Theory and Applications of Categories, Vol. 31, No. 18, 2016, pp. 477-483.

THE MORPHISM AXIOM FOR N-ANGULATED CATEGORIES

EMILIE ARENTZ-HANSEN, PETTER ANDREAS BERGH AND MARIUS THAULE

ABSTRACT. We show that the morphism axiom for n-angulated categories is redun-
dant.

1. Introduction

In [GKO], Geiss, Keller and Oppermann introduced n-angulated categories. These are
generalizations of triangulated categories, in the sense that triangles are replaced by n-
angles, that is, morphism sequences of length n. Thus a 3-angulated category is precisely
a triangulated category.

There are by now numerous examples of such generalized triangulated categories. They
appear for example as certain cluster tilting subcategories of triangulated categories. Re-
cently, in [J], Jasso introduced the notion of algebraic n-angulated categories. Such a
category is by definition equivalent to a stable category of a Frobenius n-exact category,
the latter being a generalization of an exact category; exact sequences are replaced by
so-called n-exact sequences. Algebraic n-angulated categories are therefore natural gener-
alizations of algebraic triangulated categories, which are defined as categories equivalent
to stable categories of Frobenius exact categories. By [J, Section 6.5], the n-angulated
categories that arise as cluster tilted subcategories of algebraic triangulated categories are
themselves algebraic. Actually, the only examples so far of n-angulated categories that
are not algebraic are the rather exotic ones in [BJT]. At the time of writing, there is no
notion of topological n-angulated categories, except in the triangulated case.

The axioms defining n-angulated categories are generalized versions of the axioms
defining triangulated categories. Among these axioms, the morphism axiom and the
generalized octahedral axiom are the ones that guarantee an interesting theory. Apart
from the existence axiom, which states that every morphism is part of an n-angle, the other
axioms are “bookkeeping axioms,” to borrow Paul Balmer’s terminology. The generalized
octahedral axiom was introduced in [BT], but in this paper we present it in a much more
compact and readable form.

The topic of this paper is the morphism axiom, which states that a morphism between
the bases of two n-angles can be extended to a morphism of n-angles. We show that this
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axiom is redundant; it follows from the generalized octahedral axiom and the existence
axiom. For triangulated categories, this was proved by May in [M].

2. The axioms for n-angulated categories

In this section, we recall the axioms for n-angulated categories. We fix an additive category
% with an automorphism ¥: ¥ — %, and an integer n greater than or equal to three.
A sequence of objects and morphisms in % of the form

Opn— n
Ala—1>A22>"’—l>Ana—>2A1

is called an n-Y-sequence. Whenever convenient, we shall denote such sequences by A,, B,
etc. The left and right rotations of A, are the two n-X-sequences

Ay 95 Ay 2% oo, UL sy,

and
-y la,

x4, ! Ay S Sl g

respectively, and a trivial n-Y-sequence is a sequence of the form

AL A0 500 %A

or any of its rotations.
A morphism A, 5 B, of n-Y-sequences is a sequence ¢ = (p1, 92, -, ¢n) of mor-
phisms in % such that the diagram

a1 a3 An—1 Qn

Ay Ay As A, YA
[wl wpz k ©3 {@n | X1
s /Bn_ n
B, B1 B, B2 B, B3 o 1 B, B $B,
commutes. It is an isomorphism if 1, s, ..., ¢, are all isomorphisms in €, and a weak

isomorphism if p; and ;41 are isomorphisms for some 1 < i < n (with @, = X¢y).
Note that the composition of two weak isomorphisms need not be a weak isomorphism.
Also, note that if two n-Y-sequences A, and B, are weakly isomorphic through a weak
isomorphism A, RN B,, then there does not necessarily exist a weak isomorphism B, — A,
in the opposite direction.

Let .4 be a collection of n-3-sequences in ¥. Then the triple (¢,%,.4) is an n-
angulated category if the following four axioms are satisfied:

(N1) (a) A4 is closed under direct sums, direct summands and isomorphisms of n-3-
sequences.
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(b) For all A € €, the trivial n-X-sequence
AH A0 =50 3A

belongs to 4.
(c¢) For each morphism «a: A; — A in ¥, there exists an n-YX-sequence in A
whose first morphism is «.

(N2) An n-Y-sequence belongs to .4 if and only if its left rotation belongs to 4.

(N3) Given the solid part of the commutative diagram

Qp— n
A — A, -2, A A
{901 ‘902 i 3 i Pn Y1
B B h B Bn— v Bn
B ——By— By — ... B Y B,

with rows in .4, the dotted morphisms exist and give a morphism of n->-sequences.

(N4) Given the solid part of the diagram

a9 a3 [e 7} Qn—2 Qp—1 Qn

As Ay e Anq A, YA,
| : | :
1 ®3 Py II 1 Lz 1 Pn—1 Yn // 1 $n
I [ | [
! [ ! Iy
h 63 g 64 /Bn—Q e 671 1 / - ;Bn

Bs 7 By e B, _1 ) Y B, YA,
I , I I / I
I / I I / I

| 103 | 64 {01 / | On kzal

| 4 | | |
! - ! ! s !
S8 ~ V4 Tn—2 AR T B Tn

Cs Cy R Cn Cy, YA,

with commuting squares and with rows in .4, the dotted morphisms exist such that
each square commutes, and the n-Y-sequence

—ag 0 —a5 0 0
[043] |: ®4 _,83:| |:—4p5 —24 0:|
As ¥3 A, & By ha As @ By @ Cs s b4 3
—a5 0 O —ag 0 O
{—905 —2’4 0] [ w6 —2’5 O]
¥5 4 73 AG @ B5 @ 04 V6 5 Y4
—Qn—1 0 0
|:(1)n_1§0n1 —Bn—2 0 :| [(*117271%071 *gn—l 0
n— 0n7 n— n n— n—
= 27 3/An@Bn—l®Cn—2 L 2/
{(*znwn *gnﬂ 0 }
n n— n— 6n n— E OYn
1 Tn—2 N BTL @ Cnfl [ v 1] Cn Q207 ZAg

belongs to 4.
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In this case, the collection A4 is an n-angulation of the category ¥ (relative to the
automorphism ), and the n-X-sequences in A" are n-angles. If (¢, %, A4") satisfies (N1),
(N2) and (N3), then .4 is a pre-n-angulation, and the triple (¢, 2, 4") is a pre-n-angulated
category.

2.1. REMARK. (1) In [GKO], the fourth defining axiom is the “mapping cone axiom”,
which says that in the situation of (N3), the morphisms s, ..., ¢, can be chosen in such
a way that the mapping cone of (¢1, s, ..., @,) belongs to 4. When n = 3, that is, in
the triangulated case, it was shown by Neeman in [N1, N2] that this mapping cone axiom
is equivalent to the octahedral axiom, when the other three axioms hold.

When n = 3, the diagram in our axiom (N4) is precisely the octahedral diagram, and
the axiom is the octahedral axiom. Thus (N4) can be thought of as a higher analogue of
the octahedral axiom. It was shown in [BT] that when (N1), (N2) and (N3) hold, then
(N4) and the mapping cone axioms are equivalent.! Thus our definition of an n-angulated
category is equivalent to that of Geiss, Keller and Oppermann in [GKO].

(2) Let B be an object in €. Any n-Y-sequence A, induces an infinite sequence

o (B A) B (oA 2 (BA)) o (B, A) 2 (B DAL s -

of abelian groups and homomorphisms, where (B, A) denotes Homg (B, A). If this se-
quence is exact for all B, then A, is called an exact n-3-sequence. By [GKO, Proposition
2.5], every n-angle in a pre-n-angulated category is exact.

Now modify axiom (N1) into a new axiom (N1*), whose parts (b) and (c) are un-
changed, but with the following part (a): if A, — B, is a weak isomorphism of exact
n-Y-sequences with A, € A7, then B, belongs to .4". Moreover, let (N2*) be the follow-
ing weak version of axiom (N2): the left rotation of every n-Y¥-sequence in .4 also belongs
to A". Then by [BT, Theorem 3.4], the following are equivalent:

(i) (¥€,%, /) satisfies (N1), (N2), (N3),
(ii) (¥, %, A) satisfies (N1*), (N2), (N3),
(iii) (¢,%, A) satisfies (N1%*), (N2*), (N3).

It is not known whether only axiom (N2) can be replaced by (N2*), without replacing
(N1) by (N1*).

3. Axiom (N3) is redundant

In this section we show that the morphism axiom, i.e. axiom (N3), follows from the other
axioms. In light of Remark 2.1(2), it would perhaps seem natural to ask which axioms

'We thank Gustavo Jasso for showing us the compact diagram we have used in axiom (N4). This
axiom is not strictly the same as axiom (N4*) in [BT]. However, it follows from the proofs in [BT, Section
4] that the two are equivalent.
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one should use to prove this. In other words, should one use axioms (N1), (N2), (N4),
axioms (N1%*), (N2), (N4), or axioms (N1*), (N2*), (N4)? The answer is that it does not
matter. In fact, axiom (N3) is a consequence of (N1)(c) and (N4).

3.1. THEOREM. Aziom (N3) follows from (N1)(c) and (N4).

PROOF. Assume that we are in the situation of axiom (N3), i.e. that we are given the
solid part of the commutative diagram

a1 a9 a3 Qn—1 Qn

Ay Ao As e A, YA
[m ks@z i ©3 i Pn X1
B * Brn— * Bn
BB, -2.p ... g >B,
with rows in 4. We must prove that dotted morphisms 3, ..., @, exist and give a
morphism (¢1, @2, 3, - .., ) of n-3-sequences.

By assumption, the equality ¢ 0a; = 1 01 holds; we define ; to be this morphism,
i.e. 71 =g 0a; = 0p;. Now apply axiom (N1)(c) to the three morphisms

Y1: Ar— By, 2t Ay = By, 1t Ay — By
in ¥, and obtain three n->-sequences
AL B B0y 5. Lo, nA,

1 é On— On
AQ&BQ—%Dg—g)—l)Dn——)EAQ

and

€n—1

A BB E S L, YA

in 4. Next, consider the two diagrams

A~ A, A g, g A A,
Al 71 B2 2 53 3 é4 Y4 o Tn—2 Cni_l Yn—1 én Tn EAI
|a1 o ol ‘
A2 ¢2 BQ 62 .53 63 _54 64 AR 671(72 Di_l §n71 _DLn én ZAQ

and
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© BB -2 ... 2 L E —"yA
IR
Gy PG, g, g,

I T T
N NN S R N - MLy - SR ) 3

Note that all the rows in these two diagrams are n-Y-sequences in .4". Moreover, it follows
from the definition of the morphism ~, that the solid parts of the diagrams commute. We
may therefore apply axiom (N4); there exist dotted morphisms such that each square
commutes. Axiom (N4) also gives other morphisms, the diagonal ones, but these are not
needed here.

The two diagrams share the same middle row. We may therefore combine the upper
part of the first diagram and the lower part of the second, and obtain the commutative
diagram

P Oy — Qp— n
Ay = Ay = Ay T A e A T B4
| ®2 P3 P4 Pn—1 Pn
Tn— Yn— n
Ay By —— Oy — Oy —— .. 0 0, e vy
‘ ®1 n3 N4 Nn—1 Tn ‘ Y1
B B B B Br— Br— B
B, —— By——By—— Bj—— - — B, | — B, 2B
Finally, by omitting the middle row, we obtain the commutative diagram
Al aq A2 a2 A3 a3 A4 (e 7'} o Qnp—2 Anil Qn—1 An [e7%) EAI
MOI |s02 |773003 {mom ‘/nnl 0 pn—1 |77n0pn k&pl
B B B B Br— Br— Bn
By —— By —— By —— By —— .. B, | — B, SB

Now for each 3 < k < n, define a morphism ¢y by ¢ = nx 0 pr. Then (1,92, @3, .., ©n)
is a morphism of n-Y-sequences, and this completes the proof. [

3.2. REMARK. (1) As noted in the proof, not all of axiom (N4) is needed. The diagonal
morphisms provided by the axiom play no role, and, consequently, neither does the n-X-
sequence involving these morphisms.

(2) Note that if n = 3, that is, in the triangulated case, the result recovers that of
May in [M], but with a slightly different setup. Indeed, May’s result was the inspiration
for the theorem.
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