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SpecZ AND THE GROMOV NORM

ALAIN CONNES AND CATERINA CONSANI

ABSTRACT. We define the homology of a simplicial set with coefficients in a Segal’s
I'-set (s-module). We show the relevance of this new homology with values in s-modules
by proving that taking as coefficients the s-modules at the archimedean place over the
structure sheaf on SpecZ as in [2], one obtains on the singular homology with real
coeflicients of a topological space X, a norm equivalent to the Gromov norm. Moreover,
we prove that the two norms agree when X is an oriented compact Riemann surface.
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1. Introduction

The notion of a I'-set (due to G. Segal [12]) is a fundamental constituent in mathematics:
it is the most embracing generalization of the datum given on a set by a commutative
addition with a zero element and it provides a common framework for many of the present
efforts to understand the “field with one element”. In [2] we defined on the Arakelov
compactification SpecZ of the algebraic spectrum of the integers a structure sheaf of I'-
rings which agrees with the classical structure sheaf when restricted to SpecZ, but whose
stalk at the archimedean place uses in a crucial way the new freedom of moving from
the category of abelian groups to that of I'-sets. To define I'-sets one first introduces the
small, full subcategory I'°P of the category §Fin, of pointed finite sets, whose objects are
pointed sets k, := {0, ..., k}, for each integer k > 0 (0 is the base point) and with morphism
the sets I'°P(k,,m,) ={f:{0,1,...,k} - {0,1,...,m} | f(0) =0}. A I'-set is then defined
as a (covariant) functor I'P — Gets, between pointed categories and the morphisms in
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this category are natural transformations. The closed structure of the category I'Gets, of
[-sets is defined by setting
['Gets, (M, N) ={k, » 'Gets, (M, N(k, n-))}, (1)

where A is the smash product of pointed sets. This formula uniquely defines the smash
product of I'-sets by applying the adjunction

FGQtﬁ*(Ml A\ MQ, N) = FGets*(Ml, FGe‘(S&(Mg, N))

The notions of rings and modules then acquire a meaning in this symmetric monoidal
closed category. In particular, I'-sets can equivalently be viewed as modules over the
simplest I'-ring s : ' — Gets, whose underlying I'-set is the identity functor, whence
the name s-module to denote a I'-set, and the more suggestive notation for morphisms in
['Gets.,

Homy(M,N) :=T'Gets,(M,N), Hom (M,N):=IGets, (M,N).

Abelian groups form a full subcategory of the category s — Mod of s-modules: the inclusion
functor associates to an abelian group A the functor (Eilenberg-Mac Lane object) HA :
[P — Gets, which assigns to a finite pointed set X the pointed set of A-valued maps
on X vanishing at the base point of X ([3], 2.1.2). Note that the existence of an additive
inverse is not used in the construction, and HM continues to make sense when M is a
commutative monoid with a zero element.

At the conceptual level, it is important to make as explicit as possible the link between
the category s — Mod and the naive interpretation of vector spaces over Iy as pointed sets
(see [7]). This link can be understood by viewing s-modules as pointed objects in the topos
T of covariant functors ' — Gets. Thus, provided one works in T', one may think of
our basic objects as “pointed sets”. The reason for this choice of topos is to provide room
for the identity functor Id : ' — T'°P which defines the simplest I'-ring: s. In other
words both T°P and objects in T' are based on the idea of pointed sets which underlies
the naive interpretation of F;. In this way one reaches a workable framework that strictly
extends the category of Z-modules.

To perform homological algebra one needs, guided by the Dold-Kan correspondence, to
move from the basic category s — Mod to its simplicial version, namely the category I'S,
of I'-spaces, where S, denote the category of pointed simplicial sets, i.e. contravariant
functors A — Gets, where A is the ordinal number category and Gets, is the category
of pointed sets. The category I'S, plays a central role in [3]. We denote by Homg the
internal hom functor in S,. As explained in op.cit. , one can use the closed structure of
S, to endow I'S, with the structure of a symmetric monoidal closed category. The closed
structure is defined as follows

Homy, (M, N) := {(k+, [¢]) = Homrs, (M A Alq)., N(ki A=)} (2)

The monoidal structure is given by the smash product where M A N is defined using the
closed structure and can be described as a Day’s product (see op.cit. 2.1.2.1)

(M AN)Z) = f(X’Y) (M(X)AN(Y)) ATP(X AY, Z).
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The key result of Lydakis (op.cit. Theorem 2.1.2.4) states that there are choices of co-
herency isomorphisms so that the triple (I'S,, A,s) is a symmetric monoidal closed cate-
gory.

Our goal is to use ['-spaces to perform homological algebra in the category s — Mod by
applying an analogue of the Dold-Kan correspondence. For our arithmetic applications
it is crucial to work with non-fibrant I'-spaces and define a suitable substitute for the
homotopy groups. In homotopy theory the Kan extension property is used in two ways:
- to show that the relation of homotopy is an equivalence relation,

- to define the group structure on 7, for n > 1.

To define the homology H,(X, F') of a pointed simplicial set X with coefficients in an
s-module F', the problem to obtain the substitute of the group structure does not arise
since, already in the classical case where F' = HA corresponds to an abelian group, the
interchange law shows that the group structure in homology is the same as that inherited
from the underlying I'-set (see Remark 2.18). Thus the issue created by the lack of the
Kan extension property occurs mainly at the level of pointed (non fibrant) simplicial sets
X, and I'°P is not involved there. One thus needs, as an intermediate step, to extend the
combinatorial construction of the homotopy 7, (X, ») for a pointed simplicial set which is
not fibrant. This step is described in Section 2.1 of the present paper. The main difficulty
to obtain a meaningful combinatorial notion is that the relation of homotopy between
n-simplices x,y € X,, as in [10] Definition 3.1 is no longer an equivalence relation. By
definition (see op.cit. )

R={(z,y) e X, x X,, | 0;2 = 0jyVj& Iz | 0j2 = 8,.10;2Vj <n, Opz =2, Opsrz=y} (3)

The simplices involved in the definition of 7, correspond to the elements of Homg, (S™, X),
i.e. by Yoneda’s lemma to z € X,, with d;z = x Vj. Here S™ is the combinatorial sphere,
i.e. the pointed simplicial set (A[n],dA[n]) obtained by collapsing the boundary 0A[n]
of the standard simplex to a single base point. The relation R on Homg, (5™, X) c X,
coincides with the relation on the O-skeleton Y associated to the two boundary maps
0; Y1 = Yy, where Y := Q*(X) is obtained from X by iterating n-times the endofunctor
2:8, — 8. of [11] (Definition 1.6). In this way one reduces the problem to the definition
of moY for Y = Q*(X). Then one can simply define 7Y as the quotient 75°™PY of Y; by
the equivalence relation generated by R.

1.1. DEFINITION. Let n >0 be an integer and X a pointed simplicial set. Define
TP (X) = m g (Q(X)) = Homs, (5™, X)/R (4)

where R is the equivalence relation generated by the restriction of the relation R of (3).

This notion developed in Section 2.1 suffices for the goals of the present paper, but for
future applications we also wish to keep the finer information contained in the relation
R. This is achieved by introducing the topos Gets® in which the finer notion, denoted
7T7(12)(X,*), takes its value : i.e. 7T£L2)(X,*) is a 2-set, i.e. an object of Gets®. This
construction is described in Section 2.5 where we also show that the topos Gets® is
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related to the topos of quivers. In Section 2.10 we then obtain a general definition of
homology of I'-spaces, considered as simplicial I'-sets. This homology is not, in general,
a group but is a I'-2-set i.e. a pointed covariant functor I'P — Gets,™.

In Section 2.14 we construct, given an integer n > 0, an arbitrary pointed simplicial set
X and an arbitrary s-module (I'-set) F', the homology H, (X, F') as follows

1.2. DEFINITION. Let n >0 be an integer, X a pointed simplicial set, and F' an s-module.
Define
H, (X, F) = {k > P (F o (X nk.))} (5)

as an s-module.

As in [3], we extend the I'-set F' to an endofunctor of the category of pointed sets. When
F = HA for an abelian group A, H,(X,F) coincides with the standard definition of
homology :

1.3. THEOREM. Let A be an abelian group, and X a pointed simplicial set. For any
integer n >0 one has the equality of s-modules

H,(X,HA) = H(H, (X, A)) (6)

where H,(X, A) is the (reduced) abelian group homology of X with coefficients in A.

Again, we stress the fact that we apply Definition 1.2 in cases where the pointed simplicial
set Fo (X Aky) is not fibrant. In particular, in our applications the s-modules H,,(X, F’)
are rarely groups.

In Section 3 we apply Definition 1.2 to the s-modules we introduced in [2], at the
archimedean place of SpecZ. We show that these coefficients yield a semi-norm on the
ordinary singular homology H, (X,R) of a topological space X and our goal is to com-
pare this semi-norm with the Gromov norm, whose definition is recalled in Section 3.3.
In Section 3.1 we review our construction (see [2]) of the structure sheaf O c HQ of s-
algebras on SpecZ. The sheaves O(D) associated to Arakelov divisors D = Dgpite + Doo,
as in op.cit. provide a one parameter family of s-modules | HR|, (A € R;) which we can
use as coefficients in formula (5). In Section 3.8, Proposition 3.10, we prove that for
any topological space X the filtration of the singular homology group H,(X,R) by the
H,(X,|HR|,) defines a semi-norm which is equivalent to the Gromov norm.

The final Section 4 is entirely devoted to show that the two norms on H,(X,R): the
Gromov norm and our new norm, are in fact equal when X =3 is a compact Riemann
surface. The difficulty in the proof of this result is due to the fact that in order to
obtain elements of the homology Hs(X%, |HR|,) one needs to get singular chains which
are not only cycles but are such that all their simplicial boundaries actually vanish. While
one knows that this Moore normalization is possible the problem is to effect it without
increasing the /'-norm of the chain : this requires a delicate geometric work described in
Sections 4.1 and 4.4. One then obtains the desired equality in the form of the following
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1.4. THEOREM. Let & be a compact Riemann surface and [X] its fundamental class in
homology. Then [X] belongs to the range of the canonical map Ho(3, ||HR|)) — Ha(X,R)
if and only if \ is larger than the Gromov norm of [3].

We expect that a similar statement holds in hyperbolic geometry in any dimension. The
natural test ground for the homology H,(X,|HR|,) is in hyperbolic spaces since the
Gromov norm does not vanish there for n > 1 while it vanishes identically on all spheres.
This is in contrast with the construction of the spectra associated to I'-spaces M where
the associated endofunctor X — M o X is only tested on spheres.

2. Homology of a simplicial set with coefficients in an s-module

Our goal in this section is to reach a good definition of the homology of a pointed simplicial
set with coefficients in an s-module and to show that it generalizes the standard notion in
algebraic topology. This is achieved in Definition 2.15 and Theorem 2.17. As a preliminary
step we need to refine the definition of the homotopy groups m, by remaining at the
combinatorial level and ignoring the group structure. Classically (see e.g. [3] Appendix
A.2.3), the function space of maps between pointed simplicial sets X and Y is defined as
the pointed simplicial set:

Map, (X,Y) := Homg (X, sin|Y]) (7)

This amounts to replace Y with the fibrant simplicial set sin|Y| and it entails that the
T, defined using such a fibrant replacement (see also op.cit. A.2.5.1), are then groups
for n > 1 (abelian for n > 1). Thus in the definition of the homotopy groups of a I'-space
M : TP — S, (see op.cit. Definition 2.2.1.2, and §2.2.1.1 where M is extended to an
endofunctor of S,)

M = li_H)17Tk+qM(Sk) (8)

k

the terms involved in the colimit are groups, hence m,M is an abelian group.
For our applications however, the simplification effected by the definition (7) hides certain
finer features of I'-spaces which become relevant for arithmetic constructions. We shall
thus work directly in the category I'S, without performing this fibrant replacement.

2.1. HOMOTOPY FOR POINTED SIMPLICIAL SETS. In order to define the new homotopy
mhew (X, «) for a general pointed simplicial set (X, ), we shall first reduce to the case
of m§®". This reduction process by “decalage” is well known and is recalled here for
convenience. We follow [11] Definition 1.9. One defines an endofunctor 2 of S, which
associates to a pointed simplicial set (X, *) the pointed simplicial set (X, *) defined as
follows (with k a positive integer)

QX, %) ={r e X1k | Oo(z) =%, 0y ... 05,z =+, Vi;e{0,...,1+k}} (9)
with the simplicial structure given by faces

0 QUX, #)p > QUX, #)-1, 95() = 0754 (w) (10)
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and degeneracies

SJ':Q(X>*)1€_>Q(X>*)I€+17 Sj($)28§€r1($). (11)
The definition of the homotopy m2°% (X, ») is then reduced to that of 75" for the simplicial
set 27(X) obtained after iterating the endofunctor €2 n-times :

T (X, %) = mp™ (Q27(X)). (12)
One shows by induction! on n that

QX %) ={r e Xpur | 0j(x) =%, Vj<n, Oy ...0nx=x, Yi;e{0,....,k+n}} (13)

X

while the face and degeneracies are obtained as in (10) and (11) but using 9%, and 7.

One describes directly the first levels of Qm(X) as follows

2.2. LEMMA. Let (X, *) be a pointed simplicial set.

(i) The 0-skeleton (2*(X))o is the set of simplices x € X,, with all 0;(x) equal to the base
point.

(i1) (Q*(X))o coincides with Homg, (S™, X) c X,, where S™ is obtained by collapsing the
boundary OA[n] of the standard simplex to a single base point*.

(iii) The 1-skeleton (Q*(X))1 is the set of x € X,,11 which fulfill the conditions

@@(x)z*, Vi,j, aj(l‘)Z*, VjE{O,,TL—l}

(iv) The boundaries 0; : (2(X))1 = (Q*(X))o fori=0,1 are given by 0, and Op1.
(v) The relation R on (2"(X))o = Homs, (5", X) ¢ X, given by

TRy <= 32 (Q"(X))1 s.t. Doz =x and 1z =y

coincides with the relation of homotopy between n-simplices as in (3).

PROOF. (i) Follows from (13) for k = 0.

(i7) By Yoneda’s lemma one checks that the morphisms y € Homg, (S™, X)) i.e. the el-
ements of Homg, (A[n], X)) which send 0A[n] to the base point, are the same as the
elements of the 0-skeleton (£27(X))o.

(#i1) Follows from (13) for k = 1.

(4v) Follows from 9; = 9%, for j =0,1.

(v) This follows from the previous part of the lemma since the relation (3) restricts to

R={(z,y) e X, x X,, | 0j2 =0,y =+Vj& 3z | 0jz2=%Vj<n, Opz=x, Opsiz=y} (14)

!Note that a product 0, ...0;,
o201 > ... 2 k-

2This is not the definition used in [3], where S™ is defined as the n-fold smash product S* A--- A S*
of S' = A[1]/0A[1]. This distinction in the definition of the homotopy groups is irrelevant in the fibrant
case since the geometric realizations are homeomorphic, but as in [11] our choice is more convenient to
compute the set of maps using Yoneda’s Lemma.

can be reordered using the simplicial rules so that the indices fulfill
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2.3. REMARK. The geometric meaning of the above well known endofunctor €2 can be
understood starting from the “decalage” (see [6] or [3] A.2.7) which gives a combinatorial
model PX mimicking the path space of a simplicial set X by precomposing the functor
X with the endofunctor Decy; = [0][]e : A — A. This simply shifts the indices i.e.
one has (PX) = Xgs1 and the indices of faces and degeneracies are shifted by 1. The
link with ordinary paths is given by precomposing with the morphism of simplicial sets
v: A[l] x Alq] = Alg + 1], associated as v := N(p) by the nerve functor N to

p:[1]x[q] = [g+1], p(0,j)=0Vj, p(l,j)=j+1Vj

Requiring that the two end points of the path associated to x € X1 = Homa(Alg + 1], )
are equal to the base point * (when X is pointed) gives exactly the conditions of (9)
defining QU(X). When X is fibrant one obtains in this way a model for its loop space.

For a fibrant simplicial pointed set X, the relation (14) is an equivalence relation and
the quotient by this relation defines m(£2*(X)) which is known to be a group, for n > 1
(see [10,11], or Theorem 7.2 in Chapter III of [4]). Note also that when X is fibrant
the above equivalence relation on Homg, (S™, X') ¢ X,, coincides with the one defined by
the two boundary maps from the 1-skeleton of the simplicial set Homg (S™, X) (see [11]
Lemma 1B.3).

On the other hand, the simplicial sets X we consider here are not necessarily fibrant and
the relation R is not in general transitive (nor symmetric). The easy solution to bypass
this problem is to define 7™ (X) as the quotient by the equivalence relation generated by
the relation R in agreement with Definition 1.1. This provides a first notion of homotopy
which suffices for the goal of the present paper. One has by construction

R (X, ) = T (X)), (15)

We state simple properties of this combinatorial notion

2.4. PROPOSITION. (i) Let X be a pointed simplicial set and k >0 an integer. Then for
any n
T (X A k) = 7P (X)) A K,

(i1) Let X,Y be pointed simplicial sets, one has for any n
REB(X % Y) = RE(X) x RE(Y),

PROOF. (i) An element z € (X A k,),, x # * is of the form = = (a,j) with a € X,, and
0<j<k. Two elements z = (a,7) and z’ = (@', j") fulfill (z,2") € R as in (14) if and only
if j =7’ and (a,a’) € Rx since the boundaries preserve the index j.

(i7) This follows since (X xY), = X, x Y}, and the boundaries act componentwise. n
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2.5. THE FINER NOTION 7" (X) AND THE TOPOS Sets® . For later applications to

Arakelov divisors Definition 1.1 is too coarse and one would like to
e keep all the information about the relation R and
e still think of 7" as a set.

The idea of “topos” of Grothendieck [1] comes to the rescue providing a satisfactory
answer. We consider the topos Gets® of contravariant functors to the category of sets
from the small category obtained by restricting the objects of A to [0] and [1] and keeping
the same morphisms as in the following definition

2.6. DEFINITION. (i) Let X : A°® — Gets be a simplicial set. We define W(()Z)(X) as the
object of Gets™® which is the restriction of the functor X to the full subcategory of A with
objects [0],[1] and same morphisms as A.

(i1) Let X be a pointed simplicial set, then we define

T (X) = 1 (Q(X)).

It turns out that the topos Gets® can also be described as the dual of the small category
with a single object whose morphisms form the monoid M with three elements 1, mg, m;
and the multiplication table specified by the rule m;z = m; for all j € {0,1}.

2.7. PROPOSITION. The topos Gets® is the same as the presheaf category M of the
monoid M, i.e. the category of sets with a right action of M.

PROOF. By definition an object F' of the topos Gets® is a pair of sets F(0), F(1), with
two maps 0; : F'(1) - F(0), j € {0,1} and a map s: F'(0) - F'(1) such that J; o s = Id.
This implies that s: F'(0) - F(1) is an injection and one can thus view F'(0) as a subset
of F(1) and consider the two self-maps T; = s0 0;: F/(1) - F(1). They fulfill the rule

T,oT; =Ty, Vi,je{0,1}

since s o (9;05)0d; =s0(Id)od; = s 0d;. Thus one obtains an object in M where M
is the monoid defined by the opposite of the above rules. Conversely given an object X
of M, i.e. a set X endowed with a right action of M one defines an object of Gets® by
setting F'(1) := X, F(0) := Range(7};) which does not depend on the choice of j € {0,1}.
One lets s : F'(0) - F(1) be the inclusion as a subset, and 0; : F/(1) - F(0) is given by
T;. One checks that 9; o s =1d. One obtains in this way two functors Sets'® — M and
M — Sets'® which are inverse of each other. [
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Repair

Figure 1: Subobject classifier for Gets?,

2.8. REMARK. (i) Two presheaf categories C and D are equivalent if and only if the
categories C' and D have isomorphic Karoubi completions. The full subcategory of A on
the objects [0],[1] has two idempotents on [1] with isomorphic image on [2] and forms
the “splitting tdempotents” of M thus Proposition 2.7 follows directly.

(i1) The topos Gets@ s closely related to the topos of quivers but is not the same. In
fact the topos of quivers has two points given by the functors to the set of vertices and the
functor to the set of edges. Similarly these two functors give the two points of the topos
Sets® but in the latter case the functor to the set of edges never takes the value @ when
the functor to the set of vertices takes a non-empty value.

The determination of the subobject classifier shows that the topos Sets@ is two valued
and not boolean (see [8], VI).

2.9. LEMMA. The subobject classifier ) of the topos GSets@ is the object with two vertices

False, True and five edges which besides the two degenerate ones form the graph of Figure
1.

PROOF. It is a general fact (see [8], §1.4) that for a topos of the form M for a monoid M,

i.e. the topos of sets with a right action of M, the subobject classifier is given by the set
J of right ideals of M on which the right action of M is defined by

Jm:={neM|mnelJ}, YJeJ, meM.

Taking the above M with three elements 1,mg, m; and the multiplication table specified
by the rule m;x =m; for all j € {0,1}, one finds that J contains five elements

J ={a,{mo},{m1},{mo,m1}, M}

and that the right action 7} of m; € M fixes @ and M (which are hence degenerate edges,
i.e. vertices) while T;{m;} = M and T;{m,} = @ for ¢ # j. Thus the set V' of vertices
contains two elements @ and M and the non-degenerate edges are the three edges shown
in Figure 1.

The reason for renaming the vertices @ as “False” and M as “True” and for the choice of
the labels of the edges comes from the construction of the classifying map associated to a
subobject G’ of an object G in Sets'®. One finds that the classifying map f is obtained
as follows as a map from G to €



164 ALAIN CONNES AND CATERINA CONSANI
1. ee G'= f(e) = True
2. e¢ G'and Oje ¢ G’ = f(e) = False
3. €¢ G, Oge ¢ G'and 01 € G’ = f(e€) = Repair
4. e¢ G', Oye € G'and Ore ¢ G' = f(e) = Doubt
5. €¢ G, Oye e G'and Ore € G' = f(e€) = Check .

The terminology “False” and “True” is the standard one for the two extremes in subobject
classifiers, the notations for the edges are suggestive but more arbitrary. [

2.10. HomoToPrY OF I'-SPACES. If C is a pointed category with initial and final object
denoted *, one defines (see [3]) the category of I'-objects of C as the category I'C of pointed
covariant functors I'? — C. This construction applies to the category S, of pointed
simplicial sets to yield the category I'S, of I'-spaces. It also applies to the category
Getﬁ(f) of pointed objects in Sets®. We shall call T-2-sets the objects of FGetsff).

2.11. PROPOSITION. (i) Let X be a I'-space and n € N. Then the map k — W,(Zz)(X(kJr))
(resp. k— womP (X (k,))) extends to a pointed covariant functor 7T7(12)(X) TP —> Gets'”
(resp. to a I'-set).

1) ForneN m(f) defines a functor 7r7(12) : 'S, — FGetsg) rom I'-spaces to I'-2-sets.
(i1) ) P

(ii1) For n e N, 7emb defines a functor 7so™b : TS, — I'Sets, from -spaces to s — Mod.

PRrROOF. This follows from the naturality of Definitions 1.1 and 2.6. ]
The relation between 7T7(12) and weomb ig given by

7.‘.Comb =(o 71_722) (16)

n

1.e. composition with the functor

(:Gets'? — Gets, ((X):= lim X (¢)
CO
which assigns to a 2-set its set of components. Here, C is any of the small categories

defining Gets® as the presheaf category C as in Proposition 2.7 and C° is its opposite.
Note that the functor ¢ does not correspond to a point of the topos Gets@.

2.12. I'-SETS AS ENDOFUNCTORS . In this section we recall the construction of [3] of the
endofunctor in the category S, associated to a I'-space, in the case of discrete I'-spaces,
i.e. s-modules. By construction an s-module is a covariant functor M : I'? — Gets, and,
as in Section 2.1.2.1 of op.cit. , we view pointed sets as discrete pointed simplicial sets,
i.e. as constant functors A°P — Sets,.

2.13. LEMMA. Let M : TP — Gets, be an s-module. Then the associated endofunctor
of the category S, of pointed simplicial sets is obtained by composition with M viewed as
an endofunctor of the category Gets, of pointed sets.
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PROOF. One first extends the functor M : I'? — Gets, to an endofunctor Gets, —
Gets, in pointed sets. This is done by taking a colimit on the finite subsets as explained
in §2.2.1.1 of [3]. Then, one applies the technique described in op.cit. that uses, for a
simplicial set X = {[¢q] » X,}, the diagonal

M(X) = {[q] » M(X,)q}

Since by construction M (X,) is a discrete simplicial set, it is the same in all degrees so
that the index ¢ in M(X,), disappears, thus we simply write M (X,). Hence starting
with the pointed simplicial set X : A°» — Gets,, we obtain a new pointed simplicial set
by composition i.e.

X M(X)=MoX:A% — Gets,. (17)

In summary the result follows from §2.2.1.1 of op.cit. . m

The basic example of an s-module is given in 2.1.2.1 of [3] where one associates to an
abelian monoid A with a zero element, the functor M = HA

HA(k.)=AF, Hf:HA(k,) > HA(ny), Hf(m)(j):= Y my (18)
f(0)=j
where m = (my,...,mg) € HA(k,). The zero element of A gives meaning to the empty

sum. In the special case when the monoid A is an abelian group, the composition (17), i.e.
the functor HAo X : A® — Gets, factors through simplicial abelian groups (the functor
HA is the composite of a more precise functor A — AbA to abelian groups with the
forgetful functor from abelian groups to pointed sets, where the base point is the 0) and
always fulfills the Kan extension property. The geometric realization |H A o X| only uses
the underlying simplicial pointed set but the finer structure as a simplicial abelian group,
and the Dold-Kan correspondence in the form of Corollary 2.5 of [4], Chapter III, show
that the homotopy groups of the geometric realization |H Ao X| are given by the (reduced)
homology? of the associated complex of abelian groups, i.e. 7, (|H Ao X|) = H, (X, A). This
suffices to conclude for instance that |[HA o S"| is an Eilenberg-MacLane space K(A,n).

2.14. THE HOMOLOGY WITH COEFFICIENTS IN AN §-MODULE . In our arithmetic con-
text we are interested in s-modules M which are no longer of the form HA where A is
an abelian group. In a first class of examples M is still of the form HA, where A is a
monoid. A second class of examples are those constructed in [2] to specify the geometric
structure of SpecZ at the archimedean place. In all these cases it is no longer true that
the composite M o X is fibrant, even when the simplicial set X itself is fibrant. We shall
use the equality m,(|[HA o X|) = H,(X, A) holding for abelian groups as the motivation
to extend the definition of the homology of a pointed simplicial set with coefficients in an
arbitrary s-module as follows

3For a pointed simplicial set (X,*) we use the notation H,(X,A) for the reduced homology
Hp((X,%),4).
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2.15. DEFINITION. Let M be an s-module, and X a pointed simplicial set. For any integer
n >0 one defines the homology H, (X, M) as the s-module

Ho (X, M) (k) = 7 (M o (X A Ky)). (19)

Here, k, 1s viewed as a discrete simplicial pointed set i.e. constant in all degrees.

As in Lemma 2.13, M is viewed as an endofunctor of the category Sets, and 7¢omb is
defined in Definition 1.1. There is in fact a refined version of homology I—LSQ)(X , M) using
7r,(f) instead of w¢™P bhut we shall not need it in the present paper.

The following result establishes several basic properties of the new homology. The s-
module HM makes sense for any additive monoid with a zero element, and this applies
to the monoid B := {0,1} with 1+ 1 = 1 so that the s-module HB in (v) below is well

defined.

2.16. PROPOSITION. (i) For anyn >0, H,(X, M) is a covariant bifunctor
H,:S, xs-Mod — s - Mod.
(it) Let My, My be s-modules. One has a natural transformation
H, (Mo X, Msy) - H,(X, Mo M)

which is an isomorphism when evaluated on 1.

(ii1) For any pointed simplicial set X one has H,(X,s) = 7°™P(X) A 5.

(iv) Form#m : H,, (5" s)={x} while for n =m one has H,,(S",s) = s.

(v) Forn+m : H,(S™, HB) = {*} while for n=m one has H,,(S", HB) = HB.

PROOF. (i) By construction, H, (X, M) is a covariant functor of X for fixed M, and of M
for fixed X. To prove that it is a bifunctor it suffices, using the bifunctor lemma (see [9]
Proposition 1 Chapter II, §3), to show that it satisfies the interchange law which states
that given morphisms f € Homg, (X,Y) and h € Homgs(M, N') one has the equality

H,(f,N)o H,(X,h)=H,(Y,h)o H,(f, M) e Hom,(H,(X,M),H,(Y,N)). (20)

Both sides of this formula are s-modules i.e. functors [P — Gets, thus it is enough
to check the equality pointwise i.e. by evaluating both sides on k, for fixed k. Since
meomb S, — Gets, is a functor the equality follows provided one shows that the same
equality holds if one replaces H, (X, M) by F(X,M) := M o X which is a separately
covariant functor to S, with arguments in S, and s — Mod. Again it is enough to check this
equality pointwise i.e. replacing S, by Gets, and FI(X, M) := MoX by G(X, M) := M(X)
which is a separately covariant functor to Gets, with arguments in Gets, and s — Mod.
Since M and N are endofunctors of Gets, and the morphism h € Homg(M, N) is a natural
transformation from M to N one has, for any f € Homgs, (X,Y), the equality

N(f)ohx =hyoM(f)eHome.s, (M(X),N(Y))
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which gives (20).
(i1) Asin [3], (2.2.1.2 equation (2.2)), one has natural maps M(X)AY —» M(XAY). We
apply this with Y =k, and thus obtain natural maps

e My(X)Aky - My(X Aky), VE.
This yields a natural morphism
Ma(ni) = Ma(Mi(X) A k) — Ma(My(X Aky))
and by composition with 7¢°™b one gets the natural transformation
e (Ma(my)) : Ha(Mi o X, My) (k) = Ho (X, My o My)(ky)

which is, by construction, an isomorphism for k£ = 1.

(i77) Since the endofunctor of Gets, associated to s is the identity, the result follows from
Proposition 2.4 (7).

(iv) Using (i) it is enough to determine 7¢°™P(S™). The pointed simplicial set S™
is obtained by collapsing JA[n] to a base point. This means that one considers the
sub-functor [¢] —» 0A([¢q]) ¢ Homa([¢],[n]) given by the maps [¢] — [n] which are
not surjective and one identifies all the elements of 0A([¢]) with the base point. For
h € Homa([¢'], [¢]) one has 0A([q]) o h c 9A([¢']) so that the collapsing gives a pointed
simplicial set. An element of Homg, (S™, X)) is an element of Homg, (A[n],X) which
maps 0A[n] to the base point. This means, by Yoneda’s lemma, an element z € X, such
that 0;(z) = » for all j (since any map [¢] — [n] which is not surjective factors through
ad;:[n-1] > [n]). For X = 5™ such an x € X,, is, if it is not the base point, an
element ¢ € Homa ([n], [m]) which is surjective and such that ¢ o d; fails to be surjective
for any j. This latter condition implies that ¢ is also injective and one concludes that
n =m and ¢ is the identity map. This gives wemP(S™) = {x} for n # m. To prove that
meomb(Sn) = {x Id} one just needs to show that the element Id does not get identified
with the base point under the equivalence relation generated by the relation (14), i.e.

TRy < 32| 0jz2=%Vj<n, Opz=x, Opz =y}

Any z # * in S",; is given by a surjective map s; € Homa ([n + 1],[n]) such that s;(i) =
s;(i + 1) and the condition 0;z = * Vj < n shows that the index i is equal to i = n. It
follows that 0,z = 0,412z and that the relation R is the diagonal.

(v) The endofunctor HB associates to a pointed set E the (pointed) set of all finite
subsets of E' which contain the base point *, and to a map f: E — F the direct image
map Z — f(Z). Note the equivalence,

[(Z)={+} == flx)=x, VoeZ (21)

It follows that there are only two elements u € (HB o S"), = HB(S?) = HB({*,1d}),
namely the base point * and the subset u = {*,Id}. Let us show that these two elements
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are not equivalent under the equivalence relation generated by the relation (14) for the
simplicial pointed set HB o S™. An element of (HB o S™),.1 = HB(S!,,) is a subset z =
{*,8i,,...,8; } of the set S”,, described in the proof of (iv). The condition 0;z = * Vj <n
shows that all indices i; are equal to n so that either z = * or z = {%, s, }. This shows, as
in the proof of (iv), that the relation R is diagonal and 7&™P(HB o S™) = HB(1,) = B.
Let then £ > 0 be an integer and E a pointed set. One has a natural isomorphism
HBo (EAky) ~ (HBo E)*. Tt follows that for any pointed simplicial set X one has a
natural isomorphism HBo (X Ak,) - (HBo X)*. Then by Proposition 2.4 (ii) one gets

T (HB o (8" Ak,)) = (7" (HB o S™))* = HB(,).

By construction the natural identifications are compatible with the structures of I'-sets.
This shows that H,(S™, HB) = HB. The proof of (iv) together with (21) show that
H,(S", HB) = {*} for m # n. =

Definition 2.15 provides a meaning to the following equality (22) whose two sides are
s-modules.

2.17. THEOREM. Let A be an abelian group, and X a pointed simplicial set. For any
integer n. >0 one has the equality of s-modules

H,(X,HA)=H(H,(X,A)) (22)

where H, (X, A) is the (reduced) abelian group homology of X with coefficients in A.

ProOOF. For any simplicial set Y the composite HA oY is a simplicial abelian group
and hence has the Kan extension property (see [11], Theorem 2.2). It follows that the
combinatorial homotopy w<°™P(H A oY) coincides with the usual homotopy 7, (|HA oY)
of the geometric realization

7 (HAoY) = 1, (|[HAo Y)). (23)

Moreover the group law of these homotopy groups coincides with the abelian group law
inherited from the simplicial abelian group structure (see op.cit. Proposition 2.4). The
Dold-Kan correspondence (see [4], Chapter III Corollary 2.5) gives a canonical bijection

Syt Hy(Y, A) » 7P (HAoY). (24)

Furthermore this bijection is a natural transformation of covariant functors from pointed
simplicial sets to pointed sets. More precisely given a morphism ¢ : Y — Y’ of pointed
simplicial sets, one obtains the equality

TP (HA(Y)) 0 0y = dyr o Hy (¢, A). (25)

Indeed, it is enough to check this equality on cycles ¢ € Z,,(Y, A) which are Moore normal-
ized, i.e. 0jc =0 Vj. The element dy(c) is then given by the combinatorial class directly
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associated to ¢ viewed as an element of Homg, (S, HAoY') = Homg, ((A",0A"), HA0oY")
which is a subset of (HAoY'),, = HA(Y,). Let ¢ =Y. a;y; where a; € A and y; € Y;,. Then
weomb(H A(1))) o dy(c) is represented by the combinatorial class obtained from dy(¢) by
applying the functor HA(v). This gives HA(¢)(X ajy;) = Y a;1(y;), as one sees using
the definition (18) of the functor HA. But one has similarly H, (¢, A)(c) = X a;¥(y;),
thus one gets the required equality (25).

From (24) one gets the bijection dx : H, (X, A) - w&™P(HAo X). Let then k > 0 be an
integer and E a pointed set. One has a natural isomorphism HAo (EAk,) ~(HAo E)*
since both sides consist of maps (z,j) — ¢(z,j) € A, x € E, j € {1,...,k} with finite
support and such that ¢(x,7) = 0 for all j. Thus one obtains a natural isomorphism of
simplicial sets

HAo(X Aky)=(HAo X)F.

The same equality holds for the geometric realizations, and using (23) one derives
7 (HAo (X Aky)) =mn(|[HA (X AK)|) = mn(([HA X|)F) = H (X, A)F.

At the set-theoretic level this coincides with H(H, (X, A))(k,). In fact one can obtain
the same result more directly as a consequence of (24) and of the equality of (reduced)
homology groups H,(X;V X5, A) = H,(X1,A) & H, (X3, A).

It remains to show that given a morphism ¢ : k, - m, in ['°P the associated map

T (HAo (X Aky)) = 7™ (HAo (X Amy)),

is the same as the map HK(¢) : H,(X, A)* > H, (X, A)™ associated to the group law of
K = H,(X,A) and the functor HK. Using (25) it is enough to show that H K (¢) equals
the homology map

Ho(Idx A ¢, A) s Hy(X Ay, A) > Ho(X Amy, A).

With e;, j € {1,...,k}, the canonical basis of Hy(k,), and e, := 0, the above map is given
by

Hn(IdX AN ¢, A)(Z Cj ® 6]') = ZC]' ® €6(5)
and using the definition (18) of the functor H K one gets the required equality. ]

2.18. REMARK. In homotopy theory the homotopy groups m, are abelian groups forn > 1.
The group operation arises, at the combinatorial level, from the Kan extension property
of fibrant simplicial sets together with combinatorial constructions involving simplices.
Definition 2.15 does not involve any of these constructions and yet Theorem 2.17 shows
that one recovers the same group law on the homotopy groups m, from the I'-set (s-
module) obtained using the functorial nature of the map ky — X Ak,. The reason behind
this equality of structures is the interchange law which is fulfilled by the group law of the
homotopy group m, and the group law induced by the abelian coefficients. In that sense,
Definition 2.15 takes into account the s-module structure of the coefficients to obtain a
replacement of the group structure of homotopy groups. We shall see in the next sections
a striking example where this additional structure is put to work.
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3. The archimedean place and the Gromov norm

In this section we show that the singular homology H, (X, R) of a topological space inherits
a natural semi-norm from the filtration of the s-module HR by the sub-s-modules | HR|
associated to the archimedean place of SpecZ as constructed in [2]. Moreover we prove
that this semi-norm is equivalent to the Gromov semi-norm on singular homology.

3.1. SpecZ AT THE ARCHIMEDEAN PLACE. In [2] we showed how to endow the Arakelov
compactification SpecZ with a structure sheaf of s-algebras, which coincides with the
standard structure sheaf of SpecZ on the dense open set SpecZ c SpecZ using the fully
faithful functor H from rings to s-algebras. The new feature is the structure of this sheaf
at the archimedean place which is obtained using the following proposition?* of [2]

3.2. PROPOSITION. (i) Let R be a semiring, and | | a sub-multiplicative seminorm on
R. Then HR is naturally endowed with a structure of s-subalgebra |HR||, ¢ HR defined
as follows

|HR[1: T — Gets,  |HR|(F)={oe HR(F)| > |¢(z)] <1}.  (26)

Fx{x}

(ii) Let E be an R-semimodule and | |¥ a seminorm on E such that |a&| < |all|€],
Vae R, V¢ e E, then for any X € R, the following defines a module |HE|%¥ over |HR|,

|HE|¥ : TP — Gets,  |HE|¥(F):= {¢€HE(F)|FZ{:}I¢(ZB)IIE<A}' (27)

The first statement of Proposition 3.2 is applied for the ring R = Q of rational numbers
and its archimedean absolute value to construct the stalk at co of the structure sheaf.
One obtains in this way a sheaf O ¢ HQ of s-algebras over SpecZ. The second statement
of Proposition 3.2 is then applied to the one-dimensional real vector space R to obtain,
given an Arakelov divisor D = Dgpite + Doo, the sheaf O(D) of O-modules over SpecZ

O(D)(2) = [ HO(Dsnite) (2~ {0} )[[ea;  Doo = afoo}. (28)

Thus the s-modules at work at the archimedean place depend on a positive real parameter
A > 0 and are implemented by the functor |HR|, : [P — Gets, which associates to a
pointed set F' the pointed set

|HR[A(F) = {z: F > R #{j,z(j) # 0} <00 & |z(j)| < A}. (29)

In fact (29) describes also the extension of ||HR|, as an endofunctor of Gets,. There is
an obvious analogue of (29) when R is replaced by Q and this analogue is what is needed
in (28); on the other hand it is more natural to work with the local field R associated to
the archimedean place of Q.

4With the nuance that in (27) we use the strict inequality.
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3.3. SIMPLICIAL VOLUME. We recall briefly the notion of simplicial volume introduced by
M. Gromov [5]. Let first X be a topological space and C,(X,R) the associated singular
chain complex with real coefficients. One defines the £!-norm on singular chains as follows

lefy = Z laj|, Ve= Zajaj, o € Top(A*, X) (30)

The induced semi-norm on the singular homology H,(X,R) is the quotient semi-norm
s = iuf el (31)

The Gromov norm |M| of an oriented closed connected manifold of dimension n is then
defined as the semi-norm of its fundamental class |M|:= |[[M]];. A fundamental result of
the theory ([5], [13] Thm 6.2) is the proportionality principle:

3.4. THEOREM. (M. Gromouv) Let ¥ be any compact oriented hyperbolic manifold of
dimension n > 1, then one has

v(X)

n

%] =

where v(X) is the volume of ¥ and v, is the mazximal volume of straight simplices in
hyperbolic space.

We refer to [13] chapter 6 for the description of the straightening of singular simplices
and singular chains. The constant v, is equal to 7 and one thus has

3.5. COROLLARY. Let ¥ be a Riemann surface of genus g > 1, then |X|=4(g-1).

The fact that the norm does not vanish is dual to the boundedness of cohomology and
this holds in the hyperbolic case, thus for k£ > 1 the semi-norm (31) is in fact a norm on
the homology Hy(M,R) when M is an hyperbolic manifold (see op.cit. ).

3.6. MOORE NORMALIZATION. Let A be a simplicial abelian group. The standard com-
plex (still denoted A for simplicity) of abelian groups associated to A is defined using the

boundary map

0= Z (—1)jdj : An - An—l- (32)

0
The associated normalized complex N A is defined as follows

NA, =ni"Kerd;cA,, d==d,:NA, > NA, (33)

(the simplicial identity d,d,_1 = d,,_1d,,_1 shows that it defines a complex). For each n one
lets D,, c A,, be the subgroup generated by the ranges of the degeneracies. The boundary
map 0 of (32) fulfills 9(D,,) c D, and induces a map

0: An/Dn - An—l/Dn—l-

The corresponding quotient complex A/D is the complex modulo degeneracies. By con-
struction one has two morphisms of complexes i : NA - A and p: A - A/D. Moreover
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(see [4], Theorem 2.1), the morphism poi : NA - A/D is an isomorphism of chain
complexes. It follows that the composite morphism v := (poi)top: A > NAis a
projection. As in the proof of Theorem 2.4 of [4], one constructs explicitly a chain map
fm: A, - NA, as the composition

FO o= fM oo fM o £V (34)

where fj(n) : A, = A, is defined as fj(”) = Id - s;:1d;j41. Moreover one also constructs
explicitly a chain homotopy T} : Ay, - Ag,1 such that

Id-f™M =Tod+doT. (35)
Since each fj(") acts as the identity in the quotient A,/D, the same holds for f(") and
one obtains the equality v, = f().

3.7. LEMMA. Let X be pointed simplicial set. Let the simplicial vector space A= HRo X
be endowed with the norm

[6] := X lo(2)], VYo eA, = HR(X,). (36)

(i) The linear map v, = f(" : A, - NA, is of norm <271,
(it) Let ce Z,(A) be a cycle. Then v,(c) is a homologous normalized cycle and |v,(c)| <
2]

PROOF. (i) The statement follows from (34) and the inequalities
L0 < 1d] + Isjadinl <2, 1f o gl <] £11gl.

(i1) This follows from (i) and (35). n

On the real vector space H, (X,R) we consider the following semi-norm which is induced
by the ¢*-norm (36) on the normalized complex NA,:

[e[*" = nf{[[o] | g € NAn, ¢ ~c} (37)

where ¢ ~ ¢ means that ¢ € NA, is homologous to the cycle ¢ € Z,(A). By applying
Lemma 3.7 one obtains the basic inequalities

el < flef™ < 2" el , Yee Ha(X,R). (38)

3.8. EQUIVALENCE WITH THE GROMOV NORM. The filtration of the s-module HR by
the sub-s-modules |HR|) ¢ HR, A € R,, of (29) provides, for any pointed simplicial set
X and integer n > 0 natural morphisms of s-modules

P Ho (X, |HR|)) = Ho(X, HR), (39)

and a filtration by the ranges of the p, . Theorem 2.17 gives a natural isomorphism
H,(X,HR) = H(H,(X,R)).
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3.9. THEOREM. Let X be a pointed simplicial set. For any integer n >0 and A € R, the
range of the natural morphism of s-modules is

Py (Hn (X, [HR))) = [H(Hn (X, R)) 3 (40)
where |c|P°" is the semi-norm defined in (37).

PROOF. It follows from (29) that the endofunctor ||[HR|, assigns to a pointed set (X, x)
the set of maps with finite support

[HR[A(X) = {¢: X > R[¢(+) =0, #{z | ¢(z) # 0} <00, Y |o(x)] <A}.

By construction the range p, (H,(X, ||HR|,)) is a sub-functor of H(H,(X,R)) thus to
show (40) it is enough to prove that for any integer k£ > 0 one has

o (Hn (X [HR[))) (k) = [H(Hn (X, R)) 37 (F). (41)

The right hand side of (41) is given by k-tuples (v;)1<j<ks 7 € Hn(X,R) such that
Y [yilmer < A, dee

3p; € HRo X, | dip; = 0Vi, d5~7; > |oy(x)] <\
}

For the left hand side of (41) one has
[ HR[A(Xn A Ky ) =

Thus the 0-chains Homg, (S™, |HR| (X A k,)) are exactly the same as the ones involved
in the right hand side of (41) and one gets (40). =

For a topological space X one lets sinX be the associated simplicial set of singular sim-
plices
sinX = {[n] » Top(A", X)}

where the standard simplex A” of dimension n is given concretely as
A" ={(Xgy..., An) | A 20, Z)\j =1}
Then, Definition 2.15 extends to topological spaces and arbitrary s-modules as
H, (X, M) := H,(sinX, M) (42)

3.10. COROLLARY. Let X be a topological space. The filtration of the singular homology
group H,(X,R) by the s-modules H, (X, |HR|,) defines a semi-norm which is equivalent
to the Gromov norm.

PRrROOF. This follows from Theorem 3.9 and the basic inequalities (38). n
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4. Equality for Riemann surfaces of genus g > 1

We show that for a compact oriented 2-dimensional manifold ¥ of genus g > 1, the
normalized norm (37) on singular homology agrees with the Gromov norm. Since these
two norms are equivalent and the Gromov norm vanishes except on Hy (X, R) it is enough
to prove the equality for the fundamental class [X] € Hy(X,R). The difficulty is to
construct singular cycles ¢ in the homology class [¥] which not only have ¢!-norm |c|;
close to the expected value 4(g — 1) but are also normalized, i.e. such that all boundaries
vanish 0;(c) = 0. This is achieved in three steps. In section 4.1 we deal with the relative
situation of the building block K and construct a normalized cycle relative to its boundary
OK. In section 4.4 we assemble together g copies of K and obtain a surface of genus g and
a normalized cycle representing the fundamental class whose ¢!-norm is 4g. The third step
is standard and uses cyclic covers to improve the estimate to the expected value 4(g-1).

4.1. MOORE NORMALIZATION FOR THE BUILDING BLOCK. A compact oriented 2-dimen-
sional manifold ¥ of genus g > 1 is obtained by gluing together ¢ copies of a building block
K which we now describe. This building block is the quotient of the convex polygon
Conv(0,1,2,3,4,5) of Figure 2 by the equivalence relation R generated by

AL 2})(z) ~r A({4,3}) (), A({2,3})(z) ~r A({5,4})(2), VaeAl
where given n + 1 points (P, ..., P,) in the real affine plane F = R?, one denotes
A{Py,...,P.}) € Top(A™ E), (Mo,.--s ) = D NP

By transitivity one finds that the five vertices (1,2,3,4,5) are equal modulo R, since
1~gr4~r3~r2~rb5. Thus one has by construction a continuous map

~: Conv(0,1,2,3,4,5) - K. (43)

The building block K thus consists of 4 triangles with the common vertex 0 and where
the external sides are identified following the rules

A({L2}) ~A({4,3}), A({2,1}) ~ A({3,4}),
A({2,3}) ~ A({5,4}), A({3,2}) ~ A({4,5}).

It is shown geometrically in Figure 3 as a subset of the 2-torus (before the identifications
of the edges) and in Figures 4 and 5 after these identifications have been performed. These
Figures keep track of the natural triangulations.

By construction one has A({Fp,...,P,}) € Top(A", Conv(P;)) where Conv(P;) is the
convex hull of the points P;. The composition

A'({Py,....P)) =7v0 A({Py,..., P,}) € Top(A", K) (45)

(44)

defines singular simplices i.e. elements of sin K. From (44) one obtains the equalities

A'({1,2}) = A'({4,3}), A'({2,1}) = A'({3,4}),

A({2,3)) = A({5,4)), A'({3,2}) = A'({4,5)) (46)
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0 1

Figure 3: Basic polygon inside the funda-

. . . . _ 2
Figure 2: Basic polygon in £ =R*. mental domain for Z? acting on R2.

Figure 5: Neighborhood of point P.
Figure 4: Triangulated building block K.

To each pair (i,7) of >0 integer indices we associate the simplicial chain ¢(0,1, j)

c(0,4,7) = A'({0,4,5}) + A'({4,5,0}) + 2A°({3,0,1})
_A,({]7Z7 0}) - A,({()?]?Z}) - 2A,({Za Oaj})

The boundaries of ¢(0,14,j) are described as follows

(47)

4.2. LEMMA. The following equalities hold

9(c(0,4,7)) = 28°({0,1}) = 287({0,5}) = A'({3,01) + A({5,0}) + A'({i, 7}) - A'({5,1})
01(c(0,4,7)) = ~A'({0,i}) + A({0,5}) + A'({3,0}) - A({5,0}) + 2A7({4,i}) - 24"({i, j})
95(c(0,4,5)) = A'({0,1}) = A'({0,5}) + 24°({3,0}) = 2A8°({3, 0}) + A'({1,5}) - A'({5,1})

PROOF. The result follows by linearity of the 0; and the equalities

A ({a,b,¢}) = A'({b,¢}), 1A ({a,b,c}) = A'({a,c}), A"({a,b,¢}) = A'({a,b})
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Figure 6: Surface of genus 2. Figure 7: Domain for surface of genus 3.

We now combine the above simplicial chains and use the rules (46) to get a chain which
is normalized relative to the boundary 0K of K.

4.3. LEMMA. Let ¢(15) := Y14 ¢(0,7,0+1). One has

docq15) = 2A({0,1}) - 2A({0,5}) - A'({1,0}) + A({5,0})
a10(1,5) = _A’({O’ 1}) + A,({07 5}) + A,({L 0}) - A’({57 O})
Oxcq sy = A({0,1}) - A'({0,5}) - 2A7({1,0}) + 2A7({5,0})

PROOF. The cancelations follow from the equalities

>, (A'({0,i}) - A'({0,i + 1})) = A'({0, 1}) - A'({0,5})

1<i<4

>, (A({i,03) - A'({i+1,0})) = A'({1,0}) - A'({5,0})

1<i<4

and from the following one which uses the rules (46)

Y (A{i,i+ 1)) -A({i+1,i})) =0

1<i<4

since (46) shows that the following terms all vanish

AL 2})-A({4,3}), A{2,3}) -A({5,4}), A({3,4}) -A({2,1}), A({4,5}) -A({3,2})

We thus get the required formulas. n

4.4. MOORE NORMALIZATION FOR A RIEMANN SURFACE OF GENUS g > 1. Let g > 1 and
P be obtained (see Figure 7) as the union of g copies P(w) = P(114w 5+40) for 0 <w < g, of
the basic polygon Conv(0, 1,2, 3,4,5) of Figure 2, where the side (0,5+4w) is common to
P(w) and P(w+1) for w < g—1 and is common to P(g—1) and P(0) for w = g—1, while the
external sides are identified pairwise as in P. The quotient of P by these identifications
is a surface X(g) of genus g.
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4.5. LEMMA. The singular chain

C=Ca5) tC59) - o+ Clraw 5+4w) T - - T C(1+4(g-1),1)

is closed and normalized, i.e. one has 0;,c =0 for j €{0,1,2}.

PROOF. By Lemma 4.3 one gets for 0 <w < g—1, and with 5+4(g—-1) ~ 1,
OoC(1+aw 544wy = 20 ({0, 1+ 4w}) = 2A’({0,5 + 4w} ) - A'({1 + 4w, 0}) + A'({5 + 4w, 0})

which gives
doc = 0y Z C(1+4w 5+4w) = Z 800(1+4w,5+4w) =0.

O<w<g-1 O<w<g-1

The same reasoning applies to show that d;c =0 for j € {1, 2}. n

4.6. LEMMA. The singular chain ¢ of Lemma 4.5 represents the singular homology class
8[X] ([X] = fundamental class of ¥).

PROOF. The result follows since each chain ¢(0,7,7 + 1) as in (47) is homologous to
8A’({0,7,7 + 1}) while the 4g triangles A’({0,4,7 + 1}) for 1 < i < 4g give a triangula-
tion of 3. -

4.7. LEMMA. The (' -norm of the singular chain ¢ of Lemma 4.5 is < 32g.

PRrROOF. This follows from the triangle inequality and the definition (47) of the chain
(0,14, 7) whose ¢*-norm is < 8. =

4.8. THEOREM. Let X3 be a compact Riemann surface and [X] its fundamental class in
homology. Then [X] belongs to the range of the canonical map Ho(3, ||HR|)) - Ha(X,R)
if and only if \ is larger than the Gromov norm of [3].

PROOF. The result follows from Theorem 3.9 if one shows that the fundamental class [X]
fulfills the equality
[T = 1l

The inequality > follows from (38). Moreover, as recalled in section 3.3, for a surface
of genus g the Gromov norm |[X]|; is equal to 4(g — 1). Thus it remains to show that
I[2]]7or < 4(g—1). By applying Lemmas 4.6 and 4.7 one obtains the inequality |[[2][?F <
4g. One then applies a standard technique which is to use the same inequality for the
covering space ' of ¥ associated to an infinite cyclic subgroup of the fundamental group
m1(X). The genus of a cyclic cover ¥’ of degree n is ¢’ = n(g — 1) + 1 since the Euler
characteristic is multiplied by n. Thus the inequality |[X/]["°" < 4¢’ entails

n|[X]*" <4g" = 4(n(g - 1) +1).

By passing to the limit when n — oo one obtains the desired inequality |[2]]|"" <4(g-1).
]



178

ALAIN CONNES AND CATERINA CONSANI

References

1]

2]

[9]
[10]
[11]

[12]
[13]

M. Artin, A. Grothendieck, J-L. Verdier, eds. (1972), SGA,, LNM 269-270-305,
Berlin; New York: Springer-Verlag.

A. Connes, C. Consani, Absolute algebra and Segal’s Gamma sets, J. Number Theory
162 (2016), 518-551.

B. Dundas, T. G. Goodwillie, R. McCarthy, The local structure of algebraic K-theory.
Algebra and Applications, 18. Springer-Verlag London, Ltd., London, 2013.

P. G. Goerss, J. F. Jardine, Simplicial homotopy theory. Progress in Mathematics,
174. Birkhauser Verlag, Basel, 1999.

M. Gromov, Volume and bounded cohomology, Inst. Hautes Etudes Sci. Publ. Math.
(1982), no. 56, 5-99 (1983).

L. Hlusie, Complexe cotangent et déformations. Lecture Notes in Mathematics, Vol.
283. Springer-Verlag, Berlin-New York, 1972.

M. Kapranov, A. Smirnov, Cohomology determinants and Reciprocity Laws
(preprint).

S. MacLane, 1. Moerdijk, Sheaves in geometry and logic. A first introduction to topos
theory. Corrected reprint of the 1992 edition. Universitext. Springer-Verlag, New
York, 1994.

S. MacLane, Categories for the working mathematician. Graduate Texts in Mathe-
matics, Vol. 5. Springer-Verlag, New York-Berlin, 1971. ix+262 pp.

P. May Simplicial objects in algebraic topology. Van Nostrand Mathematical Studies,
No. 11 D. Van Nostrand Co., Inc., Princeton, N.J.-Toronto, Ont.-London 1967.

J. C. Moore Seminar on algebraic homotopy theory, Princeton, 1956 (mimeographed
notes).

G. Segal, Categories and cohomology theories. Topology, 13 (1974), 293-312.

W. Thurston, Geometry and topology of 3-manifolds, Lecture Notes Princeton (1978).

I.H.E.S. and Ohio State University

Department of Mathematics, The Johns Hopkins University
Baltimore, MD 21218 USA

Email: alain@connes.org

kc@math. jhu.edu

This article may be accessed at http://www.tac.mta.ca/tac/



THEORY AND APPLICATIONS OF CATEGORIES will disseminate articles that significantly advance
the study of categorical algebra or methods, or that make significant new contributions to mathematical
science using categorical methods. The scope of the journal includes: all areas of pure category theory,
including higher dimensional categories; applications of category theory to algebra, geometry and topology
and other areas of mathematics; applications of category theory to computer science, physics and other
mathematical sciences; contributions to scientific knowledge that make use of categorical methods.
Articles appearing in the journal have been carefully and critically refereed under the responsibility of
members of the Editorial Board. Only papers judged to be both significant and excellent are accepted
for publication.

SUBSCRIPTION INFORMATION Individual subscribers receive abstracts of articles by e-mail as they
are published. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. Full
text of the journal is freely available at http://www.tac.mta.ca/tac/.

INFORMATION FOR AUTHORS I¥TEX2e is required. Articles may be submitted in PDF by email
directly to a Transmitting Editor following the author instructions at
http://www.tac.mta.ca/tac/authinfo.html.

MANAGING EDITOR. Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca
TEXNICAL EDITOR. Michael Barr, McGill University: michael.barr@mcgill.ca

ASSISTANT TEX EDITOR. Gavin Seal, Ecole Polytechnique Fédérale de Lausanne:
gavin_seal@fastmail.fm

TRANSMITTING EDITORS.

Clemens Berger, Université de Nice-Sophia Antipolis: cberger@math.unice.fr

Julie Bergner, University of Virginia: jeb2md (at) virginia.edu

Richard Blute, Université d’ Ottawa: rblute@uottawa.ca

Gabriella Bohm, Wigner Research Centre for Physics: bohm.gabriella (at) wigner.mta.hu
Valeria de Paiva: Nuance Communications Inc: valeria.depaiva@gmail.com

Richard Garner, Macquarie University: richard.garner@mq.edu.au

Ezra Getzler, Northwestern University: getzler (at) northwestern(dot)edu

Kathryn Hess, Ecole Polytechnique Fédérale de Lausanne: kathryn.hess@epfl.ch

Dirk Hofmann, Universidade de Aveiro: dirk@ua.pt

Pieter Hofstra, Université d’ Ottawa: phofstra (at) uottawa.ca

Anders Kock, University of Aarhus: kock@math.au.dk

Joachim Kock, Universitat Autonoma de Barcelona: kock (at) mat.uab.cat

Stephen Lack, Macquarie University: steve.lack@mq.edu.au

F. William Lawvere, State University of New York at Buffalo: wlawvere@buffalo.edu
Tom Leinster, University of Edinburgh: Tom.Leinster@ed.ac.uk

Matias Menni, Conicet and Universidad Nacional de La Plata, Argentina: matias.menni@gmail.com
Teke Moerdijk, Utrecht University: i.moerdijk@uu.nl

Susan Niefield, Union College: niefiels@union.edu

Robert Paré, Dalhousie University: pare@mathstat.dal.ca

Kate Ponto, University of Kentucky: kate.ponto (at) uky.edu

Jiri Rosicky, Masaryk University: rosicky@math.muni.cz

Giuseppe Rosolini, Universita di Genova: rosolini@disi.unige.it

Alex Simpson, University of Ljubljana: Alex.Simpson@fmf.uni-1j.si

James Stasheff, University of North Carolina: jds@math.upenn.edu

Ross Street, Macquarie University: ross.street@mq.edu.au

Tim Van der Linden, Université catholique de Louvain: tim.vanderlinden@uclouvain.be



	Introduction
	Homology of a simplicial set with coefficients in an s-module
	The archimedean place and the Gromov norm
	Equality for Riemann surfaces of genus g>1

