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DECORATED CORELATIONS

BRENDAN FONG

ABSTRACT. Let C be a category with finite colimits, and let (£, M) be a factorisa-
tion system on C with M stable under pushout. Writing C; M°P for the symmetric
monoidal category with morphisms cospans of the form —¢=, where ¢ € C and m € M,
we give a method for constructing a category from a symmetric lax monoidal functor
F: (C; M°P,+) — (Set, x). A morphism in this category, termed a decorated corelation,
comprises (i) a cospan X — N «+ Y in C such that the canonical copairing X +Y — N
lies in &, together with (ii) an element of FN. Functors between decorated corelation cat-
egories can be constructed from natural transformations between the decorating functors
F'. This provides a general method for constructing hypergraph categories—symmetric
monoidal categories in which each object is a special commutative Frobenius monoid in
a coherent way—and their functors. Such categories are useful for modelling network
languages, for example circuit diagrams, and such functors are useful for modelling their
semantics.

1. Introduction

Consider a circuit diagram.

We often view such diagrams atomically, representing the complete physical system built
as specified. Yet the very process of building such a system involves assembling it from
its parts, each of which we might diagram in the same way. The goal of this paper is
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to develop formal category-theoretic tools for describing and interpreting this process of
assembly:.

As we wish to compose circuits, we model them as morphisms in a category. One
method for realising the above circuit as a morphism is to use decorated cospans [Fonl15].
To do so, consider the part inside the shaded area as a graph with three vertices and the
four resistors as edges. Writing n for a set of n elements, we have functions 1 — 3 and
2 — 3 describing how the terminals e on the left and the right respectively are attached
to the vertex set 3 of this graph. Thus the above circuit can be modelled as a cospan
of functions 1 — 3 < 2, decorated by the aforementioned graph on the apex 3 of this
cospan.

While often useful for syntactic purposes, a significant limitation of using cospans alone
is that composition of cospans indiscriminately accumulates information. For example,
here is a depiction of the composite of five circuits using decorated cospans:

vl
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Note in particular that the composite of these circuits contains a unique resistor for every
resistor in the factors. If we are interested in describing the syntax of a diagrammatic
language, then this is useful: composition builds given expressions into a larger one. If
we are only interested in the semantics—given, say by the electrical behaviour at the
terminals—this is often unnecessary and thus often wildly inefficient.

Indeed, suppose our semantics for open circuits is given by the information that can be
gleaned by connecting other open circuits, such as measurement devices, to the terminals.
In these semantics we consider two open circuits equivalent if, should they be encased,
but for their terminals, in a black box

we would be unable to distinguish them through our electrical investigations. In this case,



610 BRENDAN FONG

at the very least, the previous circuit is equivalent to the circuit

.

ST o

where we have removed circuitry not connected to the terminals. Moreover, this second
circuit is a more efficient representation, as it does not model inaccessible, internal struc-
ture. If we wish to construct a category modelling the semantics of open circuits then,
we require circuit representations and a composition rule that only retain the information
relevant to the black boxed circuit. In this paper we introduce the notion of corelation to
play this role.

Indeed, corelations allow us to pursue a notion of composition that discards extra-
neous information as we compose our systems. Consider, for example, the category
Cospan(FinSet) of cospans in the category of finite sets and functions. Given a pair
of cospans X - N «+ Y, Y — M <« Z, their composite has apex the pushout N +y M.
This, roughly speaking, is the union of N and M with two points identified if they are
both images of the same element of Y. For example, the following pair of cospans:

— ==
‘ .(4:

becomes
X N +yv M A

Here we see essentially the same phenomenon as we described for circuits above: the apex
of the cospan is much larger than the image of the maps from the feet.

Corelations address this with what is known as a (&£, M)-factorisation system. A
factorisation system comprises subcategories £ and M of C such that every morphism in
C factors, in a coherent way, as the composite of a morphism in £ followed by a morphism
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in M. An example, known as the epi-mono factorisation system on Set, is yielded by the
observation that every function can be written as a surjection followed by an injection.

Corelations, or more precisely (£, M)-corelations, are cospans X — N <« Y such that
the copairing X +Y — N of the two maps is an element of the first factor £ of the
factorisation system. Composition of corelations proceeds first as composition of cospans,
but then takes only the so-called £-part of the composite cospan, to ensure the composite
is again a corelation. If we take the £-part of a cospan X — N <+ Y, we write the new
apex N, and so the resulting corelation X — N < Y.

Mapping the above two cospans to epi-mono corelations in FinSet they become

R

with composite

o/ ° —— e

Note that the apex of the composite corelation is the subset of the apex of the composite
cospan comprising exactly those elements in the image of the maps from the feet. The
intuition, again, is that composition of corelations discards irrelevant information—of
course, exactly what information it discards depends on our choice of factorisation system.

Recall that a hypergraph category is a symmetric monoidal category in which every
object is equipped with the structure of a special commutative Frobenius monoid in a
coherent way. Due to the readily available Frobenius structure, hypergraph categories are
well suited to modelling network-style composition. For example, in the circuits example
above, the Frobenius structure allows description of many-to-many interconnections, as
well as the ability to turn inputs into outputs, and vice versa.

Our first contribution is to show that, under a mild condition on the factorisation
system, we can use corelations to construct hypergraph categories and their functors.

1.1. THEOREM. LetC be a category with finite colimits and a factorisation system (€, M).
If M is stable under pushout, then corelations in C form the morphisms of a hypergraph
category.

Moreover, let A be a colimit-preserving functor between categories C, C', where C and
C' are respectively equipped with factorisation systems (€, M), (€', M') such that M and
M’ are stable under pushout. If the image under A of M lies in M’, then A induces a
hypergraph functor between their corelation categories.
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The task of this paper is to construct hypergraph categories of decorated corelations.
How do decorations enter the picture? An instructive example comes from matrices.
Suppose we have devices built from channels that take the signal at some input, amplify
it, and deliver it to some output. For simplicity let these signals be real numbers, and
amplification be linear: we just multiply by some fixed scalar. We depict an example
device like so:

Here there are three inputs, four outputs, and five paths. Formally, we might model these
devices as finite sets of inputs X, outputs Y, and paths NV, together with functionsi: N —
X and o: N — Y describing the start and end of each path, and a function s: N — R
describing the amplification along it. In other words, these are spans X < N — Y in
FinSet, decorated by scalar assignment functions N — R. This suggests what might be
termed a decorated spans construction on FinSet. By this, we mean precisely a decorated
cospan construction on FinSetP.

For a decorated cospan category we begin with a symmetric lax monoidal functor on
a category with finite colimits, such as the functor that takes a finite set N to the set
of circuits with vertex set N. For our decorated spans construction, we begin with the
contravariant symmetric lax monoidal functor R(=): (FinSet, x) — (Set, x) that takes
a finite set NV to the set R of functions s: N — R, and takes a function f: M — N to
the map sending s: N — R to so f: M — R. The coherence maps of the functor, which
are critical for composing the decorations, are given by oy ar: RY x RM — RV*M ' taking
(5,t) € RY x RM to the function s-t: N x M — R defined by pointwise multiplication
in R.

Composition in this decorated span category is thus given by the multiplication in R.
In detail, given decorated spans (X <X N 25 Y, N 3 R) and (Y << M %% Z, M 5 R),
the composite has a path from z € X to z € Z for every triple (y,n,m) where y € Y,
n € N, and m € M, such that n is a path from x to y and m is a path from y to z. The
scalar assigned to this path is the product of those assigned to n and m. For example, we
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have the following composite

There are four paths between the top-most element z; of the domain and the top-most
element z; of the codomain: we may first take the path that amplifies by 5x and then the
path that amplifies by 1x for a total amplification of 5x, or 5x and 3x for 15x, and so on.
This means we end up with four elements relating z; and z; in the composite. The apex

of the composite is in fact given by the pullback N xy M of the cospan N 25 Y <& M
in FinSet.

Here we again see the problem of decorated spans and cospans: the composite of the
above puts decorations on N Xy M, which can be of much larger cardinality than N and
M. We wish to avoid the size of our decorated span growing so fast. Moreover, from our
open systems perspective, we care not about the path but by the total amplification of the
signal from some chosen input to some chosen output. The intuition is that if we black
box the system, then we cannot tell which paths the signal took through the system, only
the total amplification from input to output.

We thus want to restrict our apex to contain at most one point for each input-output
pair (z,y). We do this by pushing the decoration along the surjection e in the epi-mono
factorisation of the function N xy M < N Xy M = X x Z. Put another way, we want
the category of decorated relations, not decorated spans.

Represented as decorated relations, the above composite becomes

° 6) 4) ° ° 24) o

Note that composite is not simply the composite as decorated spans, but the composite
decorated span reduced to a decorated relation. We will later show that this decorated
relations category is equivalent to the category of real vector spaces and linear maps, with
the tensor product as monoidal product.

It is not a trivial fact that the above composition rule for decorated relations defines a
category. Indeed, the reason that it is possible to push the decoration along the surjection e
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is that the contravariant symmetric lax monoidal functor R(=): FinSet — Set extends to a
contravariant lax symmetric monoidal functor (Sur®; FinSet) — Set. Here Sur®?; FinSet

is the subcategory of Span(FinSet) comprising spans of the form @in where e is a
surjection and f is any function.

Let’s return to the decorated corelation terminology to state the general result; this
also lets us avoid talk of contravariance. Given a category C with finite colimits and a
subcategory M stable under pushout, we may construct a symmetric monoidal category

C; M°P with isomorphisms classes of cospans of the form i><ﬁ, where f € C, m € M, as
morphisms. The monoidal product is again derived from the coproduct in C.
The main theorem is that these decorated corelations form a hypergraph category.

1.2. THEOREM. Given a category C with finite colimits, factorisation system (€, M) such
that M is stable under pushout, and a symmetric lax monoidal functor

F: C; M — Set,

define a decorated corelation to be an (€, M)-corelation X — N <Y in C together with
an element of FIN. Then there is a hypergraph category FCorel with the objects of C as
objects and isomorphism classes of decorated corelations as morphisms.

As for decorated cospans, hypergraph functors between these so-named decorated
corelations categories can further be defined from natural transformations between the
decorating functors. This is especially useful for problems of constructing compositional
semantics, such as the circuit setting outlined above.

OUTLINE. The structure of this paper is straightforward. After a brief review of back-
ground material, we discuss in turn corelation categories (§3), functors between corela-
tion categories (§4), decorated corelation categories (§5), and functors between decorated
corelation categories (§6). We then conclude with detailed discussions of two examples:
matrices and linear relations.

2. Background

This section provides a brief review of hypergraph categories, cospans, decorated cospans,
and corelations. For details, see [Fonl5, Fonl6].

HYPERGRAPH CATEGORIES.

We recall special commutative Frobenius monoids, writing our axioms using the string
calculus for monoidal categories introduced by Joyal and Street [JS91]. Diagrams will be
read left to right, and we shall suppress the labels as we deal with a unique generating
object and a unique generator of each type.
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2.1. DEFINITION. A special commutative Frobenius monoid (X, y, 7,4, €) in a mon-
oidal category (C,®) with unit I is an object X of C together with maps

> — —C ~

p: XX =X n: I —X 0 X =2 XX e: X =1

obeying the commutative monoid axioms

OS5 D — X0 - D

(associativity) (unitality) (commutativity)

the cocommutative comonoid axioms

- < -— X-—C

(coassociativity) (counitality) (cocommutativity)

and the Frobenius and special axioms

S e o —

(Frobenius) (special)

where X is the braiding on X @ X.

When (F, ¢) is a monoidal functor, we shall write ¢1: I — FI and pxy: FX®QFX —
F(X ®Y) for the coherence maps of the given types.

2.2. DEFINITION. A hypergraph category is a symmetric monoidal category in which
each object X is equipped with a special commutative Frobenius structure (X, px,nx,0x, €x)
such that

pxey = (tx @ py) o (Ix ®oyx ® ly) nxey =nx @0y

dxgy = (Ix ®oxy ® ly) o (0x ®dy) exey = €x @ €y.

A functor (F, @) of hypergraph categories, or hypergraph functor, is a strong symmetric
monoidal functor (F, ) that preserves the hypergraph structure. More precisely, the latter
condition means that given an object X, the special commutative Frobenius structure on
FX must be

(FX, Fuxopxx, Fnxopr, ¢x'xoFox, ;' oFex).

Hypergraph categories were first defined by Carboni and Walters, under the name
well-supported compact closed categories [Car91].
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COSPANS.
We give a fundamental example of hypergraph categories.

Let C be a category with finite colimits. Recall that a cospan X — N < Y from
X to Y in C is a pair of morphisms with common Codomaln We refer to X and Y as the
feet, and N as the apex. Given two cospans X N < Y and X -5 N <2 Y with
the same feet, a map of cospans is a morphism n: N — N’ in C between the apices

such that
N

SN

X n Y

Nl
N/
commutes.
Cospans may be composed, up to isomorphism, using the pushout from the common

foot: given cospans X — N <~ YV and Y =5 M &£ Z, their composite cospan is
X N 1 MY 7 where

N +y M
X Y Z
is a pushout square.

Write + for the coproduct in C. We may consider C as a symmetric monoidal category
(C,+) with monoidal product given by the coproduct. Also, given maps f: A — C,
g: B — C with common codomain, the universal property of the coproduct gives a unique
map [f,g]: A+ B — C; we call this the copairing of f and g. We write |: @ — X for
the unique map from the initial object.

2.3. PROPOSITION. [RSWO08, §2.2] Given a category C with finite colimits, we may define
a hypergraph category Cospan(C) as follows:

The hypergraph category (Cospan(C), +)

objects the objects of C
morphisms isomorphism classes of cospans in C
composition given by pushout

monotdal product | the coproduct in C

coherence maps | inherited from (C,+)

hypergraph maps | = [1,1], n =!, § = [1,1]°P, e =IP.
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Note that, as we do above, we shall frequently use representative cospans to refer to
their isomorphism class. Furthermore, given f: X — Y in C, we also abuse notation by

writing f € Cospan(C) for the cospan X Ly ¥ Y, and f°P for the cospan Y Xyl x

DECORATED COSPANS.
Write (Set, x) for the symmetric monoidal category of finite sets and functions, where the
monoidal product is the categorical product.

2.4. DEFINITION. Let C be a category with finite colimits, and
(F,¢) : (C,+) — (Set, x)

be a symmetric lax monoidal functor. We define a decorated cospan, or more precisely
an F-decorated cospan, to be a pair

/ N\ Ff\]
X Y 1

comprising a cospan X LN&Y inC together with an element 1 = FN of the F-image
FN of the apex of the cospan. The element 1 > FN is known as the decoration of the
decorated cospan. A morphism of decorated cospans

n(X SN &Y, 15 FN) — (X 25 Ny, 125 Y

is a morphismn : N — N’ of cospans such that Fnos=s".

On representatives of the isomorphism classes, composition of decorated cospans is
given by the usual composite cospan decorated with the composite

125101 % PN @ FM 2 PN + M) "2 pv 4y M)

of the tensor product of the decorations with the F-image of the copairing of the pushout
maps.

Note that any cospan may be given its empty decoration: this is the decoration
1% Fo 5B FN constructed using the unique map !: @ — N.

2.5. PROPOSITION. [Fonlb, Theorem 3.4] Let C be a category with finite colimits and
(F, ) : (C,+) — (Set, xX) a symmetric lax monoidal functor. We define:
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The hypergraph category (F'Cospan, +)

objects the objects of C
morphisms 1somorphism classes of F'-decorated cospans in C
composition given by pushout, as described above

monotdal product | the coproduct in C

coherence maps | maps from Cospan(C) with empty decoration

hypergraph maps | maps from Cospan(C) with empty decoration

2.6. EXAMPLES. Let C be a category with finite colimits. If we define {x}: (C,+) —
(Set, x) to be the constant functor on some one element set {x}, then {x}Cospan is
isomorphic to Cospan(C).

Let M be a commutative monoid. This specifies a symmetric lax monoidal functor
Fuy: (1,-) — (Set, x), where (1, ) is the symmetric monoidal category with one object
and one morphism. The category Fj;Cospan then has one object, a morphism for each
element of the monoid M, and composition given by monoid multiplication.

2.7. REMARK. In previous expositions of decorated cospans we have let decorations lie
in any braided monoidal category. Sam Staton pointed out that it is general enough to let
decorations lie in the symmetric monoidal category (Set, x). See Appendix A for details.

We will also need the following lemma describing how empty decorations behave under
composition.

2.8. LEMMA. [Fonl5, Proposition A.4] Let (X NSy, 1 FN) be a decorated

cospan, and suppose we have an empty-decorated cospan (Y MEE 71 kel FM).

Then the composite of these decorated cospans is
(X D95 Ny M2 70 TN (N 4y M).

In particular, the decoration on the composite is the decoration s pushed forward along the
F-image of the map jny: N — N4y M to become a decoration on N+y M. The analogous
statement also holds for composition with an empty-decorated cospan on the left.

CORELATIONS.

Given sets X, Y, a relation X — Y is a subset of the product X x Y. Note that by the
universal property of the product, spans X <— N — Y are in one-to-one correspondence
with functions N — X x Y. When this map is monic, we say that the span is jointly
monic. More abstractly then, we might say a relation is an isomorphism class of jointly
monic spans in the category of sets. Here we generalise the dual concept: these are our
so-called corelations.

The category theoretic study of relations is extensive; for a survey, see [Mil00]. In our
general setting, the key insight is the use of a factorisation system. A factorisation system
allows any morphism in a category to be factored into the composite of two morphisms
in a coherent way.
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2.9. DEFINITION. A factorisation system (£, M) in a category C comprises subcate-
gories £, M of C such that

(i) € and M contain all isomorphisms of C.
(ii) every morphism f € C admits a factorisation f =moe, e € E, m € M.

(1i) given morphisms f, f', with factorisations f = moe, f' =m’ oe’ of the above sort,
for every u, v such that vo f = f' o, there exists a unique morphism s such that

commutes.

Observe that relations are just spans X < N — Y in Set such that N — X x Y is
an element of Inj, the right factor in the factorisation system (Sur,Inj). Relations may
thus be generalised as spans such that the span maps jointly belong to some class M of
an (£, M)-factorisation system. We define corelations in the dual manner.

2.10. DEFINITION. Let C be a category with finite colimits, and let (€, M) be a factori-

sation system on C. An (£, M)-corelation X — Y is a cospan X —+ N <> Y in C
such that the copairing [i,o]: X +Y — N lies in £.

When the factorisation system is clear from context, we simply call (£, M)-corelations
‘corelations’. '

We also say that a cospan X —» N <> Y with the property that the copairing
[i,0]: X +Y — N lies in & is jointly-in-£. Note that if a cospan is jointly-in-€ then
so are all isomorphic cospans. Thus the property of being a corelation is closed under
isomorphism of cospans, and we again are often lazy with our language, referring to both
jointly-in-& cospans and their isomorphism classes as corelations.

If f: A— N is a morphism with factorisation f = m o e, write N for the object such
that e: A — N and m: N — N. Now, given a cospan X —» N <2~ Y, we may use the
factorisation system to write the copairing [ix,oy]: X +Y — N as

X+Y -5 N- N

From the universal property of the coproduct, we also have maps tx: X — X + Y and
ty: Y — X +Y. We then call the corelation

XS N&EY

the £-part of the above cospan. On occasion we will also write e: X +Y — N for the
same corelation.
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We compose corelations by taking the £-part of their composite cospan. That is, given

corelations X 25 N <~V and Y 25 M <2 7 , their composite is given by the cospan
X &5 N +y M &£ 7 in the commutative diagram

N +y M

/ o \Y
where m o e is the (£, M)-factorisation of [jy oix,jyco0z]: X +Z — N +y M. It is not
difficult to show that this composite is unique up to isomorphism.

For nice categorical properties, like associativity under composition, it is important
that our factorisation system be costable.

5

2.11. DEFINITION. Given a category C, we say that a subcategory M is stable under
pushout if for every pushout square

]

such that m € M, we also have that j € M. We say that a factorisation system (£, M)
1s costable if M s stable under pushout.

2.12. PROPOSITION. Let C be a category with finite colimits and a costable factorisation
system (€, M). Then there exists a category Corele aq)(C) with the objects of C as objects,
(€, M)-corelations as morphisms, and composition given as above. Moreover, the map
taking a cospan to its E-part defines a functor O: Cospan(C) — Corel(C).

We will drop explicit reference to the factorisation system when context allows, simply
writing Corel(C).

This is a standard result. For instance, a bicategorical version of the dual theorem,
for relations, can be found in [JWO00]. For more intuition regarding corelations and their
relationship to special commutative Frobenius monoids, see [CF17].
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2.13. ExXAMPLES. Write Z¢ for the wide subcategory of C containing exactly the isomor-
phisms of C. Two seemingly trivial, but important, examples of costable factorisation
systems are (Z¢,C) and (C,Z¢). The category Corel(z, ¢)(C) is equivalent to the terminal
category, while Corel(¢ z,)(C) is isomorphic to Cospan(C).

Another example of a costable factorisation system is the epi-mono factorisation sys-
tem (Sur, Inj) in Set, whence corelations X — Y are equivalence relations on X + Y.

This generalises to any topos. Indeed, Lack and Sobocinski showed that monomor-
phisms are stable under pushout in any adhesive category [LLS04]. Since any topos is both
a regular category and an adhesive category [L.S06, Lacll], the regular epimorphism-
monomorphism factorisation system in any topos is costable.

Another class of examples comes from coregular categories. A coregular category is by
definition a category that has finite colimits and a costable epimorphism-regular monomor-
phism factorisation system. Examples of these include the category of topological spaces
and continuous maps, as well as Set°”, any cotopos, and so on.

3. Corelations form hypergraph categories

The focus of this paper is not just the construction of categories, but hypergraph categories.
In fact, all corelation categories come equipped with this extra structure. In this section
we explain the relevant data, outline how we will prove that this data forms a hypergraph
category, and tackle some of the monoidal considerations.

The hypergraph structure on Corel(C) is that which makes the canonical functor

O: Cospan(C) — Corel(C)

a hypergraph functor. Indeed, we define the coherence and Frobenius maps of Corel(C)
to be their image under this map. For the monoidal product we again use the coproduct
in C; the monoidal product of two corelations is their monoidal product as cospans.

3.1. THEOREM. Let C be a category with finite colimits, and let (£, M) be a costable
factorisation system. Then there ezists a hypergraph category Corel(C) with

The hypergraph category (Corel(&M)(C), +)

objects the objects of C
morphisms isomorphism classes of (€, M)-corelations in C
composition giwen by the E-part of pushout

monotdal product | the coproduct in C

coherence maps | inherited from Cospan(C)

hypergraph maps | inherited from Cospan(C)
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PROOF STRATEGY: We will prove this theorem in two stages. The first stage, which will
be the rest of this section, is focussed on monoidal considerations. We prove two lemmas,
which respectively show that £ and M are closed under 4. In particular, that £ is closed
(Lemma 3.2) implies that the proposed monoidal product on Corel(C) is independent
of choice of representative corelation, and hence well defined as a function. For the
second stage, it remains to check a number of axioms: functoriality of the monoidal
product, naturality of the coherence maps, the coherence axioms for symmetric monoidal
categories, the Frobenius laws. We do this in the next section.

Our strategy for the axiom checking of Stage 2 will be to show that the surjective
function from cospans to corelations defined by taking a cospan to its joint £-part pre-
serves both composition and the monoidal product. This then implies that to evaluate
an expression in the monoidal category of corelations, we may simply evaluate it in the
monoidal category of cospans, and then take the £-part. Thus if an equation is true for
cospans, it is true for corelations.

Instead of proving just this, however, we will prove a generalisation regarding an
analogous map between any two corelation categories. Such a map exists whenever we
have two corelation categories Corelg rq)(C) and Corelgr a¢)(C') and a colimit preserving
functor A: C — C’ such that the image of M lies in M'. As (C,Z¢)-corelations are just
cospans, this reduces to the desired special case by taking the domain to be the category
of (C,Z¢)-corelations, C' to be equal to C, and A to be the identity functor. But the
generality is not spurious: it has the advantage of proving the existence of a class of
hypergraph functors between corelation categories in the same fell swoop. Although a
touch convoluted, this strategy is worth the pause for thought. We will use it once again
for decorated corelations, to great economy.

First though, back to Stage 1: monoidal considerations. As we are concerned with
building monoidal categories of corelations, it will be important that our factorisation
systems are so-named monoidal factorisation systems. These are factorisation systems
(€, M) such that (£,®) is a monoidal category. Luckily, when the monoidal product is
the coproduct, all factorisation systems are monoidal factorisation systems.

3.2. LEMMA. Let C be a category with finite coproducts, and let (£, M) be a factorisation
system on C. Then (€,+) is a symmetric monoidal category.

PRrROOF. The only thing to check is that £ is closed under +. That is, given f: A — B
and g: C' = D in &, we wish to show that f+¢g: A+ C — B+ D, defined in C, is also a
morphism in £.

Let f + g have factorisation A +C — B+ D -+ B+ D, where e € £ and m € M.
We will prove that m is an isomorphism. To construct its inverse, recall that by definition,
as f and g lie in &, there exist morphisms z: B — B+ D and y: D — B + D such that

| [ ] A

A+C—E>B+DT>B+D A+C—6>B+DT>B+D
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commute. The copairing [z, y| is the inverse to m.
Indeed, taking the coproduct of the top rows of the two diagrams above and the
copairings of the vertical maps gives the commutative diagram

A+Cc By D—B+D

| el ]

A+C—B+D-"3sB+D.

Reading the right-hand square immediately gives m o [z, y] = 1.
Conversely, to see that [x,y] o m = 1, remember that by definition f + g =moe. So
the left-hand square above implies that

A+C—-B+D

commutes. But by the universal property of factorisation systems, there is a unique map
B+ D — B+ D such that this diagram commutes, and clearly the identity map also
suffices. Thus [z,y] om = 1. n

The analogous fact for M is also important. It follows from stability under pushout.

3.3. LEMMA. Let C be a category with finite colimits, and let M be a subcategory of
C stable under pushout and containing all isomorphisms. Then (M,+) is a symmetric
monoidal category.

PROOF. It is enough to show that for all morphisms m,m’ € M we have m + m’ in
M. Since M contains all isomorphisms, the coherence maps are inherited from C. The
required axioms—the functoriality of the tensor product, the naturality of the coherence
maps, and the coherence laws—are also inherited as they hold in C.

To see m +m/ is in M, simply observe that we have the pushout square

A+C-"2 5B+ C
A—" B
in C. As M is stable under pushout, m + 1 € M. Similarly, 1 +m’ € M. Thus their
composite m + m’ lies in M, as required. [

3.4. REMARK. An analogous argument shows that pushouts of maps m +y m’ also lie
in M. Using this fact it is not difficult to show the associativity of composition of
corelations—the key point is that factorisation commutes with pushouts.
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4. Functors between corelation categories

To construct a functor between cospan categories one may start with a colimit-preserving
functor between the underlying categories. Corelations are cospans where we forget the
M-part of each cospan. Hence for functors between corelation categories, we require not
just a colimit-preserving functor but, loosely speaking, also that we don’t forget more in
the domain category than in the codomain category.

We devote the next few pages to proving the following proposition. Along the way we
prove, as promised, that corelation categories are well-defined hypergraph categories.

4.1. PROPOSITION. Let C, C' have finite colimits and respective costable factorisation
systems (£, M), (€', M"). Furtherlet A: C — C' be a functor that preserves finite colimits
and such that the image of M lies in M’.

Then we may define a hypergraph functor O: Corel(C) — Corel(C’) sending each object
X in Corel(C) to AX in Corel(C') and each corelation

X5 N&y
to the & -part

AX Cowax, AN Loty ay

of the image cospan. The coherence maps are the & -part Kxy of the isomorphisms
kxy: AX +AY — A(X +Y) given as A preserves colimits.

As discussed, we still have to prove that Corel(C) is a hypergraph category. We address
this first with two lemmas regarding these proposed functors.

4.2. LEMMA. The above function O0: Corel(C) — Corel(C’) preserves composition.

PROOF. Let f = (X — N «—Y)and g = (Y — M <— Z) be corelations in C. By
definition, the corelations [(g) o (f) and C(g o f) are given by the first arrows in the
top and bottom row respectively of the diagram:

&' _— M [ __ mhytaymiy,
AXAAZ ————— S ANt aoy AM ———————————3 AN+ sy AM —————"% AN+ 4y AM
IN (+)
&’ ~ M AmN+yM

AXHAZ —————————— 3 ANty M) ——————————— A(N+y M) ———————— A(N+y M).

The morphisms labelled £’ lie in &', and similarly for M’; these are given by the factori-
sation system on C'. The maps Amy.,p and m/yy +ay My, lie in M’ too: Ampyiy
as it is in the image of M, and m/,; +ay m/y;, as M’ is stable under pushout.
Moreover, the diagram commutes as both maps AX + AZ — AN + 4y AM compose
to that given by the pushout of the images of f and g over AY. Thus the diagram repre-
sents two (£, M) factorisations of the same morphism, and there exists an isomorphism
n between the corelations (g) o O(f) and (g o f). This proves that O preserves com-
position. [
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4.3. REMARK. While we have already assumed that Corel(C) is a category, this first
lemma allows us to verify the associativity and unit laws for Corel(C). Consider the case
of Proposition 4.1 with C = C’, (£, M) = (C,Z¢), and A = 1¢. Then the domain of [J is
Cospan(C) by definition. (Indeed, (0 is the functor of Proposition 2.12 mapping a cospan
to its E-part.) In this case, the function : Cospan(C) — Corel(C) is bijective-on-objects
and surjective-on-morphisms. Thus to compute the composite of any two corelations, we
may consider them as cospans, compute their composite as cospans, and then take the &-
part of the result. Since composition of cospans is associative and unital, so is composition
of corelations, with the identity corelation just the image of the identity cospan.

This first lemma is useful in proving an second important lemma: the naturality of %.
4.4. LEMMA. The maps Rxy, as defined in Proposition 4.1, are natural.

PROOF. Let f = (X — N «—Y), g =(Z — M <— W) be corelations in C. We wish
to show that

AX + Ay 29 a7 L oaw
AX +Y) 2wz w)

commutes in Corel(C’).

Consider the following commutative diagram in C’, with the outside square equivalent
to the naturality square for the coherence maps of the monoidal functor
Cospan(C) — Cospan(C’):

(AX + AY) + (AZ + AW) —E AN + AM 2 AN + AM

Nx,erliz,Wl p lHN,M (#)

~

AX+Y)+AZ+W) L AN + M) —2 5 AN + M).

We have factored the top edge as the coproduct of the respective factorisations of f and
g, and the bottom edge simply as the factorisation of the coproduct f + g.

Note that by Lemma 3.2 the coproduct of two maps in £’ is again in £’, while Lemma
3.3 implies the same for M’. Thus the top edge is an (£, M’)-factorisation, and the
uniqueness of factorisations gives the isomorphism n. Given that the map reducing
cospans to corelations is functorial (Lemma 4.2), the commutative square

EHE AN + AM

|

AX+Y)+A(Z+W)—— AN + M)

(AX + AY) + A(Z + W) 28 (AX 1 AY) + (AZ + AW) £5E,

(AX+AY)+ A(Z+W)

Kx,y+1

then implies the naturality of the maps &. [
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These lemmas now imply that Corel(C) is a well-defined hypergraph category.

ProOOF OF THEOREM 3.1. To complete the proof, consider again the case of Proposi-
tion 4.1 with C =C’, (€, M) = (C,Z¢), and A = 1¢. Note that by definition this function
maps the coherence and hypergraph maps of Cospan(C) onto the corresponding maps of
Corel(C). Then since Cospan(C) is a hypergraph category, and since [J preserves compo-
sition and respects the monoidal and hypergraph structure, Corel(C) is also a hypergraph
category.

For instance, suppose we want to check the functoriality of the monoidal product +.
We then wish to show (go f)+(koh) = (g+k)o(f+h) for corelations of the appropriate
types. But [J preserves composition, and the naturality of x, here the identity map,
implies that for any two cospans the £-part of their coproduct is equal to the coproduct
of their &-parts. Thus we may compute these two expressions by viewing f, g, h, and k as
cospans, evaluating them in the category of cospans, and then taking their £-parts. Since
the equality holds in the category of cospans, it holds in the category of corelations. =

4.5. COROLLARY. The functor
O: Cospan(C) — Corel(C),

that takes each object of Cospan(C) to itself as an object of Corel(C) and each cospan to
its E-part is a strict hypergraph functor.

Finally, we complete the proof that [J: Corel(C) — Corel(C’) is in general a hyper-
graph functor.

ProOF OoF PROPOSITION 4.1. We show [ is a functor, a symmetric monoidal functor,
and then finally a hypergraph functor.

Functoriality. First, recall that [J preserves composition (Lemma 4.2). Thus to prove
[1 is a functor it remains to show identities are mapped to identities. The general idea
for this and for similar axioms is to recall that the structural maps are given by reduced
versions of particular colimits, and that (£, M') reduces maps more than (£, M)—that
is, the A-image of M lies in M’.

In this case, recall the identity corelation is given by the &-part X + X — X of
[1,1]: X + X — X. Thus the image of the identity on X and the identity on AX are
given by the top and bottom rows of the commuting square

AX +Xx)—=& AX — M AX — 5 AX
|
AX + AX £ AX M AX

The outside square commutes as we know A maps the identity cospan of C to the identity
cospan of C'. The top row is the image under A of the identity cospan in C, factored
first in C, and then in C'. The bottom row is just the factored identity cospan on AX
in C". As A maps M into M’, the map marked AM lies in M’. Thus both rows are
(&', M’)-factorisations, and so we have the isomorphism n. Thus O preserves identities.
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Strong monoidality. We proved in Lemma 4.4 that our proposed coherence maps
are natural. The rest of the properties follow from the composition preserving map
Cospan(C') — Corel(C’). Since the x obey all the required axioms as cospans, they
obey them as corelations too.

Hypergraph structure. The proof of preservation of the hypergraph structure follows
the same pattern as the identity maps. [

4.6. REMARK. On any category C with finite colimits, reverse inclusions of the right
factor M defines a partial order on the set of costable factorisation systems. That is, we
write (€, M) > (&', M') whenever M C M’. The trivial factorisation systems (C,Z¢)
and (Z¢,C) are the top and bottom elements of this poset respectively.

Corelation categories realise this poset as a subcategory of the category of hypergraph
categories. One way to understand this is that corelations are cospans with the M-part
‘forgotten’. Using the morphism-isomorphism factorisation system nothing is forgotten, so
these corelations are just cospans. Using the isomorphism-morphism factorisation system
everything is forgotten, so there is a unique corelation between any two objects.

We can construct a hypergraph functor between two corelation categories precisely
when the codomain forgets more than the domain: i.e. if the codomain is less than the
domain in the poset. In particular, this implies there is always a hypergraph functor
from the cospan category Corel z,)(C) = Cospan(C) to any other corelation category
Corelg a1)(C), and from Corele o) (C) any corelation category to the indiscrete category
Corel(z, ¢)(C) on the objects of C.

5. Decorated corelations

In this section we define the category of decorated corelations.

Recall that decorating cospans requires more than just choosing a set of decorations
for each apex: for composition, we need to describe how these decorations transfer along
the copairing of pushout maps [jn,jum]: N + M — N +y M. Thus to construct a deco-
rated cospan category we need not merely a function from the objects of C to Set, but a
symmetric lax monoidal functor (C,+) — (Set, x).

Similarly, decorating (€, M)-corelations requires still more information: we now fur-
ther need to know how to transfer decorations backwards along the morphisms N +y M <~
N +y M. We thus begin this section by introducing the symmetric monoidal category

C; M°P with morphisms isomorphism classes of cospans of the form i><ﬂ, where f € C
and m € M. For constructing categories of decorated (£, M)-corelations, we then require
a symmetric lax monoidal functor F' from C; M°P to Set.

Next, to prove that this indeed allows us to define a hypergraph category of decorated
corelations, we will proceed as we did for corelations, using structure-preserving functions
from a category already known to be hypergraph. This will hence again be completed in
our discussion of functors in the next section.
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ADJOINING RIGHT ADJOINTS.

Suppose we have a cospan X + Y — N with a decoration on N. Reducing this to a
corelation requires us to factor this to X + Y 5 N & N. Again, to define a category
of decorated corelations then, we must specify how to take decoration on N and ‘pull it
back’ along m to a decoration on N.

For decorated cospans, it is enough to have a functor F' from a category C with finite
colimits; the image F'f of morphisms f in C describes how to move decorations forward
along f. We now expand C to include a morphism m®° for each m in M, so that the
image F'm°P describes how to move decorations backwards along m. This is allowed by
the stability of M under pushout.

5.1. PROPOSITION. Let C be a category with finite colimits, and let M be a subcategory
of C stable under pushout. Then we define the category C; M°P as follows

The symmetric monoidal category (C; M, +)

objects the objects of C

morphisms isomorphism classes of cospans of the form <&, where c
lies in C and m in M

composition given by pushout
monotidal product | the coproduct in C

coherence maps | the coherence maps in C

PROOF. Our data is well defined: composition because M is stable under pushout, and
monoidal composition by Lemma 3.3. The coherence laws follow as this is a symmetric
monoidal subcategory of Cospan(C). n

5.2. REMARK. As we state in the proof, the category C; M°P is a subcategory of Cospan(C).
We can in fact view it as a sub-bicategory of the bicategory of cospans in C, where the
2-morphisms are given by maps of cospans. In this bicategory C; M°P, every morphism

m of M, considered as cospan ﬁﬂi, has a right adjoint given by Lo

5.3. EXAMPLES. Note that C;C is by definition equal to Cospan(C) and C;Zg" is iso-
morphic to C.

The following lemma details how to construct functors between this type of category.

5.4. LEMMA. Let C, C' be categories with finite colimits, and let M, M’ be subcategories
of C, C'" respectively each stable under pushout. Let A: C — C' be functor that preserves
colimits and such that the image of M lies in M'. Then A extends to a symmetric strong
monoidal functor

A: C;M® — C' M™P.

mapping X to AX and & to Ae, Am
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ProoOF. Note A(M) C M, so A A s indeed a morphism in C'; M'°P. This is then a
restriction and corestriction of the usual functor Cospan(C) — Cospan(C’) to the above
domain and codomain. n

Note that a similar construction giving subcategories of cospan categories could be
defined more generally using any two isomorphism-containing wide subcategories stable
under pushout. The above, however, suffices for decorated corelations.

DECORATED CORELATIONS.

As we have said, decorated corelations are constructed from a symmetric lax monoidal
functor from C; M°P to Set. We now define decorated corelations and give a composition
rule for them, showing that this composition rule is well defined up to isomorphism.

5.5. DEFINITION. Let C be a category with finite colimits, (£, M) be a costable factori-
sation system, and

F:(C; M°P,+) — (Set, x)
be a symmetric lax monoidal functor. We define an F'-decorated corelation to be a
pair
/ N\ Ffv
X Y 1

where the cospan is jointly-in-E. A morphism of decorated corelations is a morphism of
decorated cospans between two decorated corelations.

Suppose we have decorated corelations

N FN M FM
AN o] e | N J
X Y 1 Y A 1

Then, recalling the notation introduced in §2, their composite is given by the composite
corelation
N+y M

y Y

paired with the decoration

g 2D pN + My 2 oV 4y a) 22 (N D).

As composition of corelations and decorated cospans are both well defined up to isomor-
phism, it is straightforward to show that this too is well defined up to isomorphism.
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5.6. PROPOSITION. The above is a well-defined composition rule on isomorphism classes
of decorated corelations.

PROOF. Let

(X SNy, 15 FN) 25 (X 25 N &y, 125 FNY)
and § /
Y 25 MEZ 7,1 -5 FM) = (Y 25 M &7, 15 FMY)
be isomorphisms of decorated corelations. We wish to show that the composite of the dec-
orated corelations on the left is isomorphic to the composite of the decorated corelations
on the right.
By definition, the composites of the underlying corelations are isomorphic, via an

isomorphism s which exists by the factorisation system. We need to show this s is an
isomorphism of decorations. This is a matter of showing the commutativity of the diagram

F(N 4y M) (N +y M)

Fljn,imlopn nmo(st
1 ~ | Fp N‘Fs
Fljn 7jM’]m

The triangle commutes as composition of decorated cospans is well defined, while the
square commutes as composition of corelations is well defined. [

F(N/—FYM/)TF(N,—'_YM/)

/op

5.7. REMARK. We could give a more general definition of decorated corelation for lax
braided monoidal functors
<C7 M0p7 +) — (DJ ®)

A similar argument to that in Appendix A shows, however, that we gain no extra general-
ity. On the other hand, keeping track of this possibly varying category D in the following
distracts from the main insights. We thus merely remark that it is possible to make the
more general definition, and leave it at that.

CATEGORIES OF DECORATED CORELATIONS.

We now define the hypergraph category F'Corel of decorated corelations. Having defined
decorated corelations and their composition in the previous subsection, the key question
to address is the provenance of the monoidal and hypergraph structure.

Recall, from §3, that to define the monoidal and hypergraph structure on categories
of corelations, we used functors Cospan(C) — Corel(C), leveraging the monoidal and
hypergraph structure on cospan categories. In analogy, here we leverage the same fact for
decorated cospans, this time using a structure preserving map

: FCospan — FCorel.
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Here F'Cospan denotes the decorated cospan category constructed from the restriction of
the functor F': (C; M) — Set to the domain C.

The monoidal product of two decorated corelations is their monoidal product as dec-
orated cospans. To define the coherence maps for this monoidal product, as well as the
coherence maps, we introduce the notion of a restricted decoration.

Given a cospan X — N < Y write m: N — N for the M factor of the copairing
X +Y — N. The map [J takes a decorated cospan

(X -5 N+Z Y, 1> FN)

to the decorated corelation

Fm®°Pos

(X 5N 2y, 1 2m% pwy,
where the corelation is given by the joint £-part of the cospan, and the decoration is given
by composing s with the F-image Fm: FN — FN of the map N NNZNin C; M°P.
This is well defined up to isomorphism of decorated corelations. We call F'm®°P o s the

restricted decoration of the decoration on the cospan (X — N <Y, 15 FN).
We then make the following definition.

5.8. THEOREM. Let C be a category with finite colimits and a costable factorisation system
(E,M), and let
F:(C; M°P,+) — (Set, x)

be a symmetric lax monoidal functor. Then we may define

The hypergraph category (F'Corel, +)

objects the objects of C
morphisms isomorphism classes of F-decorated corelations in C
composition giwen by E-part of pushout with restricted decoration

monotdal product | the coproduct in C

coherence maps | maps from Cospan(C) with restricted empty decoration

hypergraph maps | maps from Cospan(C) with restricted empty decoration

Similar to Theorem 3.1 defining the hypergraph category Corel(C), we have now spec-
ified well-defined data and just need to check a collection of coherence axioms. As before,
we prove this in the next section, alongside a theorem regarding functors between deco-
rated corelation categories.

5.9. REMARK. Decorated corelations generalise both decorated cospans, and corelations.
Decorated cospans are simply decorated corelations with respect to the trivial factorisa-
tion system (C,Z¢). ‘Undecorated’ corelations are corelations decorated by the constant
symmetric monoidal functor {*}: C; M° — Set on some terminal object {*} of Set.
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5.10. REMARK. Note that decorated corelations are strictly more general than decorated
cospans. For example, the category of epi-mono corelations in Set is not a decorated
cospan category.

To see this, we count so-named scalars: morphisms from the monoidal unit & to itself.
In a decorated cospan category, the set of morphisms from X to Y always comprises all
decorated cospans (X — N < Y, 1 — FN). Now for any object N in the underlying
category C, there is a unique morphism @ — N. This means that the morphisms @ — @
are indexed by (isomorphism classes of) elements of F'N, ranging over N.

Suppose we have a decorated cospan category with a unique morphism @ — &. By
the previous paragraph, and replacing C with an equivalent skeletal category, this implies
there is only one object NV such that F'N is nonempty. But F'N must always contain at

least one element, the empty decoration 1 25 Fg £ FN. This implies there is only
one object N in C: the object @. Thus C must be the one object discrete category, and
F': C — Set is the functor that sends the object of C to the one element set 1.

Hence any decorated cospan category with a unique morphism @ — & is the one
object discrete category. But the category of epi-mono corelations in Set is a nontrivial
category with a unique morphism @ — &. Thus it cannot be constructed as a decorated
cospan category.

On the other hand, as far as hypergraph categories are concerned, we need not gener-
alise beyond decorated corelations: every hypergraph category is equivalent, as a hyper-
graph category, to a decorated corelation category [Fonl6].

6. Functors between decorated corelation categories

In this section we show how to construct hypergraph functors between decorated corela-
tion categories. The construction of these functors holds no surprises: their requirements
combine the requirements of corelations and decorated cospans. In the process of proving
that our construction gives well-defined hypergraph functors, we also complete the nec-
essary prerequisite proof that decorated corelation categories are well-defined hypergraph
categories.

Recall that Lemma 5.4 says that, when the image of M lies in M’, we can extend a
colimit-preserving functor C — C’ to a symmetric monoidal functor C; M°P — C’; M'P .

6.1. PROPOSITION. Let C, C' have finite colimits and respective costable factorisation
systems (E, M), (£', M), and suppose that we have symmetric lax monoidal functors

F:(C; M, +) — (Set, x)
and
G: (Cy M"P 4) — (Set, x).

Furtherlet A: C — C' be a functor that preserves finite colimits and such that the image
of M lies in M’. This functor A extends to a symmetric monoidal functor C; M°P —
C/;Mlop.
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Suppose we have a monoidal natural transformation 6:

C; M°P F\
A Yo Set.
l /
C/; MIOP

Then we may define a hypergraph functor T: FCorel — GCorel sending each object
X € FCorel to AX € GCorel and each decorated corelation

FN

SN

GAN

TGm‘X’N

AN
GIOLA/ wAY , G‘/frlaj]\\/;
AX AY EN

1s
1

The coherence maps kKxy are given by the coherence maps of A with the restricted empty
decoration.

to

PROOF OF THEOREM 5.8 AND PROPOSITION 6.1. In the proof of Theorem 3.1 and
Proposition 4.1 we proved that the map

O: Corel(C) — Corel(C")

preserved composition and had natural coherence maps. Specialising to the case when
Corel(C) = Cospan(C’), we saw that this bijective-on-objects, surjective-on-morphisms,
composition and monoidal product preserving map proved Corel(C’) is a hypergraph cat-
egory, and it immediately followed that [J is a hypergraph functor.

The analogous argument holds here: we simply need to prove

O: FCorel — GCorel

preserves composition and has natural coherence maps. Theorem 5.8 then follows from
examining the map F'Cospan — F'Corel obtained by choosing C = (', (£, M) = (C', Z¢/),
F the restriction of G to C’, A the identity functor on C’, and 6 the identity natural
transformation. Subsequently Proposition 6.1 follows from noting that all the axioms
hold for the corresponding maps in GCospan.
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[] preserves composition. Suppose we have decorated corelations
F=(X S NEZY, 15FN)  and  g=(Y 5 ME 72 15 FM).

We know the functor [ preserves composition on the cospan part; this is precisely the
content of Proposition 4.1. It remains to check that O(go f) and OdgoJf have isomorphic
decorations. This is expressed by the commutativity of the following diagram:

Gn

GA(N+y M) G(AN+ay AM)
op op
GmA(N+yM) ¢ AN+ 5y AM
GAm?\})
o +y M G(mYn+aymiy) o
G~
F(NTy M A(N+y M) é—————— G(AN+ oy AM)  (0) AN+AM)
G(mn+mohy
Fm]\?+YM (™) GAljN, M) (o) Glian.jam) VAN, AM
F(N+yM AN+M) &———— G(AN+AM) (aMm) GANxGAM
Gan,m
Flin.g GmPy xGmP,
F(N+M) (™) GANxGAM
x %
FNxFM

)‘&plo(sxt)

1

This diagram does indeed commute. To check this, first observe that (TM) commutes
by the monoidality of #, (GM) commutes by the monoidality of G, and (TN) commutes
by the naturality of 8. The remaining three diagrams commute as they are G-images of
diagrams that commute in C'; M’°P. Indeed, (A) commutes since A preserves colimits and
G is functorial, (C¢) commutes as it is the G-image of a pushout square in C’, so

man+man UanJanr] Jan.dam] man+aymanm
> and >4

are equal as morphisms of C’; M and (#*) commutes as it is the G-image of the right-
hand subdiagram of (x) used to define n in the proof of Lemma 4.2.
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Coherence maps are natural. Let f = (X — N<«+— Y, 1 - FN), g = (Z —
M «— W, 1 — FM) be F-decorated corelations in C. We wish to show that

AX + AY — Y9 Az 4 oaw

Nx,yl JNZ,W

AX +Y) 2wz w)

commutes in GCorel, where the coherence maps are given by

GAX + 7))

op
TGm A ay

X +Y)
_ / \ GAX +Y)
Rxy = ) exel

AX + AY AKX +Y) G

1

Lemma 4.4 shows that the composites of corelations agree. It remains to check that the
decorations also agree.

Here Lemma 2.8 is helpful. Since [J is composition preserving, we can replace the &
with the empty decorated coherence maps x of GCospan, and compute these composites in
G Cospan, before restricting to the £’-parts. Lemma 2.8 then implies that the restricted
empty decorations on the isomorphisms  play no role in determining the composite
decorations. It is thus enough to prove that the decorations of Of + g and O(f + g) are
the same up to the isomorphism p: G(AN + AM) — GA(N + M) between their apices,
as defined in the diagram (#) in the proof of Lemma 4.4.

This comes down to proving the following diagram commutes:

GMWMMM%M%MNXGML——HGAN+MW

YFN x FM G(AN + AM) ~|Gp

\ Gnl (##)

F(N + M) ——— GA(N + M) ———— GA(N + M).

1—

This is straightforward to check: (T) commutes by the monoidality of 6, (G) by the
monoidality of G, and (##) as it is the G-image of the rightmost square in (#). ]

In particular, we get a hypergraph functor from the category of F-decorated cospans
to the category of F-decorated corelations. In applications, this is often the key aspect of
constructing ‘black box’ or semantic functors.
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6.2. COROLLARY. Let C be a category with finite colimits, and let (€, M) be a factorisa-
tion system on C. Suppose that we also have a symmetric lax monoidal functor

F:(C;MP, +) — (Set, x).

Then we may define a hypergraph category FCorel with objects the objects of C and mor-
phisms isomorphism classes of F'-decorated corelations.

Write also F for the restriction of F' to the wide subcategory C of C; M°P. We can
thus also obtain the hypergraph category F'Cospan of F-decorated cospans. We moreover
have a hypergraph functor

FCospan — FCorel

which takes each object of FCospan to itself as an object of FCorel, and each decorated
cospan
FN

/ N\
X Y 1
to its joint E-part

N
eoLX/ ’me
X Y

op
Fm iy —

FN.

decorated by the composite

1—>FN

7. Examples

We give two extended examples. Our first example revisits the matrix example from the
introduction, having now developed the material necessary to formalise it. Our second
example is to give two constructions for the category of linear relations: first as a corelation
category, then as a decorated corelation category.

7.1. MATRICES.
Let R be a commutative rig.! In this subsection we will construct matrices over R as
decorated corelations over FinSet°P.

In FinSet® the coproduct is the cartesian product x of sets, the initial object is the one
element set 1, and cospans are spans in FinSet. The notation will thus be less confusing
if we talk of decorated spans on (FinSet, x) given by the contravariant symmetric lax

! Also known as a semiring, a rig is a ring without negatives.
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monoidal functor

R : (FinSet, x) — (Set, x);
N +— RN
(f: N—>M> — (Rf: RM—>RN;vr—>vof).

The coherence maps oyar: RY x RM — RN*M take a pair (s,t) of maps s: N — R,
t: M — R to the pointwise product s-t: N x M — R;(n,m) +— s(n) - t(m). The unit
coherence map ;: 1 — R! sounds almost tautological: it takes the unique element of the
one element set 1 to the function 1 — R that maps the unique element of the one element
set to the multiplicative identity 1z of the rig R. As described in the introduction,
R)Cospan can be considered as the category of ‘multivalued matrices’ over R, and
R()Corel the category of matrices over R.

Just as the coherence map ¢ gives the unit for the multiplication, it is the coherence

maps @y that enact multiplication of scalars: the composite of decorated spans (X &
N2y, NS Rand (Y <~ M %% Z, M 5 R) is the span X + N xy M — Z
decorated by the map

oN,M(s,t)=st
— >3 R

N Xy M —— NxM

)

where the inclusion from N xy M into N x M is that given by the categorical product.
The intuition for this composition rule, in terms of channels between elements of X and
those of Z, was discussed in the introduction.

As ¢y selects the multiplicative unit 1z of R, the empty decoration on any set N is
the function that sends every element of N to 1gz. This implies the identity decorated
span on X = {zy,...,x,} is that represented by the diagram

T o 1) o 1
T2 o 1) o T2
Ty o 1) o Tnp

8
-
8
)

8
-
]
™

and

: -—'1 o Tnp
(xnagjn—l) o -
(:Cvuxn) O
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respectively, with the comultiplication and counit the mirror images.

These morphisms are multivalued matrices in the following sense: the cardinalities of
the domain X and the codomain Y give the dimensions of the matrix, and the apex N
indexes its entries. If n € N maps to x € X and y € Y, we say there is an entry of value
s(n) € R in the zth row and yth column of the matrix. It is multivalued in the sense that
there may be multiple entries in any position (x,y) of the matrix.

To construct matrices proper, and not just multivalued matrices, we may use decorated
corelations. To do so, we extend R(™) to the contravariant functor

R : (Span(FinSet), x) — (Set, x)
mapping now a span N & A% M to the function

RI79: RM — RN

v— (nr—> Z vog(a)>.

acf=1(n)

It is simply a matter of computation to check this is functorial.

Decorated corelations in this category then comprise trivial spans X ¢~ X xY 25 Y,
where 7 is the projection given by the categorical product, together with a decoration
X XY — R. Such morphisms give a value of R for each pair (z,y) € X x Y, and thus
are trivially in one-to-one correspondence with |X| x |Y|-matrices.

The map R~ Cospan — R(~)Corel transports the decoration N xy M — R along the
function N xy M — N x M that identifies elements over the same pair (z,y). In terms of
the multivalued matrices, this sums over (the potentially empty) set of entries over (z,y)
to create a single entry. It is thus easily observed that composition in this category is
matrix multiplication. Moreover, it is not difficult to check that the monoidal product
is the Kroenecker product of matrices, and thus that R(~)Corel is monoidally equivalent
to the monoidal category of (FinVect, ®) of finite dimensional vector spaces, linear maps,
and the tensor product.

Note that R¥ is always an R-module, and R/ a homomorphism of R-modules. Thus
we could take decorations here in the category RMod of R-modules, rather than the
category Set. While Proposition A.1 shows that the resulting decorated cospan and
corelation categories would be isomorphic, this hints at an enriched version of the theory.

7.2. TWO CONSTRUCTIONS FOR LINEAR RELATIONS.

We give two constructions for the category of linear relations: first as a category of epi-
mono corelations in the category of linear maps, and second as isomorphism-morphism
corelations in the category of sets decorated by linear subspaces.

Recall that a linear relation L: U ~» V is a subspace L C U & V', where U, V are
vector spaces. We compose linear relations as we do relations, and vector spaces and
linear relations form a category LinRel. It is straightforward to show that this category
can be constructed as the category of relations in the category Vect of vector spaces and
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linear maps with respect to epi-mono factorisations: monos in Vect are simply injective
linear maps, and hence subspace inclusions. We show that they may also be constructed
as corelations in Vect with respect to epi-mono factorisations.

If we restrict to the full subcategory FinVect of finite dimensional vector spaces duality
makes this easy to see: after picking a basis for each vector space the transpose yields an
equivalence of FinVect with its opposite category, so the category of (€, M)-corelations
(jointly epic cospans) is isomorphic to the category of (£, M)-relations (jointly monic
spans) in FinVect. This fact has been fundamental in work on finite dimensional linear
systems and signal flow diagrams [BE15, BSZ14, BSZ16].

We prove the general case in detail. To begin, note Vect has an epi-mono factorisation
system with monos stable under pushout. This factorisation system is inherited from Set:
the epimorphisms in Vect are precisely the surjective linear maps, the monomorphisms
are the injective linear maps, and the image of a linear map is always a subspace of the
codomain, and so itself a vector space. Monos are stable under pushout as the pushout
of a diagram V <~ U 2 W is V@ W/Im [f —m]. The map m': V — V& W/Im[f —m]
into the pushout has kernel f(kerm). Thus when m is a monomorphism, m’ is too.

Thus we have a category of corelations Corel(Vect). We show that the map Corel(Vect)
— LinRel sending each vector space to itself and each corelation

ULy Ay

to the linear subspace ker[f — g] is a full, faithful, and bijective-on-objects functor.

Indeed, corelations U Iy A &V are in one-to-one correspondence with surjective
linear maps U & V' — A, which are in turn, by the isomorphism theorem, in one-to-
one correspondence with subspaces of U & V. These correspondences are described by
the kernel construction above. Thus our map is evidently full, faithful, and bijective-
on-objects. It also maps identities to identities. It remains to check that it preserves
composition.

Suppose we have corelations U 5H ALV ad VS B<E W, Then their pushout is
given by P = A® B/Im[g — h|, and we may draw the pushout diagram

NN A
N A

We wish to show the equality of relations
ker[f — g|;ker[h — (] =ker[taf — tpg].

Now (u,w) € U @ W lies in the composite relation ker[f — g];ker[h — /] if and only if
there exists v € V such that fu = gv and hv = fw. But as P is the pushout, this is true
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if and only if
tafu=149v =1ghv = 1plw.

This in turn is true if and only if (u, w) € ker[taf — tpf], as required.

This corelational perspective is important as it fits the relational picture into our
philosophy of black boxing. Work by Baez and Erbele, and Bonchi, Sobocinski and
Zanasi shows that LinRel models controllable linear time-invariant dynamical systems
[BE15, BSZ14, BSZ16]. In [FRS16], however, it is shown that it is the construction
of LinRel as corelations, rather than relations, that correctly generalises to the case of
non-controllable systems.

Finally, we give a decorated corelations construction for LinRel. For simplicity, we
consider just the finite dimensional case; the general case follows from results in [Fonl6].
Thus, consider now LinRel to be the category with finite dimensional k-vector spaces
as objects, and linear relations as morphisms. As we have just seen this category is a
corelation category, we know that it is a hypergraph category. Since Cospan(FinSet) is
the theory of special commutative Frobenius monoids [Lac04], there exists a hypergraph
functor Cospan(FinSet) — LinRel sending the finite set 1 to the 1-dimensional vector
space k. Also, it is straightforward to check that the covariant hom functor on the
monoidal unit of a symmetric monoidal category is a symmetric lax monoidal functor.
We thus get a functor LinRel(0, —): LinRel — Set. Explicitly, on objects this functor
maps a vector space V' to the set LinRel(0, V'); this is the set of all linear relations 0 — V'
or, equivalently, the set of subspaces of V.

Composing the above two functors, we have a symmetric lax monoidal functor

Lin: (Cospan(FinSet),+) — (Set, ><).

This functor takes a finite set N to the set Lin(/N) of linear subspaces of the vector space
kN. Moreover, the image Lin(f) of a function f: N — M maps a subspace L C kVV to
{v|vof e L} C kM while the image Lin(f°P) of an opposite function g : N — M
maps a subspace L C kY to {v =uog|ue L} C kM.

We thus get a decorated cospan category LinCospan, and a decorated corelation cate-
gory LinCorel. The former, LinCospan, has as morphisms cospans X — N < Y of finite
sets decorated by a subspace of kY. For the latter, note that we take corelations with
respect to the isomorphism-morphism factorisation system (Zginset, FinSet). This means
that there is a unique corelation between any two objects; a representative is simply the
cospan X — X +Y <« Y given by the coproduct inclusions. Thus morphisms from
X to Y in LinCorel are simply subspaces of kXY =~ kX @ kY —that is, linear relations
kX ~~ kY. Tt is straightforward to check that composition in LinCorel is simply relational
composition. Thus we have given a decorated corelation construction for LinRel.

The key point here is the use of the homset LinRel(0, k") of morphisms from the
monoidal unit. In fact, this method of arriving at a decorated corelation construction by
using the homset of maps from the monoidal unit applies to any hypergraph category.
The existence of a decorated corelation construction is useful for the construction of
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hypergraph functors to and from the hypergraph category: it allows such functors to
be constructed as decorated corelation functors, and hence by exhibiting certain natural
transformations.

In this particular case, the decorated corelation construction for linear relations is use-
ful for solving the problem alluded to in the introduction: constructing semantic functors
for electric circuits. Recall that open circuits themselves have a readily available decorated
cospan construction using the functor Circ: FinSet — Set that maps a finite set N to the
set of circuit diagrams on N. Constructing a hypergraph functor from the resulting dec-
orated cospan category of circuit diagrams to LinRel is then simply a matter of finding a
monoidal natural transformation from Circ to Lino~y, where v: FinSet — Cospan(FinSet)
is the standard inclusion. These ideas are explored in depth in [BF, Fonl6].

A. Appendix

Decorations in Set are general. The following observation is due to Sam Staton.

A.1. PROPOSITION. Let F': (C,+) — (D,®) be a braided lax monoidal functor. Write
D(I,—): (D,®) — (Set, x) for the hom functor taking each object X € D to the homset
D(1,X). Then FCospan and D(I, F—)Cospan are isomorphic as hypergraph categories.

PRrROOF. Note that the hom functor from the monoidal unit is always lax braided monoidal.
We have the commutative-by-definition triangle of braided lax monoidal functors

(D, ®)

F
/ lwm
m

(Set, x)

(C.+)

By Theorem 4.1 of [Fonl5], this gives rise to a strict hypergraph functor FCospan —
D(I, F—)Cospan. It is easily checked that this functor is bijective-on-objects, full, and
faithful. -
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