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LAX DISTRIBUTIVE LAWS FOR TOPOLOGY, II

HONGLIANG LAI, LILI SHEN AND WALTER THOLEN

ABSTRACT. For a small quantaloid @ we consider four fundamental 2-monads T on
Q-Cat, given by the presheaf 2-monad P and the copresheaf 2-monad P*, as well as by
their two composite 2-monads, and establish that they all laxly distribute over IP. These
four 2-monads therefore admit lax extensions to the category 9Q-Dist of Q-categories
and their distributors. We characterize the corresponding (T, Q)-categories in each of
the four cases, leading us to both known and novel categorical structures.

1. Introduction

Monoidal Topology [7] provides a common framework for the study of fundamental metric
and topological structures. Its ingredients are a quantale V, a Set-monad T and, most
importantly, a lax extension of T to the 2-category V-Rel of sets and V-valued relations.
Such lax extensions are equivalently described by lax distributive laws of T over the
discrete V-presheaf monad Py, the Kleisli category of which is exactly V-Rel. Once
equipped with a lax extension or lax distributive law, the monad T may then be naturally
extended to become a 2-monad on the 2-category V-Cat. This lax monad extension from
Set to V-Cat facilitates the study of greatly enriched structures. For example, for V
the two-element chain and T the ultrafilter monad, while the Eilenberg-Moore category
over Set is CompHaus, over V-Cat one obtains ordered compact Hausdorff spaces, and
when V is Lawvere’s [14] extended half-line [0, oo], metric compact Hausdorff spaces; see
[16, 32, 7]. Moreover, the functorial interaction between the Eilenberg-Moore category
(V-Cat)T and the category (T,V)-Cat of (T,V)-categories is a pivotal step for a serious
study of representability, a powerful property which, in the basic example of the two-
element chain and the ultrafilter monad, entails core-compactness, or exponentiability, of
topological spaces; see [4] and [7, Section IIL.5].

While this mechanism for generating a 2-monad on V-Cat from a Set-monad provides
an indispensable tool in monoidal topology, the question arises whether it is possible to
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make a given 2-monad T on V-Cat the starting point of a satisfactory theory, preferably
even in the more general context of a small quantaloid Q, (i.e., a Sup-enriched category),
rather than just a quantale V (i.e., a Sup-enriched monoid), a context that has been
propagated in this paper’s predecessor [33]. Such theory should, as a first step, entail the
study of lax extensions of T to the 2-category Q-Dist of Q-categories and their distributors
(also (bi)modules, or profunctors), rather than just to Q-Rel, or, equivalently, the study
of lax distributive laws of T over the non-discrete presheaf monad Py, rather than over
its discrete counterpart. The fact that the non-discrete presheaf monad is, other than its
discrete version, lax idempotent (i.e., of Kock-Zoberlein type [35, 10]), serves as a first
indicator that this approach should in fact lead to a categorically more satisfactory theory.

This paper makes the case for an affirmative answer to the question raised, even in
the extended context of a given small quantaloid Q, rather than that of a quantale. It is
centred around a fairly simple, but fundamental extension procedure for endo-2-functors
of @-Cat to become lax endofunctors of Q-Dist, which has been used in the quantalic
context in [2] and extended from quantales to quantaloids in [12]. More importantly, the
paper [12] emphasized the fact that there is precisely one flat (or normal) lax extension
when the given endo-2-functor of Q-Cat preserves the full fidelity of O-functors. We
recall this technique in Section 4 and then apply it to four naturally arising 2-monads
T on O-Cat which do not come about as monads “lifted” from Set via the mechanism
described above, but which should nevertheless be of considerable general interest. They
all distribute laxly, but flatly, over P = Py and, hence, are laxly, but flatly, extendable
to @-Dist, and we give a detailed description of the respective lax algebras, or (T, Q)-
categories, arising. These monads are

e the presheaf 2-monad P itself (Section 5);

e the copresheaf 2-monad P' (Section 5);

e the double presheaf 2-monad PP' (Section 6);

e the double copresheaf 2-monad PP (Section 7).

In each of the four cases, the establishment of the needed lax distributive law over P and
the characterization of the corresponding lax algebras, or, equivalently, (T, Q)-categories,
take some “technical” effort. However, the lax algebras pertaining to both, P and PP, are
fairly quickly identifiable as Q-closure spaces, as considered in [23, 25]. More challenging
is the identification of the lax algebras pertaining to PP', which we describe as Q-interior
spaces, a structure considered here for the first time. Also the lax algebras pertaining to
Pt are of a novel flavour; they are monoid objects in Q-Dist. Given that their discrete
cousins, i.e., the monoid objects in Q-Rel, are Q-categories, they surely deserve further
study.

We have given sufficiently many details to make the proofs easily verifiable for the
reader, also since all needed basic tools are comprehensively listed in Section 2. The
introduction of lax distributive laws of a 2-monad over the (non-discrete) presheaf monad
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and of their lax algebras (as given in Section 3), as well as the proof of the fact that these
correspond bijectively to lax extensions of T to Q-Dist, with lax algebras corresponding to
(T, Q)-categories (as given in Section 8), are straightforward extensions of their “discrete”
treatment in [33]. Nevertheless, prior reading of [33] is not required for the purpose of
understanding these parts of the paper.

Acknowledgement. We thank the anonymous referee for his/her suggestions on the first
version of this paper, which was missing the techniques of Section 4 that in particular
simplify the treatment of the four monads of our interest. These suggestions included a
concrete indication of how the results of this paper may be established in the context of
a locally cocomplete bicategory, rather than that of a quantaloid, on which we plan to
follow up in a separate paper.

2. Quantaloid-enriched categories and their distributors

A quantaloid [20] is a category enriched in the monoidal-closed category Sup [9] of com-
plete lattices and sup-preserving maps. Explicitly, a quantaloid Q is a 2-category with its
2-cells given by an order “=<", such that each hom-set Q(r, s) is a complete lattice and the
composition of morphisms from either side preserves arbitrary suprema. Hence, Q has
“internal homs”, denoted by " and \, as the right adjoints of the composition functors:

—ou-d—u:Q(rt)—Q(s,t) and vo—dv N\, —:9(rt)— Qrs);

explicitly,
U=\ W <= vou=w <<= v3Iwy,S u

for all morphisms u :r— s, v:s—t, w:r—tin Q.

Throughout this paper, we let Q be a small quantaloid. From O one forms a new
(large) quantaloid Q-Rel of Q-relations with the following data: its objects are those
of Set/Qqy (with Qp := ob Q), i.e., sets X equipped with an array (or type) map |-| :
X — Qp, and a morphism ¢ : X ——Y in Q-Rel is a map that assigns to every pair
x € X,y €Y amorphism ¢(z,y) : || — |y| in Q; its composite with ¢ : Y —— 7 is
defined by

(o)) = \/ b, 2) o olr,y),

yey

o L ifz=y,
I(a,y) = { e

and 1% : X —— X with

serves as the identity morphism on X. As Q-relations are equipped with the pointwise
order inherited from Q, internal homs in Q-Rel are computed pointwise as

0 D), 2) = N\ 0(x,2)  p(x,y) and (&N 0)(z,y) = N ¥(y,2) 0, 2)

rzeX z€Z
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forall p : X +—=Y ¢Y:Y—+—260: X —+ 7.

A (small) Q-category is an (internal) monad in the 2-category Q-Rel; or equivalently, a
monoid in the monoidal-closed category (Q-Rel(X, X), o), for some X over Qy. Explicitly,
a Q-category consists of an object X in Set/Qy and a Q-relation a : X — X (its “hom”),
such that 15 < a and a o a < a. For every Q-category (X, a), the underlying (pre)order
on X is given by

r <1 <= |z|=|2'| and 1, < a(z,2'),

and we write z & 2’ if v < 2’ and 2/ < .

A map f:(X,a)—(Y,b) between Q-categories is a Q-functor (resp. fully faithful Q-
functor) if it lives in Set/ Qg and satisfies a(z, ') < b(fx, f2') (resp. a(x,x") = b(fx, fz'))
for all x, 2" € X. With the pointwise order of Q-functors inherited from Y, i.e.,

[<g:(X,a)—Y,b) <= Vo e X: fr<gr <= Voec X: 1l 2b(fz,g7),

Q-categories and Q-functors are organized into a 2-category Q-Cat.

The one-object quantaloids are the (unital) quantales (see [19]); equivalently, a quan-
tale is a complete lattice V with a monoid structure whose binary operation ® preserves
suprema in each variable. We generally denote the ®-neutral element by k; so, k = 1, if
we denote by * the only object of the monoid V, considered as a category.

We refer to [7] for the standard examples of quantales V of interest in monoidal topol-
ogy, which include the Lawvere quantale [0, 00| with its addition ([14]) or its frame op-
eration ([21]), giving generalized metric spaces and generalized ultrametric spaces as V-
categories. For relevant examples of small quantaloids that are not quantales, we mention
the fact that every quantale V (in fact, every quantaloid) gives rise to the quantaloid
DV of “diagonals of V” (see [29]), which has a particularly simple description when V
is divisible: see [8, 17]. For V = [0, 0o] one obtains as DV-categories generalized partial
(ultra-)metric spaces, as studied by various authors: [15, 3, 8, 17, 31, 33]. We also refer
to Walters’ original paper [34] which associates with a small site (C, F) a quantaloid R
whose Cauchy complete R-categories have been identified as the internal ordered objects
in the topos of sheaves over (C,F) in the thesis [5]; see also [6].

A Q-relation ¢ : X ==Y becomes a Q-distributor ¢ : (X, a) —e— (Y,b) if it is com-
patible with the O-categorical structures a and b; that is,

bopoa=X .

O-categories and Q-distributors constitute a quantaloid Q-Dist that contains Q-Rel as
a full subquantaloid, in which the composition and internal homs are calculated in the
same way as those of Q-relations; the identity Q-distributor on (X, a) is given by its hom
a:(X,a) - (X, a).
Each Q-functor f : (X,a) — (Y,b) induces an adjunction f, 4 f* in Q-Dist, given
by
fo:(X.a)-e> (V). f(ey)=b(fr.y) and o)
[ (Yob) —e= (X,a), f*(y.x) = bly, fx), '
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and called the graph and cograph of f, respectively. Obviously, a = (1x), = 1% for any
Q-category (X, a); hence, a = 1% will be our standard notation for identity morphisms
in O-Dist.

For an object s in Q, and with {s} denoting the singleton Q-category, the only object
of which has array s and hom 1,, Q-distributors of the form o : X —e= {s} are called
presheaves on X and constitute a Q-category PX, with 15 (0,0’) = ¢’ /" . Dually, the
copresheaf Q-category PTX consists of Q-distributors 7 : {s} —e= X with 1%, . (,7') =

TN\ T
It is important to note that for any Q-category X, it follows from the definition that
the underlying order on PTX is the reverse local order of Q-Dist, i.e.,

7<7 inP'X < 7 <7 in O-Dist.

That is why we use a different symbol, “<”, for the underlying order of Q-categories and
the 2-cells in Q-Cat, while “<” is reserved for ordering the 2-cells in Q and Q-Dist.
A Q-category X is complete if the Yoneda embedding

yx : X —PX, z— 1%(—, ),
has a left adjoint supy : PX — X in O-Cat; that is,
Ix(supxo, =) = lpx(oyx—) = 1x /0

for all ¢ € PX. It is well known that X is a complete O-category if, and only if,
X = (X, (1%)°P) with (1%)°P(z,2’) = 1%(2',2) is a complete Q°P-category (see [27]),
where the completeness of X°P may be translated as the co-Yoneda embedding

y} X —PIX, z 1i(z,—),
admitting a right adjoint infx : PT.X — X in Q-Cat.
2.1. LEMMA. [25, 27| Let X be a Q-category.
(1) (Yoneda Lemma) For all o0 € PX, 7 € PTX,
0= (yx)«(=0) = lpx(yx—0) and 7= (yk)'(r, =) = Lpix(r,yk—).
In particular, both yx : X — PX and y;( : X — P'X are fully faithful.
(2) supy -yx =1y, infyx 'yk >~ y.

(3) Both PX and PTX are separated' and complete, with

Suppx0 =00 (yx). and infpix7 = (y})* °T,

for all 0 € PPX, 7 € PIPTX.

LA Q-category X is separated if x = ' implies = 2’ for all z,2’ € X.
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Each Q-distributor ¢ : X —e=Y induces Kan adjunctions [25] in Q-Cat given by

©

Y P2
— v pt
PY | PX Pty T~ 1 ' PIX (2i)
0o and 0@
OT=TOop, Yeo=0, ¢ YaT =9 \T, @Yo=goo.

Moreover, all the assignments in (2.i) and (2.ii) are 2-functorial, and one has two pairs of
adjoint 2-functors [5] described by

X—<&-Y - —.9) O
y=p(—,vy Q-Cat, | (9Q-Dist)P,
vy % .px e

(9 : PY —PX) «+ (¢p: X ==Y
(2.ii)

X &Y E (e, ) (=)
x = p(r, - O-Cat., L _ (Q-Dist)®,
X -Z.pty ! )

(0?2 : PTX —PTY) <+ (p: X =Y

where “co” refers to the dualization of 2-cells. The unit y and the counit € of the adjunction
(—)* A P are respectively given by the Yoneda embeddings and their graphs:

ex = (yx)« : X == PX.

The presheaf 2-monad P = (P,s,y) on Q-Cat induced by (—)* - P sends each Q-functor
f: X—Y to
fii= (% :PX —PY,

which admits a right adjoint f' := (f*)e = (f.)® : PY — PX in Q-Cat; the monad
multiplication s is given by

sx =5 = suppy = Yy : PPX —PX, (2.iv)

where suppy = y' is an immediate consequence of Lemma 2.1. Similarly, the unit y'
is given by the co-Yoneda embeddings, and &' := (yTD)* is the counit of the adjunction
(=)« -1 PT. The induced copresheaf 2-monad PT = (PT, s, y") on Q-Cat sends f to

fi=(f)% : PIX —PTY,

which admits a left adjoint fi := (f*)® = (f.)e : PTY — PTX in O-Cat, and the monad
multiplication is given by

sl = (e1)® = infpry = (yh) : PIPTX — PiX. (2.v)

We also point out that the presheaf 2-monad P on Q-Cat is laz idempotent, or of
Kock-Zéberlein type 28], in the sense that

(yx)r < ypx
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for all Q-categories X. Dually, the copresheaf 2-monad P on Q-Cat is oplax idempotent,
or of dual Kock-Zoberlein type, in the sense that

y]I;TX < (y;)n

for all Q-categories X.

In a sequence of lemmata we now give a comprehensive list of rules that are needed in
the calculations later on. While many of these rules are standard and well known, some
are not and, in fact, new.

2.2. LEMMA. [22, 25] Let f : X —Y be a Q-functor.

(1) f s fully faithful <= f*of.=1% < f'-fi=lpx < fi-f, =1lpix =
fi : PX —PY s fully faithful <= [, : P X —PTY is fully faithful.

(2) If f is essentially surjective, in the sense that, for any y € Y, there exists x € X
withy = fx, then foo f*=1%, fi- f' = lpy, f,- f1 = lpiy and both fi: PX —PY,
[, : PIX — PTY are surjective.

2.3. LEMMA. [18, 27] For all Q-functors f : X —Y and g: Y — X,

fldg = fi=g" = fl=g < fi=g¢
= fidg = fidg¢ = f1g = fidg.

2.4. LEMMA. For all Q-functors f,g: X —Y and Q-distributors ¢,9 : X —e=Y,

1) fSg <= firzg <= ["2g <= fi<g < [<yg <= [>¢ <
fi=g.

(2) 2P = " <YPY = ¢ 2YP° = $5<<$ — ?2?

2.5. LEMMA. [23, 27] Let f : X — Y be a Q-functor between complete Q-categories.
Then

supy - fi < f-supxy and f-infx <infy - f.
Furthermore, f is a left (resp. right) adjoint in Q-Cat if, and only if, supy - fi = f-supy
(resp. f-infx =infy -f,).
The above lemma shows that left (resp. right) adjoint Q-functors between complete
Q-categories are exactly sup-preserving (resp. inf-preserving) Q-functors. Thus we de-

note the 2-subcategory of Q-Cat consisting of separated complete Q-categories and sup-
preserving (resp. inf-preserving) Q-functors by Q-Sup (resp. Q-Inf).
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2.6. LEMMA. The following identities hold for all Q-distributors ¢ : X —e=Y .

—>
(1) yx = 1%, vk =1%.

2) Tox = W, Loty = W-

(3) ‘5 0 yy, B =¢°

(4) ¢ =P o (yx)s = (y})* o 7*.

(5) (yv)eop =90 (yx), @oyk)" =) o (¥9)..

PROOF. (1), (3) are trivial, and (2), (4) are immediate consequences of the Yoneda lemma.
For (5), note that the 2-functor

P:(Q-Dist)®* — Q-Cat, (p:X —->Y) = (¢°:PY —PX)
is faithful, and

((yy)s 09)® = 9% - yy = ¢ - suppy = suppy - (7)) =y - 97 = (¥ 0 (yx)+)®

follows by applying Lemma 2.5 to the left adjoint Q-functor ¢® : PY — PX. The other
identity can be verified analogously. [

2.7. LEMMA. The following identities hold for all Q-functors f : X — Y.
) fu=11 fo=115 (A = (A=)
@ Fo= oy fo=vhof=Fovk
B) FF=fivh, F=yw-f=fyx
(yx)eo f*=(f) o lyv)es frovi=vyy fu. (yx)i-f1=(H)" (yv)i-
(5) feo(yk) =) o (f)e fi- ) = O - fur - £ = (F)'- ()

PROOF. For (1), fi = fi* since (f1); 4 fi" and (fi); 4 f,, and the other identities can be
checked similarly. The non-trivial identities in (2) and (3) follow respectively from the
naturality of y! and y, while (4) and (5) are immediate consequences of Lemma 2.6(5). m

—~
e~
~—

2.8. LEMMA. The following identities hold for all Q-distributors p : X =Y )Y = 7
and Q-functors f whenever the operations make sense:

(1) bop=¢® 0 =yx 510, b0l =f 9, Fop=15-f
(2) bop=v® B=0h) ¢, B, bofi=v f fiop=f B

ProOOF. Straightforward calculations with the help of Lemmas 2.6 and 2.7. ]
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2.9. LEMMA. For Q-functors f,g : PX —Y (resp. f,g:PIX—=Y), if f (resp. g) is
a left (resp. right) adjoint in Q-Cat, then
fyx < gyx (resp. fyk <gyk) <= f<g

PRroOOF. For the non-trivial direction, suppose that f 4 h : Y — PX, then fyx < gyx
implies yx < hgyx. Consequently, the Yoneda lemma and the O-functoriality of hg :
PX — PX imply

0 = (yx)«(=,0) = Ipx(yx—, 0) 2 lpx(hgyx—, hgo) 2 1px(yx—, hgo) = hgo

and thus o < hgo, hence fo < go for all o0 € PX. n

Since one already has the isomorphisms of ordered hom-sets

Q-Dist(X,Y) = Q-Cat(Y,PX) = (Q-Cat)®(X,P'Y),
© s ) R Z
with the adjunctions (2.iii) we obtain further isomorphisms in Q-Sup and Q-Inf, as
follows.

2.10. LEMMA. [25] For all Q-categories X,Y , one has the natural isomorphisms of or-
dered hom-sets

Q-Dist(X,Y) = (Q-Sup)®(PX,P'Y) = Q-Inf(P'Y,PX)
~ Q-Sup(PY,PX) = (Q-Inf)*°(PX, PY).
PROOF. Each Q-distributor ¢ : X —e— Y induces the Isbell adjunction 3 - ¥ : PTY—PX
[25] with
pro=¢ /o and O =T\ p
for all 0 € PX, 7 € PTY. It is straightforward to check that

0-Dist(X,Y) = (Q-Sup)®(PX,P'Y) =~ O-Inf(P'Y,PX)
@ VEMEN 1 VEMEN o

~  QSup(PY,PX) = (Q-Inf)*(PX,PY)
JEAEN ©® VRN 0o

gives the required isomorphisms. We refer to [25, Theorems 4.4 & 5.7] for details. n
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3. The non-discrete version of lax distributive laws and their lax algebras

In this section we establish the non-discrete version of the lax distributive laws considered
in [33]. An equivalent framework in terms of lax extensions of 2-monads on Q-Cat to
O-Dist is presented below in Section 8.
For a 2-monad T = (T, m,e) on Q-Cat, a lax distributive law X : TP — PT is given
by a family
<>\X TPX — PTX)XEob(Q—Cat)

of O-functors satisfying the following inequalities for all Q-functors f: X — Y

TPXx W rpy

(a) Axl < PY (T - Ax <Ay -T(f) (lax naturality of \);
PTX W PTY

TX
Tyx yTX
(b) /2\ Vrx < Ax - TyX (lax P-unit law);

TPPX 2%, pTpx X pprx
(c) T5xl > lSTX stx - (Ax)1-Apx < Ax - T'sy (lax P-mult. law);
TPX : PTX

X

PX
epx (exh
(d) /2\ (ex) < Ax - epx (lax T-unit law);

Thx

TTPX 25 TpTX 275, PTT X

(e) mPXl > l(mx)! (mx)g~)\TX'T>\X < )\X~me (lax T-mult. 1&W>

TPX PTX
Ax

Each of these laws is said to hold strictly (at f or X) if the respective inequality sign
may be replaced by an equality sign; for a strict distributive law, all lax laws must hold
strictly everywhere. For simplicity, in what follows, we refer to a lax distributive law
A :TP—TP just as a distributive law; we also say that T distributes over P by A in this
case, adding strictly when \ is strict.

Note that in the discrete case (see [33]), a distributive law A of a monad T = (7', m, ¢)
on Set/Qy over the discrete presheaf monad P on Set/Qq is usually required to be
monotone, i.e.,

f<9g= I -Tf<AIx-Tg
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for all OQ-functors f, g : Y—PX. This property comes for free in the current non-discrete
case since the 2-functor T" of the 2-monad T = (7', m, e) will respect the order.

3.1. DEFINITION. For a distributive law A : TP — PT', a lax A-algebra (X, p) over Q is
a Q-category X with a Q-functor p : T X — PX satisfying

(f) / \ Yx S p-eéx (lax unit law);

TX ———PX
TTX 2 TPX 25 PTX 25 PPX
(g) mxl > lSX sy p-Ax-Tp<p-mx (lax mult. law).
TX PX

p

A lax \-homomorphism [ : (X, p)—(Y, q) of lax M-algebras is a Q-functor f : X—Y
which satisfies

Tx — Y 7y

(h) Pl < lq firp<q-Tf (lax homomorphism law).

s
PX 7 PY

The resulting 2-category is denoted by (A, Q)-Alg, with the local order inherited from
O-Cat.

3.2. PROPOSITION. (A, Q)-Alg is topological over Q-Cat and, hence, totally complete
and totally cocomplete.

PROOF. For any family of A-algebras (Y}, q;) and Q-functors f; : X —Y; (5 € J),
= A\ 4T
jed
gives the initial structure on X with respect to the forgetful functor (A, Q)-Alg— Q-Cat,
and thus establishes the topologicity of (A, Q)-Alg over Q-Cat (see [1]). The total com-

pleteness and total cocompleteness of (A, Q)-Alg then follow from the respective proper-
ties of Q-Cat (see [24, Theorem 2.7]). =

4. Flat distributive laws of 2-monads on Q-Cat over P

Given a 2-monad T = (7, m, e) on Q-Cat, a distributive law A of T over PP is called flat
(or normal) if it satisfies the P-unit law (b) strictly; that is, if

yrx = Ax - Tyx

for all X € ob(Q-Cat). In fact, although there may be several distributive laws of T over
P, only one of them may be flat:
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4.1. PROPOSITION. A flat distributive law X\ : TP — PT must satisfy
Ax = iTyX)* :TPX — PTX.

PROOF. Indeed, Ax > iTyX)* holds for any A : TP —PT satisfying the lax laws (b) and
(¢), since

Ax = Ax - T@ (Lemma 2.6(2))
= Ax - Ty - Typx (Lemma 2.7(2))
> yry - O‘X) “Apx - Typx (A satisfies (c))
> (Tyx)' - Ny - (Ax)r - yrex (X satisfies (b))
> (Tyx)' - yrex ((Ax) 4 A%)
= (Tyx)«. (Lemma 2.7(2))

When A also satisfies the laws (a) laxly and (b) strictly, one has

Ax < (Tyx) - (Tyx) - Ax ((Tyx) - (Tyx)")
< (Tyx)' - Apx - Tlyx): (X satisfies (a))
< (TyX)' Mpx - Typx (P is lax idempotent)

= (Tyx)' - yrex (\ satisfies (b) strictly)
= (Tyx)«. (Lemma 2.7(2))

The following Theorem provides the crucial tool for establishing the flat distributive
laws over [P presented in Sections 5—7. In fact, it just paraphrases a lax extension result of
[12] for 2-monads on Q-Cat to Q-Dist, which we formulate explicitly below as Corollary
8.5 and which, in turn, builds on a lax extension result for endofunctors of V-Cat (where
V is a quantale) used in [2].

4.2. THEOREM. Let T = (T, m,e) be a 2-monad on Q-Cat such that Tyx : TX —TPX
18 fully faithful for all Q-categories X. Then

Ax = (Tyx ). : TPX —PTX

defines a flat distributive law of T over P, and it is the only one.

PROOF. We verify that for any 2-monad T = (7, m,e), A satisfies the lax laws (a)-(d),
with (c) always holding strictly; meanwhile, (b) holds strictly if, and only if, Ty is fully
faithful, in which case A also satisfies the lax law (e); this will complete the proof, by
Proposition 4.1.
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(a) (Tf)-Ax <Ay -T(f). From the naturality of y one has
(T(f)s 0 (Tyx)« = (Tyy)s 0 (T f)-,
and then the adjunction rules ensure that
(Tf)i-Ax = (Tyx)o o (TF) < T o (Tyy)a = Ay - T(f)

where the first and the last equalities follow from Lemma 2.8(1).
(b) yrx < Ax - Tyx. The adjunction rules give

yrx = l7x < ZTYX) o (Tyx). = Ax - Tyx,

where “<” may be replaced by “=" if, and only if, T'yx is fully faithful, by Lemma 2.2(1).
(¢) srx - (Ax)r-Apx = Ax -T'sx. Since the 2-functor T" preserves adjunctions in Q-Cat,
one has

srx - (Ax)i- Apx = ETYPX)* o (Tyx)« (Lemma 2.8(1))
= §T(yX)!)* o (Tyx)« (y is natural)
= (T(yx))" o (Tyx). (T(yx) + T(yx))
= Ax - Tsx. (Lemma 2.8(1))

(d) (ex)1 < Ax-epx. The naturality of e induces Tyx -ex = epx yx, and consequently

(ex)r < (Tyx)' - (epx)r - (yx)s ((Tyx): 4 (Tyx)")
< (Tyx)' - (epx) - ypx (P is lax idempotent)
= (Tyx)' - yrex - epx (y is natural)
= \x - epx. (Lemma 2.7(2))

(e) (mx) - Arx - TAx < Ax - mpy if (b) holds strictly. From the naturality of m one
has Tyx - mx = mpx - TTyx, and it follows that

“YTPX * MPX (y is natural

(mx)i- Arx - TAx < (Tyx)' - (mpx)r- (TTyx )i - Arx - TAx ((Tyx) = (Tyx)")
< (TyX)! “(mpx) - Arpx - T(Tyx) - Thy () satisfies (a))

< (Tyx)' - (mpx)i - Arex - Thpx - TT(yx): () satisfies (a))

< (Tyx)' - (mpx)1 - Arpx - Thpx - TTypx (P is lax idempotent)

= (TyX)! (mpx )1 Arpx - Tyrpx (A satisfies (b) strictly)

(Tyx)' - (mpx )1 - yrrex (A satisfies (b) strictly)

(Tyx) )

)

= Ax - Mpx. (Lemma 2.7(2)
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5. The distributive laws of the (co)presheaf 2-monad

As an immediate consequence of Lemma 2.2 and Theorem 4.2, one sees that

Ax = EYX)!* = ((YX)!)! *YPPX = YPX -y!X = Yypx - Suppy : PPX — PPX
defines a flat distributive law of the presheaf 2-monad P over itself:

5.1. PROPOSITION. The presheaf 2-monad PP distributes flatly over itself by X\ with
/\X = Ypx *SUDPpx PPX —PPX.

Now we describe the lax algebras for this distributive law. A Q-closure space [23, 25]
is a pair (X, ¢) that consists of a Q-category X and a Q-closure operation ¢ on PX; that
is, a O-functor ¢ : PX — PX satisfying 1lpx < cand ¢-c = c. A continuous Q-functor
[ (X,¢)— (Y, d) between Q-closure spaces is a Q-functor f : X — Y such that

fire<d- fi: PX—PY.

O-closure spaces and continuous Q-functors constitute the 2-category Q-Cls, with the
local order inherited from Q-Cat. One sees quite easily that these are the lax A-algebras
over Q:

5.2. THEOREM. (A, Q)-Alg = Q-Cls.

PRrROOF. For any Q-category X, we show that a O-functor ¢ : PX — PX gives a lax
A-algebra structure on X if, and only if, (X, ¢) is a Q-closure space.

¢ satisfies (f) <= 1px < ¢: This is an immediate consequence of Lemma 2.9.

c satisfies (g) <= c¢-c < ¢ Note that

C-C=5SUpPpx ' Ypx ' C-SUPpx "Ypx - C
= SUPpyx * O " YpX * SUPpy - €1 * YPX (y is natural)

= SUPpx " C1 - Ax " C - YpX,
and thus

c-c<C < Suppy - C-Ax-C-Ypx < C

< Suppx " €1+ Ax € < € SUppy, (suppx ypx)

which is precisely the condition (g).

Therefore, the isomorphism between (A, Q)-Alg and Q-Cls follows since a continuous
Q-functor f: (X, c)— (Y, d) is exactly a Q-functor f : X — Y satisfying the condition
(h). n
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The distributive law of the copresheaf 2-monad P! over PP arising from Lemma 2.2 and
Theorem 4.2 is even strict:

5.3. PROPOSITION. The copresheaf 2-monad P distributes strictly over P by A with

A= lyx)n = ((yx)))' - ypipx : PTPX — PPLX.

PROOF. One needs to show that AT satisfies the laws (a)—(e) strictly. We leave the lengthy
but routine verification to the readers. ]

5.4. REMARK. Stubbe described a strict distributive law of P over P given by

PPy X0, ppipy Prex , pip (5.)

in [30]. In fact, the strict distributive law A : PIlPX —PPTX defined in Proposition 5.3
is precisely the right adjoint of (5.i) in Q-Cat.

Recall that a Q-category is a monad in Q-Rel. Similarly, a monad in O-Dist gives
“a Q-category over a base Q-category”; that is, a Q-category X equipped with a Q-
distributor o : X —e—= X, such that 1%, < a and aw o @ < . The latter two inequalities
actually force the Q-relation o on X to be a Q-distributor, since with a = 1% one has

ao(aoa)Xao(aoa)2aca=<aoa=a.

Thus, a monad in Q-Dist is given by a set X over Qqy that comes equipped with two
Q-category structures, comparable by “<”. With morphisms to laxly preserve both struc-
tures we obtain the 2-category Mon(Q-Dist); hence, its morphisms f : (X, a) — (Y, )
are precisely the Q-functors f : X — Y with

<_

fi-a<pB-f

or, equivalently, a(z,2’") < B(fxz, fa') for all x,2" € X, which are equipped with the order
inherited from O-Cat.

5.5. REMARK. The 2-category Mon(Q-Dist) must be carefully distinguished from the
2-categories Mnd(Q-Dist), as considered by Street [26], and EM(Q-Dist), as considered
by Lack and Street [11]. Although all three 2-categories have the same objects, they have
different 1-cells. In fact, Mnd(Q-Dist) and EM(Q-Dist) are internally constructed from
O-Dist, with 1-cells being those of Q-Dist, i.e., O-distributors.

5.6. THEOREM. (AT, Q)-Alg = Mon(Q-Dist).
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PROOF. Step 1. We show that, if (X,p) is a (AT, Q)-algebra, then
p=infpx - p; - (y})i. (5.i1)
Indeed, the conditions (f) and (g) for the (Af, Q)-algebra (X, p) read as

(f) yx <P'Y§( and
(g) v p N p <p- (YL

and consequently

p=infpx -yby - p

= infpyx - p 'YLTX (y! is natural)
< infpx - p; - (}&) (P' is oplax idempotent)
= (vi)' - (vk)r - infex - py - (v, (yl is fully faithful)
= (y§)' - A yhx - infex - py - (v (AT satisfies (d) strictly)
< (ygf)! : )\E( "D (YE(); (yPX —infpx)
<o) A (V) (pr 4 p)
<y op Ak (v, (p satisfies (f))
<p- () k), (p satisfies (g))
=p. (yk is fully faithful)

Step 2. As an immediate consequence of (5.ii), p is a right adjoint in Q-Cat. For
any Q-category X, one already has

Q-Dist(X, X) = Q-Inf(PTX,PX)
from Lemma 2.10, with the isomorphism given by
(: X -+ X) = (o : PIX —PX, o'r=7\,0).

Hence, in order for us to establish a bijection between monads on X (in Q-Dist) and
(AT, @)-algebra structures on X, it suffices to prove

o 1% X a <= ot satisfies (f), and
e coa =X a < ot satisfies (g)

for all Q-distributors o : X —o— X.
First, 1% < a <= ot satisfies (f). Smce ? = yx and, as one easily sees, o =at yX,
the equivalence 15, < a <= yx < o& . X follows immediately.
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Second, a0 X v <= ¥ satisfies (g), i.e.,
yy - (o) M - (@), < ab- (yh)i = of - infprx.

Note that
Goa=yy o - Lemma281
Yx !
=y (a*) - (y;)! cat y} (ot @)
=yx - (a¥) - )\E( -yLX ot y& (AT satisfies (d) strlctly)
= y!X : (Oéi)l ‘ AE( : (Ozi)i ~y,T-_,TX : y} (y is natural)
and, hence,
aoa o &oaggzoﬂ y}
=y (@) A (h) by vk <ty
= vy (o) )\3( (), - YLTX <at=a-infpiy 'yl,TX (Lemma 2.9)
= yx (@) AL - (o) <ot -infpiy, (Lemma 2.9)
as desired.

Step 3. f: (X,a) — (Y, ) is a morphism in Mon(Q-Dist) if, and only if, f :
(X, at) — (Y, B¥) satisfies (h). Indeed,

firat <Bt-f = fiatyh <t f (Lemma 2.9)
— f! ot & < B y f (y' is natural)
— f-5<B 1
which completes the proof. [

6. The distributive law of the double presheaf 2-monad

Recall that the adjunctions (—)* <4 P and (=), 4 PT displayed in (2.iii) give rise to the
isomorphisms

Q-Cat(Y,PX) = Q-Dist(X,Y) = Q-Cat(X,P'Y), (6.1)
for all Q-categories X, Y. In fact, (6.1) induces another pair of adjoint 2-functors [30]
P! 4P, : Q-Cat — (Q-Cat)™, (6.i1)

which map objects as P and P do, but with P{f = fi and P.f = f' for all Q-functor f.
The units and counits of this adjunction are respectively given by

YpPtx 'Y;( = (yX) yx : X —PP'X and yPX yx = (yx); - y} - X —sPIPX
v

X ,ptx X—X PX
YXl lyPTX y;(l ly;X
PX — L PPiX PIX — PIPX
(y&)! (yx);
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for all Q-categories X. This adjunction induces the double presheaf 2-monad (P.PI,v,s)
on Q-Cat with the multiplication given by

sx = ((Yptx); - YLTX)' = (y;LPTX ‘YPTX)! = Sptx - (Y;Lpfx)! : PPTPPTX — PPTX. (6.iii)

As Lemma 2.7(1) implies P.P{ = PPT  the double presheaf 2-monad on Q-Cat may
alternatively be written as

PP! = (PPT,p,s).
With Lemma 2.2 and Theorem 4.2 one obtains immediately:

6.1. PROPOSITION. The double presheaf 2-monad PP! distributes flatly over P by A, with

Ax = (YX)xl)* = ((yX)i!)! *YpPPiPX = YPPIX * ((YX);)! : PPTPX — PPPTX.

A Q-interior space is a pair (X, c) consisting of a Q-category X and a Q-closure
operation ¢ on PTX. A continuous Q-functor f : (X,c) — (Y,d) between Q-interior
spaces is a Q-functor f : X — Y such that

c- fi< fi-d:PlY —PTX.

Q-interior spaces and continuous Q-functors constitute a 2-category O-Int, with the
local order inherited from Q-Cat. To prove that these are precisely the lax A-algebras
over Q requires the full arsenal of tools provided in this paper.

6.2. REMARK. When @ is a commutative quantale, V, one has u /" v = v \, u for all
u,v € V. Considering a set X as a discrete V-category one can display PX and PTX as
having the same underlying set V¥, and for all ¢, € V¥ one has

F’X(SO7 2/}) = 1;TX(¢7 90)7

i.e., PTX is the dual of PX. Thus, for a closure operation ¢ : P*.X — PTX one has
lptx <c¢ <= c< lpy,

that is, ¢ is an interior operation on PX (see [13]). Particularly, when V = 2, PX is just
the powerset of X, and a closure operation ¢ on P'X is exactly an interior operation on
the powerset of X. So, an interior space (X, c¢) as defined here coincides with the usual
notion.

6.3. THEOREM. (A, Q)-Alg = Q-Int.
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PRrOOF. Step 1. We show that, if (X,p) is a (A, Q)-algebra, then
p = (infppix - P Yoy -yx) - yepix = (vx)' - (Vpx)' - byt - infppiy - yppix.  (6.v)

Indeed, from the definition of the 2-monad PP' one may translate the conditions (f) and
(g) for (X, p) respectively as

!

yx <p-(yi)ryx and yy opAxcpy <pesupppix  (Vhpiy)
Since from Lemma 2.9 one has
yx <p- (Y yx < Tex <p- (yk)
and since Ax = yppix - ((yx);)" implies

Yy o Ax o pp =y oo yeeix  ((yx)) - by
= SUpPpx "Ypx " P ((yX)i)! "Dy (y 18 natural)
=p-((yx)) - pu,

the conditions (f) and (g) may be simplified to read as
() Ipx <p- (yk) and
(g) P+ ((yx))' - P < P SUPppix - (Vhpiy)-

Therefore,

p = Suppx -Ypx - P

(yx)' - pr - Yeptx (y is natural)

= (yx)' p (ianPTX) - infppi x - Yppiy (infppt x is surjective)
< (yx)' (mpr) 1 - infppiy - Yppix (Lemma 2.5)

(YX)' (YP ) lanPTX Yppix (YPX 4 infpx)

= (vk)'"- ((yX) )' ¢+ infppry - Yppix (y" is natural)
<p- (y )i ( ) ((yx); ) Py HlfPPTX “YpPix (p satisfies (f>)
<p- ((yx); ) - inf} PPiX " YPPTX ((YX) ( )')
S P SUPppix - (prtx)’ : lanPfX "YpPiXx (p satisfies (g))
=D

Step 2. As an immediate consequence of (6.iv), p is a right adjoint in Q-Cat. For
every Q-category X one has

Q-Dist(P'X, X) = (Q-Cat)“(P'X,PTX) = (Q-Inf)*(PP'X,PX)
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from Lemma 2.10, with the isomorphisms given by
(p:PTX -+ X) = (@ : PIX — PIX) = (¢, : PPPX — PX).

Consequently, in order for us to establish a bijection between Q-closure operations on
PTX and (A, Q)-algebra structures on X, it suffices to prove

o lpiy < @ < ¢ satisfies (f), and
e ¥ B < F — o satisfies (g)
for all Q-distributors ¢ : PTX —e—+ X
First, 1pixy < @ <= ¢ satisfies (f). Indeed,
) =Teix <@ <= ¢ < (k)™ = vk (Lemma 2.4(2))
> lpx < go- (Yy)r (¥” o)
Second, ¥ - @ < @ <= ¢ satisfies (g), i.e.,

0o ((yx)) -+ (9o)i < Yo - Suppprx - (ylptx)!'

Since
Yo ((YX);)! (o)t = Yo ((YX)l)! : ((PQ)]! (Lemma 2.7(1))
= ¢o - ((yx))' - ((¥?)) (¥® H o)
= o - (7)) (Lemma 2.6(3))

and since from (6.iii) one already knows

!

S5x = SUDPpptx ° (lerDPTX) = (le»fX)! ) ((YPTX);)':

the condition (g) for ¢ may be alternatively expressed as

!

vo (7)) <oo (vhi)' - (ypix))

Moreover, from Lemma 2.6(4) one has
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and, consequently,

¢-é<¢

= . yLTX O y;LTX <% Y|T:>TX (Lemma 2.6(3))
— ¥ legTX ¥ L ¥ (Lemma 2.9)
= 0% (%) Yhipix <7 =07 inferipix  Yhipi g (y is natural)
= - (@69)1 < 9% - infpipix = 0% - (YLTX)i (Lemma 2.9)
= (po(p?)) < (polypiy))®

= (polyhix))® < (po(®).)° (Lemma 2.4(2))
= (yhi ) 0” < (92) 9 = ((ypix)) - B9 (Equation (6.v))
= 0o (0) <o (vhix) - (yrix))'

<= g satisfies (g);

here the penultimate equivalence is an immediate consequence of
(Vi) 9% A9 (vhiy)' and B 9”400 - ()

Step 3. For any ¢ : PTY =Y, f: (X, ?) — (Y, ﬁ) is a continuous Q-functor if,
and only if, f as a morphism (X, pg) — (Y, ¢e) satisfies (h), i.e.,

i oo <o - fir-
Indeed,
AR
= ¢yl < ® -y.ify (Lemma 2.6(3))
= % (f);- Y,T:uy < frog® yPTY (y! is natural)
= o (f1) < fTy® (Lemma 2.9)
= P (f)I fy® (Lemma 2.7(1))
= (o (f))T < (fo)®
= (froy)® (90 o (f)")° (Lemma 2.4(2))
= Y7 fi< fuop®
— fi o < Yo i (99 4 ¢o and ¥ 4 )
here Lemma 2.9 is applicable to the third equivalence because fi = (f*)® and ¢% are

right adjoints in @-Cat. This completes the proof. [
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7. The distributive law of the double copresheaf 2-monad
Considering the dual of the adjunction (6.ii),
peocP 4 (PI)co°P : 9_Cat — (Q-Cat)“°P, (7.1)
one naturally constructs the double copresheaf 2-monad
P'P = (P'P,p', s")
on Q-Cat, with the units given by

o =vhy yx = (yx); - vk - X —PIPX (7.i1)

and the multiplication by
sk = (Ypipx - Yhx)T = ((yhx)r - Ypx)' = by * Yhipy : PIPPTPX — PTPX. (7.iii)
Lemma 2.2 and Theorem 4.2 imply:

7.1. PROPOSITION. The double copresheaf 2-monad PTP distributes flatly over P by AT
with
Ak = Z(YX)!a)* = ((yx)n)" - yeptpx = Y4 - ypippx : PTPPX — PPTPX.

It turns out that the lax Af-algebras over Q coincide with the lax A-algebras of Theorem
5.2:

7.2. THEOREM. (AT, Q)-Alg = Q-Cls.
PROOF. Step 1. We show that, if (X,p) is a (AT, Q)-algebra, then
p=infpx - p- (yhy): (7.iv)
Indeed, with (7.ii) and (7.iii) one may translate the conditions (f) and (g) respectively as
yx <p-yby-yx and suppy-p- Al py <pe(vhx) Yhipy
To simplify the above conditions, first note that Lemma 2.9 implies
yx gp'yJéX'YX < lpx <p-y|T>X-
Second, from Lemma 2.7(1) and the naturality of y one has
AE{ = y')'; "YpiPPX = (Y!X)i! “YptPPX = YPiPX ° (yg(); = Ypipx * (SUPpx);,
which induces
R L S - ( ) Py
SUppx *P1+ Ax Py = SUPpx P * Ypipx * (SUDPpx); - Py

= SUppy - Ypx - P - (Suppx); - P (y is natural)

=p- (SupPX>i * Py
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and, moreover,

P (suppy )i Py <P+ (vhy) - Yoipy
<= p- (suppx); - Py - (Ypipx); <P (YLX)i (yiprX = (Yptpx);)
<= p-(suppx); - (Yypx); 0, <P (yéx)‘ (y is natural)
= p-p <p-(yhy)h
Therefore, (X, p) is a (AT, Q)-algebra if, and only if,
(f) 1px <p-yby and
(@) p 1 <p- byl
It follows that

p= inPX'YLX P

=infpy - p, -yLTPX (y! is natural)
Linfpx - p; - (yhy); (P! is oplax idempotent)
<peyby -infex -7, (vhy) (p satisfies (1))
<pep; by, (Vb infpx)
<P (vhx)' - (bx); (p satisfies (g))
= . (yhx is fully faithful)

Step 2. As an immediate consequence of (7.iv), p is a right adjoint in Q-Cat. For
every Q-category X, as one already has

Q-Dist(X,PX) = Q-Cat(PX,PX) = Q-Inf(P'PX,PX)
from Lemma 2.10, with the isomorphisms given by
(p: X ==PX)— (% : PX—PX) — (¢*: PIPX —PX),

in order for us to establish a bijection between Q-closure operations on PX and (AT, Q)-
algebra structures on X, it suffices to prove

o lpx < < ¢ satisfies (f), and

e U0 <% = ¢ satisfies (g)

for all Q-distributors ¢ : X —e— PX.
First, the equivalence (1pxy < 7 <= ¢ satisfies (f)) holds trivially since { =

SOi : yJI[DX'
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Second, one has ($ 0 <P = ¢ satisfies (2)). Indeed,

P-o<h = o yby ot vby <ot vy (7 =¢"yix)
= oyl et <t (Lemma 2.9)
= o (oY) 'leppr < pf = ' infpipy - y,T_,TPX (y! is natural)
= ¢ (D) < - infpipy = 0 (Yhy ) (Lemma 2.9)
<= " satisfies (g).

Step 3. For any ¢ : Y —=PY, f: (X, %) — (Y, z) is a continuous Q-functor if,
and only if, f: (X, ") — (Y, ') satisfies (h). Indeed,

e
f!-$< Y fi = f;~¢¢-y£xg¢¢-yly.f!
= fi-pbyhy <UHfiyyhy (y! is natural)
— fi-ot<Ytfy, (Lemma 2.9)
which completes the proof. [

8. Distributive laws of T over P versus lax extensions of T to O-Dist

In this section, for an arbitrary 2-monad T on Q-Cat, we outline the bijective correspon-
dence between distributive laws? of T over P and so-called lax extensions of T to Q-Dist.
The techniques adopted here generalize their discrete counterparts as given in [33].
Given a 2-functor T : Q-Cat — Q-Cat, a lax extension of T to Q-Dist is a lax
functor
T : Q-Dist — Q-Dist

that coincides with 7" on objects and satisfies the extension condition (3) below. Explicitly,
T is given by a family

(T : TX —o= TY ) e -Dist(X,Y), X,Yeob(Q-Cat) (8.)
of O-distributors such that
(1) p2¢ = Tp Ty,
(2) TpoTp X T(Yoy),
(B) (T 2T (L), (Th) 2T(f),

for all Q-distributors ¢, ¢’ : X ==Y, 9 : Y —e=» Z and Q-functors f: X — Y.
It is useful to present the following equivalent conditions of (3), which can be proved
analogously to their discrete versions in [33], by straightforward calculation:

2We remind the reader that, as stated in Section 3, in this paper we use “distributive law” to mean
“lax distributive law”, which is especially relevant when reading Proposition 8.3 and Corollary 8.4 below.
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8.1. LEMMA. Given a family (8.1) of Q-distributors satisfying (1) and (2), the following

conditions are equivalent when quantified over the variables occurring in them (f : X—Y,
p:Z-=Y Y- 2Z):

(i) iy 2 T(1%), T(fTop) = (T ) o Tp.
(i) 15x 2 T(1%), T(Wo f.) =Ty o(Tf)..
(iii) (Tf) X T(f), (T =T(f*) (ie., T satisfies (3)).

8.2. PROPOSITION. Lax extensions of a 2-functor T : Q-Cat — Q-Cat to Q-Dist cor-
respond bijectively to lax natural transformations TP — PT satisfying the lax P-unit law
and the lax P-multiplication law.

PROO<E Step 1. For each A : TP — PT satisfying (a), (b) and (c), ®(\) := T' = ('),
with Tgp = Ax - T$ is a lax extension of 7" to Q-Dist.

d(\)=T: O-Dist(X,Y) — O-Dist(TX,TY)

TY — ™ L, pTX

(%Y —PX) — w\ /AX

TPX

Indeed, (1) follows immediately from the 2-functoriality of 7. For (2), just note that

S \ D o

ToTp =yry - ( ) T (Lemma 2.8(1))
= y'TX T$ Ay TZ
<y - ()\X)! Dex - T(%) -Tz (A satisfies (a))
<Ax - Tyy -T(p)) - TZ (X satisfies (c))
—Ax-T($op) (Lemma 2.8(1))

%

=T (o).

For (3), it suffices to check Lemma 8.1(i). Since A satisfies (b), it follows easily that

S by /1%

For the second identity, Lemma 2.8(1) implies

S . & P
T(f*op)=Ax -T(ffop)=Ax-T% -Tf=Tp -Tf=(Tf) oTe.

Step 2. For every lax extension T of T, W(T) := A\ = (Ax)x with

N N

)\X = T&TX = (yx)* :TPX —PTX
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is a lax natural transformation satisfying the P-unit law and the P-multiplication law.
(a) (T'f)r- Ax < Ay - T(f) for all Q-functors f: X — Y. Indeed,

(Tf)1-Ax =Tlyx). o (Tf) (Lemma 2.8(1))

< Tyx) o (Tf) 0 T(13) (Lernma 8.1(1))

=T(yx). o T(f*) (Lemma 8.1(i))
(A_

<T((yx)so f¥) (T satisfies (2))

=T((f)" o (yv).) (Lemma 2.7(4))

= (Tf) oT(yy). (Lemma 8.1(i))

=Xy - T(fi). (Lemma 2.8(1))

(b) yrx < Ax - Tyx. Indeed,

— S
yrx = 1px <T(1%) (Lemma 8.1(i)

)

<A—
=T(y%x o (yx)«) (yx is fully faithful)
= (Tyx)* o T(yx). (Lemma 8.1(i))
= Ax - Tyx. (Lemma 2.8(1))

(C) STx (Ax) /\pX /\X TSX Indeed

sox - (- dpx = Tyex). o Tx). (Lemma 2.5(1)
/T((YPX) o (yx)s) (T satisfies (2))
= T(((yx)1)x © (yx)s) (y is natural)
= T((yy)" o (yx).) ((yx)t )
= (Tyx)" o T(yx). (Lemma 8.1(3))
= Ax - Tsy. (Lemma 2.8(1))

Step 3. ® and VU are inverse to each other. For each A : TP —PT, WP (\) = A since

Conversely, for every lax extension 7', one has

(@U(T))g = Tlyx)s - T = (TF) 0 Tlyx). = 1(5" o (yx)s) = T

where the last three equalities follow respectively from Lemmas 2.8(1), 8.1(i) and 2.6(4). m
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For a 2-monad T = (T, m, e) on Q-Cat, a lax extension T of T to Q-Dist becomes a
lax extension of the 2-monad T if it further satisfies

(4) poekx 2 ey 0T,
(5) TTgpom_}jm’{/ngp

for all Q-distributors ¢ : X —e=Y. By adjunction, (4) and (5) may be equivalently
expressed as

(4) (ey)wop 2 Tpo(ex)s,
(5") (my) o TTyp =T o (mx)..

8.3. PROPOSITION. Laz extensions of a 2-monad T = (T,m,e) on Q-Cat to Q-Dist
correspond bijectively to distributive laws of T over P.

Proor. With Proposition 8.2 at hand, it suffices to prove
o T satisfies (4) <= \ satisfies (d), and

o T satisfies (5) <= )\ satisfies (c)

for every lax extension 7' of the 2-functor T and A = U(T) with Ay = T(yx)s :
TPX —PTX.
First, (T satisfies (4) <= A satisfies (d)). Since Lemma 2.8(1) and the naturality of
e imply
S < —
(eX)I-sfzgooe} and /\X'epx'$:AX'T$'6y2T¢'6y26;0T30
for all p : X —e= Y, it follows that

(ex) < Ax-epx == Vo: XY (ex)- % < Ax-epx
= Vp: X =Y ¢oe}je§,of’¢.

Second, (T satisfies (5) <= X satisfies (e)). Similarly as above, one has

— — —
(mx)-Arx - TAx -TTP = (mx)1 - Mrx - TTo = (mx), - TTo =TT om’

and

< =
Mx mpx -TTY =Ax - T -my =Tp-my =mb 0Ty
by Lemma 2.8(1) and the naturality of m. Consequently,

(mx ) Arx - TAx < Ax - mpx
= Vo: XY : (mx)-Arx-TAx -TTY < Ax -mpx -TTH
— Vp: X =Y. TATgoom}jm’{/oTAgo.
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A lax extension T of a 2-functor T on Q-Cat is flat (more commonly known as normal)
if
Tl;{ = 17x
for all Q-categories X. One says that a lax extension T of a 2-monad T = (T,m,e) on
Q—CatA is flat if T', as a lax extension of the 2-functor 7', is flat.
If T is related to a distributive law A by the correspondence of Proposition 8.3, then
with Lemma 2.6(1) one sees immediately
714 % by S
TlX:)\X'Tl)(:)\X'TyX and 1TX:yTX'
Thus we have proved:

8.4. COROLLARY. Flat laz extensions of a T to Q-Dist correspond bijectively to flat
distributive laws of T over P.

When formulated equivalently in terms of lax monad extensions, Theorem 4.2 gives

[12, Theorem 4.4], since Ax = (Tyx ). in Theorem 4.2 corresponds to the lax extension T

with 7 p=Ax-T ? 35 o (Tyx )« In summary, we obtain the following theorem.
8.5. THEOREM. Let T be a 2—funct0r on Q-Cat. Then
= (T%) o (Tyx)s : TX -=TY

defines a lax extension ofT to Q-Dist, and the following statements are equivalent:

(i) T is flat;

(ii) there ezists some flat lax extension of T' to Q-Dist;

(iii) T maps fully faithful Q-functors to fully faithful Q-functors;

(iv) Tyx is fully faithful for all Q-categories X ;

(v) T is the only flat lax extension of T to Q-Dist.

Moreover, if T belongs to a 2-monad T on Q-Cat and satisfies the above equivalent
conditions, then T is a flat lax extension of the 2-monad T, and it is the only one.

PRrROOF. By checking the proofs of Proposition 4.1 and Theorem 4.2, it is not difficult
to extract from them the corresponding conclusions that are valid for all A : TP — PT
satisfying (a), (b) and (c) which, by Proposition 8.2, may be transferred to lax extensions
of 2-functors; that is, 7" always defines a lax extension of the 2-functor T', and (iv) = (v)
holds. Now the only non-trivial part of the proof of (i) = (ii) = (iii) = (iv) =
(v) = (i) not yet covered is the implication (ii) = (iii). But if a Q-functor f : X —Y
satisfies f* o f, = 1%, the application of any flat lax extension T of T to this equality
gives

(Tf) o (Tf) =(Tf) olpxo(Tf)=(Tf) 0oTlx o (Tf)=T(f o f.) = lx,
by Lemma 8.1. n
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8.6. REMARK.

(I) Let us mention that, more generally than in the above proof, whenever ¢ = v*ou, :
X —= Y with Q-functors u : X — Z, v : Y — Z, one has

T = (Tv)" o (Tu).,

for every flat lax extension T of T — which must then coincide with 7" if there is
such T'.

(IT) As the anonymous referee observed, as a consequence of (I) one has the following
presentation of the uniquely determined flat lax extension T when T preserves the
full fidelity of Q-functors: simply take for u and v above the fully faithful injections
of respectively X and Y into the collage (also cograph) of p: its objects are given by
the disjoint union of the object sets of X and Y, and the hom arrows from objects
in X to objects in Y are given by ¢, while in the opposite direction they are always

bottom element arrows.

(IIT) For the sake of completeness let us also mention the following obvious extension of
the language used in the context of lax distributive laws: a strict extension of a 2-
monad T = (T, m, e) on Q-Cat is a 2-functor T : Q-Dist— Q-Dist that coincides
with T" on objects and satisfies

(3%) T(f* 0 p) = (Tf) o T,

(4%) poex =ep o Ty,

(5%) TTyo my =mj o T,

for all f and . In other words, a lax extension T of T is strict if all the inequalities in
(2), Lemma 8.1(i), (4) and (5) are equalities. From the above proofs one immediately

sees that strict extensions of T to Q-Dist correspond bijectively to strict distributive
laws of T over P.

With a given lax extension T to Q-Dist of the 2-monad T of Q-Cat we can now
define:

8.7. DEFINITION. A (T, Q)-category (X, ) consists of a Q-category X and a Q-distributor
a : X —e—= TX satisfying the lax unit and lax multiplication laws

1% <ekoa and Taoa =mjoa.
A (T, Q)-functor f: (X,a)— (Y, ) is a Q-functor f: X — Y with
ao fr = (Tf)"op.

(T, Q)-categories and (T, Q)-functors constitute a 2-category (T, Q)-Cat, which is
more precisely recorded as (T,T ,Q)-Cat. It is not surprising that this category just
disguises (X, Q)-Alg (and vice versa), for  corresponding to 7. The discrete counterpart
of this fact already appeared in [33].
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8.8. COROLLARY. If A and T are related by the correspondence of Proposition 8.3, then
(A, Q)-Alg = (T, T, Q)-Cat.
PRrROOF. For any Q-category X, as one already has
O-Dist(X,TX) = Q-Cat(TX,PX),
with the isomorphism given by
(a: X =TX)— (o : TX —PX),

in order for us to establish a bijection between (T, Q)-category structures on X and
(A, Q)-algebra structures on X, it suffices to prove

01*je}oa<:>yxgg-ex,and
OTOzoa<mXoa = vy WAy TR < omy,

for all Q-distributors o : X —e—T'X. Indeed, the first equivalence is easy since T =yx
ST
and €5, oa = & - ex by Lemma 2.8(1). For the second equivalence, just note that

m}oa:ﬁ-mx and

Taoa=(T(%*o(yx).) o (Lemma 2.6(4))

= (TW)* o T(yx)s 0 (Lemma 8.1(1))
%

=T(yx)soa-TW (Lemma 2.8(1))

%

=y WAy TR, (Lemma 2.8(1) and Ax = T'(yx)+)

Flnally, a Q- functor f: X—Yisa (T, Q)-functor f: (X,a)— (Y, p) if, and only
if, f: (X, @) — (Y, ﬁ) is a lax A-homomorphism since

aof 2(Tf) o <= fi-T=aof <(Tffof=0-Tf
by Lemma 2.8(1). n
8.9. EXAMPLE.

(1) For the identity 2-monad I on Q-Cat, the identity 2-functor on Q-Dist is a strict
extension of I, and it is easy to see that (I, Q)-Cat = Mon(Q-Dist).

(2) The flat distributive law A of P’ over itself described in Proposition 5.1 corresponds
to the flat lax extension P of P with

Py := ¥ : PX —o=» PY
for ¢ : X —=»Y. From Theorem 5.2 one obtains (P, Q)-Cat = Q-Cls.
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(3) The strict distributive law AT of PT over IP given in Proposition 5.3 determines the
strict extension P of P! with

Py = (p?), : PTX —= PTY.
Theorem 5.6 shows that (Pf, Q)-Cat = Mon(Q-Dist).

(4) Proposition 6.1 gives the flat distributive law A of PPT over P that corresponds to
the flat lax extension PPT of PPT with

PPTy = PPTp = ((¢®).) = ¢®" : PPTX —e+ PPTY.
From Theorem 6.3 one has (PPf, Q)-Cat = Q-Int.

(5) The flat distributive law AT of PP over IP (see Proposition 7.1) is related to the flat
lax extension PP of PP with

PiPy := PTPp = (7). = (p1), : PIPX = PIPY.

Theorem 7.2 shows that (PP, Q)-Cat = Q-Cls.

References

[1] J. Addmek, H. Herrlich, and G. E. Strecker. Abstract and Concrete Categories: The
Joy of Cats. Wiley, New York, 1990.

[2] A. Akhvlediani, M. M. Clementino, and W. Tholen. On the categorical meaning of
Hausdorff and Gromov distances, I. Topology and its Applications, 157(8):1275-1295,
2010.

[3] M. Bukatin, R. Kopperman, S. G. Matthews, and H. Pajoohesh. Partial metric
spaces. American Mathematical Monthly, 116(8):708-718, 20009.

[4] M. M. Clementino and D. Hofmann. Lawvere completeness in topology. Applied
Categorical Structures, 17(2):175-210, 2009.

[5] H. Heymans. Sheaves on Quantales as Generalized Metric Spaces. PhD thesis, Uni-
versiteit Antwerpen, Belgium, 2010.

[6] H. Heymans. Sheaves on involutive quantales: Grothendieck quantales. Fuzzy Sets
and Systems, 256:117-148, 2014.

[7] D. Hofmann, G. J. Seal, and W. Tholen, editors. Monoidal Topology: A Categorical
Approach to Order, Metric, and Topology, volume 153 of Encyclopedia of Mathematics
and its Applications. Cambridge University Press, Cambridge, 2014.



8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]

[20]

[21]

[22]

[23]

LAX DISTRIBUTIVE LAWS FOR TOPOLOGY, 11 767

U. Hohle and T. Kubiak. A non-commutative and non-idempotent theory of quantale
sets. Fuzzy Sets and Systems, 166:1-43, 2011.

A. Joyal and M. Tierney. An extension of the Galois theory of Grothendieck. Memoirs
of the American Mathematical Society, 51(309), 1984.

A. Kock. Monads for which structures are adjoint to units. Journal of Pure and
Applied Algebra, 104(1):41-59, 1995.

S. Lack and R. Street. The formal theory of monads II. Journal of Pure and Applied
Algebra, 175(1-3):243-265, 2002.

H. Lai and W. Tholen. Monads on O-Cat and their lax extensions to O-Dist.
arXww:1609.03214, 2016.

H. Lai and D. Zhang. Concept lattices of fuzzy contexts: Formal concept analysis vs.
rough set theory. International Journal of Approzimate Reasoning, 50(5):695-707,
2009.

F. W. Lawvere. Metric spaces, generalized logic and closed categories. Rendiconti
del Seminario Matematico e Fisico di Milano, XLIII:135-166, 1973.

S. G. Matthews. Partial metric topology. Annals of the New York Academy of
Sciences, 728(1):183-197, 1994.

L. Nachbin. Sur les espaces topologiques ordonnés. Comptes Rendus Hebdomadaires
des Séances de l’Académie des Sciences, Paris, 226(5):381-382, 1948.

Q. Puand D. Zhang. Preordered sets valued in a GL.-monoid. Fuzzy Sets and Systems,
187(1):1-32, 2012.

Q. Pu and D. Zhang. Categories enriched over a quantaloid: Algebras. Theory and
Applications of Categories, 30(21):751-774, 2015.

K. I. Rosenthal. Quantales and their Applications, volume 234 of Pitman research
notes in mathematics series. Longman, Harlow, 1990.

K. I. Rosenthal. The Theory of Quantaloids, volume 348 of Pitman Research Notes
i Mathematics Series. Longman, Harlow, 1996.

J. J. M. M. Rutten. Elements of generalized ultrametric domain theory. Theoretical
Computer Science, 170(1-2):349-381, 1996.

L. Shen. Adjunctions in Quantaloid-enriched Categories. PhD thesis, Sichuan Uni-
versity, Chengdu, 2014.

L. Shen. O-closure spaces. Fuzzy Sets and Systems, 300:102-133, 2016.



768

[24]

[25]

[26]

[27]

28]

[29]

[30]

[31]

[32]

[33]
[34]

[35]

HONGLIANG LAI, LILI SHEN AND WALTER THOLEN

L. Shen and W. Tholen. Limits and colimits of quantaloid-enriched categories and
their distributors. Cahiers de Topologie et Géométrie Différentielle Catégoriques,
56(3):209-231, 2015.

L. Shen and D. Zhang. Categories enriched over a quantaloid: Isbell adjunctions and
Kan adjunctions. Theory and Applications of Categories, 28(20):577-615, 2013.

R. Street. The formal theory of monads. Journal of Pure and Applied Algebra,
2(2):149-168, 1972.

I. Stubbe. Categorical structures enriched in a quantaloid: categories, distributors
and functors. Theory and Applications of Categories, 14(1):1-45, 2005.

I. Stubbe. “Hausdorff distance” via conical cocompletion. Cahiers de Topologie et
Géométrie Différentielle Catégoriques, 51(1):51-76, 2010.

I. Stubbe. An introduction to quantaloid-enriched categories. Fuzzy Sets and Systems,
256:95-116, 2014.

I. Stubbe. The double power monad is the composite power monad. Fuzzy Sets and
Systems, 313:25-42, 2017.

Y. Tao, H. Lai, and D. Zhang. Quantale-valued preorders: Globalization and cocom-
pleteness. Fuzzy Sets and Systems, 256:236-251, 2014.

W. Tholen. Ordered topological structures. Topology and its Applications,
156(12):2148-2157, 2009.

W. Tholen. Lax distributive laws for topology, 1. arXiv:1603.06251, 2016.

R. F. C. Walters. Sheaves on sites as Cauchy-complete categories. Journal of Pure
and Applied Algebra, 24(1):95-102, 1982.

V. Zéberlein. Doctrines on 2-categories. Mathematische Zeitschrift, 148(3):267-279,
1976.

School of Mathematics, Sichuan University
Chengdu 610064, China

Department of Mathematics and Statistics, York University
Toronto, Ontario M3J 1P3, Canada

Email: hllai@scu.edu.cn

shenlili@scu.edu.cn
tholen@mathstat.yorku.ca

This article may be accessed at http://www.tac.mta.ca/tac/



THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that
significantly advance the study of categorical algebra or methods, or that make significant new contribu-
tions to mathematical science using categorical methods. The scope of the journal includes: all areas of
pure category theory, including higher dimensional categories; applications of category theory to algebra,
geometry and topology and other areas of mathematics; applications of category theory to computer
science, physics and other mathematical sciences; contributions to scientific knowledge that make use of
categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of
members of the Editorial Board. Only papers judged to be both significant and excellent are accepted
for publication.

Full text of the journal is freely available from the journal’s server at http://www.tac.mta.ca/tac/. It
is archived electronically and in printed paper format.

SUBSCRIPTION INFORMATION Individual subscribers receive abstracts of articles by e-mail as they
are published. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For in-
stitutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh, rrosebrugh@mta. ca.

INFORMATION FOR AUTHORS The typesetting language of the journal is TEX, and I¥TEX2e is
required. Articles in PDF format may be submitted by e-mail directly to a Transmitting Editor. Please
obtain detailed information on submission format and style files at http://www.tac.mta.ca/tac/.

MANAGING EDITOR. Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca
TEXNICAL EDITOR. Michael Barr, McGill University: barr@math.mcgill.ca

ASSISTANT TEX EDITOR. Gavin Seal, Ecole Polytechnique Fédérale de Lausanne:
gavin_seal@fastmail.fm

TRANSMITTING EDITORS.

Clemens Berger, Université de Nice-Sophia Antipolis: cberger@math.unice.fr
Richard Blute, Université d’ Ottawa: rblute@uottawa.ca

Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr

Ronald Brown, University of North Wales: ronnie.profbrown(at)btinternet.com
Valeria de Paiva: Nuance Communications Inc: valeria.depaiva@gmail.com
Ezra Getzler, Northwestern University: getzler(at)northwestern(dot)edu
Kathryn Hess, Ecole Polytechnique Fédérale de Lausanne: kathryn.hess@epfl.ch
Martin Hyland, University of Cambridge: M.Hyland@dpmms.cam.ac.uk

Anders Kock, University of Aarhus: kock@imf .au.dk

Stephen Lack, Macquarie University: steve.lackOmq.edu.au

F. William Lawvere, State University of New York at Buffalo: wlawvere@buffalo.edu
Tom Leinster, University of Edinburgh: Tom.Leinster®@ed.ac.uk

Ieke Moerdijk, Utrecht University: i.moerdijk@uu.nl

Susan Niefield, Union College: niefiels@union.edu

Robert Paré, Dalhousie University: pare@mathstat.dal.ca

Jiri Rosicky, Masaryk University: rosicky@math.muni.cz

Giuseppe Rosolini, Universita di Genova: rosolini@disi.unige.it

Alex Simpson, University of Ljubljana: Alex.Simpson@fmf.uni-1j.si

James Stasheff, University of North Carolina: jds@math.upenn.edu

Ross Street, Macquarie University: ross.street@mq.edu.au

Walter Tholen, York University: tholen@mathstat.yorku.ca

Myles Tierney, Université du Québec a Montréal : tierney.myles4@gmail.com

R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca



	Introduction
	Quantaloid-enriched categories and their distributors
	The non-discrete version of lax distributive laws and their lax algebras
	Flat distributive laws of 2-monads on Q-Cat over P
	The distributive laws of the (co)presheaf 2-monad
	The distributive law of the double presheaf 2-monad
	The distributive law of the double copresheaf 2-monad
	Distributive laws of T over P versus lax extensions of T to Q-Dist

