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RELATIVE INTERNAL ACTIONS

JAMES RICHARD ANDREW GRAY AND TAMAR JANELIDZE-GRAY

ABSTRACT. For a relative exact homological category (C, E), we define relative points
over an arbitrary object in C, and show that they form an exact homological category.
In particular, it follows that the full subcategory of nilpotent objects in an exact homo-
logical category is an exact homological category. These nilpotent objects are defined
with respect to a Birkhoff subcategory in C as defined by T. Everaert and T. Van der
Linden [9]. In addition, we introduce relative internal actions and show that, just as in
the classical case, there is an equivalence of categories between the category of relative
points over an object and the category of relative internal actions for the same object.

1. Introduction

It is well known that every surjection of groups p : £ — B has its domain bijective
(as a set) to the product Ker(p) x B. This fact eventually leads to the fact that every
split extension p together with a chosen splitting s determines and is determined up to
isomorphism (via a semi-direct product) by an action of B on Ker(p). D. Bourn and
G. Janelidze showed in [5] how this fact can be understood categorically for groups and
more generally for a semi-abelian category [14]. In order to understand this, let us first
recall some terminology. For each object B in C, following D. Bourn [4], we denote by
Pty (C) the category defined as follows: the objects are triples (A, «, 3), where A is an
object in C, and o : A — B and § : B — A are morphisms in C such that af = 15;
a morphism f : (A,«a,f) = (A", d/,5') in Ptg(C) is a morphism f : A — A" in C such
that f8 = ' and o/ f = a. When C has pullbacks of split epimorphisms along arbitrary
morphisms, each morphism p : £ — B determines a functor Ptz(C) — Ptg(C) which is
usually denoted p* and is defined on objects by p*(A, a, f) = (F xp A, 1, (1, 5p)) where
(E x4 A,m,m) is a pullback of @ and p. In [5] D. Bourn and G. Janelidze called a
category with pullbacks of split epimorphisms along arbitrary morphisms a category with
semi-direct products when for each p in C the pullback functor p* : Pts(C) — Ptg(C) is
monadic. Theorem 3.4 (b) of [5] implies that every semi-abelian category has semi-direct
products. In particular this means that for each B in the category of groups the pullback
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functor along 0 — B (usually called a kernel functor) is monadic and the algebras over
this monad turn out to be equivalent to group actions. The monads obtained from kernel
functors have been studied further (see e.g. [2] [3]).

Relative homological / semi-abelian categories were introduced by the second author
in [16, 17] as a generalization of homological [1] / semi-abelian categories. A relative
homological / semi-abelian category consists of a pair (C,E) where C is a category and
E is a chosen class of regular epimorphisms in C with conditions imposed on both C and
E. These conditions are such that:

(a) if E is the class of all regular epimorphisms in C, then C is a homological / semi-
abelian category;

(b) if E is the class of all isomorphisms in C, then these conditions reduce to requiring
that C be finitely complete and has certain colimits.

As explained in [16] the idea of replacing a category with a pair consisting of a category
and a chosen class of regular epimorphisms goes back to N. Yoneda [24], whose notion
of a quasi-abelian category generalizes the notion of an abelian category. A quasi-abelian
category can be defined as pair (C,E), where C is an additive category and E is a class
of regular epimorphisms satisfying certain properties. These conditions are such that if
E is the class of all regular epimorphisms in C, then C is an abelian category.

In Section 2 for a pair (C,E) where C is a finitely complete category and E is a
class of regular epimorphisms in C containing all isomorphisms, we define the category of
relative points over an arbitrary object from C. We show that if (C, E) is relative exact
homological then each category of relative points is exact homological (see Theorem 2.13).
The second author has shown [18] that if C is a pointed exact Mal’tsev category with
cokernels and E is the class of all composites of central extensions in the sense of [12]
defined with respect to an adjunction between a semi-abelian Birkhoff subcategory of C
and C, then the pair (C,E) is relative semi-abelian. This means that each category of
relative points defined with respect to such a pair (C, E) is homological, and in particular,
as explained in Example 2.15 that the category of nilpotent objects, as defined by T.
Everaert and T. Van der Linden in [9] (see also [6]), is homological.

In Section 3 we define an additional condition (Condition 3.1) that a pair (C, E) may
satisfy. For a relative semi-abelian category (C,E) satisfying Condition 3.1 such that C
has pushouts we show that each category of relative points is semi-abelian (see Theorem
3.11) and that each pullback functor between relative points is monadic (see Theorem
3.17).

Finally in Section 4 we give many examples of relative semi-abelian categories satis-
fying Condition 3.1.

2. Relative points

Throughout this paper we assume that (C, E) is a pair where C is a pointed finitely com-
plete category and E is a class of regular epimorphisms in C containing all isomorphisms.
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Consider the following conditions on (C, E):

2.1. CONDITION.

(a) The class E is closed under composition;
(b) If f e E and gf € E then g € E;

(¢c) The class E is pullback stable;

(d) If a morphism f in C factors as f = em in which e is in E and m is a monomorphism,
then it also factors (essentially uniquely) as f = m'e’ in which m’ is a monomorphism
and €' is in E;

(e) The E-Short Five Lemma holds in C. That is, for each commutative diagram

A
| ] e
K A

B,
k,/ fl

if k =ker(f), k' =ker(f"), and f and f" are in E, then w is an isomorphism;

(f) Every equivalence E-relation in C is E-effective. That is, every equivalence relation
(R,r1,m3) : A— A withr; : R— A andry: R — A in E, is the kernel pair of some
morphism f: A— B in E.

The following two lemmas should be compared to Lemma 2.3 in [18]:

2.2. LEMMA. If (C,E) satisfies Conditions 2.1(c) and 2.1(d), then for any composable
pair of morphisms f and g in C, such that the composite gf is in E, the morphism f
factors as me where e is in B and m a monomorphism.

PRrROOF. Let f: A — B and g : B — C be morphisms in C such that ¢f is in E. Consider
the diagram

A- >$
1Aft\ Im
\

CB—>B
L lg
A C

in which the lower square is a pullback. Since gf is in E, w5 is also in E by Condition
2.1(c), and therefore by Condition 2.1(d) we obtain the factorization mo(la, f) = me
where e in E and m is a monomorphism. [
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The following lemma immediately follows from Lemma 2.2.

2.3. LEMMA. If (C,E) satisfies Conditions 2.1(a), 2.1(c) and 2.1(d), then for any com-
posable pair of morphisms f and g in C, such that f is an extremal epimorphism and the
composite gf is in B, the morphism f is in E.

2.4. REMARK. Note that Condition 2.1(a) in the above lemma could be replaced by the
weaker condition that if f and g are a composable pair with f in E and g an isomorphism
then ¢gf is in E.

We recall:

2.5. DEFINITION. An arbitrary pair (C,E) where C is a category and E is a class of
reqular epimorphism in C containing all isomorphisms is:

(A) a relative regular category if C is finitely complete and Conditions 2.1(a)-2.1(d) hold
for (C,E);

(B) a relative exact category if it is relative regular and Condition 2.1(f) holds for (C,E);

(C) a relative homological category if it is relative reqular, C is pointed with cokernels

and Condition 2.1(e) holds for (C,E);

(D) a relative semi-abelian category if it is relative homological, relative exact and C has
finite coproducts.

For each object B in C, we denote by Ptg(C, E) the category of relative points defined
as follows: the objects are triples (A, «, 8) where A is an object in C, & : A — Bis a
morphism in E and g : B — A is a morphism in C such that af = 1p; a morphism
f:(Aap) - (A,d,0) in Ptg(C,E) is a morphism f : A — A’ in C such that
fB=p" and o f = a. Note that Ptp(C, E) is a full subcategory of Ptz (C) introduced
by D. Bourn in [4].

2.6. LEMMA. For each object B in C, we have:

(i) Ptg(C,E) has a zero object;

(i) if Conditions 2.1(a) and 2.1(c) hold for (C, E), then Ptg(C, E) has binary products;
(iii) if Conditions 2.1(a) and 2.1(d) hold for (C,E), then Ptg(C, E) has equalizers.

PROOF. (i): It is easy to check that since E contains all isomorphisms, (B, 1g,1p) is the
zero object in Ptg(C, E).
(i): Let (A,a, ) and (A’, &/, B') be objects in Ptg(C, E) and consider the pullback

AXBA/£>A/

ml la,

A B.
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Since E is pullback stable and closed under composition (Conditions 2.1(c) and 2.1(a)),
the composite am; = a'my is in E. Therefore, since Ptg(C, E) is a full subcategory of
Ptg(C), the triple (A xp A, am, (B,5')) is the product of (A, a, ) and (A’,a/,F") in
Ptp(C,E).

(iii): Let f,g: (A, a,B) = (A, , f") be a parallel pair of morphisms and let i : I — A be
the equalizer of f and ¢g in C. Since ff8 = ' = g, it follows that there exists a unique
morphism o : B — [ such that ic = 5. Consider the diagram

B-2-]-%>8

NE

where e is in E,; m is a monomorphism, and me is the factorization of oz which exists
by Condition 2.1(d). It follows that m is an isomorphism and therefore avi = me is in
E by Condition 2.1(a). Since Ptp(C, E) is a full subcategory of Ptz (C) it follows that
i:(I,at,0) = (A, «, ) is the equalizer of f and g in Ptg(C, E). n

As an immediate consequence we obtain:

2.7. PrROPOSITION. If (C, E) satisfies Conditions 2.1(a), 2.1(c) and 2.1(d), then for each
object B in C the category Ptg(C, E) is pointed and has finite limits.

2.8. LEMMA. If (C, E) satisfies Conditions 2.1(a), 2.1(c), and 2.1(d), then for each object
B in C the category Ptg(C,E) has a pullback stable (regular epimorphism, monomor-
phism)-factorization system, where the regular epimorphisms are in E.

PROOF. Let f : (A,a,5) — (A, d/, ') be a morphism in Ptg(C,E). Since o/f = « is
in E, it follows by Lemma 2.2 that f factors as me where e: A — S isin E and m is a
monomorphism. By Condition 2.1(d), the composite o'm factors as a m’e’ where €’ is in
E and m' is a monomorphism. Since m'e’ef§ = o/meff = o' ff = aff = 1p, it follows that
m is an isomorphism and so o/m = m/¢’ is in E, therefore (S, a’'m,ef3) is in Ptp(C, E)
and e and m are morphisms in Ptg(C, E), as required.

Since pullbacks in Ptp(C, E), are calculated as in C, pullback stability of factoriza-
tions follows directly from Condition 2.1(c). "

2.9. PROPOSITION. [If (C,E) is a relative reqular category, or more generally, if (C,E)
satisfies Conditions 2.1(a), 2.1(c) and 2.1(d), then for each object B in C the category
Ptg(C,E) is a pointed regular category.

PRrOOF. The proof follows directly from Proposition 2.7 and Lemma 2.8. [

2.10. ProposITION. If (C,E) is a relative exact category, then for each object B in C
the category Ptg(C, E) is a pointed exact category.
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PRrROOF. As follows from Proposition 2.9, in order to prove that for each object B in
C the category Ptp(C, E) is exact, it is sufficient to show that equivalence relations in
Pty (C, E) are effective. Let B be an object in C and let 1,75 : (R, p,0) — (A, a, ) be
the projections of an equivalence relation in Ptg(C, E). Since each equivalence relation
in Ptg(C,E) is an equivalence relation in C, it follows from Lemma 2.8 that r; and 79
are the projections of an E-equivalence relation in C. By Condition 2.1(f), r; and 7, are
the kernel pair of their coequalizer ¢ in E. Consider the diagram

T1

R

T2

where 0 = ¢f. Since ary = p = ary, by the universal property of ¢ there exists a unique
morphism v such that y¢ = «. Since v¢ = ais in E, it follows from Condition 2.1(b) that
v is in E, and therefore r; and ry are the kernel pair of ¢ in Ptz(C, E). [

2.11. ProposITION. If (C,E) satisfies Conditions 2.1(a), 2.1(c), 2.1(d), and 2.1(e),
then Ptg(C, E) is a homological category.

PRroOF. As follows from Proposition 2.9, in order to prove that for each object B in C
the category Ptp(C, E) is homological it is sufficient to show that the Split Short Five
Lemma holds in Ptg(C, E). Consider the diagram

o
K X=—1 -4 }Y
O w
/ \B
9/\
K X/A’ 2y

k ! /

which consists of the Split Short Five Lemma diagram in Ptz(C,E) (with some of the
structural morphisms omitted), and where k is the kernel of 6 in C. It follows that zk
and 2’k are the kernels of p and p’ respectively, and by Lemma 2.3 that p and p’ are in
E. Therefore, by the E-Split Short Five Lemma (Condition 2.1(e)), it follows that w is
an isomorphism. n
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As an immediate corollary we have:

2.12. COROLLARY. If (C,E) is a relative homological category, then for each object B in
C the category Ptg(C, E) is homological.

Combining Proposition 2.10 and Corollary 2.12 we obtain:

2.13. THEOREM. [If (C,E) is a relative exact homological category, then for each object
B in C the category Ptg(C,E) is exact homological.

2.14. REMARK. Note that for each object B in C the category Ptz(C,E) is not nec-
essarily semi-abelian even when (C, E) is relative semi-abelian. In particular, it is well
known that the category of nilpotent groups does not have coproducts and therefore is
not semi-abelian (see the example below).

Recall that a Birkhoff subcategory X of C, is a full and replete subcategory of C
which is closed under subobjects and regular quotients in C.

2.15. EXAMPLE. As shown in [18], if C is a pointed exact Mal’tsev category with cok-
ernels and E is the class of composites of central extensions defined with respect to an
adjunction (satisfying certain properties) between a protomodular Birkhoff subcategory
of C and C, then (C,E) is a relative semi-abelian category. It follows from Theorem
2.13 that Pto(C, E), which is essentially the category of nilpotent objects in the sense
of T. Everaert and T. Van der Linden [9], is exact homological. Indeed, Pty(C, E) is
isomorphic to the full subcategory of C consisting of those objects from which the unique
morphism to 0 is a composite of central extensions.

3. Relative internal actions

If (C,E) satisfies Condition 2.1(c), then each morphism p : £ — B in C determines
a pullback functor p* : Ptg(C,E) — Ptg(C,E) defined as follows. For each object
(A, a, ) in Ptg(C, E), form the pullback

FE XB AL—A
70
E———B,

and define p*(A,a,8) = (E xp A,m,{lg,Bp)), where (1g,Bp) : E — E xp A is
the unique morphism with m(1g, fp) = 1g and m(lg, fp) = Fp. For a morphism
f:(Aap) = (A,d,0) in Ptg(C,E), define p*(f) to be the unique morphism such
that mp*(f) = 1gm and mp*(f) = fmo.

Consider the following condition on (C, E):
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3.1. CONDITION. For each regular epimorphism f : A — B in C there exists an initial

factorization
! B
N A
E

where g is a reqular epimorphism and e is in K. That s, for each factorization

A

A f B

N
E/

where ¢’ is a reqular epimorphism and €' is E, there exists a unique morphism i : E — E’
such that ig = ¢’ (and therefore €'i = e).

3.2. REMARK. Let C? be the category of morphisms in C. Note that Condition 3.1 is
equivalent to requiring that the full sub-category of C? with objects those morphisms
which are in E, is reflective in the full sub-category of C? with objects all regular epi-
morphisms in C. When the underlying category considered in [8] is in addition exact,
Theorem 3.7 (1) of [8] becomes a special case of Condition 3.1 where E is the class of
central extensions - see [18].

3.3. LEMMA. Suppose C is a reqular category and that (C,E) satisfies Conditions 2.1(c)
and 3.1. For each pullback

A—f>B

s

A —— B
fl

if ge = f and g'¢’ = [’ are the initial factorizations as in Condition 3.1 of f and f'
respectively, then there exists a unique morphism € such that the diagram

commutes.



452 JAMES RICHARD ANDREW GRAY AND TAMAR JANELIDZE-GRAY

PROOF. Let (E' x g B, m,m) be the pullback of ¢ and f. Since ¢/¢’a = f, there exists
a unique morphism g : A — E’ X B such that 7§ = ¢’a and mg = f. We obtain the
commutative diagram

A ! B
N
o o B8
Y
E/XB/B
™
A’ B

where ¢’a = mg is a pullback (implying that § is a regular epimorphism), and 6 is
obtained from Condition 3.1. It follows that € = w0 satisfies the desired properties. =

The data in the following proposition is similar to a Galois structure in the sense of
G. Janelidze see e.g. [11].

3.4. PROPOSITION. Let (C',E') be a pair consisting of a category together with a class
of morphisms contained in all regular epimorphisms and containing all isomorphisms.
Suppose that H : C' — C is a full and faithful functor with left adjoint I such that
IH = 1/, suppose in addition that H preserves reqular epimorphisms, and H(E') C E
and I(E) C E'. If f is a regular epimorphism in C' whose image under H admits a
factorization as in Condition 3.1, then [ admits a factorization as in Condition 3.1.

PROOF. Let f: A — A’ be a regular epimorphism in C’ such that there exist morphisms
g: H(A) — E'in E and e : E — H(B) a regular epimorphism making the diagram

H(f)

H(A) H(B)

E

an initial factorization of H(f). We will show that the diagram

is an initial factorization of f. Let u : A — W be a regular epimorphism in C’ and let
v: W — B be a morphism in E’ such that f = vu. Since H(f) = H(vu) = H(v)H (u), it
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follows by the universal property of eg that there exists a unique morphism w : £ — H (W)
such that wg = H(u). It follows by adjunction that there exists a unique morphism
w : I(C) — W such that wI(g) = u, as required. "

3.5. PROPOSITION. If C is a regular category with coequalizers of equivalence relations
and E is pullback stable (i.e (C,E) satisfies Condition 2.1(c)) and pushout stable along
reqular epimorphisms, then Condition 3.1 is equivalent to the same condition where the
first instance of “regular epimorphism” is replaced by “split epimorphism”.

PROOF. Trivially Condition 3.1 implies the same condition where the first instance of
“regular epimorphism” is replaced by “split epimorphism”. Conversely, let f : A — B be
a regular epimorphism and let 71,7 : R — A be the kernel pair of f. Let EQRel(C) be
the category of equivalence relations in C. Choose E’ to be the class of all morphisms in
(EqRel(C) | (R, A, ry,12)) whose underlying morphisms are in E. It is easy to check that
the functor H : (C | B) — (EqRel(C) | (R, A,r1,72)), sending an object to its descent
data (see e.g. [15]), has a left adjoint and that this functor satisfies the requirements
of the previous proposition. Since H(f) : H(A, f) — H(B,1p) has underlying split
epimorphisms, it follows from Lemma 3.3 that it admits an initial factorization as in
Condition 3.1, and hence by Proposition 3.4 f admits an initial factorization, as required.

]

The following well-known result follows from the fact that pulling back along a regular
epimorphism in a regular category reflects isomorphisms [19]

3.6. LEMMA. Let C be a pointed reqular category with finite limits and let

K—*.4_1. B

R

K —sA——=2B
k,/ fl

be a commutative diagram in C. If w is a regular epimorphism, k is the kernel of f, and
k'v = wk is a pullback, then k' is the kernel of f'.

Recall that a subcategory of X of a category C is called extension closed if for each
short exact sequence
0 X A B 0

in C, if X and B are in X, then A is also in X. The conditions in the proposition below
seem to be related to [13].

3.7. PROPOSITION. Let C be a semi-abelian category and let

I
C_—X
H
be an adjunction where X is an extension closed Birkhoff subcategory of C. The pair
(C,E), where E is the class of all reqular epimorphisms in C whose kernels are in X, is
a relative semi-abelian category satisfying Condition 5.1.
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PROOF. As shown in [17], the pair (C, E) is a relative semi-abelian category. Therefore,
we only need to show that Condition 3.1 holds for (C, E). Let p be a regular epimorphism.
Consider the diagram

Ker(nx)

ker(nk)

K—*k . p_* _.p

K q

3

HI(K) E

in which k is the kernel of p, n is the unit of the above adjunction, ¢ is the cokernel of
kker(nk), and p is the induced unique morphism which makes the diagram commute.
Note that p is a regular epimorphism since p is. We will show that the triangle on the
right of the above diagram gives the desired factorization. Let us first prove that p is in
E. Since p is a regular epimorphism it suffices to prove that the kernel of p is in the image
of H. Consider the diagram

Ker(1;c) —— Ker(q)

K

ker(nk) ker(q)

K k E b B

NK q

3

coker(k)

>

Coker(k)
consisting of the previous diagram with the additional morphisms defined as follows:

- since gkker(nx) = 0, there exists a unique morphism j such that kker(nx) = ker(q)7;

- since pker(q) = pgker(q) = 0, there exists a unique morphism « such that kx = ker(q),
and so kj = ker(ng) since k is a monomorphism;

- since coker(k)ker(nx) = coker(x)rj = 0, there exists a unique morphism A such that
Ang = coker(k);



RELATIVE INTERNAL ACTIONS 455

- since gkr = gker(q) = 0, there exists a unique morphism m such that mcoker(x) = gk.

Since coker(k) and g are normal epimorphisms and C is a pointed protomodular category,
it easily follows that the square mcoker(x) = gk is a pullback. Applying Lemma 3.6 to
the diagram

K—*% g ?.p

coker(k) l Ql /

COkeI‘(K}) —m E

we conclude that m is the kernel of p. Since coker(k) is a regular epimorphisms, it follows
that A is a regular epimorphism, and therefore Coker(x) is in the image of H. To prove
that the above factorization is universal, let

z B
N A

D
be a factorization of p, where g is a regular epimorphism and A is in E. Consider the
diagram

E

Ker(nx)

ker(nk)

Ker(h) g

where the morphisms g and 7 are defined as follows:
- since hgk = pk = 0, there exists a unique morphism g such that ker(h)g = gk;
- since by the assumption }{er(h) is in the image of H, there exists a unique morphism
i (in X) such that H(:)ng = 3.
Finally, since gkker(nx) = ker(h)gker(nx) = ker(h)H (i)nxker(nx) = 0, there exists a
unique morphism ¢ such that iq = g, as desired. [

3.8. REMARK. Note that in Proposition 3.7 we only need C to be a homological category
with cokernels to prove that (C, E) satisfies Condition 3.1. Note also that Condition (iv)
of Example 3.7 in [17] holds when C is an exact homological category. It follows that
if we require C to have cokernels and replace “semi-abelian” with “exact homological”
everywhere in the statement of Proposition 3.7, then it still remains true.
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3.9. PROPOSITION. If (C, E) satisfies Conditions 2.1(c) and 3.1, then for each object B
in C the inclusion Jg of Ptg(C,E) into Ptg(C) has a left adjoint.

PROOF. Let B be an object in C and let (A, «, 8) be an object in Ptz(C). It is easy to

check that ((A, @, B), q), where
2 B
N A
A

is the initial factorization of o obtained from Condition 3.1 and 8 = ¢f3, is the initial
object in the comma category ((4,«, 3) | Jg). =

A

Since for each object B in C the category Ptp(C, E) is a full subcategory of Pt(C),
as an immediate corollary we obtain:

3.10. PROPOSITION. If C has pushouts and (C,E) satisfies Conditions 2.1(c) and 3.1,
then for each object B in C the category Ptg(C, E) has finite coproducts.

Combining Theorem 2.13 and Proposition 3.10 we obtain:

3.11. THEOREM. If C has pushouts, (C, E) is a relative semi-abelian category satisfying
Condition 3.1, then for each B the category Ptg(C, E) is semi-abelian.

Recall the following well-known result:

3.12. LEMMA. Let A, X and Y be categories and let U : A — X, H : Y — X and
Vi A —Y be functors such that HV = U. If H is fully faithful and U has a left adjoint
F, then V' has a left adjoint G such that G = FH.

PROOF. For each Y in Y and A in A, since H is fully faithful the map sending f :
Y — V(A) in hom(Y,V(A4)) to H(f) in hom(H(Y), HV(A)) is a bijection. Therefore,
the composite

is a bijection natural in Y and A. [

3.13. PROPOSITION. Suppose C has pushouts and (C, E) satisfies Condition 2.1(c). For
each p: E— B in C if the functor Jg, as defined in Proposition 3.9, has a left adjoint,
then the pullback functor p* : Ptg(C,E) — Ptg(C, E) has a left adjoint.

PROOF. Let p : E — B be a morphism in C and suppose Jg has a left adjoint. Since Jg is
fully faithful and the composite of p* : Ptg(C) — Ptg(C) and Jp : Ptg(C,E) — Ptp(C)
has a left adjoint, it follows from Lemma 3.12 that p* : Ptg(C,E) — Ptg(C,E) has a
left adjoint. [
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Recall:

3.14. LEMMA. Let C be a reqular Mal’tsev category. Each reflexive pair X%;A factors
2

as
Z1

\wzy
R

where e is a reqular epimorphism and ry and ry are the projections of an equivalence
relation.

X A

PROOF. Let X %;A be a reflexive pair and let

€2

(z1,22)

X Ax A

X\ %ﬁ

R

be the factorization of (z1,xs) as a regular epimorphism followed by a monomorphism.
T

It easily follows that R_?l’A is a reflexive relation and therefore an equivalence relation
2

since C is a Mal’tsev category. [
3.15. LEMMA. Let C be an exact Mal’tsev category and let U : C — D be a functor
that preserves regular epimorphisms and finite limits. The functor U preserves reflexive
coequalizers.

PROOF. Let X%;A be a reflexive pair and let ¢ : A — C be the coequalizer of x; and

2
x3. By Lemma 3.14 there exists a factorization
1

x
27.1
€ 9

R

X A

where e is a regular epimorphism and r; and 7, are the projections of an equivalence
relation. Since e is an epimorphism it follows that ¢ is the coequalizer of r; and 79, and
therefore since C is an exact category, r; and 7o are the kernel pair of c¢. Consider the
diagram

Ul(x1) c
U(X) : A—"9 _ye)
U(z2)
U(r1)
Ule) Ul(ra)

U(R).
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Since U preserves regular epimorphisms it follows that U(e) and U(c) are regular epimor-
phisms, and since U preserves limits it follows that U(ry) and U(ry) are the kernel pair
of U(c) and so U(c) is the coequalizer of U(ry) and U(ry). Therefore, since Uf(e) is an
epimorphism, it follows that U(c) is the coequalizer of U(z1) and U(xs), as required. m

3.16. PROPOSITION. Let (C,E) be a relative exact homological category and let p : E —
B be a morphism in C. p* : Ptg(C,E) — Ptg(C,E) is monadic if and only if it has a
left adjoint.

PROOF. It easily follows from Condition 2.1(e) that p* reflects isomorphisms, and, by
Lemma 3.15 it follows that p* preserves reflexive coequalizers. Therefore, by Beck’s
monadicity theorem, p* is monadic whenever it has a left adjoint. [

Combining Propositions 3.9, 3.11, 3.13 and 3.16, we obtain:

3.17. THEOREM. If C has pushouts, (C, E) is a relative semi-abelian category satisfying
Condition 3.1, then each category of relative points is semi-abelian and each pullback func-
tor between categories of relative points is monadic. Furthermore under these assumptions
each category Ptg(C, E) is equivalent to algebras over a monad in Pty(C, E).

4. Examples

According to Proposition 3.7 and Theorem 3.17, each Birkhoff subcategory X of a semi-
abelian category C, which is extension closed in C, determines a relative semi-abelian
category (C, E) for which every pullback functor between relative points is monadic. In
this section we recall examples of extension closed Birkhoff subcategories of semi-abelian
categories.

4.1. ExAMPLE. Let C be the category of (not necessarily unital) rings. Let P be a
non-empty finite set of prime numbers, for each p € P let N(p) be a finite non-empty
set of positive integers, and let Xpy be the subvariety of rings satisfying the following
conditions:

L (] pz=0:

2. for each p € P,

px H (xpn_l — 1) =0

neN(p)

where p = H q.

qEP,g#p

Note that in 2 above 1 is used only to simplify its presentation (i.e we do not assume the
existence of 1). According to [10] the following are equivalent for a subvariety X of C:

(i) the objects of X form a semi-simple radical class;
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(ii) the objects of X form a homomorphically closed semi-simple radical class;

X has attainable identities in C;

)
(iii) X is extension closed in C;
(iv)

)

(v) X = Xpn for some P and N.

It follows that in particular Boolean rings are extension closed inside of rings and more
generally that the subvarieties of rings consisting of those objects which satisfy the equa-
tion 2™ = x for a fixed natural number n are all extension closed in rings.

4.2. EXAMPLE. For pointed full subcategories X and Y of a pointed category C a new
full subcategory (containing both) can be constructed by taking those objects in C which
appear in an extension with kernel in X and codomain in Y. According to the paper
[20] Neumann, Neumann and Neumann and independently Smel’kin have shown that the
proper subvarieties of groups under this operation form a free monoid (see [21], [22], [23]).
The variety of Brouwerian semilattices has the same property [20]. It easily follows that
there are no non-trivial extension closed subvarieties in both cases.

Recall that a pair (T, F) of full replete subcategories of a pointed category C is called
a torsion theory (see e.g. [8]) if

(a) every morphism with domain in T and codomain in F is a zero morphism;

(b) for each object C'in C there exists a short exact sequence

0 T C F 0

where T'is T and F'is in F.

As mentioned in [8] the category F is closed under extensions and hence is an example of
such a subcategory whenever it is Birkhoff.

4.3. EXAMPLE. For a semi-abelian category C, let us denote by Gpd(C) the category of
internal groupoids in C, and by D : C — Gpd(C) the discrete functor associating to each
object C the discrete equivalence relation on C' (considered as a groupoid). According to
[7], this functor determines a torsion theory (T,F) in Gpd(C) where F is the image of
C under D. Moreover, the category F is a Birkhoff subcategory of Gpd(C).

References

[1] F. Borceux and D. Bourn, Mal’cev, protomodular, homological and semi-abelian cat-
egories, Kluwer Academic Publishers, 2004.

[2] F. Borceux, G. Janelidze, and G. M. Kelly, Internal object actions, Commentationes
Mathematicae Universitatis Carolinae 46(2), 235-255, 2005.



460
3]

[4]

[10]

[11]

[12]

[13]

[14]

[15]

JAMES RICHARD ANDREW GRAY AND TAMAR JANELIDZE-GRAY

F. Borceux, G. Janelidze, and G. M. Kelly, On the representability of actions in a
semi-abelian category, Theory and Applications of Categories 14(11), 244-286, 2005.

D. Bourn, Mal’cev categories and fibration of pointed objects, Applied Categorical
Structures 4(2-3), 307-327, 1996.

D. Bourn and G. Janelidze, Protomodularity, descent and semidirect products, Theory
and Applications of Categories 4(2), 37-46, 1998.

T. Everaert, An approach to non-abelian homology based on categorical galois theory,
Ph.D. thesis, Vrijie Universiteit Brussel, 2007.

T. Everaert and M. Gran, Homology of n-fold groupoids, Theory and Applications of
Categories 23(2), 22-41, 2010.

T. Everaert and M. Gran, Protoadditive functors, derived torsion theories and ho-
mology, Journal of Pure Applied Algebra 219, 3629-3676, 2015.

T. Everaert and T. Van der Linden, Baer invariants in semi-abelian categories I,
Theory and Application of Categories 12, 1-33, 2004.

B. Gardner and P. N. Stewart, On semi-simple radical classes, Bull. Austral. Math.
Soc. 13, 349-353, 1975.

G. Janelidze, Galois connections and applications, ch. Categorical Galois Theory:
Revision and Some Recent Developments, pp. 139-171, Springer Netherlands, Dor-
drecht, 2004.

G. Janelidze and G. M. Kelly, Galois theory and a general notion of central extension,
Journal of Pure and Applied Algebra 97(2), 135-161, 1994.

G. Janelidze, L. Marki, and W. Tholen, Locally semisimple coverings, Journal of
Pure and Applied Algebra 128(3), 281-289, 1998.

G. Janelidze, L. Marki, and W. Tholen, Semi-abelian categories, Journal of Pure and
Applied Algebra 168, 367-386, 2002.

G. Janelidze and W. Tholen, Fuacets of descent, I, Applied Categorical Structures
2(3), 245281, 1994.

T. Janelidze, Relative homological categories, Journal of Homotopy and Related
Structures 1(1), 185-194, 2006.

T. Janelidze, Relative semi-abelian categories, Applied Categorical Structures 17(4),
373-386, 20009.

T. Janelidze-Gray, Composites of central extensions form a relative semi-abelian cat-
egory, Applied Categorical Structures 22(5), 857-872, 2014.



RELATIVE INTERNAL ACTIONS 461

[19] G. M. Kelly, Basic consepts of enriched category theory, Cambridge University Press,
1982.

[20] P. K&hler, The semigroup of varieties of brouwerian semilattices, Trasactions of the
american mathematical society 241, 331-342, 1978.

[21] B. H. Neumann, H. Neumann, and P. M. Neumann, Wreath products and varieties
of groups, Math. Z. 80, 44-62, 1962.

[22] H. Neumann, Varieties of groups, Springer-Verlag, 1967.

23] A. L. Shmel’kin, The semigroup of group manifolds, Soviet Math, Dockl 4, 449-451,
1963.

[24] N. Yoneda, On ext and exact sequences, Journal of the Faculty of Science, Section I
8, 507-576, 1961.

James Richard Andrew Gray
Department of Mathematical Sciences
Unaversity of Stellenbosch
Stellenbosch

South Africa.
email: jamesgray@sun.ac.za

Tamar Janelidze-Gray

Department of Mathematics and Applied Mathematics
Unaversity of Cape Town

Cape Town

South Africa.
email: tamar.janelidze-gray@uct.ac.za

This article may be accessed at http://www.tac.mta.ca/tac/



THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that
significantly advance the study of categorical algebra or methods, or that make significant new contribu-
tions to mathematical science using categorical methods. The scope of the journal includes: all areas of
pure category theory, including higher dimensional categories; applications of category theory to algebra,
geometry and topology and other areas of mathematics; applications of category theory to computer
science, physics and other mathematical sciences; contributions to scientific knowledge that make use of
categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of
members of the Editorial Board. Only papers judged to be both significant and excellent are accepted
for publication.

Full text of the journal is freely available from the journal’s server at http://www.tac.mta.ca/tac/. It
is archived electronically and in printed paper format.

SUBSCRIPTION INFORMATION Individual subscribers receive abstracts of articles by e-mail as they
are published. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For in-
stitutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh, rrosebrugh@mta. ca.

INFORMATION FOR AUTHORS The typesetting language of the journal is TEX, and I¥TEX2e is
required. Articles in PDF format may be submitted by e-mail directly to a Transmitting Editor. Please
obtain detailed information on submission format and style files at http://www.tac.mta.ca/tac/.

MANAGING EDITOR. Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca
TEXNICAL EDITOR. Michael Barr, McGill University: barr@math.mcgill.ca

ASSISTANT TEX EDITOR. Gavin Seal, Ecole Polytechnique Fédérale de Lausanne:
gavin_seal@fastmail.fm

TRANSMITTING EDITORS.

Clemens Berger, Université de Nice-Sophia Antipolis: cberger@math.unice.fr
Richard Blute, Université d’ Ottawa: rblute@uottawa.ca

Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr

Ronald Brown, University of North Wales: ronnie.profbrown(at)btinternet.com
Valeria de Paiva: Nuance Communications Inc: valeria.depaiva@gmail.com
Ezra Getzler, Northwestern University: getzler(at)northwestern(dot)edu
Kathryn Hess, Ecole Polytechnique Fédérale de Lausanne: kathryn.hess@epfl.ch
Martin Hyland, University of Cambridge: M.Hyland@dpmms.cam.ac.uk

Anders Kock, University of Aarhus: kock@imf .au.dk

Stephen Lack, Macquarie University: steve.lackOmq.edu.au

F. William Lawvere, State University of New York at Buffalo: wlawvere@buffalo.edu
Tom Leinster, University of Edinburgh: Tom.Leinster®@ed.ac.uk

Ieke Moerdijk, Utrecht University: i.moerdijk@uu.nl

Susan Niefield, Union College: niefiels@union.edu

Robert Paré, Dalhousie University: pare@mathstat.dal.ca

Jiri Rosicky, Masaryk University: rosicky@math.muni.cz

Giuseppe Rosolini, Universita di Genova: rosolini@disi.unige.it

Alex Simpson, University of Ljubljana: Alex.Simpson@fmf.uni-1j.si

James Stasheff, University of North Carolina: jds@math.upenn.edu

Ross Street, Macquarie University: street@math.mq.edu.au

Walter Tholen, York University: tholen@mathstat.yorku.ca

Myles Tierney, Université du Québec a Montréal : tierney.myles4@gmail.com

R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca



	Introduction
	Relative points
	Relative internal actions
	Examples

