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ADJUNCTION UP TO AUTOMORPHISM

D. TAMBARA

ABSTRACT. We say a set-valued functor on a category is nearly representable if it is
a quotient of a representable functor by a group of automorphisms. A distributor is a
set-valued functor in two arguments, contravariant in one argument and covariant in the
other. We say a distributor is slicewise nearly representable if it is nearly representable
in either of the arguments whenever the other argument is fixed. We consider such a
distributor a weak analogue of adjunction. Under a finiteness assumption on the domain
categories, we show that every slicewise nearly representable functor is a composite of
two distributors, each of which may be considered as a weak analogue of (co-)reflective
adjunction.

1. Introduction

One of several equivalent presentations of adjunction between categories B and C is to give
a functor L: B°* xC — Set whose slices L(x, —) for every x € B and L(—, y) for every y € C
are representable. Indeed, given such L, we take isomorphisms L(z, —) = Home(F (), —)
and L(—,y) = Homp(—, G(y)); then we have Home(F(x),y) = L(x,y) = Homg(z, G(y)),
hence a pair of adjoint functors F:B — C and G:C — B. A set-valued functor on
B x C is called a distributor between B and C. The object of the paper is to study
a distributor satisfying the slice condition with representability replaced by a weaker
property called near representability. We say a set-valued functor is nearly representable
if it is a quotient of a representable functor by a group of automorphisms. We say a
distributor L: B°? x C — Set is slicewise nearly representable if L(x,—) for every « € B is
nearly representable and L(—,y) for every y € C is nearly representable. In [Tull, 2019]
an instance of near representability is considered, the notion named “phased coproduct”,
which seems to arise from a construction in quantum theory. As for slicewise nearly
representable distributors we do not know at present natural occurrences, but we intend
here to develop a theory for them analogous to the theory of adjunction.

Our main result is that under a certain finiteness assumption on B or C (fulfilled when
B or C is finite), every slicewise nearly representable distributor B°? x C — Set is a
composite of two distributors of special kind, each of which may be viewed as an analogue
of adjunction for a (co-)reflective subcategory.
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To state the result precisely we define conditions (RH) and (LH). Let ¢:C — D be
a functor. Put G, = Ker(¢: Aut(x) — Aut(¢(x))) for z € C. Condition (RH) for ¢ is
stated as: For every y € D there exists © € C such that ¢(x) = y and for every 2/ € C
the map Home (2, 2) /G, — Homp(¢(2'),y) induced by ¢ is bijective. When G, = 1 for
all x, the condition reduces to saying that there exists a functor D — C which is a right
adjoint and right inverse of ¢. Dually condition (LH) is defined.

We also need some language of distributor. Given functors ¢: A — B and ¢: A — C, we
have the induced distributors (1 x ¢)*Homp: B°? x A — Set and (¢ x 1)*Hom¢: AP X C —
Set: the former takes (z,z) to Homg(x, ¢(z)) and the latter (z,y) to Home(w(2),y). By
composition we then have the distributor (1 x ¢)*Homp ® 4 (¢ x 1)*Home: B°? x C — Set.
For an arbitrary distributor L:B°? x C — Set we say L is tabulated by (¢,%) if L is
isomorphic to (1 x ¢)*Homg ®4 (¢ x 1)*Home. This terminology is suggested by the
referee, based on a usage in [Freyd and Scedrov, 1990, p.37]. A picture of the tabulation

may be a diagram
A
SN\
B<~——o——C
in Borceux’s notation.

Suppose that C does not have an infinite sequence (g;);>o of morphisms g¢;: y;41 — ¥;
which are split epimorphisms but not isomorphisms. Our theorem states that a distributor
L: B°? x C — Set is slicewise nearly representable if and only if L is tabulated by some
pair (A, ) of a functor \: G — B satisfying (LH) and a functor u: G — C satisfying (RH).
We admit however that nature of functors satisfying (RH) is not yet fully understood.

The paper is organized as follows. In Section 2 we review some standard facts about
distributors. In Section 3 we collect basic properties of nearly representable functors and
slicewise nearly representable distributors. In Section 4 we introduce condition (RG) for
a functor ¢:C — D, which assures that Homp(4(—),y) is nearly representable for every
y € D. It roughly means that the hom-sets of D are quotients of the hom-sets of C by
groups. In Section 5 we discuss condition (RH) for a functor stated above. Condition
(RH) is weaker than (RG). In Section 6, with a distributor L: B°? x C — Set we associate
certain categories of triples (z,y,a) for x € B, y € C, and a € L(x,y). They are used
in later constructions. In Section 7, given a slicewise nearly representable distributor
L:B°® x C — Set, we construct morphisms 7, in B and ¢, in C, which are analogous to
unit and counit for adjunction. Under the finiteness assumption stated above, we show
that certain n, and ¢, are isomorphisms.

The proof of the main result is given in Sections 8-10. Let L: B°® x C — Set be a

slicewise nearly representable distributor. We construct in Section 8 certain subcategories
By C B, Cy C C, and quotient categories By, Cy. We then define three distributors

M:B® x By — Set, K:By® x Cy — Set, N:Cy* x C — Set,

and show that K yields an equivalence By ~ Cy. In Section 9, under the finiteness
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assumption we show that L is the composite of the three distributors:
L=M®g, K ®¢ N.

In Section 10 we show that N is tabulated by a pair of a functor satisfying (LH) and a
functor satisfying (RG). Dually we have a similar tabulation of M. Combining these, we
obtain a desired tabulation of L

L = (1 x A\)*Homg ®¢g (1 x 1)"Home,

where A\: G — B is a functor satisfying (LH) and u: G — C is a functor satisfying (RH).

A set-valued functor F is said to be familially representable if F is a sum of repre-
sentable functors [Carboni and Johnstone, 1995]. As an obvious generalization we have
the notion of a familially nearly representable functor and also that of a slicewise famil-
ially nearly representable distributor. In Section 11 we show that every slicewise familially
nearly representable distributor is a composite of three distributors: a distributor coming
from a discrete fibration, a slicewise nearly representable distributor, and a distributor
coming from a discrete cofibration. Thus the structure of a slicewise familially nearly rep-
resentable distributor can be understood to some extent from that of a slicewise nearly
representable distributor.

2. Preliminaries

We review here some formal operations on functors and standard facts about distributors.

The category of sets is denoted by Set. All categories written in script letters such as
C are small. For a category C we write Home(z,y) = C(x,y). The category of functors
C — Set is denoted by [C,Set]. When F:C — Set is a functor, the map F(f): F(z) —
F(z') for a morphism f:x — 2’ is abbreviated as f.. When G:C? — Set is a functor,
the map G(f): G(2') — G(x) for a morphism f:x — 2’ is abbreviated as f*.

Let L:B° x C — Set be a functor. Such a functor is called a distributor [Borceux,
1994]. For a morphism f:2 — 2’ of B and an object y € C we have the map

L(f,1y): L(2',y) = L(z,y).

We abbreviate this map as f*. Similarly for a morphism g:y — v’ of C and an object
x € B we have the map

L(1,,9): L(x,y) = L(z,y'),

y)
which we abbreviated as g.. For a € L(z,y), ' € L(2’,y') and morphisms f:z — 2/,
g:y — v, the equality f*(a’) = g«(a) in L(x,y’) may be pictured as the diagram

a

T——y
ok
:C/

y/

(l/
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For a category C we have the distributor Home:C? x C — Set taking (x,y) to
Home(z,y).

Let ¢:C — D be a functor. For a functor G: D — Set the composite functor Gog:C —
Set is also denoted by ¢*G. The assignment G — ¢*G defines the functor ¢*: [D, Set] —
[C, Set]| between functor categories. This has a left adjoint functor [C,Set] — [D, Set],
denoted by ¢y. It operates on a hom-functor as

¢(C(x, —)) = D(o(x), -).

These notations are used for contravariant functors and distributors as well. For
example, given L: B°? x C — Set, ¢»:C — D and ¢: A — B, one has (1 X ¢),L: B® x D —
Set and (¢ x 1)*L: A°? x C — Set.

For functors F:C — Set and G:C°® — Set the so-called coend construction
[Mac Lane, 1978] yields the set

/ " Pl x Gla),

which we denote by F'®¢G. For a functor F: B — Set and a distributor L: B°®» xC — Set
one has the functor F' ®pz L:C — Set defined by

(FesL)(y)=F®p L(—,y).

For distributors L: B°® x C — Set and M:C°® x D — Set, the composition distributor
L ®c M:B°° x D — Set is defined by

(L ®c M)<I’Z) = L(I7 _) ®c M(_7Z>

(denoted L o M in [Borceux, 1994]).
The following two propositions are well-known.

2.1. PROPOSITION. For F:C — Set we have a natural isomorphism
F®cC(—,z) = F(x).
2.2. PROPOSITION. Let ¢:C — D be a functor. We have natural isomorphisms
O F = F®c (¢ x1)"Homp

for F:C — Set, and
¢*G =G ®p (1 X ¢>*HOIHD

for G:D — Set.

2.3. PROPOSITION. Let L:B°® x Co — Set, M:C;°* x D — Set, and v:C; — Co be
functors. We have a natural isomorphism

(1 X ’)/)*L ®Cl M= L ®Cz (’y X 1)1M
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PRrooF. Using the isomorphisms of the preceding proposition and the associativity of
composition, we proceed as

(1 X ’Y)*L Re, M = (L Xe, (1 X 7)*H0m02) Qe M
=L ®C2 ((1 X 7)*H0mC2 ®C1 M)
=L ®c, (’7 X 1)'M

to obtain the asserted isomorphism.

2.4. PROPOSITION. Let ¢:C — D be a functor. Then we have a natural isomorphism
(1 x ¢)Home = (¢ x 1)*Homp
of functors on C°? x D, and a natural isomorphism
(¢ x 1) Home = (1 x ¢)*Homp
of functors on D°P x C.
PROOF. For any = € C we have
((1 x ¢hHome)(z, —) = ¢1(C(x, —)) = D(¢(x), —) = ((¢ x 1)"Homp)(z, —).

Hence
(1 x ¢)Home = (¢ x 1)*Homp.

m
2.5. PROPOSITION. For functors \: A — B and p: A — C we have a natural isomorphism
(A x pu)Homy4 = (1 x \)*Homp ®4 (1 X 1)*Homg

of functors on B°P x C.
PROOF.
(1 x A\)*Homp ®4 (1 x 1)*"Home = (A x 1) Hom g ®4 (1 x @) Hom 4
= (A X p)i(Homy ®4 Hom 4)

= (A x p) Homy.
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If a distributor L: B°? x C — Set is isomorphic to the distributor (A x u)Hom 4 of the
proposition, we say L is tabulated by (A, ). This may be pictured as a diagram

A
VN
B<————C

The word “tabulation” was originally used for binary relations on sets and for morphisms
in allegories [Freyd and Scedrov, 1990].

Let F:C — Set be a functor. We recall the definition of the category of elements of
F, which we denote by E(F'). An object of E(F) is a pair (x,a) composed of z € C and
a € F(x). A morphism (x,a) — (2/,d’) in E(F) is a morphism f:z — 2’ in C such that
f«(a) = a’. The composition in E(F") is given by the composition in C. The projection
functor m: E(F) — C is given by (z,a) — z.

The following is well-known.

2.6. PROPOSITION. For any functor M:E(F) — Set and x € C we have a natural
bijection
(mM)(x) = ] M(x,a).
a€F(x)

The construction of the category of elements is adapted for a distributor: Given a
distributor L: B°? x C — Set, the category E(L) is defined as follows.

e An object of E(L) is a triple (x,y,a) composed of z € B, y € C, a € L(x,y).

e For objects (z,y,a) and (z1,y1,a1), a morphism (x,y,a) — (z1,y1,a1) is a pair (f, g)
composed of f € B(x,z;) and g € C(y,y1) such that f*(a;) = g.(a).

e The composition in E(L) is defined componentwise.

e The identity morphism of an object (z,y,a) is (1,,1,).

We have the projection functors m: E(L) — B and m: E(L) — C:

USe ($7y7a) =,
PR (‘Tayaa) '_>y

By the definition of morphisms of E(L) we have a pullback diagram

E(L)((%, Y, CL), (xlv Y1, al)) ﬁc(?ﬁ yl)

-] |

B(l’,xl) L(xvyl)

where the right vertical arrow is the map g — g.(a), the lower horizontal arrow is the

map f — f*(a1).
The following fact is well-known but we include the proof.
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2.7. PROPOSITION. For every distributor L we have an isomorphism
(m x m) Homg(ry = L.

Thus every distributor has a canonical tabulation.

PrOOF. We shall establish a natural bijection
HOIH(L, M) = Hom(HomE(L), (7T1 X 7T2)*M)

for any M:B° x C — Set. The asserted isomorphism will then follow by the adjunction
between (m; X ), and (m X mg)*.
Firstly we have the natural bijection

Hom(Homgz, (71 X 72)*M) = / (1 X o) M
E(L)

where the right-hand side denotes the end of the distributor (m x me)*M.
An element of fE(L)(m X mg)*M is a family A = (A;).egr) composed of elements
A € ((m X ma)*M)(z, z) for z € E(L) satisfying the condition that

for every morphism h: z — z; in E(L).
Write z = (z,y,a), 21 = (z1,y1,a1), h = (f,g). Then

((my X mo)* M) (z,2) = M(x,y), X, € M(z,y),
and

h*(AZ) g*()‘(az,y,a))v
h*<)‘21) = f*()‘(w1,y1,a1)>‘

Therefore an element of fE( 1) (T % m)*M is a family X = (Azy.0)) (@y.0)cr(L) composed of
elements A,y q) € M(x,y) for (z,y,a) € E(L) satisfying the condition that

g*(/\(x,y,a)> - f*()\(xlaylyal))

for every morphism (f, g): (z,y,a) = (x1,y1,a1) in E(L).
As every morphism (f,g): (z,y,a) = (x1,y1,a1) is the composite of

(1,9): (:p,y,a) — (:E,yl,g*(a)) = (:L',y1,f*(a1))

and
(f, )i (2,91, ff(a1)) = (21,51, 01),
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the above condition for (A(,y.4)) is equivalent to the condition that

9P @ya) = ANawyig.a)s
F Aiman) = M@ @)

for every g : y — y; and f:2 — x;. This means that the family of the maps ¢, ,: L(z,y) —
M (z,y) given by t,,(a) = Az, defines a morphism ¢: L — M. Thus we have a bijection

/ (my X mo)*M = Hom(L, M),
E(L)

which completes the proof. [

3. Nearly representable functors

In this section we review the definition of a nearly representable functor [Tambara, 2015]
and give the definition of a slicewise nearly representable distributor.

Let C be a category and F:C — Set a functor.

Recall that F' is said to be representable if there exist an object v € C and an isomor-
phism F' = C(v,—). Such an isomorphism is given by an element a € F'(v). A pair (v, a)
is then said to be universal for F'.

When a group G acts on a set X, X/G denotes the quotient set (regardless of the
side of the action). When a group G acts on a functor F:C — Set, that is, when
a homomorphism G — Aut(F) or G® — Aut(F) is given, F//G denotes the functor
C — Set given by (F/G)(z) = F(z)/G.

3.1. DEFINITION. We say F s nearly representable if there exist an object v € C, a
subgroup G of Aut(v), and an isomorphism F = C(v,—)/G.

3.2. DEFINITION. Let v € C and a € F(v). We say (v,a) is nearly universal for F if
there exists a subgroup G of Aut(v) such that G fizes a and the morphism C(v,—)/G — F
induced by a is an isomorphism. Namely (v, a,G) is required to satisfy the following:

(1) fi(a) = a for every f € G.

(2) For every x € C and b € F(x) there exists f:v — x such that b= f.(a).

(8) For every x € C and f, f":v — x, if f.(a) = fl(a), then there exists g € G such
that f = f'g.

We note that (1) and (3) imply the following:

(4) G = Aut(v,a) = End(v, a).

Here Aut(v,a) denotes the group {f € Aut(v) | f.(a) = a}, and End(v, a) the monoid
{f € End(v) | fi(a) = a}. Indeed, let f:v — v and suppose f.(a) = a. By (3) applied to
f''=1,, there exists g € G such that f = 1,9, whence f € G.

The terminology is used for contravariant functors as well.

3.3. PROPOSITION. If (v,a) and (v',a’) are both nearly universal for F, then there ezists
an isomorphism h:v — v’ such that a = h.(a’).
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PROOF. Suppose that (v,a) and (v, a’) are nearly universal for F'. Put G = Aut(v, a) and
G' = Aut(v',d'). As (v,a) is nearly universal for F' and o’ € F(v'), there exists h:v — v/
such that o’ = h.(a). As (v/,ad’) is nearly universal for F' and a € F(v), there exists
h':v" — v such that a = W, (a’). Then a = h',h.(a) = (M'h).(a). As G = End(v,a), we
have h'h € G. Similarly hh' € G'. Thus h'h and hh' are both isomorphisms. Hence h is
an isomorphism. [

3.4. PROPOSITION. Suppose that F:C — Set is a nearly representable functor. Let K be
a subgroup of Aut(F'). Then the quotient functor F/K is nearly representable.

PROOF. Let F' = C(v,—)/G with v € C and G a subgroup of Aut(v). Let N be the nor-
malizer of G in Aut(v). Then by the Yoneda lemma one has a surjective homomorphism
N — Aut(F) (See [Tambara, 2015, Prop. 2.1] for details). Let K be the inverse image of
K under this map. Then F/K = C(v,—)/K. Thus F/K is nearly representable. =

3.5. PROPOSITION. Let ¢:C — C' be a functor. If F:C — Set is nearly representable,
then so is ¢ F:C' — Set.

PROOF. Suppose F' = C(v,—)/G. As ¢, preserves colimits and hom-functors, we have

OF = (C(v,—))/G = C(d(v), —)/9(G).

Here ¢(G) is the image of G under ¢: Aut(v) — Aut(o(v)). n

Let L:B°® x C — Set be a distributor. Following the terminology “slicing” in
[Eilenberg and Mac Lane, 1945, p.245], we call the functor L(z,—):C — Set for x € B a
slice of L, and similar for the functor L(—,y): B°® — Set for y € C.

3.6. DEFINITION. We say L is slicewise nearly representable if for every x € B the functor
L(z,—):C — Set is nearly representable and for every y € C the functor L(—,y): B® —
Set is nearly representable.

Let u € B, v € C, and a € L(u,v). Then we may use the phrase “(v,a) is nearly
universal for L(u, —)” or “(u,a) is nearly universal for L(—,v)”. The former means that
there exists a subgroup G of Aut(v) such that G fixes a and the morphism C(v, —)/G —
L(u, —) induced by a is an isomorphism. The condition required for (u, v, a, G) amounts
to the following:

(1) o.(a) = a for every o € G.

(2) For every y € C and b € L(u,y) there exists g: v — y such that g.(a) = b.

(3) For every y € C and g,¢:v — v, if g.(a) = ¢.(a), then there exists 0 € G such
that g = ¢'o.

As a consequence of (1) and (3) we have G = Aut(v,a) = End(v,a). Here Aut(v,a)
denotes the group {o € Aut(v) | o.(a) = a}.

That (u,a) is nearly universal for L(—,v) means that there exists a subgroup G of
Aut(u) such that G fixes a and the morphism B(—,u)/G — L(—,v) induced by a is an
isomorphism. The condition required for (u,v,a, G) amounts to the following:
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(1) 0*(a) = a for every o € G.

(2) For every x € B and b € L(x,v) there exists f:x — u such that f*(a) = b.

(3) For every x € B and f, f:x — u, if f*(a) = f"*(a), then there exists o € G such
that f =of’.

As a consequence of (1) and (3) we have G = Aut(u, a) = End(u, a).

The following is immediate from the definition.

3.7. PROPOSITION. (i) If (v,a) is nearly universal for L(u,—) and f:u' — w is an iso-
morphism, then (v, f*(a)) is nearly universal for L(u',—).

(i) If (v,a) is nearly universal for L(u,—) and h:v — v' is an isomorphism, then
(v, hi(a)) is nearly universal for L(u,—).

3.8. PROPOSITION. Let L: B? x C — Set, M:C° x D — Set be distributors. If L and
M are slicewise nearly representable, then so is L @¢ M.

PROOF. Let # € B. Take an isomorphism L(z,—) = C(y,—)/G with y € C and G C
Aut(y). Then

(L ®e M)(z, ) = L(z,~) ®
~C(y,—)/G ®c M
~ (C(y, —) ®c M)/G
~ M(y,-)/G.

Now M (y,—) is nearly representable by assumption. As a quotient of a nearly repre-
sentable functor, M(y, —)/G is also nearly representable. Thus (L ®¢ M)(x,—) is nearly
representable.

By a similar argument we see that (L ®¢ M)(—, z) is nearly representable for any
ze€D. [

4. Condition (G)

We introduce condition (RG) for a functor ¢:C — D, which assures that
Homp(¢p(—),y): CP — Set for every y € D is nearly representable. The condition roughly
means that D is obtained by taking quotients by groups of automorphisms of objects of
C. A natural example of such a functor is found in group theory.

4.1. DEFINITION. Let ¢:C — D be a functor. For x € C put G, = Ker(Aut(z) —
Aut(o(x))). Condition (RG) for ¢ consists of the following:

(1) ¢ is surjective on objects.
(2) For every z,x’ € C the map

C(a',2)/Gs = D((a'), d())

induced by ¢ is bijective.
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(2) is phrased as the natural morphism

C(—,2)/Goe = ¢"(D(—, ¢(x)))

in [C°P, Set| is an isomorphism for every z € C. (1) and (2) imply that ¢*(D(—,y)) is
nearly representable for every y € D.

4.2. DEFINITION. A functor ¢:C — D 1is called a surjective equivalence if ¢ is fully
faithful and surjective on objects.

Thus ¢ is a surjective equivalence if and only if ¢ satisfies (RG) and the groups G,
are trivial for all z.
The following is immediate from the definition.

4.3. PROPOSITION. The functors satisfying (RG) are closed under composition.

Here is a construction of a functor satisfying (RG). Let C be a category. Suppose that
for each object x in C a subgroup G, of Aut(z) is given so that the following condition is
satisfied.

(%) For every morphism f:2’ — 2z in C and v € G/, there exists u € G, such that
fo=uf.

This amounts to saying the action of G, on C(2/,x)/G, is trivial for every z, 2’ € C.

We then define a category D and a functor ¢:C — D as follows:

e Obj(D) = Obj(C).

e D(2',x) =C(2',x)/G, for objects x, 2.

e The composition

C(z", 2"y x C(a',z) — C(a", x)

in C induces a map

C(z", 2"y x C(2',2)/G, — C(2",2) /G,
which in turn induces
C2",2") )Gy x C(2',2) /Gy — C(2", 1) /G,
owing to the triviality of the action of G,» on C(z’,x)/G,. Define the composition
D(z",2") x D(2',2) — D(2", x)

in D to be the above map.
Thus the category D is defined. The functor ¢:C — D is defined as follows:
e ¢ is identical on objects.
e ¢:C(z',x) = D(a', x) is the natural surjection C(z',z) — C(2',z)/G,.

One sees readily that ¢ satisfies (RG).
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4.4. REMARK. In [Puig, 2009, p.12] the above construction of D from C is called the
exterior quotient and utilized in his theory of Frobenius categories. Here is a classical
example. Let C be the category of groups. For each group x let GG, be the inner automor-
phism group of x. The assignment x — G, satisfies the above condition (x). Morphisms
of the resulting quotient category D are group homomorphisms modulo inner automor-
phisms. In [Tull, 2019] the term “choice of trivial isomorphisms” is used for a collection of
subgroups G, satisfying (x), and some examples of quotient categories are provided from
projective geometry and quantum theory.

The left-sided version of (RG) is named (LG):

4.5. DEFINITION. Let ¢:C — D be a functor. Put G, = Ker(Aut(z) — Aut(¢(z))).
Condition (LG) for ¢ consists of the following:

(1) ¢ is surjective on objects.

(2) For every x,z' € C the map

Clx,2") /Gy — D(d(x), o(z))

induced by ¢ is bijective.
(2) amounts to saying that

C(xv _)/Gx — ¢*(D(¢(x)> _))

in [C, Set] is an isomorphism for every = € C. (1) and (2) imply that ¢*(D(y, —)) is nearly
representable for every y € D.

We have the left-sided version of the above quotient construction. Let C be a category.
Suppose that for each object x in C a subgroup G, of Aut(x) is given so that the following
condition is satisfied.

(x) For every morphism f:z — 2/ in C and v € G, there exists u € G, such that
vf = fu.

This is equivalent to saying the action of G, on C(z,2')/G, is trivial for every x, 2.

We then define a category D and a functor ¢:C — D as follows:

e Obj(D) = Obj(C).

e D(z,2') =C(x,2") /G, for objects x, z'.

The composition in D is induced from the composition in C.

The identity on objects and the natural surjections C(z,z") — D(z,z’) give a functor
¢:C — D, which satisfies (LG).

4.6. PROPOSITION. Suppose that ¢:C — D satisfies (RG). Put G, = Ker(Aut(z) —
Aut(p(z)) for x € C. For any functor F:C — Set we have a natural isomorphism

(01 F)(9(2)) = F(x) /G

for every x € C.
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PROOF. For any x € C we have an isomorphism C(—, z)/G, = D(¢(—), ¢(z)) as functors
on C. Also we have by Proposition 2.2 a natural isomorphism ¢ F = F ®¢ (¢ x 1)*Homp,

hence (0 F)(y) = F ®¢ D(p(—),y) for y € D. Let y = ¢(x) for x € C. Then

(01 F)(¢(x)) = F @c D(¢(—), ¢(x)) = F ®c (C(—, 7)/Gy)
= (F®cl(—1))/G = F(r)/Ge.

Thus (¢ F)(¢(x)) = F(z)/Ga. .
4.7. PROPOSITION. Let
c—Ssc
¢>’l L¢
D’ — D

be a fiber square of categories and suppose that ¢ satisfies (RG). Then we have the
following:
(i) ¢ satisfies (RG).

(ii) For any functor F:C — Set the natural morphism

QEF = 0"l
18 an isomorphism.
PROOF. (i) Since the square
Obj(C") ——Obj(C)
Obj(D') —= Obj(D)

is a pullback and ¢: Obj(C) — Obj(D) is a surjection, ¢': Obj(C’) — Obj(D’) is a surjec-
tion.
Let 2’ € C' and = = £(2'). Put

G, = Ker(¢: Aut(x) — Aut(o(z))),
G = Ker(¢": Aut(a’) — Aut(¢'(2"))).

Since the square

Aut () Aut(zx)

| |

Aut(¢'(z)) — Aut(¢(x))

is a pullback, ¢ induces an isomorphism G, = G,.
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Let o) € C', xy = &(«]). The square

C'(h, ') Cla1,x)

| |

D(¢/(21), ¢ (")) —=D(¢(x1), ¢(x))

is a pullback and the right vertical arrow is the quotient map by G, hence the left vertical
arrow is the quotient map by G/, namely

C'(z,2) /G = D'(¢ (1), ¢'(2)).

Thus ¢’ satisfies (RG).
(ii) Let F':C — Set. For 2’ € C’ put x = £(2). Using the isomorphism of Proposition
4.6, we have

("o F) (¢ () = (A F)(nd (2')) = (o) ((2)) = F(x) /G,

(A€ F) (¢ (a") = (§F)(2)/Gw = F(2)/Ga.
Thus
(") (¢ (2')) = (€7 F)(9'()).
As ¢ is surjective on objects, we conclude n*¢F = ¢1&*F. [
Pullbacks need not preserve equivalences, but they do preserve surjective equivalences:

4.8. PROPOSITION. Let
o—.¢

"

be a fiber square of categories and suppose that ¢ is a surjective equivalence. Then ¢’ is a
surjective equivalence.

5. Condition (H)

Here we introduce condition (RH) for a functor ¢: C — D, which is weaker than condition
(RG) of the preceding section. This condition still assures that the functor Homp(é(—), y)
for every y € D is nearly representable, but does not require that ¢ induces a bijection of
isomorphism classes. We may say that a functor satisfying (RH) admits a right adjoint
inverse modulo a functor satisfying (RG).
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5.1. DEFINITION. Let ¢:C — D be a functor. For x € C put G, = Ker(Aut(z) —
Aut(p(z))). Condition (RH) for ¢ is stated as: For every y € D there exists x € C such
that ¢(x) =y and for every «' € C the map

C(2',2) /Gy — D(p(a'),y)

induced by ¢ is bijective.

When (RH) holds, the functor D(¢(—),y) is nearly representable for every y € D,
hence (¢ x 1)*Homyp is slicewise nearly representable. Obviously (RG) implies (RH).
The following is immediate from the definition.

5.2. PROPOSITION. The functors satisfying (RH) are closed under composition.

5.3. PROPOSITION. Let ¢:C — D be a functor. The following are equivalent.
(i) ¢ satisfies (RH).
(ii) There ezist a category B and a functor 7:B — C such that ¢ = ¢7 satisfies (RG)
and the morphism
(I x ) (1 x 7)*Home — (1 X ¢);Home

induced by the adjunction it — 1 is an isomorphism.

PRrROOF. Put G, = Ker(Aut(z) — Aut(¢(x))) for z € C. Let 7: B — C be a functor such
that ¢ = ¢7 satisfies (RG). Put F,, = Ker(Aut(u) — Aut(¢(u))) for u € B. As 1) satisfies
(RG), applying Proposition 4.6 to the functor C(z', 7(—)), we have

((1 x 9)(1 x 7)"Home) (2, ¥ (u)) = C(2', 7(u))/ F
for ' € C and u € B. Also by the general isomorphism
(1 x ¢)Home = (¢ x 1)*Homp

we have
((1 x ¢)Home) (2", (u)) = Homp(¢(2'), ¥ (u)).

In view of these isomorphisms the morphism
(1 x ¥)(1 x 7)*Home — (1 X ¢)Home
in (ii), evaluated at (', (u)), is regarded as the map
C(a',7(u))/Fu = D((2'), ¥ (u))

induced by ¢.
Now suppose (1 x ¢)i(1 x 7)*Home = (1 x ¢)Home. Let y € D. Take u € B such that
¥ (u) = y. By the above observation we have

C(—7(u)/Fu = D(¢(—),y).
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This implies that the group 7(F,) coincides with G,y and ¢ satisfies (RH).
Suppose conversely that ¢ satisfies (RH). Let B be the full subcategory of C consisting
of z € C such that the morphism

C(—2)/Gz = D(¢(—), o(x))

induced by ¢ is isomorphic. Let 7 : B — C be the inclusion and ) = ¢r.
Clearly ¢ satisfies (RG) and

C(=7(w))/Gra = D(G(=), P(u))
for every u € B. By the earlier observation we see that
(1 X 'l/})l(l X T)*HOmC = (1 X ¢)!H0mc.

Thus (ii) holds. n
The dual version of (RH) is named (LH):

5.4. DEFINITION. Condition (LH) for ¢:C — D is stated as: For everyy € D there exists
x € C such that ¢(x) =y and for every ' € C the map

Clz,2')/Gs = D(y, ¢(a'))

induced by ¢ is bijective.
The dual of Proposition 5.3 is the following:

5.5. PROPOSITION. Let ¢:C — D be a functor. The following are equivalent.

(i) ¢ satisfies (LH).

(i) There exist a category B and a functor 7:B — C such that b = ¢1 satisfies (LG)
and the morphism

(w X 1)!(7' X 1)*Homc — (¢ X 1)1H0mc

induced by the adjunction i — 1 is an isomorphism.

5.6. PROPOSITION. Let
c—.¢

Jq

D/?D

be a fiber square of categories and suppose that ¢ satisfies (RH). Then we have the
following:

(i) ¢ satisfies (RH).

(ii) For any functor F:C — Set the natural morphism ¢\*F — n* & F is an isomor-
phism.
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PROOF. (i) For any x € C and 2’ € C’ put

G, = Ker(¢: Aut(x) — Aut(o(z))),
Gy = Ker(¢: Aut(z') — Aut(¢'(2)))

as before. Then G = Ge().
Let v/ € D'. Put y = n(y'). As ¢ satisfies (RH), we can take x € C such that ¢(x) =y
and
¢:C(—,x) = D(¢(—),y)
is the quotient map by G,. Take z’ € C’ such that ¢'(z') = ¢’ and £(2') = z. Then we
have a pullback diagram

Since the right vertical arrow is quotient by G, the left vertical arrow is quotient by G,.
Thus ¢ satisfies (RH).
(i) Recall that
¢1F = F Re (gﬁ X 1>*HOH1@

for any F:C — Set, and
gb:F/ = F/ ®C’ (gbl X 1)*HOH1D/

for any F':C" — Set.
Let y' € D'. Take 2/, x,y as in (i). Then

ID<¢(_)7 y) = C(_7 x)/G:Jc

and
D(¢(-),y) =C(—.2")/Gw.
Then
(@) (y) = F®cD(g(—),y) = F ®c C(—,2)/Gs = F(2) /Gy,
(o F)(y') = (6 F)(y) = F(x)/G,.
Similarly
(" F)(Y) = EF @ D'(¢'(—),y) = EF ®c C'(—,2") /G = (§F)(2) /G
= F((2)/Gw = F(2) /G,
Thus

(P F)Y) = (" d F) ().

This proves (ii). "
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6. The subcategory . JE(L) of E(L)

Let L:B° x C — Set be a distributor. We defined in Section 2 the category E(L). Its
objects are triples (z,y,a) for x € B, y € C, and a € L(x,y). Here we introduce some
subcategories of E(L) defined by conditions of near universality. They will be used in
Sections 8 and 10.

Firstly we define ,,JE(L) as a full subcategory of E(L): An object of ,,JE(L) is an
object (z,y,a) of E(L) such that (x,a) is nearly universal for L(—,y).

Likewise we define E,,(L) as a full subcategory of E(L): An object of E,,(L) is an
object (z,y,a) of E(L) such that (y,a) is nearly universal for L(x,—).

We define ,E,, (L) to be ,  E(L) NE,.(L).

Using universality in place of near universality, we define ,E,(L) as a full subcategory
of E(L): An object of (E,(L) is an object (z,y,a) of E(L) such that (z,a) is universal for
L(—,y) and (y,a) is universal for L(z, —).

Firstly we consider ,,E(L). Put C = ,,JEB(L). We have the projection functors : C — B
and 7:C — C:

We have a pullback diagram

é((l’, Y, a)7 (Il, Y1, al)) —ﬂ-)C(yu yl)

| |

B(z,x,) L(z,y1)

where the right vertical arrow is the map g — g.(a), the lower horizontal arrow is the
map f > f*(a1).

6.1. PROPOSITION. Assume that for everyy € C the functor L(—,y): B°® — Set is nearly
representable. Then we have the following:

(i) m satisfies (RG).

(ii) The pair (o,m) tabulates L, that is, (o x 7)Homs = L.

PROOF. (i) The assumption implies that 7 is surjective on objects.
Let (z,y,a), (x1,y1,a1) be objects of C. Put Ky = Aut(zy,a;). As (z1,a1) is nearly
universal for L(—,y;), the map

B(x,z1) — L(z,y1): f — [*(a1)

is quotient by the group K;. The pullback diagram shows that the map

. C((:L’, Y, CL), (xlv Y1, al)) - C(ya yl)
is also quotient by K;. Thus 7 satisfies (RG).
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(ii) In view of the general isomorphism (o X 1);Homs = (1 x 0)*Homg, it is enough to
show (1 x m)y(1 X o)*Homg = L. Let (z,y,a) € C. Put K = Aut(z,a) so that

As m:C — C satisfies (RG) and
K = Ker(m: Aut(x,y,a) — Aut(y)),

we have by Proposition 4.6
(mE)(y) = F(z,y,a)/ K

for any functor F:C — Set. Taking F = o*B(z', —) for any 2/ € B, we have
(mo*B(2', —))(y) = B(a',0(z,y,a)) /K = B(z',2)/ K = L(z', y).
Thus
(1 X 7T)[(1 X 0)*H0m3 = L.
u

We next consider ,,En,(L). Put A = ,Eu(L). We have the projection functors
AN A— Band u: A —C.

6.2. PROPOSITION. The functors X\ and p are full.

PROOF. Let (z,y,a), (x1,y1,a1) € A. As in the preceding proof we have a pullback
diagram

A((l’, Y, (l), (xh Y1, al)) $'C(ya yl)

| |

B(I,J,‘l) L(%?Jl)
As (x1, ay) is nearly universal for L(—, ), the lower arrow is a quotient map. Hence the
upper arrow is also a quotient map and in particular surjective. Thus p is full. [

Next we put D = ,E,(L). We have the projection functors 8: D — B and v: D — C.

6.3. PROPOSITION. The functors 8 and ~y are fully faithful.
PROOF. Let (x,y,a), (x1,y1,a1) € D. We have again a pullback diagram

D((I, Y, CL), (ZE17 Y1, al)) —,Y>C(y7 yl)

| |

B(z,x1) L(z,y1)

As (21, ay) is universal for L(—,y;) and (y, a) is universal of L(z, —), the lower arrow and
the right arrow are bijections. Hence the other arrows are bijections. Thus 5 and v are
fully faithful. n
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6.4. COROLLARY. Suppose that B and ~ are surjective on objects. Then [ and ~ are
surjective equivalences, and we have L = (8 x 7)Homp.

PrROOF. The pullback diagram shows D((z,y,a), (z1,y1,a1)) = L(z,y1). This means
Homp = ( x v)*L. As 8 and v are equivalences, this implies (5 x v)Homp = L. m

7. e and 1

An adjunction gives rise to two natural transformations called unit and counit. In this
section we pursue an analogous construction for a slicewise nearly representable distribu-
tor. Under a certain finiteness hypothesis we show a theorem about the invertibility of a
unit-like morphism, on which our factorization theorem depends.

Let L: B°? x C — Set be a distributor. Throughout this section we assume that L is
slicewise nearly representable.

For each = € B take an object € C, a subgroup H, of Aut(Z), and an isomorphism

C(%,—)/H, = L(z, —).

Take an element 6, € L(z,Z) which induces this isomorphism. Thus, for every y € C
and a € L(z,y), there exists g € C(,y) such that g.(0,) = a; such g is unique up to the
action of H,. This is pictured as the diagram (Section 2)

;
V g

v

X a Yy

In the language of Section 3 the pair (Z,0,) is nearly universal for L(z,—) and H, =
Aut(z,0,).

Likewise, for each y € C take an object y € B, a subgroup K, of Aut(y), and an
isomorphism

Take an element w, € L(y,y) which induces this isomorphism. Thus, for every x € B and

a € L(x,y), there exists f € B(z,y) such that f*(w,) = a; such f is unique up to the
action of K.

ZELy

Wy

Ry <o

The pair (y,w,) is nearly universal for L(—,y) and K, = Aut(y, w,).
For every x € B, using the near universality of (7, w;), we take a morphism 7, € B(z, )
such that 0, = n}(wz). For every y € C, using the near universality of (7,6;), we take a
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morphism €, € C(7,y) such that €,,(6;) = w,. These are pictured as the diagrams

VA .

Wy

&n(—&

@b@ﬂ

For u € B(x1,z2) take @ € C(Z4,Z2) such that u*(0,

,) = (0, ); such @ is unique up
to the action of H,,. For v € C(y1,y2) take 0 € B(y1,92)

such that v, (wy,) = 0" (wy,):
such ¢ is unique up to the action of K,. Thus
Oy A Wy
L1 L1 Y1 Y1
ul/ Lﬂ f)l ]U
:UZ 9922 :UQ yZ Wyg y2

7.1. PROPOSITION. For x € B we have €zn, € H,
ProoOF. We have the diagrams

S
8

Nx

<

8o

So=<—-—2~8
=
8
B
Ko <—-8
| £

™
8

7
2
K[=<—-8K1l=<—0

Hence

Oz

AN

By the uniqueness modulo H, we see €;7, = 1z mod H,, that is, €;7, € H, as required. m
Dually we have

X

5iﬁz

n<—n

7.2. PROPOSITION. Fory € C we have é,ny € K,

7.3. PROPOSITION. Foruy € B(x1,x3) anduy € B(xy, x3) we have uguy = ug u; mod Hy,
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ProOOF. We have the diagram

Hence

Also we have the diagram

It follows that @t = usu; mod H,,. n
Dually we have
7.4. PROPOSITION. For vy € C(y1,ya) and va € C(y2,ys3) we have U507 = U307 mod K,

7.5. COROLLARY. If u is an isomorphism in B, then @ is an isomorphism in C. If v is
an isomorphism in C, then v is an isomorphism in B.

7.6. PROPOSITION. For v € C(y1,%s) we have ve,, = €,,0 mod Hy,

PrOOF. We have the diagram

yl

(,Uyl

J

ZJ2 @

hence
9

U1 Y1

U2 Y2

91

Wyg
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Also we have

~ 0?31 =
hn Y1
J 9@2 J
Yo Yo
Wyo
Y2
hence
~ 6)?91 X
Y Y1
[l L l €yg B
Y2 5,2

Owing to the isomorphism C(4,, —)/Hy, = L(41,—), we conclude from the two squares
above that ve,, = €,,0 mod Hy,. ]

7.7. PROPOSITION. Let x € B. If n; is an isomorphism, then so is €;.

ProOOF. Put z; = 5’:, U1 = €z so that

&
|
1
S

is written as

V1:21 — .
Assume that 7,,: 21 — 2 is an isomorphism. By Proposition 7.2 for £ we have €;n; € K3,
so this is an isomorphism. Namely 017, is an isomorphism. As 7,, is an isomorphism, it

follows that o7 is also an isomorphism.
The morphism

Ne: & — T
gives rise to the morphism

oid = &
Denote this by v, so that

Uyl T — T1.

Proposition 7.1 says €1, € H,, namely vivs € H,. In particular vyvy is an isomorphism.
Then 170, is an isomorphism, and

@11}2 = @ mod Kj

Therefore 010, is an isomorphism. As 0 is an isomorphism, so is 0s.
Next we have
’U/2E = ’021}1 mod K:fu
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—

SO 107 is an isomorphism. Hence 050 is an isomorphism. Proposition 7.1 for x; says
€3,My € Hyy. As 1., is an isomorphism, it follows that ez, is an isomorphism. And
Proposition 7.6 for vovy: &1 — Z1 says

(vv1)€z, = €z,09v1 mod Hy .

—

As €z, and U907 are isomorphisms, it follows that vyv; is an isomorphism.
As the both vyvy and vyv; are isomorphisms, v; and v, are isomorphisms, that is, €;
and 7, are isomorphisms.

The following is similarly proved.
7.8. PROPOSITION. Let y € C. If €; is an isomorphism, then so is 1.
7.9. THEOREM. Suppose that C satisfies the following condition: If

g2 g1 g0

Y2 n Yo

1s a sequence of morphisms in C and all g; have right inverses, then g, for large n are
1somorphisms.
Then €z 1s an isomorphism for every x € B, and ny is an isomorphism for everyy € C.

PROOF. Let y € C. Put
Yo =Y, mn:gn fOI'nZO, yn:.i'nfl for n > 0.

We have a diagram

Nzq Nxg
T2 T o
0 0
w w w
Y2 ot 1 & Y
By Propositions 7.7 and 7.8 we have implications

Nz, 1S an isomorphism == ¢, is an isomorphism (n=1,2,...),

€y, is an isomorphism == 17, , is an isomorphism (n=1,2,...).

For every n > 1, Proposition 7.1 for z,,_; says €,,7,, , € H,, ,. Hence ¢,, has a right
inverse. By assumption ¢,, for a large n is an isomorphism. Then it follows that 7,, is an
isomorphism, that is, 7y is an isomorphism.

Let x € B. Put

Xo=2, Yp==1, forn>0, x,=7y,_1 forn>0.
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We have a diagram

UE Nx
T2 X1 x
Yo o U1 v Yo
By Propositions 7.7 and 7.8

Nz, 1 an isomorphism == ¢, , is an isomorphism (n=1,2,...),
€y, is an isomorphism = 17, is an isomorphism (n=1,2,...).
By assumption ¢, for a large n is an isomorphism. Then €,, is an isomorphism, that is,

€z 1s an isomorphism.

The same conclusion holds when B satisfies the dual condition: if

fo f1 f2
Zo gl o)

is a sequence of morphisms in B and all f; have left inverses, then f, for large n are
isomorphisms.

8. Equivalence By ~ Cy

Let L: B x C — Set be a slicewise nearly representable distributor. In this section
we construct from L subcategories By of B, Cy of C, and quotient categories By of By,
Co of Cy. We then construct distributors K :ng x Cy — Set, M:B® x B, — Set, and
N:CgP x C — Set. We show that K gives an equivalence By ~ Co.

We first make the category ,,En.(L) from L (Section 6). Put A = ,,E,,(L). Recall
that an object of A is an object (z,y,a) of E(L) such that (x,a) is nearly universal
for L(—,y) and (y,a) is nearly universal for L(x,—). We have the projection functors
XA — B, u: A — C, which are known to be full (Proposition 6.2). Define By = ImA:
This is a full subcategory of B; an object of By is an object  of B such that (z,y,a) € A
for some y, a. Define Cy = Imy: This a full subcategory of C; an object of Cy is an object
y of C such that (x,y,a) € A for some z, a.

8.1. PROPOSITION. Let x € By. Take y € C and a € L(x,y) such that (z,y,a) € A.
Then the subgroup Aut(z,a) of Aut(z) does not depend on the choice of y, a.

PROOF. Suppose (z,y,a),(z,y',a’) € A. As (y,a) and (y/,a’) are both nearly universal
for L(xz,—), there exists an isomorphism h:y — 3’ such that o’ = h.(a) by Proposition
3.3. Then Aut(z,a) = Aut(z,d’). "
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Owing to this proposition, we can define for every x € By the group A, = Aut(z,a)
by taking (x,y,a) € A. As (z,a) is nearly universal for L(—,y), a induces

Similarly

8.2. PROPOSITION. Let y € Cy. Take v € B and a € L(z,y) such that (z,y,a) € A.
Then the subgroup Aut(y,a) of Aut(y) does not depend on the choice of z,a.

We define for every y € Cy the group I'y = Aut(y,a) by taking (z,y,a) € A. The
element a induces

L('Tv _) = C(yv _)/Fy'
8.3. PROPOSITION. For every x € By and y' € C, the action of A, on L(x,y’) is trivial.

PRrooOF. Take (z,y,a) € A. Then A, = Aut(x,a). For any v/ € C and o’ € L(z,y’) take
g:y — ' such that o’ = g,(a). As A, fixes a and g, commutes with the action of Aut(z),
A, fixes a'. n

Similarly we have
8.4. PROPOSITION. For every y € Cy and 2’ € B, the action of 'y on L(z',y) is trivial.

8.5. PROPOSITION. For every y,y’ € Cy the action of I'y on C(y,y')/T'y is trivial.
PROOF. Let y,y’ € Cy. Take (z,y,a) € A. The element a gives

Cly,—)/Ty,

I

L(l’,—)

hence
L(z,y") = C(y,y')/T,

as Aut(y’)-sets. On the other hand, as y' € Cy, the action of 'y on L(z,y’) is trivial
(Proposition 8.4). It follows that the action of I'y, on C(y,y’)/T, is trivial.

Similarly we have

8.6. PROPOSITION. For every x,z’ € By the action of A, on B(x,z")/Ay is trivial.

Let y,9y" € Cy and 3" € C. The composition in C induces a commutative diagram

Cly,y) xC(y,y") —=C(y,y")

| |

Cly,y)/Ty xCy,y")/Ty —=C(y,y")/Ty,

because I'y, acts trivially on C(y,y')/T,.
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The construction in Section 4 then gives us a quotient category Cy and a functor
q:Co — Co: The category Cy has the same objects as Cp; its hom-sets are given by

Co(y,y') =C(y,y)/Ty.

The functor ¢:Cy — C, is identical on objects and the natural surjections on hom-sets.
We know ¢ satisfies (LG).
Likewise, let x € B and 2/, 2" € By. The composition in B induces a commutative
diagram
B(x,z") x B(x', z")

B(x,z")

|

B(z,2'") /Ay x B(a', 2") | Apr — B(x, ") | Apr

because A, acts trivially on B(z/, ")/ Ayn. B
The construction in Section 4 gives us a quotient category By and a functor p : By —
By: By has the same objects as By; its hom-sets are

By(x,2") = B(z,2') /Ay

The functor p : By — By is identical on objects and the natural surjections on hom-sets.
We know p satisfies (RG).

Let ©: By — B and j:Cy — C be the inclusion functors. For x € B, y € Cy, y € C the
map

L(z,y) x C(y.y') = L(z,y)
induces
L(z,y) x Cy, y')/Ty — L(z,y)
because I, acts trivially on L(z,y). If ¥’ € Cy, we then have a map

L(z,y) x Co(y,y') = L(z,y).

These maps for all z € B, y,y’ € Cy define a functor B? x Cy — Set, which is denoted
by L”. The restriction of L to B°P x Cy is denoted by L', so that

L'=(1xj)L, L'=(1xq)*L".
Thus we have a commutative diagram

BP x C L - Set

| =7

B°P x CO

|

B°P x éo
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Likewise, for x € B, 2’ € By, y € C the map
B(z,z") x L(z',y) = L(z,y)

induces a map

B(z,2') /Ay x L(z',y) = L(z,y)

because A, acts trivially on L(2',y). If x € By, we then have a map

Bo(x,2") x L(x',y) — L(z,y).

These maps for all x, 2" € By and y € C define a functor By® x C — Set, which is denoted
by L°°. The restriction of L to By x C is denoted by L°, so that

L°=(ix 1)L, L°=(px1)"L*™.
Thus we have a commutative diagram

BoP x C L - Set

P

ByP x C

|

B xC

In particular we have a functor K: By® x Cy — Set, so that

(i xj)"L=(pxq)K.

We make the category ,E,(K) from the distributor K:By" x Cy — Set (Section 6).
We put D = ,E,(K). Recall that an object of D is a triple (,y,a) composed of x € By,
y € Cy, and a € K (x,y) such that (z,a) is universal for K (—,y) and (y, a) is universal for
K(x,—). We have the projection functors 3: D — By and 7: D — C.

8.7. PROPOSITION. If (z,y,a) € A, then (p(z),q(y),a) € D.

PrROOF. Let (z,y,a) € A. Then y € Cy and L(z,—) = C(y,—)/T', on C, hence on
Co- Now L(z,—) = K(p(x),q(—)) on Cy and C(y, —)/Ty = Co(q(y),q(—)) on Co. Hence
K(p(z),q(—)) = Co(q(y),q(—)) on Cy. It follows that K(p(z),—) = Co(q(y),—) on Cy.
This isomorphism is induced by the element a € K (p(z), ¢(y)). Thus (p(x), a) is universal
for K(— q(y).

Similarly (¢(y),a) is universal for K (p(x),—).

This proves that (p(z),q(y),a) € D.
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8.8. PROPOSITION. The functors 3 and v are surjective equivalences.

Proor. We know by Proposition 6.3 that 5 and « are fully faithful. It remains to show
that they are surjective on objects. As A: A — B has the image By and p: A — C has the
image Cy, it follows by the preceding proposition that 8: D — B, has the image B, and
v: D — Cy has the image C,.

]

Therefore B, and C, are equivalent. B
We next define distributors N:Cg* x C — Set and M: B° x By — Set.
For y € Cy and ¢/ € C set

N(y,y") =Cly, y)/ Ty
As seen before, for y,1y’ € Cy and y” € C the composition

Cly,y") xC(.y") = Cly,y")
induces a map
Cly,y) /Ty x C(y',y") /Ty — Cly,y")/Ty,
that is,
Co(y,y) x N(y'.y") = N(y,y")-
This makes N a distributor C;* x C — Set.
Likewise, for x € B and 2’ € By set

M(z,2") = B(z,2") /Ay
For x € B, 2/, 2" € By the composition
B(z,z") x B(z',2") = B(x,z")
induces a map
B(z,2") /Ay x B!, 2") ] Apr — Bz, z") Ay,
that is, B
M(z,2") x By(2',2") — M(z,2").
This makes M a distributor B? x By — Set.
Thus we have obtained distributors
M: B°P x BO — Set,
K: ng X éo — Set,
N: (fgp x C — Set.
Recall that p: By — By, ¢:Cy — Cy denote the projections and i: By — B, j:Cy — C
denote the inclusions. The natural maps B(z, xy) — M (z,p(x)) for all z € B and z( € By
yield a morphism (1 x ¢)*Homp — (1 x p)*M, which by adjunction induces a morphism

(1 x p)i(1 x i)*Homg — M or by Proposition 2.4 a morphism (i x p)Homg, — M. This
is shown to be an isomorphism:
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8.9. LEMMA. (i X p);Homg, = M.

PROOF. We shall show (1 x p)i(1 x i)*Homg = M. The functor p: By — By satisfies (RG)
and has the kernel
Ker(Aut(xg) — Aut(p(zg))) = Ay

for x¢ € By. Proposition 4.6 then tells us that

(P E) (p(wo)) = F(w0) /A

for any functor F: By — Set. Applying this to F' = i*B(z, —): By — Set for x € B, we
have

(pi*B(z, =))(p(0)) = B(x, 0)/Any = M (x, p(x0)).

Hence
(1 x p)(1l xi)*Homp = M.

This proves the proposition. [

Similarly we have

8.10. LEMMA. (¢ x j)Home, = N.

9. Factorization: the first step

Let L:B°® x C — Set be a slicewise nearly representable distributor. From now on we
assume that C satisfies the assumption of Theorem 7.9, that is, that C does not have an
infinite chain of non-isomorphic split epimorphisms. In this section we show that L is the
composite of the three distributors

M:B%® x By — Set, K:By” x Cy — Set, N:C;® x C — Set

defined in Section 8, and that M and N are slicewise nearly representable. A picture in
Borceux’s notation:
Bt
wb ol
! " c,
Exactly as in Section 7, for each x € B take T € C, a subgroup H, of Aut(Z), and an
isomorphism C(z, —)/H, = L(z,—). Take 6, € L(z, %) which induces this isomorphism.
Then (Z,6,) is nearly universal for L(x,—). For each morphism w in B take a morphism
@ in C as in Section 7.
For each y € C take § € B, asubgroup K, of Aut(y), and an isomorphism B(—, y)/K, =
L(—.,y). Take w, € L(y,y) which induces this isomorphism. Then (g, w,) is nearly uni-

versal for L(—,y). For each morphism v in C take a morphism v in B as in Section
7.
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For each x € B take a morphism n,:z — z, and for each y € C take a morphism
€,: Y — y as in Section 7.
Let

B, = {x € B]|n,isan isomorphism},

C, = {ye€C]|e,is an isomorphism}.

We regard these as full subcategories of B and C, respectively. We shall show that Bj, = By,
C() - Co.
We restate Theorem 7.9:

9.1. PROPOSITION. (i) If x € B, then Z € C|,.
(ii) If y € C, then § € Bj.

9.2. PROPOSITION. (i) If v € B), then (z,0,) is nearly universal for L(—, ).
(11) If y € C{, then (y,w,) is nearly universal for L(g,—).

PROOF. (i) Let = € B)). Then 1,:z — Z is an isomorphism. As (Z,w;) is nearly universal
for L(—, ) and 0, = n’(wz), it follows by Proposition 3.7 that (x,0,) is nearly universal
for L(—, ). (ii) is similarly proved. =

9.3. PROPOSITION. (i) If v € B|, then (z,%,0,) € A.
(i) If y € Cy, then (9,y,w,) € A.

PROOF. (i) Let € Bj. The pair (Z,0,) is nearly universal for L(x, —) by definition, while
the pair (z,6,) is nearly universal for L(—, ) by Proposition 9.2. Thus (z,z,0,) € A.
(i) is similarly proved. =

9.4. PROPOSITION. If (z,y,a) € A, then x € B| and y € C|.

PROOF. Let (z,y,a) € A. As (z,a) and (9, w,) are both nearly universal for L(—,y), there

exists an isomorphism f:z — ¢ such that a = f*(w,) by Proposition 3.3. As (y,a) and

(Z,0,) are both nearly universal for L(z, —), there exists likewise an isomorphism ¢g: Z — y

such that a = ¢.(6,). We have n’(wz) = 0, and §*(w,) = g«(wz). So (G12)*(wy) = g+(02),

hence (gn,)*(w,) = a. Comparing this with f*(w,) = a, we have by the near universality

of (§,w,) that gn, = f mod K. As ¢ and f are isomorphisms, so is n,. Thus z € Bj,.
Similarly we have y € C{.

The preceding two propositions give the following:

9.5. PROPOSITION. The categories B), and Cjy respectively coincide with By and Cy defined
in Section 8: By = By, Co = Cj.

Recall that i:By — B and j:Cy — C denote the inclusions and p: By — B, and
q: Co — Cp the projections.

9.6. LEMMA. (i) L = (1 x j)(1 x j)*L.
(ii) L= (i x 1),(i x 1)*L.
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PROOF. (i) Let z € B. We have
L(z,—)=C(z,—)/H,
on C. We have & € Cy by Proposition 9.1. Hence
7 (L(z, =) = Co(Z, =)/ Ha.

Then
33" (L(x, =) = 51(Co(T, =)/ He) = C(Z, =)/ Ha.
Thus
73" (L(x, =) = L(z, —).
This proves (i).
9.7. LEMMA. L = (i x j)(i x j)*L.

PROOF.

9.8. PROPOSITION. We have an isomorphism L = M @z, K ®¢, N.
PROOF. We know (Section 8)

(ixj)'L = (pxq) K,
(i x p)Homg,

It
= =

1%

(¢ x j)Homg,
Then we proceed as
(@ % (i x j)*L
(i x jh(px q) K

(@ % j)i[(1 x p)Homp, ®5, K ®¢, (¢ x 1)Home,]

L

I

I

1%

(by Propositions 2.2 and 2.4)
= (Z X 1)1(1 X p)!HOIIlBO ®Bo K®@0 (1 X j)l(q X 1>!H0mco
=M @8, K X¢, N.

This proves the proposition.
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Recall that L° = (i x 1)*L, L° = (p x 1)*L°° (Section 8).
9.9. PROPOSITION. The distributors L° and L°° are slicewise nearly representable.

PROOF. For any y € C we have L(—,y) = B(—,y)/K, on B. As § € By, L(—,y) is nearly
representable on By. For any x € B, L(x, —) is nearly representable on C, hence also for
any x € By. Thus L°: By® x C — Set is slicewise nearly representable.

For any x € By we have L°°(p(z),—) = L°(xz,—) on C, which is nearly representable.
For any y € C we have L°(—,y) = p*L°°(—,y). As p is full and surjective on objects,
we have pip* = 1, so piL°(—,y) = L*°(—,y). As L°(—,y) is nearly representable, so is
pL°(—,y). Hence L°°(—,y) is nearly representable. Thus L°° is slicewise nearly repre-
sentable. n

Recall that N:CgP? x C — Set is defined as N(y,y') = C(y,v')/T,.
9.10. LEMMA. L*° = K ®g, N.

PRrRoOOF. We know

h
10

= (Ixjh(lxj)L,
(p x q)K,
(¢ x j)Homg,.

=

S/.
Z =
R

L°=(ix1)"L
= (@ x 1)1 x (1 x j)"L
= (I xjhixg)L
=1 xjhpxq’K
= (px q)"K ®¢, (1 x j)Home, (by Propositions 2.2 and 2.4)
= (px 1)*[(1 x ¢)"K ®¢, (1 x j)Homg,]
= (p x 1)"[K ®¢, (¢ x j)iHome,| (by Proposition 2.3)
= (px 1)(K @, V),

hence
L= (p x 1)*(K &g, N).

As L° = (p x 1)*L°° and pyp* = 1, we conclude

L~ K ®g, N.
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9.11. PROPOSITION. The distributor N is slicewise nearly representable.

ProOF. The distributor K :ng x Cy — Set gives an equivalence between B, and Cj.
The distributor L°° is slicewise nearly representable and isomorphic to K ®¢g, N. It then
follows that NN is also slicewise nearly representable. [

Similarly

9.12. PROPOSITION. The distributor M 1is slicewise nearly representable.

10. Factorization: the second step

We keep the assumption of the preceding section. Here we prove that the distributor
N is tabulated by a pair of a functor satisfying (RG) and a functor satisfying (LH). A
corresponding fact holds also for the distributor M. Then we prove the main theorem
that L is tabulated by a pair of a functor satisfying (LH) and a functor satisfying (RH).

From the distributor N:Cy” x C — Set we make the category mlE(N) (Section 6). Put
C = wE(N). An object of C is a triple (z,y,a) composed of z € Cy, y € C, a € N(z,v)
such that (z,a) is nearly universal of N(—,y).

We have the projection functors

o C— Cy (z,y,a) — x,

Q
b
Q

H(x,y,a) =y

As N(—,y) is nearly representable for every y € C (Proposition 9.11), we see by
Proposition 6.1 the following:

10.1. PROPOSITION. The functor  satisfies (RG). The pair (o,m) tabulates N, that is,
N = (0 x 7)Homg.

Define a functor 7:Cy — C as follows. For y € C, we set
T<y> - (Q(y)7 Y, 1q(y))‘

Note that N(q(v'),y) = (q(y’v) q(y)) for y,y' € Co. So (q(y),14¢)) is universal for
N(—,y), hence (q(y),y, 144)) € C. For a morphism f:y — y; of Cy we set

Note that

Hence
(@), £): (aW), ys Lag)) = (@(y1), Y15 Logun))

is really a morphism.
Thus 7 is a functor and o7 = ¢q, 77 = j.
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10.2. PROPOSITION. Fory € Cy and (z1,y1,a1) € C the map

C(r(y), (@1,51,1))/Ty = Colaly), 1)
induced by o s bijective.

PROOF. Let (2,9, a), (x1,y1,a,) € C. We have a pullback diagram

é((.%’, Y, (1), (:Ela Y1, &1)) _F>C(ya yl)

| |

Co(z, 1) N(z, 1)

where the right vertical arrow is the map g — ¢.(a) and the lower horizontal arrow is the

map f — f*(a1).
Now let y € Cy. Set (z,y,a) = (¢(y),y, 144))- The diagram becomes

C((Q(y)vyu 1Q(y)>7(x17y17a1)) C(yvyl)

| |

Colq(y), 1) N(q(y),y)

Note
N(q(y),y1) = C(y, 1) /Ty,

9«(Ley)) = qlg) € C(y, 1) /T,

for g € C(y,y1). So the right vertical arrow is the quotient map by T',.
Since the diagram is a pullback, it follows that the left vertical arrow is also the
quotient map by Iy, that is,

C((a(¥), ¥, Law))s (21,91, a1)) /Ty = Cola(y), 1)
This proves the proposition. [

10.3. PROPOSITION. The functor o:C — Cy satisfies (LH).

PRrOOF. The bijection of the preceding proposition gives an isomorphism

C(r(y), =)/Ty = Cola(y), (=)

of functors on C for every y € Cp. Then 7(T,) coincides with Ker(o: Aut(r(y)) —
Aut(q(y))). As q is surjective on objects, it follows that o satisfies (LH). n
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The above proof, compared with the proof of Proposition 5.3, shows that 7 satisfies

condition (ii) of Proposition 5.5: ¢ = o7 satisfies (LG) and
(¢ x 1)i(7 x 1)*"Hom; = (o x 1)Home.

Dually we make the category E,,(M) from M: B x By — Set. We put B = E,,(M).
An object of B is a triple (z,y, a) composed of 2 € B, y € By, a € M(z,y) such that (y,a)
is nearly universal for M (z, —).

Define 0: B — B and p: B — By as the projections.

10.4. PROPOSITION. The functor 0 satisfies (LG). The pair (0, p) tabulates M, that is,
M = (6 x p)Homy.

10.5. PROPOSITION. The functor p satisfies (RH).

Now we deduce the final factorization of L. We have so far constructed the functors
B D C
B B, Co C

M: B° x By — Set,
K: [57813 X C_O — Set,
N: Cg? x C — Set.

and the distributors

We know the factorization

L=M®g, K ®¢, N. (1)
We know 7 satisfies (RG), o satisfies (LH), and

N = (0 x m)Homg. (2)
We know 6 satisfies (LG), p satisfies (RH), and

M = (6 x p)Homg. (3)

Also 8 and ~ are surjective equivalences, and
K = (8 x v)Homp. (4)

Form the pullback of categories
&
N
D c
x /
Co
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Then we find that o, satisfies (LH), ~; is a surjective equivalence, and
o'WEF = y00"F (5)

for any functor F: D — Set (because 7 is an equivalence).

Form the pullback
f
AN
B D
N
By
Then we find that p; satisfies (RH), f; is a surjective equivalence, and

B o F = py 1" F (6)

for any functor F:: B — Set (because 3 is an equivalence).

Form the pullback

Then we find that p, satisfies (RH), o9 satisfies (LH), and
oipuF = pyos F (7)

for any functor F': F — Set (because p; satisfies (RH)).
For any functor F: B — Set we have

FopL~F®sM®g K& N (by (1))
= W!J*’ygﬁ*pge*F (by (2)7 (3)7 (4>)

Now
mo B p0* = mynotpuB0"  (by (5), (6))

= mynpaoe B0 (by (7))
= (my1p2)1(08102)"
Put p = my1p0 and A = 05,05, so that

B2 _¢g_t.c
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We have obtained
F KB L= /,Ll)\*F

for any F. And canonically
,LLl)\*F = F Xp ()\ X /L);Homg.

Hence
L = () x p)Homg.

As 0 satisfies (LG) and oy satisfies (LH), A satisfies (LH). As 7 satisfies (RG) and po
satisfies (RH), p satisfies (RH).
Thus we obtain

10.6. THEOREM. The functor \:G — B satisfies (LH), the functor u:G — C satisfies
(RH), and we have an isomorphism L = (A x u),Homg.

10.7. THEOREM. Suppose that C satisfies the assumption of Theorem 7.9. Let L: B X
C — Set be a distributor. The following are equivalent.

(i) L is slicewise nearly representable.

(ii) There exist a category M, a functor ¢p: M — B satisfying (LH), a functor ¥: M —
C satisfying (RH), and an isomorphism L = (¢ X 1);Hom .

PROOF. We have proved that (i) implies (ii). For the converse suppose
L = (¢ x ) Hom
with ¢: M — B satisfying (LH), ¢¥: M — C satisfying (RH). We have
L= (1x ¢)*Homg ®¢ (¢ x 1)*Home.

By Definitions 5.1 and 5.4 (¢ x 1)*Hom¢ and (1 x ¢)*Homp are slicewise nearly rep-
resentable. Then so is their composite by Proposition 3.8. Thus L is slicewise nearly
representable. [

Our factorization of a slicewise nearly representable distributor L:B°® x C — Set
relies on the finiteness assumption on B or C. For a slicewise truly representable dis-
tributor L: B°? x C — Set, namely an adjunction, [Applegate and Tierney, 1970] gives a
factorization of L under the completeness assumption on B or C.

11. Familial condition

Recall that a set-valued functor F' is said to be familially representable if F' is a sum of
representable functors [Carboni and Johnstone, 1995]. Following this terminology we say
F is familially nearly representable if F' is a sum of nearly representable functors. We say
a distributor L: B°® x C — Set is slicewise familially nearly representable if L(z, —) for
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every x € B is familially nearly representable and L(—,y) for every y € C is familially
nearly representable.

In this section we show that every slicewise familially nearly representable distributor
is a composite of three: a distributor coming from a discrete fibration, a slicewise nearly
representable distributor, and a distributor coming from a discrete cofibration.

Let L: B°? x C — Set be a functor. For each = € B let F(x) be the set of connected
components of the functor L(z,—):C — Set. Each element of F(z) is a connected
subfunctor of L(z,—) and L(z, —) is a disjoint union of all elements of F'(z):

L(z,—) = U U (disjoint union).
UeF(x)

For a morphism f:x — 2’ in B the induced morphism f*: L(2', —) — L(x, —) maps each
connected component of L(z’, —) into a connected component of L(z, —), hence defines a
map F(z') — F(x). Thus F' becomes a functor B°® — Set. Let 7, ,: L(x,y) — F(z) for
z € B,y € C denote the natural map: For U € F(z) we have m,,({U}) = U(y).

Likewise, for each y € C let G(y) be the set of connected components of the functor
L(—,y): B> — Set. Then G naturally becomes a functor C — Set. Let o, ,: L(z,y) —
G(y) denote the natural map: For V € G(y) we have o, ({V}) = V(z).

Consider the category of elements E(F') with projection p: E(F') — B, and the category
of elements E(G) with projection ¢: E(G) — C. For (z,U) € E(F) and (y,V) € E(G)
define

M((,U), (4. V) = w5 ({UD No2h (V) = Uw) NV (@)

This is a subset of L(z,y) and

L(z,y) = U M((z,U),(y,V)) (disjoint union).
UeF(z),VeG(y)

Let f:x — 2’ be a morphism in B, and g:y — % a morphism in C. For U’ € F(z') let
U= f*(U), and for V € G(y) let V' = g.(V'). Then we have the morphism f: (z,U) —
(', U") in E(F) and the morphism g¢: (y,V) — (v, V') in E(G).

We have commutative diagrams



1032 D. TAMBARA

By the first and the forth of the diagrams we see that f*: L(z',y) — L(x,y) maps the
subset M ((z',U"), (y,V)) into the subset M ((x,U), (y,V)). Denote the resulting map

M((«",U"), (y,V)) = M((z,U), (y,V))
by f*, so that the diagram
L(xay)bM«x? U)»(ya V))
f*T ]f*
L(z',y) =— M((",U"), (y,V))

commutes, where the horizontal arrows are the inclusion maps. By the second and the
third of the diagrams we see that g.: L(z,y) — L(z,y’) maps the subset M ((z,U), (y,V))
into the subset M ((x,U), (v, V')). Denote the resulting map

M((z,U), (y,V)) = M((z,U), (y/, V"))
by g., so that the diagram
L(x,y) =—— M((x,U), (y,V))

g*L lg*

L(z,y') <— M((z,U), (y",V"))
commutes. The sets M ((x,U), (y,V)) together with thus defined maps f* and g, make a
functor M: E(F)? x E(G) — Set.
11.1. PROPOSITION. We have an isomorphism (p x q)/M = L.
PRrOOF. Use Proposition 2.6 and its dual. [

11.2. PROPOSITION. The distributor L is slicewise familially nearly representable if and
only if M 1is slicewise nearly representable.

PROOF. Let (z,U) € E(F). We shall show that U:C — Set is nearly representable if and
only if M((z,U),—): E(G) — Set is nearly representable.
As

we have

And U(y) C L(x,y). Hence
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By Proposition 2.6

(@(M((z,U), =))(y)

2
=
®
S
S
=
]
S
S
D
=
=
2
-
S

hence

QI(M((ZL‘, U)> _)) =U.
Let y € C,t € U(y). Put I' = Aut(y, t). The element ¢ gives a morphism

7:C(y,—)/I' = U.

Put K = 0,,(t), the image of ¢t under the map o, ,: L(x,y) = G(y). Then (y, K) €
E(G) and t € K(z). Hence t € U(y) N K(x) = M((z,U), (y,K)). As I stabilizes ¢, I'
stabilizes K. Thus I' C Aut((y, K),t). The element ¢ gives a morphism

7" E(G>((y7 K)7 _>/F — M((I7 U)7 _)
Through the isomorphisms

a(E(G)((y, K), —)/T) = C(y, —)/T

and
q!(M«xv U)7 _>) = U7

the functor ¢ takes 7" to 7. As ¢ reflects isomorphisms, we see that 7 is an isomorphism
if and only if 7/ is an isomorphism. This means that (y, t) is nearly universal for U if and
only if ((y, K),t) is nearly universal for M((z,U), —).

This proves that U is nearly representable if and only if M ((z,U), —) is nearly repre-
sentable.

Therefore L(z, —) is familially nearly representable if and only if M ((x, U), —) is nearly
representable for all U € F(x).

Likewise, L(—,y) is familially nearly representable if and only if M (—, (y,V)) is nearly
representable for all V € G(y).

This proves the proposition.

n

Under the assumption of Theorem 7.9, if L is slicewise familially nearly representable,
the factorization theorem can apply to M, from which a factorization for L results. We
refrain from going into details.

11.3. PROPOSITION. Let L: B® xC — Set be a distributor. The following are equivalent.
(i) L is slicewise familially nearly representable.
(ii) There exist a discrete fibration p:B' — B, a discrete cofibration ¢:C' — C, a
slicewise nearly representable distributor L': B'® x C' — Set, and an isomorphism L =
(p < ghlL'.
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PROOF. We have shown that (i) implies (ii). Let us show the converse. Let p: B — B be
a discrete fibration, ¢:C" — C a discrete cofibration, and L': B’? x C' — Set a slicewise
nearly representable distributor. We shall show that (p x ¢),L’ is slicewise familially nearly
representable.

We may assume that B’ = E(H) for a functor H: B°® — Set and ' = E(K) for a
functor K:C — Set, and p, ¢ are the natural projections.

For z € B we have by Proposition 2.6 that

(px ghL)(z, =)= [] a@((xa),-)).

a€H(x)

By assumption L'((z,a), —): E(K) — Set is nearly representable. By Proposition 3.5 it
follows that /(L' ((x,a), —)):C — Set is nearly representable. Hence ((p x ¢)\L)(z, —) is
familially nearly representable.
Argue similarly for ((p x ¢)|L')(—,y).
]

We have also the notion of a slicewise familially representable distributor. By the
same argument as above we see that it is exactly the composite of a discrete fibration, a
slicewise representable distributor, and a discrete cofibration.

11.4. REMARK. A distributor L: B°? x C — Set whose one-sided slice L(x,—) for every
x € B is familially representable is the same thing as a familially representable functor

C — [B°P, Set] in the sense of [Leinster, 2004, Appendix C.3].
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