Bang)) presented by a system A; indexed by i in
a countable poset I in Comm(Ind(Bang)),a. Suppose that the system {A;}ier is lir}l—

acyclic and that the objects of Ind(Bang) underlying A; are metrizable and flat over R
and transverse to one another over A and in Mod®*(A). The natural functor Mod(A) —
lirPMod(Ai) induces a functor ModRF(A) - lir}lModI@R(Ai). Then A = lir}lA,- if and only

if the collection of functors (=)®A; is conservative. When this holds the natural functor
m}lModﬁiR(Ai) — ModfF(A)
{Ni}iel = hf}lNi

18 essentially surjective.

PROOF. Given an object M € Mod®#(A) and A; — B is a homotopy epimorphism we
have

(M®4A,)85 B2 (M83A,)8;, B2 M®,;(A®; B) 2 M®;B2 M®4B = (M®4A,)®4,B
so M®4A; € ModRR(Ai) and each M® 4A; is metrizable.

IfAz lir}lAi, give a morphism f: M — N, we can rewrite f using Lemma 7.8 as lir}l fi
1€ 1€

where f;: M®4A; > N®4A;. Therefore, the collection is conservative. Conversely, if the
collection is conservative let 7: A — lePAi be the canonical morphism. To show it is an
1€

isomorphism it is enough to know that it becomes so after applying the A;®4(-). But
after doing this we get using Lemma 7.8

which is an isomorphism. The essential surjectivity holds because again using Lemma 7.8
we have

M=MgsA = M@A(Iir}lAi) z liI}I(M@AAi)
for any M e Mod%F(A). n

7.10. LEMMA. Let A € Comm(Ind(Bang)) and say we are given a countable poset A — A;
of epimorphisms of Comm(Ind(Bang))/a. The functor

hI}lMOd(Ai) — Mod(A)

is fully faithful.

PROOF. The natural “pushforward” functors Mod(A4;) - Mod(A) are fully faithful. The
limit of these functors is therefore fully faithful.
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By combining Corollary 7.9 and Lemma 7.10 we have

7.11. THEOREM. Let A € Comm(Ind(Bang)) and A - A; are homotopy epimorphisms
indexed by i in a countable poset I in Comm(Ind(Bang))/a whose underlying modules

are in Mod®®(A). Suppose that the system {A;}icr is lir}l-acyclz’c and that the objects of
1€

Ind(Bang) underlying A; are metrizable and flat over R. Assume the collection of functors
(-)®4A; is conservative. When this holds the natural functor

lflr?l\/lodﬁR(Ai) - Mod R (A)
1€
18 an equivalence of categories.
This theorem can be used in the case of hypercovers. We now give a more explicit

proof in the case of covers which can be easily adapted to general posets.

7.12. THEOREM. Let A € Comm(Ind(Bang)) and say we are given a countable collection
A — A; of objects of Comm(Ind(Bang)) 4 indeved by i € S. Suppose that A and A; are
metrizable objects which are flat over R, in ModI@R(A). Suppose that each morphism A —
A; is a homotopy epimorphism and the collection of functors Mod®(A) - Mod®(4,) is
conservative. Suppose that the corresponding system A, = A; ®4-+®aA;,, for words w in
S isa Liglj—acyclic projective system as above. Then the canonical functor

D : Mod;""(A) — limModj"(A,,)
1s an equivalence of categories.
PROOF. Given N,, € Mod%#(A,,) and suppose that A — B is a homotopy epimorphism.
B®;N,, = B®,(Au®4, Ny) 2 (B®,;A,)84, Ny 2 (B8AA,)® 4 Ny 2 (B84A,) 84, Ny

= B@ANw
(27)

since A, is quasi-coherent and A, - B®4A4,, is a homotopy epimorphism and N, is a
quasi-coherent A,-module. Since B is transverse to N, for each w over A we have that
liIII;Nw is transverse to B over A by Lemma 7.8. Hence using Lemma 5.15, lir%Nw €
we we

Mod 2% (A).

Consider the functor
Mod®E(A) «— ggl\/lod?R(Aw) 'R
in the other direction defined by taking the limit. We have by Lemma 7.8
Ang(Eglew) ~ Eg(AU@?ANw) ~ N,
showing that Do R is naturally equivalent to the identity. Using Lemma 7.8 and Corrollary

7.9 we have
lirE(Awﬁé?AM) = (lir%Aw)é?AM ¥ A M = M

showing that R o D is naturally equivalent to the identity. [
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7.13. EXAMPLES OF DESCENT.

7.14. LEMMA. Recall that for a countable collection {A — A;}ie; and M € Mod(A) we
can form the usual complex

C* (M, {A;}) = [[T(M®A4) — [[(MB4A84A;) — ]

iel i,jel

Suppose that the underlying objects of A and M in Ind(Bang) are metrizable and flat
over R. Suppose M is transverse to all A, ®aA;,®@4+-®4A;, in Mod(A) and the natural
morphism A — C*(A,{A;}) is a quasi-isomorphism, then the natural morphism M —
C*(M,{A;}) is a quasi-isomorphism. If instead of the condition that M is flat over R we
have that all the A ®aA;,®4--®4A;, are flat over R then the same conclusion holds.

PROOF. M is quasi-isomorphic to M@HAC’(A, {A;}). Using Lemma 5.18, each term
[] Ai®ad,®a-B4A,;,
T

is transverse to M over A. Therefore, there is a quasi-isomorphism
Tot(L3(M)®rC* (A, {A;})) = Tot(C* (LA (M), {Ai}).

As our conditions guarantee that C*(—,{4;}) is an exact functor the right hand side is
quasi-isomorphic to C*(M,{A;}) and M = M@HAA = M@HAC’(A, {A;}) is computed by the
left hand side so we are done. ]

7.15. REMARK. The non-archimedean version of this (the proof is the same) can give
new settings for Tate’s acyclicty theorem. We expect that the hypothesis of Lemma 7.14
will be satisfied whenever A - A; are homotopy epimorphisms and the topological spaces
associated to the A; form a cover of the topological space associated to A.

7.16. LEMMA. Suppose A € Comm(Ind(Bang)), M is a metrizable A-module in Ind(Bang)
and both are flat over R. Say that we have

A—o5 A3 > Ay > A

for A; e Comm(Bang). Suppose that [TA; — [14; defined by

(a17a27...)H(ag—al,(lg)—ag,...)

is a strict epimorphism with kernel (with the induced subspace structure) isomorphic to
A and M 1is transverse to each A; over A. Then we can conclude that HM@AAZ- —

HM@AAi is a strict epimorphism with kernel (with the induced structure) isomorphic to

M.
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PROOF. The derived limit RlignAi is represented by the two term complex [[TA; — [T4;].
Therefore A = ]RlignAi and so M ~x M ?éaRlizmAi which is represented by Z Z
TOt("%j(M)@RHAi - XX(M)@RHAJ = TOt(H(fi(M)@RAz‘) - H(XX(M)@RAD)
z (M8 — [[MEaA)]
z Z (28)
As we have proven that the last complex (representing Rlizm(M ®44;)) is isomorphic to
M in the derived category, we are done. n

7.17. REMARK. A situation where Lemma 7.16 can be used is the definition of a Stein by
its defining affinoid cover. In fact, the category of modules over a Stein with an erhaus-
tive affinoid cover which we define includes fully faithfully the category of co-admissible
modules of Schneider and Teitelbaum.

8. The Fargues-Fontaine Curve

A thorough treatment of the Fargues-Fontaine curve from the point of view of Banach
algebraic geometry appears in [9]. Therefore, we only focus on the aspects here which are
relevant to the current article. Let

U= 20 T -0 2 2 e 2T @0 2L .

n

For ry <1y <1, the non-expanding morphism Z{(%)%} — Z{(%)%} is nuclear, being a
sum of nuclear morphisms. Using the non-expanding morphisms

Cnn Z{(Z)7} — Z{(5)77)

we have the Banach ring colimglz{(%)%}. In order to study dagger or Stein versions

which we expect to have better properties, we have:

8.1. CONJECTURE. The induced morphisms
coim=' Z{(Z)#} — colim*' Z{(=)*}
are nuclear for all ro <ry < 1.
Let E be the field

E=F,((Q)) ={> a,a"]a, €F,, support(a,) well ordered}.
7€Q
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It is equipped with the valuation given by

v (Zavﬂ) =min{y: a, # 0}.

v€Q

The associated valuation ring is

Op =F,((Qx)) ={ >_ a,2"|a, €F,, support(a,) well ordered}.

v€Qx0

In Fargues-Fontaine theory one encounters a scheme Yz whose set of closed points |Yg|
parametrize un-tilts of E. An un-tilt of F is an isomorphism class of pairs (F,¢) where F is
a perfectoid field of characteristic 0, ¢ : E — F" is a embedding of topological fields and the
quotient is a finite extension. Here F* = Frac(xlgg) Or/p) where Op is the ring of integers

of F. Let W denote the Witt vectors construction. Let Z, be the Banach Z-module which
is Z with norm r|-| where |- | is the usual absolute value. For any M € Bang, let S<1(M)
be the symmetric ring construction in the category Ban%1 consisting of Banach modules
with non-expanding morphisms, i.e. S{(M)= [ <'(M®:/%,) where the coproduct is

n=0,...,00
taken in Banj'. Consider the colimit in Ban3' of the I-th power morphisms z + 2! in the
ring of functions on the “closed 1-dimensional disk of radius r” given by the contracting
coproduct S<'(Z,). One then has that for each prime p,

L < T1y\~ 5 . . < Ty1
(cqim®! Z((9)1})8aZ = tim ( colim®! 7,((5)1})

and this question is addressed more carefully in [9] using results from this article. Consider
the Fréchet completion of W(Opg) with respect to the semi-norms

| Z [fnlp"r = sup |fulp™™.

n>>-o00 n>>-00

The importance of this completion is that the closed maximal ideals of the localization at
p are in bijection with |Yg|/Z where n € Z acts by by (F,¢) = (F,v0 ¢") where ¢ the p-th
power Frobenius automorphism of £. In [12], Cuntz and Deninger found a nice description
of the additive group structure on the ring of p-typical Witt vectors of a perfect FF,-algebra
with basis b. They found it to be simply the p-adic completion of the free Z-algebra with
basis b.

8.2. LEMMA. The natural functor
K
F :Ind(Ban%) — (Ind(BanR))
N1 2§

18 fully-faithful for any poset K with cardinality less than R.
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PROOF. Given objects X : k “C?I%Fm”th and Y :k “colign”Y} of Igd(Bang), where T’
€ ElS 1

and more importantly S is an R;-filtered poset, we have

Hom(X,Y) =lim colim Hom (X}, YF)
teT seS ke K
where [, is a limit over the usual diagram used to define morphisms in diagram cate-
gories. This is a limit over a diagram with cardinality less than R; since K itself is such

a diagram. It is a limit in the category of sets of a diagram of sets whose vertices are of
the form Hom(XF,Y}). On the other hand,

Hom(FX,FY) = f lim colim Hom(X}F,Y¥) = lim colim Hom( X}, YF).
keK teT seS telT JkeK s€S

The term [, . coliSm Hom(XF, YF) is a limit in the category of sets over the same diagram
S€

whose vertices are of the form colism Hom (X}, Y!) where the functor colism has been applied
S€ S€

to the previous diagram. By Lemma 5.3 we can interchange [, _, and colim so these

seS

different Hom-sets agree, finishing the proof. [

8.3. DEFINITION. Let F': N — Igd(BanR) be a functor such that there exists an Ry -filtered

category L and a functor F: N x L - Ban% such that the composition N - (Ban% )L —

Igd(BanR) agrees with F. Define coll\%mglﬁ’ by the composition L - (Ban3 )N — Ban3;.
1

Define

colim*' F = “colim” colim*' .
N L N

This is well defined because the full subcategory of Igd(BanR)N admitting such lifts is
by Lemma 8.2 actually equivalent to Igd((Banil)N). This equivalence can be realized by
1

sending F' to the equivalence class [F] in Igd((Ban%)N) of a lift F and then we have
1
<l N
coll\llm F = Ind(coglm )F].
Therefore, under this equivalence, we simply have
Loo<1 s <1y . <1\N N
cogm = Izrgld(collwlm ): Igld((BanR) ) Itrgld(BanR).

This functor coll\%mglF is an exact functor from a full subcategory of Ind(Bang)Y to

Ind(Bang) (takes kernels to kernels) because both the ordinary non-exapanding colimit
and the formal filtered colimit are exact functors. The functor we have described com-
mutes with V®g(-) for any V € Bang.
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8.4. LEMMA. Consider a functor K xN - Ban%; where K is a countable category. There
exists a chain of isomorphisms:

colim™ 111mV( ),

ieN keK
cohm‘l “colim” ker[nﬂ(vi(k))w(k)—l N HSI(Vi(k))w(kH)‘l] .
ieN Pel keK keK
“colim” cohm ker H<1(V( ))w(k) 11— H<1(V( ))w(k+1) 1] — (29)
YeY ke K ke K
“colim” ker[ [ [ colim* (VZ( ))w(k)q — []*'colim*! (VZ( ))w(,ﬁl)fl]
el ek N iere €N
— lim collm<1V(k)

ke K ieN

PRrROOF. The first and last morphisms are determined by the description of limits found
in Corollary 5.13 in which they are shown to be isomorphisms. The second morphisms
is an isomorphism as a consequence of Definition 8.3. The natural third morphism is an
isomorphism because the non-expanding colimit functor is exact by Lemma 3.37 (see also
Lemma 3.42). n

8.5. LEMMA. The natural morphism

1

5 (30)

is an isomorphism and this object of Comm(Ind(Bangz)) is flat over Z.

r<l1

<1 T <1
C(?elllwm lim Z{( )i } lggl C(?Elll\lm Z{(

PROOF. The first statement follows immediately from Lemma 8.4 because taking a cofinal
1
system with r within a countable set, lin{l Z{(%)1} is Ry-filtered by Corollary 5.13. Given
r<

any V € Banz and any F' as in Definition 8.3 admitting a suitable lift F', then V&, F admits
V®zF as a suitable lift and therefore, the exact functor C(?liNmSl commutes with V&z(-)
€

and hence commutes with V&;(-) as well. Hence it preserves flatness. lirrll Z{(%)%}
r<
is flat because it is isomorphic to (lin? Z{%})®;Z! which is flat since linll Z{%} is flat
r< r<

<1

by Corollary 6.9. So C?IIi\Tm‘ lirrll Z{(%)%} is flat. Therefore, using the isomorphism of
€ r<

Equation (30) we get that lir? C(?lli\lmng{(f)%} is flat as well. n

8.6. LEMMA. The object

(llm colim*! Z{( )7 })

r<l leN
18 1somorphic to

lim cohm R{( )il

r<l

for any Banach ring R.
PROOF. Since colim™' R{(%)%} and lir{l C?IIiNmQZ{(f)%} are flat over Z, Lemma 7.8 gives
r< €

this result immediately. ]
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Notice that

Ty1
1

(et Z,{() 1) 1o (cqlim™ Z,((5) 1)) = cqlim® B, {()1).

and C(?lgnSl Zp{(%)%} is a strict p-ring. So we should show that the natural morphism
colim*'F {(f)%} — Op
leN P r

is an isomorphism where F, carries the residue norm from Z. This question is addressed
in [9].

9. Appendix

As remarked above, most of this article has a non-archiedean version in the case that
R is non-archimedean, so in this appendix, let R be a non-archimedean Banach ring.
For k a non-archimedean field, the standard Tate algebra representing an affinoid disk is
k %, cl f—:} In order to compare this with the “archimedean” disk algebra we used in
this article which we denote the non-archimedean version by R{ff—ll, e f—z}na Interest-
ingly, Stein and Dagger algebras as defined in the introduction to Section 6 constructed
from these two versions of disk algebras actually agree as we show in this informal Ap-

pendix. For any r > 0 there is an injective map Comm(CBorng)

T T T T
R{—,. ..., =} > R{—,...,— }ua
™ n ] Tn,
which by density is an epimorphism. Let
T i
Az:R{ PR n,_l}
ry—1 Trn —1
and . .
1
Ci = R{ EERERE n._l }na-
ry—1 Ty —1

We have not only morphisms A; c C; but also C; ¢ A;_; because for any s <t we have
Yars' =Y ar(s/t)'t" < (Z(s/t)])(sgp(aJt‘])).
T T T

Therefore, we get isomorphisms A =lim A; 2 lim C; = C. Similarly, this holds for general
Stein or dagger algebras as defined in the introduction to Section 6 described in the two
different ways (using archimedian or non-archimedean disk algebras or their quotients)
for a non-archimedean Banach ring R.

Consider the category D whose objects are pairs consisting of a sequence of objects
M; € Mod(A4;) and a collection of compatible isomorphisms M;®4,A;_; — M;_; where
morphisms are the obvious thing. Similarly there is the category D™® whose objects are
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pairs consisting of a sequence of objects NV; € Mod™(C;) and a collection of compatible
isomorphisms NZ@Z?CZ-_l — N;_1 where morphisms are the obvious thing. These categories
are isomorphic and if we specialize to the nuclear metrizable modules and algebras flat
over Z we get by descent (Theorem 7.11) an equivalence of categories for these modules
on A and C.
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