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FROBENIUS ALGEBRAS AND HOMOTOPY FIXED POINTS OF
GROUP ACTIONS ON BICATEGORIES

JAN HESSE, CHRISTOPH SCHWEIGERT, AND ALESSANDRO VALENTINO

ABSTRACT. We explicitly show that symmetric Frobenius structures on a finite-di-
mensional, semi-simple algebra stand in bijection to homotopy fixed points of the trivial
SO(2)-action on the bicategory of finite-dimensional, semi-simple algebras, bimodules
and intertwiners. The results are motivated by the 2-dimensional Cobordism Hypothesis
for oriented manifolds, and can hence be interpreted in the realm of Topological Quantum
Field Theory.

1. Introduction

While fixed points of a group action on a set form an ordinary subset, homotopy fixed
points of a group action on a category as considered in [Kir02, EGNO15] provide additional
structure.

In this paper, we take one more step on the categorical ladder by considering a topolog-
ical group G as a 3-group via its fundamental 2-groupoid. We provide a detailed definition
of an action of this 3-group on an arbitrary bicategory C, and construct the bicategory
of homotopy fixed points C¢ as a suitable limit of the action. Contrarily from the case
of ordinary fixed points of group actions on sets, the bicategory of homotopy fixed points
CY is strictly “larger” than the bicategory C. Hence, the usual fixed-point condition is
promoted from a property to a structure.

Our paper is motivated by the 2-dimensional Cobordism Hypothesis for oriented man-
ifolds: according to [Lur09b|, 2-dimensional oriented fully-extended topological quantum
field theories are classified by homotopy fixed points of an SO(2)-action on the core of
fully-dualizable objects of the symmetric monoidal target bicategory. In case the target
bicategory of a 2-dimensional oriented topological field theory is given by Alg,, the bicat-
egory of algebras, bimodules and intertwiners, it is claimed in [FHLT10, Example 2.13|
that the additional structure of a homotopy fixed point should be given by the structure
of a symmetric Frobenius algebra.

As argued in [Lur09b], the SO(2)-action on Alg, should come from rotating the 2-
framings in the framed cobordism category. By [Davll, Proposition 3.2.8|, the induced
action on the core of fully-dualizable objects of Alg, is actually trivializable. Hence,
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instead of considering the action coming from the framing, we may equivalently study the
trivial SO(2)-action on Alg’.

Our main result, namely Theorem 4.1, computes the bicategory of homotopy fixed
points C9°®?) of the trivial SO(2)-action on an arbitrary bicategory C. It follows then
as a corollary that the bicategory (# (Algh))%°® consisting of homotopy fixed points of
the trivial SO(2)-action on the core of fully-dualizable objects of Alg, is equivalent to the
bicategory Frob of semisimple symmetric Frobenius algebras, compatible Morita contexts,
and intertwiners. This bicategory, or rather bigroupoid, classifies 2-dimensional oriented
fully-extended topological quantum field theories, as shown in [SP09]. Thus, unlike fixed
points of the trivial action on a set, homotopy fixed-points of the trivial SO(2)-action
on Alg, are actually interesting, and come equipped with the additional structure of a
symmetric Frobenius algebra.

If Vect, is the bicategory of linear abelian categories, linear functors and natural
transformations, we show in corollary 4.8 that the bicategory (¢ (Vecti))S©®) given by
homotopy fixed points of the trivial SO(2)-action on the core of the fully dualizable objects
of Vecty is equivalent to the bicategory of Calabi-Yau categories, which we introduce in
Definition 4.6.

The two results above are actually intimately related to each other via natural consid-
erations from representation theory. Indeed, by assigning to a finite-dimensional, semi-
simple algebra its category of finitely-generated modules, we obtain a functor Rep :
A (Algh) — o (Vectld). This 2-functor turns out to be SO(2)-equivariant, and thus
induces a morphism on homotopy fixed point bicategories, which is moreover an equiv-
alence. More precisely, one can show that a symmetric Frobenius algebra is sent by the
induced functor to its category of representations equipped with the Calabi-Yau struc-
ture given by the composite of the Frobenius form and the Hattori-Stallings trace. These
results have appeared in [Hes16].

The present paper is organized as follows: we recall the concept of Morita contexts
between symmetric Frobenius algebras in section 2. Although most of the material has al-
ready appeared in [SP09], we give full definitions to mainly fix the notation. We give a very
explicit description of compatible Morita contexts between finite-dimensional semi-simple
Frobenius algebras not present in [SP09], which will be needed to relate the bicategory
of symmetric Frobenius algebras and compatible Morita contexts to the bicategory of ho-
motopy fixed points of the trivial SO(2)-action. The expert reader might wish to at least
take notice of the notion of a compatible Morita context between symmetric Frobenius
algebras in definition 2.4 and the resulting bicategory Frob in definition 2.9.

In section 3, we recall the notion of a group action on a category and of its homotopy
fixed points, which has been named “equivariantization” in [EGNO15, Chapter 2.7|. By
categorifying this notion, we arrive at the definition of a group action on a bicategory and
its homotopy fixed points. This definition is formulated in the language of tricategories.
Since we prefer to work with bicategories, we explicitly spell out the definition in Remark
3.13.

In section 4, we compute the bicategory of homotopy fixed points of the trivial SO(2)-
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action on an arbitrary bicategory. Corollaries 4.3 and 4.8 then show equivalences of

bicategories
(A (Algh))50® = Frob

(A (Vectid))50) =~ Cy

where CY is the bicategory of Calabi-Yau categories. We note that the bicategory Frob
has been proven to be equivalent [Dav11, Proposition 3.3.2] to a certain bicategory of 2-
functors. We clarify the relationship between this functor bicategory and the bicategory
of homotopy fixed points (7 (Algh))*°® in Remark 4.4.

Throughout the paper, we use the following conventions: all algebras considered will be
over an algebraically closed field K. All Frobenius algebras appearing will be symmetric.
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2. Frobenius algebras and Morita contexts

In this section we will recall some basic notions regarding Morita contexts, mostly with the
aim of setting up notations. We will mainly follow [SP09|, though we point the reader to
Remark 2.5 for a slight difference in the statement of the compatibility condition between
Morita context and Frobenius forms.

2.1. DEFINITION. Let A and B be two algebras. A Morita context M consists of a
quadruple M := (gMa, AN, e,n), where gMy is a (B, A)-bimodule, 4Ng is an (A, B)-
bimodule, and

EZAN®BMA—>AAA

(2.1)
n:pBp — M ®4 Np

are isomorphisms of bimodules, so that the two diagrams

M @4 Np®@p My —M%5 5 .M @4 Ay

77®1me l (2-2)

BB ®@p My > M4
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AN @p M ®4 Np deen AN ®p Bp
dy®n

lé-@idN l (2.3)

AA® s Np > ANB

commute.

Note that Morita contexts are the adjoint 1l-equivalences in the bicategory Alg, of
algebras, bimodules and intertwiners. These form a category, where the morphisms are
given by the following:

2.2. DEFINITION. Let M := (gMa, ANp,e,n) and M' := (gM' 4, aAN'p,€',1) be two
Morita contexts between two algebras A and B. A morphism of Morita contexts consists
of a morphism of (B, A)-bimodules f : M — M’ and a morphism of (A, B)-bimodules
g: N — N', so that the two diagrams

BM®ANBﬂ>BM/®ANJ/3 AN®BMAL#>AN/®BM,/4
n . (2.4)
,'7/ 6/
B A

commute.

If the algebras in question have the additional structure of a symmetric Frobenius
form A : A — K, we would like to formulate a compatibility condition between the Morita
context and the Frobenius forms. We begin with the following two observations: if A is
an algebra, the map

A/[A,A] — A & A Aop A

la] —»a®1 (2:5)

is an isomorphism of vector spaces, with inverse given by a ® b + [ab]. Furthermore, if
B is another algebra, and (gMa, aNp,,n) is a Morita context between A and B, there
is a canonical isomorphism of vector spaces

7:(N®p M) Ragar (N@p M) —= (M 4 N) Q@pgper (M @4 N)

2.6
nemean om —meon @m' @n. (2.6)

Using the results above, we can formulate a compatibility condition between Morita con-
text and Frobenius forms, as in the following lemma.

2.3. LEMMA. Let A and B be two algebras, and let (M4, ANp,e,n) be a Morita context
between A and B. Then, there is a canonical isomorphism of vector spaces

f:AJ[A, A — B/|B, B
[a] Z [} (mj.a®n,)] (2.7)
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where n; and m; are defined by
5_1(1A):an®mJ€N®B M. (28)
2%

PROOF. Consider the following chain of isomorphisms:

frAJJAJA =2 AQagaer A (by equation 2.5)
>~ (N ®p M) @agaor (N @p M) (using e ® ¢)
=~ (M ®4 N) @pgper (M @4 N) (by equation 2.6) (2.9)
~ B Qpgpor B (using n ® n)
~ B/|B, B| (by equation 2.5)

Chasing through those isomorphisms, we can see that the map f is given by
fa) =" [0 (mj.a@ny)] (2.10)
i,
as claimed. [

The isomorphism f described in Lemma 2.3 allows to introduce the following relevant
definition.

2.4. DEFINITION. Let (A, \) and (B, \B) be two symmetric Frobenius algebras, and let
(M4, ANB,€,n) be a Morita context between A and B. Since the Frobenius algebras are
symmetric, the Frobenius forms necessarily factor through A/[A, A] and B/[B,B]. We
call the Morita contexrt compatible with the Frobenius forms, if the diagram

AJ[A, A] ! » B/[B, B]

R % (2.11)

K

commutes.

2.5. REMARK. The definition of compatible Morita context of [SP09, Definition 3.72|
requires another compatibility condition on the coproduct of the unit of the Frobenius
algebras. However, a calculation using proposition 2.8 shows that the condition of [SP09]
is already implied by our condition on Frobenius form of definition 2.4; thus the two
definitions of compatible Morita context do coincide.

For later use, we give a very explicit way of expressing the compatibility condition
between Morita context and Frobenius forms: if (4,\*) and (B, \P) are two finite-
dimensional semi-simple symmetric Frobenius algebras over an algebraically closed field
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K, and (gMa, gNa,e,n) is a Morita context between them, the algebras A and B are
isomorphic to direct sums of matrix algebras by Artin-Wedderburn:

AP M, (K), and B=HM, (K). (2.12)
i=1 j=1

By Theorem 3.3.1 of [EGH"11], the simple modules (Si,...,S,) of A and the simple
modules (71,...,T,) of B are given by S; := K% and T; := K™, and every module is a
direct sum of copies of those. Since simple finite-dimensional representations of A @k B°P
are given by tensor products of simple representations of A and B°P? by Theorem 3.10.2
of [EGHT11], the most general form of gM4 and 4Np is given by

BMA L= @Oéijj—;‘@KSj
3,j=1

ANp 1 = @51{151{@1&7}

k=1

(2.13)

where «;; and By are multiplicities. First, we show that the multiplicities are trivial:

2.6. LEMMA. In the situation as above, the multiplicities are trivial after a possible re-
ordering of the simple modules: o;; = 0;; = Bi; and the two bimodules M and N are
actually given by

My = @Ti ®K S;

i=1

ANg = @Sj ®KTJ~.

j=1

(2.14)

PROOF. Suppose for a contradiction that there is a term of the form (7; & T;) ® Sy in
the direct sum decomposition of M. Let f : T; — T} be a non-trivial linear map, and
define ¢ € End,((T; ® Tj) ® Sk) by setting p((t; +t;) @ si) := f(t;) @ sg. The A-module
map ¢ induces an A-module endomorphism on all of 4Mp by extending ¢ with zero on
the rest of the direct summands. Since End,(pM,4) = B as algebras by Theorem 3.5 of
|Bas68], the endomorphism ¢ must come from left multiplication, which cannot be true
for an arbitrary linear map f. This shows that the bimodule M is given as claimed in
equation (2.14). The statement for the other bimodule N follows analogously. =

Lemma 2.6 shows how the bimodules underlying a Morita context of semi-simple
algebras look like. Next, we consider the Frobenius structure.

2.7. LEMMA. [Koc03, Lemma 2.2.11] Let (A, \) be a symmetric Frobenius algebra. Then,
every other symmetric Frobenius form on A is given by multiplying the Frobenius form
with a central invertible element of A.
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By Lemma 2.7, we conclude that the Frobenius forms on the two semi-simple algebras
A and B are given by

T

M= N try, ) and N =P Ny, k) (2.15)
=1

i=1

where A and \Z are non-zero scalars. We can now state the following proposition, which
will be used in the proof of corollary 4.3.

2.8. PROPOSITION. Let (A, M) and (B, \P) be two finite-dimensional, semi-simple sym-
metric Frobenius algebras and suppose that M := (M, N,e,n) is a Morita context between
them. Let A and )\f be as in equation (2.15), and define two invertible central elements

a:=\ . M) e K= Z(A)

2.16
b=\ ... )\ e K~ Z(B) (2.16)
Then, the following are equivalent:

1. The Morita context M is compatible with the Frobenius forms in the sense of defi-
nition 2.4.

2. We have m.a = b.m for allm € gM4 and n.b™' = a='.n for alln € 4Np.
3. For everyi=1,...,r, we have that \* = \B.

PROOF. With the form of M and N determined by equation (2.14), we see that the only
isomorphisms of bimodules ¢ : N g M — A and n: B — M ®4 N must be given by
multiples of the identity matrix on each direct summand:

e: NoaM=@M(d; x d,K) - @ M(d; x di, K) = A
= = (2.17)

> Y
i=1 i=1
Similarly, 7 is given by

n: B =@ Mn; xn;,K)— M®sB = Mn; xn;, K)
=1 = (2.18)

Xr: M; — XT: n:M;
i=1 i=1

Here, ¢; and 7, are non-zero scalars. The condition that this data should be a Morita con-
text then demands that ; = 7;, as a short calculation in a basis confirms. By calculating
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the action of the elements a and b defined above in a basis, we see that conditions (2) and
(3) of the above proposition are equivalent.

Next, we show that (1) and (3) are equivalent. In order to see when the Morita context
is compatible with the Frobenius forms, we calculate the map f : A/[A, A] — B/|B, B|
from equation (2.11). One way to do this is to notice that [A, A] consists precisely of
trace-zero matrices (cf. [AM57]); thus

AJ[A,A] - K

(A ® Ay @B A — (tr(A4y), -, tr(4,)) (2.19)

is an isomorphism of vector spaces. Using this identification, we see that the map f is
given by
f:A/[A Al — B/|B, B]
T nxns 2.20
(A1 @ Ay @ - @ A] — P tru,, (A) {Eﬂlx »} (2.20)
i=1

Note that this map is independent of the scalars €; and 7; coming from the Morita context.
Now, the two Frobenius algebras A and B are Morita equivalent via a compatible Morita
context if and only if the diagram in equation (2.11) commutes. This is the case if and
only if X = AP for all i, as a straightforward calculation in a basis shows. ]

Having established how compatible Morita contexts between semi-simple algebras over
an algebraic closed field look like, we arrive at following definition.

2.9. DEFINITION. Let K be an algebraically closed field. Let Frob be the bicategory where
e objects are given by finite-dimensional, semisimple, symmetric Frobenius K-algebras,
e I-morphisms are given by compatible Morita contexts, as in definition 2.4,
e 2-morphisms are given by isomorphisms of Morita contexts.

Note that Frob has got the structure of a symmetric monotdal bigroupoid, where the
monoidal product is given by the tensor product over the ground field, which is the monoidal
unit.

The bicategory Frob will be relevant for the remainder of the paper, due to the fol-
lowing theorem.

2.10. THEOREM. |Oriented version of the Cobordism Hypothesis, [SP09|| The weak 2-

functor
Fung (Coby’, , Alg,) — Frob

Z s Z(+) (2.21)

s an equivalence of bicategories.
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3. Group actions on bicategories and their homotopy fixed points

For a group G, we denote with BG the category with one object and G as morphisms.
Similarly, if C is a monoidal category, BC will denote the bicategory with one object and
C as endomorphism category of this object. Furthermore, we denote by G the discrete
monoidal category associated to G, i.e. the category with the elements of G as objects,
only identity morphisms, and monoidal product given by group multiplication.

Recall that an action of a group G on a set X is a group homomorphism p : G —
Aut(X). The set of fixed points X is then defined as the set of all elements of X which
are invariant under the action. In equivalent, but more categorical terms, a G-action on
a set X can be defined to be a functor p : BG — Set which sends the one object of the
category BG to the set X.

If A : BG — Set is the constant functor sending the one object of BG to the set with
one element, one can check that the set of fixed points X stands in bijection to the set
of natural transformations from the constant functor A to p, which is exactly the limit of
the functor p. Thus, we have bijections of sets

G~ 7 ~

X l}%p Nat(A, p). (3.1)

3.1. REMARK. A further equivalent way of providing a G-action on a set X is by giving

a monoidal functor p : G — Aut(X), where we regard both G and Aut(X) as categories

with only identity morphisms. This definition however does not allow us to express the

set of homotopy fixed points in a nice categorical way as in equation (3.1), and thus turns
out to be less useful for our purposes.

Categorifying the notion of a G-action on a set yields the definition of a discrete group
acting on a category:

3.2. DEFINITION. Let G be a discrete group and let C be a category. Let BG be the 2-
category with one object and G as the category of endomorphisms of the single object. A
G-action on C is defined to be a weak 2-functor p: BG — Cat with p(x) = C.

Note that just as in remark 3.1, we could have avoided the language of 2-categories
and have defined a G-action on a category C to be a monoidal functor p : G — Aut(C).

Next, we would like to define the homotopy fixed point category of this action to be
a suitable limit of the action, just as in equation (3.1). The appropriate notion of a limit
of a weak 2-functor with values in a bicategory appears in the literature as a pseudo-limit
or indezed limit, which we will simply denote by lim. We will only consider limits indexed
by the constant functor. For background, we refer the reader to [Lacl0], [Kel89], [Str80]
and [Str87].

We are now in the position to introduce the following definition:

3.3. DEFINITION. Let G be a discrete group, let C be a category, and let p : BG — Cat
be a G-action on C. Then, the category of homotopy fived points C¢ is defined to be the
pseudo-limit of p.
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Just as in the 1-categorical case in equation (3.1), it is shown in [Kel89] that the limit
of any weak 2-functor with values in Cat is equivalent to the category of pseudo-natural
transformations and modifications Nat(A, p) . Hence, we have an equivalence of categories

C% > lim p = Nat(A, p). (3.2)

Here, A : BG — Cat is the constant functor sending the one object of BG to the terminal
category with one object and only the identity morphism. By spelling out definitions, one
sees:

3.4. REMARK. Let p : BG — Cat be a G-action on a category C, and suppose that
p(e) = ide, i.e. the action respects the unit strictly. Then, the homotopy fixed point
category CY is equivalent to the “equivariantization” introduced in [EGNO15, Definition
2.7.2|.

3.5. (G-ACTIONS ON BICATEGORIES. Next, we would like to step up the categorical ladder
once more, and define an action of a group GG on a bicategory. Moreover, we would also
like to account for the case where our group is equipped with a topology. This will be
done by considering the fundamental 2-groupoid of G, referring the reader to [HKKO1|
for additional details.

3.6. DEFINITION. Let G be a topological group. The fundamental 2-groupoid of G is the
monoidal bicategory I1a(G) where

e objects are given by points of G,
e [-morphisms are given by paths between points,

e 2-morphisms are given by homotopy classes of homotopies between paths, called 2-
tracks.

The monoidal product of Tly(G) is given by the group multiplication on objects, by pointwise
multiplication of paths on 1-morphisms, and by pointwise multiplication of 2-tracks on 2-
morphisms. Notice that this monoidal product is associative on the nose, and all other
monoidal structure like associators and unitors can be chosen to be trivial.

We are now ready to give a definition of a G-action on a bicategory. Although the
definition we give uses the language of tricategories as defined in [GPS95] or [Gur(07], we
provide a bicategorical description in Remark 3.9.

3.7. DEFINITION. Let G be a topological group, and let C be a bicategory. A G-action on
C is defined to be a trifunctor

p: BIL(G) — Bicat (3.3)

with p(x) = C. Here, Blly(G) is the tricategory with one object and with II5(G) as
endomorphism-bicategory, and Bicat is the tricategory of bicategories.
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3.8. REMARK. If C is a bicategory, let Aut(C) be the bicategory consisting of auto-
equivalences of bicategories of C, pseudo-natural isomorphisms and invertible modifica-
tions. Observe that Aut(C) has the structure of a monoidal bicategory, where the monoidal
product is given by composition. Since there are two ways to define the horizontal compo-
sition of pseudo-natural transformation, which are not equal to each other, there are actu-
ally two monoidal structures on Aut(C). It turns out that these two monoidal structures
are equivalent; see [GPS95, Section 5| for a discussion in the language of tricategories.
With either monoidal structure of Aut(C) chosen, note that as in Remark 3.1 we could
equivalently have defined a G-action on a bicategory C to be a weak monoidal 2-functor

p: 12(G) — Aut(C).

Since we will only consider trivial actions in this paper, the hasty reader may wish to
skip the next remark, in which the definition of a G-action on a bicategory is unpacked.
We will, however use the notation introduced here in our explicit description of homotopy
fixed points in remark 3.13.

3.9. REMARK. |Unpacking Definition 3.7] Unpacking the definition of a weak monoidal
2-functor p : IIo(G) — Aut(C), as for instance in [SP09, Definition 2.5], or equivalently of
a trifunctor p : BIly(G) — Bicat, as in [GPS95, Definition 3.1], shows that a G-action on
a bicategory C consists of the following data and conditions:

e For each group element g € G, an equivalence of bicategories F, := p(g) : C — C,

e For each path v : g — h between two group elements, the action assigns a pseudo-
natural isomorphism p(vy) : F, — F},

e For each 2-track m : v — 4/, the action assigns an invertible modification p(m) :
p(v) = p(v).

e There is additional data making p into a weak 2-functor, namely: if v, : ¢ — h and
9 : h — k are paths in G, we obtain invertible modifications

Py 1 P(72) © p(71) = p(r2071) (3.4)

e Furthermore, for every g € G there is an invertible modification ¢, : idp, — p(id,)
between the identity endotransformation on F, and the value of p on the constant
path id,.

There are three compatibility conditions for this data: one condition making ¢., -,
compatible with the associators of II;(G) and Aut(C), and two conditions with
respect to the left and right unitors of II5(G) and Aut(C).

e Finally, there are data and conditions for p to be monoidal. These are:

— A pseudo-natural isomorphism

X p(g) @ p(h) = p(g @ h) (3.5)



FROBENIUS ALGEBRAS AND HOMOTOPY FIXED POINTS OF GROUP ACTIONS 663

— A pseudo-natural isomorphism

Liide — F, (3.6)

For each triple (g, h, k) of group elements, an invertible modification wgy, in

the diagram

F,@FoF -2 0o F

id®th;J/ % ngh,k (3.7)

Xg,hk
Fg (29 Fhk _— thk

An invertible modification ~ in the triangle below

F.®F,
1®id Xe,
/ “'Y ’ (38)
ide ® Fy o > I
— Another invertible modification ¢ in the triangle
F,®F,
/ w (39)
5
Fy®ide idp > Fy

The data (p, x, t,w,7,0) then has to obey equations (HTA1) and (HTA2) in [GPS95, p.
17).

Just as in the case of a group action on a set and a group action on a category, we would
like to define the bicategory of homotopy fixed points of a group action on a bicategory as
a suitable limit. However, the theory of trilimits is not very well established. Therefore
we will take the description of homotopy fixed points as natural transformations as in
equation (3.1) as a definition, and define homotopy fixed points of a group action on
a bicategory as the bicategory of pseudo-natural transformations between the constant
functor and the action.

3.10. DEFINITION. Let G be a topological group and C a bicategory. Let
p : Bll1(G) — Bicat (3.10)
be a G-action on C. The bicategory of homotopy fized points CE is defined to be
C% = Nat(A, p) (3.11)
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Here, A is the constant functor which sends the one object of Blly(G) to the terminal bi-
category with one object, only the identity 1-morphism and only identity 2-morphism. The
bicategory Nat(A, p) then has objects given by tritransformations A — p, 1-morphisms
are given by modifications, and 2-morphisms are given by perturbations.

3.11. REMARK. The notion of the “equivariantization” of a strict 2-monad on a 2-category
has already appeared in [MN14, Section 6.1]. Note that definition 3.10 is more general
than the definition of [MN14], in which some modifications have been assumed to be
trivial.

3.12. REMARK. In principle, even higher-categorical definitions are possible: for instance
in [FV15] a homotopy fixed point of a higher character p of an oo-group is defined to be
a (lax) morphism of co-functors A — p.

3.13. REMARK. |Unpacking objects of CY| Since unpacking the definition of homotopy
fixed points is not entirely trivial, we spell it out explicitly in the subsequent remarks,
following [GPS95, Definition 3.3]. In the language of bicategories, a homotopy fixed point
consists of:

e an object c of C,

e a pseudo-natural equivalence

Ac
RN
h(G) e ¢ (3.12)

where A, is the constant functor which sends every object to ¢ € C, and ev, is the
evaluation at the object c. In components, the pseudo-natural transformation ©
consists of the following:

— for every group element g € GG, a 1-equivalence in C

O, :c— Fy(c) (3.13)

— and for each path v : g — h, an invertible 2-morphism ©, in the diagram

C
id c‘
Cc

which is natural with respect to 2-tracks.

—2 5 F(¢)

(3.14)
©4
®—h> Fh(C)
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e an invertible modification II in the diagram

Ac

M (G) x HQ(G)/\

Ox1
pxAc
ev

6 Aut(C) x C

® idxeve
pXp

Aut(C) x Aut(C)

>

I

eve

I, (G) Aut(C)

\_/ (3.15)

which in components means that for every tuple of group elements (g, h) we have
an invertible 2-morphism Il in the diagram

c 2 4 Be) O B (Fe) —2 s Fu(c) (3.16)

Iy
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e for the unital structure, another invertible modification M, which only has the
component given in the diagram

M Fc) (3.17)

with ¢ as in equation (3.6). The data (¢,©,1II, M) of a homotopy fixed point then has to
obey the following three conditions. Using the equation in |[GPS95, p.21-22| we find the
condition

F.Fy(©;)
F,F,c Y » FoIF, ¢
Fy(©y) Xy ~ Xfij(C)
IL, Fry(©:2)
F,c Y Fyc ? > Foy Il c
e:c C_')zy sz,Z %
c ou » oy
I
F.Fy(©,)
F,F,c Y > FLEF, ¢
Fz(8y) Xgﬁ(c)
Fp(1ly2) Fo(x5.)
Fre — R@®)— F,F,.c — Fo,F.c
My Xz,yz
O, Xzy,z
C Oups > Yz C

(3.18)
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whereas the equation on p.23 of [GPS95| demands that we have

Fe(©2)

F.c > FLF, c
[CH Oq Xezx
c =y s B e T s F.c
I (3.19)
Fe(©g)
F,.c - > FLF, ¢
(S
M ~ LFIIJ(C) Xex
1 = v
12
c y Fc > Fc

60 idpy (o)
and finally the equation on p.25 of [GPS95] demands that
Fi(O¢)

ﬂFx(M)

FJ? FILC—>FFC

Foe—20)  pp. T
(3.20)

O Tge Xze - O lsz (c) Xze
~
C 9—z> Fz C
c o y Fc

3.14. REMARK. Suppose that (¢, ©,11, M) and (¢, ©",II', M") are homotopy fixed points.
A 1-morphism between these homotopy fixed points consists of a trimodification. In
detail, this means:
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e A l-morphism f:c— ¢,

e An invertible modification m in the diagram

A Ac
[I5(G) eveop — C s I15(G) Ay > C
evy *ldﬂ Glﬂ
ev./ op ev,/ op
(3.21)
In components, m, is given by
Oy
c — Fy(c)
fl / ng(f) (3.22)
I @—;;> Fg(C,)

The data (f, m) of a I-morphism of homotopy fixed points has to satisty the following
two equations as on p.25 and p. 26 of [GPS95|:
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Fg(©n)

669

e
¢ —2 s Fy(0 Fy(Fi(e) —2— Fp(0
ng/
i Ooh Fyn(£)
mgh
d o > Fon(d)
(3.23)
e —2 5 F(e) —2O s B (Fu(c) ——2 s Fyu(c)
Fo(f) o) Fo(Fu(f))
I e K) — gy Hlhl)) = Fon (1)
@é U ;h X;/h
d o > Fon(c)
whereas the second equation reads
Oc
m
c e — Fi(c) c—2 F.(c)
f Fe(f) = fl 4 Fe(f) (3.24)
¢ ——— F.(¢) o — % F.(c)

\

HM,
Let

3.15. REMARK. The condition saying that m, as introduced in equation (3.21), is a
modification will be vital for the proof of Theorem 4.1 and states that for every path
v: g — hin G, we must have the following equality of 2-morphisms in the two diagrams:
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c Fg(c) Fg(f) Fg(c/) p(’Y)C Fh(c/)

Q)
<
<+

Cc >

(3.25)

C >

Next, we come to 2-morphisms of the bicategory C¢ of homotopy fixed points:

3.16. REMARK. Let (f,m),(&,n) : (¢,0,1I, M) — (¢/,©',1I', M’) be two 1-morphisms of
homotopy fixed points. A 2-morphism of homotopy fixed points consists of a perturbation
between those trimodifications. In detail, a 2-morphism of homotopy fixed points consists
of a 2-morphism a : f — £ in C, so that

c— % Fy(c) c— % Fy(ec)
— Fy(a)
3 <—a_:‘f / Fy(f) 5‘ /Fg(f) ——= | Fy(f) (3.26)
d @—;> Fg(C,) d T> Fg<Cl)

Let us give an example of a group action on bicategories and its homotopy fixed points:
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3.17. EXAMPLE. Let G be a discrete group, and let C be any bicategory. Suppose p :
II5(G) — Aut(C) is the trivial G-action. Then, by remark 3.13 a homotopy fixed point,
i.e. an object of C“ consists of

e an object ¢ of C,

e a l-equivalence ©4 : ¢ — ¢ for every g € G,
e a 2-isomorphism Iy, : © 00, = Oy,

e a 2-isomorphism M : ©, — id..

This is exactly the same data as a functor BG — C, where BG is the bicategory with one
object, G' as morphisms, and only identity 2-morphisms. Extending this analysis to 1- and
2-morphisms of homotopy fixed points shows that we have an equivalence of bicategories

C% = Fun(BG,C). (3.27)

When one specializes to C = Vects, the functor bicategory Fun(BG,C) is also known
as Repy(G), the bicategory of 2-representations of G. Thus, we have an equivalence of
bicategories VectS = Repy(G). This result generalizes the 1-categorical statement that the
homotopy fixed point 1-category of the trivial G-action on Vect is equivalent to Rep(G),
cf. [EGNO15, Example 4.15.2].

4. Homotopy fixed points of the trivial SO(2)-action

We are now in the position to state and prove the main result of the present paper.
Applying the description of homotopy fixed points in Remark 3.13 to the trivial action of
the topological group SO(2) on an arbitrary bicategory yields Theorem 4.1. Specifying
the bicategory in question to be the core of the fully-dualizable objects of the Morita-
bicategory Alg, then shows in corollary 4.3 that homotopy fixed points of the trivial
SO(2)-action on 2 (Algh!) are given by symmetric, semi-simple Frobenius algebras.

4.1. THEOREM. Let C be a bicategory, and let p : T5(SO(2)) — Aut(C) be the trivial
SO(2)-action on C. Then, the bicategory of homotopy fived points C3°®?) is equivalent to
the bicategory where

e objects are given by pairs (c,\) where ¢ is an object of C, and X : id, — id. is a
2-isomorphism,

e I-morphisms (¢, \) — (¢, N) are given by 1-morphisms f :c — ¢ in C, so that the
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diagram of 2-morphisms

¥ ~ L foid, — Y 4 poid,
) 2 (4.1)
idyof ——— s ideof —— f

Nid g

commutes, where x denotes horizontal composition of 2-morphisms. The unlabeled
arrows are induced by the canonical coherence isomorphisms of C.

o 2-morphisms of C¢ are given by 2-morphisms o : f — f' in C.

PROOF. First, notice that we do not require any conditions on the 2-morphisms of C3°(2).
This is due to the fact that the action is trivial, and that mo(SO(2)) = 0. Hence, all nat-
urality conditions with respect to 2-morphisms in II5(SO(2)) are automatically fulfilled.

To start, we observe that the fundamental 2-groupoid II5(SO(2)) is equivalent to the
bicategory consisting of only one object, Z worth of morphisms, and only identity 2-
morphisms which we denote by BZ. Thus, it suffices to consider the homotopy fixed
point bicategory of the trivial action BZ — Aut(C). In this case, the definition of a
homotopy fixed point as in 3.10 reduces to

e An object ¢ of C,
e A l-equivalence © := 0, : c — ¢,

e For every n € Z, an invertible 2-morphism ©,, : id. o © — © oid.. Since O is
a pseudo-natural transformation, it is compatible with respect to composition of
l-morphisms in BZ. Therefore, ©,,,,, is fully determined by ©,, and ©,,, cf. [SP09,
Figure A.1] for the relevant commuting diagram. Thus, it suffices to specify O;.

By using the canonical coherence isomorphisms of C, we see that instead of giving
O, we can equivalently specify an invertible 2-morphism

A0 — 0. (4.2)
which will be used below.

e A 2-isomorphism
id,oc®oB — 6 (4.3)

which is equivalent to giving a 2-isomorphism

I:000 — 6. (4.4)

e A 2-isomorphism
M : 0 —id,. (4.5)
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Note that equivalently to the 2-isomorphism 5\, one can specify an invertible 2-isomorphism

Acide — id, (4.6)

where

Ai=MoloM™ (4.7)

with M as in equation (4.5). This data has to satisfy the following three equations:
Equation (3.18) says that we must have

ITo(idg * IT) = ITo (I x ide) (4.8)
whereas equation (3.19) demands that IT equals the composition
000 L goid, >0 (4.9)
and finally equation (3.20) tells us that IT must also be equal to the composition
©o0 X g 00 0. (4.10)

Hence II is fully specified by M. An explicit calculation using the two equations above
then confirms that equation (4.8) is automatically fulfilled. Indeed, by composing with
II7! from the right, it suffices to show that idg * II = II*ide. Suppose for simplicity that
C is a strict 2-category. Then,

idg * IT = idg * (M *idg) by equation (4.10)
= (ide * M) = ide (4.11)
=TT xidg by equation (4.9)

Adding appropriate associators shows that this is true in a general bicategory.
If (¢, 0, \,1I, M) and (¢/,©", N, I1I', M") are two homotopy fixed points, the definition
of a 1-morphism of homotopy fixed points reduces to

e A l-morphism f:c— ¢ in C,
e A 2-isomorphism m: fo® — © o fin C

satisfying two equations. The condition due to equation (3.24) demands that the following
isomorphism

foo M roiq > f (4.12)

is equal to the isomorphism

Fo@ ™o of MM id,0f (4.13)
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and thus is equivalent to the equation
id p* )
m:(fo@Mfoidcgfzidc,ofu@’of). (4.14)

Thus, m is fully determined by M and M’. The condition due to equation (3.23) reads
m o (idy % IT) = (I x idy) o (ider * m) o (m * idg) (4.15)

and is automatically satisfied, as an explicit calculation confirms. Indeed, if C is a strict
2-category we have that
(I" x idy) o (ider * m) o (m x ide)
= (I *id)) o |ider * (M'~* % id; oid, % M)} ° [(M"1 xidy oid * M) = id@]
= (H/ * ldf) @) (id@/ * ]\4,71 * ldf) @) (id@/ *x ldf * M)
o (M'™" s idy *ide) o (ids * M x ide)
— (IU' % idy) o (I % idy) o (ider * idy * M) o (M’ % id * ide) o (id;  II)
= (ider * idy % M) o (M'™" xidy *ide) o (id * IT)
= (M~'xidy) o (ids x M) o (id; * II)
=mo (idy * II)
as desired. Here, we have used equation (4.14) in the first and last line, and equations (4.9)

and (4.10) in the third line. Adding associators shows this for an arbitrary bicategory.
The condition that m is a modification as spelled out in equation (3.25) demands that

(N xids) om =mo (ids * \) (4.16)

as equality of 2-morphisms between the two 1-morphisms
foO —0©of. (4.17)

Using equation (4.14) and replacing X by A as in equation (4.7), we see that this require-
ment is equivalent to the commutativity of diagram (4.1).

If (f,m) and (g,n) are two 1-morphisms of homotopy fixed points, a 2-morphism of
homotopy fixed points consists of a 2-morphisms « : f — g. The condition coming from
equation (3.26) then demands that the diagram

fo® —=— O of

a*id@l lidgl*a (418)

go® —— O’ oy
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commutes. Using the fact that both m and n are uniquely specified by M and M’, one
quickly confirms that the diagram commutes automatically.

Our analysis shows that the forgetful functor U which forgets the data M, © and
IT on objects, which forgets the data m on l-morphisms, and which is the identity on
2-morphisms is an equivalence of bicategories. Indeed, let (¢, A\) be an object in the
strictified homotopy fixed point bicategory. Choose © := id., M := idg and II as in
equation (4.9). Then, U(c,©, M,II, \) = (¢, \). This shows that the forgetful functor is
essentially surjective on objects. Since m is fully determined by M and M’, it is clear
that the forgetful functor is essentially surjective on 1-morphisms. Since (4.18) commutes
automatically, the forgetful functor is bijective on 2-morphisms and thus an equivalence
of bicategories. [

In the following, we specialise Theorem 4.1 to the case of symmetric Frobenius algebras
and Calabi-Yau categories.

4.2. SYMMETRIC FROBENIUS ALGEBRAS AS HOMOTOPY FIXED POINTS. In order to
state the next corollary, recall that the fully-dualizable objects of the Morita bicategory
Alg, consisting of algebras, bimodules and intertwiners are precisely given by the finite-
dimensional, semi-simple algebras [SP09|. Furthermore, recall that the core # (C) of a
bicategory C consists of all objects of C, the 1-morphisms are given by 1l-equivalences of
C, and the 2-morphisms are restricted to be isomorphisms.

4.3. COROLLARY. Suppose C = K (Algh), and consider the trivial SO(2)-action on C.
Then C59?) s equivalent to the bicategory of finite-dimensional, semi-simple symmet-
ric Frobenius algebras Frob, as defined in definition 2.9. This implies a bijection of

isomorphism-classes of symmetric, semi-simple Frobenius algebras and homotopy fized
points of the trivial SO(2)-action on # (Algh').

PRrROOF. Indeed, by Theorem 4.1, an object of C5°) is given by a finite-dimensional
semisimple algebra A, together with an isomorphism of Morita contexts idy — id4. By
definition, a morphism of Morita contexts consists of two intertwiners of (A, A)-bimodules
A, Ay : A — A. The diagrams in definition 2.2 then require that A\; = A\;'. Thus, A is
fully determined by A;. Let A := A;. Since A is an automorphism of (A, A)-bimodules,
it is fully determined by A(14) € Z(A). This gives A, by Lemma 2.7, the structure of a
symmetric Frobenius algebra.

We analyze the 1-morphisms of C¥°®) in a similar way: if (A, \) and (A", \') are finite-
dimensional semi-simple symmetric Frobenius algebras, a 1-morphism in C5°?) consists
of a Morita context M : A — A’ so that (4.1) commutes.

Suppose that M = (4 Ma, aANa,e,n) is a Morita context, and let a := A(14) and
a’:= XN(1u). Then, the condition that (4.1) commutes demands that

m.a =a’.m
atn=nad"" (4.19)
for every m € M and every n € N. By proposition 2.8 this condition is equivalent to the
fact that the Morita context is compatible with the Frobenius forms as in definition 2.4.
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It follows that the 2-morphisms of C5°?) and Frob are equal to each other, proving
the result. n

4.4. REMARK. In [Davll, Proposition 3.3.2], the bigroupoid Frob of corollary 4.3 is shown
to be equivalent to the bicategory of 2-functors Fun(B2Z, # (Algl!)). Assuming a homo-
topy hypothesis for bigroupoids, as well as an equivariant homotopy hypothesis in a
bicategorical framework, this bicategory of functors should agree with the bicategory of
homotopy fixed points of the trivial SO(2)-action on .# (Algk) in corollary 4.3. Con-
cretely, one might envision the following strategy for an alternative proof of corollary 4.3,
which should roughly go as follows:

1. By [Davll, Proposition 3.3.2], there is an equivalence of bigroupoids
Frob = Fun(B?Z, # (Alg)).

2. Then, use the homotopy hypothesis for bigroupoids. By this, we mean that the
fundamental 2-groupoid should induce an equivalence of tricategories

Iy : Top<y — BiGrp. (4.20)

Here, the right hand-side is the tricategory of bigroupoids, whereas the left hand
side is a suitable tricategory of 2-types. Such an equivalence of tricategories induces
an equivalence of bicategories

Fun(B*Z, # (Algh')) = IT,(Hom(BSO(2), X)), (4.21)
where X is a 2-type representing the bigroupoid ¢ (Algk).

3. Now, consider the trivial homotopy SO(2)-action on the 2-type X. Using the fact
that we work with the trivial SO(2)-action, we obtain a homotopy equivalence
Hom(BSO(2), X) = X"90®@) cf. [Davll, Page 50].

4. In order to identify the 2-type X"¥°®) with our definition of homotopy fixed points,

we additionally need an equivariant homotopy hypothesis: namely, we need to use
that a homotopy action of a topological group G on a 2-type Y is equivalent to a
G-action on the bicategory II5(Y') as in definition 3.7 of the present paper. Further-
more, we also need to assume that the fundamental 2-groupoid is G-equivariant,
namely that there is an equivalence of bicategories II,(Y"%) 2 IT,(Y)“. Using this
equivariant homotopy hypothesis for the trivial SO(2)-action on the 2-type X then
should give an equivalence of bicategories

I, (X592) = T, ()50 = (7 (Algh) S0 (122

Combining all four steps gives an equivalence of bicategories between the bigroupoid of
Frobenius algebras and homotopy fixed points:

Frob (g) Fun(B*Z, # (Algh!)) (g) IT,(Hom(BSO(2), X)) (_ﬁ) IT,(X"90@) = (7 (Alghd))s0@),
1 2 3 4

—
Nl



FROBENIUS ALGEBRAS AND HOMOTOPY FIXED POINTS OF GROUP ACTIONS 677

In order to turn this argument into a full proof, we would need to provide a proof of
the homotopy hypothesis for bigroupoids in equation (4.20), as well as a proof for the
equivariant homotopy hypothesis in equation (4.22). While the homotopy hypothesis
as formulated in equation (4.20) is widely believed to be true, we are not aware of a
proof of this statement in the literature. A step in this direction is [MS93|, which proves
that the homotopy categories of 2-types and 2-groupoids are equivalent. We however
really need the full tricategorical version of this statement as in equation (4.20), since we
need to identify the (higher) morphisms in BiGrp with (higher) homotopies. Notice that
statements of this type are rather subtle, see [KV91, Sim98|.

While certainly interesting and conceptually illuminating, a proof of the equivariant
homotopy hypothesis in a bicategorical language in equation (4.22) is beyond the scope of
the present paper, which aims to give an algebraic description of homotopy fixed points
on bicategories. Although an equivariant homotopy hypothesis for oo-groupoids follows
from [Lur09a, Theorem 4.2.4.1|, we are not aware of a proof of the bicategorical statement
in equation (4.22).

Next, we compute homotopy fixed points of the trivial SO(2)-action on Vect’ and
show that they are given by Calabi-Yau categories. This result is new and has not yet
appeared in the literature.

4.5. CALABI-YAU CATEGORIES AS HOMOTOPY FIXED POINTS. We now apply Theo-
rem 4.1 to Calabi-Yau categories, as considered in [MS06]. Let Vecty, be the bicategory
consisting of linear, abelian categories, linear functors, and natural transformations.

Recall that a K-linear, abelian category C is called finite, if is has finite-dimensional
Hom-spaces, every object has got finite length, the category C has got enough projectives,
and there are only finitely many isomorphism classes of simple objects.

The fully-dualizable objects of Vecty are then precisely the finite, semi-simple linear
categories, cf. [BDSV15, Appendix A|. For convenience, we recall the definition of a finite
Calabi-Yau category.

4.6. DEFINITION. Let K be an algebraically closed field. A Calabi-Yau category (C,tr¢)
is a K-linear, finite, semi-simple category C, together with a family of K-linear maps

tr¢ : Ende(c) — K (4.23)
for each object ¢ of C, so that:
1. for each f € Home(c,d) and for each g € Home(d, ¢), we have that
trc(go f) = t1g(f o g), (4.24)
2. for each f € Endc¢(z) and each g € Ende(d), we have that

trleq,(f @ g) = s (f) + tr5(9), (4.25)
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3. for all objects c of C, the induced pairing

(—,—)c¢ : Home(c,d) ®x Home(d, ¢) — K
f@gmullgo ) 20
s a non-degenerate pairing of K-vector spaces.

We will call the collection of morphisms tr$ a trace on C.
An equivalent way of defining a Calabi-Yau structure on a linear category C is by
specifying a natural isomorphism

Home (¢, d) — Home(d, ¢)*, (4.27)
cf. [Sch13, Proposition 4.1].

4.7. DEFINITION. Let (C, tr%) and (D, trP) be two Calabi- Yau categories. A linear functor
F . C — D is called a Calabi-Yau functor, if

u(f) = ul (F() (4.28)
for each f € Ende(c) and for each ¢ € Ob(C). Equivalently, one may require that
(Ff,Fg)p = (f,9)c (4.29)

for every pair of morphisms f:c—d and g:d— c inC.

If F, G :C — D are two Calabi- Yau functors between Calabi-Yau categories, a Calabi-
Yau natural transformation is just an ordinary natural transformation.

This allows us to define the symmetric monoidal bicategory CY consisting of Calabi-
Yau categories, Calabi-Yau functors and natural transformations. The monoidal structure
1s given by the Deligne tensor product of abelian categories.

4.8. COROLLARY. Suppose C = ¥ (Vecty!), and consider the trivial SO(2)-action on C.
Then C3°®) s equivalent to the bicategory of Calabi-Yau categories.

PRrROOF. Indeed, by Theorem 4.1 a homotopy fixed point consists of a category C, together
with a natural transformation \ : id¢ — ide. Let Xy, ..., X,, be the simple objects of
C. Then, the natural transformation A : ide¢ — ide is fully determined by giving an
endomorphism Ax : X — X for every simple object X. Since X is an invertible natural
transformation, the A\x must be central invertible elements in End¢(X). Since we work
over an algebraically closed field, Schur’s Lemma shows that Endq(X) = K as vector
spaces. Hence, the structure of a natural transformation of the identity functor of C
boils down to choosing a non-zero scalar for each simple object of C. This structure is
equivalent to giving C the structure of a Calabi-Yau category.

Now note that by equation (4.1) in Theorem 4.1, 1-morphisms of homotopy fixed
points consist of equivalences of categories F': C — C' so that F(Ax) = Ay for every
object X of C. This is exactly the condition saying that F' must a Calabi-Yau functor.

Finally, one can see that 2-morphisms of homotopy fixed points are given by natural
isomorphisms of Calabi-Yau functors. [
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