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A BRAUER-CLIFFORD-LONG GROUP FOR THE CATEGORY OF
DYSLECTIC HOPF YETTER-DRINFEL'D (S, H)-MODULE
ALGEBRAS

THOMAS GUEDENON AND ALLEN HERMAN*

ABSTRACT. Brauer-Clifford groups are equivariant Brauer groups for which a Hopf
algebra acts or coacts nontrivially on the base ring. Brauer-Clifford groups have been
established previously in the category of modules for a skew group ring S#G, the cat-
egory of modules for the smash product S#H over a cocommutative Hopf algebra H,
and its dual category of (S, H)-Hopf modules s M over a commutative Hopf algebra
H. In this article the authors introduce a Brauer-Clifford group for the category of
dyslectic Hopf Yetter-Drinfel’d (S, H)-modules for an H-commutative base ring S and
quantum group H. This is the first such example in a category of modules for a quantum
group, and it gives a new example of an equivariant Brauer group in a braided monoidal
category.

Introduction

There are now several examples of Brauer groups of symmetric and braided monoidal
categories (see [vOZ]). The different examples originally arose one-by-one, beginning
with the original Brauer group of a field, until a unifying general pattern of ideas was
developed [Pareigis|. A braided monoidal category is a category C with a tensor product ®
that has a unit object R and has a family of isomorphisms vy, n : M®N — N® M, one for
each pair of objects in C, satisfying natural coherence conditions. If yasnovm,n = idyen
always holds, then the braided monoidal category is symmetric.

Van Opystaeyen and Zhang gave a general construction for the Brauer group of a
braided monoidal category (C,®, R,7) in [vOZ]. It is the group of equivalence classes
of “Azumaya algebras” in the category modulo taking braided products with “trivial”
algebras in the category that arise as Endc(M), where M is a faithfully projective R-
module in C. Braided monoidal categories frequently occur in categories related to the
actions and coactions of Hopf algebras. Caenepeel, van Oystaeyen, and Zhang were in
particular inspired by their formulation of the Brauer group in the category of Yetter-
Drinfel’d H-module algebras for a Hopf algebra H with bijective antipode. However, in
this category both the action and coaction of H on the base ring R were assumed to be
trivial.
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Brauer-Clifford groups are equivariant Brauer groups where the action or coaction
on the base ring is not assumed to be trivial. In a previous article, the authors defined
the Brauer-Clifford group of equivalence classes of (S, H)-Azumaya algebras. This is
the Brauer group for the symmetric monoidal category of S# H-modules, where S is a
commutative H-module algebra for a cocommutative Hopf algebra H acting nontrivially
on S. A dual situation was given for the Brauer-Clifford group of Azumaya algebras in the
category of (S, H)-Hopf modules, a category of S-modules with a compatible H-comodule
structure, where S is a commutative H-comodule algebra for a commutative Hopf algebra
H.

The natural next step in extending the list of Brauer-Clifford groups is to formulate one
in a category of Yetter-Drinfel’d H-modules for a Hopf algebra H with bijective antipode.
Yetter-Drinfel’d H-modules do form a braided monoidal category when the action and
coaction on the base ring is trivial. The Brauer group for the category of Yetter-Drinfel’d
H-modules was introduced by Caenepeel, van Oystaeyen, and Zhang in [CvOZ1] and
[CvOZ2]. In order to have the base ring S be a nontrivial Yetter-Drinfel’d H-module
algebra, we require the dyslectic condition introduced by Pareigis in [Pareigis2]. We will
assume S to be H-commutative (aka. quantum commutative) and restrict ourselves to the
subcategory of dyslectic Hopf Yetter-Drinfel’d (S, H)-module algebras in order to obtain
a braided monoidal category. (We do not require the base ring S to be commutative.)
The goal of this article is to give a detailed description of the Brauer group of this braided
monoidal category, which we call the Brauer-Clifford-Long group as it is a generalization
of both the Brauer-Clifford group and the Brauer-Long group.

1. Preliminaries and Notation

Let H be a Hopf algebra over a commutative ring R. We denote its comultiplication by
A: H— H® H, its antipode by § : H — H, and its counit by ¢ : H — R. We will
use Sweedler-Heyneman notation, omitting sums, so we write A(h) = hy ® hs. For a Hopf
algebra with comultiplication A, AP is defined by A“P(h) = > hy ® h;.

We will require a sequence of definitions, all of which are standard. An R-algebra A
is an H-module algebra if A is a left H-module such that

h.(ab) = (hy.a)(he.b) and h.14 = €(h)a, for all a,b € A h € H. (1)

H acts trivially on A when h.a = €(h)a for all h € H and a € A. A homomorphism of
H-module algebras is a homomorphism of H-modules which is also a homomorphism of
R-algebras. If A is an H-module algebra, then the smash product algebra A#H is the
R-module A ® H with multiplication

(a®h)(a @ h)=a(hi.a") @ hoh!, for all a,a’ € A and h, 1/ € H. (2)

An R-module M is a left A#H-module if it is a left A-module and a left H-module for
which
h(am) = (hy.a)(hom) for all h € Hya € A,m € M. (3)
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If A is an H-module algebra and S is a sub-H-module algebra of A, then the algebras A
and S are left S# H-modules. We will write 445M for the category of left A# H-modules.
It was observed in [GH] that if H is cocommutative and A is a commutative H-module
algebra, then (4xpM, ®4, A) is a symmetric monoidal category.

If H is a Hopf algebra over R, an R-module M is a right H-comodule if there exists
an R-linear map pp : M — M ® H satisfying (py ® idy) o pyr = (idy ® Ag) o pyr and
(idpr ® €) o pyr = idyy. In Sweedler notation, we write py(m) = mg ® my for all m € M,
and the right H-comodule conditions on M are

Moo @ Mo1 ® M1 = My Q M1 K mio, and moe(ml) =m, for all m € M. (4)

H coacts trivially on M when mo ® my =m ® 1y for all m € M. Let M and N be right
H-comodules. A homomorphism of right H-comodules (aka. a right H-colinear map) is
an R-linear map f : M — N such that py o f = (f ® idg) o pyr. In Sweedler notation,
this is equivalent to

f(m)o® f(m); = f(mo) ® my, for all m € M. (5)

If M and N are right H-comodules then M ® N is a right H-comodule under the codiagonal
coaction:

(m®n)y® (men); =mgRng® (mny), for all m € M,n € N. (6)

An R-algebra A is an H-comodule algebra if A is aright H-comodule and the multiplication
in A satisfies

(ab)o @ (ab); = aphg ® a1by and p(14) =14 ® 1y, for all a,b € A. (7)

A homomorphism of H-comodule algebras is a homomorphism of H-comodules which is
also a homomorphism of R-algebras.

Let A be a right H-comodule algebra. A R-module M is an (A, H)-Hopf module if M
is both a left A-module and a right H-comodule, with the property

(am)o ® (am); = agmy @ aymy, for alla € A,m € M. (8)

A homomorphism of (A, H)-Hopf modules is a left A-linear map which is also a right
H-colinear map. We will write 4 M for the category of (A, H)-Hopf modules. This
category is dual to 44xpM, and when H is commutative and A is a commutative H-
comodule algebra, (4 M, ®4, A) is a symmetric monoidal category [GH].

Let H be a Hopf algebra with bijective antipode. A Hopf Yetter-Drinfel’d H-module
(in the literature also called a crossed H-module or a quantum Yang-Baxter H-module)
is an R-module M which is both a left H-module and a right H-comodule satisfying the
compatibility condition

(hm)o ® (hm)1 = hamo ® ham S~ (hy), for all h € H,m € M. (9)
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A Hopf Yetter-Drinfel’d H-module homomorphism between two Hopf Yetter-Drinfel’d H-
modules M and N is an R-linear map M — N which is simultaneously a left H-module
homomorphism and a right H°’-comodule homomorphism.

A Hopf Yetter-Drinfel’d H-module algebra is both a left H-module algebra and a
right H°-comodule algebra satisfying the relation (9). A Hopf Yetter-Drinfel’d H-module
algebra homomorphism between two Yetter-Drinfel’d H-module algebras A and B is a R-
linear map A — B which is simultaneously a Yetter-Drinfel’d H-module homomorphism
and an R-algebra homomorphism. The category of Hopf Yetter-Drinfel’d H-modules is
denoted Q [CvOZ2]. For Hopf Yetter-Drinfel’d H-modules M and N, the tensor product
M ® N has an H-module structure given by

h(m ®@mn) = (hym) @ (hgon), for all h € Hym € M,n € N, (10)
and an H-comodule structure given by
(mM®n)y® (men); =my®mny®@nymy, for allme M,n € N. (11)

These H-structures satisfy the compatibility condition (9) and make M ® N a Hopf
Yetter-Drinfel’d H-module, denoted by M&N.

For Hopf Yetter-Drinfel’d H-modules M and N, there exists a Yetter-Drinfel’d H-
module isomorphism 7, x from M & N to N ® M defined by (see [CvOZ1, (1.2.4)])

Yun(m®@n) =ng@mnym, for allm € M,n € N, (12)

with inverse
Yarn(n@m) = Sg(n1)m @ny, for allm € M,n € N. (13)

According to [CvOZ1, (1.2.4)] and [CvOZ2, (1.4)], (Q¥, @k, Yar.n, k) is a braided monoidal
category. A monoidal category (C,®) is braided if there are natural isomorphisms v/ v :
M®N = N®M in C for all M, N € C, such that the following hexagonal coherence
conditions are satisfied (see [MacLane, p. 180]):

Ymen.p = (Yar,p®1)o(1®yn p) and Yy ner = (1@7a,p)o(Ymy®1), for all M, N, P € C.

2. The category of Hopf Yetter-Drinfel’d (S, H)-modules

Let S be a Yetter-Drinfel’d H-module algebra. A Hopf Yetter-Drinfel’d (S, H)-module M
is a left S-module and a Yetter-Drinfel’d H-module satisfying the compatibility conditions

h(s = m) = (hy.s) — (ham) (14)
and

(s =m)o® (s —=m); = (sg = mp) ®mysy, forall h € H s € S,me M. (15)
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Equivalently, M is a left S# H-module and a right (.S, H°)-Hopf module for which relation
(9) is satisfied. A Hopf Yetter-Drinfel’d (k, H)-module is just a Hopf Yetter-Drinfel’d H-
module. Furthermore, note that if S is a Yetter-Drinfel’d H-module algebra, then S'is a
Hopf Yetter-Drinfel’d (S, H)-module: the left action of S is given by s — s’ = ss’ for all
s, s €8S.

A Hopf Yetter-Drinfel’d (S, H)-module homomorphism is a Hopf Yetter-Drinfel’d H-
module map which is also left S-linear. We denote by ¢Qf the category consisting of
Hopf Yetter-Drinfel’d (S, H)-modules and Hopf Yetter-Drinfel’d (S, H)-module homomor-
phisms.

Let S be a Yetter-Drinfel’d H-module algebra. We say that S is H-commutative (or
quantum commutative) if

ss' = sy(s).s), for all s,s" € S. (16)

If S'is an H-commutative Yetter-Drinfel’d H-module algebra, then for every left S-action
on an M € gQ* there is a corresponding right S-action defined by

m +— s = Sy — s;.m, for all s € S;m € M. (17)

This allows us to view M as an S-S-bimodule. Note that the left S-action and the right
S-action are also related by

s —=m = 8(s1)m — sg, forall s € S;m € M. (18)
Note also that we have
h(m — s) = (hym) «— (hs.s) (19)
and
(m — s)o® (m — s); = (my < so) ® symy, forall h € Hom e M,s € S. (20)

Let S be an H-commutative Yetter-Drinfel’d H-module algebra. Then for M and
N in ¢Q, we can endow the tensor product M ®g N with the following S-action and
H-module and comodule structures:

s—=(m®n)=(s—=m)@n, (21)
and
(m&n)o ® (m®n)y =mo®ny @ nyma, (23)

forallh € H,s €S, me M, and n € N, where m ®n = m ®gn. According to [CvOZ2],
these structures make M ®g N into a Hopf Yetter-Drinfel’d (S, H)-module, denoted by
M ®g N. Note that we have

(m@n)~—s=m®(n+s), forallme M,ne€ N,s€ S. (24)

It follows from [CvOZ1, Theorem 3.2.3] that if S is H-commutative, then (3O, ®g,S)
is a monoidal category.

In the remainder of the paper, if M and N are Hopf Yetter-Drinfel’d (S, H)-modules,
Homg(M, N) means Homg(Mg, Ng) and sHom(M, N) means sHom(sM, sN).
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2.1. LEMMA. Let S be an H-commutative Yetter-Drinfel’d H-module algebra, and let M
and N be Hopf Yetter-Drinfel’d (S, H)-modules. Then the following hold:
(i) Homgs(M, N) is a left S#H-module, where the action of S is defined by

(s = f)(m)=s— f(m), forallse S, f e Homs(M,N),m € M, (25)
and the action of H is defined by
(hf)(m) = hi[f(S(h2)m)], for all f € Homg(M,N),h € H,m € M. (26)

(i) If M is finitely generated projective as a right S-module, then Homg(M, N) is a
Hopf Yetter - Drinfel’d (S, H)- module, where the coaction of H is defined by

fo(m) @ fi = f(mo)o ® S (my) f(mo)1, for all f € Homg(M,N),m € M. (27)
PRrROOF. (i) Let f € Homg(M,N),h € H,s € S and m € M. We have

(hf)(m = s)

So hf € Homg(M,N), that is, the H-action is well defined. It is easy to see that
Homg(M, N) is a left H-module. For ¢’ in S, m € M and f € Homg(M, N) we have

(s = f)(m =) s = (f(m =)
s = (f(m) = &)
(s = (f(m)) =

((s = f)(m)) &',

So (s = f) € Homg(M, N), that is, the left S-action is well defined. It is easy to see that
Homg(M, N) is a left S-module. For all f € Homg(M,N), s € S, h € H, and m € M,

we have
[h(s = )l(m) ha[(s = f)(S(h2)m)]
ha[s = (f («z(hz) m))]

(hr.s) = (ha2(f(S(ha)m)))
(h1.s) = (ha1(f(S(ha2)m)))
(hr.5) = ((haf)(m)
[(h1.5) = (haf)](m),

and (14) is satisfied. Therefore Homg(M, N) is a left S#H-module.
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(ii) When M is a finitely generated projective right S-module, then Homg(M, N) ®
H ~ Homg(M,N ® H), so Homg(M, N) becomes an H-comodule with the given action.
We have that for all f € Homg(M,N), s € S, and m € M,

f((m = 5)0)o @ S™H((m = s)1) f((m = s)o)
f(mo — $0)o @ S~ H(s1ma) f(mo — so)
(f(mo) == s0)o @ 87 (s1m1)(f (mo) “— s0)1
(f(mo)o — s00) ® S™H(m1)S(s1)s01f (mo)1
(f(mo)o — s) @ S™H((m1) f(mo)

(fo(m)) = s) @ f1.

So fo € Homg(M, N), that is, the right H-coaction is well defined. It is easy to see that
Homg(M, N) is a right H°?-comodule. We have

(s = flo(m) @ (s = fh

Jo(m — 5)® fi

NN
V2l
o
=
S
o

~—

(s0 = fo))(m) ® fis1,

for all f € Homg(M,N), s € S, and m € M, and so equation (15) is satisfied. Therefore
Homg(M, N) is a right H°P-comodule.
We have that for all f € Homg(M,N), h € H, and m € M,

(hf)o(m) ® (hf)

= ((hf)(mo))o ® S~ (m )((hf)(mo))

:(hl(f(S(hQ)mO))) @ 81 (ma) (ha(f(S(ha)mo)))1

= h12(f(S(ha)mo)o) ® S~ (m1)hz(f(S(h2)mo)1)S ™ (h11)

= ha(f(S(ha)mg)o) ® 81 (ml)hg(f(S(h4)m0 )87 (1)

= ha(f(S(ha)mo)o) @ heS™ (h5)5 (ml)hB( (S(ha)mo)1)S ! (ha)

= ho1(f(S(ha22)m0)0) @ h3S 1 (ha2s)S 1 (m1)hao1 (f(S(hag2)mo)1 )5 L(hy)
= ho1(f(S(ha22)mo)o )®h35_1(5(h221)m1h223)(f(S(h222) 0)1)S 1 (h1)
= ha1(f(S(ha2)2amo)o) @ h3S ™1 (S(ha2)3mi S (S(ha2)1)(f(S (h22)2m0) )S71(ha)
= ho1(f((S(haz2)m)o)o) © haS ™ ((S(ha2)m)1)(f((S(haz)2m)0)1)S™ ! (h1)
= (ha1(fo(S(ha2)m) ® h3 187 (h1)

(hafo)(m) @ hg 18~ (h1),

so equation (9) is satisfied. n

Since S is not necessarily commutative, we need to consider the left and right S-module
homomorphisms separately.

2.2. LEMMA. Let S be an H-commutative Yetter-Drinfel’d H-module algebra, and let M
and N be Hopf Yetter-Drinfel’d (S, H)-modules.
(i) Then sHom(M, N) is a left S#H -module, where the action of S is defined by

(s = f)(m)=f(m —s), forallse€ S, f € sHom(M,N),m e M, (28)
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and the action of H is defined by
(hf)(m) = holf(S™ (h1)m)], for all f € sHom(M,N),h € H,m € M. (29)

(i) If M is finitely generated projective as a left S-module, then sHom (M, N) is a
Hopf Yetter-Drinfel’d (S, H)- module, where the coaction of H is defined by

fo(m) @ f1 = f(mo)o ® f(mg)1S(my), for all f € sHom(M,N), m € M. (30)
ProOOF. This proof is dual to that of Lemma 2.1. [

2.3. LEMMA. Assume S is an H-commutative Yetter-Drinfel’d H-module algebra. Let
M, N and P be Hopf Yetter-Drinfel’d (S, H)-modules with P finitely generated projective
as a right S-module. Then we have an R-module isomorphism

sgrHom™" (N &5 P,Q) = spu Hom™™ (N, Homs(P, Q)).
PrRoOF. We consider the R-linear map
¢ 1 spnHom™™ (N ®@s P,Q) — sywHom"™ (N, HomgP, Q))

given by ¢(f)(n)(p) = f(n®p). Let f be an element of sy Hom"” (N ®g P, Q). For
ne N,pe P,and s € S, we have

¢(f)(n)(p = s) =

I

—~ O
=

3

®

=

So ¢(f)(n) is S-linear. We also have
(@(f)(s =n)l(p) = ?((S -

so ¢(f) is S-linear.
Let h € H. we have

o(f)(hn)(p) = f(hn®p)
h1n®6(h2) )

f(
f(
f(hin & hao1S(ha2)p)
f(
f(

hi1n & h12S(he)p)
hi(n @ S(h2)p))
hi[f(n @ S(ha)p)]
= hi[o(f)(n)(S(ha2)p)]
= [h(o(f)(n)](p),
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so ¢(f) is left H-linear, and therefore, ¢(f) is S# H-linear.
Assume f is right H°P-colinear. Then

(@(f)(n))o(p) ® (&(f)(n))1 [(&(f)(1))(po)]o ® Su' (p)[(6(f) (1)) (po)h
F(0E po)o Sy () (2 D o)y
((n®po))®3 Hp1)(n®po)

(1o ® poo) ® Sg Y(p1)po1ma

(no @ po) @ Sy (pr2)prima

(n0 @ po) ® e(pr)m

(no ®p) ®my

¢(f)(no)(p) ® n1.

We deduce that (¢(f)(n))o@(o(f)(n))1 = o(f)(no)®ny, that is, ¢(f) is right H°P-colinear.
It follows that ¢ is well defined. Let us consider the R-linear map

V1 sprHom™™ (N, Homg(P,Q)) = sgnHom"™ (N @5 P,Q)

defined by ¥(g)(n®p) = g(n)(p), for all g € ggpHom™™ (N, Homs(P,Q)), n € N, and
p € P. For h € H we have

¥(g)(h(n&p))

f
f
f
f

¥(g)(hin & hap)
g(hin)(hap)
[h1(g(n))](hap)
hn[ (n)(S(hi2)hap)]
halg(n)(S(ha1)ha2p)]
hilg(n)(e(ha)p)] i
hlg(n)(p)] = h(¥(g9)(n@p)),

so 1(g) is H-linear. Let s € S. We have

U(9)(s = (n®p)) w((g)((s ; 7)%) ®p)
[s = (9(n))](p)

s = ((g)(n®p)),

so ¥(g) is S-linear. Therefore ¢(g) is S#H-linear. Let us assume that g is right H-
colinear. We have

Y(9)((n®plo) ® (n@ph ¥(g)(no ®po) ® (p11n1)
g

= g(no)(po) ® p1m

= (g9(n)o)(po) ® p1(g(no))1

= (9(n)(Po0))o ® P18 (po1)(9(n) (Poo))1
= (9(n)(po))o ® p12S(p11)(9(n)(po))1
= (9(n)(po))o ® €(p1)(g(n)(po))1

= (9(n)(»))o® (g(n)(p))

(¥(9)(n@p))o ® (¥(9)(n&p)):.
We deduce that ¢(g) is right H°P-colinear. It follows that v is well defined. It is easy to
see that ¢ and 1 are inverse of each other. [



BRAUER-CLIFFORD-LONG GROUP 225

From Lemma 2.3, we deduce that the functor Homg (P, —) defined from sOH to sOH
with P finitely generated projective as a right S-module is right adjoint to the functor
—®g P defined from Q¥ to sQF. In the notation of [vOZ], Homgs(P,Q) = [P,Q]. It
also follows from Lemma 2.3 that if N and P are projective as right S-modules, then
N ®g P is projective as a right S-module.

Again, we need to consider the left S-module structures separately.

2.4. LEMMA. Assume S is an H-commutative Yetter-Drinfel’d H-module algebra. Let M,
N, and P be Hopf Yetter-Drinfel’d (S, H)-modules with P finitely generated projective as
a left S-module. Then we have an R-module isomorphism

spnHom"" (P &g N, Q) ~ sy Hom™™ (N, sHom(P, Q)).
PROOF. Let f be an element of gugHom™ (P &g N, Q). We consider the R-linear map
¢ : sprHom™” (P ®s N, Q) = spnHom™™ (N, sHom(P,Q))

given by &(f)(n)(p) = f(p®@n). Then ¢(f)(n) is S-linear, ¢(f) is S-linear, ¢(f) is
H-linear and ¢(f) is right H-colinear, therefore, ¢(f) is left S# H-linear and right H -
colinear. It follows that ¢ is well defined.
Let g be an element of gugHom™™" (N, sHom(P,Q)). Let us consider the R-linear
map
Y sppHom™ " (N, sHom(P,Q)) = sgpHom"” (P &g N, Q)

defined by ¥(g)(p®@n) = g(n)(p). Then v(g) is S-linear, left H-linear and right H-
colinear. It follows that 1 is well defined. It is easy to see that ¢ and v are inverse of
each other. [

From Lemma 2.4, we deduce that the functor ¢ Hom(P, —) defined from ¢Q to ¢Qf
with P finitely generated projective as a left S-module is right adjoint to the functor
P ®g — defined from O to ¢Qf. In the notation of [vOZ], sHom(P,Q) = {P,Q}.
It also follows from Lemma 2.4 that if N and P are projective as left S-modules, then
P ®g N is projective as a left S-module.

The results of the following lemma are useful for some computations.

2.5. LEMMA. Assume S is an H-commutative Yetter-Drinfel’d H-module algebra. Let
M, N be Hopf Yetter-Drinfel’d (S, H)-modules.

(i) If M is finitely generated projective as a right S-module, then (f — s)(m) = f(s —
m) for every f € Homg(M,N), m € M and s € S.

(i) If M is finitely generated projective as a left S-module, then (f — s)(m) = f(m) —
s for every f € sHom(M,N), m € M and s € S.

ProOOF. We will prove (ii). The proof of (i) is easier. We have
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(f = s)(m) = [so(s1f)](m)

|
—~
w
—
~
~—
—~
3
I
w
(=]
S~—

= s12[f(S7'(s511)(m = s0))]
s3[f((S™H(s2)m) — (87 (s1)-50))]
= s3[f((S7(51).50)0 = ((S7'(51)-50)18 7' (s2)m))]
= s3[f((S (s12)-500) = (ST (511) 5018 *(513)S " (52)m))]
= s6[f((S7(s3)-50) = ((S7'(52)518*(54)S " (55)m))]
= so[f((S'(51).50) — m)]
= 59[(S7'(51)-50) = f(m)]
= (5187 (s1).50) = (s22(f(m))
= so — (s1(f(m)))
= f(m) ~ s.

3. The category of dyslectic Hopf Yetter-Drinfel’d (S, H) modules

In this section, H denotes a Hopf algebra with bijective antipode and S is an H-commutat-
ive Yetter-Drinfel’d H-module algebra. Our objective for this section is to define the
subcategory of dyslectic Hopf Yetter-Drinfel’d (S, H)-modules.

We do this because the category ¢@ might not be braided. It is not clear that the
analogous braiding maps vy ny : M ®s N — N ®g M defined as in (12) by m®n
no ®nym will be morphisms in the ¢Q category. An object M of ¢Q is dyslectic if
har © yars © Ysu = har, where hy @S @ M — M denotes the left action of S on M
[Pareigis2] . Tt follows that an object M of Q¥ is dyslectic if and only if

s —=m = (my.8)g — ((m1.5)1my), for all s € S;m € M. (31)

Note that we can also use the inverse braiding to define dyslectic modules as in [Wang].
Clearly, S is a dyslectic Hopf Yetter-Drinfel’d (S, H)-module, and every Hopf Yetter-
Drinfel’d H-module can be regarded as a dyslectic Hopf Yetter-Drinfel’d (k, H)-module. A
dyslectic Hopf Yetter-Drinfel’d (S, H)-module homomorphism is a Hopf Yetter-Drinfel’d
(S, H)-module homomorphism between dyslectic modules.
Let M be a Hopf Yetter-Drinfel’d (S, H)-module and let us consider the condition

s —m=mgy+— (my.s), for all s € S;m € M, (32)
which is equivalent to the equation
m +— s = (S(my).s) = my, for all s € S;m € M. (33)

3.1. LEMMA. Let N be a Hopf Yetter-Drinfel’d (S, H)- module. Then the condition (32)
is satisfied for N if and only if yarn is well defined for all M in sQF.
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PROOF. Let m € M, n € N and s € S. If (32) is satisfied for IV, then

Y ((m = 5) O n)

Y ((so = (s1m)) ®n)
no ®ni(so — (s1m))

no @ ((n11-50) 4~n12(31m))
(no “ (n11-50)) ®~n12(51m)
(TLQO — (n0~1.30)) &Ny (slm)
(S0 = no) ®ni(s1m)

(s = n)o®(s = n)im
MmN (m® (s = n)).
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So var,n is well defined. If v,/ v is well-defined for all M in sOf then vs.n is well defined.

Let n € N and s € S. We have

Ysn((1s — s) @n) = ysn(ls ® (s = n)).

But we also have

Ysn((lg —s)®@n) = no<§:§n1.(1  5)

and

Ys.n(lsg ® (s = n))

= nNg®ni.s
= (TLO — nl.s) ®1g

(s =n)o®(s—=n)ls
(s =n)o— (s =n).ls®lg
(s =~ n)®lg.

Therefore, condition (32) is satisfied for N.

3.2. LEMMA. Let M be a Hopf Yetter-Drinfel’d (S, H)- module. Then the condition (33)
1s satisfied for M if and only if 7;/[{]\, is well defined for all N in ¢QH.

PROOF. Let m € M, n € N and s € S. If (33) is well-defined, we have

Yo ((m = 5) @ sm)

So 7;41’ y is well defined.

S((m = s)1)n®s(m = s)o
(slml)n@)( OASO)

(S(m1)S(s1))n @ (mo = so)
(S(m1)S(s1))n @ ((S(1mo1)-50) — Moo)
(S(ma2)S(s1))n @ ((S(ma1)-s0) = mo)
(S(m1)1S(s1))n @ ((S(m1)2-50) — mo)
[(S(m1)18(51))n) — (S(m1)a. 50)]®m0
S(m1)((S(s1)n) — so) @my

Yin (Mm@ ((S(s1)n) = so))
'71\_/1,N<m®( —n)).
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If 7;41,]\, is well defined for all N in Q¥ then fyﬁs is well defined. Let m € M and
s € S. We have

Nrs(M® (s = 15)) = vy ((m — s) ® s15).

But . ~ . ~
Tihsm® (s = 15) = As(m&s)
= S(m1).s®@mg
= 15®(S(my).s = my)
and
Nns((m =) @1s) = S((m < s)1).1s® (m ~ s)o
= S((~m;s)1 15®[S((m’—8)1) 1g (m;S)O]
= 1g®(m ~ s).
So condition (33) is satisfied for M. =

The following lemma provides an easiest necessary and sufficient condition to show
that a Hopf Yetter-Drinfel’d (S, H)- module is dyslectic.

3.3. LEMMA. Let M be a Hopf Yetter-Drinfel’d (S, H)- module. Then M 1is dyslectic if
and only if the condition (32) is satisfied for M.

PROOF. Assume condition (32) is satisfied for M. Then we have

S—m = Mmy*— Mmy.S
= (m1.3)0 — ((ml.s)lmo).

So M is dyslectic.
If M dyslectic, then

s—=m = (my.s)o— ((m1.5)1mo)
=[S ((m1 s)o1)((ma.s)1mo)] < (m1.5)oo
= { ((m1 3) 1) ((ma 8)12m0)] (m1.8)o

and the condition (32) is satisfied for M. =

Since conditions (32) and (33) are equivalent, a Hopf Yetter-Drinfel’d (S, H)- module
M is dyslectic if and only if the condition (33) is satisfied for M. However we can prove
this result directly as in Lemma 3.3.

We denote by Dys-gQ the category of dyslectic Hopf Yetter - Drinfel’d (S, H) mod-
ules with dyslectic Hopf Yetter-Drinfel’d (S, H)-modules homomorphisms; it is a full
subcategory of Q.

3.4. LEMMA. Let M and N be dyslectic Hopf Yetter-Drinfel’d (S, H)-modules. Then
M &g N is a dyslectic Hopf Yetter - Drinfel’d (S, H)- module.
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PROOF. Suppose M and N are dyslectic Hopf Yetter - Drinfel’d (S, H)- modules. Let
meée M,n e N and s € .S. We have

So the equation (33) is satisfied for M ®g N, and M ®@g N is dyslectic. n

The above Lemmas show the subcategory of dyslectic Hopf Yetter-Drinfel’d(S, H)-
modules is monoidal with respect to ®g and S. Wang showed that when H has a bijective
antipode, S is H-commutative, and all Hopf Yetter-Drinfel’d(.S, H)-modules are dyslectic,
then the monoidal category is braided [Wang, Theorem 2.2] . So we deduce from the above
Lemmas that the category of dyslectic Hopf Yetter-Drinfel’d(S, H)-modules can be viewed
as a braided monoidal category.

3.5. LEMMA. Let M and N be dyslectic Hopf Yetter-Drinfel’d (S, H)-modules.

(i) If M is finitely generated projective as a right S-module, then Homg(M,N) is a
dyslectic Hopf Yetter-Drinfel’d (S, H)- module.

(i) If M is finitely generated projective as a left S-module, then sHom (M, N) is a
dyslectic Hopf Yetter-Drinfel’d (S, H)- module.

PROOF. (i) Suppose M and N are dyslectic Hopf Yetter-Drinfel’d (S, H)- modules with
M finitely generated projective as a right S-module. Let f € Homg(M,N), m € M,
n € N and s € §. We have

((8(f1)-s) = fo)(m) = (S(f1).s) = fo(m)
(S5~

Il
2
—
—~

3
(=)
=
3
N

I
@
=
3
o
3
=
L b
-
3
o
o

|
P et
AA/C:J\/-\/-\
|
2

= 500 = (S01(f(S(s1)m)))
= 80— (511(f(S(512)m)))
so = ((s1.f)(m))
(so = (s1f))(m)
= (f = s)(m).
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So condition (33) is satisfied, and Homg(M, N) is dyslectic.

(ii) Suppose M and N are dyslectic Hopf Yetter-Drinfel’d (S, H)- modules with M
finitely generated projective as a left S-module. Let f € sHom(M,N), m € M, n € N
and s € S. We have

.5)
= f(mo)o — ((f(mo)1S(m1)).s)
= [(f(m0)1S(m1).5)o] — [(f(10)1S(m1).5)1f(m0)o]
= [f(mo)128(m12).500] — [f(mo)lss(mu)81571(f(m0)115(m13))f(m0)0]
= [f(mo)128(m1)][s0 — (s1m13S ™1 (f (m0)11) f (mo)o]
= [f(m0)128(m1)][(m1sS(f (mo)11) f (mo)o) = s
= [f(m0)1228 (ma2)m1sS ™ (f(m0)11) (f (ma)o)] = [f(1m0)1228(1m1).5)]
(m0)1S8(m1).5)]

So condition (32) is satisfied, and s Hom(M, N) is dyslectic. n

We deduce from Lemmas 2.3, 3.4 and 3.5(i) that if P is finitely generated projective
as a right S-module, then the functor Homg(P, —) defined from Dys-sQ to Dys-gQ!
is right adjoint to the functor —®g P defined from Dys-gQ to Dys-sQ¥. Likewise, we
deduce from Lemmas 2.4, 3.4 and 3.5(ii) that if P is finitely generated projective as a
left S-module, then the functor s Hom(P, —) defined from Dys-gQ¥ to Dys-gQF is right
adjoint to the functor —®g P defined from Dys-5Q to Dys-3Qf. Since Dys-¢Q¥ is a
braided monoidal category, by [Femi¢], we have an isomorphism of dyslectic Hopf Yetter
-Drinfel’d (S, H)-modules Homg(P,Q) = sHom(P,Q) for all objects P,Q in Dys-sQ
with P finitely generated projective as a left and as a right S-module: more precisely, the
isomorphism is the map ¢ : Homg(P,Q) — sHom(P, Q) defined by ¢(f)(p) = fo(fip).
Note that in Dys-gQf, if N and P are finitely generated projective as right and left
S-modules, then N ®g P is finitely generated projective as a right and left S-module.

We know from [vOZ] that there is a Brauer group for the braided monoidal category
Dys-¢Q". Most of the remainder of the paper is concerned with developing the details
of the ingredients necessary to define this Brauer group precisely.

4. Dyslectic Hopf Yetter -Drinfel’d (S, H)-module algebras

In this section, H is a Hopf algebra with bijective antipode, and S is an H-commutative
Yetter-Drinfel’d H-module algebra.

A dyslectic Hopf Yetter-Drinfel’d (S, H)-module algebra is an algebra in the braided
monoidal category Dys-¢Q¥, that is, an object A of Dys-gQ* such that there are two
dyslectic Hopf Yetter-Drinfel’d (S, H)-module homomorphisms 7 : A®sA — A and
S — A satisfying the associativity and the unitary conditions of usual algebras.
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Since S is H-commutative, S is a dyslectic Hopf Yetter-Drinfel’d (S, H)-module alge-
bra. Note that a dyslectic Hopf Yetter-Drinfel’d (S, H)-module algebra is an algebra in the
monoidal category §Q which is dyslectic as a Hopf Yetter-Drinfel’d (S, H)-module. Ev-
ery Yetter-Drinfel’d H-module algebra is a dyslectic Hopf Yetter-Drinfel’d (R, H)-module
algebra.

A dyslectic Hopf Yetter Drinfel’d (S, H)-module algebra homomorphism is a dyslectic
Hopf Yetter-Drinfel’d (S, H)-module homomorphism which is compatible with the product
and is a unitary algebra homomorphism.

4.1. LEMMA. Assume that M is a dyslectic Hopf Yetter-Drinfel’d (S, H)-module that is
finitely generated projective as a right S-module. Then Ends(M) is a dyslectic Hopf
Yetter-Drinfel’d (S, H)-module algebra: the product map is defined by w(f ® g) = fog for
all f,g € Ends(M) and the unit map p : S — Endg(M) is defined by pu(s)(m) = s — m.

PROOF. By Lemma 3.5(i), Endgs(M) is a dyslectic Hopf Yetter-Drinfel’d (S, H)-module.
It is easy to see that m and p are well-defined, left S-linear, and H-linear. Let us show
that 7 is H°-colinear. We have

(foogo)m)®gifi = folgo(m)) ® g1 fr
= folg(mo)o) ® S~ ( 1)9(mo)1fa

f(9(mao)o0)o ®5 ( 1)g9(mo)1S ( (mo)o1) f(g(mo)oo)1
f(g(mo)o)o @ S~ (m1)g(mo)128 " (9(mo)11) f (g(mo)o)
f(g(mo)o )0®5 Hma)e(g(mo)1) f(g(mo)oh
fg(mo))o ® S~ (ma) f(g(mo))

e ® 8 m(F o 5y mo)
= (fog)(m)®(fog).

So 7 is H-colinear. We have

(s)o(m) @ p(s)1 = (u(s)(mo))o ®5_( 1) (12(8)(mo) )1
= (s —=mpo®S™ ( 1)(s = mo)
(50 — meo) ® S~ (my)mers1
= (So—\m)®81
= p(s0)(m) @ s1.

So p is HP-colinear. Clearly, h.idy, = e(h)idy and p(idy) = idy ® 1y, where idy, is the
identity element of Endg(M). It is well-known that the composition law is associative. m

4.2. LEMMA. Assume that M is a dyslectic Hopf Yetter-Drinfel’d (S, H)-module that is
finitely generated projective as a left S-module. Then sEnd(M) is a dyslectic Hopf Yetter-
Drinfel’d (S, H)-module algebra: the product map is defined by n(f ®@g) = fg=go f for
all f, g € sEnd(M) and the unit map p: S — sEnd(M) is defined by pu(s)(m) = s — m.
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PROOF. It is easy to show p is well-defined, S-linear, H-linear, and H“-colinear. To show
7 is well-defined, let f,g € sEnd(M), s € S, and m € M. We have

[(f = s)gl(m) = g((f = s)(m))
= g(f(m) ~—s
= (5= g)(f(m))
= [f(s = g)](m),

so 7 is well-defined. Also

[(s = fgllm) = g((s — f)(m))
= g(f(m = s))
= [fgl(m — s)
= (s —[fg])(m),

so 7 is S-linear.
We also have (see the proof Proposition 4.1 in [CvOZ1]) h(fg) = (h1f)(h2g) and
(f9)o® (fg)1 = (fogo) ® g1f1, that is, m is H-linear and H°-colinear. m

Let A be a dyslectic Hopf Yetter-Drinfel’d (S, H)-module algebra. The H-opposite
algebra A of A is defined as follows: A = A as a dyslectic Hopf Yetter-Drinfel’d (S, H)-
module, but with multiplication my4 o 7, where my4 is the multiplication of A (see [vOZ,

page 100]). In other words,

aa’ = ah(a}.a) V a,a’ € A.

The action of S on A is defined by s — @ = §—=a, the H-action by h.@ = h.a, and the
H-coaction by (a)o ® (@)1 = @y ® ay, for alla € A, h € H, and s € S. If the action of H

or the coaction of H is trivial, then A = A?, the ordinary opposite algebra of A. Note
that S ~ S when S is H-commutative.

4.3. LEMMA. Suppose that A is a dyslectic Hopf Yetter-Drinfel’d (S, H)-module algebra.
Then A is a dyslectic Hopf Yetter-Drinfel’d (S, H)-module algebra.

PROOF. We need to show that the action of S is compatible with the product. Let s € S,
a,b € A. Then
a(s = b) = a(s—0b)

= (s —=b)o((s ~b)r.a)
= (s0 — bo)((b1s1).a)
= 5o — (bo(b1-(s1.0)))
= Sy — bo(bl_(sl a))

= so— (s1.ab)

= (s0— (5T

= 50— (f1-a)b

= a+ )b
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so the multiplication in A is well-defined. On the other hand, we have

(s—a)bp = (s—a)b

= by.(b1.(s = a))
bo.((b11.8) — (b1a.a))
boo-((bo1-8) — (b1.a))
(boo — (bo1-5)).(b1.a))
(s — bg).(b1.a)
= s — (by.(b1.a))
s — bo.(b1.a)

= s — (ab),

so the multiplication in Ais S-linear.
Clearly, h.(ab) = (hy.a)(hs.b) and

(ab)o ® (ab)y = by(br.a), ® bo(by.a),
= (bo(b1-a))o ® (bo(b1.a))1
= boo(b1.a)o ® (b1.a)1boy
= boo(b12-a0) ® (b13a1 S (b11)bor)
= by(bz.ap) @ (bya; S~ (ba)by)
= bo(b1.a0) ® beay
= boo(bo1-ao) ® bra
= agby ® biay.

Furthermore the H-action and the H-coaction preserve the identity element of A. n

If A and B are dyslectic Hopf Yetter-Drinfel’d (S, H)-module algebras, we define a
new multiplication in A ®g B by

(A®s B)®s (A®s B) " (A®s A) &g (B&s B) ™E" Ay B.
In other words,
(a#b)(d #V') = aay # (a}.b)V, for all a,a’ € A,b,V € B.

This new multiplication on A ®g B is called the braided product and A ®g B with the
braided product will be denoted by A #g B.

4.4. PROPOSITION. Let A, B and C' be dyslectic Hopf Yetter-Drinfel’d (S, H)- module
algebras. Then

(i) A#s B is a dyslectic Hopf Yetter-Drinfel’d (S, H)-module algebra whose identity
element is 14 ® 1g. The action of H is given by

h.(a#0b) = (hi.a) # (hy.b), for allh € Hya € A,b € B,
and the coaction of H 1is given by

(a#b)o® (a#b)y = (ag#by) ® bray, for alla € A;b € B.
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(i) The canonical injections A — A#s B and B — A#gs B are homomorphisms of
dyslectic Hopf Yetter-Drinfel’d (S, H)-module algebras.

(i1i) The canonical S-linear maps A — A#sS and A — S#s A are isomorphisms of
dyslectic Hopf Yetter-Drinfel’d (S, H)-module algebras.

(iv) The map ¢ : (A#s B)#sC ~ A#g(B#sC) given by ¢p((a#0b)#c¢) = a# (b#c),
foralla e A, be B, andc € C, is an isomorphism of dyslectic Hopf Yetter-Drinfel’d
(S, H)-module algebras.

(v) The map ¢ : B#s A — A#s B given by ¢p(b#a) = ag# a,.b, for alla € A,b € B,
is an isomorphism of dyslectic Hopf Yetter-Drinfel’d (S, H)-module algebras.

PROOF. The verifications of (i), (ii), (iii), and (iv) are long, but easy.
(v) Let a € A and b € B. For all s € S, we have

o s)#a) = o =s4a)

ap# ap.(b — s)

= ao # ((a1.b) = (az.s))

ao # ((az.s)o — ((ag.5)1.(ay.b)))
(ap — (az.8)o) # ((az.5)1.(a1.b))
(ao (az2.50)) # (G23518*1(a21)al)-b
(ap — (a1.80)) # (a281.b)
(
(
(

ago “— (ap1-80)) # (a151.b)
So — ag) # (a1s1.b)

s —a)oFf (s —a).b

= gb(lz# s—a)

= ¢(b# (s —a)).

The map ¢ is left H-linear, right H-colinear and left S-linear, since the braiding ~
is left H-linear, right HP-colinear and left S-linear. We can prove as in Proposition 2.4.4
of [CvOZ1] that ¢ is compatible with the product. Now we have ¢(1g#15) = 14 # 15.
Clearly ¢ is a bijection: its inverse is defined by

¢ H(a#b) =S(a1).b#ag, forallac Abe B.
| ]

A Hopf Yetter-Drinfel’d (S, H) module is right faithfully projective if it is finitely
generated projective and faithful as a right S-module; or equivalently, if it is finitely
generated projective as a right S-module, and the canonical maps ¢ : P@gHomg(P,S) —
Ends(P) and ¢ : Homg (P, S) ®pnagpy P — S are isomorphisms, where

Pp®s f)(p') =p— f(p') and ®(f &p) = f(p), for all p,p’ € P, f € Homg(P,S).
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We define in a similar way a left faithfully projective Hopf Yetter-Drinfel’d (S, H) module.
A Hopf Yetter-Drinfel’d (S, H) module is said to be faithfully projective if it is right
and left faithfully projective. Since Dys-sQ¥ is a braided monoidal category, by [Femi¢],
a dyslectic Hopf Yetter-Drinfel’d (S, H) module is right faithfully projective if and only
if it is left faithfully projective. So a dyslectic Hopf Yetter-Drinfel’d (S, H) module is
faithfully projective if it is right faithfully projective or left faithfully projective.

It follows from Lemmas 4.1 and 4.2 that Endg(P) and sEnd(P) are dyslectic Hopf
Yetter-Drinfel’d (S, H) module algebras for any faithfully projective dyslectic Hopf Yetter-
Drinfel'd (S, H)-module P.

For a faithfully projective dyslectic Hopf Yetter-Drinfel’d (S, H)-module M, we know
that the left dual sHom(M,S) of M and the right dual Homg(M,S) of M coincide in
Dys-¢Q": we will denote these duals by M*, which we regard as dyslectic Hopf Yetter-
Drinfel’d (S, H)-modules using Lemma 3.5. Note that M* is faithfully projective. The
following proposition is an illustration of [vOZ].

4.5. PROPOSITION. Let M be a faithfully projective dyslectic Hopf Yetter-Drinfel’d (S, H )-
module. Then

(i) Endg(M) = sEnd(M*) as dyslectic Hopf Yetter-Drinfel’d (S, H) module algebras;
(i) sEnd(M) = Ends(M*) as dyslectic Hopf Yetter-Drinfel’d (S, H) module algebras;

(11i) Ends(M) = sEnd(M) as dyslectic Hopf Yetter-Drinfel’d (S, H) module algebras;
and

(iv) sEnd(M) = Endg(M) as dyslectic Hopf Yetter-Drinfel’d (S, H) module algebras.

PROOF. (i) Define ¢ : Endg(M) — sEnd(M*) by ¢(f)(g) = go f for all f € Ends(M)
and g € M* = Homg(M,S). Then ¢(f)(g) is in M* since f and g are right S-linear.
Clearly ¢(f) is in sEnd(M*). Therefore ¢(f) is well defined. Using Lemma 4.2 and the
definition of the left S-action of gEnd(M*), we can show that ¢ is left S-linear. Using
the fact that h(g o f) = (hi1g) o (haf), it is easy to show that ¢ is H-linear. For every
m € M, we have

(@(f)o(g))(m) @ &(f)
= (¢(£)(90))o(m) @ (6(f)(90))1S(g1)
= (goo flo(m) ® (g0 £)1S(g1)
= ((g0 0 f)(mo))o @ S~ (m1)((go © f)(m0))1S(g1)
= (90(f(m0)))o ® S~ (m1)(go(f(1m0)))1S(g1)
= (9(f(m0)0))oo @ S (m1)(g(f(1m0)0)) 1S (S (f (m0)1)(g(f (m0)o))11)
= (9(f(m0)0))oo @ S~ (m1)(g(f(m0)0))01S((g(f (m0)o))11) f (Mo
= g(f(mo)o) @ S~ (m1) f(mo)s
= g(fo(m)) ® f

= (0(fo)(9))(m) & f1.
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This means that ¢ is HP-colinear. For f, f' € Endgs(M) and g € M*, we have

o(ff)Ng) = go(ff)=gofof

¢(f)(g o ) ¢(f")
(@(f") o o(f))(9)
(@(f)o(f))(9)-

(0(f)(9))

So ¢ is an algebra map.

Let {m®, f@} be dual bases for the S-modules M and M*, where m(¥ € M and
f@ € M* = Homg(M,S). Define v : sEnd(M*) — Ends(M) by ¥(g)(m) = Y ml®) —
[g(fN)](m). Since >_m® — fO(m) = m, we have

= 3 Fm®) O (m) = S (mD) = FD)(m)

for every f’ € M* and m € M. So f' =3 f'(m®%) = fO. For every g € sEnd(M*),
we have g(f') = > f/(m®) — [g(f%)]. This proves that ¢ o) is the identity map of
sEnd(M*). In a similar, way we show that 1 o ¢ is the identity map of Endg(M). So the
algebra map ¢ is a bijection with inverse 1.

(ii) Define ¢ : sEnd(M) — Ends(M*) by ¢(f)(g) = go f for all f € ¢End(M) and
g € M* = gHom(M,S). Here M* = sHom(M,S). We show as in (i) that ¢ is well
defined, left S-linear, left H-linear, right H°-colinear, an algebra homomorphism, and
is a bijection with inverse defined by ¢ : Ends(M*) — sEnd(M) such that ¥ (g)(m) =
[g(fD)(m)] = m®, where {m® £} is a dual basis of the left S-module M.

(iii) Define ¢ : Endg(M) — ¢End(M) by ¢(f)(m) = fo(fim), for all m € M and
f € sEnd(M). We already mentioned that ¢ is an isomorphism of dyslectic Hopf Yetter-
Drinfel’d (S, H)-module. It is easy to show that ¢ is an algebra map using the fact that
(90 flo@(go fli=(go° fo)® figi for all f, g € Ends(M). =

If M and N are faithfully projective dyslectic Hopf Yetter-Drinfel’d (S, H)-modules,
then M®gN is a faithfully projective dyslectic Hopf Yetter-Drinfel’d (.S, H)-module.

4.6. PROPOSITION. Let M and N be faithfully projective dyslectic Hopf Yetter-Drinfel’d
(S, H)-modules. Then

Ends(M) #s Ends(N) ~ Ends(M®sN) and sEnd(M) #s sEnd(N) ~ sEnd(M ®g N)

as dyslectic Hopf Yetter-Drinfel’d (S, H)-module algebras.

PROOF. Define

by

O(f#g)(m@n) = f(mo) @ (mig)(n), for allm € M,n € N, f € Ends(M),g € Ends(N).
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o(f # g) is well defined, since
o((f#g)(m — s)@n) $)o) ® ((m = s)1.9)(n)
) ® (s1m1.9)(n)
— ((s1m1.9)(n)))
— (s1m1)1(g(S((s1m1)2)n)
30 — (s11ma1(9(S(s12ma2)n)))]
— (s11m11(9(S(m12)S(s12)
s00 — (so1ma1(g 8(m12) (51)

S S e e N e N N
/ ~ O
o \_/

D TR TR TR R TR R SR SR R
L2 R R R R R @t @ ® @ T F

<
St

foralme M, ne N,se S, f e Endg(M), and g € Endg(N).
Let us show that ¢ is well defined. We have
o((f — s)#g)(m@n) (f = 5)(mo) @ (m1.g)(n)
[ — (s1.f)](mo) @ (m1.g)(n)
— [(s1.f)(mo)] © (m1.g)(n)
= [su(f(S(s12)m0))] @ mu1 (g(S(miz)n))
(3(501)[511( (S(s12)m0))]) = s00 @ m11(g(S(mu2)n))
(S(s1)52)(f(S(s3)m0)) = 50 @ ma1(g(S(maz)n))
f(8(s1)mo) = so @ mu1(g(S(miz)n))
J((S(s1)mo) = s0) @ma1(g(S(miz)n))
f(s = mo) @ mu(g(S(maz)n))
f(moo = (mo1.5)) ®fn11(9(5(m12) n)
(f(moo) = (mo1.5)) @ ma1(g(S(maz)n))
f(moo) @ ((mor-s) = ((m11(9(S(ma2)n))))
f(mo) ® ((m1.s) — (ma(g(S(ms)n))))
f(mo) @ ((ma.s) = (ma.g)(n))
f(mo) @ ((ma.s) = (ma.g)(n))
f(mo) ® (ma.(s = g))(n)
o(f# (s = g))(m@n)

foralme M, ne N,s€ S, f € Ends(M), and g € Endg(N). Clearly, ¢ and ¢(f # g)
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are S-linear. That ¢ is H-linear follows from:

[h.(o(f # g)l(m @n) hilo(f # 9)(S(h
hlo(f # g)(S(h

half ((S(ha2)m)o)

ha[f ((S(haz2)mo)

hulf(S )

half

ha(f

ha(f

(f

2)(m®n))]
2)~ m® S(ha1)n))]

@ ((S(ha2)m)1.9)(S(hai)n))]

)@ (S (h221)m15 (S (ha23))-9)(S(ha1)n))]
] @ h12[(S(ho21)mihoes.g)(S(ho)n)])

(( (h4)m1h6) )( ( ) )]

2 ( )m1h5 9]( )

(h222) 0~
(S(hs)mo)] @
(S(ha)me)) @
(S(h2)mg)) @ [mihs.g)(n)
b1 (f(S(hi2)mo)) [m1h2 gl(n)
(h1.f)(mo) & [myhsy.g](n)
((h1.f) # (ho.g))(m @ n)
olh.(f # g)l(m @ n),

for alm € M, n € N, f € Endg(M), g € Ends(N), and h € H. And finally, ¢ is
H¢P-colinear, since

O(f # 9)o(m G n) ® 6(f # g )
— U #)(m ol © S (mEmlo(s #9)((m Emu),

®
®
ho
[h
[ma
®

= [o(f # g)(mo @1n0)]o @ 1(n1m1)[ (f # 9)(mo @ no)|y

= [f(moo) # (mo1.9)(n 0)]0 S7H(m1)S (1) [f (moo) # (mo1-9)(n0)]1
= (f(moo)()#[(mm 9)(n0)]o) @ (S~H(m1)SH(n1)[(mo1.9) (n0)]1 f (Moo)1)
= (f(moo)o # [(Mmo1.9)o(n)]) ® (S~ (m1)[(m01 91 ]f(mm) )

= (f(moo)o # [(Mo12-90) (n)]) ® (S~ (m1)[mo13. 915 Ymo11)] f (moo)1)
= (f(mo)o # [(m2.90)(n)]) ® (S~ (m4)[m3915 H(ma)] f(mo)r)

= (f(mo)o # [(m2.90)(n)]) ® (1S ( 1).f(mo)1)

= (f(moo)o # [(ml go)(n)]) (1S~ (m01)f(m00)1)

= fo(mo) # [(m1.90)(n)]) ® g1 /1

= ¢(fo# g0)(m®n) @ g1 f1

= o((f#9)0)(m@n) @ (f#9)

forallme M, ne N, f,€ Ends(M), and g € Endg(N). That ¢ is compatible with the
product can be shown as in [CvOZ1, Proposition 4.3]. Our assumptions imply that every
element of Endgs(M ®g N) has the form f®g, for f € Ends(M) and g € Ends(N), so
it is easy to show ¢~! is given by

o (f®9) = fo#S (f)g.

Therefore, ¢ is an isomorphism of dyslectic Hopf Yetter-Drinfel’d (S, H)-modules.
To show the second isomorphism, use Lemma 4.5 and apply the first isomorphism to
the endomorphism algebras of the duals. [
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4.7. LEMMA. Let M be a faithfully projective dyslectic Hopf Yetter-Drinfel’d (S, H)-
module. Then
(i) M ®sM* is a faithfully projective dyslectic Hopf Yetter-Drinfel’d (S, H)-module
algebra: the multiplication in M ®@g M* is defined by
(m&fY(m' @ f)=(m— f(m' )@ f, for allm,m' € M, f, f' € M*.
(ii) the natural S-linear map ¢ : M@gM* ~ Ends(M) defined by
d(m® f)(m') =m — f(m'), for allm,m’ € M, f € Ends(M),
is an isomorphism of dyslectic Hopf Yetter-Drinfel’d (S, H)-module algebras.
PROOF. (i). We know that M®&gM* is a faithfully projective dyslectic Hopf Yetter-
Drinfel’d (S, H)-module. Let m, m’" € M, and f, f' € M*. Then we have
(m&f) — slndg) = [m&(f—s)ndg)
= [m=((f+s)n))]®yg
— I (fs = )] &g
= (m®f)[(s = n)®yg]
= (m&f)ls = (h®g)]
)

It follows that [(m® f) <« s](n®g) = (M® f)[s = (n®g)].
We also have

[s = m® Nln@g) = [(s —=m)& [

We deduce that [s = (m® f)]|(n®g) =5 — [(m& f)(n®g)].

The identity element of M ®@g M* is > m® & @ where {m®} and {f®} are dual
bases for M and M*. Let us show that the H-coaction is compatible with the product of
M &g M*. We have

(m®f)~0(m/®f’~)o @ (m' & f)i(m®
= (mo ® fo)(my ® fo) ® fimy fima

(mo  f(mi)o) & f5) @ Fimh S (miy) f(mig)1m
(mo — f(m)o) ® fil ® fif(m'ym;

(m = f(m) & flo ® [(m — f(m'))& £,

(m® f)(m' & f)o @ [(m f)(m' & f)]1.

It is easy to show that the H-action is compatible with the product of M ®g M*.
That the product is associative is well-known. So M ®g M* is a Hopf Yetter-Drinfel’d
(S, H)-module algebra.

(ii). Since M is faithfully projective, ¢ is an isomorphism of dyslectic Hopf Yetter-
Drinfel’d (S, H)-modules. It is easy to show that ¢ preserves the product and the identity
element >" m® & f@ of M ®g M*, where {m®} and {f®} are dual bases of M and M*.m
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4.8. LEMMA. Let M be a faithfully projective dyslectic Hopf Yetter-Drinfel’d (S, H)-
module. Then

(i) M*®s M is a faithfully projective dyslectic Hopf Yetter-Drinfel’d (S, H)-module
algebra: the multiplication in M* ®@g M is defined by

(fom)(f'em') = f[f(m)—=m'], for allm,m' € M, f, f € M*; and

(ii) the natural R-linear map ¢ : M* ®g M ~ sEnd(M) defined by
o(f @m)(m') = f(m') = m, for allm,m' € M, f € sEnd(M),
is an isomorphism of dyslectic Hopf Yetter-Drinfel’d (S, H)-module algebras.

4.9. PROPOSITION. Let A be a dyslectic Hopf Yetter-Drinfel’d (S, H)-module algebra. If
M is a dyslectic Hopf Yetter-Drinfel’d (S, H)-module that is faithfully projective as an
S-module, then A#gs Endg(M) ~ Endg(M)#s A and sEnd(M) #s A ~ A#g sEnd(M)
as dyslectic Hopf Yetter-Drinfel’d (S, H)-module algebras.

PROOF. This is shown for general braided monoidal categories in [vOZ, Proposition 2.4(i)].
There the algebra isomorphism is given by

nla#me f)=8(a1)m® fo# fi.ao, foralla € A,me M, f e M.

This is the composition (id®vy4 p+)o (’y;l,lM ®1d), so it is certainly well-defined morphism in
the ¢Q category. That it is an algebra map is shown with a braiding diagram argument

in [vOZ]. Here we verify this directly.
Let a,b € A, m,n € M, and f,g € M*. Consider

n((a#m@f)(b#nzg)) = nlabo# (br.(m@f))(nGg))
= nlabo # [bym (b2 f)(n)] @ g)
((abo)1).[brm = (b2.f)(n)] ® go # g1-(abo)o
(a1)S(bo1)-(bam — (b2f)(n)) @ go # g1-(aoboo)
(az)m — (S(a1)S(b1). (b2 f
(az)m @ ((S(a1)S(b1).(b2f
(a2)m @ (goo — (go1-(S(ax
(02)m®goo#((gm( (a1)
(a2)m & go # g1-((S(a1)S(
(a2)
(a1)
(a1)
(a1)
(a1)

)(n)) ®go # g1-(aobo)

)(n)) = go) # g91-(aobo)

)S(1)-(b2f)(n)))) # g1-(aobo)

(b1).(b2f)(n))) = g1.(aobo))

1)-(b2f)(n))

a2)m @ go # g1.(((S ( 1)S(b1)-(b2f)(n)) — ao)bo)

S(b1)-(b2f)(n)))bo)
(b2f)(n)) — bo))

))%

S
b
(

— agbo)

— (
a1)m® go # g1-(ao((S(b1).
a1)m @ go # g1-(ao(bo — ((
a1)m @ go # g1-((aobo) — (

S
S
S
S
S
= S
S (
S (
S(a1)m & go # g1.((ao
S (a
S (a
S (

b1 f)(n
(b1f)
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On the other hand,

na#me finb#En@g) = (S(a)m® fo# fi.a0)(S(b1)n® go# g1.bo)
= (5(al)m@f0)(3(bl)n®gg)o#((5(51)n®90) (f1-a0))(g1-bo)
= (S(a1)m® fo)((S(b1)n)o ® goo) # (901(S(b1)n)1f1.a0)(g1-bo)
= 5(a1)m<§?(fo((5(bl)n)0)490)#91 (((S(b1)n)1f1-a0)bo)
= 5(a1)m@(goo¥(901-(fo((5( 1)n)o))) # g1-(((S(b1)n)1 f1.a0)bo)
= 5(a1)m<§§>90#((91(0(( (b1)n)0))) — (g2.(((S(b1)n)1f1.a0)b0)))
= S(a)m@go# g1-((fo((S(b1)n)o) = (S(b1)n)1f1.a0)bo)
= S(a)m®go # g1-((fo((S(b1)n)o) = (S(b1)n)1f1.a0)bo)
= S(a1)m® go # g1-((a0 — f(S(b1)n))bo)
= S(an)m@go # g1-(ao(f(S(b1)n) — bo))
= S(a1)m® go # g1-(ao(boo — bo1.f(S(b1)n)))
= S(a))m@go # g1.(ao(bo — (b1 f)(n)))
= S(a1)m® go# g1-((aobo) = (b1f)(n)),

as required.

That sEnd(M) #s A ~ A#s sEnd(M) follows, since s End(M) ~ Endg(M™). "

5. Dyslectic Hopf Yetter-Drinfel’d (S, H)-module Azumaya algebras

In this section, H a Hopf algebra with a bijective antipode, and S is an H-commutative
Hopf Yetter-Drinfel’d H-module algebra. We will introduce the notion of a dyslectic
Hopf Yetter-Drinfel’d (S, H)-module Azumaya algebra and work from there toward our
eventual goal of defining the Brauer-Clifford-Long group.

5.1. PROPOSITION. Let A be a dyslectic Hopf Yetter-Drinfel’d (S, H) module algebra
which s faithfully projective as an S-module. We define two S-linear maps

F:A#sA— Ends(A):  F(a#b)(c) = aco(cy.b)

and

G:A#sA— Ends(A): G(@#b)(c) = ap(ar.c)b

for all a, b and c in A.
Then F and G are dyslectic Hopf Yetter-Drinfel’d (S, H)-module algebra homomor-
phisms.

PROOF. To see that F' is well-defined, let a,b,c € A and let s € S. Then

Fla#b)(c—=s) = alc+ s)((c+ s)1).b)
= afco = so0)(s1-(c1.D))
aco(so — (s1.(c1- b)))
aco((c1.b) — s)
(aco(cr.b)) —

= Fla#b)(c) —
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so F(a#b) is S-linear. It is clear that F is additive. Furthermore,

F((a+—s)#b)(c) = (a+ s)co(c1.b
= a(s — ¢)(c1.b
= a(cy — c1.5)(c

aco((c1.5) — (c
= acy(cr.(s — b))
Fla (s —b))(c)
= Fla# (s = b))(c),

so I is a well-defined map from A #g A to Endg(A).
Next we show F'is H-linear. Let a,b,c € A and h € H. Then

b

)

)

2.b)
2.b))

h.(F(a#b))(c) = hi.(F(a#0b)(S(hs).c))
= hi.(a(S(h2).c)o((S(h2).c)1.b))
= hi.(a(S(h3).co)(S(ha)crhy).b)
= (h1a) o(c1-(ha.b))
= ( # 2- b)( )
= F(h ( #0))(c),

as required. To see that F'is H-colinear, let a,b,c € A. We have

(F(a#D)o(c) ® (F(a#b))y = (F(a#b)(co))o ® S~ (c1)(F(a#b)(co)h
= (aco(c1.0))o ® S ( 2)(aoco(c1-0))
= CL()Co(Cg 0)® (C5)C4b15(€2)61(l1
= agco(c1.bp) ® bray
= F((a#Db)o)(c) ® (a#b),

so F'is H-colinear. Finally, F' is an algebra map, since for all a,b,c,d,e € A,

Fla#b)F(c#d)(e) = F(a#b)(ceo(er.d))

— a(ceoler-d)o((ceolerd))r.b)
acoep(ea-d)o((es. )1elcl)b
acoeg(es.do)((eqdi S (ez)ercr).b)

= CLCO€0(61 do)((egdlcl) )

= (acoeo)e-(do(dr-(c1.)))

— Flaco # dold (1 D) (e)

= F(aco# c1.bd)(e)

— Fla$D)(c£d)(e).

For the map G, we view Endgs(A) as ¢End(A) and use the H-action and H-coaction
defined as in Lemma 2.2. That G is well-defined and S-linear is similar to the proof for
F. That G is H-linear, H-colinear, and an algebra map is proved exactly as in [CvOZl1,
Proposition 5.1] (see also [C, Lemma 12.2.3]). =
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Let A be a faithfully projective dyslectic Hopf Yetter-Drinfel’d (.S, H)-module algebra.
We say that A is a dyslectic Hopf Yetter-Drinfel’d (S, H)-module Azumaya algebra (i.e. an
Azumaya algebra in the category Dys-sQH) if A is faithfully projective, and the dyslectic
Hopf Yetter-Drinfel’d (S, H)-module algebra homomorphisms F : A#g A — Endg(A)
and G : A#s A — Ends(A) are isomorphisms.

Let A be a dyslectic Hopf Yetter-Drinfel’d (S, H)-module algebra. If H is cocommu-
tative and the coaction of H is trivial, then S is commutative, A = A%, and A is just an
S-progenerator (S, H)-algebra for which the natural map A ®g A — Endg(A) is an iso-
morphism of (S, H)-algebras. So A is an (S, H)-Azumaya algebra in the sense of [GH]. If
H is commutative and the action of H is trivial, then S is commutative, A = A, A is just
an S-progenerator (S, H)-Hopf algebra such that the natural map A ®g A% — Ends(A)
is an isomorphism of (S, H)-Hopf algebras. So A is an (5, H)-Hopf Azumaya algebra as
in [GHJ.

5.2. THEOREM. The following hold:

(i) If M is a faithfully projective dyslectic Hopf Yetter-Drinfel’d (S, H)-module, then
Ends(M) is a dyslectic Hopf Yetter-Drinfel’d (S, H)-module Azumaya algebra.

(ii) If A and B are faithfully projective dyslectic Hopf Yetter-Drinfel’d (S, H) module
Azumaya algebras, then A4 B is a dyslectic Hopf Yetter-Drinfel’d (S, H)-module
Azumaya algebra.

(iii) If A'is a faithfully projective dyslectic Hopf Yetter-Drinfel’d (S, H)-module Azumaya
algebra, then A is a dyslectic Hopf Yetter-Drinfel’d (S, H)-module Azumaya algebra.

PROOF. It is obvious that Endg(M) is faithfully projective. By Proposition 4.5, we have
Ends(M) ~ sEnd(M) ~ Endg(M™)

as dyslectic Hopf Yetter-Drinfel’d (S, H)-module algebras. Using Propositions 4.5 and
4.6, and Lemmas 4.7 and 4.8, we get the following dyslectic Hopf Yetter-Drinfel’d (.S, H)-
module algebra isomorphisms:

Ends(M) #g EndS(M) ~ Ends(M) #S Endg(M*)
~ EndS(M ®S M*)
~ FEndgs(Endg(M))
and
Ends(M) #g Endg(M) Ends(M*) #s Ends(M)

(
Endg(M* ®5 )
Endg((M ®S M*)*)
(
(

112 1R

E?’Lds (E?’Lds( ))*>
Ends Endg( ))

12

So F' and G are isomorphisms.
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(ii) Since A ®g B is faithfully projective so is A#g B. Using Propositions 4.4, 4.6,
and 4.9, we have the following dyslectic Hopf Yetter-Drinfel’d (S, H)-module algebra
isomorphisms:

A#sB#sB#sA
A#s Ends(B) #s A
A #S A #S Ends(B)
Ends(A ®S B)
Ends(A #5 B)

(A#sB)#sA#s B

1 1R R IR

and _ _
B#s A#s A#s B
B#s Ends(A) #s B
B #s B#s Ends(A)
EndS(B*) #S Ends(A*>
Endg(B* ®S A*)
E?’Lds((A ®S B)*)

(

(

A#sBH#s(A#sDB)

R

12

12 1R

12

Endg A®S B)
E?’Lds A#S B)

12

so F' and G are isomorphisms. B
(iii) Since A is faithfully projective so is A. Using Propositions 4.5 and 4.4, we have
the following dyslectic Hopf Yetter-Drinfel’d (S, H)-module algebra isomorphisms:

A#g A
Endg(fl),

A#g A

12

112 R

and

BT
I
0

N

2

~ A #s A
Ends< )

So F' and G are isomorphisms. [

l

12

We will say that a dyslectic Hopf Yetter-Drinfel’d (S, H)-module Azumaya algebra E
is trivial if E ~ Endg(P) as dyslectic Hopf Yetter-Drinfel’d (S, H)-module algebras, for
some faithfully projective dyslectic Hopf Yetter-Drinfel’d (S, H)-module P. If a dyslectic
Hopf Yetter-Drinfel’d (S, H)-module Azumaya algebra FE is trivial, then so are E* and
E. If M and N are faithfully projective dyslectic Hopf Yetter-Drinfel’d (.S, H)-modules,
then so is M ®g N. It follows from Proposition 4.6 and Theorem 5.2 that the braided
product of two trivial dyslectic Hopf Yetter-Drinfel’d (S, H)-module Azumaya algebras
is a trivial dyslectic Hopf Yetter-Drinfel’d (S, H)-module Azumaya algebra. When A
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is a dyslectic Hopf Yetter-Drinfel’d (S, H)-module Azumaya algebra, then we have that
A#gA and Endg(A) are isomorphic as dyslectic Hopf Yetter-Drinfel’d (.S, H)-module
Azumaya algebras, and A#g A and Endg(A) are isomorphic as dyslectic Hopf Yetter-
Drinfel’d (S, H)-module Azumaya algebras.

We will say that two dyslectic Hopf Yetter-Drinfel’d (S, H)-module Azumaya algebras
A and B are equivalent if there exist trivial dyslectic Hopf Yetter-Drinfel’d (S, H)-module
Azumaya algebras E; and FEy such that A#g FE; ~ B+#g FE, as dyslectic Hopf Yetter-
Drinfel'd (S, H)-module Azumaya algebras.

5.3. LEMMA. The above relation is an equivalence relation on the collection of dyslectic
Hopf Yetter-Drinfel’d (S, H)-module Azumaya algebras.

PROOF. The only thing we have to show is transitivity. Suppose A, B, and C are dyslectic
Hopf Yetter-Drinfel’d (S, H)-module Azumaya algebras for which A is equivalent to B
and B is equivalent to C'. Then there exist faithfully projective dyslectic Hopf Yetter-
Drinfel’d (S, H)-module Ny, Ny, N3 and N, such that A#g Endg(Ny) ~ B #s Ends(N2)
and B #g Endg(N3) ~ C #s Endg(N,) as dyslectic Hopf Yetter-Drinfel’d (S, H)-module
Azumaya algebras. We have the following dyslectic Hopf Yetter-Drinfel’d (S, H)-module
Azumaya algebras isomorphisms:

A#S Endg N1
B#S Endg N2

A #S Ends<N1 ®S Ng) (
(
B#S E?’Lds(Ng
(
(

F

N

&

S

o9

n
\_/82/\_/

C#S Ends N4
C#S Endg N4 Rg Nz).

11 1 IR

This proves the relation is transitive, and hence it is an equivalence relation. [

We have now collected all of the ingredients necessary to define the Brauer group for
the braided monoidal category Dys-gQ™.

5.4. DEFINITION. The Brauer-Clifford-Long group for the category of dyslectic Hopf Yetter-
Drinfel’d (S, H)-modules Azumaya algebras is the set BQ(S, H) of equivalence classes
of dyslectic Hopf Yetter-Drinfel’d (S, H)-module Azumaya algebras modulo the relation
defined by taking #s-products with trivial dyslectic Hopf Yetter-Drinfel’d (S, H)-module
Azumaya algebras.

We remind the reader that our Azumaya algebras in Dys-gQf are assumed to be
left and right faithfully projective. From the viewpoint of [Femi¢|, these algebras consti-
tute a closed braided monoidal category and so the Brauer-Clifford-Long group we have
described is the Brauer group of this category.

5.5. THEOREM. Let H be a Hopf algebra with bijective antipode, and suppose S is an H-
commutative Yetter-Drinfel’d H-module algebra. Then BQ(S, H) is a group. If [[A]l], [[B]]
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denote the equivalence classes of a dyslectic Hopf Yetter-Drinfel’d (S, H)-modules Azu-
maya algebra A and B, then in BQ(S, H) we will have [[A]]-[[B]] = [[A#s B]]. The iden-
tity of BQ(S, H) is the equivalence class [[S]] consisting of all trivial dyslectic Hopf Yetter-
Drinfel’d (S, H)-modules Azumaya algebras, and [[A]]~! = [[A]] for all [[A]] € BQ(S, H).

PROOF. The product in BQ(S, H) is well-defined by Propositions 4.4, 4.6, 4.9, and The-
orem 5.2(ii). It follows from Proposition 4.4 that this product is associative and has
identity [[S]]. That the inverse of the class [[A]] € BQ(S, H) is represented by A is [[A]]

follows from Theorem 5.2(iii). n

BQ(R, H) is precisely the Brauer group for the category Q of Yetter-Drinfel’d H-
modules defined by Caenepeel, Van Oystaeyen, and Zhang [CvOZ1], [CvOZ2]. Several
basic properties of BQ(S, H) are immediate from the properties of Brauer groups of
braided monoidal categories discussed in [vOZ], we leave these to the reader to explore.

6. Examples

In this section we give an overview of cases where Brauer groups of braided and symmetric
monoidal categories that have been previously studied admit nontrivial generalizations to
the Brauer-Clifford-Long groups that we have presented.

6.1. EXAMPLE. H is triangular. A Hopf algebra H over commutative ring R is said to
be quasitriangular if there exists an invertible element R = R; ® Ry, € H ® H satisfying

QT1) RYVORP R, = (Ri®10R)(1®R, ®Ry) := RisRas
QT2) RioRPVOIRY = RI®IOR)(R1®R®1) :=RisRis
(QT3)  A“P(h)=hy®h; = R(h ®ho)R7L, for all h € H.

The inverse of R is R™! = §(R;) ® Ry. By [Majid, Theorem 5.7], the antipode of
a quasitriangular Hopf algebra is bijective. Clearly, if H is cocommutative, then H is
quasitriangular with R = 1y ® 1. If H is quasitriangular with respect to R € H ® H,
then every left S# H-module M becomes a Hopf Yetter-Drinfel’d (S, H)-module, with the
H°P-coaction given by

pr(m) = (Ram) ® Ry, for all m € M.

A Hopf algebra H is triangular if it is quasitriangular and R~! = Ry ® R;. The next
lemma shows that Hopf Yetter-Drinfel’d (S, H)-modules are dyslectic when H is trian-
gular and S is an H-commutative left H-module algebra. So in this case the ingredients
necessary to define BQ(S, H) are present.

6.2. LEMMA. Let H be a triangular Hopf algebra with respect to R € H® H. If S s
an H-commutative left H-module algebra, then every left S#H-module M 1is a dyslectic
Hopf Yetter-Drinfel’d (S, H)-module.
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PROOF. Since H is triangular, we have R1Ro ® RoR1 = 1y ® 1g.
Let m € M and s € S. Then

mo < (m1.s) = (Ram) < (R1.5)
= (R1.8)0 = ((R1.5)1(Ram)
= (RyRy.s) = (RiRym)

= s5—m,

so the equation (32) is satisfied for M. =

6.3. EXAMPLE. H faithfully projective with bijective antipode. Suppose H is a faithfully
projective Hopf algebra over a commutative ring R with a bijective antipode. In this case
there is a category equivalence between Qf and pyM, where D(H) is the Drinfel’d
double of H; i.e. the bi-crossed product H 1 H*P, where H* is the R-dual of H [Majid91].
When S is an H-commutative Yetter-Drinfel’d H-module algebra, the right H°’-comodule
structure on S induces a left H**P-module algebra structure on S, and in this way .S can
be viewed as a D(H)-module algebra, with

(h<t@).s = (h.sg)p(s1), forall h € Hyp € H*P s € S.

It is well-known that D(H) is a quasitriangular Hopf algebra in this case, whose special
element R € D(H) ® D(H) is constructed using dual bases (h¥),¢®) of H and H*
[Mayjid91]:
R=Ri®@Ry=» (b xen) @ (1 a¢),

where e is the counit of H, i.e. the unit of H*?. We claim that the H-commutativity of S
is equivalent to D(H )-quantum commutativity in the sense of Cohen-Westreich [CohWest]
that is used in [Wang, Corollary 2.5]. D(H)-quantum commutativity of S means that for
all s,t € S, ts = (Ra.s)(R1.t). Using our characterization of R and Ry, this is equivalent
to

ts = (RQS)(th)
= (1> 0D).8)((hY b epr).t)

(5001 (51)) (M) toen (1))

> 50l (s1)h D] [en (t1)to]

So(Sl.t)

= s,

so H-commutativity of S is equivalent to D(H )-quantum commutativity of S in the sense
of Cohen-Westreich [CohWest]. So we can conclude from Wang’s results [Wang, Lemma
2.1, Theorem 2.2, and Corollary 2.5], that g4 p()M is a braided monoidal category. Thus
the equivalent category ¢Q is also braided monoidal, every M € ¢Q will be dyslectic.
So our Brauer-Clifford-Long group BQ(S, H) will be isomorphic to BM (S, D(H)).
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6.4. EXAMPLE. H is cotriangular. A Hopf algebra H over a commutative ring R is said to
be coquasitriangular if there exists a convolution invertible R-linear map R : H ® H — k
satisfying the following conditions:

(CQTI) R(h,gx) = R(h1,9)R(ha, x)
(CQT2) R(hg,x) = R(h,z1)R(g,x2)
(CQT?’) R<h1> 91>h292 = 91h1R(h2, 92)-

The convolution inverse of R is given by R7!(h,g) = R(S(h),g), for all g,h € H. By
[Majid, Theorem 8.6], the antipode of a coquasitriangular Hopf algebra (H, R) is bijective.
If (H,R) is coquasitriangular, then every right (S, H°?)-Hopf module M becomes a Hopf
Yetter-Drinfel’d (S, H)-module; the H-action is given by

hm = moR(h,my) for all m € M.

If H is coquasitriangular and S is a right H°-comodule algebra, then S is a Yetter-
Drinfel’d H-module algebra with H-action given by

h.s = soR(h,s1) for all s € S.

Clearly, if H is commutative, then H is coquasitriangular with R(h,g) = 1.
A coquasitriangular Hopf algebra H is cotriangular if

R(h1,91)R (g2, he) = €(h)e(g) for all h,g € H.

6.5. LEMMA. Suppose H is a cotriangular Hopf algebra. If S is an H-commutative right
H-comodule algebra, then every (S, H?)-Hopf module M is a dyslectic Hopf Yetter-
Drinfel’d (S, H)-module.

PROOF. Let m € M and s € S. Then

mo — (ml.s) = My “— (S(]R(ml, 51>)

s00 — (s01m0)R(my, 51)

so — (s11m0)R(ma, s12)

so — (Mmoo R (511, mo1)R (M, 512)
(so = mo)R(s11, m11)R(Ma2, S12)
(so — mo)e(s1)e(ma)

= s—m,

so equation (32) is satisfied for M. "

If H is cotriangular and S is an H-commutative right H-comodule algebra, then S
is a dyslectic Hopf Yetter-Drinfel’d (S, H)-module algebra. So the ingredients necessary
to define BQ(S, H) are present in this situation as well.
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7. Elementary homomorphisms between Brauer-Clifford-Long groups

We conclude the article by presenting some elementary homomorphisms between Brauer-
Clifford-Long groups that are induced by scalar extensions and central twists.

We first consider scalar extensions. Let R’ be a commutative ring with trivial H-action
and H-coaction. Fix a ring homomorphism from R’ to R. Then H' = R' ® H equipped
with its natural R-module structure is a Hopf algebra over R’. If M is a Hopf Yetter-
Drinfel’d H-module, then R’ ® M is a Hopf Yetter-Drinfel’d (R’ ® S, H')-module in a
natural way. Let S be an H-commutative Hopf Yetter-Drinfel’d H-module algebra. Then
R' ® S is an H'-commutative Hopf Yetter-Drinfel’d H'-module algebra. Let M be a Hopf
Yetter-Drinfel’d (S, H)-module. Then R’ ® M equipped with its natural R’ ® S-module
structure is a Hopf Yetter-Drinfel’d (R'®S, H')-module. If M is dyslectic then so is R'®M.
If M is faithfully projective as an S-module, then R’ ® M is faithfully projective as an
R’ ® S-module. Furthermore, if A is a Hopf Yetter-Drinfel’d (S, H)-module (Azumaya)
algebra, then R’ ® A will be a Hopf Yetter-Drinfel'd (R’ ® S, H')- module (Azumaya)
algebra, and R’ @ A ~ R’ ® A. The canonical nature of these identifications allows us to
lift this to a homomorphism between the Brauer-Clifford groups.

7.1. PROPOSITION. Let S be an H-commutative Hopf Yetter-Drinfel’d H-module algebra.
Suppose that R’ is a commutative ring with trivial H-action and H -coaction and there is
a homomorphism ring from R' to R. Then the map BQ(S,H) — BQ(R' ® S,R' ® H)
given by [[A]] = [[R' ® A]], for all Hopf Yetter-Drinfel’d (S, H)-module Azumaya algebras
A, is a group homomorphism.

Central twists also induce homomorphisms between Brauer-Clifford-Long groups. Let
S be an H-commutative Hopf Yetter-Drinfel’d H-module algebra. Let H-Autg(S) be
the group of Hopf Yetter-Drinfel’d H-module algebra automorphisms of S. We claim
there is an action of H-Autz(S) on the Brauer-Clifford-Long group. For M € Q¥ and
T € H-Autg(S), let ;M be equal to M as a Hopf Yetter-Drinfel’d H-module, but has
left S-module structure given by s » m = 771(s) — m for all s € S, m € M. Using the
H-linearity and the colinearity of 7, we can see that .M € Q. The corresponding right
S-module structure on ,M is given by m 4 s =m + 7 !(s). Using the H-linearity and
the H-colinearity of 7, we can show that if M is an object of Dys-gQ¥ then so is , M.

7.2. LEMMA. Let S be an H-commutative Hopf Yetter-Drinfel’d H-module algebra. Let
T € H-Autp(S). Let M, N € sQH. Then the following hold.

(Z) T(M ®5’ N) = TM®STN;

(i1) M is finitely generated projective as a right (left) S-module if and only if M is
finitely generated projective as a right (left) S-module;

(111) If M is finitely generated projective as a right S-module, then ,Homg(M,N) and
Homg( M, .N) are isomorphic in ¢QF;
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(iv) If M is finitely generated projective as a left S-module, then .(sHom(M,N)) and
sHom(.M, .N) are isomorphic in sQ%; and

(v) M is S-faithfully projective in Dys-sQf if and only if ;M is S-faithfully projective
in Dys-gQH.

PROOF. (i) The identity map is linear from ,(M &g N) to .M ®g ,N.

Clearly, M is finitely generated as a right (left) S-module if and only if .M is finitely
generated as a (right) (left) S-module. A map f is right S-linear from M to N if and
only if it is right S-linear from ;M to N and s » f = s — f. Likewise, f is H-
colinear (H-linear) from M to N if and only if it is H-colinear (H-linear) from M to
+N. So the identity map is S-linear from ,Homg(M,N) to Homg(. M, N), and from
(sHom(M,N)) to sHom(.M,,N). The functor 7 preserves exact sequences and 7o 7 is
the identity. Using these facts, we can show our results.

u

7.3. DEFINITION. Let S be an H-commutative Yetter-Drinfel’d module algebra. Let A be
an algebra in Dys-sQ". For any 7 € H-Autg(S), we define ;A to be equal to A as a
Hopf Yetter-Drinfel’d H-module algebra, but equal to ;A as an S-module.

7.4. LEMMA. Let S be a fired H-commutative Hopf Yetter-Drinfel’d H-module algebra.
Let 7 € H-Autg(S). Let A be an algebra in Dys-sQ". Then A is an algebra in Dys-
sQf.

7.5. LEMMA. Let S be an H-commutative Yetter-Drinfel’d module algebra. Let T € H -
Autg(S). Then the following hold.

(i) If M is faithfully projective as an S-module in Dys-sQf , then , Ends(M) ~ Endgs(, M)
and (sEnd(M)) ~ sEnd(,M) as algebras in Dys-sQ ;

(ii) if A is an algebra in Dys-sQ, then ;A is an algebra in Dys-sQ, and A = (A
as algebras in Dys-¢ Q™ ;

(iii) if A and B are algebras in Dys-sQf, then .(A#s B) is an algebra in Dys-¢Qf
and ;(A#s B) ~ ;A#s.B as algebras in Dys-sQH ; and

(iv) if A is an Azumaya algebra in Dys-sQ¥, then so is ,A.

7.6. PROPOSITION. H-Autg(S) acts by automorphisms on BQ(S, H). The action is given
by 7.[[A]] = [[; A]], for any Azumaya algebra A in Dys-sQ" and 7 € H-Autg(S).
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