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LAX LIMITS OF MODEL CATEGORIES

YONATAN HARPAZ

ABSTRACT. For a diagram of simplicial combinatorial model categories, we show that
the associated lax limit, endowed with the projective model structure, is a presentation
of the lax limit of the underlying co-categories. Our approach can also allow for the
indexing category to be simplicial, as long as the diagram factors through its homotopy
category. Analogous results for the associated homotopy limit (and other intermediate
limits) directly follow.
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1. Introduction

In ordinary category theory, the lax colimit of a presheaf F : J°» — Cat of categories
is given by the total category of the cartesian fibration 7 : [ ’F — 7 classified by J,
while its oplax limit is given by the category of sections of m. Both of these construc-
tions are fairly fundamental and appear in a wide variety of circumstances. In homotopy
theory one often works in a higher categorical setting, where categories are replaced with
oo-categories. In this case, the cartesian fibration 7 : [ | acquires an even more
prominent role: indeed, if J is now an oco-category then presheaves F : J°¢ — Cat,, valued
in oo-categories are often hard to write down explicitly, and are hence usually encoded
directly as cartesian fibrations over J via the straightening-unstraightening equivalence (in
which the unstraightening construction is the co-categorical analogue of the Grothendieck
construction). As was established by Gepner-Haugseng—Nikolaus [7], in the higher cat-
egorical setting the total oo-category of the cartesian fibration classified by F is again a
model for the lax colimit of &, while the co-category of sections of this cartesian fibration
is a model for the corresponding oplax limit. To avoid confusion, we point out that the
notation conventions of loc. cit. for lax versus oplax are different than the ones we use
here, and which follow the conventions of ordinary category theory.
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A closely related invariant is given by the homotopy limit and colimit of a given functor
F:J°° — Cate,. These are related to the (op)lax limit and colimit as follows: the homo-
topy colimit of F is given by localizing the total co-category of the associated cartesian
fibration m: [ "F — J by the collection of m-cartesian edges [15, Corollary 3.3.4.3], while
the homotopy limit is given by the full sub-oco-category of sections s:J — [ ’F which
send every edge to a cartesian edge [15, Corollary 3.3.3.2]. The (op)lax and homotopy
(co)limit constructions can be put on an equal footing if one considers more generally
limits of diagrams indexed by marked oo-categories, that is, co-categories J equipped with
a collection of marked edges E (which are not necessarily equivalences in J and are not
necessarily sent to equivalences in Cate,). The FE-colimit of a presheaf F : Jo¢ — Cato,
is then the localization of [ ' by the collection of 7-cartesian edges lying over edges in
E, while the E-limit is given by the full sub-oo-category of sections s:J — [ ’F which
send every edge in E to a w-cartesian edge. In this paper we will simply take this as the
definition of E-limits and E-colimits, though we note that the notion of an E-(co)limit
can be defined abstractly for diagrams taking values in an arbitrary (oo, 2)-category: this
is part of current work in progress [8] to construct a convenient framework for (op)lax
(co)limits in an (oo, 2)-categorical setting which exhibits properties similar to those fa-
miliar from the (oo, 1)-categorical context, such as preservation by restriction along a
suitable analogue of cofinal maps.

We mentioned above that presheaves of co-categories are rarely given explicitly. A
notable exception to this statement is the situation in which the co-categories in question
are all presented by model categories, and our presheaf F : Jo¢ — Cat,, comes from a
(pseudo-)functor M : I — ModCat to the (2, 1)-category of model categories and Quillen
adjunctions. Such functors are also known as Quillen presheaves (see, e.g., [12], [2]).
Given a Quillen presheaf M : J — ModCat, we may associate to it an oo-categorical
presheaf MY : N(J)°? — Cat, by post-composing with the functor ModCat — Cat.,
which associates to each model category M its underlying oo-category M, and to each
Quillen adjunction £ : M £ N : R the associated right derived functor RR : No, — M.
By the work of Hinich [10, §2] one can construct the cartesian fibration [ JMEO — N(J)
classifying this presheaf by taking the nerve of the full subcategory of [ "M spanned by
the fiberwise fibrant objects and localizing it with respect to fiberwise weak equivalences.
In this case it is natural to ask if one can present the oplax limit co-category of ME via
a suitable model structure on the 1-categorical oplax limit of the functor M® : Jor —s
Cat obtained by forgetting the model structure and keeping just the underlying right
adjoints. We note that this oplax limit is also the lax limit of the functor M": J — Cat
obtained by keeping only the underlying left adjoints. Indeed, the diagram of categories
and adjunctions underlying M can be encoded by a functor

J
w:fj\/[::/ MR:[ML—>J
J

which is simultaneously the cartesian fibration classified by M® and the cocartesian fi-
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bration classified by M. The category

Sec;;(M)={s:J—>_/M‘7ros=Id}

of sections of 7 can be explicitly described as follows: the objects of Secs(M) are given by
collections s(i) € M(i) for each i € J together with maps s, : aus(7) — s(i') (equivalently,
maps s : s(i) — a*s(i’)) for every morphism « : i — ¢’ in J, where oy < «a* is the
Quillen adjunction associated to . This data is required to satisfy the usual compatibility
conditions for each commutative triangle

Z'/
/ \5\
g
in J. As shown in [2, Theorem 2.28], when each M(i) is a combinatorial model category
one can endow Secy(M) with the projective model structure Secy ™ (M), in which a map
T :s — s’ is a weak equivalence/fibration if and only if T'(¢) : s(i) — s'(i) is a weak
equivalence/fibration for every i (here it is actually enough to assume that each M(4)
is cofibrantly generated, see Proposition 3.2 below). One may then phrase the question

eluded to above more formally as follows: is the model category Set?mj(M) a presentation
of the oo-categorical lax limit of ME? We note that this would imply in particular that

7/'//

?

every oo-categorical section of [ ’ ME — N(J) can be represented by an honest section
of [ M — J, a phenomenon also known as strictification. In the setting of Quillen
presheaves, the strictification question was first posed and conjectured to admit a positive
answer in the work of Simpson—Hirschowitz, see [12, Conjecture 18.3].

A slightly more structured case which is more convenient to handle is when M is
a simplicial Quillen presheaf, that is, a diagram taking values in the (2,1)-category
ModCat of simplicial model categories and simplicial Quillen adjunctions. In this case,
if each M(i) is also combinatorial, then the model category Sec™ (M) inherits a (fiber-
wise) simplicial structure. We then have a relatively direct access to the underlying
oo-category of Sec?roj(M) by taking the coherent nerve of the full simplicial subcategory
Secy (M) € Secy(M) spanned by fibrant-cofibrant sections.

Our main result in this paper is that for simplicial Quillen presheaves taking values in
combinatorial model categories, the model category Sec?roj(M) is indeed a presentation
of the oo-categorical oplax limit of MY (equivalently, the lax limit of ML ). In fact, we
prove a more general statement where J is allowed to be a simplicial category. In this
case it is not a-priori clear what a diagram of model categories indexed by J actually
means. Though we have an idea of how this should be defined in general, we chose in this
paper to restrict attention to diagrams which factor through the homotopy category of J.
In particular, given a simplicial Quillen presheaf M : Ho(J) — ModCata, a simplicial
section s of M along J is given by the data of:

- an object s(i) € M(i) for every i € J;
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- amap S, : Mapj(7,7") ® ays(1) —> s(¢') in M(4") for every 4,4’ € J and every morphism
a i — i’ in Ho(J), where Mapj (i,i") € Map,(i,i') is the component of Map,(,i’)
determined by «a.

One can then show that the projective model structure on the category Secy(M) of sim-
plicial sections still exists in this more generalized setting (see Proposition 3.2 below).
Our main result in this paper can then be formulated as follows:

1.1. THEOREM. Let J be a fibrant simplicial category. Let M : J — Ho(J) — ModCata
a simplicial Quillen presheaf which factors through Ho(J) and takes values in combinato-

rial model categories. Then Sec?mj(M) is a presentation of the oo-categorical oplax limit
of MR : N(J)°° — Cate, (or, equivalently, the laz limit of MY : N(J) — Cato, ).

1.2. REMARK. In Theorem 1.1, the condition that J is fibrant is only needed to ensure
that N(J) has the correct type, but is otherwise superfluous (see Proposition 3.7).

Given a subset £ of morphisms in J, Theorem 1.1 suggests a potential model for the
E-limit of MR via a suitable left Bousfield localization of Set™® (M), where the new
fibrant objects are the old fibrant objects for which in addition the map

(1) s*:8(i) — a*s(i')

is a weak equivalence in M(7) for every « :i —> i’ which belongs to E. When this left
Bousfield localization exists we call the resulting model structure the E-cartesian model

structure, and denote it by Secﬁ’ron(M). In general, the desired localization will not exist as

a model category, except in special circumstances, such as when Sec?mj(M) is left proper.
In that respect we note that since colimits in Secs(M) are computed levelwise and every
projective cofibration is also a levelwise cofibration, the model category Set?* (M) is left
proper as soon as each M(7) is left proper.

Even when the F-cartesian model structure does not exist, one may always consider
the full simplicial subcategory Secy z(M) € Secj(M) spanned by those fibrant-cofibrant
sections such that (1) is a weak equivalence for every o € E. We may then ask if the
coherent nerve of Secy (M) is equivalent to the co-categorical £-limit of ME. When the
localized model structure exists this is equivalent to asking whether the model category
Seth, (M) is a presentation of this co-category.

1.3. THEOREM. In the situation of Theorem 1.1, suppose that E is any collection of maps
in J. Then the simplicial category Secy y(M) is a model for the co-categorical E-limit of
M. In particular, if M(2) is left proper for every i € J then the E-cartesian model

structure Sec?rgj(M) presents the oo-categorical E-limit of ME .

We note that Theorem 1.1 essentially corresponds to Theorem 1.3 in the case where
E is empty. Both these theorems are summarized in Corollary 4.4, whose proof occupies
§4.
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1.4. REMARK. Any combinatorial model category is Quillen equivalent to a simplicial
left proper one [5], though not canonically. It is hence not a-priori clear if every diagram
of combinatorial model categories can be replaced with a Quillen equivalent diagram
of simplicial model categories and simplicial Quillen adjunction (though it seems rather
likely that the argument of [5] can be made to work “in families”, at least in special cases).
By contrast, left proper combinatorial model categories can be functorially replaced with
simplicial (and left proper) ones [6], and so if we already know that each M(%) is left proper
than we may replace M with a Quillen equivalent diagram taking values in ModCata .

1.5. EXAMPLE. Let M be a simplicial combinatorial model category and T : M T M: U
a Quillen adjunction. To this data one can associate a model category Sp(M,T) of
spectrum objects with repsect to T, see [13, Definition 1.1]. Its objects consist of sequences
(Xo, X1, ...) in M together with structure maps TX,, — X,,,; for every n > 0. From the
point of view of the present paper we may identify Sp(N,T) with the category of sections
of a Quillen presheaf N — ModCat which associates the model category M to every n e N
and the left Quillen functor T to each generating arrow n — n+1 in N. This category can
be endowed with the projective model structure defined as above, which also coincides
with the model structure of the same name in [13]. By Theorem 1.1 above the underlying
oo-category associated to this model structure is the oplax limit of the tower

LN VNV g ¥

If M is left proper then one can consider the left Bousfield localization of the projective
model structure, in which the new fibrant objects are the levelwise fibrant cartesian sec-
tions, namely, those T-spectrum objects (X, X1, ...) for which each X, is fibrant and the
adjoint structure maps X,, — U(X,;1) are weak equivalences. Such spectrum objects
are also known as U-spectra, and the resulting localized model structure is referred to
as the associated stable model structure in [13]. This formalism generalizes the setting
of classical stable homotopy theory in which M is the category of pointed simplicial sets
(or topological spaces) and T is given by suspension, and can be used to describe similar
type of homotopy theories, such as motivic spectra, see [16]. By Theorem 1.1 above the
underlying co-category associated to the stable model structure is the homotopy limit of
the tower

thus endowing it in particular with a universal characterization (cf. [16, Proposition 4.15]).

1.6. RELATION TO OTHER WORK. Results similar to Theorem 1.1 have appeared before
in the literature. When the diagram M : J — ModCat, is constant the model category
Secgroj(M) reduces to the category M’ of simplicial functors with the projective model
structure, in which case it was proved by Lurie [15, Proposition 4.2.4.4] that M’ models
the oco-category of functors N(J) — M,,. Our proof of Theorem 1.1 is based on a similar
approach to that of [15]. On the other hand, when M is not necessarily constant (nor
simplicial or combinatorial) but J is an ordinary category and E contains all edges (i.e.,



964 YONATAN HARPAZ

the case of homotopy limits) then the coincidence with the co-categorical limit was proved
by Bergner [4], though with very different methods from the present paper.

When J is an ordinary category and M is not necessarily simplicial or combinatorial
a result similar to our main theorem was also recently established by Balzin [1] using yet
another approach, based on earlier work of Simpson—Hirschowitz [12] about the strictifi-
cation problem (though some errors were later discovered and corrected by Balzin, see the
introduction of [1]). Balzin’s main theorem concerns certain families of model categories
indexed by a Reedy category, and his result for Quillen presheaves is obtained by passing
to the category of simplices of J. Our approach is somewhat more direct and yields, in
particular, a shorter proof of that statement in the simplicial combinatorial case. On the
other hand, when J is Reedy Balzin’s result covers more general types of families of model
categories, which are not necessarily Quillen presheaves.

1.7. NOTATION AND CONVENTION. In this paper we use employ the higher categorical
notations and conventions of [15]. We will denote by Seta the category of simplicial sets
and by Cata the category of simplicial categories. Both of these can be endowed with
model structures presenting the theory of co-categories: the categorical model structure
on Seta due to Joyal [14] and the Dwyer-Kan model structure on Cata due to Bergner [3].
These two model structures are related via a Quillen equivalence

¢:Seta £ Catp : N,

where N is the coherent nerve functor and € is its left adjoint, see [15, §2]. The weak
equivalences in Cata are the Dwyer-Kan equivalences, that is, the simplicial functors
which induce weak homotopy equivalences on mapping simplicial sets and are essentially
surjective on homotopy categories. The fibrant objects in Cata are the simplicial cate-
gories whose mapping objects are Kan complexes. On the side of the categorical model
structure on Seta, the weak equivalences, also known as categorical equivalences, are the
maps sent to Dwyer-Kan equivalences by €, and the fibrant objects are the co-categories,
that is, the simplicial sets € which admit extensions along inner horns inclusions A} < A",
We will denote by Cat,, the coherent nerve of the (large) simplicial category whose ob-
jects are the oo-categories and whose mapping spaces from € to D are the maximal Kan
complexes of the usual mapping simplicial set from € to D. Then Cat.,, is a model for the
oo-category of small co-categories. It is also equivalent to the localization of Seta by the
collection of categorical equivalences and to the localization of Cata by the Dwyer-Kan
equivalences.

2. Simplicial Quillen presheaves

Throughout this section we let J denote a fixed ordinary category. By a simplicial Quillen
presheaf on J we will mean a (pseudo-)functor M : I — ModCata to the category of
simplicial model categories and simplicial Quillen adjunctions. This data is equivalent via
the Grothendieck construction to the data of a functor [ M — J which is both a cartesian
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and cocartesian fibration, together with a simplicial structure on each fiber such that the
cocartesian transition maps are simplicial left Quillen functors (this automatically implies
that the cartesian transition maps are simplicial right Quillen functors). We note that in
this situation the category [ M inherits a natural enrichment over the category Seta of
simplicial sets: for i,7 € J and objects X € M(i),Y € M(j), the simplicial mapping space
Map((4, X), (4,Y)) is given by

(2) Map((Z7X)7 (],Y)) = H Mapjv[(j) (Oé;X,Y)

at—j

where the coproduct is taken over all maps a:i — j in J and ay : M (i) — M(j) is the
left Quillen transition functor associated to «. The resulting simplicial category is not
fibrant in general. It will hence be useful to consider instead the full subcategory

fOMEfM

consisting of all objects (i, X) such that X is fibrant and cofibrant in M(4). The simplicial
category [°M is then fibrant in Cata with respect to the Dwyer-Kan model structure
and we can pass to its coherent nerve

e:=N(f°Jv[).

Then € is a (large) oo-category carrying a natural map
p: & — N(J).

Since € is an oo-category and N(J) is the nerve of a 1-category the map p is automatically
an inner fibration.

2.1. LEMMA. Let (Y,5),(Z,k) € ["M be objects. Let B :j —> k be a morphism in J
and f: Y — Z a morphism in M(k). Then the edge of € corresponding to (B, f) is
p-cartesian if and only if the adjoint map f24:Y — B*Z is a weak equivalence in M(j).

PROOF. First assume that f2d is a weak equivalence. By the mapping space criteria for p-
cartesian edges [15, Proposition 2.4.1.10] we need to show that the commutative diagram

(3) Hom ; y((7, X), (j, Y)) L2 Hom  5((4, X), (, 2))

| l

Homjy(4, 7) o Homjy (7, k)

is homotopy cartesian for every i € J and fibrant-cofibrant object X € M(i). Considering
the homotopy fibers of the vertical maps and using (2) it will suffice to show that for
every morphism « : ¢ — 7 in J, the induced map

(B, 1)« + Mapy(jy (1 X, Y) — Mapyy (B X, Z)
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is a weak homotopy equivalence of simplicial sets. We now observe that under the ad-
junction isomorphism

(4) Mapy i)y (X, Z) = Mapy ) (X, 8*Z)

the map (3, f). is given by post-composing with fad :Y — §*Z. Since f2d is a weak
equivalence between fibrant objects and oy X is cofibrant we get that (5, f). is indeed a
weak homotopy equivalence of simplicial sets.

In the other direction, assume that the edge associated to (3, ) is p-cartesian. Then
for every i € J and every fibrant-cofibrant X € M(4) the square (3) is homotopy cartesian,
and hence for every « :i —> j the map (5, ). above is a weak homotopy equivalence of
simplicial sets. Taking ¢ = 7 and « = Id we conclude that the map

MapM(j)(Xa Y) — MapM(j)(X, B*7Z)

obtained by post-composing with f2d : Y — (*Z is a weak homotopy equivalence of
simplicial sets for every fibrant-cofibrant X € M(j). Since Y and $*Z are fibrant it
follows that f2d is a weak equivalence, as desired. [

2.2. COROLLARY. The map p is a cartesian fibration.

PRrOOF. In light of Lemma 2.1 it will suffice to show that for every morphism £:j — k
in J and for every fibrant-cofibrant object Z € M(k) there exists a fibrant-cofibrant object
Y € M(j) admitting a weak equivalence Y — $*Z. But this is clear since we can choose
a trivial fibration Y — $*Z such that Y is cofibrant. [

2.3. REMARK. Using a dual argument one can show that the map p: & — N(J) is also
a cocartesian fibration.

3. Categories of simplicial sections

In this paper we are interested in simplicial Quillen presheaves on simplicial categories, but
restrict attention (mostly for simplicity) to those which factor through the corresponding
homotopy category. In such a situation, it is convenient to allow for a bit of extra flexibility
by considering an arbitrary functor ¢ : § — J, where J is a simplicial category and J is an
ordinary category (which is not necessarily the homotopy category of J). We may then
consider simplicial Quillen presheaves parameterized by J, and take simplicial sections
along J. We note that this does not result in true additional generality, since in any case
the map ¢ factors as § — Ho(J) — J, and if we start with a Quillen presheaf on J
then its sections along J are the same whether we consider them as parameterized by J
or Ho(J).

To set up the stage let us hence fix an ordinary category J and a simplicial category
d equipped with a functor ¢ : § — J. Given a simplicial Quillen presheaf M : J —
ModCata, we define Secy (M) to be the category of simplicial functors s: J — [ M over
J, with respect to the simplicial enrichment of [ M described in §2. Here we use the
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notation Secy(M) to indicate that we think of these functors as sections of M along J.
More explicitly, an s € Secg (M) is given by the data of an object s(j) € M(p(j)) for each
j €3, and for every j,j" € J and map a : p(j) — ¢(j') in I, a map in M(p(j")) of the
form

(5) sa : Mapg (j,5') ® ars(j) — s(j"),

where Map§ (4, j/) € Map, (j, j') denotes the pre-image of a: o(j) — ¢(j') in Mapy(j, )
(which is a union of connected components since J is mapping-wise discrete). Equivalently,
this data can also be encoded via the adjoint map

(6) " 5(j) — ars(j)MPEOI.,

Given a vertex € Map,(j,7’) lying above a : ¢(j) — ¢(j’), we will denote by sz the
composed map

. . B* o Y . -/
(7) sp:s(j) 2 A% @ ans(j) —> Mapj (4, 5") ® aus(j) — s(5").

3.1. DEFINITION. Let T': s — ¢ be a map in Secg(M). We will say that T is a levelwise
weak equivalence (resp. fibration, cofibration) if 7'(j) : s(j) — t(j) is a weak equivalence
(resp. fibration, cofibration) in M(j) for every j.

3.2. PROPOSITION. Let M : J — ModCata be a simplicial Quillen presheaf such that
each M(7) is compactly generated. Then there exists a compactly generated simplicial
model structure Secgroj(M), which we will call the projective model structure, such that
the weak equivalences/fibrations are the levelwise weak equivalences/fibrations, and cofi-
brations are the maps which satisfy the left lifting property with respect to levelwise trivial

fibrations. In addition, if each M(7) is combinatorial then so is Secgmj(ﬁ\/[).

PROOF. The proof is completely standard, but we recall the main details for the conve-
nience of the reader. For each j € § and X € M(¢(j)) let us denote by s; x € Secs(M) the
section given by

(8) six(7) =TI Mapf(s,j") ® X e M(i2(j"))

() ~(5')

where the coproduct is taken over all maps a : ¢(j) — ¢(j’) in J and Mapj(j,5’) is as
above. Then for a fixed j € J the association X + s; x is left adjoint to the evaluation
functor ¢t — t(j). In addition, if X — Y is a cofibration (resp. trivial cofibration) in
M(p(7)) then the induced map

S x —> S5

is a levelwise cofibration (resp. trivial cofibration). Now for each j € d, let I;, J; be sets of
generating cofibrations and trivial cofibrations respectively for M(y(j)) which permit the
small object argument. Define I to be the union of the images of I; under the functors
X = s;x, and J to be the union of the images of J; under the functors X ~ s; x. By
adjunction we then have that:
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1. a map T : s — t satisfies the right lifting property with respect to J if and only if it
is a levelwise fibration;

2. amap T : s — t satisfies the right lifting property with respect to I if and only if it
is a levelwise trivial fibration.

We now apply [11, Theorem 11.3.1] (with 4(b)) to deduce that Secy(M) carries a model
structure cofibrantly generated by I/ and J, whose weak equivalences are the levelwise
weak equivalences. We endow Secg(M) with the levelwise simplicial structure (K ®s)(i) =
K ® s(i) and (s5)(7) = s(¢)%, with the induced action on the structure maps s,/s® for
a:i—>1"inJ (see (5) and (6)) using the simplicial compatibility of the Quillen adjunction
ay = a*. The resulting simplicial structure on Secg(M) is then seen to be compatible with
the model structure just constructed by inspecting the cotensoring axiom and using the
fact that fibrations and trivial fibrations are defined levelwise.

To obtain the last statement, we note that since the evaluation functors ¢t — ()
preserve all colimits, we have that Secs(M) is monadic over [T cop(s) M(j) with monad
t = ®jegSju;)- In particular, if each M(7) is presentable as an ordinary category then
Secy(M) is presentable as well. "

We shall now establish a few basic properties of the categories Secg(M). We begin
with some terminology.

3.3. NOTATION. Let C be a simplicial category. By a morphism f: X — Y in € we will
simply mean a vertex f e (Mape(X,Y)),. We will say that two morphisms f,¢g: X — Y
in C are weakly homotopic if they are in the same connected component of Mape(X,Y").
We will say that f: X — Y is a weak homotopy equivalence if there exists a morphism
g:Y — X such that fog and go f are weakly homotopic to the respective identities.
This notion coincides with the notion of equivalence in the co-category N (CfiP) where CfiP
denotes a fibrant replacement for € and N is the coherent nerve functor.

3.4. REMARK. Let € be a simplicial model category and f,g: X — Y a pair of weakly
homotopic maps in the sense of Notation 3.3 (with respect to the underlying simplicial
structure). If either X is cofibrant or Y is fibrant then f,g will have the same image
in Ho(C). Indeed, in the former case X x A! constitutes a cylinder object for X and in
the latter case Y2' constitutes a path object for Y. Similarly, if X is cofibrant and Y is
fibrant then f, g are weakly homotopic if and only if they have the same image in Ho(C).
Since any model category is saturated as a relative category, we get that if f: X — Y
is a weak homotopy equivalence between fibrant objects (or cofibrant objects) then f is
a weak equivalence.

3.5. REMARK. Any functor of simplicial categories € — D sends weakly homotopic pairs
L

of maps to weakly homotopic pairs of maps. In particular, if € —=D is a simplicial
R

Quillen adjunction between simplicial model categories then both £ and R refine to sim-
plicial functors (since £ preserves tensoring with simplicial sets and R cotensoring) and
hence preserve weakly homotopic pairs of maps.
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3.6. LEMMA. Keeping the notations above, let s € Secgroj(M) a fibrant object. Let ~y :
Jj —> j' be a weak homotopy equivalence in J and let o = p(7y) be the corresponding map
m J. Then the map

s7:5(5) — a’s(J),
adjoint to the map s, : cus(j) —> s(j') of (7), is a weak equivalence in M(j).

PROOF. Since both s(j) and a*s(j’) are fibrant it will be enough to prove that s7 is a weak
homotopy equivalence (see Remark 3.4). Since 7 is a weak homotopy equivalence there
exists a 0 : j' — j such that d oy and v o are weakly homotopic to the corresponding
identity maps. In particular, 8 = ©(0) is an inverse for a and so both a and § are
isomorphisms. This implies that ay 4 a* and S, 4 $* are Quillen equivalences such that
both their composites are (naturally isomorphic to) the identity Quillen equivalence. Now
let

s*:5(5') — Bs(4)
be the adjoint to the map s;: £s(j’) — s(j) determined by the vertex 0 € Map?(j’,j).
Since doy:j7 — j and yod :j' — j' are weakly homotopic to the respective identity
maps, we get from Remark 3.5 that the composites

(9) 571 5(5) > as(5) T 0 B75()) = 5(5)
and
(10) 5791 5(5") = 85(j) L5 Brars(5") = s(5)

are also weakly homotopic to the respective identities. Applying a* to (10) and using
again Remark 3.5 we may now conclude that a*s? : a*s(j') — a**s(j) = s(j) is a weak
homotopy inverse to s7, and so s7 is a weak homotopy equivalence, as desired. [

With ¢ :J — J as above, consider now a diagram of simplicial categories of the form

J—— /M

|,

) ——
such that ¢ = ¢’ o ¢p. The enriched relative left Kan extension iys:J — [ M of s is the
coequalizer

dis(j) =coeq| T[]  [Mapy(ji.j2) x Map},(¢:(j2), 5) ® 1nAis(j1)] =3

J1.J2€d
Bip(i1)—>e(i2)
yip(i2) =’ (57)
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[ Maph(v().) @ aus(s) .
asp ) ! (1)
We note that the functor 1 : Secy(M) — Secy (M) is left adjoint to the restriction functor
¥* : Secy (M) —> Secg(M). In particular, for every s:J — [M and ¢:J" — [ M one

has a canonical isomorphism

MapSecar(M) W!S, t) = MapSeq;(M) (57 W’f) :

In addition, 1, preserves the “free sections” (8) in the sense that one has a canonical
isomorphism

(11) Yisjx = Sy(j),x

for every j € J and X € M(j). The following proposition is a generalization of [15, A.3.3.8].

3\_¢>3,
j/

be a map of simplicial categories over the ordinary category J. Then the adjunction

3.7. PROPOSITION. Let

roj i> roj
Secy™ (M) <w;*Secg, (M) .

1s a Quillen adjunction. Furthermore, if 1 is a Dwyer-Kan equivalence of simplicial
categories then this adjunction is a Quillen equivalence.

PrOOF. The fact that ¥* is a right Quillen functor is immediate since fibrations and
trivial fibrations are defined levelwise. The main part is checking that ¢, 4 ¢* is a Quillen
equivalence when 1 is a Dwyer-Kan equivalence. Let us say that ¢ is a local trivial
cofibration over J if for every j, ke J and a: p(j) — (k) in I, the induced map

Mapj (j, k) = Mapg (1(5), ¥ (k)

is a trivial cofibration of simplicial sets. As in the proof of [15, A.3.3.8], we begin by
reducing to the case where 1 is a local trivial cofibration over J. To perform this reduction,
factor the induced map J[[J" — J’ as a cofibration k[[o : J[[J" — J" in Cat followed
by a trivial fibration 7 : J” — J’. Note that by construction the map 7 is equipped with
a section o : J' — J”. We obtain a commutative diagram

8—>HII

NS

K
P
g’ a
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of simplicial categories over J, and by the 2-out-of-3 rule one can deduce that all maps
appearing in this diagram are Dwyer-Kan equivalences. Since Quillen equivalences are
closed under 2-out-of-3, it will be enough to prove the theorem for x and o. But x and o
are both local trivial cofibrations over J. Hence we can assume without loss of generality
that 1) is a local trivial cofibration over J.

Our next step is to observe that the functor

"+ Seck I (M) —> Sec?™® (M)

preserves all weak equivalences, and, in view of Lemma 3.6 and the assumption that 1
is a Dwyer-Kan equivalence (and in particular essentially surjective), also detects weak
equivalences between fibrant objects. It is hence enough to show that for every cofibrant
object s € Secgroj(M) the unit map

s — Pihs

is a weak equivalence. Proceeding as in the proof of Proposition A.3.3.8 of [15], we will

say that a map T':s — ¢ in Secgmj(M) is good if for every k € J the induced map

t(k) I(_[)w*wls%) — rit(k)

is a trivial cofibration in M(p(k)). It will then be enough to prove that every cofibration
is good. We now note that since both vy and ¥* both preserves colimits (which are
computed levelwise for sections) the collection of good maps is weakly saturated. It will
hence suffice to prove that every generating cofibration is good. Let j € J be an object and
X =Y a generating cofibration of M(¢(j)). We wish to show that the map s; x = s;y
in Secg(M) is good. In light of (11), what we need to check is that for every k € J and
every «: p(j) — (k) the induced map

[Mapj(j, k)@ ay]  T]  [Mapg(v(5), ¥(k)) ® aX | — Mapg(¢(5). ¥ (k)) ® Y

Map§ (j,k)®cu X

is a trivial cofibration in M(¢(k)). But this follows from the pushout-product axiom for
the simplicial structure on M(p(k)) since ;X < Y is a cofibration in M(p(k)) and
Mapg (j, k) — Mapg,(1(5),%(k)) is assumed to be a trivial cofibration of simplicial sets
(that is, v is assumed to be a local trivial cofibration). n

4. Proof of the main theorem

In this final section we will formulate and prove our main theorem in the somewhat more
flexible setting of §3. We hence fix an ordinary category J, a simplicial Quillen presheaf
M :J — ModCata valued in combinatorial model categories, and a map of simplicial
categories ¢ : J — J. We will denote by Secy(M) < Secy (M) the full subcategory spanned
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by the objects that are fibrant and cofibrant with respect to the projective model structure
of Proposition 3.2.

Let (Seta ), n() denote the category of marked simplicial sets over N(J) (whose objects
consist of marked simplicial sets (X, F) equipped with an unmarked map X — N(J)).
Given a cartesian fibration ¢ : X — N(J) we will denote by X' the marked simplicial
set whose underlying simplicial set is X is whose marked edges are the g-cartesian edges.
We may then naturally consider Xt as an object of (Setx) /n()- Following Lurie, we will
endow (Setg)/N(j) with the cartesian model structure, in which the fibrant objects are
precisely those of the form X for some Cartersian fibration X — N(J) [15, Proposition
3.1.3.7, Proposition 3.1.4.1]. In light of Corollary 2.2 we may then view i = (N(/°M))s
as a fibrant object in (Set A) IN@)- We note that this is slightly abusive since €t is a large
marked simplicial set. We will address this subtlety more carefully below.

The cartesian model structure (Set}y ) /N(9) 18 tensored and cotensored over the category
of marked simplicial sets Sety endowed the marked categorical model structure (that is,
the cartesian model structure over the point). We note that with this model structure the
category of marked simplicial sets presents the oo-category Cat,,, and the functor which
forgets the marked edges provides a right Quillen equivalence to the Joyal model structure
on simplicial sets. Given two objects X, Y € (Setx),y(y) such that Y is fibrant we have a
fibrant mapping object Mapy5)(X,Y) € Sety. Adapting the notation of [15, §3.1.3], we
will denote by Mapll’\I(J)(X ,Y) the underlying simplicial set of Mapy 4, (X,Y"), which is an
oco-category (see [15, Remark 3.1.3.1]). We note that the simplicial set Mapl"\l(j)(X,Y) is
determined by the “exponential rule”

(12) Homge, (K, MapN(j)(X Y)) = Homygety )/N(J)(K" xX.Y),

where K" denotes the marked simplicial set K with only degenerate edges marked.
Now suppose we are given a simplicial set X and a commutative diagram

C(X\ /

of simplicial categories in which 1 is a Dwyer-Kan equivalence. For example, if g is
fibrant then we may take X to be N(J) and ¢ to be the counit map. To this data we
may associate a diagram of simplicial categories

€(X) x Secj (M) —— 7 x Secj (M) — [*M

in which the right horizontal arrow is the evaluation map (j,s) = s(j). Passing to
coherent nerves and pre-composing with the unit map X — N(€(X)) we obtain a diagram
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of simplicial sets

(13) X x N (Secj (M)) €

.

N(J)
which, in light of Lemma 2.1, refines to a map
(14) uy : X' x N* (Secg(M)) — &t

in the model category (Setp), - Here, the marked simplicial set N (Secj(M)) is the
coherent nerve of Secy(M) considered as a marked simplicial set in which the marked
edges are those which correspond to equivalences in Secg(M). The core part of our main
theorem is then given by the following assertion.

4.1. THEOREM. Keeping the assumptions and notations above, the map
(15) vy : N (Secs (M)) — Mapll’\l(j) (X', &),

adjoint to (14) by (12), is an equivalence of oo-categories.

We pause to note that the map (15) is a map of large oo-categories (though they are
both locally small), and so some caution is required. In what follows we will use the
following terminology: for a (possibly large) oco-category € we will denote by moC the
collection of equivalence classes of objects of €. We note that if € is locally small and K
is a small simplicial set then the oo-category CX of functors from X to € is locally small
as well. To accommodate the size issue we will need the following lemma.

4.2. LEMMA. Let F : € — D be a functor between possibly large locally small oo-
categories. Suppose that for every small simplicial set K the induced map

WoeK . 7T0®K

1s bijective. Then JF is an equivalence.

PROOF. Applying the assumption for K = A® implies that F is essentially surjective. It
will hence suffice to show that J is fully-faithful. Let X,Y € € be objects and consider
the map of spaces

(16) F.: Mape(X,Y) — Map, (F(X), F(Y)).

Since D is locally small there exists a small full subcategory U € D which contains
F(X),F(Y) e D. Let F'U c € be the inverse image of U in €. Since 71oC — myD
is injective we can find inside F1U a small full subcategory V containing X,Y and such
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that the inclusion V ¢ F-1U is an equivalence. Consider the resulting homotopy cartesian
square of oco-categories

(17)

l? T
C—D

in which the vertical maps are fully-faithful inclusions. Then for every small simplicial
set K the resulting square

(18) 7T0VK *>7T0uK

L

WOGK —_— 7T0®K

is cartesian as well: indeed, the map moVE — myCX x . px UK is surjective because (17)
is homotopy cartesian (and hence remains homotopy cartesian after applying (-)%) and
is injective because the vertical maps in (18) are injective. Since the bottom horizontal
map in (18) is bijective it now follows that the top horizontal map is bijective. Since this
is true for any small simplicial set K and V,U are small we get that the map V — U is
necessarily an equivalence. We may then conclude that (16) is an equivalence of spaces
and so J is fully-faithful. [

4.3. REMARK. In Lemma 4.2 the assumption that € and D are locally small is essential.
To see this, observe that if we could prove the claim without this assumption then we
could also prove using Grothendieck universes that for a sufficiently large regular cardinal
r the corepresentable homotopy functors Ho(Cate,) — Set associated to the collection
of k-small co-categories are jointly conservative in Ho(Cate, ). Since the oo-category 8 of
space is reflective inside Cato, this would mean that Ho(8) contains a set of objects whose
corepresentable functors are jointly conservative. But this is known to be false, see [9,
Corollary 2.3].

PROOF OF THEOREM 4.1. In light of Lemma 4.2 it will suffice to show that for every
small simplicial set K, the map

(19) o N(Secy (M) —> mo Mapl ) (X, €0

induced by vy, is bijective. We first note that by comparing the universal mapping prop-
erty (12) with the analogous property for the exponentiation by K we see that

(20) 0 Mapll’\j(j)(X",ﬁh)K ~ T Map}’\l(j) (Kb x X° Eh).

Now consider the category Secy (IM)€(5) of simplicial functors €(K ) — Secy (M), equipped
with the projective model structure, and let (Secy(M)€())° ¢ Secy (M)¢() denote the full
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simplicial subcategory spanned by the fibrant-cofibrant functors. We may then apply [15,
Proposition 4.2.4.4] to the model category A = Secy(M) to deduce that the map

(21) 70N Sees (M)S0) " — 1, N (Secs (W)
is bijective. In addition, we also have a canonical equivalence of categories
(22) Secy (M)*H) ~ Sece(i)xg (M)

which identifies the projective model structure on the right with the twice nested projec-
tive model structure on the left. It will hence suffice to show that the map

(23) o N (Secgxyxg (M)) — mo Mapy gy (K x X*, &)

obtained by composing (21), (19) and (20), and using the identification (22), is bijective.
Unwinding the definitions, we see that (23) is the map induced on connected components
by the map

Uy + N (SQCE(K)xg (M)) - Maplb\l(i]) (K* = X*, €N

associated to the composed Dwyer-Kan equivalence
DK x X) = €(K) x €(X) 25 ¢(K) % g

as in (15). Replacing X with K x X, J with €(K) x J and ¢ with ¢’ we may simply
assume that K = AC. It remains to show that the map

(vy)« : o N (Secs (M)) — o Mapll’\l(j) (XP Eh)

induced on 7y by (15) is a bijective. In light of Proposition 3.7 we may furthermore assume
that J = €(X) and ¢ = Id : €(X) — €(X) is the identity. In this case, the map (vy).
admits a particularly simple description. Indeed, every projectively fibrant/cofibrant
section s: €(X) — [ M factors through

€(X)—5>/0Mf—>fM

and one can identify (viq)«([s]) € mo Mapll’\l(j) (X", &) with the homotopy class of the
marked map s24 : Xt — &b determined by the adjoint s2d : X — & of s. We start by
showing that (viq). is surjective. Let s34 : Xt — &1 be a marked map over N(J). Tt
corresponds by adjunction to a map

s:@(X)—>[oM

over J, determining a fibrant object in Secgg) (M). Let s’ - s be a trivial fibration from

a cofibrant s, so that s’ € Secg(y, (M). The map s’ in turn corresponds to some other
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map (s')2d: X? — &b over N(J). We now claim that s2¢ and (s")2d are equivalent in the
oo-category Mapll’\l(j) (X, E1). Indeed, the weak equivalence s’ — s can be encoded by a
simplicial functor

he[1]x €(X) — f.M

over J, where [1] = ¢ — o is considered as a (mapping-wise discrete) simplicial category.
Then N([1]) 2 A! and the composed map Al x X — Al x N(€(X)) — & refines to a
marked map (A')! x Xb — &b by Lemma 2.1. The latter determines an invertible edge
in Mapy ) (X*, €t) from (s7)24 to s34 and so

[539] = [(s)3%] = (via)«[5'] € 7o Mapyy) (X*, EF)

is in the image of (viq).. It remains to show that (vq). is injective. Let s,¢:J — [ M
be fibrant-cofibrant objects such that s34, ¢3d : X» — Eb are equivalent in the co-category
Mapll’\l(j) (X?, &), Since &N is fibrant in (Set})/n() there exists a direct homotopy

h:(Al)“XX"—uE’n

from s34 to t2d. By adjunction we obtain a map
had : €(AL x XP) — f M

whose restriction to €({0} x X) is s and whose restriction to €({1} x X') is t. Furthermore,
since the marked edges in € are exactly the p-cartesian edges, Lemma 2.1 implies that
the composed map

C(A! x {2}) — ¢(Al x X+) 14 /J\/[

determines a weak equivalence from s(z) to t(x) in M(z) for every vertex z € X (i.e.,
for every object x € J = €(X)). Note that the map h,q is not yet an honest natural
equivalence from s to t but only a homotopy coherent one. In order to strictify it we will
need to employ Proposition 3.7 again. We can consider the map h.q as a fibrant object
in Sece(arxxsy (M). We have a natural map

¢ (A x XP) — ¢(AY) x ¢(X?)

which is a Dwyer-Kan equivalence of simplicial categories. From Proposition 3.7 it follows
that there exists a fibrant-cofibrant object h!, € Sece(atyxe(xs) (M) such that ¢*h!, is
weakly equivalent to haq. This implies, in particular, that the restriction s’ := h! |(01xe(x)
is weakly equivalent to s and the restriction ¢’ := A/ || (13xe(x) is weakly equivalent tot. The
map h, determines an honest weak equivalence from s’ to ¢’. We may hence conclude
that s is weakly equivalent to ¢ in the model category Sece(x) (M) and hence weakly
equivalent to ¢ in the simplicial category Secg(x) (M), as desired. "
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Now suppose that E is a set of maps in J (i.e., a set of vertices in the various map-
ping simplicial sets of J). We will denote by Secj z(M) S Secg(M) the full simplicial
subcategory spanned by those fibrant-cofibrant sections s: J — [ M such that for every
B:j—>j"in E, which lies above a map a: ¢(j) — ¢(j’) in J, the map

s(G) > a*s(5)

is a weak equivalence in M(j), where s? is the adjoint of the map (7) determined by the
vertex € Map®(7,j’). We may now finally deduce the main result of this paper:

4.4. COROLLARY. Let J be an ordinary category, M : I — ModCata a simplicial Quillen
presheaf taking values in combinatorial model categories, and J a fibrant simplicial category
equipped with a map ¢ : J —> J. Let E be a set of maps in J and denote by N(g, E) the
marked simplicial set consisting of the coherent nerve of § with the edges corresponding
to E marked. Then there is a natural equivalence of oo-categories

N (Secj 5(M)) ~ Map® (N(J, E), €) .
Proor. We have a diagram of co-categories

N (Secg,E(M)) - Map;\}(g) (N(@, E), &)

i |

N (Secj(M)) —=— Mapy,, (N(3)", €%)

where the vertical maps are fully-faithful inclusions and the lower horizontal map is the
equivalence of Theorem 4.1 associated to the counit map 1 : €(N(J)) — . It will
be enough to verify that this diagram is homotopy cartesian. For this, it will suffice to
show that a fibrant-cofibrant section s : § — [“M lies in Sec (M) if and only if the
corresponding map N(J) — & sends every marked edge of N(J, E) to a p-cartesian edge.
But this is a direct consequence of the characterization of p-cartesian edges in [° M given
by Lemma 2.1, and so the proof is complete. [
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