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ACTOR OF A CROSSED MODULE OF LEIBNIZ ALGEBRAS

JOSE MANUEL CASAS, RAFAEL FERNANDEZ-CASADO,
XABIER GARCIA-MARTINEZ, EMZAR KHMALADZE

ABSTRACT. We extend to the category of crossed modules of Leibniz algebras the
notion of biderivation via the action of a Leibniz algebra. This results into a pair of
Leibniz algebras which allow us to construct an object which is the actor under certain
circumstances. Additionally, we give a description of an action in the category of crossed
modules of Leibniz algebras in terms of equations. Finally, we check that, under the
aforementioned conditions, the kernel of the canonical map from a crossed module to its
actor coincides with the center and we introduce the notions of crossed module of inner
and outer biderivations.

1. Introduction

Let H be a group and Aut(H) be the group of automorphisms. For every action of a group
G on H there is a unique group homomorphism 5: G — Aut(H) with 9h = B(g)(h) for
all g € G and h € H. Conversely, every group homomorphism from G to Aut(H) induces
an action of G on H. Therefore it is equivalent to consider group actions of G on H or
group homomorphisms from G to Aut(H). By this fact, the group of automorphisms is
called the actor in the category of groups. Its analogue in the category of Lie algebras is
the Lie algebra of derivations.

More generally, for any semi-abelian category C, the existence of the actor is deter-
mined by the representability of the contravariant functor from C to the category of sets,
sending an object Y to the set of actions of Y on X [2]. That is, the existence of an object
Act(X) such that the set of actions of Y on X is isomorphic to Home(Y, Act(X)). If this
object exists for every X in C, the category is said to be action representable [3], and the
object Act(X) is called the actor [15] (also known as split extension classifier [3]).

Groups and Lie algebras are examples of categories of interest, introduced by Orzech
in [16]. For these categories (see [14] for more examples), Casas, Datuashvili and Ladra
[6] gave a procedure to construct an object that, under certain circumstances, plays the
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role of actor. For the particular case of Leibniz algebras (resp. associative algebras) that
object is the Leibniz algebra of biderivations (resp. the algebra of bimultipliers).

In [15], Norrie extended the definition of actor to the 2-dimensional case by giving
a description of the corresponding object in the category of crossed modules of groups.
The analogue construction for the category of crossed modules of Lie algebras is given in
[10]. Regarding the category of crossed modules of Leibniz algebras, it is not a category
of interest, but it is equivalent to the category of cat'-Leibniz algebras (see for example
[9]), which is itself a modified category of interest in the sense of [4]. Therefore it makes
sense to study representability of actions in such category under the context of modified
categories of interest, as it is done in [4] for crossed modules of associative algebras.

Bearing in mind the ease of the generalization of the actor in the category of groups
and Lie algebras to crossed modules, together with the role of the Leibniz algebra of
biderivations, it makes sense to assume that the analogous object in the category of
crossed modules of Leibniz algebras will be the actor only under certain hypotheses. In
[8] the authors gave an equivalent description of an action of a crossed module of groups
in terms of equations. A similar description is done for an action of a crossed module of
Lie algebras (see [5]). In order to extend the notion of actor to crossed modules of Leibniz
algebras, we generalize the concept of biderivation to the 2-dimensional case, describe
an action in that category in terms of equations and give sufficient conditions for the
described object to be the actor.

The article is organized as follows: In Section 2 we recall some basic definitions on
actions and crossed modules of Leibniz algebras. In Section 3 we construct an object that
extends the Leibniz algebra of biderivations to the category of crossed modules of Leibniz
algebras (Theorem 3.9) and give a description of an action in such category in terms of
equations. In Section 4 we find sufficient conditions for the previous object to be the
actor of a given crossed module of Leibniz algebras (Theorem 4.3). Finally, in Section 5
we prove that the kernel of the canonical homomorphism from a crossed module of Leibniz
algebras to its actor coincides with the center of the given crossed module. Additionally,
we introduce the notions of crossed module of inner and outer biderivations and show
that, given a short exact sequence in the category of crossed modules of Leibniz algebras,
it can be extended to a commutative diagram including the actor and the inner and outer
biderivations.

2. Preliminaries

In this section we recall some needed basic definitions. Throughout the paper we fix a
commutative ring with unit k. All algebras are considerer over k.

2.1. DEFINITION. [12] A Leibniz algebra p is a k-module together with a bilinear operation
[, ]:p xp—p, called the Leibniz bracket, which satisfies the Leibniz identity:

[[pl)pQ]api’)] = [pla [p27p3H + [[p17p3]7p2]7
fOT all P1,P2,P3 € p
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A homomorphism of Leibniz algebras is a k-linear map that preserves the bracket.
We denote by Ann(p) (resp. [p,p]) the annihilator (resp. commutator) of p, that is
the subspace of p generated by

{p1 € p | [p1,p2] = [p2,p1] = 0, for all p € p}
(resp. {[p1,po] | for all pi, ps € p})
It is obvious that both Ann(p) and [p, p] are ideals of p.

2.2. DEFINITION. [13] Let p and m be two Leibniz algebras. An action of p on m consists
of a pair of bilinear maps, p x m — m, (p,m) —Pm and m X p — m, (m,p) — m?P, such
that

PIm,m'] = ["'m,m'] — ['m/,m],

[m,Pm'] = [mP,m/] — [m, m']?,

[m, m™] = [m,m') — [m”,m],
mprl — (mp)p’ (mp’)p7
p(mp’ _ (pm)p’ _ [P,

for all m,m' € m and p,p" € p.

Given an action of a Leibniz algebra p on m, we can consider the semidirect product
Leibniz algebra m x p, which consists of the k-module m & p together with the Leibniz
bracket given by

[(m, p), (m, )] = ([m,m] +Pm +m?, [p, p']),
for all (m,p), (m/,p') € m @ p.

2.3. DEFINITION. [13] A crossed module of Leibniz algebras (or Leibniz crossed module,
for short) (m,p,n) is a homomorphism of Leibniz algebras n: m — p together with an
action of p on m such that

n("m) = [p,n(m)] and n(m?) = [n(m),p], (XLb1)
! = [m,m'] = m"™), (XLb2)

for all m,m' €m, p € p.

A homomorphism of Leibniz crossed modules (¢, 1) from (m,p,n) to (n,q, p) is a pair
of Leibniz homomorphisms, ¢: m — n and ¢ : p — q, such that they commute with n and
p and they respect the actions, that is p(Pm) = Y@ p(m) and p(mP) = p(m)¥®) for all
mem, pep.

Identity (XLbl) will be called equivariance and (XLb2) Peiffer identity. We will
denote by XLb the category of Leibniz crossed modules and homomorphisms of Leibniz
crossed modules.

Since our aim is to construct a 2-dimensional generalization of the actor in the category
of Leibniz algebras, let us first recall the following definitions.
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2.4. DEFINITION. [12] Let m be a Leibniz algebra. A biderivation of m is a pair (d, D) of
k-linear maps d, D: m — m such that

d([m,m']) = [d(m), m'] + [m, d(m")], (1)
D([m, m']) = [D(m),m'] = [D(m’), m], (2)
[m, d(m")] = [m, D(m)], (3)

for all m,m' € m.

We will denote by Bider(m) the set of all biderivations of m. It is a Leibniz algebra
with the obvious k-module structure and the Leibniz bracket given by

[(d1, D1), (d2, Da)] = (didy — dady, Dydy — daDy).

It is not difficult to check that, given an element m € m, the pair (ad(m), Ad(m)),
with ad(m)(m’) = —[m’, m] and Ad(m)(m’) = [m,m/] for all m’ € m, is a biderivation.
The pair (ad(m), Ad(m)) is called inner biderivation of m.

3. The main construction

In this section we extend to crossed modules the Leibniz algebra of biderivations. First
we need to translate the notion of a biderivation of a Leibniz algebra into a biderivation
between two Leibniz algebras via the action.

3.1. DEFINITION. Given an action of Leibniz algebras of q on n, the set of biderivations
from q to n, denoted by Bider(q,n), consists of all the pairs (d, D) of k-linear maps,
d,D: q— n, such that

d(lg, 1) = d(q)* +d(q'), (4)
D(lg,¢]) = D(q)” — D(¢)", (5)
d(q") =1D(q"), (6)

forall q,q € q.

Given n € n, the pair of k-linear maps (ad(n), Ad(n)), where ad(n)(¢) = —n and
Ad(n)(q) = n? for all ¢ € q, is clearly a biderivation from q to n. Observe that Bider(q, q),
with the action of q on itself defined by its Leibniz bracket, is exactly Bider(q).

Let us assume for the rest of the article that (n, q, u) is a Leibniz crossed module. One
can easily check the following result.

3.2. LEMMA. Let (d,D) € Bider(q,n). Then (du,Dp) € Bider(n) and (ud,uD) €
Bider(q).

We also have the following result.
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3.3. LEMMA. Let (dy, D), (da, Ds) € Bider(q,n). Then

(D1Md2(Q))ql = (D1/~4D2<Q))q,,
1(Dipdy(q")) = 1(D1puDa(q')),

for all q,q € q.

PROOF. Let ¢,¢" € q and (dy, Dy), (da, D2) € Bider(q,n). According to the identity (6)
for (do, Ds), Tds(q) = 7 Ds(q), so Dip(9da(q)) = Diu(? Da(q)). Due to (5) and the
equivariance of (q,n, u), one can easily derive that

Di(q)"='9 — (Dypda(q))" = Di(q')*P*'9 — (DypuDs(q))?

By the Peiffer identity and (6) for (dy, Dy), D1(¢)**@ = Dy (¢')*P2@. Then (Dyuds(q))? =

(D1MD2(CI))q/-
The other identity can be proved similarly by using (4) and (6). n

Bider(q,n) has an obvious k-module structure. Regarding its Leibniz structure, it is
described in the next proposition.

3.4. PROPOSITION. Bider(q,n) is a Leibniz algebra with the bracket given by

[(d1, D1), (d2, D2)| = (dipudy — dopudy, Dyjpudy — dopiDy) (7)
for all (dy, Dy), (d2, D2) € Bider(q,n).
Proor. It follows directly from Lemma 3.3. n

Now we state the following definition.

3.5. DEFINITION. The set of biderivations of the Leibniz crossed module (n,q, u), de-
noted by Bider(n,q, i), consists of all quadruples ((o1,6,), (02,02)) such that

(01,60,) € Bider(n) and (02,6,) € Bider(q), (8)
por = oap and  pby = Oy, (9)
o1("n) = 720y 4 95, (n), (10)
o1(n?) = 01( ) 4 072D, (11)
01(%n) = "Wn — 6, (n)", (12)
O1(n?) = ( )7 — 2, (13)
10,(n) = 10, (n), (14)
no2(@) — pf2(q )7 (15)

foralln en, q € q.
Given ¢ € g, it can be readily checked that ((of,69), (04,64)), where
o1,4(n) = —n4, 61 4(n) =n,

o24(d') = —[d, ql, 024(d") = [q,¢],
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is a biderivation of the crossed module (n,q, ).
The following lemma is necessary in order to prove that Bider(n,q, ) is indeed a
Leibniz algebra.

3.6. LEMMA. Let ((01,61), (09,02)), ((c],6,), (05,05)) € Bider(n, q, 1), (d, D) € Bider(q,n).
Then

(Doa(9))! = (DO(q))?,  [Dos(q), DbOy(q),n],  (6ha}(n)? = (6,16}(n))",

,Dby(q)],  “(0ho1(n)) = “(6:6;(n)),

n] =
“(Doy(q)) = UDb:(¢)),  [n,Doa(q)] = | ]
(61d(q))* = (6, D(q))?, [61d(q),n] = [61D(q), 7], 0202(0)py = 0202(0)
1d(q)) =46, D(q)),  [n,6id(q)] = [n,6:D(q)], nf295(@) — 0204(0)

foralln €n, q,¢ €q.

PROOF. Let us show how to prove the first identity; the rest of them can be checked
similarly. Let ¢,¢ € q, (d,D) € Bider(q,n) and ((o1,6,), (02,602)) € Bider(n,q, u).
Since (o9,02) is a biderivation of g, we have that [¢/,02(q)] = [¢,02(q)]. Therefore
D([¢,02(q)]) = D(|¢',02(q)]). Directly from (5), we get that

D(d')**? — (Doa(q))” = D(¢)"*@ — (Dbs(q))""

Thus, due to (15), D(¢)*@ = D(¢')’@. Hence, (Das(q))" = (D3(q))". .

The k-module structure of Bider(n,q, i) is evident, while its Leibniz structure is de-
scribed as follows.

3.7. PROPOSITION. Bider(n, q, i) is a Leibniz algebra with the bracket given by

[((Ula 61)7 (027 92))? ((017 6/1)7 (Ué, 9;))] = ([(017 01)? (017 9/1)]7 [(027 62)7 (Ué, 9;)])
= ((0107 — 0101,0107 — 0161), (0205 — 0502, 0205 — 0465)), (16)
fOT all ((017 61)7 (027 (92>>a ((0-17 6/1)7 (Uév 0/2>> € Bider(na q7/1’)
ProoFr. It follows directly from Lemma 3.6. [

3.8. PROPOSITION. The k-linear map A: Bider(q,n) — Bider(n, q, 1), given by (d, D) —
((dw, D), (pd, D)) is a homomorphism of Leibniz algebras.

ProOOF. A is well defined due to Lemma 3.2, while checking that it is a homomorphism
of Leibniz algebras is a matter of straightforward calculations. n
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Since we aspire to make A into a Leibniz crossed module, we need to define an action
of Bider(n,q, ) on Bider(q,n).

3.9. THEOREM. There is an action of Bider(n, q, 1) on Bider(q,n) given by:

(0100(0202)) (4 D) = (0d — doy, 61d — dby), (17)
(d, D)\(0r00:(292) — (4o — yd, Doy — 0y D), (18)
for all ((01,61), (09,02)) € Bider(n,q,u), (d,D) € Bider(q,n). Moreover, the Leibniz

homomorphism A (see Proposition 3.8) together with the above action is a Leibniz crossed
module.

PROOF. Let (d,D) € Bider(q,n) and ((01,61), (02,02)) € Bider(n,q, n). Checking that
both (o1d — doy, 61d — dfy) and (dos — o1d, Doy — 01 D) satisfy conditions (4) and (5)
requires the combined use of the properties satisfied by the elements in Bider(n, q, ) and
(d, D), but calculations are fairly straightforward. As an example, we show how to prove

that (o1d — doo, 01d — dfy) verifies (4). Let ¢,q' € q. Then
(o1d — do2)([q.¢']) =o1(d(q)” +d(¢)) — d([o2(q), ¢] + [g, 02(¢)])
=(o1d(q))" + d(q)™ + *Dd(q) + (01d(q))
— (doa(q))? — 7 Dd(q') — d(q)*'") — (doa(q))
=((01d — do)(q))" + ((01d — do2)(q)).

As for condition (6), in the case of (01d — dog, 61d — dbs), it follows from (14), the identity
(6) for (d, D) and the second identity in the first column from Lemma 3.6. Namely,

“((o1d — do2)(q)) = *(01d(q")) — “(doa(q)) = *(61d(q)) — *(Do2(q))
= (01d(q')) — 1(Db:(¢)) = *(6rd(q)) — *(dB2(q")),

for all ¢,¢' € q. A similar procedure allows to prove that (doy — 01d, Doy — 01 D) satisfies
condition (6) as well.

Routine calculations show that (17) and (18) together with the definition of the brack-
ets in Bider(n, q, ) and Bider(q,n) provide an action of Leibniz algebras.

It only remains to prove that A satisfies the equivariance and the Peiffer identity. It
is immediate to check that

A((er00:(20)) (4 D)) = ((oydp — doap, O1dp — dbap), (pord — pdoy, pbid — pdby)), (19)
while
[((01,61), (02,62)), A(d, D)] = ((o1dp — dpo, brdp — dpby),
(O'Q/,Ld - MdO'Q, ngd — Mdeg)) (20)

Condition (9) guarantees that (19) = (20). The other identity can be checked similarly.
The Peiffer identity follows immediately from (17) and (18) along the definition of A and
the bracket in Bider(q,n). =
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4. The actor

In [16], Orzech introduced the notion of category of interest, which is nothing but a
category of groups with operations verifying two extra conditions. Lb is a category of
interest, although XLb is not. Nevertheless, it is equivalent to the category of cat'-Leibniz
algebras (see for example [9]), which is itself a modified category of interest in the sense
of [4]. So it makes sense to study representability of actions in XLb under the context
of modified categories of interest, as it is done in [4] for crossed modules of associative
algebras. However, since XLb is an example of semi-abelian category, and an action is
the same as a split extension in any semi-abelian category [2, Lemma 1.3], we choose a
different, more combinatorial approach to the problem, by constructing the semidirect
product (split extension) of Leibniz crossed modules.

As we mention in the introduction, we use the term actor (as in [4, 6]) for an object
which represents actions in a semi-abelian category, the general definition of which is
known from [3] under the name split extension classifier.

We need to remark that, given a Leibniz algebra m, Bider(m) is the actor of m under
certain conditions. In particular, the following result is proved in [6].

4.1. PROPOSITION. [6] Let m be a Leibniz algebra such that Ann(m) =0 or [m,m] = m.
Then Bider(m) is the actor of m.

Bearing in mind the ease of the generalization of the actor in the category of groups
and Lie algebras to crossed modules, together with the role of Bider(m) in regard to any
Leibniz algebra m, it makes sense to consider (Bider(q, n), Bider(n, q, 1), A) as a candidate
for actor in XLb, at least under certain conditions (see Proposition 4.1). However, it would
be reckless to define an action of a Leibniz crossed module (m,p,n) on (n,q,u) as a ho-
momorphism from (m,p,7n) to the Leibniz crossed module (Bider(q,n), Bider(n, q, u), A),
since we cannot ensure that the mentioned homomorphism induces a set of actions of
(m,p,n) on (n,q,x) from which we can construct the semidirect product.

In [8, Proposition 2.1] the authors give an equivalent description of an action of a
crossed module of groups in terms of equations. A similar description can be done for
an action of a crossed module of Lie algebras (see [5]). This determines our approach
to the problem. We consider a homomorphism from a Leibniz crossed module (m,p,n)
to (Bider(q, n), Bider(n, q, 1), A), which will be denoted by Act(n, q, ) from now on, and
unravel all the properties satisfied by the mentioned homomorphism, transforming them
into a set of equations. Then we check that the existence of that set of equations is
equivalent to the existence of a homomorphism of Leibniz crossed modules from (m, p, )
to Act(n, q, 1) only under certain conditions. Finally we prove that those equations indeed
describe a comprehensive set of actions by constructing the associated semidirect product,
which is an object in XLb.

4.2. LEMMA.

(i) Let q be a Leibniz algebra and (0,0), (o',0") € Bider(q). If Ann(q) =0 or [q,q] = q,
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then
0o’ (q) = 00'(q), (21)

for all q € q.

(ii) Let (n,q,u) be a Leibniz crossed module, ((01,01),(02,62)) € Bider(n,q,u) and
(d, D) € Bider(q,n). If Ann(n) =0 or [q,q] = q, then

Day(q) = Dba(q), (22)
01d(q) = 61D(q), (23)

for all q € q.

PrOOF. Calculations in order to prove (i) are straightforward. Regarding (ii), Doa(q) —
Db5(q) and 01d(q) — 61D(q) are elements in Ann(n), immediately from the identities in
the second column from Lemma 3.6. Therefore, if Ann(n) = 0, it is clear that (22) and
(23) hold.

Let us now assume that [q,q] = ¢q. Given ¢,¢ € q, directly from the fact that
(09,02) € Bider(q) and (d, D) € Bider(q,n), we get that

Dy([g,¢]) = (Db2(q))* — D(¢')"@ — (Dbs(¢'))* + D(q)**'"",
Dos([g,q) = (Doa(q))* — D(¢')*@ + D(q)") — (Daa(q'))".

Due to (15) and the first identity in the first column from Lemma 3.6, Df([q,q']) =
Dos([q,q']). By hypothesis, every element in q can be expressed as a linear combination
of elements of the form [q,q’]. This fact together with the linearity of D, o9 and 6,
guarantees that Dfy(q) = Doy(q) for all ¢ € q. The identity (23) can be checked similarly
by making use of (6), (12), (13) and the third identity in the first column from Lemma 3.6.

"

4.3. THEOREM. Let (m,p,n) and (n,q,pu) in XLb. There exists a homomorphism of

m,p,
crossed modules from (m,p,n) to (Bider(q,n), Bider(n, q, i), A), if the following conditions
hold:

(i) There are actions of the Leibniz algebra p (and so m) on the Leibniz algebras n and
q. The homomorphism p is p-equivariant, that s

u(Pn) ="p(n), (LbEQ1)
pu(n”) = p(n)?, (LbEQ2)
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and the actions of p and q on n are compatible, that is

n@) — (
UnP) = ("n)" = @n, LbCOMS5
1(Pp) = @)y — (Tn)?, LbCOMS6

forallnen, pepandq€q.

(ii) There are two k-bilinear maps & : m X ¢ — n and &: q X m — n such that

1€2(q, )= (LbM1a)
péi(m, q) = (LbM1b)
&2 (p(n), )=n (LbM2a)
&i(m, p(n)) ="n, (LbM2b)
§a(q,"m) = &a(q”, m) — &a(q, m)”, (LbM3a)
&1(Pm, q) = &(Pq,m) —P&(q, m), (LbM3b)
€a(q,m?) = &a(q,m)” — &2(d”,m), (LbM3c)
&(m”,q) = & (m, q)" — &i(m, ¢"), (LbM3d)
&(q, [m,m']) = &g, m)™ — &g m’)m, (LbM4a)
&(lm,m'],q) = &(m, )™ — &g, m), (LbM4b)
&g, 41, m) = &g, m)” +9%6(d,m), (LbM5a)
&1(m, (g, q]) = &(m, q) = &(m, )", (LbM5b)
6(m,q") = —6(q",m), (LbMbc)

& (m,"q) = =& (m, ¢"), (LbM6a)

P& (m, q) = —P&(q,m), (LbMG6b)

for allm,m"em, nen, peyp,qq €q.

Additionally, the converse statement is also true if one of the following conditions

holds:

Ann(n) = 0 = Ann(q), (CON1)
Ann(n) =0 and [q,q9] =q, (CON2)
m,n]=n and I[q,q9] =q. (CON3)
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PROOF. Let us suppose that (i) and (ii) hold. It is possible to define a homomorphism
of crossed modules (¢,v) from (m,p,n) to Act(n,q, i) as follows. Given m € m, ¢(m) =
(dm, Dy, with

dn(q) = =&(a;m),  Dmlq) = &i(m, ),

for all ¢ € q. On the other hand, for any p € p, ¥(p) = (01,61 ), (02, 02,)), With

Ul,p(n) = —n?, 01 (n)

02(q) = —¢°, O2p(q) =7

foralln € n, ¢ € q. It follows directly from (LbMb5a)—(LbMb5c) that (d,,, D,,) € Bider(q,n)
for all m € m. Besides, ¢ is clearly k-linear and given m, m’ € m,

[o(m), o(m")] = [(dm, Din)s (dmrs Do) = [dprdomy — do pidyy Do — dpr pr D]

pn7
q,

For any q € q,

iy (q) = dipy prdi (q) = —Eo (i (q), ) + Eo(pdd(q), M)
=~y ()™ + dn(q)™
= &lg,m)™ — &g, m)™
= —&(q, [m, m']) = djpm(q),

due to (LbM2a) and (LbM4a). Analogously, it can be easily checked the identity (D, —
A 11D )(q) = Dpm(q) by making use of (LbM2a), (LbM2b) and (LbM4b). Hence, ¢
is a homomorphism of Leibniz algebras.

As for 1), it is necessary to prove that ((o1,,61,), (02,,602,)) satisfies all the axioms
from Definition 3.5 for any p € p. The fact that (0y,,61,) (respectively (o2,,02,)) is a
biderivation of n (respectively q) follows directly from the actions of p on n and q. The
identities uf;, = 02,0 and poy, = o9, are immediate consequences of (LbEQ1) and
(LbEQ2) respectively.

Observe that the combinations of the identities (LbCOM1) and (LbCOM4) and the
identities (LbCOMSb5) and (LbCOMS6) yield the equalities

—nl@) — 9 and — U(pP) = 9(Pp).

These together with (LbCOM2)—(LbCOMS5) allow us to prove that ((o1,,01,), (02, 02,))
does satisfy conditions (10)—(15) from Definition 3.5. Therefore, ¢ is well defined, while
it is obviously k-linear. Moreover, due to (16) we know that

[W(p), v(p')] = ((01p01p =01 01, 01p01 —01p01), (02,02, =02, T2 p, 02,02y —02 02 ),

and by definition
([P, P]) = (01,1, O1p01)s (02,071, 2, 1p,7))-

One can easily check that the corresponding components are equal by making use of the
actions of p on n and q. Hence, 1) is a homomorphism of Leibniz algebras.
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Recall that

1/)77(7%) = ((Ol,n(m)7 01,n(m))a (02,n(m)7 92,77(m))>’

for any m € m, but

dmpr(n) = =& (p(n),m) = —n™ = —nm) = O1,n(m) (n),
Dypp(n) = & (m, p(n)) ="n ="""n = 0 ) (n),
pdi(q) = —péa(q.m) = —¢" = —¢""™ = 03,0m(q),
1D (q) = p&i(m, q) ="q =""q = 03,0m)(q),

for all n € n, ¢ € q, due to (LbM1a), (LbM1b), (LbM2a), (LbM2b). Therefore, Ay = ¥n.
It only remains to check the behaviour of (¢, 1) regarding the action of p on m. Let
m € mand p € p. Due to (17) and (18),

Y0 o(m) = (01p0m = dm0sp, 01,9t — dnbay),

o(m)¥® = (dmo2p — 01 pAm, Dinoay — 015 Diy).
On the other hand, by definition, we know that

p(*m) = (d@m), Dem)),
(p(mp) = (d(mp), D(mp)>

Directly from (LbM3a), (LbM3b), (LbM3c) and (LbM3d) one can easily confirm that the
required identities between components hold. Hence, we can finally ensure that (¢, ) is
a homomorphism of Leibniz crossed modules.

Now let us show that it is necessary that at least one of the conditions (CON1)-
(CONS3) holds in order to prove the converse statement. Let us suppose that there is a
homomorphism of crossed modules

m L p (24)

‘| |+

Bider(q, n) — Bider(n, q, u)

Givenm € mand p € p, let us denote p(m) by (d,,, Dy,) and ¥(p) by (01, 01,), (02, 02)),
which satisfy conditions (4)—(6) from Definition 3.1 and conditions (8)—(15) from Defini-
tion 3.5 respectively. Also, due to the definition of A (see Proposition 3.8), the commu-
tativity of (24) can be expressed by the identity

((dm,ua Dmﬂ); (,Udma ,qu>) = ((Ul,n(m)a 01,n(m))7 (02,n(m)7 62,17(m)))7 (25)
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for all m € m. It is possible to define four bilinear maps, for which we use the same
notation used for actions, from p x nton, n xp ton, p x qto qand q X p to q, given by

Pn =6, ,(n), nf = —oy,(n),
Pq = 92@@)7 ¢ = _02,p(Q)v

for all n € n, p € p, ¢ € q. These maps define actions of p on n and q. The first three
identities for the action on n (respectively q) follow easily from the fact that (oy,,6:,)
(respectively (o9, 62,)) is a biderivation of n (respectively q).

Since v is a Leibniz homomorphism, we get that

((Ul,[p,p’b 91,[p,p/]), (027[13,?/]7 02»[19710’})) = ((01420142’ — 01y 01, 01,p01 — Ul,p’017p)7

(02902 — 0202 p, 02 p00 51 — T2 02)).

The identities between the first and the second (respectively the third and the fourth)
components in those quadruples allow us to confirm the fourth and fifth identities for the
action of p on n (respectively q).

As for the last condition for both actions, it is fairly straightforward to check that

bl — (Pn) = 0,01 (),

/

PPy — (Po)P = 05,00, (q),

while

p<p/n) = 0101 (n) )

/

p(p Q) = 02,p02,p’(Q)7

for all n € n, p,p’ € p, ¢ € q. However, if at least one of the conditions (CON1)-(CON3)
holds, due to Lemma 4.2 (i), 0; ,01,,/(n) = 61,01, (n) and 62,02,y (q) = 02,02,/ (q). There-
fore, we can ensure that there are Leibniz actions of p on both n and q, which induce
actions of m on n and q via 7.

The reader might have noticed that a fourth possible condition on (n, q, 1) could have
been considered in order to guarantee the existence of the actions of p on n and q from the
existence of the homomorphism of Leibniz crossed modules (¢, ). In fact, if [n,n] = n
and Ann(q) = 0, the problem with the last condition for the actions could have been
solved in the same way. Nevertheless, this fourth condition does not guarantee that (ii)
holds, as we will prove immediately below.

Regarding (LbEQ1) and (LbEQ2), they follow directly from (9) (observe that, by
hypothesis, ((01,,01,), (02, 02,)) is a biderivation of (n,q, u) for any p € p). Similarly,
(LbCOM1)—(LbCOMG6) follow almost immediately from (10)—(15). Hence, (i) holds.

Concerning (ii), we can define & (m,q) = Dp(q) and &(g,m) = —d,(q) for any
m € m, g € q. In this way, & and & are clearly bilinear. (LbMla), (LbM1b), (LbM2a)
and (LbM2b) follow immediately from the identity (25) and the fact that the actions of
m on n and q are induced by the actions of p via 7.
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Identities (LbMba), (LbM5b) and (LbMb5c) are a direct consequence of (4)—(6) (recall
that, by hypothesis, (d,,, D,,) is a biderivation from q to n for any m € m).
Since ¢ is a Leibniz homomorphism, we have that

(d[m,m’}a D[m,m’]) = (dm,u/dm’ - dm’,udnu Dmudm’ - dm/,UDm)

This identity, together with (LbM2a) and (LbM2b), allows to easily prove that (LbM4a)
and (LbM4b) hold.

Note that, since (¢,%) is a homomorphism of Leibniz crossed modules, p(Pm) =
Y®)lip(m) and p(mP) = (m)¥® for all m € m, p € p. Due to the definition of the action
of Bider(n, q, 1) on Bider(q,n) (see Theorem 3.9), we can write

(d(l’m)a D(i”m)) = (Ul,pdm - dmg2,pa el,pdm - dm92,p)a
(d(mp)a D(’nﬂ’)) - (dm02,p - Ul,pdma Dm02,p - Ul,po>-

Identities (LbM3a), (LbM3b), (LbM3c) and (LbM3d) follow immediately from the previ-
ous identities.

Regarding (LbM6a) and (LbMG6b), directly from the definition of &;, & and the actions
of p on n and ¢, we have that

&(m,Pq) = Db, (q), &1 (m, q) = 01,Dm(q),
—&1(m, ¢") = Dinoap(q), —P&(q, m) = 01 ,dm(q),

for all m € m, p € p, ¢ € q. Nevertheless, if at least one of the conditions (CON1)—
(CONS3) holds, due to Lemma 4.2 (ii), D,,02,(q) = Dyo2,(q) and 60y ,D,,(q) = 01 ,dn(q)-
Hence, (ii) holds. n

4.4. REMARK. A closer look at the proof of the previous theorem shows that neither
conditions (LbM6a) and (LbM6b), nor the identities ?(*'n) = P#ln — (Pn)?" and ?(*'q) =
Pl — (Pq)?" (which correspond to the sixth axiom satisfied by the actions of p on n and q
respectively) are necessary in order to prove the existence of a homomorphism of crossed
modules (¢,) from (m,p,n) to Act(n,q, ), under the hypothesis that (i) and (ii) hold.
Actually, if we remove those conditions from (i) and (ii), the converse statement would
be true for any Leibniz crossed module (n,q, ), even if it does not satisfy any of the
conditions (CON1)—(CON3). The problem is that (LbM6a) and (LbM6b), together with
the sixth identity satisfied by the actions of p on n and ¢ are essential in order to prove
that (i) and (ii) as in Theorem 4.3 describe a set of actions of (m,p,n) on (n,q, 1), as we
will show immediately below. This agrees with the idea of Act(n,q, ) not being “good
enough” to be the actor of (n,q, ) in general, just as Bider(m) is not always the actor of
a Leibniz algebra m.

4.5. EXAMPLE. Let (m,p,n) € XLb, there is a homomorphism

(p,10): (m,p,n) — Act(m,p,n)
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, with (p(m) = (dm’ Dm) and ¢(p) = ((0-17177 9111))’ (0271)7 02,?))7 where

and

o1p(m) = —m?, 1 ,(m Pm

) =Pm,
oop(0) = =00, 02, (0) = [p, 1],

for all m € m, p,p’ € p. Calculations in order to prove that (¢,) is indeed a homomor-
phism of Leibniz crossed modules are fairly straightforward. Of course, this homomor-
phism does not necessarily define a set of actions from which it is possible to construct
the semidirect product. Theorem 4.3, along with the result immediately bellow, shows
that if (m, p,n) satisfies at least one of the conditions (CON1)—(CON3), then the previous
homomorphism does define an appropriate set of actions of (m,p,n) on itself.

Let (m,p,n) and (n,q, 1) be Leibniz crossed modules such that (i) and (ii) from The-
orem 4.3 hold. Therefore, there are Leibniz actions of m on n and of p on ¢, so it makes
sense to consider the semidirect products of Leibniz algebras n xm and qxp. Furthermore,
we have the following result.

4.6. THEOREM. There is an action of the Leibniz algebra q X p on the Leibniz algebra
nxm, given by
8 (n,m) = (“n +Pn + (g, m),"m), (26)
(n,m) @) = (n? 0P + & (m, q),m"), (27)

for all (q,p) € qxp, (n,m) € n xm, with & and & as in Theorem 4.3. Moreover, the
Leibniz homomorphism (pu,n): n X m — q X p, given by

(1, m)(n,m) = (u(n),n(m)),

for all (n,m) € n x m, together with the previous action, is a Leibniz crossed module.

PROOF. Identities (26) and (27) follow easily from the conditions satisfied by (m,p, n) and
(n,q, 1) (see Theorem 4.3). Nevertheless, as an example, we show how to prove the third
one. Calculations for the rest of the identities are similar. Let (n,m),(n/,m’) € n xm
and (¢, p) € q x p. By routine calculations we get that

[(n,m), (', m)9P)] = ([n, '] +[n,n] +[n, & (m', ¢)] +™ (')
N e N e e e, e
1) (2) (3) (4)
+m(n/p) +m£1(m/,Q) _‘_n(m/p)’ [m’m/p]>7
(5) (6) (7) (8)
5 6 8
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[(n,m), (n',m")] 9P = ([n,n']* +[n, 0]’ +(n"™)" +("n')?
e N e N e N e’
1) (2 (3" 4
+(mn/)p +£1([m7 m,]7 Q) +(nm/)p7 [ma m/]p)’
—_————  ——— N — ) —

(n, m)(lm)’ (', m)] = ([n9, n'] +[n?, '] +(nq)ml +E(m, q), 1]
—_—— N ————
(1//) (2//) (3//) (4//)
H0nl e (m,q)" ()™ [P, m]).
— ———— — — ——
(5") (6") (7" (8"
Let us show that (i) = (/) — (¢") for i = 1,...,8. It is immediate for i = 1,2, 8 due to the
action of q on n and the actions of p on n and m. For ¢ = 5, the identity follows from

the fact that the action of m on n is defined via n together with the equivariance of 7.
Namely,

m(n/p> — n(m) (n"’) _ (n(m)n/)p _ [n(m)splyyr — (mn/)P _n(mP) 1 (mn/)p — (mP)r
The procedure is similar for ¢ = 7. For ¢ = 3, it is necessary to make use of the Peiffer

identity of u, (LbM1b), the definition of the action of m on n and q via n and (LbCOM]1):

/

[n,£1(m/,Q)] — n“él(m/,q) _ n(m’q) _ n(n(m’)q) _ (nn(m/)>q B (nq>n(m/) _ (nm'>q . (nm )q.

The conditions required in order to prove the identity for ¢ = 4 are the same used for
i = 3 except (LbCOMTI), which is replaced by (LbCOM2).

Finally, for i = 6, due to (LbM4b) and the definition of the action of m on n via 7, we
know that

&([m,m'], q) = &(m, @)™ —"&(g,m') = &(m, )™ =" &y(q,m),
but applying (LbM6b), we get

&ulm.m'], q) = &u(m, @)™ +"ME (' q) = Ea(m, @)™ + T (m q),
so (6) = (6') — (6”) and the third identity holds. Note that (LbM6a) and (LbM6b) are

necessary in order to check the fourth and fifth identities respectively.

Checking that (u,7n) is indeed a Leibniz homomorphism follows directly from the
definition of the action of m on n via n together with the conditions (LbEQ1) and (LbEQ?2).
Regarding the equivariance of (i, n), given (n,m) € n xm and (¢,p) € q X p,

(1) (9P (n,m)) = (1, m)(“n +Pn + &(g, m),Pm)
w(n) + u(”n) + péa(q, m), n(*m))
g, 11(n)] +Pp(n) +¢™, [p,n(m)])
[q. n(n)] +Pp(n) + ¢"™), [p, n(m)])
(¢,p), (u(n), n(m))],

(
=
(
(
[
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due to the equivariance of p and 1, (LbEQ1), (LbM1la) and the definition of the action
of m on q via 1. Similarly, but using (LbEQ2) and (LbM1b) instead of (LbEQ1) and
(LbM1a), it can be proved that (u,n)((n, m)@P) = [(u(n),n(m)), (g, p)].

The Peiffer identity of (u,n) follows easily from the homonymous property of 1 and 7,
the definition of the action of m on n via 1 and the conditions (LbM2a) and (LbM2b). =

4.7. DEFINITION. The Leibniz crossed module (nxm, qxp, (i, n)) is called the semidirect
product of the Leibniz crossed modules (n,q, u) and (m,p,n).

Note that the semidirect product determines an obvious split extension of (m,p,n) by
(n,q, 1)

(07070)*(n7qaﬂ>ﬁ(n X m,q X pa(/i?n))<—(m7p7n)ﬁ<07070)

Conversely, any split extension of (m,p,n) by (n,q,x) is isomorphic to their semidirect
product, where the action of (m,p,n) on (n,q, ) is induced by the splitting homomor-
phism.

4.8. REMARK. If (m,p,n) and (n,q,u) are Leibniz crossed modules and at least one of
the following conditions holds,

1. Ann(n) = 0 = Ann(q),
2. Ann(n) =0 and [q,q] = q,
3. [n,n] =nand [q,9] = q,

an action of the crossed module (m,p,7) on (n,q, ) can be also defined as a homomor-
phism of Leibniz crossed modules from (m, p,7n) to Act(n, q, x). In other words, under one
of those conditions, Act(n,q, u) is the actor of (n,q, x) and it can be denoted simply by

Act(n,q, p).

4.9. EXAMPLE.

(i) Let n be an ideal of a Leibniz algebra q and consider the crossed module (n, q,¢), where
v is the inclusion. It is easy to check that Act(n,q,:) = (X,Y,:), where X is a Leibniz
algebra isomorphic to {(d, D) € Bider(q) | d(q), D(q) € n for all ¢ € q} and Y is a Leibniz
algebra isomorphic to {(d, D) € Bider(q) | (d}n, D}a) € Bider(n)}.

(ii) Given a Leibniz algebra q, it can be regarded as a Leibniz crossed module in two
obvious ways, (0,q,0) and (q, q,id,). As a particular case of the previous example, one can
easily check that Act(0,q,0) 2 (0, Bider(q), 0) and Act(q, q,1d,) = (Bider(q), Bider(q), id).
(ii) An action of a Leibniz crossed module on an abelian Leibniz crossed module is
precisely a Leibniz crossed module representation ([7])

(iv) Every Lie crossed module (n,q, i) can be regarded as a Leibniz crossed module (see
for instance [9, Remark 3.9]). Note that in this situation, both the multiplication and
the action are antisymmetric. The actor of (n,q, p) is (Der(g,n), Der(n, g, 1), A), where
Der(g,n) is the Lie algebra of all derivations from g to n and Der(n,q, u) is the Lie
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algebra of derivations of the crossed module (n,q, ) (see [10] for the details). Given
(d, D) € Bider(g,n), both d and D are elements in Der(g,n). Additionally, if we assume
that at least one of the conditions from the previous lemma holds, then either Ann(n) = 0
or [g,g] = g. In this situation, one can easily derive from (6) that Bider(g,n) = {(d,d) | d €
Der(g,n)}. Besides, the bracket in Bider(g,n) becomes antisymmetric and, as a Lie
algebra, it is isomorphic to Der(g,n). Similarly, Bider(n, g, 1) is a Lie algebra isomorphic
to Der(n, @, 1) and Act(n, @, i) is a Lie crossed module isomorphic to Act(n, g, s).

5. Center of a Leibniz crossed module

Let us assume in this section that (n,q,u) is a Leibniz crossed module that satisfies at
least one of the conditions (CON1)—-(CON3). Denote by Z(q) the center of the Leibniz
algebra g, which in this case coincides with its annihilator (note that the center and the
annihilator are not the same object in general). Consider the canonical homomorphism
(p,0) from (n,q,p) to Act(n,q, i), as in Example 4.5. Tt is easy to check that

Ker(p) =n? and Ker(¢) = stq(n) NZ(q),

where 0" = {n € n | In = n? = 0, forall ¢ € q} and stg(n) = {g € q | n = n? =
0, for all n € n}. Therefore, the kernel of (¢, ) is the Leibniz crossed module (n%, stq(n)N
Z(q), ). Thus, the kernel of (¢, ¥) coincides with the center of the crossed module (n, g, i),
as defined in the preliminary version of [1, Definition 27] for crossed modules in modified
categories of interest. This definition of center agrees with the categorical notion of center
by Huq [11] and confirms that our construction of the actor for a Leibniz crossed module
1s consistent.

5.1. EXAMPLE. Consider the crossed module (n, q,¢), where n is an ideal of q and ¢ is the
inclusion. Then, its center is given by the Leibniz crossed module (n N Z(q),Z(q),¢). In
particular, the center of (0, q,0) is (0,Z(q), 0) and the center of (q, q,id,) is (Z(q), Z(q), id).

By analogy to the definitions given for crossed modules of Lie algebras (see [10]), we can
define the crossed module of inner biderivations of (n, q, 1), denoted by InnBider(n, g, i),
as Im(p,1), which is obviously an ideal. The crossed module of outer biderivations,
denoted by OutBider(n, q, i), is the quotient of Act(n, q, ) by InnBider(n, q, i).

Let

(O’ 07 0) - (11, q, :U'> - (11/, qlv :u/) - (nﬂv Cl”, M//) - (07 07 O)

be a short exact sequence of crossed modules of Leibniz algebras. Then, there exists a
homomorphism of Leibniz crossed modules (a, 8): (v, q’, ') — Act(n,q, ) so that the
following diagram is commutative:

(07 07 0) - (I‘l, q, :u) (n,a q/v :u/) - (ﬂ//, q//v :u//) - (07 07 O)

| S

(0,0,0) —— InnBider(n, q, ) — Act(n, q, u) — OutBider(n, q, 1) — (0,0, 0)
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where (o, ) is defined as a(n’) = (dy, D) and 6(¢') = (01,4, 61.4), (02,4, 02,4)), With

and

/

017q/(n) = —nq s 017q/ (n) =1 n,

o2 (q) = =g, d],  bag(q) =d,4dl,

foralln’ en’,¢d €q,nen, qeq.
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