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LEFT-INVARIANT VECTOR FIELDS ON A LIE 2-GROUP

EUGENE LERMAN

ABSTRACT. A Lie 2-group G is a category internal to the category of Lie groups.
Consequently it is a monoidal category and a Lie groupoid. The Lie groupoid structure
on G gives rise to the Lie 2-algebra X(G) of multiplicative vector fields, see [2]. The
monoidal structure on G gives rise to a left action of the 2-group G on the Lie groupoid
G, hence to an action of G on the Lie 2-algebra X(G). As a result we get the Lie
2-algebra X(G)¢ of left-invariant multiplicative vector fields.

On the other hand there is a well-known construction that associates a Lie 2-algebra g
to a Lie 2-group G: apply the functor Lie : LieGp — LieAlg to the structure maps of the
category G. We show that the Lie 2-algebra g is isomorphic to the Lie 2-algebra X(G)¢
of left invariant multiplicative vector fields.

1. Introduction

Recall that a strict Lie 2-group G is a category internal to the category LieGp of Lie groups
(the notions of internal categories, functors and natural transformations are recalled in
Definition 2.3). Thus G is a category whose collection of objects is a Lie group Gy, the
collection of morphisms is a Lie group GG; and all the structure maps: source s, target ¢,
unit 1: Gy — G, and composition * : Gy X, g+ G1 — G1 are maps of Lie groups.

There is a well-known functor Lie : LieGp — LieAlg from the category of Lie groups to
the category of Lie algebras. The functor Lie assigns to a Lie group H its tangent space
at the identity h = T, H. The Lie bracket on b is defined by the identification of T, H with
the Lie algebra of left-invariant vector fields on the Lie group H. Toamap f: H — L
of Lie groups the functor Lie assigns the differential T, f : T.H — T.L, which happens
to be a Lie algebra map. Consequently given a Lie 2-group G = {G; = G} we can
apply the functor Lie to all the structure maps of G' and obtain a (strict) Lie 2-algebra
g={g1 = go}-

On the other hand, any Lie 2-group happens to be a Lie groupoid. In fact, it is an
action groupoid [1, Proposition 32] (see also Corollary 2.7 below). Hepworth in [6] pointed
out that any Lie groupoid K possesses a category X(K) of vector fields (and not just a
vector space). The objects of this category are well-known multiplicative vector fields of
Mackenzie and Xu [9]. Multiplicative vector fields on a Lie groupoid naturally form a
Lie algebra. It was shown in [2] that the space of morphisms of X(K) is a Lie algebra
as well, and moreover X(K) is a strict Lie 2-algebra (that is, a category internal to Lie
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algebras). One may expect that for a Lie 2-group G one can define the Lie 2-algebra
X(G)¢ of left-invariant vector fields on G and that this Lie 2-algebra is isomorphic to the
Lie 2-algebra g. But what does it mean for a Lie 2-group to act on its Lie 2-algebra? And
what does it mean to be left-invariant for such an action? We proceed by analogy with
ordinary Lie groups.

A Lie group H acts on itself by left multiplication: for any x € H we have a dif-
feomorphism L, : H — H, L,(a) := xa. These diffeomorphisms, in turn, give rise to a
representation

\: H — GL(X(H))

of the group H on the vector space X (H) of vector fields on the Lie group H. Namely,
for each x € H, the linear map A\(x) : X(H) — X(H) is defined by

Mz)v:=TLyovo L,

for all vector fields v € X'(H). Next recall that given a representation p : H — GL(V') of
a Lie group H on a vector space V the space V' of H-fixed vectors is usually defined by

VI ={veV |px)v=vforalaxec H}.

The space V¥ has the following universal property: for any linear map f : W — V (where
W is some vector space) so that

p(x)of=f

for all z € H, there is a unique linear map f : W — V¥ so that the diagram

7\

VH

V

commutes. Here 2 : V < V is the inclusion map. If we view the group H as a category
BH with one object x and Hompy (%,%) = H, then the representation p : H — GL(V)
can be viewed as the functor p : BH — Vect (where Vect is the category of vector spaces
and linear maps) with p(*) = V. From this point of view the vector space VI of H-fixed
vectors “is” the limit of the functor p:

VH =1lim(p: BH — Vect).

Consequently the vector space X (H) of left-invariant vector fields on a Lie group H is
the limit of the functor A\ : BH — Vect with A(x) = X(H) and A(z)v = T L, ov o L,
forall z € Hyv e X(H):

X(H)" =1lim(\ : BH — Vect).
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Now consider a Lie 2-group GG. Each object x of G gives rise to a functor L, : G — G
which is given on an arrow b << a of G by

Lx(b@a):xb&x-a.

Here - denotes both multiplications: in the group Gy and in the group G;. The symbol
1, stands for the identity arrow at the object z. For any arrow y <~ z of G there is a

natural transformation
L,:L,= L,

The component of L, at an object a of G is defined by

Lv(a):y-aﬂ'—l“:na.

The proof that L, is in fact a natural transformation is not completely trivial; see
Lemma 3.8.

Next recall that there is a tangent (2-)functor T : LieGpd — LieGpd from the category
of Lie groupoids to itself. This functor is an extension of the tangent functor 7" : Man —
Man on the category of manifolds. On objects T" assigns to a Lie groupoid K its tangent
groupoid T'K. On morphisms T assigns to a functor f : K — K’ the derivative T'f :
TK — TK'. To anatural transformation o : f = f’ between two functors f, f': K — K’
the functor T assigns the derivative Taw (note that a natural transformation « is, in
particular, a smooth map « : Ky — K], so Ta : TKy — TK/ makes sense). Note also
that the projection functors mx : TK — K assemble into a (2-)natural transformation
m:1T = idLierd'

Given an object z of a Lie 2-group G there is a functor A(z) : X(G) — X(G) from the
category of vector fields on the Lie groupoid G to itself (see Lemma 3.12 and the discussion
right after it). It is defined as follows: given a multiplicative vector field v : G — T'G, the
value of A(z) on v is given by

Ax)(v) ==TLyovo L.
The value of A\(z) on a morphism « : v = w (i.e., on a natural transformation between

the two functors) of X(G) is the composite

P
TG=ETG |© a<—-G.
"

That is,
Mz) (o) :==TL, v Ly,

the whiskering of the natural transformation « by the functors T'L, and L,-1. Note that
AMz) o Mzt = idx@) = Ma™') o A(z). And, more generally, A(z) o A(y) = A(z - y) for
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all objects z, y of the Lie 2-group G. For any arrow y < z in the category G we have a
natural transformation A(y) : A(z) = A(y): its component

A(Y)v: A(z)v = Ay)v

at a multiplicative vector field v is given by the composite

TLy L,
T . VTR
7¢_ |, ra<—a_ |nra.
~_7 ~_
TL, L, 1

T

We can always think of a Lie 2-algebra X(G) as a 2-vector space (i.e., a category inter-
nal to the category of vector spaces) by forgetting the Lie brackets. A 2-vector space
has a strict 2-group of automorphisms. By definition the objects of this 2-group are
strictly invertible functors internal to the category of vector spaces and the morphisms
are natural isomorphisms (also internal to the category of vector spaces). We denote the
2-group of automorphisms of X(G) by GL(X(G)). The functors A(z) and the natural
transformations A(7) described above assemble into a single homomorphism of 2-groups
A G — GL(X(Q)) (i-e., a functor internal to the category of groups), which we can think
of as the “left regular representation” of the Lie 2-group G on its category of vector fields
X(G). The main result of the paper may now be stated as follows.

1.1. THEOREM. Let G be a (strict) Lie 2-group, g its Lie 2-algebra obtained by applying
the Lie functor to its structure maps, X(G) the Lie 2-algebra of multiplicative vector fields,
and A : G — GL(X(G)) the representation of G on the 2-vector space X(G) of multiplica-
tive vector fields which arises from the left multiplication as described above. There is a
natural 1-morphism p : g — X(G) of Lie 2-algebras which is fully faithful and injective on
objects. Hence the image p(g) of the functor p is a full Lie 2-subalgebra of X(G).

Moreover the inclusion p(g) — X(G) is the strict conical 2-limit of the functor X :
G — GL(X(@G)). Hence the Lie 2-algebra g is isomorphic to the Lie 2-algebra X(G)% :=
lim(\ : G — GL(X(Q))) of left-invariant vector fields on the Lie 2-group G.

RELATED WORK. Higher Lie theory is a well-developed subject. The ideas go back to
the work of Quillen [11] and Sullivan [15] on rational homotopy theory. The problem of
associating a Lie 2-algebra to a strict Lie 2-group is, of course, solved by applying a Lie
functor to the Lie 2-group. In fact a much harder problem has been solved by Severa
who introduced a Lie-like functors that go from Lie n-groups to L.-algebras and from
Lie n-groupoids to dg-manifolds [12, 13]. In particular one can use Severa’s method to
differentiate weak Lie 2-groups [7].

An even harder problem is that of integration. We note the work of Crainic and
Fernandes [3], Getzler [4], Henriques [5] and Severa and Siran [14].
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OUTLINE OF THE PAPER.

In Section 2 we fix our notation, which unfortunately is considerable. We recall the defi-
nitions internal categories, of 2-groups, Lie 2-groups, Lie 2-algebras and 2-vector spaces.
We then recall the interaction of composition and multiplications in a Lie 2-group and
the fact that any Lie 2-group is a Lie groupoid. We discuss the category of vector fields
X(K) on a Lie groupoid K and the fact that this category is naturally a Lie 2-algebra.
In particular we discuss the origin of the Lie bracket on the space of morphisms of X(K).

In Section 3 we discuss the 2-group of automorphisms of a category. We define an
action of a 2-group on a category and express the action in terms of a 1-morphism of
2-groups. We show that the multiplication of a Lie 2-group G leads to an action L : G —
Aut(G) of the group on itself by smooth (internal) functors and natural isomorphisms.
We show that an action of a Lie 2-group G on a Lie groupoid K by smooth (internal)
functors and natural isomorphisms leads to a representation of GG on the on the 2-vector
space X(K) of vector fields on K. In particular left multiplication L : G — Aut(G) leads
to a representation A : G — GL(X(G)) of a Lie 2-group G on its 2-vector space of vector
fields. Various results of this section may well be known to experts. I don’t know of
suitable references.

In Section 4 for a Lie 2-group G we construct a 1-morphism of Lie 2-algebras p : g —
X(G) which is fully faithful and injective on objects. Consequently the image p(g) is a
full Lie 2-subalgebra of the Lie 2-algebra of vector fields X(G).

Finally in Section 5 we show that the inclusion i : p(g) — X(G) is a strict conical
2-limit of the left regular representation A : G — GL(X(G)).

ACKNOWLEDGMENTS. The paper is part of a joint project with Dan Berwick-Evans. I
am grateful to Dan for many fruitful discussions.

I thank the referee for the careful reading of the paper and for many interesting and
helpful comments.

2. Background and notation

2.1. NOTATION. Given a natural transformation « : f = g between a pair of functors
f,9: A — B we denote the component of a at an object a of A either as «, or as «a(a),
depending on readability.

2.2. NOTATION. Given a category C we denote its collection of objects by Cy and its
collection of morphisms by C;. The source and target maps of the category C are denoted
by s,t : C; — Cg, respectively. The unit map from objects to morphisms is denoted by
1:Cy — C;. We write

%1 Cy Xgc0t C1 — Cy, (0,7) — o %7
to denote composition in the category C. Here and elsewhere

Co =G X0t Gt = {(12,m1) € G1 x G1 [ s(72) =t(m)}
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denotes the fiber product of the maps s : C; = Cy and t : C; — C,.

In this paper there are many Lie 2-algebras, compositions and multiplications. For the
reader’s convenience we summarize our notation below. Some of the notation has already
been introduced above. The explanation of the rest follows the summary.

SUMMARY OF NOTATION.

s,t:C — G The source and target maps of a category C.

*:1C X006 G =G The composition map of a category C.

1:Co—C The unit map of a category C.

1, € ¢ the value of the unit map 1 : Cy — C; on an object x of
C.

gaf the whiskering of a natural transformation o : £ = h by

functors ¢ and f:

k
VRN
s =0 [a-ton

h
G ={G; = Gy} a Lie 2-group with the Lie group Gy of objects and G
of morphisms.
eg € Gg, 1 € Gy the multiplicative identities in the Lie groups G and G4
respectively.
g=1{91 = 9o} the Lie 2-algebra of a Lie 2-group G obtained by apply-

ing the Lie functor to the objects, morphisms and the
structure maps of G: go = 1¢,Go, 91 = 1¢,G;.

Z(G) the Lie 2-algebra of a Lie 2-group G whose objects are
the left-invariant vector fields on the Lie group G, and
morphisms are the left-invariant vector fields on the Lie
group (. It is isomorphic to g.

X (M) the Lie algebra of vector fields on a manifold M.

-orm the multiplication of the Lie 2-group G. We may view
m as a functor. It has components m; : G; x G; — G,
and mg : Gy X Gg — Gy. We may abbreviate m; and
mo as m.

eorTm: TG x TG — TG The derivative of the multiplication functor m : GXG —
G.
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*:TKy Xpg, TK; — TK  the composition in the tangent groupoid T'K of a Lie
groupoid K;  is the derivative of the composition

*ZKl XKDKl—)Kl.

X(K) the Lie 2-algebra of vector fields on a Lie groupoid K or
the 2-vector space underlying the Lie 2-algebra.

L,:Z—>7Z left multiplication diffeomorphism of a Lie group Z de-
fined by an element z € Z: L,(2') = 22/ for all 2/ € Z.

L,:G—( the functor from a Lie 2-group G to itself defined by the
left multiplication by an object x of G.

L,:L,= L, the natural transformation between two left multiplica-
tion functors defined by an arrow = - y in a Lie 2-group
G.

Az) : X(G) = X(G) the 1-morphism of the 2-vector space X(G) induced by

an object x of G. It is induced by the left-multiplications
functors TL, : TG — TG and L,-1 : G — G.

A7) s Az) = AMy) the 2-morphism of the Lie 2-algebra X(G) induced by
5 . .
an arrow r — y in the Lie 2-group G.

2.3. DEFINITION. Recall that given a category C with finite limits one can talk about
categories internal to C [10]. Namely a category C' internal to the category C consists of
two objects Cy, Cy of C together with a five morphisms of C) s,t : C1 — Cy (source,
target), 1 : Cy — Cy (unit) and composition/multiplication * : Cy X ¢, C1 — C satisfying
the usual equations. Similarly, given two categories internal to C there exist internal
functors between them. Internal functors consists of pairs of morphisms of C satisfying the
appropriate equations. And given two internal functors one can talk about internal natural
transformations between the functors. The categories C of interest to us include groups,
vector spaces, Lie groups and Lie algebras. The resulting internal categories are called
2-groups (also known as cat-groups, categorical groups, gr-categories and categories with a
group structure), Baez-Crans 2-vector spaces, Lie 2-groups and Lie 2-algebras, respectively.

We note that in particular a Lie 2-group G has a Lie group Gq of objects, a Lie group
(G of morphisms and all the structure maps: source s : G; — Gy, target t : G; — Gy,
unit 1 : Gy — G4 and composition * : Gy X g,+ G1 — G1 are maps of Lie groups (the
Lie group structure on Gy := G Xs5,+ G1 — G; is discussed below). We denote the
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multiplicative identity of the group Gy by ey. Since 1 : Gog — G is a map of Lie groups,
the multiplicative identity e; of GGy satisfies

€1 = 160.

We denote the Lie group multiplications on G5 and Gy by my and mg respectively. Since
the category of Lie groups has transverse fiber products, the fiber product Gy = G1 X5 g+
(71 is a Lie group. We denote the multiplication on this group by mso. If we identify G,
with the Lie subgroup of G; x G1:

Gy ={(0,7) € Gi1 x Gy | s(0) = t(7)},

then the multiplication ms is given by the formula

ma((02,72), (01, ) = (Mm1(02, 1), m1(v2, 1))

Alternatively, using the infix notation - for the multiplications the formula above amounts
to

(02,72) : (01,71) = (02 *01,72 ’Yl)-

The following lemma is well-known to experts and is easy to prove. None the less it is
crucial for many computations in the paper.

2.4. LEMMA. Let G = {G1 = Gy} be a Lie 2-group with the composition x : Gy =
G1 X¢, G1 — Gy and multiplication my : Gy x G1 — Gy, (v,0) — v-0. Then

(02 % 01) - (72 ¥ 1) = (02 - 72) * (01 - M), (2.1)

Jor all (02701), (’Yth) € Gy =Gy X s,Go,t G.

PROOF. Since the composition * : Gy — G is a Lie group homomorphism,

*((02,01) - (12,71)) = (*(02,01)) - (x(72,m))- (2.2)
On the other hand
(09,01) - (2, M) = (02 72,01 - M) (2.3)
while
(#(g,01)) - (%(72,71)) = (02 % 01) - (72 % 1) (2.4)

when we switch from the prefix to infix notation. Similarly,

(09 - 72,01 - 1) = (02 72) * (01 - ). (2.5)

Therefore
(02 72) * (01 - m1) = (02 % 01) - (y2 * 71)-
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2.5. COROLLARY. The multiplications m; : G; X G; — G;, 1 = 0,1 on a Lie 2-group G
assemble into a functorm : G x G — G.

PROOF. Omitted. |

Equation (2.1) also implies that the multiplication functor m : G x G — G and the
composition homomorphism * : Gy X5, Gi — G in a Lie 2-group G are closely related.
In fact they determine each other [10]. For the convenience of the reader we recall a proof
that the multiplication functor m determines the composition homomorphism :

2.6. LEMMA. For any two composable arrows o, of a Lie 2-group G with s(o) = b = t(y)
oxy=71p-1-0.

Here as before s, t : Gi — G are the source and target maps, 1,-1 denotes the unit arrow
at the object b=t of G, - stands for the multiplication m, on the space of arrows Gy of the
Lie 2-group G and * : Gy Xg, G1 — G 1is the composition homomorphism.

PROOF. We follow the proof in [10, p. 186]. Note that since 1 : Gy — G; is a homomor-
phism, the inverse 1b_1 of 1, with respect to the multiplication m; is 1,-1. We compute

oxy = (- (11 0) * (v- (1, - 1))
= (Lxy)- (1, - 0)* (1,1 1)) by (2.1)
v (LY (0% 1) by (2.1) again
= y-1,1-0 since 1, %1, =1, for all z € Gy and (1,)"' = 1,-1.

Lemma 2.6 has a well-known corollary: any Lie 2-group is a Lie groupoid. In fact we
can be more precise:

2.7. COROLLARY. A Lie 2-group G is isomorphic, as a category internal to the category
of manifolds, to the action groupoid {K x Gy = Gy} where K is the kernel of the source
map s : G — Gy and the action of K on Gq is given by

kox :=tk) x

for all (k,x) € K x Gy. As before t : Gy — Gq is the target map.

PROOF SKETCH OF PROOF. The isomorphism of categories ¢ : G — {K x Gy — Gy} is
defined to be identity on objects. On arrows ¢ is given by

v1(y 7 x) = (711, 2).
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2.8. REMARK. The same argument shows that any 2-group (i.e., a category internal to
the category of groups) is an action groupoid.

We next recall the definitions of the 2-categories of Lie 2-algebras and of 2-vector
spaces.

2.9. DEFINITION. Lie 2-algebras naturally form a strict 2-category Lie2Alg. The objects
of this 2-category are Lie 2-algebras, the 1-morphisms are functors internal to the category
LieAlg of Lie algebras and 2-morphisms are internal natural transformations.

2.10. DEFINITION. 2-vector spaces naturally form a strict 2-category 2Vect. The objects
of this 2-category are 2-vector spaces. The 1-morphisms of 2Vect are internal functors
and 2-morphisms are internal natural transformations.

2.11. REMARK. There is an evident forgetful functor U : Lie2Alg — 2Vect. We will
suppress this functor in our notation and will use the same symbol for a Lie 2-algebra
and its image under the functor U, that is, its underlying 2-vector space.

2.12. THE LIE 2-ALGEBRA X(K) OF MULTIPLICATIVE VECTOR FIELDS ON A LIE
GROUPOID K.

In this subsection we recall some of the results of [2]. We start by recalling the definition
of the category of multiplicative vector fields X(K') on a Lie groupoid K, which is due to
Hepworth [6].

2.13. DEFINITION. A multiplicative vector field on a Lie groupoid K = {K; = Ky} is a
functorv : K — TK so that mgov = idg. A morphism (or an arrow) from a multiplicative
vector field v to a multiplicative vector field w is a natural transformation o : v = w so
that i (a(x)) = 1, for any object x of the groupoid K.

Multiplicative vector fields and morphisms between them are easily seen to form a
category: the composite of two morphisms a : v = w and 3 : w = w is the natural trans-
formation [ o, «, where o, denotes the vertical composition of natural transformations.
That is, for any object x € K

(6 0y a)(z) = B(x) * afx)

where as before x : TKy xpg, TKy — TK; is the derivative of the composition * :
Ky X, K1 — K. Since g : TK — K is functor,

i (B(x) x a(x)) = 7 (B(2)) * T (a(x)) = 1, % 1, = 1,

for all x € K. Hence o, a is a morphism from v to w.
It is not hard to see that the collection X (K)o multiplicative vector fields form a vector
space [9]. Tt is a little harder to see that X(K) is a Lie algebra (op. cit.). However, the
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Lie bracket on X(K)y is easy to describe. A multiplicative vector field u : K — TK is, in
particular, a pair of ordinary vector fields:

u = (UO : K[) — TK(),Ul . Kl — TK1>
The bracket on X(K)g is defined by

(o, u1), (vo, v1)] = ([uo, vo], [u1, v1]).

To see that the definition makes sense one checks that ([ug, vo], [u1,v1]) is a functor from
K to TK; see [9].

The space of arrows X(K); is a Lie algebra as well and the structure maps of the
category X(K) are Lie algebra maps [2]. In other words the category X(K) underlies a
Lie 2-algebra.

The bracket on the elements of X(K'); ultimately comes from the Lie bracket on the
vector fields on the manifold K; [2]. But the relationship is not direct since the elements
of X(K); are not vector fields. In more detail, write an arrow o € X(K); as

a= (o= lgw)) + Lsw),

where 1 : X(K)y — X(K); is the unit map and s : X(K); — X(K)y is the source map
of the category X(K). Recall that for a multiplicative vector field X, the morphism
1x : X = X is defined by

Lx(z) = T1(Xo(x))

for all z € K. The multiplicative vector field s(«) satisfies

(s())o(x) = Ts(a(z))

for all x € Ky, where on the right hand side s : K7 — K| is, as before, the source map
for the Lie groupoid K. Then
Ts(a — Lga)) = 0,

hence a — I, is a section of the Lie algebroid Ax — Ky of the Lie groupoid K.

Recall that the Lie bracket on the space of sections I'(Af) of the Lie algebroid Ak is
constructed by embedding I'(Af) into the space of vector fields on K as right-invariant
vector fields. That is, one constructs a map

Jj:T(Ag) — X(K;)
by setting
(o) (7) := TRy (a(t())) (2.6)
for all v € K;. The map R, : s~ '(¢t(vy)) — K; is defined by composition with v on the

right:
Ry () i=p*y
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for all p € Ky with s(u) = t(y).
We now recall the construction of a Lie algebra structure on the space X(K); (see [2]
where the details of the construction are phrased somewhat differently). Define

J:X(K) — X(K,)

by setting
J(@) = j(a — Lyw) + (). (2.7)

The map J is injective and its image happens to be closed under the Lie bracket. So for
a, € X(K); we can (and do) define the Lie bracket [a, 8] to be the unique element of
I (e, B]) = [J (@), J(B)].

One checks that the category X(K') of multiplicative vector fields with the Lie algebra
structures on the spaces of objects and morphisms does form a Lie 2-algebra; see [2].

3. Actions and representations of Lie 2-groups

The goal of this section is to construct a representation A : G — GL(X(G)) of a Lie
group G on its 2-vector space X(G) of vector fields induced by the action of G on itself by
left multiplication. This is the representation briefly described in the introduction. We
start by recalling some well-known material about actions of Lie 2-groups. Recall that a
2-group is a category internal to the category of groups and a homomorphism of 2-groups
is a functor internal to the category of groups (cf. Definition 2.3).

3.1. DEFINITION. [the 2-group Aut(K)| Let K be a Lie groupoid. The 2-group Aut(K)
of automorphisms of K is defined as follows.

The group of objects Aut(K ) consists of strictly invertible smooth (i.e., internal)
functors f : K — K. The group operation on Aut(K )y is the composition of functors. The
group of morphisms Aut(K); is the group of (smooth) natural isomorphisms under vertical
composition. The composition homomorphism * : Aut(K)1 X aug(i), Aut(K); — Aut(K);
1s the horizontal composition of natural isomorphisms. There are also evident source,
target and unit maps:

o «Q id
s(f2g)=f tf=59=9 UH=ZF
Note that the component of idy at an object v € Ky 1s

idf(.I‘) = 1f($),

the unit arrow on the object f(z) of K.
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3.2. DEFINITION. A (strict left) action of a Lie 2-group G on a Lie groupoid K is a
functor a: G x K — K so that the two diagrams

idG Xa

GxGE@xK——GxK Gx K a K
mxidy a and exidg / (3.1)
Gx K K K

a

commute. Here as before m : G x G — G is the multiplication functor. The functor
e x idg is defined by (e X idg) (o) = (e1,0) for all arrows o of K, where as before e; € Gy
18 the multiplicative identity.

3.3. NOTATION. Given an action a: G x K — K a Lie 2-group G on a Lie groupoid K
it will be convenient at times to abbreviate a(x,b) as x - b for any two objects x of G and
b of K. Similarly we abbreviate a(y, o) as v - o for arrows y of G and o of K.

3.4. REMARK. In the notation above the fact that a: G x K — K preserves the compo-
sition of arrows translates into

(2 *m1) - (02 % 01) = (12 - 02) * (71 - 01) (3.2)
for any two pairs of composable arrows (72,71) € G Xg, G1 and (09,01) € Ky Xk, K.

3.5. LEMMA. An action a: G x K — K of a Lie 2-group G on a Lie groupoid K gives
rise to a homomorphism of 2-groups

a:G — Aut(K). (3.3)
In particular for each object © € Gy there is a functor a(x) : K — K satisfying
a(z) (b < a) =202 g q

for all arrows b < a of the groupoid K. And for each arrow y <~y of G there is a natural
transformation a(vy) : a(x) = a(y) satisfying

a(y)(b) =71
for all objects b of K.
3.6. REMARK. The functor (3.3) is a homomorphism of 2-groups if and only if
e . Lidge .
1. aep <& ep) = (idx < idg) and

2. a(vyy - 711) = a(72) oner (1) for any pairs of arrows 79,7y, of G. (Here as before -
denotes the multiplication in the Lie group Gy.)
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3.7. REMARK. Recall that given four functors and two natural transformations as below

n h
C/EB\B/E“\A
\T/ \7/

the component (5 op, )(a) of the horizontal composition of  and « at an object a € Ag
is given by
(B onor ) (a) = 59(@ * ()

where * : C; x¢, C; — C; is the composition in the category C.

PrROOF OoF LEMMA 3.5. Since a : G x K — K is a functor, for any two composable
arrows oq, 01 in K and for any object x of G

a(l,, o0 x01) = a((1y,02) * (1,,01)) = a(l,, 09) xa(ly, 01).
We also have a(1,,09 % 01) = a((14,02) * (15,01)) and a(1,,09) * a(l,,01) = a(x)(og) *
a(z)(oq). Hence
a(z)(oyx01) = a(x)(o9) *x a(x)(oy).
We conclude that a(z) is a functor for all objects x of the 2-group G.

To check that for an arrow z - y in G, a(y) is a natural transformation from the
functor () to the functor a(y) we need to check that for any arrow b <~ a in K

a(y)(b) xa(z)(0) = a(y) (o) « a(y)(b). (3.4)

Now
a(y)(b) xa(z)(o) = (v-1)*(la-0)
= (yx1,) (I x0) (since a is a functor)
= v-o0.
Similarly

a(y)(o)xa()(b) =v-o
as well. Hence (3.4) holds and a(y) is a natural transformation. Since K is a groupoid
a(7) is a natural isomorphism.
It is easy to see that a(eg) is the identity functor idx and that a(e;) is the identity
natural isomorphism 1lig, .
To prove that a is a homomorphism of 2-groups it remains to check that
a(y2 - m) = a(y2) onor a(m) (3.5)
for all arrows v9,v; of G. This is a computation. Fix an object a of K. Then
a(72) onor (1) = a(y2)(a(m)a) * (a(x2) (aly)a) (by Remark 3.7)
= (72 Llya)* (Lo - (1 - 1a)) (by definition of a)
= Y- (m-1a) = (92:]m1) - 1o (since the left diagram in (3.1) commutes)
= a(2-m)(a)
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3.8. COROLLARY. For any Lie 2-group G there is a homomorphism of 2-groups

Ly

L:G—Aut(G), (¢25y)— (L 2 L) (3.6)

where the smooth functors L, : G — G are defined by

and the natural isomorphisms L., : L, = L, are defined by
Ly(a) =7-1q

for all objects a of G. Here - denotes the multiplication in the group Gy and in the group
Gy.

PrOOF. The multiplication functor m : G x G — G is an action of the Lie 2-group G on
the Lie groupoid G. Now apply Lemma 3.5. m

3.9. LEMMA. Let G be a 2-group and K a Lie groupoid. A homomorphism p : G —
Aut(K) induces a homomorphism

Tp:G — Aut(TK), To(x 5 y) = Tp(x) e Tp(y).

PROOF. The homomorphism T'p is obtained by composing the functor p with the tangent
2-functor 1" : LieGpd — LieGpd. [

3.10. NOTATION. We denote the 2-vector space underlying the Lie 2-algebra of vector
fields on a Lie groupoid K by the same symbol X(K).

3.11. DEFINITION. [the 2-group GL(V)] Let V' be a 2-vector space. We define the 2-
group GL(V') of automorphisms of a 2-vector space V' as follows. The group of objects
GL(V)o consists of strictly invertible linear (i.e., internal) functors f : V. — V. The
group operation on GL(V)y is the composition of functors. The group of morphisms
GL(V); is the group of internal natural isomorphisms under vertical composition. The
composition homomorphism * : GL; xXqr, GL; — GL; s the horizontal composition of
natural isomorphisms. There are also evident source, target and unit maps:

S(f3g)=f tfSg=g 1H=>FZ0.

3.12. LEMMA. Let G be a Lie 2-group and K a Lie groupoid. A homomorphism ¢ :
G — Aut(K) of 2-groups (i.e., a functor internal to the category of groups) gives rise to
a homomorphism of 2-groups

d: G — GLX(K)),

a representation of the 2-group G on the 2-vector space of vector fields on the Lie groupoid

K.
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PROOF. As a first step given an object z of G we would like to define a functor ®(x) :
X(K) — X(K) by setting

@ To(x /1_’\ x~ L
B(2)(v S w) = TKLITK |« k¢
"~

w

for all arrows v = w in the 2-vector space X(K). An object of X(K) is a functor
v: K — TK with 7 ov = idg. Since ¢(z7!) and T'p(x) are functors,

O(2)v = Typ(x)ovopa™)
is a functor. Moreover

To (P(x)v) = moTp(x)ovop(z™)
= @(x)owovo¢(x—1) sincemroTyp =pom

= () oidg o p(z™") = idg.

Hence ®(x)v is an object of X(K) for all x € G and all v € X(K)o.

An arrow in X(K) from an object v to an object w is a natural transformation « :
v = w with 7 = 1iq,. Now since ®(z)a is obtained from a natural transformation
a by whiskering with functors (namely ®(x)a = To(z)ap(z™!)), ®(x)a is a natural
transformation from ®(x)v to ®(x)w. Additionally

T(@(z)a) = wTp(x)ap(z™")
= p(z)map(z™)
= (@) liap(@™") = Liay-
Hence ®(z)a is an arrow in the 2-vector space X(K'). Finally the purported functor
®(x) preserves composition of arrows because whiskering by functors commutes with the
vertical composition of natural transformations. We conclude that ®(z) : X(K) — X(K)
is a well-defined functor.

Since the components T'o(x)y : TKy — TKy and T¢, : TKy; — TK,; are fiberwise
linear, for any scalars ¢,d € R and any two multiplicative vector fields v,w : K — TK

O(z)(cv + dw) = cP(x)v + dP(x)w.

Similarly for any two arrows oy : v = wy, g : V3 = ws, any two scalars c¢1,co € R and
any object a of K

O(z)(c101 + cp09) (a) = Tp(z)(cran(p(z™)(a) + coaz(p(a™")(a))
al(T(@)anp(x™"))(a) + co(Tp(w)azp(a™"))(a)
= (a1 P(x)as + 2P (z)s)(a).
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We conclude that ®(x) is a 1-morphism of 2-vector spaces.

Given an arrow 2 <~ y in G we would like to define a natural transformation ®(v) :
®(z) = P(y) by setting

To(y) ely™)
T v =
(Y= TK _|ree) TK<—K_ [eer) K
~2r \_/
To(x) e(z1)

for all multiplicative vector fields v : K — TK. By construction ®(v)v is a natural
transformation from T(x)ovop(z™!) = ®(x)v to Tp(y)ovop(y~t) = ®(y)v. Moreover

T(@(y)v) = 7Te(r)ve(y)
= ey (rov)e(y™)
= ©(7) Overt Lidge Overt ©(7)
= L, ( since ¢ is a homomorphism).

We conclude that for any multiplicative vector field v the natural transformation ®(vy)v
is an arrow in the 2-vector space X(K).

It is easy to check that ®(v) : X(K)y — X(K); is linear. We now check that ®(v) is
an actual natural transformation from ®(z) to ®(y). That is, we check that for any arrow
v = w in X(K) the diagram

O(x)w O(x)v

<I>(v)wM “Cb(v)v
(y)a

P(y)w === P(y)v

P(z)a

commutes in the category X(K'). By definition the composition of the arrows ®(v)w and
®(z)a is the vertical composition of the diagrams

v

T TN -1
re2OTK | k2 ¢
~__
and
To(y) e(y™h)
VTS w T T~
TK HTso(v) TK<—K ﬁw(v‘l) K
~ \_/
To() ezt
which is

T@(V) Ohor & Ohor 90(7_1)'
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Similarly
D(y)cx opers B(Y)x = TP(7) Ohor @ Opor 9(7")
as well. Therefore ®() : &(x) = ®(y) is a 2-morphism of 2-vector spaces.

We finish the proof by checking that ® is a homomorphism of 2-groups. Clearly
P(eg) = idxxy and (1) = Liay,- For any two objects zq, 21 of G o(zy - 11) =
o(x2) o p(x1) and T(xy - x1) = Tp(xa) o Tp(x1) Consequently for any multiplicative
vector field v

O(zy-2)v = T(p(ay-21)0vop((zy-71)7")
= Tip(x2) 0 Tip(z1) ovop(ay ) o play ')
= O(z2)(P(x1)v).

Checking that ®(vs - v1) = P(72) opor P(71) is @ bit more involved. Note first that
w(12 - 1) = ©(72) Phor (M)
since ¢ is a homomorphism (1-morphism) of 2-groups. Similarly
To(v2 - m1) = Te(12) onor Tp(1)-

Recall that the arrows in the category GL(X(K)) are natural isomorphisms, and that the
composition of arrows in GL(X(K)) is the vertical composition. Hence by Remark 3.7 for
any object u of X(K),

(®(72) onor (1)) (1) = (P(72)(P(y1)w)) Cvert (P(2)(P(71)u)) -

Since
To(y1) ey ") 1
To(x TN ” TR (x3h)
(®(a2)(@(n)u) =  TK < rr ™ o) TK <% K7 ot K20 K
~2"~
To(x1) ga(xfl)
and
To(x2) ) ey ")
AT Tp(y1) u e(yr ) RS
(1) (D(y)u) = TKMTK P TR < g <R KJ@K,
To(ys) olzy ")

(@(12)(@(y1)u)) Svert (B(22)(@(1)u)) = (Te(72) onhor Te(11)) u (9(17) Ohor (12 1))
(Te)(v2 - M) ue((y2- 1))
= (2 -m)u.

We conclude that (72 - 1) = ®(72) oner (71) for all arrows 7,7y, of the Lie 2-group G.
It now follows that ® : G — GL(X(K)) is a homomorphism of 2-groups. "
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We are now in position to construct the representation A : G — GL(X(G)) of a Lie
2-group G on its 2-vector space X(G) of vector fields coming from the multiplication on
the left.

3.13. LEMMA. Left multiplication on a Lie 2-group G induces a homomorphism of 2-
groups
A G — GL(X(G))
from G to the 2-group GL(X(G)) of automorphisms of the 2-vector space of vector fields
on the Lie groupoid G. For each object x of G, A(z) : X(G) — X(G) is a linear functor
with
o - TR L,

Az) (v=w)= TG T6 ﬂa GG
-

w

for each arrow v = w of G. Here as before L : G — Aut(G) is the homomorphism of

2-groups induced by multiplication on the left. For each arrow x = y of G, \(7) : Mz) —
Ay) is a natural isomorphism with

TLy L,-1
S » VTN
M= 716 |rmra<—a_ |n-1a
~—_" — ~_
TLy L,

x

for all objects v of the 2-vector space X(G).

ProOF. by Corollary 3.8 multiplication on G gives rise to a homomorphism of 2-groups
L: G — Aut(G). By Lemma 3.12 the homomorphism L gives rise to the homomorphism
A G — GL(X(@)). ]

4. A map of Lie 2-algebras p : g — X(G)

Recall that to a Lie 2-group G = {G; = Gy} one can associate a Lie 2-algebra g =
{91 =2 go} by applying the Lie functor to the Lie group Gy of objects, the Lie group G,
of morphisms and to the structure maps of G. That is, go = 1,,Go, g1 = 1., G1 and so
on. In this section we prove:

4.1. THEOREM. Let G be a Lie 2-group and g the associated Lie 2-algebra There is a
morphism of Lie 2-algebras p : g — X(G) from the Lie 2-algebra g to the Lie 2-algebra of
multiplicative vector fields X(G). Moreover the functor p is injective on objects and fully
faithful.

The theorem has an immediate corollary:

4.2. COROLLARY. The image p(g) of the functor p : g — X(G) is a full Lie 2-subalgebra
of the Lie 2-algebra of vector fields X(G). This 2-subalgebra p(g) is isomorphic to g.

We construct p as a composite of two of functors.
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4.3. A LIE 2-ALGEBRA .Z((G) ASSOCIATED TO A LIE 2-GROUP G.
Recall that to define a Lie bracket on the tangent space at the identity T, H of a Lie group
H one identifies T, H with the space of left-invariant vector fields X (H)? on H.
Similarly given a Lie 2-group G we define the Lie 2-algebra Z(G) as follows. We
define the Lie algebra of objects £ (G)o of Z(G) to be the Lie algebra of left-invariant
vector fields X(Gp)9 on the Lie group Gy. We define the Lie algebra of morphisms
Z(G); to be the Lie algebra X (G;)% of left-invariant vector fields on the Lie group Gj.
The source map s : Z(G); — Z(G)p is defined by setting the source of a vector field
a € Z(G); to be the unique left-invariant vector field v € Z(G)o which is s : G; — Gy
related to a. The target map t : Z(G); — Z(G)o is defined similarly. The unit map
1: Z2(G)y — Z(G); is defined by setting 1, to be the unique left-invariant vector field
on G which is 1 : Gy — G related to u € Z(G)y. The composition

® : g(G)l X 2(G)o g(G)l — X(G)l
is defined pointwise; it is induced by the composition
*: TGy XTa TG, — TG,

in the tangent groupoid TG (recall that * = T, where x : Gy Xg, G1 — G is the
composition in G). Thus ® is defined by

(a® B) (7)== a(y) x 6(7)

for all arrows v € Gy. Routine computations establish that Z(G) is indeed a Lie 2-
algebra.
There is an evident functor

t:g={T.,G1 =3 T,Go} = Z(G).

which sends a vector v € gg = T,,G to the corresponding left-invariant vector field ¢(v)
on the Lie group Gy and an arrow o : v — w € g1 = T, G to the corresponding left-
invariant vector field ¢(a)) on the Lie group G;. By definition of the Lie brackets on g
and on g; the maps ¢ : go — Z(G)o, { : g1 — Z(G); are Lie algebra maps. On the other
hand /¢ is also an isomorphism of categories — its inverse is given by evaluation at the
identities:

0B u— ) = Bler) :uley) — v/ (eg).

We next construct a functor ¢ : Z(G) — X(G). Given a left-invariant vector field u
on the Lie group Gy we define a multiplicative vector field g(u) as follows. We take the
object part q(u)y : Go — TGy to be u:

q(u)o == u. (4.1)
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We define q(u); : G; — TGy by setting

q(u)i(y) = (TLy 0 T1) (u(eo)) (4.2)

for all v € G;. Here and elsewhere in the paper £, : G; — G is the left multiplication
by v and TL, : TGy — TG, is its derivative. It is clear that both ¢(u)y and ¢(u); are
vector fields. It is less clear that ¢(u) : G — TG is a functor.

4.4. LEMMA. For any vector u € T,,Go the vector field q(u); : Gi — TGy defined by
(4.4) preserves composition of arrows:

q(w)1(y2 * 71) = (q(u)1(72)) * (q(w)1(11)) - (4.3)

for all composable arrows (y2,71) € G1 Xg, G1. Here as before x is the composition in the
Lie groupoid G and x is the composition in the tangent groupoid TG.

4.5. REMARK. For a manifold M and a point ¢ € M we write (¢, X) for the tangent
vector X € T, M. With this notation it is easy to see that

TL, (0, X) = Tm((7,0), (0, X))

for all v,0 € Gy, X € T,G;. Note also that since the composition x = Tx : T(G1 Xg,
G1) — TG, is fiberwise linear,

(72,0) % (71,0) = (72 * 71, 0).

PrROOF OF LEMMA 4.4. Recall that the tangent functor 7' : Man — Man extends to a
2-functor T : LieGpd — LieGpd on the 2-category of Lie groupoids. As a special case
(any Lie group is a Lie groupoid with one object) the functor 7" induces a functor on the
category LieGp of Lie groups. Consequently for a Lie 2-group G its tangent groupoid T'G
is a Lie 2-group as well. The unit map of the groupoid T'G is the derivative T'1 of the
unit map 1: Gy — G;. The interchange law (see Lemma 2.4) in the case of T'G reads:

Tm((p2 * p1), (va*xv1)) = Tm(pz, v2) x Tm(p, v1)) (4.4)

for all composable pairs (pg, it1), (v2, 1) € TGy X1, TG1. Now take v = 11 = T'1(u(ey))
which we abbreviate as 1. Then (4.4) reads:

Tm((p2 * pn), (14 1)) = (T'm(pz, 1))  (Tm(pa, 1)). (4.5)

Then by definition of g(u);, for any v € Gy

q(u)i(v) =TL,1=Tm((v,0),1).
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Therefore

qu)r (2 xm) = TLyy (1)
= Tm((72%7,0),1)
= Tm((72,0) % (71,0),1x1)
= Tm((72,0),1) *Tm((71,0),1) by (4.5)
= TL,(1)+TL., (1)
= (q(u)i(r2)) * (q(u)1(m)) -

It is easy to see that T'soq(u); = q(u)gos, Ttog(u); = q(u)pot and g(u);01 = T'log(u)o.
We conclude that ¢(u) = (q(u)o, q(u)1) : G — TG is a multiplicative vector field for any
left-invariant vector field v on the Lie group Gy. We thus have constructed the functor ¢
on objects.

An arrow v = u in Z(G) is a vector field a : G; — T'G; which is source map s related
to v and target map ¢ related to u. Define g(«) : Gy — T'G; by

gla) =aol, (4.6)

where as before 1 : Gy — G is the unit map. We need to check that ¢(a) is an arrow
in the category X(G) from ¢(v) to g(u). That is, we need to check that ¢(«) is a natural
transformation from ¢(v) to ¢(u) with

ma(q(a) (z)) =1, (4.7)

for all x € Gy.
Checking that (4.7) holds is easy. Since « is a vector field on Gy,

e (@) =7

for all v € (1. In particular 7, (a(1;)) = 1, for all x € Gy, which implies (4.7).
We now check that ¢(«) is in fact a natural transformation from the functor ¢(v) to
the functor ¢(u). Since « is s-related to v

Ts(q(e) (2)) = T's(a(1s)) = vo(s(1a)) = vo()

for all z € Gy. Since q(v)y = v it follows that the source of the putative natural
transformation ¢(«) : Gp — T'Gy is q(v). Similarly the target of ¢(«) is g(u). It remains
to check that ¢(«) is actually a natural transformation: that is, for any arrow x L yin
G, the diagram

g(v)(z) 20 (0)(y)
q(a)(x)l |q(a)(y)
() (2) ———a(u)(y)
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commutes in the category TG, i.e.,

q()(y) * q(v)(7) = q(y)(7) * q(a)(z). (4.8)

By definition of ¢(«),

Since « is left-invariant

Similarly

On the other hand,

9(0)(7) = TLy(Lug(eq)) = Tm((7,0), (Leg Lug(eo)))-

Similarly,
q(u)(y) = Tm((7,0), (Leg, Lug(en)))-
Now
q(a)(y) xp(v)(7) = Tm((1y,0), (Ley; a(ley))) * Tm((7,0), (Leg, v1(1ey)))
= Tm((ly, 0) * (”Y, 0)7 (1607 a<1€0)) * (160’ 1”0(50)))
= Tm((1,%7,0), (Le, 2(1ey)))
= Tm((’% 0)7 (1607 a(leo)))'
Similarly,
q(u)(y) *q(a)(x) = Tm((7,0), (Le, Lui.y))) ® Tm((12,0), (1ey; a(le,)))
= Tm ((77 0) * (117 0)7 ( €0 1U(1eo)>) * (1607 a(180>)
= Tm((7,0), (Ley, (Le,)))-

It follows that (4.8) holds. Hence ¢(«) is an arrow in X(G) from ¢(v) to q(u).

It is not hard to check that the map ¢ : Z(G) — X(G) constructed above is in fact a
functor. We need to check that ¢ is a map of Lie 2-algebras. For this it suffices to check
that qo : Z(G)o — X(G)g and ¢q; : Z(G); — X(G); are Lie algebra maps.

Recall that the Lie bracket of two multiplicative vector fields X = (X, X;) and
Y = (Y, Y1) is given by

[X> Y] = ([X0> }/E)]? [XI; le])

It follow from the definition of the functor ¢ on objects that for any two vector fields

u,v € Z(G)o

(1) [g(w)o,q(v)o] = q([u,v])o and
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(i) q([u,v]); is the unique left-invariant vector field on Gy which is 1-related to [u, v].
Hence

q([u, v])1 = la(w)1, g(v)].

We conclude that
q: X(G)o — X(G)o
is a map of Lie algebras.

We next check that ¢ : Z(G); — X(G); is also a map of Lie algebras. Recall the
construction of a Lie algebra structure on the space X(G); starts with the injective linear
map j : ['(Ag) — X(K7) that maps the section of the Lie algebroid Ag — Gy to the
corresponding right-invariant vector field (see (2.6)). We then embed X(G); into the space
of vector fields X(G;) by the map J (see (2.7)) and give X(G); the induced Lie algebra
structure: for «, 8 € X(G); their bracket [« 5] is the unique element of the vector space
X(G), with

I ([, B]) = [J(e), J(B)].
4.6. LEMMA. (We use the notation developed above.) For any left-invariant vector field
a € Z(G)=X(G)"
J(q(@)) = o
Hence q : Z(G); — X(G); is a Lie algebra map.

PROOF. Since G is a Lie 2-group, for any (0,v) € G1 X¢g, Gi

R(o)=0%xy="" (1t(7))_1 -0

by Lemma 2.6. Therefore for any curve o(7) in G; lying entirely in a fiber of the source
map s : G; — Gy with ¢(0) = 1, for some y € Gy

d d
= E O'(T)*’y

TRy(6(0)) ) =

v (L) o(r) = TLyq,)-1(6(0)).
0
It follows that for any section ¢ € I'(Ag) of the algebroid, j(¢) € X'(G;) is given by

3(Q) (V) = TLy 1,1 (C(E(7)))- (4.9)
Now, for any arrow « : u — v in Z(G);,
q(or) = aol:q(u) = q(v).
Hence for any arrow y - x in the Lie groupoid G

J(q(a)) (v) = jlg(a) = Lew)) + q(u)i(v)
TLy -1 (a(ly) = T1(u(y))) + TL,(q(u

)i(e))
( by (4.9) and left-invariance of g(u);)

= aly- (1) 1) = (TLyq,y-1 0 TLoTLy) u(eg) + TL(T1(u(ey))).
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Now for any z € G|

(Lyap-10loLy)(2) =7 (1) La=7-(1,)" -1, - 1.,
where the last equality holds since 1 : Gy — G is a homomorphism. Hence
L,qy10loLl, =L ol
and consequently
TL,q)y10T1oTL,=TL, 0TI

It follows that
J(q(a)) () = a(v)

for all v € G4 and all o € Z(G);.
Now by definition of the bracket on the vector space X(G)1, for any «, 5 € Z(G); the
bracket [¢(«), q(B)] is the unique element of X(G); such that

On the other hand
as well. Hence,

for all o, B € L(G);. =
We conclude that the functor

¢: 2(G) = X(G)

from the category .Z(G) of left-invariant vector fields on the Lie 2-group G to the category
X(G) of multiplicative vector fields on the Lie groupoid G is a l-morphism of Lie 2-
algebras. By construction ¢ is fully faithful and is injective on objects. We now define
p: g — X(G) to be the composite

p:=qol.

By construction p is fully faithful and injective on objects.

5. Universal properties of the inclusion i : p(g) — X(G)

As before G' denotes a Lie 2-group and X(G) the Lie 2-algebra of multiplicative vector
fields on the Lie groupoid G.
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5.1. LEMMA. A multiplicative vector field u = (ug,uy) : G — TG on a Lie 2-group G
satisfies
A (u) = Ly (5.1)

for an arrow v of G if and only if for all z € G
ui(1:) = TLy(ur (£5-1(12))). (5.2)

As before L, : Gy — G denotes the multiplication on the left by o € G1 and X\ :
G — GL(X(Q)) is the action of G on its vector fields induced by left multiplication (see
Lemma 3.13).

PROOF. The proof is a computation.
Recall that for an arrow = - y € G the u-component of the natural transformation
A(Y) : AM(x) = A(y) is defined to be the composite

TLy ul, 1
— T = | T~
T TL, T ul
TLy ul,—1

Hence for any object z € G

(AN (w) (2) = ((TLy) onor (uLy-1)) (2
= (TLy) ((ug o Ly~1)(2)]) * (T'Ly) (w1 (Ly-1(2)) (by Remark 3.7)

where * is the composition in the Lie groupoid T'G. For any tangent vector a € T,G)
TLy(a,4) = Tm((3,0), (1, T1(a)))

Hence
(T'Ly) ((uo © Ly-1)(2)) = Tm((7,0), (1y=1z, TTus (1y-12))).
For any tangent vector ¢ € T,G,

TL.(0,6) = Tm((1,,0), (0,5)).

Hence

(T'Ly) (ua (Lw—l(z)) =Tm((1,0), (’V?llza ul’Yillz»-
Recall that since Tm : TG x TG — TG is a functor, for any two pairs of composable
arrows ((o9,02), (01,01)), ((04,04), (03,03)) € TGy X1¢, TGy

Tm((og,02)*(01,61)), ((04,64) % (03,03)) = Tm((09,F2), (04,04))xT'm((01,61))*(03,3))



630 EUGENE LERMAN

Hence

A(W) (2) = (T'Ly) ((uo © Ly-1)(2)]) * (T'Ly ) (ur (Ly-1(2))

= Tm((7,0), (L1, T1ui(1y-1.))) x* Tm((1s,0), (0, )

= Tm((7,0) x (15,0), (1y-1, ur(1y-1.)) * (v llmul( ~'1,)))

= Tm((v*lmo)?(ly—lz*(’vfll) L(uo(y™2)) *ur (y7'1 — x)))
= Tm((7,0), (v "1, u(y7'12)).

Now, for any ¢ € T,G,
Tﬁ»y(O', 0') = Tm((ﬁ)/a 0)7 (07 U))’

where, as before £, : G; — G is the left multiplication by v and TL, : TG, — TG, is
its derivative. Therefore

(A)() (2) = TLy (ur(Ly-112)).

Since the z component of 1, : u = wu is T'1(up(z)) and since T'1(ug(2)) = u1(1,) (because
u: G — TG is a functor), the result now follows:

TL(ur(L11,)) = u (1)

5.2. THEOREM. Let G be a Lie 2-group, g the associated tangent Lie 2-algebra, p : g —
X(G) is the map of 2-vector spaces constructed in Theorem 4.1, i : p(g) — X(G) the
inclusion of 2-vector spaces and \ : G — Aut(X(Q)) is the action of the Lie 2-group G
on its Lie 2-algebra of multiplicative vector fields by left multiplication (see Lemma 3.13).

A x\

UA(V

A(y)

1. The diagram

commutes for any choice of arrow x - y € G1. That is,
AMx)oi=1

for all x € Gy and

A()i=1;
for all v € Gy (here A(7)i is the whiskering of the natural transformation A\(vy) by
the functor i).
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2. For any map ¢ : h — X(G) of 2-vector spaces such that the diagram

AN
/i? (5.4)

X(G) X(G)
A(y)

commutes for all choices of arrows x Ly € Gy there exists a unique map of 2-vector
spaces ¥ : b — p(g) so that

W =1io01.
In other words i : p(g) — X(G) is a (strict conical) limit of the functor A : G — GL(X(G)).

5.3. REMARK. In the course of the proof we realize the limit of the functor A : G —
GL(X(@Q)) explicitly as a sub 2-vector space of the 2-vector space X(G) cut out by equa-
tions.

ProOOF. We argue first

(i) For any multiplicative vector field u = (ug,u;) : G — TG
AMz)u=u forall x € Gy and AY)u=1, forallyeG (5.5)

if and only if
u = p(u(ep)). (5.6)

(ii) For any morphism « : u = v in the category X(G)
AMz)(a) = a for all z € G (5.7)
if and only if
o = plales). (5.5)

PrROOF PROOF OF (1). By Lemma 5.1 A(y))(u) = 1, if and only if (5.2) holds for all
z € Gy. It is easy to see that (5.2) is equivalent to the vector field u; on the Lie group
G being left-invariant.

On the other hand A(z)u = u for all = € G translates into

TL,ougo L,—1 = ug
and

TLy,0ou o0 ,Cl;l = Uy.

Thus (5.5) implies that up and u; are both left-invariant. Moreover, since u is multiplica-
tive and e; = 1(eg), ui(e1) = Tlug(ep). Hence (5.5) implies (5.6).
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Conversely, suppose (ug, u1) = p(a) for some a € gg. By construction of the functor p,
a = ug(eg). Moreover u; is a left-invariant vector field on Gy with ui(e;) = T'1(ug(ep)).
Hence equation (5.2) hold for all z € Gy and all v € Gy, which implies that A\(vy)u = 1,
for all v € G;. It also implies that

T‘Clz O U o ﬁlx—l = U1 (59)

for all x € G;. On the other hand, by construction of the functor p the vector field uy on
G is left-invariant. Hence

TL,ouyo L1 = up (5.10)
for all x € Go. Therefore A(z)u = u for all z € Gy. We conclude that if u = p(a) then
(5.5) holds. This finishes our proof of (i). =

PROOF PROOF OF (11). By definition of the functor A\(x),
(Mz)a)(2) = TLy(a(z™"2))
for all z € GGy. By definition of the functor L, on arrows,
TLy(a(x™'2)) =TLy, (a(z™'2)
where as before £, is left multiplication by 1, € Gy. Thus if A(z)a = a then
a(z) = TLy,(a(e))

Hence (5.7) implies (5.8).
Conversely, if @« = p(b) for some b € gy then «a(x) = TLy,b for all z € Gy and
a(eg) = TLy, b= b. This finishes our proof of (ii). "

The proof of part (1) of the theorem is now easy. By (i), for any object a € go, and

any object x € Gy,
A(x)(p(a)) = pla).
By (ii), for any object b € g; and any arrow v € G4
A()(p(b)) = p(b).
Hence (5.3) commutes.

Now suppose ¥ : h — X(G) is a map of 2-vector spaces making the diagram (5.4)
commute. Then for any object X of h

AM2)Y(X) =9¢(X) forall z € Gy and AY(X) =1yx) forall vy € Gy

Consequently by (i)
(X)) = p(¥(X)(eo)).
The commutativity of (5.4) also implies that

AMz)(P(Y)) = (YY) for all x € Gy
for any arrow Y in . Then by (ii)
b(Y) = p(¥(Y) (€))-
We conclude that the image of 1 : h — X(G) is contained in p(g) and the result follows. m
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We are now in position to prove our main result by putting together all the work we
have already done.

PrROOF OF THEOREM 1.1. By Lemma 3.13 the action of the Lie 2-group G on itself by
multiplication on the left gives rise to a homomorphism of 2-groups A : G — GL(X(G)).
By Theorem 4.1 we have a 1-morphism of Lie 2-algebras p : g — X(G) which is fully
faithful and injective on objects. In particular p : g — p(g) is an isomorphism of Lie
2-algebras.

On the other hand by Theorem 5.2, the 2-vector space p(g) underlying the Lie 2-
algebra p(g) is a limit of the functor A : G — GL(X(G)). Hence it makes sense to say that
p(g) is the 2-vector space X(G)% of left-invariant vector fields. As we remarked previously
p(g) is also a Lie 2-subalgebra of X(G) which is isomorphic to the Lie 2-algebra g. n
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