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FIBRATIONS OF AU-CONTEXTS BEGET FIBRATIONS OF TOPOSES

SINA HAZRATPOUR AND STEVEN VICKERS

ABSTRACT. Suppose an extension map U: Ty — Tq in the 2-category €on of contexts
for arithmetic universes satisfies a Chevalley criterion for being an (op)fibration in Con. If
M is a model of Ty in an elementary topos S with nno, then the classifier p: S[T;/M] —
S satisfies the representable definition of being an (op)fibration in the 2-category £%op
of elementary toposes (with nno) and geometric morphisms.
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1. Introduction
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For many special constructions of topological spaces (which for us will be point-free, and
generalized in the sense of Grothendieck), a structure-preserving morphism between the
presenting structures gives a map between the corresponding spaces. Two very simple
examples are: a function f: X — Y between sets already is a map between the cor-
responding discrete spaces; and a homomorphism f: K — L between two distributive
lattices gives a map in the opposite direction between their spectra. The covariance or

contravariance of this correspondence is a fundamental property of the construction.

In topos theory we can relativize this process. A presenting structure in an elementary
topos £ will give rise to a bounded geometric morphism p: F — &, where F is the topos
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of sheaves over £ for the space presented by the structure. Then we commonly find that
the covariant or contravariant correspondence mentioned above makes every such p an
opfibration or fibration in the 2-category of toposes and geometric morphisms.

If toposes are taken as bounded over some fixed base S, in the 2-category BTop/S, then
there are often easy proofs using the Chevalley criterion to show that the generic such p,
taken over the classifying topos for the relevant presenting structures, is an (op)fibration.
See [SVW12] for some simple examples of the idea, though there are still questions of
strictness left unanswered there.

However, often there is no natural choice of base topos S, and Johnstone [Joh02, B4.4]
proves (op)fibrational results in BTop. These are harder both to state (the Chevalley
criterion is not available) and to prove, but stronger because slicing over S restricts the
2-cells.

In this paper we show how to use the arithmetic universe (AU) techniques of |Vic17|
to get simple proofs using the Chevalley criterion of the stronger, base-independent
(op)fibration results in ETop, the 2-category of elementary toposes with nno, and ar-
bitrary geometric morphisms.

Our starting point is the following construction in [Vicl7|, using the 2-category Con
of AU-contexts in [Vic19|. Suppose U: T; — Ty is an extension map in €on, and M is a
model of Ty in S, an elementary topos with nno. Then there is a geometric theory Ty /M,
of models of T; whose Ty-reduct is M, and so we get a classifying topos p: S[T;/M]| — S.
As a generalized space (relative to base S), we view it as the fibre of U over M. Our main
result (Theorem 8.2) is that —

if U is an (op)fibration in €on, using the Chevalley criterion,
then p is an (op)fibration is ETop, using the representable definition.

Throughout, we assume that all our elementary toposes are equipped with natural
numbers object (nno). Without an nno the ideas of generalized space do not go far
(because it is needed in order to get an object classifier), and AU techniques don’t apply.

2. Overview

In §3 we review relevant 2-categories of toposes, including our new 2-category GTop in
which the objects are bounded geometric morphisms.

In §4 we quickly review the main aspects of the theory of AU-contexts, our AU analogue
of geometric theories in which the need for infinitary disjunctions in many situations has
been satisfied by a type-theoretic style of sort constructions that include list objects (and
an nno). The contexts are “sketches for arithmetic universes” [Vic19|, and we review the
principal syntactic constructions on them that are used for continuous maps and 2-cells.

§5 reviews the connection between contexts and toposes as developed in [Vicl7], along
with some new results. A central construction shows how context extension maps U : T; —
Ty can be treated as bundles of generalized spaces: if M is a point of Ty (a model of T
in an elementary topos S), then the fibre of U over M, as a generalized space over S, is
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a bounded geometric morphism p: S[T,/M] — S that classifies the models of T; whose
U-reduct is M. Much of the discussion is about understanding the universal property of
such a classifier in the setting of GTop.

We then move in §6 and §7 to a review of two styles of definition for (op)fibrations in
2-categories, the Chevalley and representable criteria.

A functor p: F — B is, trivially, a fibration iff the functor Cat(1,p): Cat(1l, E) —
Cat(1, B) is, and an obvious generalization is to replace €at by some other 2-category K
to obtain a notion of fibration in K. However, even when K has a terminal object, there
may fail to be enough 1-cells from 1 to B to make a satisfactory definition this way. This
is generally the case with 2-categories of toposes such as ETop.

One therefore uses a more general representable definition, that for every A the func-
tor (A, p): K(A,E) — K(A, B) is a fibration, with the additional condition that the
naturality squares are fibred functors.

If IC has pullbacks of p, then these can be considered the fibres of p. Suppose we have
a: g — f between B’ and B. Then by the representable definition «. f*p has a cartesian
lift o/: ¢ — p* f:

/

g
Y
fE—>p*f FE
ey
/w\

B/T>B

(1)

¢’ now gives us a morphism from f*E to ¢*FE, in other words a morphism between the
fibres over f and ¢ but in the opposite direction to that of a. This brings us closer to the
“indexed category” view of fibrations, with 2-cells between base points (f and g) lifting
to maps between the fibres (f*E and ¢g*E), and to the examples mentioned at the outset.

Now suppose K has comma objects, which unfortunately £%op and BT op do not, so far
as we know, although BTop/S and our €on do. Then we may capture the data of the above
diagram in a generic way by taking B’ to be the cotensor 2 h B of B with the walking
arrow 2. In such a K, the fibration structure for arbitrary B’ and « can be derived from
generic structure for the generic a. The structure needs to be defined just once, instead
of many times for all B’. We shall call this a Chevalley criterion. For ordinary fibrations
the idea was attributed to Chevalley by Gray |Gray66], and subsequently referred to as
the Chevalley criterion by Street [Str74].

As discussed in [Joh93|, a shortcoming with all this is that examples such as ETop are
really bicategories, and this calls for a relaxed notion of fibration for the functors IC(A, p).
We return to this in §7. Our main task in §6 is to clarify the 2-categorical structure
needed, and the strictness issues, when we apply the Chevalley criterion in Con.

§8 then provides the main result, Theorem 8.2. Suppose U: T; — Ty is a context
extension map, and p: S[T; /M| — S is a classifier constructed as in §5. Then if U is an
(op)fibration, so is p.
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3. Background: 2-categories of toposes

The setting for our main result is the 2-category £Top whose O-cells are elementary toposes
(equipped with nno), whose 1-cells are geometric morphisms, and whose 2-cells are geo-
metric transformations.

However, our concern with generalized spaces means that we must also take care to
deal with bounded geometric morphisms. Recall that a geometric morphism p: £ — S is
bounded whenever there exists an object B € £ (a bound for p) such that every A € £ is
a subquotient of an object of the form (p*I) x B for some I € S: that is one can form
following span in &, with the left leg a mono and the right leg an epi.

/ !
(p*I) x B A

The significance of this notion can be seen in the relativized version of Giraud’s The-
orem (see [Joh02, B3.4.4]): p is bounded if and only if £ is equivalent to the topos of
sheaves over an internal site in S. (In the original Giraud Theorem, relative to Set, the
bound relates to the small set of generators.) It follows from this that the bounded geo-
metric morphisms into & can be understood as the generalized spaces, the Grothendieck
toposes, relative to S.

Bounded geometric morphisms are closed under isomorphism and composition
(see [Joh02, B3.1.10(i)|) and we get a 2-category BTop of elementary toposes, bounded
geometric morphisms, and geometric transformations. It is a sub-2-category of £%op, full
on 2-cells.

Also |Joh02, B3.1.10(ii)], if a bounded geometric morphism ¢ is isomorphic to pf,
where p is also bounded, then so too is f. This means that if we are only interested in
toposes bounded over S, then we do not have to consider unbounded geometric morphisms
between them. We can therefore take the “2-category of generalized spaces over §” to be
the slice 2-category BZop/S, where the 1-cells are triangles commuting up to an iso-2-cell.
[Joh02, B4| examines BTop/S in detail.

For the (op)fibrational results, [Joh02, B4| reverts to BTop. This is appropriate, since
the properties hold with respect to arbitrary geometric transformations, whereas working
in BTop/S limits the discussion to those that are isomorphisms over S.

Unbounded geometric morphisms are rarely encountered in practice, and so it might
appear reasonable to stay in BZop or BTop/S [Joh02, B3.1.14]. However, one notable
property of bounded geometric morphisms is that their bipullbacks along arbitrary ge-
ometric morphisms exist in £%op and are still bounded [Joh02, B3.3.6]. (Note that
where [Joh02] says pullback in a 2-category, it actually means bipullback — this is explained
there in section B1.1.) Thus for any geometric morphism of base toposes f: &' — S,
we have the change of base pseudo-2-functor f: BTop/S — BTop/S’. One might say
the “2-category of Grothendieck toposes” is indexed over £Top. (where the 2-cells in
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ETop~. are restricted to isos). [Vicl7] develops this in its use of AU techniques to obtain
base-independent topos results, and there is little additional effort in allowing change
of base along arbitrary geometric morphisms. To avoid confronting the coherence is-
sues of indexed 2-categories it takes a fibrational approach, with a 2-category G%op “of
Grothendieck toposes” fibred (in a bicategorical sense) over ETop...

We shall take a similar approach, but note that our 2-category G%op, which we are
about to define, is not the same as that of [Vic17| — we allow arbitrary geometric transfor-
mations “downstairs”. We shall write GTop~ when we wish to refer to the GZop of [Vicl7|.

3.1. DEFINITION. The 2-category GTop is defined as follows. We use a systematic
“upstairs-downstairs” notation with overbars and underbars to help navigate diagrams.
o (-cells are bounded geometric morphisms x: T — x.

_ Vv
e For any O-cells © and y, the 1-cells from y to x are given by f = (f, f , f) where

fry—z and f: 7 — T are geometric morphisms, and the geometric transformation
v
[ rxf = fy is an isomorphism.

o If f and g are 1-cells from y to x, then 2-cells from f to g are of the form o = (@, )
where a: [ = g and a: [ = g are geometric transformations so that the obvious

diagram of 2-cells commutes.

g
_ 77 ap z
v Yy v f.éll €T

x Yy fl x ng
x y———z 17 0y

f T
f

Composition of 1-cells k: z — y and f:y — x is given by pasting them together, more

— Y \ v v v v _
explicitly it is given by fk = (fok,f © k ,fok) where f © k = (fa k )o(f k).
Vertical composition of 2-cells consists of vertical composition of upper and lower 2-cells.
Similarly, horizontal composition of 2-cells consists of horizontal composition of upper and

lower 2-cells. Identity 1-cells and 2-cells are defined trivially.

This is a particular case of our more general Construction 7.4. G%op is #p when %
is E%op and D is the class of bounded geometric morphisms.
Much of our development will turn on the codomain 2-functor

Cod: G%o0p — EZop.

It is important to note that this codomain functor is not a fibration in any 2-categorical
sense, as it is not well behaved with respect to arbitrary 2-cells in £%op. This is easy to
see if one takes the point of view of indexed 2-categories, and considers the corresponding
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change-of-base functors. (It becomes a fibration if one restricts the downstairs 2-cells to
be isos, as in [Vic17].) However, it will still be interesting to consider its cartesian 1-cells
and 2-cells, which we do in section 7.

4. Background: The 2-category €Con of contexts

The observation underlying [Vic19] is that important geometric theories can be expressed
in coherent logic (no infinite disjunctions), provided that new sorts can be constructed in a
type-theoretic style that includes free algebra constructions. Models can then be sought in
any arithmetic universe (list-arithmetic pretopos), and that includes any elementary topos
with nno; moreover, the inverse image functors of geometric morphisms are AU-functors.
In the following table we illustrates some of the differences between the AU approach
and toposes. More details about the expressive power of AUs can be found in [MV12].

AUs Grothendieck toposes
Classifying category AU(T) S[T]
Base Base independent Base S
Infinities Intrinsic; provided by List Extrinsic; provided by S
e.g. N = List(1) e.g. infinite coproducts
Results A single result in AUs | A family of results by varying S

The system developed in [Vicl9| expresses those geometric theories using sketches.
They are, first of all, finite-limit-finite-colimit sketches. Each has an underlying directed
graph of nodes and edges, reflexive to show the identity s(X) for each node X, and with
some triangles specified as commutative. On top of that, certain nodes are specified as
being terminal or initial, and certain cones and cocones are specified as being for pullbacks
or pushouts. In addition, there is a new notion of list universal to specify parameterized
list objects, together with their empty list and cons operations. From these we can also
construct, for example, N, Z and Q. (R, however, cannot be constructed as an object, a
“set”. It is a point-free space of Dedekind sections, presented by a geometric theory.)

A homomorphism of AU-sketches preserves all the structure: it maps nodes to nodes,
edges to edges, commutativities to commutativities and universals to universals.

We shall need to restrict the sketches we deal with, to our contexts. These are built up
as extensions of the empty sketch 1, each extension a finite sequence of simple extension
steps of the following types: adding a new primitive node, adding a new edge, adding a
commutativity, adding a terminal, adding an initial, adding a pullback universal, adding
a pushout, and adding a list object.

The following is an example of simple extension by adding a pullback universal.

4.1. EXAMPLE. Suppose T is a sketch that already contains data in the form of a cospan

of edges: ——= <=~ . Then we can make a simple extension of T to T’ by adding a
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pullback universal for that cospan, a cone in the form

Along with the new universal itself, we also add a new node P, the pullback; four new
edges (the projections p', p? p and the identity for P) and two commutativities u;p! ~ p
and uyp? ~ p.

An important feature of extensions is that the subjects of the universals (for instance,
P and the projections in the above example) must be fresh — not already in the unextended
sketch. This avoids the possibility of giving a single node two different universal properties,
and allows the property that every non-strict model has a canonical strict isomorph.

The next fundamental concept is the notion of equivalence extension. This is an ex-
tension that can be expressed in a sequence of steps for which each introduces structure
that must be present, and uniquely, given the structure in the unextended sketch. Unlike
an ordinary extension, we cannot arbitrarily add nodes, edges or commutativities — they
must be justified. Examples of equivalence extensions are to add composite edges; com-
mutativities that follow from the rules of category theory; pullbacks, fillins and uniqueness
of fillins, and similarly for terminals, initials, pushouts and list objects; and inverses of
edges that must be isomorphisms by the rules of pretoposes. Thus the presented AUs for
the two contexts are isomorphic.

The previous example, of adding a pullback universal, is already an equivalence ex-
tension. Another is that of adding a fillin edge. Suppose we have a pullback universal as
above, and we also have a commutative square

Then as an equivalence extension we can add a fillin edge > P, with commutativities
plw ~ v; and p*w ~ v,.

Similarly, if we have two fillin candidates with the appropriate commutativities, then
as an equivalence extension we can add a commutativity to say that the fillins are equal.

Any sketch homomorphism between contexts gives a model reduction map (in the
reverse direction), but those are much too rigidly bound to the syntax to give us a good
general notion of model map. We seek something closer to geometric morphisms, and in
fact we shall find a notion of context map that captures exactly the strict AU-functors
between the corresponding arithmetic universes AU(T). A context map H: Ty — Ty is a
sketch homomorphism from T, to some equivalence extension T, of Tp.

Each model M of T, gives — by the properties of equivalence extensions — a model of
T}, and then by model reduction along the sketch homomorphism it gives a model M . H
of T,.
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Thus context maps embody a localization by which equivalence extensions become
invertible. Of course, every sketch homomorphism is, trivially, a map in the reverse
direction. Context extensions are sketch homomorphisms, and the corresponding maps
backwards are context extension maps. They have some important properties, which we
shall see in the next section.

At this point let us introduce the important example of the hom context T of a
context T. We first take two disjoint copies of T distinguished by subscripts 0 and 1,
giving two sketch homomorphisms ¢p,4;: T — T—. Second, for each node X of T, we
adjoin an edge Oy : Xy — X;. Also, for each edge u: X — Y of T, we adjoin a connecting
edge 6,: Xo — Y] together with two commutativities:

YOH—Y>Y1

A model of T comprises a pair My, M; of models of T, together with a homomorphism
0: My — M.

We define a 2-cell between maps Hy, Hy: Ty — T; to be a map from Ty to T,  that
composes with the maps i, : TT — T to give Hy and H,

Finally, an objective equality between context maps Hy and H; is a 2-cell for which the
homomorphism between strict models must always be an identity. This typically arises
when a context introduces the same universal construction twice on the same data.

From these definitions we obtain a 2-category €on whose 0-cells are contexts, 1-cells
are context maps modulo objective equality, and 2-cells are 2-cells. It has all finite PIE-
limits (limits constructible from finite products, inserters, equifiers). Although it does
not possess all (strict) pullbacks of arbitrary maps, it has all (strict) pullbacks of context
extension maps along any other map.

We now list some of the most useful example of contexts. For more examples see [Vic19,
§3.2].

4.2. EXAMPLE. The context O has nothing but a single node, X, and an identity edge
s(X) on X. A model of O in an AU (or topos) A is a “set” in the broad sense of an
object of A, and so O plays the role of the object classifier in topos theory. There is also
a context O, which in addition to the generic node X has another node 1 declared as
terminal, and moreover, it has an edge z: 1 — X. (This is the effect of adding a generic
point to the context @.) Its models are the pointed sets. This time we must distinguish
between strict and non-strict models. In a strict model, 1 is interpreted as the canonical
terminal object.

There is a context extension map U : @, — O which corresponds to the sketch inclusion
in the opposite direction, sending the generic node in @ to the generic node in Q,. As a
model reduction, U simply forgets the point.

The context O~ comprises two nodes X, and X; and their identities, and an edge
Ox: Xo — X;. A model of @ in an AU (or topos) A is exactly a morphism in A.
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We can define the diagonal context map mr: T — T by the opspan (id, F') of sketch
morphisms where F' sends edges 0x to s(X), 6, to u and commutativities to degenerate
commutativities of the form us(X) ~ u and s(Y)u ~ u.

One central issue for models of sketches is that of strictness. The standard sketch-
theoretic notion of models is non-strict: for a universal, such as a pullback of some given
opspan, the pullback cone can be interpreted as any pullback of the opspan. Contexts
give us good handle over strictness. The following result appears in [Vic17, Proposition
1]:

4.3. REMARK. Let U: Ty — T\ be a context extension map, for an extension T; of T,.
Suppose in some AU A we have a model M; of Ty, a strict model M of Ty, and an
isomorphism ¢: Mj = MU.

Then there is a unique model M of T; and isomorphism é: M = M, such that
(i) Mj is strict,
(i) MU = My,
(iii) U = ¢, and
(iv) ¢ is equality on all the primitive nodes used in extending Ty to T;.

We call M7 the canonical strict isomorph of My along ¢.

The fact that we can uniquely lift strict models to strict models as in the remark above
will be crucial in §5 and §8.

5. Background: Classifying toposes of contexts in GTop

In this part, we shall review how [Vic17| exploits the fact that, for any geometric morphism
f: & — F between elementary toposes with nno, the inverse image functor f* is an AU-
functor. It preserves the finite colimits and finite limits immediately from the definition,
and the preservation of list objects follows quickly from their universal property and the
adjunction of f.

By straightforwardly applying f* we transform a model of M of a context T in F to
a model in £. However, we shall be interested in strict models, and f* is in general non-
strict as an AU-functor. For this reason we reserve the notation f*M for the canonical
strict isomorph of the straightforward application. By this means, the 1-cells of E%op act
strictly on the categories of strict T-models. This extends to 2-cells. If we have geometric
morphisms f,g: £ = F and a geometric transformation «: f = ¢, then we get a model
homomorphism o*M: f*M — g*M.
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It will later be crucial to know how (—)" interacts with transformation of models by
context maps. Given a context map H: Ty — Ty, the models f*(M.H) and (f*M).H are
isomorphic but not always equal. For instance, take H: O, — O to be the non-extension
context map that sends the generic node of O to the terminal node in Q,, and M a strict
model of Q,. However, [Vicl7, Lemma 9] demonstrates that if H is an extension map,
then they are indeed equal.

We take one step further to investigate the action of 1-cells and 2-cells in GZop on
strict models of context extensions.

5.1. DEFINITION. Let U: Ty — Ty be a context extension map and p: p — p a geometric
morphism. B

Then a strict model of U in p is a pair M = (M, M) where M is a strict To-model
in p and M is a strict Ty-model in D such that M .U = p*M.

A U-morphism of models p: M — M' is a pair (@, ) where o: M — M and
©: M — M’ are homomorphisms of T1- and To-models such that .U = p*e.
~ Strict U-models and U-morphisms in p form a category p-Mod-U. B

5.2. CONSTRUCTION. Suppose f: ¢ — pis a 1-cell in GZop and let M be a model of U
in p. We define a model f*M of U in ¢, with downstairs part f*M, as follows.

*

Note that f M is an isomorphism of Ty-models in § between f p*]\/[ and ¢*f*M.

Also, (fM).U = [ (M.U) = fp*M. We define the isomorphism f M M — f*M

to be the canonical strict isomorph of f M along f M and then f*M = (f*M, f*M)
is a strict model of U in q. B

The construction extends to U-model homomorphisms ¢: M — M’ as in the diagram
on the left.

—— v <7 — T v v
FM e Faroooor M M Yi—— oM
f/ [ e ﬂV [ M
FM l Varoor M M l;*M—> M
_ oM - - | —— ¢ f M FPM - - |—— ¢ M
fp*e ap*M
/ / I / /q*,*M
FrM ——Fy—— M FoM ——y— ¢ M

This can be encapsulated in the functor
f-Mod-U: p-Mod-U — ¢q-Mod-U, M — f*M.

By the properties of the canonical strict isomorph, it is strictly functorial with respect to
f. Furthermore, if a: f = g is a 2-cell in GTop, then the bottom square in the above
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right-hand diagram commutes and we define o*M to be the unique T;-model morphism
which completes the top face to a commutative square. We may also write f*M and a*M
for f*M and oM.

The upshot is that each 2-cell a: f = g in GTop gives rise to a natural transformation
a-Mod-U between functors f-Mod-U and g-Mod-U and («-Mod-U)(M) = a*M.
Hence ()-Mod- U is actually a 2-functor.

5.3. PROPOSITION. ()-Mod-U: GZop°® — Cat is a strict 2-functor.

A main purpose of [Vic17] is to explain how a context extension map U: Ty — Ty may
be thought of as a bundle, each point of the base giving rise to a space, its fibre. In terms
of toposes, a point of the base Ty is a model M of Ty in some elementary topos S. Then
the space is a Grothendieck topos over S, in other words a bounded geometric morphism.
It should be the classifying topos for a theory T;/M of models of T; that reduce to M.

[Vic17] describes Ty /M using the approach it calls “elephant theories”, namely that
set out in [Joh02, B4.2.1]. An elephant theory over S specifies the category of models
of the theory in every bounded S-topos ¢: £ — S, together with the reindexing along
geometric morphisms. Then T;/M is defined by letting £-Mod-T;/M be the category
of strict models of T; in £ that reduce by U to ¢* M.

The extension by which Ty was built out of Ty shows that the elephant theory T;/M,
while not itself a context, is geometric over S in the sense of [Joh02, B4.2.7], and hence has
a classifying topos p: S[T1/M] — S, with generic model G, say. Its classifying property
is that for each bounded S-topos £& we have an equivalence of categories

®: BTop /g (£,8[T,/M]) ~ £-Mod-T, /M

defined as ®(f) := f*G. (We shall take equivalence of categories to mean a functor that
is full, faithful and essentially surjective.)

5.4. EXAMPLE. Consider the (unique) context map ! from O to the empty context 1. In
any elementary topos S there is a unique model ! of 1, and the classifier for @/! is the object
classifier over S, the geometric morphism [FinSet, S| — S where FinSet here denotes
the category of finite sets as an internal category in S, its object of objects being the nno
N. The generic model of O in [FinSet, S| is the inclusion functor Inc: FinSet — Set.
As an internal diagram it is given by the second projection of the order < on N, since
{m | m < n} has cardinality n. Given an object M of S, the classifying topos for Q. /M is
the slice topos S/M. Hence the classifying topos of Q, is the slice topos [FinSet, S]/Inc.
The generic model of Q, in [FinSet, S]/Inc is the pair (Inc, 7: Inc — Inc x Inc) where A
is the diagonal transformation which renders the diagram below commutative:

A

Inc > Inc x Inc

NP4

Inc
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So far the discussion of p as classifier has been firmly anchored to & and M, but notice
that (G, M) is a model of U in p. We now turn to discussing how it fits in more generally
with ()-Mod-U by spelling out the properties of p as classifying topos that are shown
in [Vic17]. The main result there, Theorem 5.12, says that P is “locally representable”
over () in the following fibration tower.

(GTop-U)® —L— (GTopar-(Ty C To))™ — 2 (ETopa-To)®

There is a slight change of notation from [Vic17]. GTop there, unlike ours, restricts the
2-cells to be isomorphisms downstairs. This is needed to make P and () fibrations. To
emphasize the distinction we have written GTop~ above.

The objects of GTop~-U are pairs (¢, N) where ¢: ¢ — ¢ is a bounded geometric
morphism and N = (N, N) is a model of U in ¢. A I-cell from (g, Ny) to (g, Ny) is a
triple (f, f~, f—) such that f: go — ¢1 in GZop, (f~, f-): No — f*N; is a homomorphism
of U-models, and f_ is an isomorphism. It is P-cartesian iff f~ too is an isomorphism.
A 2-cell is a 2-cell a: f = ¢ in GTop. (a an iso) such that o*Nyo (f~, f-) = (97,9-).

GTop~-(Ty C Tp) is similar, but without the Ns and f~s.

Let us now unravel the local representability. It says that for each (S, M) in ETop.-Ty
there is a classifier (p: S[T;/M] — S, (G, M)) in GZop~-U, where G is the generic model
of Tl/M

5.5. PROPOSITION. [Vic17, Proposition 19] The properties that characterize p as classi-
fier are equivalent to the following.

(i) For every object (q,N) of GZop~-U, I-cell f: ¢ — p in ETop and isomorphism
fo: N — f*M, there is a P-cartesian 1-cell (f, f~, f-): (¢, N) = (p, (G, M)) over
(f, f-). In other words, there is f over f and an isomorphism (P-cartesianness)
f~: N = f*G over f_.

(i1) Suppose (f, f~,f-),(9,97,9-): (¢, N) — (p, (G, M)) in GTop~-U, with (g,9~,9-)
being P-cartesian (g~ is an iso). Suppose also we have a: g = f so that oa*M
commutes with f_ and g_. (Note the reversal of 2-cells compared with [Viel7,
Proposition 19]. This is because the fibration tower uses the 2-cell duals (GZop~-U)®
etc.) Then a has a unique lift a: g = [ such that (o*G)g~ = f~.

In the case where we have identity 1-cells and 2-cells downstairs, it can be seen that
this matches the usual characterization of classifier for T;/M in BTop/S.

Although the properties described above insist on the 2-cells @ and model homo-
morphisms f_ downstairs being isomorphisms, we shall generalize this in a new result,
Proposition 5.7.

We first remark on the construction of finite lax colimits in the 2-category £%Top and
more specifically cocomma objects which will be used in our proof. There is a forgetful
2-functor U from ETop°® to the 2-category of categories which sends a topos & to its
underlying category &£, a geometric morphism f: & — F to its inverse image part f*: F —
& and a geometric transformation 6: f = ¢ to the natural transformation 6*: f* = g*.
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The 2-functor U transforms colimits in £%op to limits in Cat. This in particular means
that the underlying category of a coproduct of toposes, for instance, is the product of their
underlying categories. The same is true for cocomma objects. More specifically, for any
topos &, with cocomma topos (idg 1 idg) equipped with geometric morphisms ig,i1: £ =
(ide 1 idg) and 2-cell @ between them, the data (i, %, 6*) specifies the corresponding
comma category idyg) | idy(g). For more details on the construction of cocomma toposes
see |[Joh02, B3.4.2|. Another useful remark is about the relation of topos models of T
and models of T.

5.6. LEMMA. Models of T~ in a topos £ are equivalent to models of T in the cocomma
topos (ide 1 idg).

5.7. PROPOSITION. Let U: Ty — Ty be a context extension map, M a strict model of Ty
in an elementary topos S, and p: S[T1/M] — S the corresponding classifying topos with
generic model G.

Let q: § — q be a bounded geometric morphism, and let (fi, fi, fic): (¢, N;) —
(p, (G, M)) (i =0,1) be two P-cartesian 1-cells in GTop~-U.

Suppose p: Nog — Ny is a homomorphism of U-models and «: LJ = il 15 such that
the left hand diagram in below commutes. Then there exists a unique 2-cell a: fo = fi
over a such that the right hand diagram commutes.

fo— * J— .
MOL)iOM Nof—°>f0*G

fi- * -~ 1 M
N, — f M Ny SELEN i G

PROOF. Note that we do not assume that o and ¢ are isomorphisms, so ¢ need not be a
1-cell in GFop~. To get round this, we use cocomma toposes.

Let ¢ = ¢ 1 g and ¢ =g 1 g be the two cocomma toposes, with bounded geometric
morphism ¢': 7 — ¢’. We now have two 1-cells ip,7,: ¢ — ¢ in GTop, equipped with
identities for 1 o and 1 1, and a 2-cell 0: ig = ;. The pair ¢ = (@, ) is a model of U in
q

The geometric transformation a gives us a geometric morphism a: ¢ — S, with an
isomorphism a_: ¢ = a*M, so a 1-cell in ETop.-Ty. This lifts to a P-cartesian 1-cell
(a,a ya-): (¢,¢) = (p, (G, M)) in GZop~-U. We now have the following diagrams in
G%op and GTop.-U.
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A (g, Nq) (fiofi o f1o)
i1 \Uﬂl o \‘\)
ST (i1,id,id)

q 0 ¢ ————p (¢, ) ——— (p, (G, M))

\/ (i0-ic.id) (wae)
(fo,fo »fo-)
f
’ (qv NO)

In the right hand diagram all the 1-cells are P-cartesian, and it follows there are unique
iso-2-cells w;: (f1, fi, fi-) — (a,a™,a_)(i1,id,id) lifting the identity 2-cells downstairs.
Now by composing g, @« 6 and p;' we get the required a.

To show uniqueness of the geometric transformation «, suppose we have another, [,
with the same properties. In other words, a =  and o*(G, M) = p*(G, M). We thus
get two l-cells a,b: ¢ = p, a = (fo,a, f1) and b = (fy, 5, f1). We have ¢ = b and
a*(G,M) = b*(G, M) and it follows that there is a unique vertical 2-cell ¢: @ = b such
that *(G, M) is the identity.

By composing horizontally with 6, we can analyse ¢ as a pair of 2-cells ¢y: fx = fi
(A =0, 1) such that the following diagram commutes.

fo —"= fo

I

fi == h

Now we see that each ¢y is the unique vertical 2-cell such that (y*(G, M) is the identity,
so ¢y is the identity on f\ and o = (.

6. The Chevalley criterion in Con

In [Str74], and later in [Str80], Ross Street develops an elegant algebraic approach to
study fibrations, opfibrations, and two-sided fibrations in 2-categories and bicategories.
In the case of (op)fibrations the 2-category is required to be finitely complete, with strict
finite conical limits' and cotensors with the (free) walking arrow category 2. Given those,
it also has strict comma objects. Then he defined a fibration (opfibration) as a pseudo-
algebra of a certain right (resp. left) slicing 2-monad. In the case of bicategories, they
are defined via “hyperdoctrines” on bicategories.

For (op)fibrations internal to 2-categories, he showed [Str74, Proposition 9] that his
definition was equivalent to a Chevalley criterion. However, for our purposes we prefer

!i.e. weighted limits with set-valued weight functors. They are ordinary limits as opposed to a more

general weighted limit.
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to start from the Chevalley criterion and bypass Street’s characterization via pseudo-
algebras.

Note also that Street weakened the original Chevalley criterion of Gray, by allowing
the adjunction to have isomorphism counit. We shall revert to the original and more
strict requirement of having the identity as the counit.

We do not wish to assume existence of all pullbacks since our main 2-category €on does
not have them. Instead, we assume our 2-categories in this section to have all finite strict
PIE-limits [PRI1|, in other words those reducible to Products, Inserters and Equifiers.
This is enough to guarantee existence of all strict comma objects since for any opspan

ALBE Cina 2-category £ with (strict) finite PTE-limits, the comma object flg can
be constructed as an inserter of fms, grc: A x C' = B. Moreover, it is a result of [Vic19,
Lemma 44] that Con has finite PIE-limits.

Pullbacks are not PIE-limits, so sometimes we shall be interested in whether they
exist.

6.1. DEFINITION. A I1-cell p: E — B in a 2-category £ is carrable whenever a strict

pullback of p along any other 1-cell f: B' — B exists in . As usual, we write
f*p: f*E — B’ for a chosen pullback of p along f.

[Vic19| proves that all context extension maps are carrable.

From now on in this section, we assume that JZ is a 2-category with all finite PTE-
limits. Note that for AUs and elementary toposes, we assume that the structure is given
canonically — this is essential if we are to consider strict models. For our % here we do
not assume there are canonical PIE-limits or pullbacks. Indeed, in €on (so far as we know)
they do not exist. 1-cells are defined only modulo objective equality, and the construction
of those limits depends on the choice of representatives of 1-cells.

We first describe the Chevalley criterion in the style of [Str74]. Suppose B is an object
of &, and p is a O-cell in the strict slice 2-category ¢ /B. By the universal property
of (strict) comma object Blp, there is a unique 1-cell I'y: E|E — Blp with properties

R(p)rl = do(pip)a Ci1r1 = e, and ¢p Iy =p.oE.

ELE
BIB ‘;‘Bip b (2)
R(p{ ol l
do

6.2. DEFINITION. Consider p as above. We call p a (Chevalley) fibration if the 1-cell
[y has a right adjoint Ay with counit £ an identity in the 2-category # | B.
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Dually one defines (Chevalley) opfibrations as 1-cells p: E — B for which the mor-
phism Uy: ELE — plB has a left adjoint Ao with unit n an identity.

Street [Str74], but using isomorphisms for the counits ¢ instead of identities, showed
that the Chevalley criterion is equivalent to a certain pseudoalgebra structure on p.
Gray |Gray66| showed that Chevalley fibrations in the 2-category €at of (small) cate-
gories correspond to well-known (cloven) Grothendieck fibrations.

Although pullbacks are not assumed to exist (they are not PIE-limits), the comma
objects pl. B and B|p can be expressed as pullbacks along the two projections from B|B
to B. Let us at this point reformulate the fibration property using the notation as it will
appear in €on when p is an extension map U: Ty — Ty (and hence carrable).

Let dom, cod: T()_} — Ty be the domain and codomain context maps correspond-
ing to sketch homomorphisms ig,i;: To — ']I‘O_> . We define the context extension maps
dom* T, — T,” and cod*T; — T, as the pullbacks of U along dom and cod. A model
of dom*(Ty) is a pair (N, f: My — M;) where f is a homomorphism of models of T
and N is a model of Ty such that N .U = My. Models of cod™(T;) are similar, except
that N .U = M,;. There are induced context maps I'g: T, — dom*(T;) and I';: T, —
cod*(T;). Given a model f: Ny — Ny of T}, T; sends it to (N;, f+U " : Ng.U — Ny.U).

Ay
LT ed(Ty)

6.3. REMARK. A consequence of the counit of the adjunction I'y 4 Ay being the identity is
that the adjunction triangle equations are expressed in simpler forms; we have I';.n; = idp,
and M s A1 = idA1~

6.4. REMARK. The composite I'gA; is a 1-cell from cod*(T;) to dom™(T;). Moreover,

or, A
there is a 2-cell from moI'gA; to m; constructed as mol'gA; i m 1Ay = m. These two,
the 1-cell and the 2-cell, will appear again as the structure discussed in Remark 7.10.

7. The representable definition in £Xop

In this section we turn to the representable definition of fibration, particularly in ETop.
The only fibrations there that we shall be interested in are bounded as geometric
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morphisms, and we find it convenient to consider them as objects in G%op. Part of
our analysis will consider cartesian properties with respect to the codomain functor
Cod: GTop — ETop, and so relates to work on 2-categorical or bicategorical fibrations.

[Her99] generalizes the notion of fibration to strict 2-functors between strict 2-
categories.  His archetypal example of strict 2-fibration is the 2-category Fib of
Grothendieck fibrations, fibred over the 2-category of categories via the codomain functor
Cod: Fib — €at. Much later [Bak12| in his talk, and |[Bucl4] in his paper develop these
ideas to define fibrations of bicategories.

We shall examine the cartesian 1-cells and 2-cells for our codomain 2-functor
Cod: GTop — ETop, but we might as well do this in the abstract. We assume for
the rest of this section that JZ is a 2-category (abstracting ETop).

7.1. REMARK. We recall that a bipullback of an opspan A Lo Bina 2-category A~
is given by a 0-cell P together with 1-cells dy, d; and an iso-2-cell 7: fdy = gd, satisfying
the following universal properties.
(BP1) Given any iso-cone (lo, l1, \: fly = gly) over f, g (with vertex X)), there exists a 1-cell
u with two iso-2-cells 7y and v, such that the pasting diagrams below are equal.

X

B =
lo

lg

C

(BP2) Given 1-cells u,v: X = P and 2-cells a;: d;u = d;v such that

A=

Fdou —L 5 fdyv

gdyu g gdyv

then there is a unique 3: u = v such that each a; = d; . .
The two conditions (BP1) and (BP2) together are equivalent to saying that the functor

H (X, P) = H (X, f) = H (X, g),

obtained from post-composition by the pseudo-cone (dy, 7, d;), is an equivalence of cate-
gories. The right hand side here is an isocomma category.

Note the distinction from pseudopullbacks, for which the equivalence is an isomorphism
of categories.
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7.2. DEFINITION. (c¢f. Definition 6.1.) A 1-cell x: T — z in A is bicarrable whenever
a bipullback of p along any other 1-cell f exists in A . We frequently use the diagram
below to represent a chosen such bipullback:

/T I
ral o Fy

f

< &——

v
where the 2-cell f is an iso0-2-cell.

Similarly, we say x is pseudocarrable if pseudopullbacks exist.

Of course, bipullbacks are defined up to equivalence and the class of bicarrable 1-cells
is closed under bipullback.

An important fact in £Top is that all bounded geometric morphisms are bi-
carrable [Joh(02, B3.3.6].

We now recall the representable definition of fibration from [Joh93, definition 3.1|.

7.3. DEFINITION. Let # be a 2-category and x: T — z a 1-cell in A .
(a) A 2-cella: f = e: 7 — T is cartesian (with respect to x) if, for every 1-cell h: W —
7, the whiskering @.h is cartesian with respect to the functor X (w,x): A (W0, T) —
H (W, x).
(b) x is a fibration in J if, given anye: y — 7T, f: J — z and a: f = €, there evists

_ v v
a cartesian I-cella: f =€ and an iso-2-cell f : xf = f such that v.a=qa f. We
v
say x is a strict fibration if the above condition always holds with f =id;.

Note that (b) is stronger than just saying ¢ (7, x) is a fibration. The stronger def-
inition of cartesian in (a) covers the additional stipulation that the naturality squares
should be fibred functors, that is, for any 1-cell h: W — 7, the top row functor in the
commutative diagram below preserves cartesian morphisms.

#(5.7) L2 (w.7)

A (W)l H (W)

H(Gz) —— H (W)

z)

[

Now, z is a strict (resp. weak) fibration in . iff the natural transformation
H(—,x): H(—,T) = H(—,x) is a (representable) presheaf over £ of Grothendieck
(resp. Street aka weak) fibrations. (We have ignored the fact that 2 is a 2-category, and
typically large.)
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7.4. CONSTRUCTION. Suppose % is a 2-category. Let D be a chosen class of bicarrable
1-cells in 2", which we shall call “display 1-cells”, with the following properties.

e Every identity 1-cell is in D.

o Ifx:T— zisin D, and f: y — z in J, then there is some bipullback y of = along

f such that y € D. -

We form a 2-category #p whose 0-cells are the elements x € D, and whose 1-cells and 2-
cells are taken in exactly the same manner as for GZop (Definition 3.1), using elements of
D for bounded geometric morphisms and 1-cells and 2-cells in .~ for geometric morphisms
and geometric transformations.

Notice that J#p is a sub-2-category of the 2-category £ 2 := Fun,(2,.%), where
the latter consists of (strict) 2-functors, pseudo-natural transformations and modifi-
cations from the interval category (aka free walking arrow category) 2. We write
Cod,Dom: #% — ¢ (and also for their restrictions to J#p) for the (strict) 2-functors
that map everything to the downstairs or upstairs parts. Thus Cod maps x — z, f — f,
and (@, a) — a. B

We now examine cartesian 1-cells and 2-cells of #p with respect to Cod: J#p — &,
following the definitions of [Bucl4, 3.1]. Note that, although we deal only with 2-categories
and 2-functors between them, we follow the bicategorical definitions, in which uniqueness
appears only at the level of 2-cells.

7.5. PROPOSITION. A I-cell f:y — x in Hp is cartesian with respect to Cod iff, as
square in &, it is a bipullback.

PROOF. Consider the following diagram.

Hp(w,f)
Hp(w,y) - :

W

Cod ji/(

A
s
X
&
=
g —— 1 SI
IS <—— g
IH
g| — :a
E
G
&

The top, bottom and back faces all commute up to identity. The left and right faces
commute up to iso-2-cells, corresponding to those in the 1-cells of J#p. By definition,
they are both iso-comma squares (pseudopullbacks). The front face has an iso-2-cell, by

whiskering the iso-2-cell } .

The definition of cartesianness for f is that, for all w, the back face is a bipullback. f
itself is a bipullback (in J¢") iff, for all objects w of J#, the front face is a bipullback of
categories.
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=: Given w, let w = idy: w — w. The back face is a bipullback by hypothesis. Then
the two edges Dom in the diagram are both equivalences and the edges £ (w,y) and
 (w, z) are identities. Tt follows that the front face is a bipullback. -

<: Given w, by hypothesis the front face is a bipullback. The iso-comma for the back
face has objects (g: w — y,h: w — z,0: fg = h), and this is equivalent to the category

of structures (g, u: W — y,¢: gw = u,ﬁ,ivl cxh & iu) The result now follows from the
fact that the front and left faces are bipullback and iso-comma. [

7.6. REMARK. A 2-cell a: f = ¢g: y — x in J#p is cartesian for Buckley’s definition if it
is cartesian as a 1-cell with respect to the functor Cod,,: #p(y,z) — J (y, z).

We now define a notion that, on the one hand, conveniently leads to a characterization
of when P is a fibration; but, on the other hand, turns out in the next section to be useful
even when P is not a fibration.

7.7. DEFINITION. Let P: & — % be a 2-functor. We call an object e of & fibrational
with respect to P iff

(B1) every f: ¥ — b= P(e) has a cartesian lift,

(B2) for every O-cell €' in &, the functor

P.: &(e,e) — B(P(e), Ple))

is a Grothendieck fibration of categories, and
(B3) whiskering on the left preserves cartesianness of 2-cells in & between 1-cells with
codomain e.

Clearly, every object of & is fibrational iff P is a fibration in the sense of [Her99,
Theorem 2.8]. Buckley’s definition requires a strengthening of (B3) in which cartesianness
is also preserved by whiskering on the right — see [Bucl4, Remark 2.1.9]. It is also
noteworthy that conditions (B2) and (B3) together make the 2-functor P_.: &P —
Cat | Cat lift to P_.: &P — Fib for every e € &.

7.8. LEMMA. Let x be an object of H#p and let a: g = f:y — x be a 2-cell.
(a) If @ is cartesian with respect to x (Definition 7.3), then « is cartesian with respect
to Cod.
(b) If x satisfies condition (B3) of Definition 7.7 then the converse also holds.

PROOF. (a) Suppose we have h:y — z, yv: h = f and 8: h = f with y = ao . By

a
cartesianness with respect to z, we can find unique 3: h = G over Evl 1o (By)o }vl such
that % = @o 3. Then (B, 8): h = g is the required 2-cell in 5.

(b) Let o be got by whiskering o with the 1-cell (13,1dy, y) : ¥ — y, where 7, as object
of J#p, denotes 1. The 2-cell ¢ is cartesian with respect to Cod: J#p(y,x) — X (Y, z).
Jp(g, ) is equivalent to £ (y,T), and it follows that @ = @ is cartesian for 2 (7, x).
The rest of Definition 7.3 (a) follows by whiskering o with (h,id, yh): W — y. =
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7.9. PROPOSITION. Let x be an object of #p. Then x is a fibrational object with respect
to Cod iff it is a fibration (Definition 7.3 (b)) in & .

PROOF. =: Suppose we have €, f and a as in Definition 7.3 (b). Any cartesian lift

a: f = e of a provides us with the required @, f and ]"" ; then by Lemma 7.8, @ is
cartesian.

<«: Condition (B1) of Definition 7.7 follows from Proposition 7.5, as every 1-cell in D
is bicarrable in .

For condition (B2), suppose we have e: y — v and a: f = e:y — 2. Let @: f=e,

v
with f, be a cartesian lift of ¢ 1o (a.y): fy — xe. These provide us with a: f = ¢ as

required, and it is cartesian by Lemma 7.8.

For condition (B3), let a: g = f: y — x be cartesian for Cod. The above construction
applied to «, together with uniqueness of cartesian lifts up to isomorphism, shows that
« is cartesian for x. If h: w — y then it is clear from the definition that @ . h is also
cartesian for z, and now by Lemma 7.8 «.. h is cartesian for Cod. [

v
Note that the weak nature of Definition 7.3 (b), with the appearance of f , is dealt
with in the definition of J#p, where 1-cells are squares commuting only up to isomorphism.
Definition 7.7 (B2) always uses strict fibrations.

7.10. REMARK. Suppose z is a fibrational object in #p, and a: f = ¢g: y — x is a 2-cell.
Let f: x; — = and g: x, — x be cartesian lifts of f and g (obtained as bipullbacks), so
z; =z, =y. By (B2) a has a cartesian lift o: f = g. We can then factor f’, up to an
iso-2-cell ~, as f o {, where {, is vertical ({, =id,) and f: x; — x. From o' and v we
obtain a cartesian 2-cell a: f o {, = g (diagram on the left below).

After appropriate changes of notation, this translates into the diagram on the right,

which summarizes the structure used in [Joh02, B4.4.1].

e
e T
f / o L7

That structure, together with various coherence isomorphisms to deal with the fact that
x¢ and z, are defined only up to equivalence, and ¢, only up to isomorphism, is the
elementary unravelling of a definition shown in [Joh93, Proposition 3.3] to be equivalent
to the representable definition of fibration. (Note how our consistent notation allows the
diagrams of [Joh93| to be collapsed in the vertical dimension.)
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Despite being quite complex, this description is closer to underlying intuitions of fi-
bration as indexed category, and to some of our motivating examples. The 1-cells f and
g may be thought of as “generalized objects” of the base z, and then z; and z, are the
generalized fibres over them. Then for a generalized morphism o, ¢, gives (contravari-
antly) the corresponding map between the fibres. @ shows how morphisms in Z work
across fibres.

8. Main results
We are now at a stage that we can state our main theorem.

8.1. LEMMA. Let U: Ty — Ty be a context extension map with the fibration property in
the Chevalley style (Definition 6.2), let M be a model of Ty in an elementary topos S, and
let p: S[T1/M] — S be the classifier for T1/M with generic model G. Suppose f,g: ¢ = p
are 1-cells in GZop and a: f = g a 2-cell. We write ¢ := o*(G, M), so that = o*G is
a model of T, in q.

Then « is a cartesian 2-cell (in GZop over ETop) iff 1 is an isomorphism, where
(nz,1d) is the unit for g-Mod-TI'y 4g-Mod- A;.

PROOF. (=): Let N be the domain of .I'1.Ay, and let N := f*M. Then (see diagram (3))

N.U=%.T1.A.Tg.m.U=%.11.A.U .dom=3.T;.A;.T.U; - dom
=%.Ih.U.dom=%.U" .dom =%.dom.U = (f*G) .U = ¢"N,

and so N := (N, N) is a model of U in q.

e _ =G g*G

S oA
pe pre N —21 s oG
' 1 . ;67 ’
L u
L e*G """""" /Y*G ,,,,,, > g*G

By the classifier property of p (Proposition 5.5), and taking e := f and e_ :=id: N =
f*M, we obtain e: ¢ — p and (e,id): N = *(G, M). Now by Proposition 5.7 we get a
unique v: e = g over 7 := « such that 3. . Ay = (v*G)e”. Again by Proposition 5.7
we get a unique ' f = e over id; such that e nz; = /"G, and since (v*G)(8”G) = o*G
it follows that v3' = a. -

By cartesianness of a we also have a unique 3: e = f over idy such that v = af3, and
since aff3' = v = « it follows that 33" = id;. We deduce that (3*G)e ns = idjc.

Finally n5(5*G)e” = idy follows from the adjunction I'y 4 Ay, because both sides
reduce by I'y to the identity. Hence 7 is an isomorphism, with inverse (5*G)e™.
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(«): Let e: ¢ — p with v: e = f such that v = af3.

Gri—a* pr=a*M N
G —F=C G M ———— g*M
* | | |
e - ; =a*M
e N ACLNENgAYe g N " g'M
e*G ’Y*G """" ’ g*G Q*M """""" s > Q*M

By the adjunction I'; 4 A; there is a unique T;-morphism ¢: e*G — N over B*M
such that (2.T1.A1)Y = v*G. Because 7 1s an isomorphism this corresponds to a unique
E,: e*G — f*G over "M such that @El = 7*G. By Proposition 5.7 this corresponds to
a unique 3: e = f over § such that (a*G)(8*G) = 7*G, i.e. unique such that af = 7.
This proves that « is cartesian. [

8.2. THEOREM. If U: Ty — Ty is a context extension map with (op)fibration property
in the Chevalley style (Definition 6.2), and M a model of T in an elementary topos S,
then p: S[Ty/M] — S is an (op)fibration in the 2-category EXop by the representable
definition.

PROOF. Here we only prove the theorem for the case of fibrations. A proof for the opfi-
bration case is similarly constructed. According to Proposition 7.9, in order to establish
that p is a fibration in the 2-category £Top, we have to verify that conditions (B1)-(B3)
in Definition 7.7 hold for P = Cod: J#p — £, where J# = ETop, D is the class of
bounded geometric morphisms, and so J#p is GTop.

By Proposition 7.5, condition (B1) follows from the fact that p is bicarrable.

To prove condition (B2), let ¢: § — ¢ be a bounded geometric morphism, let g: ¢ — p
be a l-cell in J#p, let f: ¢ — S be geometric morphism and a: f = ¢ a geometric
transformation. - B -

g
T

q S[Ty/M]|
q 9y p
g
g
9 ajt S
\f/

We seek f over f with a cartesian lift a: f = g of a. Notice that for the given model
M of Ty in &, the component M of the natural transformation « gives us a morphism
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a*M: f*M — g*M of To-models in ¢, hence a T, -model in q. Let us write it as ¢: Ny —
N,. Then e is a model of TO_> in g. - N

Let G be the generic model of Ty /M in S[T,/M], so that (G, M) is a model of U in
p. Hence we get (Ng,ﬂg) = ¢*(G, M) a model of U in ¢, and

g:= (N, ¢"v) € g-Mod- cod™(T).

Then g.A; (see diagram (3)) is a model 3: Ny — N, of T, in g, with N; = g.(Ay; To; o).
We also see that 2.U " = g.(Aj; U ) = q @, 50 ¢ := (Y, ¢): Ny — Ny is a homomorphism
of U-models in q.

NfL)Ng

Lo,

q e

Ny — ¢*N,
Thus we get two objects (¢, N;) and (¢, N,) of GTop~-U together with ¢ as in
Proposition 5.7. In addition we have (p, (G, M)), and a P-cartesian 1-cell

(9.(id: Ny = g*G,id: N = g*M)): (¢, Ny) — (p, (G, M)).
By the classifier property we can also find a P-cartesian 1-cell

(f;(f7 f2)): (@, Ny) = (p, (G, M),

We can now apply Proposition 5.7 to find a 2-cell a: f = g over a that gives us p.

Since P is defined to be of the form g. Ay, so ®.I'1 . Ay = @, we find that 73 is the
identity and 7,+¢ is an isomorphism. It follows from Lemma 8.1 that « is cartesian.

For proving (B3), suppose we have f,g: ¢ = p and a cartesian 2-cell a: f = g. By
Lemma 8.1, n,+¢ is an isomorphism. Take any 1-cell k: ¢’ — ¢ in G%op where ¢': 7 — ¢ .
Relative to the isomorphism of models k*(g.A;) = (k*g) . A1, k* preserves the unit 7, and
SO Ng+o+¢ 18 an isomorphism and, by Lemma 8.1, «. k is cartesian. [

8.3. REMARK. There is a shorter proof? of Theorem 8.2 which circumvents the 2-
functor Cod and directly uses Proposition 5.7. It goes as follows: for an (op)fibration
U: Ty — Ty of AU-contexts, and any AU A, we get a Grothendieck (op)fibration
A-Mod-U: A-Mod-T; — A-Mod- T of categories (of strict models), and moreover,
given an (strict) AU-functor F': A — B, we get a morphism of Grothendieck (op)fibrations
(i.e. a strictly commuting square where the top functor preserves cartesian arrows):

F-Mod-T;
Em—

A-Mod- T, B-Mod- T,

A-Mod- Ul lB—Mod— U

A-Mod- TO m B-Mod- TO

2We are indebted to the anonymous referee for this elegant proof.
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Therefore the right vertical functor in the diagram below is a Grothendieck fibration of
presheaves of categories (or equivalently a presheaf of Grothendieck fibrations and fibred
functors), where J: ETop — AU is the inclusion of the 2-category of elementary toposes
into the opposite of 2-category of AUs.

E%op(—, S[T,/M]) —F— J(—)-Mod-T,

p*l lJ(—)—Mod— U (5)

ET0p(~,S) ———— J(~)-Mod-T

Tn above M and G are respectively the natural transformations induced by strictifying
pullbacks of models M and G.

Now, we claim that Proposition 5.7 implies that the diagram above is a bipullback of
presheaves of categories. To witness this pointwise, for any elementary topos £, having
a geometric morphism f: & — § of elementary toposes together with a strict model N
of Ty in £ which reduces, via U, to M\(D = f"M is equivalent to a 1-cell f: 1z — pin
GTop which is the same as a geometric morphism f: & — S[T;/M] satisfying p o f = f
and f*G = N. It is easy to see that these pointwise bipullbacks are preserved under the
base change along arbitrary geometric morphisms £ — &, and therefore, the diagram (5)
is a bipullback of presheaves of categories.

It is a classical fact that a bipullback of a Grothendieck fibration is a Street (aka
weak) fibration, and this fact implies that p, is a Street fibration, and therefore by [Joh93,
Proposition 3.3|, the geometric morphism p: S[T;/M] — § is a fibration in the 2-category
EZop.

Theorem 8.2 can now be applied to the examples in section 6.

9. Examples and applications

We begin this section by the detailing one of the simplest non-trivial opfibrations of
contexts, which classifies the base-independent local homeomorphisms of toposes via
Theorem 8.2. We then outline two other important examples of context extensions, the
first an opfibration and the second a fibration. We do not have space here to give full
details as sketches. Rather, our aim is to explain why the known geometric theories can
be expressed as contexts. At the end of this section we conjecture several other examples.
Further details are in [Haz19].

9.1. EXAMPLE. Local homeomorphisms are opfibrations. The context extension U: O, —
O (Example 4.2) is an extension map with the opfibration property. First we form the
pullbacks of the context extension U along the two context maps dom and cod. Uy and
U, are U reindered along dom and cod: the same simple extension steps, but with the
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data for each transformed by dom or cod.

dom*(0,) — Q, cod*(0,) —— O
UOJ/ lU J/ lU
@) o~ O

T —0
The context dom™(Q,) has three nodes, a terminal 1, primitive nodes X, and X;, with
edges zg: 1 — Xy, Ox: Xo — Xj, and identities on the three nodes. cod*(Q,) is similar,
but with z;: 1 — X, instead of x.
There is, in addition, the arrow context @,  which consists of all the nodes, edges, and
two commutativities Oxxg ~ 0., 101 ~ 0, (marked by bullet points) as presented in the
following diagram plus identity edges.

—

1; %—Xl

Pt

Lo —z5= Xo
There are context maps [y and I'; which make the following diagram commute:

cod® O s O

e \ Jeo

0, —2 50

Ty A

dom™ O, s O~

Iy is the dual to the sketch morphism dom* Q, — @, that takes 1 to 1, and otherwise
preserves notation. I'; is similar.

More interestingly, I'y has a left adjoint Ag: dom*(Q,) — @,". For this, X, 0x, X,
and zy in O, are interpreted in dom* @, by the ingredients with the same name, and 1o,
1; by 1 and 6, by the identity on 1. For 6, and x; we need an equivalence extension of
dom™ Q, got by adjoining the composite fxxy, and a commutativity for one of the unit
laws of composition.

It is now obvious that I'yAg = id: dom™(Q,) — dom*(Q,). Less obvious, but true in
this example, is that A¢Ty is the identity on @, . This follows from the rules for objective
equality, and is essentially because in any strict model 15 and 1; are both interpreted as
the canonical terminal object, and 6; as the identity on that.

Now, let B be a bounded topos over a base topos S, and f: M — N a morphism in
B. The geometric morphism py: S[Q,] — S[O] induced by the context extension map U
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is an opfibration and a local homeomorphism. Using Remark 7.10, we get the 1-cells and
2-cells in the left diagram below where the inverse image of the geometric morphism /¢ is
the base change f* and the direct image is formed by the dependent product Il along f.

T B/N \ lo - 5'[@./n*X]\
B/M \é 5(0.) S0 Jm*X] \%/ S[0./X]

B/F%S[@ / %n\s’

\_/ ] S/
M \_/

m

The diagram on the right is one that arises out of Theorem 8.2, and the two have the
same formal shape. Note however some crucial differences. The left diagram works only
for bounded S-toposes B (i.e. the opfibration property of py is limited to the 2-category
B%op/S), and the geometric transformations are restricted to being over S. In the right
diagram, S is a base only for the purposes of constructing S[Q,/X]. The opfibration
property works for arbitrary elementary topos &', geometric morphisms m and n, and
geometric transformation «.

The classifiers for this example are the local homeomorphisms. Their opfibrational
character follows simply from our results, though note that it can also be deduced as a
special case of the torsor result, Example 9.2.

9.2. EXAMPLE. Presheaf toposes are opfibrations. Let Tq = [C': Cat| be the theory of
categories. It includes nodes Cy and (', primitive nodes introduced for the objects of
objects and of morphisms; edges dy,d;: C; — Cy for domain and codomain and an edge
for identity morphisms; another node C5 for the object of composable pairs and introduced
as a pullback; an edge ¢: Cy — (] for composition; and various commutativities for the
axioms of category theory. The technique is general and would apply to any finite cartesian
theory — this should be clear from the account in [PV07].

Now let us define the extension Ty = [C': Cat][T": Tor(C)|, where Tor(C') denotes the
theory of torsors (flat presheaves) over C. The presheaf part is expressed by the usual
procedure for internal presheaves. We declare a node T, with an edge p: Ty — Cj, and let
Ti be the pullback along d;. Then the morphism part of the presheaf defines zu = F'(u)(x)
if di(u) = p(x), and this is expressed by an edge from T} to T, over d; satisfying various
conditions which gives a right action by C' on T In fact this is another cartesian theory.

The flatness conditions are not cartesian, but are still expressible using contexts. First
we must say that Tf is non-empty: the unique morphism T — 1 is epi, in other words
the cokernel pair has equal injections. Second, if x,y € Tj then there are u, v, z such that
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x = zu and y = zv. Third, if zu = xv then there are w, z such that r = zw and wu = ww.
Again, these can be expressed by saying that certain morphisms are epi.

Now we have a context extension map U: T; — Ty, which forgets the torsor.

Contexts Ty and Ty, like all contexts, are finite. In section 5 we saw how for an
infinite category C' we can still access the infinite theory Tor(C') (infinitely many sorts
and axioms, infinitary disjunctions) as Ty /C, the “fibre of U over C”.

We now demonstrate that U is indeed an opfibration. Consider a functor F': C — D.
If T is a torsor over C', we must define a torsor 7" = Tor(F')(T") over D. Analogously let
us write D as a C-D-bimodule, with a right action by D by composition, and a left action
by C by composition after applying F'. We define Tor(F)(T), a D-torsor, as the tensor
T ®c D. Its elements are pairs (z, f) with x € T, f € Dy and p(z) = di(f), modulo
the equivalence relation generated by (x,uf) ~ (zu, f). This can be defined using AU
structure. Let us analyse an equation (z, f) = («/, f') in more detail. It can be expressed
as a chain of equations

(yu, k) ~" (y,uk) = (y,u'K') ~ (yu', k),

each for a quintuple (k,u,y,u, k') with uk = «'k’. Hence the overall equation (z, f) =
(«, f") derives from sequences (k;) (0 < i < n) and (u;), (v:), (u}) (0 < i < n) such that
wik; = uikiv, yivi = yiviwivr, f = ko, * = youo, f' =k, and 2’ = y,_qul,_,. (We are
thinking of k! as k;y1.) By flatness of T' we can replace the y;s by elements yv; with
Uiu/i = Viy1Uiy1, T = YUoup and 2’ = yvn—lu;hl'

We outline why Tor(F)(T) is flat (over D). First, it is non-empty, because T is. If
x € T then (z,idpgp())) € Tor(F)(T). Next, suppose (z, f), (2, ') € Tor(F)(T). We can
find y, u, v with x = yu and ' = yu/, and then (z, ) = (yu, f) = (y,uf) = (y,id)uf and
(', f) = (id, y)u'f'.

Finally, suppose (z,9)f = (z,g9)f’. We must find h, ¢,y such that hf = hf’ and
(z,9) = (y,¢')h. Composing ¢’ and h, we can instead look for (y,h) = (z,g) such that
hf = hf'. In fact, we can reduce to the case where g = id. Suppose, then that we have
(x,f) = (x, f'). By the analysis above, we get y and sequences (k;), (u;), (v;), (u) such
that wk; = ukiv1, viu, = viyuipr, [ = ko, © = yvouo, f' = ky, and z = yv,_qu,,_;.

Using flatness of 7' again, we can assume voug = v,—1u, ;. Now put h := wvoug, SO
(y, h) = (y,voug) = (yvoug,id) = (z,id). Then, as required,
hf = U[)Uok’o = ’U(ﬂLBk’l = v1u1k1 == vn_lu;_lkn = hf/

Although this reasoning is informal, its ingredients — and in particular the reasoning with
finite sequences — are all present in AU structure.

Once we have Tor(F')(T) it is straightforward to define to define the function 7" —
Tor(F)(T), x — (z,id) that makes a homomorphism of Ti-models. Note in particular
that the action is preserved: zu — (zu,id) = (z,u) = (z,id)u. This gives us our Ay,
and T'gAg = id. For the counit of the adjunction, let (F,0): (C,T) — (D,T’) be a T;-
homomorphism. Then 6 factors via Tor(F)(T') using (z, f) — 6(x)f. This respects the
equivalence, as 0(xu)f = 0(x)F(u) f is a condition of T;-homomorphisms.
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Note that the context extension map of Example 9.1 can be got from U above as a
pullback. This is because there is a context map O — [C': Cat| taking a set X to the
discrete category over it. A torsor over the discrete category is equivalent to an element
of X.

The classifier for T;/C' is, by Diaconescu’s theorem, the bounded geometric morphism
[C,S] — S for C' an internal category in S, and hence is a typical presheaf topos. We
now know that they are opfibrations in £%op. This is already known, of course, and
appears in [Joh02, B4.4.9]. Note, however, that our calculation to prove the opfibration
property in €on is elementary in nature. The proof of [Joh02] verifies that the class of all
such geometric morphisms satisfies the “covariant tensor condition”, and such a technique
cannot work for AUs as it uses the direct image parts of geometric morphisms.

9.3. EXAMPLE. Spectra of distributive lattices are fibrations. Let Ty = [L: DL| be the
finite algebraic theory of distributive lattices, a context. Now let T; = [L: DL][F: Filt(L)]
be the theory of distributive lattices L equipped with prime filters F', and let U: T; — T
be the corresponding extension map. T, is built over Ty by adjoining a node F' with a
monic edge F' — L, and conditions to say that it is a filter (contains top and is closed under
meet) and prime (inaccessible by bottom and join). For example, to say that bottom is
not in F', we say that the pullback of F' along bottom as edge 1 — L is isomorphic to the
initial object.

Given a model L of Ty, the fibre of U over L is its spectrum Spec(L).

To show that U is a fibration, consider a distributive lattice homomorphism f: Ly —
L;. The map Spec(f): Spec(L;) — Spec(Ly) can be expressed using contexts. It takes
a prime filter F; of L; to its inverse image F{ under f which is a prime filter of L.
f restricts (uniquely) to a function from Fj to Fp, and so we get a Ty-homomorphism
[’ (L1, F1) — (Lo, Fp). The construction so far can all be expressed using AU-structure,
and so gives our A;: cod*(T;) — T, .

(Lo, Fo = f7H(F)) 7 > (L1, F1)

/| ’

LO > Ll

Aided by the fact that I';: T, — cod*(T;) is given by a sketch homomorphism (no
equivalence extension of T,  needed), we find that T';A; is the identity on cod™'(Ty).
The unit 7: id = A"} of the adjunction is given as follows. In T,  we have a generic
f: (Lo, Fy) — (L1, F1), and clearly f restricted to Fy factors via f~1(F}). Taking this with
the identity on L; gives a T} -homomorphism from (L, Fy) — (L1, F1) to (Lo, f~H(F}) —
(L1, F1), and hence our 7. The diagonal equations for the adjunction hold.

It follows that the classifier for Ty /L, which is the spectrum of L, is a fibration. Since
the spectra of distributive lattices correspond to propositional coherent theories, this
fibrational nature is already known from [Joh02, B4.4.11|, which says that any coherent
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topos is a fibration. It will be interesting to see how far our methods can cover this general
result.

We conjecture that further examples can be found as follows, from the basic idea that,
given a style of presentation of spaces, homomorphisms between presentations can yield
maps between the spaces.

e (Opfibration) Let Ty be the theory of sets equipped with an idempotent relation,
and T extend it with a rounded ideal [Vic93]. Classically at least, the classifiers
are the continuous dcpos with Scott topology.

e (Opfibration) Let Ty be the theory of generalized metric spaces, and T; extend it
with a Cauchy filter (point of the localic completion) [Vic05].

e (Fibration) Let Ty be the theory of normal distributive lattices, and T; extend it

with a rounded prime filter. This would be analogous to Example 9.3, and the
classifiers are the compact regular spaces.
[SVW12] discusses the consequences of the (op)fibrational characters on two topos
approaches to quantum foundations. One uses point-set ideas, leading to local home-
omorphisms, opfibrations. The other uses Gelfand duality, hence compact regular
spaces, fibrations. That simple distinction leads to opposite ways of constructing
their toposes, one with presheaves and the other with covariant functors.

e (Bifibration) Let Ty be the theory of strongly algebraic information systems, and
let Ty extend it with an ideal [Vic99|. This is a special case of Example 9.2 — when
the category C' is a poset, then a torsor is just an ideal — and hence would be an
opfibration. However, “strongly algebraic” includes extra geometric structure that
restricts the homomorphisms so that they correspond to adjunctions between the
corresponding domains. This would lead to an additional fibrational nature.

10. Concluding thoughts

What we have shown in this paper is that an important and extensive class of
fibrations/opfibrations in the 2-category ETop of toposes arises from strict fibra-
tions/opfibrations in the 2-category €on of contexts. There are several advantages: first,
the structure of strict fibrations/opfibrations in €on is much easier to study because of
explicit and combinatorial description of €on and in particular due to existence of comma
objects in there. Second, proofs concerning properties of based-toposes arising from Con
are very economical since one only needs to work with strict models of contexts. Not only
does this approach help us to avoid taking the pain of working with limits and colim-
its in £E%Top/S and bookkeeping of coherence issues arising in this way, but it also gives
us insights in inner working of 2-categorical aspects of toposes via more concrete and
constructive approach of contexts and context extensions.

There is also an advantage from foundational point of view; for any S-topos &, there are
logical properties internal to & which are determined by internal logic of S. A consequence
of this work is that we can reason in 2-category of contexts to get uniform results about
toposes independent of their base S.
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We hope that in the future work we can investigate the question that how much
of 2-categorical structure of £%op can be presented by contexts, and more importantly
whether we can find simpler proofs in €on that can be transported to toposes.
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