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GALOIS THEORIES OF COMMUTATIVE SEMIGROUPS VIA
SEMILATTICES

ISABEL A. XAREZ AND JOAO J. XAREZ

ABSTRACT. The classes of stably-vertical, normal, separable, inseparable, purely in-
separable and covering morphisms, defined in categorical Galois theory, are characterized
for the reflection of the variety of commutative semigroups into its subvariety of semi-
lattices. It is also shown that there is an inseparable-separable factorization, but there
is no monotone-light factorization.

1. Introduction

The present work is done at three levels, namely category theory, universal algebra and
semigroup theory. The classes of morphisms we will characterize are defined generally at
the level of category theory, in particular in categorical Galois theory. Some results are
then stated at the level of universal algebra, concerning reflections into idempotent sub-
varieties of universal algebras (that is, in which every one-element subset is a subalgebra).
At the level of semigroup theory, we analyse the reflection of the variety of commutative
semigroups into its subvariety of semilattices, making use of the results stated for univer-
sal algebra. Some of the results included in this paper were previously obtained by the
first-named author and are included in her PhD thesis [10].

A semi-left-exact reflection (in the sense of [3]) can be seen as an admissible Galois
structure (in the sense of categorical Galois theory), in which the classes of admissible
morphisms are the classes of all the morphisms in both category and subcategory. In the
special case of the variety of semigroups, semi-left-exactness was called attainability in
8], where it was proved that the reflection of semigroups into semilattices is the unique
attainable reflection of the variety of semigroups into a subvariety. Furthermore, this
reflection satisfies the stronger property of having stable units, as shown in [6].

First, we state some results for admissible (= semi-left-exact) reflections of varieties
of universal algebras. Second, Proposition 5.3 is stated, proving that the [-images of
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the projections of any pullback diagram are jointly monic, in the (sub)reflection of the
variety of commutative semigroups into its subvariety of semilattices. Then, in the latter
subreflection, with the help of the results for varieties and crucial Proposition 5.3, we will
be able to characterize the classes of stably-vertical, covering, normal, separable, purely
inseparable, and inseparable (homo)morphisms defined in categorical Galois theory. The
first table at the end summarizes the characterizations of these classes. The second table
addresses the existence of inseparable-separable (see [5]) and monotone-light factorizations
(see [2]). In both tables the results used in each case are specified.

2. Preliminaries

ADMISSIBLE REFLECTION INTO IDEMPOTENT SUBVARIETIES

In this section we define semi-left-exact reflection, in the sense of [3], and recall a
characterization of a semi-left-exact reflection of a variety of universal algebras into an
idempotent subvariety (that is, a variety in which every one-element subset is a subalge-
bra), which follows from a more general result in [12]. A semi-left-exact reflection is also
called an admissible reflection in categorical Galois theory (see [1, §5.5]).

2.1. DEFINITION. A reflection H = I : C — M into a full subcategory M, with unit
n:1le — HI, is said to be admissible if every pullback diagram
u

‘| E

BB, (B,

with M € M has uw € Ej, where Ey is the class of morphisms f in C such that I(f)
18 an isomorphism.

Let us recall some data of a reflection of a variety of universal algebras into one of its
subvarieties.

1. Let C be a variety of universal algebras. It is well known that there exists an
adjunction U - F' : Set — C between the variety C and the category of sets, with
unit A : 1get — UF and counit € : FU — 1, such that:

(a) F'is a functor which assigns to a set S the free algebra F'(S) in C.
(b) U is the underlying functor which assigns to any C' € C its underlying set
U(C) € Set, satisfying the following properties:
i. U reflects isomorphisms, since an isomorphism in a variety of universal
algebras is just a bijective homomorphism;
ii. U preserves finite limits, since it has a left adjoint F'.
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(¢) The unit Ag : S — UF(5) is the inclusion map.
(d) The counit ¢ : FU(C) — C assigns to the letter x € FU(C) the element
x € C, since U(ec)Av(c) = luc)- On the other hand,

ec(Oruey(2,y, ..., 2)) = Oc(x,y, ..., 2), for every n-ary operation 6 in the variety
C, since e¢ is a (surjective) homomorphism in C.

2. Let HF I :C — M be a reflection of a variety C of universal algebras into its
subvariety M, with unit n : 1o — HI.

(a) Note that na: A — HI(A) = A/ ~4 is the canonical projection of A onto the
quotient of A by the congruence ~ 4 associated by the reflection to A, hence a
surjective homomorphism, for every A in C.

(b) It is easy to check that the following conditions are equivalent:
i. the subvariety M is idempotent, in the sense that every one-element set
{z} C M is a subalgebra in any M € M,

ii. every map Ury : C(T,M) — Set({x},U(M)) is a surjection, for any
object M € M, with T a terminal object in C.

According to the following Lemma 2.3, stated in [12, §2], a reflection H -1 :C - M
into an idempotent subvariety is admissible if and only if every congruence class [z]. . of
the decomposition of any C(€ C) associated to the reflection is itself /-indecomposable.

2.2. DEFINITION. Consider any morphism p: T — HI(C) from a terminal object T' into
HI(C), for some C € C. The connected component associated to the morphism p is the
pullback C,, in the following pullback square.

C, - T

1

C . Hiey.

2.3. LEMMA. Let H = I : C — M be a reflection into an idempotent subvariety of
universal algebras. The following conditions are equivalent:

1. H 't I 1s admissible;
2. HI(C,) =T, for every connected component C,,, where T is the one-element algebra.

FACTORIZATION SYSTEM DERIVED FROM AN ADMISSIBLE REFLECTION

It is well known that there is a factorization system (Ej;, M) associated to the reflec-
tion. The class of vertical morphisms E; is the class of homomorphisms f in C whose
I-images I(f) are isomorphisms. The class of trivial coverings M; is the class of homo-
morphisms f : A — B such that the commutative diagram associated to the identity
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HI(f)ona =mngo fisa pullback diagram in C (see [2]). The following Proposition 2.4
states, in other words, that f € M if, for every congruence class [a]., € A/ ~y, its
restriction fi, la]~, — [f(a)]~, is a bijection.

2.4. PROPOSITION. A homomorphism f : A — B in C belongs to My if and only if the
following two conditions hold:

1. for each b € B and each a € A such that b ~p f(a), there exists a* € A for which
fla*)=0band a* ~4 a;

2. for all a,a* € A, if f(a) = f(a*) and a ~4 a* then a = a*.

PRrOOF. The proof follows trivially from the fact that, since the reflection is admissible
(hence simple in the sense of [2]), in the pullback diagram (1)

\ na
ef

l my HI(f)
B 5. HI(B),

(1)

f € My if and only if the uniquely determined homomorphism e; = (f,74) is an isomor-
phism. [

STABLY-VERTICAL, COVERING MORPHISMS

The class of stably-vertical morphisms E/ is the class of homomorphisms f : A — B in
C, whose pullback h*( f) along any homomorphism h : C' — B is a vertical homomorphism.
The class M7 of covering morphisms (coverings, for short) is the class of homomorphisms
f: A — Bin C, such that the pullback p*(f) along some effective descent morphism?
p: E— B is a trivial covering. Note that a variety of universal algebras C is an exact cat-
egory, hence an effective descent morphism p : £ — B in C is just a regular epimorphism
(see [2, §4.7]). On the other hand, a regular epimorphism is a surjective homomorphism
in universal algebra. Then, an effective descent morphism is just a surjective homomor-
phism in a variety of universal algebras.

The following Lemma 2.5 states in particular that, for a reflection H -1 :C — M of
a variety of universal algebras C into one of its subvarieties M, a covering morphism f :
A — B in C is just a homomorphism such that its pullback €%(f) along e : FU(B) — B
is a trivial covering, where g is a counit morphism of the adjunction U - F': Set — C.

A morphism p : E — B in C is an effective descent morphism when the functor “pullback along p”
p* : C/B — C/FE is monadic.
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2.5. LEMMA. Let (F\U,\,¢) : S — C be an adjunction with unit A\ and counit .

IfU(p) : U(E) — U(B) is a split epimorphism in S, then there exists f : FU(B) — E
in C such that eg = po f.
PROOF. Since U(p) is a split epimorphism in S, there exists a morphism h : U(B) — U(F)
such that

Ulp) o h = lys). (2)

Since Ay(p) is universal from U(B) to U, there exists a unique f : FU(B) — E such that
the following diagram commutes.

Au(B)
U(B)— UFU(B)

Therefore we have,
Upo f)oum)y =U(p)oU(f) o Auwmy,
=U(p)oh, by (3)
= ly(m), by (2)
= Ul(ep) o Ay(p), because A and ¢ are respectively the unit and
the counit of the adjunction (F,U, A, €).

Therefore, eg = po f, since A\y(p) is universal from U(B) to U. n
Hence, since the class M; is pullback stable, f : A — B is a covering morphism if and
only if the pullback e (f) of f along the surjective homomorphism ep : FU(B) — B is a

trivial covering.
SEPARABLE, PURELY INSEPARABLE, NORMAL MORPHISMS

2.6. DEFINITION. Consider the following pullback diagram

A
w 14
v
14\ AxgA A
=, ]
) f

(4)
where (u,v) is the kernel-pair of the homomorphism f: A — B, and 05 = (14, 14) is the
uniquely determined homomorphism.

o f is called a separable homomorphism (f € Sep) if ¢ is a trivial covering.
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o fis called a purely inseparable homomorphism (f € Pin) if §; is vertical.

o f is called a normal homomorphism (f € Normal) if u is a trivial covering.

INSEPARABLE-SEPARABLE FACTORIZATION SYSTEM

For the factorization system (E;, M;) we can form a derived weak factorization system

(see [5]) as follows:
SN N
A A XB A A B )
5, /

v

here, ey is just the coequalizer of (u o ms,,v o ms,), where (u,v) is the kernel-pair of f,
and ms, o e5, is the (Ej, M;)-factorization of the morphism d; of diagram (4).

2.7. DEFINITION. A morphism f : A — B is called inseparable if, in its decomposi-
tion gwen in the diagram just above, my is an isomorphism. So, we define the class of
inseparable morphisms Ins :== {f € C | my iso}.

There is a factorization system (Ins, Sep) if and only if the class Ins of inseparable
homomorphisms is closed under composition (see [5, §3,84]). The following two inclusions
PinNE C Ins C E;NE, where E is the class of surjective homomorphisms, are satisfied
by the class Ins in an admissible reflection into a subvariety of universal algebras (see
[11], or the original source [5, §4.2]).

3. Admissible reflections of universal algebras into subvarieties

Next Propositions 3.3 and 3.6, concerning admissible reflections into an idempotent sub-

variety, that is, a variety in which every one-element subset is a subalgebra, help to

characterize the classes of stably-vertical and covering homomorphisms, respectively.
STABLY-VERTICAL MORPHISMS

In order to characterize the class of stably-vertical morphisms for an admissible re-
flection H - I : C — M into an idempotent subvariety, in which the I-images of the
projections of certain pullbacks are jointly monic, we define the class F of “almost surjec-
tive” homomorphisms.

3.1. DEFINITION. A homomorphism f is said to be almost surjective if it belongs to the
classF ={f: A— Bin C | Yeep f(A) N (b)p # 0}, where (b)p denotes the subalgebra
of B generated by b. In words, a homomorphism is almost surjective if its homomorphic
image intersects all the monogenic subalgebras in the codomain.

The following Proposition 3.2 states a necessary condition for a homomorphism to be
stably-vertical in any reflection of a variety of universal algebras into a subvariety. Next
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Proposition 3.3 characterizes the class of stably-vertical morphisms for reflections into
idempotent subvarieties, such that the I-images of the projections of any pullback of a
homomorphism belonging to E; N F are jointly monic.

3.2. PROPOSITION. The class of stably-vertical morphisms, E}, satisfies the inclusion
E, CE;NF, for any reflection H =1 :C — M of a variety of universal algebras C into
a subvariety M.

ProoOF. Consider the pullback diagram

P © C
T J (& (5)
(d)p = D,

where e € E’. Suppose that (d)p Ne(C) = 0, for some d € D. Then, P = () = I(P).
Since (d)p # 0, I((d)p) # 0 and I(m) : I(P) — I({d)p) is not an isomorphism, which
contradicts the assumption of e belonging to E’. n

3.3. PROPOSITION. Consider a reflection H -1 : C — M of a variety C of universal
algebras into an idempotent subvariety M. The following two conditions are equivalent:

(a) I(m) and I(m3) are jointly monic for all the pullback diagrams

2
AxecB— B

Nt

A c,
wn C, such that g € E;NF,

(b) By =E;NF.
PROOF. (a)=-(b): Consider the pullback diagram

[(A X B)

» ()

I(m) P P2 (B
P1 I(g)
ra—" rcy. @)

where f is an arbitrary homomorphism, g € E;NF, P = I(A) x ) I(B) and w is the
unique homomorphism making the diagram commute. Since I(m) and I(m2) are jointly




1160 ISABEL A. XAREZ AND JOAO J. XAREZ

monic, w is a monomorphism, which is an injective homomorphism in a variety of universal
algebras. Since g € E;, I(g) is an isomorphism. Hence, p; is also an isomorphism.
Therefore, I(m) = p; o w is an injective homomorphism.

On the other hand, let []., be an arbitrary class of A/~4 = HI(A). Since every
element of any object M in M is a subalgebra and 7y, : ()4 — HI({l)4) is a homomor-
phism in a variety of universal algebras, HI((l)4) = nu,({(1)a) = nwy.(1))mray =T, the
one-element algebra, which means that the elements of (I)4 are in the same congruence
class in A. Therefore, ()4 C [l]~,. Since f : A — C is a homomorphism in a variety
of universal algebras, f({I)a) = (f(I))c. Since g € F, (f(1))c N g(B) # 0, which implies
(YaNmi (A xc B) # 0. Hence, [l]., N7 (A xc B) # 0. Therefore, () is also surjective
and so g € Ef. Thus, E; D E; NF. By Proposition 3.2, E; CE;NF.

(b)=(a): Consider the pullback diagram (6), where g € E; N F. Since by hypothesis
E} =E;NF, I(m) is an isomorphism, and therefore I(m), I(m2) are jointly monic.  m

COVERING MORPHISMS

We will show that the class of coverings is just the class of trivial coverings in admissible
reflections into idempotent subvarieties, provided that the I-images of the projections of
any pullback of a covering f : A — B along the counit eg : FU(B) — B (see the
paragraph above Lemma 2.5) are jointly monic, and that a certain property holds for the
reflection (see Definition 3.4, here it is named Property F).

Consider the reflection H F I : Band — SLat, of the variety of bands (idempotent
semigroups) into its subvariety of semilattices. It is well known that every band is a
semilattice of rectangular bands. This means that, in this reflection, two elements a and b
in a band B are in the same congruence class, a ~g b, if and only if a = aba and b = bab.
The canonical homomorphism h, from the kernel pair of the unit morphism 7y () to the
kernel pair of the unit morphism 7z (see Definition 3.4), is surjective, since given (a, b) in
B X gy B, that is, a ~p b, there exists (aba, bab) in FU(B) X grpus) FU(B) such that
h(aba,bab) = (a,b) (note that words in any rectangular band in FU(B) are just finite
sequences of the same letters).

On the other hand, in the reflection of the variety of commutative semigroups into its
subvariety of semilattices, the canonical homomorphism A is not always surjective (see
Remark 5.5), but it is almost surjective (h € F), as we will see in Proposition 5.4. Which
is enough, together with Proposition 3.6 and Proposition 5.3, to conclude that coverings
and trivial coverings coincide in this reflection.

3.4. DEFINITION. A reflection H = I : C — M, of a variety of universal algebras into
a subvariety, is said to satisfy Property ¥ if the canonical homomorphism h = (ep o
m,ep o) : FU(B) xpurrupy FU(B) = B xXuyp) B, from the kernel pair of the unit
morphism npy(p) to the kernel pair of the unit morphism np, is almost surjective, that is,
h €F, for all B € C. Where m,m are the projections of the kernel pair of nry sy, and
ep: FU(B) — B is a counit morphism of the adjunction U = F : Set — C, such that U
is the forgetful functor into sets.
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3.5. REMARK. This property means that if a ~p b, with a,b € B, then there exist
wy and wsy in FU(B) such that wy ~py(p) wa, and h(wy, ws) belongs to the subalgebra
((a, b)>B><HI(B)B of B X pp) B generated by (a,b). Note that this implies that if a ~p b,
then there exist w; and wy in FU(B), such that wy ~py(p) wa, and eg(w;) belongs to
the subalgebra (a)p of B generated by a, and ep(ws) belongs to the subalgebra (b)p of
B generated by b.

3.6. PROPOSITION. Let H = I : C — M be an admissible reflection of a variety of
universal algebras C into an idempotent subvariety M, which satisfies Property ¥. Then,
the following two conditions are equivalent:

(a) I(m1) and I(ms) are jointly monic for all pullback diagrams
T2

FU(S) x5 L L

Wll \f
) (7)
FU(S)—=2 . §,

where f € M7 and €g is a counit morphism of the adjunction U = F : Set — C,
such that U s the forgetful functor into sets;

(b) M; = M.

PROOF. Suppose that I(m) and [(my) are jointly monic, that is, the canonical homo-
morphism a = (I(m),I(m)) : I(FU(S) xs L) = IFU(S) xyg) I(L) is an injective
homomorphism. First we will prove that the pullback (7) is preserved by I. It remains
to show that « is also surjective.

Note that « is surjective if and only if for every t € L and w € FU(S), such that
f(t) ~s es(w), there exists (w*,t*) € FU(S) xg L, with w ~py(sy w* and t ~p t*.

Since the reflection satisfies Property F and f(t) ~g eg(w), there exists (wy,ws) €
FU(S) X urru(sy) FU(S), such that eg(w:) € (es(w))s, es(w2) € (f(t))s, by Remark 3.5.

The existence of t* € L, with t ~ t* follows from:

On one hand, there exists ¢ € (t)1, such that eg(wy) = f(¥'), that is, (we,t) €
FU(S) xgs L, since (f(t))s = f({t)r). On the other hand, since f € M}, m; € My, and
so the restriction of m; to any congruence class is a bijection. Then, since w; ~py(s) wa,
there exists t* € L, such that (wy,t*) € FU(S) xg L, that is, eg(wy) = f(t*), and
(wa,t") ~pu(s)xgr (wi,t*). Hence, t' ~p t*. Since ' € (t);, and M is an idempotent
subvariety, t ~y, t'. Therefore, t ~p, t*.

The existence of w* € FU(S), with w ~py(s) w* follows from:

On one hand, there exists w* € (w)py(s), such that eg(w*) = eg(wy), since eg(w;) €
(es(w))s = es((w) pu(s)). On the other hand, since w* € (w)py(sy and M is an idempo-
tent subvariety, w* ~py(g) w.

The fact that (w*,t*) € FU(S) xg L follows from: eg(w*) = es(wy) = f(t*).



1162 ISABEL A. XAREZ AND JOAO J. XAREZ

Therefore, there exists (w*,t*) € FU(S) xg L, such that w ~pyg) w* and t ~p, t*.
Thus, « is also surjective.

Now, we have to prove that f € M.

Consider the commutative diagram

FU(S) x5 L— 5" 1 1(FU(S) xs L) HI(r) HI(L)
T HI(m) HI(f) (8)
FU(S) HIFU(S) HI(S)

NFU(s) Hf(és)

where both squares are pullbacks. The right square is a pullback, since the pullback
diagram (7) is preserved, and the left square is a pullback, since m; € My, according to
the paragraph above Proposition 2.4.

As ngoeg = HI(eg) o nrusy and ng, o o = HI(m2) 0 Npu(s)x s, the outside square of
the following commutative diagram (9) is the same as in the former (8), and therefore a

pullback.

FU(S) s =+ T, " HIL)
l ™ l f HI(f) (9)
FU(S) ————§ F—— HI(S)

According to Lemma 4.6 in [2], since the outside square in diagram (9) is a pullback,
and eg is an effective descent morphism in C, and the left square is a pullback, the right
square is a pullback, too. Hence, f € M, by the paragraph above Proposition 2.4.

Conversely, let M7 = M;. Since the reflection is admissible, it is known that I preserves
the pullback (7) of eg and f because the latter is a trivial covering (see [2, 3.6]). Hence,
I(m) and I(mq) are jointly monic. n

SEPARABLE, PURELY INSEPARABLE AND NORMAL MORPHISMS

The following Proposition 3.7 characterizes the classes of separable, purely inseparable
and normal morphisms, in admissible reflections of varieties such that the I-images of the
projections of every kernel pair are jointly monic.

3.7. PROPOSITION. Let H - I : C — M be an admissible reflection of a variety of
universal algebras C into a subvariety M. Let A denote the identity relation, Ker(f) the
congruence associated to the kernel pair of f : A — B, ~4 the congruence on A induced
by the reflection, and o the composition of congruences.

If, for the kernel pair (u,v) of f, I(u) and I(v) are jointly monic, then:
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(a) [ is separable if and only if Ker(f)N ~a= A;

(b) f is purely inseparable if and only if Ker(f) Cra;

(¢) f is normal if and only if

~aoKer(f) C Ker(f)o~ys and Ker(f)N ~4= A.

PROOF. Consider the pullback diagram (4) in Definition 2.6 and note that I(u) and I(v)
are jointly monic when, for all pairs (a,b), (¢,d) in Axg A, a ~4 ¢ and b ~4 d if and only
if (a, b) ~AxgA (C, d)

(a)

(c)

A homomorphism f : A — B is separable if, for all a € A, the restriction ¢y,
[a]~, = [07(a)]~4y 4 18 @ Dijection. On one hand, this restriction is injective for all
a € A, since vodys = 14. On the other hand, this restriction is surjective if and only
if, for all a,a’ € A, such that f(a) = f(a’) and b ~4 a and b ~4 d/, for some b € A,
there exists ¢ € A such that (c,c) = (a,a’). That is, a homomorphism f: A — B is
separable if and only if, for all a,a’ € A, such that f(a) = f(a') and @ ~4 d/, then
a = a'. Which is to say that a homomorphism f : A — B is separable if and only
if Ker(f)N ~a= A.

A homomorphism f : A — B is purely inseparable if and only if /(d;) is an isomor-
phism. On one hand, I(dy) is always injective, since vods = 14. On the other hand,
I(d¢) is a surjection if and only if, for all a,a’ € A, such that f(a) = f(a’), there
exists b € A such that b ~4 a and b ~4 a’. That is, a homomorphism f : A — B is
purely inseparable when, for all a,a’ € A, if f(a) = f(a’) then a ~4 a’. Which is to
say that a homomorphism f : A — B is separable if and only if Ker(f) C~4.

A homomorphism f: A — B is normal if and only if the next two conditions hold:

(1) The restrictions of u to the congruence classes of ~ 44,4 are surjective. That
is, for all a,b € A, such that a ~4 ¢ and f(c¢) = f(b) for some ¢ € A, there
exists d € A, such that f(a) = f(d) and d ~4 b, or equivalently, ~4 oKer(f) C
Ker(f)o ~a .

(2) The restrictions of u to the congruence classes of ~ 4., 4 are injective. That is,
for all a,b € A such that a ~4 b and f(a) = f(b) then, a = b, or equivalently,
Ker(f)n ~,= A.
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4. Inseparable-Separable factorization

In Proposition 4.1 it will be proved that there is an inseparable-separable factorization
system, for admissible reflections into subvarieties, provided the class of stably-vertical
morphisms is the class of almost surjective vertical homomorphisms.

4.1. PROPOSITION. Let H = I : C — M be an admissible reflection of a variety of
universal algebras C into a subvariety M. If ), = E;NF then there ezists a factorization
system (Ins, Sep), with Ins = E; N E.

PRrOOF. First we will show that E; C Pin. Consider the pullback diagram (4) and
suppose f € E7. Then v € E;. Since I(v) is an isomorphism and I(v)oI(ds) = 154y, 1(0y)
is an isomorphism. Hence, 65 € E;, thus f € Pin. Therefore, by the paragraph below
Definition 2.7,

E'NEC Ins CE;NE.

Now we have to prove that the class Ins is closed under composition. Since E C F,
E;NECE/NF =E,. Hence, E;NE CE;NFNE = E,NE. On the other hand, since
E, CE;, E;NE C E;NE. Hence, E; NE = E;NE. Therefore, Ins = E;NE. Since E; and
E are closed under composition, so it is E; N E. Therefore, (Ins, Sep) is a factorization
system. ]

4.2. REMARK. Under the assumptions of Proposition 4.1, the (Ins, Sep)-factorization of
f A — B given in the paragraph above Definition 2.7, could be obtained alternatively
by applying the surjection-injection factorization to the homomorphism e; in diagram
(1). Hence, f =mjoés = (myom)oey, with ef = moeés. This means that inseparable-
separable and concordant-dissonant factorizations coincide (see Proposition 2 in [13, §3],
which is a generalization of the results given in [2, §3.9] or [3, Proposition 5.5]; see also
[5, §2.11] in the context of pointed endofunctors, where previous references are provided).

5. The reflection of commutative semigroups into semilattices

Consider the admissible reflection H + I : CommSgr — SLat of commutative semi-
groups into semilattices. It is well known that a commutative semigroup C' is semilattice
indecomposable if and only if it is archimedean, in the sense of [9]. That is, a commutative
semigroup C' is archimedean if for every ordered pair (a,b) of elements in C' there exist
n € N (positive integers) and = € C, with a™ = bx. Hence, every commutative semigroup
is a semilattice of archimedean subsemigroups.

(I) If C is a finitely generated commutative semigroup, any of its archimedean com-
ponents A has some power A* = {a € C' | a = a;...ax, with ay,,a, € A} with
cancellation (see Proposition 9.6 in [4, §IV]).

(I1) Since the subvariety of semilattices is idempotent, each archimedean component of
the semilattice decomposition of a commutative semigroup S is a subalgebra of S.
Therefore, every power of each archimedean component is a subsemigroup of S.
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(IIT) Any archimedean component of the semilattice decomposition of a commutative
semigroup is semilattice indecomposable (see [8]). That is, let S be a commutative
semigroup and consider an archimedean class [z]., in S : then, since I([z].s) = 1,
for every y,z € [x].,, there exist m,n € N and there exist ¢,d € [z].,, such that
z™ =yc and y" = zd.

~g9

The following Proposition 5.1 will be used to prove Proposition 5.2, which in turn will
be used to prove the more general Proposition 5.3.

5.1. PROPOSITION. Consider the reflection H F I : CommSgr — SLat, and the follow-
ing pullback diagram,

T2
AXCBg’ B

Wll le (10)
A / C,

in CommSgr.
Then, I(m) and I(ms) are jointly monic, provided C' is a commutative semigroup with
cancellation.

PROOF. Let (a1, b1), (az,b2) € A X B be such that a; ~4 ag and by ~pg by, that is, there
exist m,n,p,q € N and ¢,d € A and u,v € B, such that a" = aze, ai = aid, V) = bau
and b = byv.

We need (z,y), (2,t) € A X¢ B and r,s € N such that (ar,b1)" = (az,b2)(z,y) and
(CLQ, b2)s = (0,1, bl)(Z, t)

We take (z,y) = (ab "c?, b~ u™), (2,1)

Clearly we have (a1, by)" = (af, b)) = (as,

We have to prove (1) f(z) = e(y), and (2

The equality (1) follows from f(az)f(x)
e(bg)e(y), by cancellation.

The equality (2) follows from f(a1)f(z) = f(ad?) = f(a3?) = e(by?) = e(bjov™) =
e(by)e(t), by cancellation. =

(a?'de, b2 w™) and r = mp, s = nq.
ba)(z,y) and (a2, b2)* = (a3,b3) = (a1,b1)(2, 7).
) f(z ) = e(t).

= f(a5c?) = f(a)") = e(b)") = e(byu™) =

5.2. PROPOSITION. Consider the reflection H = I : CommSgr — SLat, and the pull-
back diagram (10). Then, I(m) and I(ms) are jointly monic, provided C is a finitely
generated commutative semigroup.

PROOF. Let (a1, b1), (az,b2) € A X¢ B be such that a; ~4 ay and by ~p by. Let k € N be
such that [f(a1)]%,, = [e(b1)]% . has cancellation, by (I).

~C

Consider the following pullback

P2
XxpY——Y
P1 ley (11)
x_ I g

Y
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where

o H= [f(al)]li = [e (51)]Nc, X = [Clﬂ]iA = [CLQ]EN Y = [bl]i [bz]NB>

e fiy : X = H and ¢, : Y — H are restrictions, respectively,
of frA—Cande: B—C.

Let us prove that:

(1) (af,b}), (a5, 05) € X xp Y

(2) a¥ ~x a and b} ~y BE.
(1) follows from:
f(ak) = e(®¥) and f(a§) = e(bk), since f(a;) = e(b)) and f(ay) = e(by). Therefore
flx (alf) = e|y(blf) and f\x(ag) = e\y(b§)> that is, (alf>blf)7 (aga bIQC) €EXxuyY.
(2) follows from (II1) above:
by (I11), there exist m,n,p,q € N and ¢,d € [a]~, and u,v € [b1]~,, such that a]* = asc,

= ayd, V) = byu and b = byv; therefore (a¥)™ = abck, (ab)" = abdk, (b¥)P = bsur and

(bQ)q = WP, with ¢ d* € X and u* 0% €Y.
Hence, by Proposition 5.1, (a¥,b¥) ~xx v (ak,b%), since H is cancellative. Thus, (af, b})
~axcp (a5, b8), since X x5 Y is a subsemigroup of A x¢ B. Therefore, (al,bl) ~Ax B
(ag, by), since (af,bY) ~ax.p (a1,b1) and (ab, b5) ~axop (ag,b2). "

5.3. PROPOSITION. Consider the reflection H = I : CommSgr — SLat, of commutative
semigroups into semilattices. The I-images of the projections of any pullback diagram in
CommSgr, are jointly monic.

PrOOF. We have to show that, for any commutative semigroup C' in the pullback diagram
(10), the homomorphisms I(m;) and I(ms) are jointly monic.

Let (a1, b1), (ag,by) € A X B be such that a; ~4 as and by ~p by. That is, there exist
m,n,p,q in N, ¢ and d in A, and u and v in B, with a* = ayc,a} = a1d, V] = byu and
b3 = byv. Let H be the subsemigroup in C' generated by f(a1), f(az), f(c), f(d),e(u) and
e(v).

Recall that f(a;) = e(by) and f(az) = e(bs), and consider the pullback diagram

D2
XXgY—Y

x_ s H

in which X = f~1(H),Y = e '(H), and f;, and ¢, are the obvious restrictions.
Note that:

b1

(i) a1,as2,¢,d € X and by, by, u,v € Y;
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(11) (CL17 bl), (a2, bg) eX Xy Y,

(i) a; ~x az and by ~y by, since ¢,d € X and u,v € Y.

Hence, by Proposition 5.2, (a1,b1) ~xx,y (a2,b2). Therefore, (ai,b1) ~ax.p (az,bs),
since X Xgz Y is a subsemigroup of A x¢ B. [

5.4. PROPOSITION. The reflection H + I : CommSgr — SLat, of commutative semi-
groups into semilattices, satisfies Property F.

PROOF. Remark that, in the following, referring to a word in a free semigroup, z* stands
for the concatenation of a positive integer number k of letters x.

Let B be a commutative semigroup and a,b € B such that a ~g b. Recall that a ~g b
if and only if there exist n,m € N and ¢,d € B, such that a™ = bc and b™ = ad. Then,
a™ = b"c™ = adc™ and 0" = a"d" = bed”.

Hence, '™ = a"d"c¢™ = bed™c™ = bemmtidn,

Thus, @™ = be™+1d" and b™™ = bed™.

Finally, a®*™ = be"™+1d" and b™*™ = p"cd™”.

Since the words in FU(B) are in the same archimedean component if and only if
they have the same letters, the words w; = b 1d" and wy = b”c”d"Q, are in the same
congruence class in FU(B), that is, (bc™*1d", b"c*d™") € FU(B) X grrum) FU(B).

Hence, applying the canonical homomorphism h = (eg o 71, e 0 my) of Definition 3.4,
we have h(bc1d", b"c"d™) = (a,b)"™ € ((a, D)) Bx 1110 B- n

5.5. REMARK. Consider the reflection H F I : CommSgr — SLat, of the variety of com-
mutative semigroups into its subvariety of semilattices, and the canonical homomorphism
h: FU(B)Xgrrus) FU(B) = Bx ) B of Definition 3.4, where B = F(a,b; a® = (ab)?)
is the quotient of the free commutative semigroup on the set {a,b}, by the congruence
generated by the identity a* = (ab)?.

The archimedean components of B are {a*,a™b"}, with k,m,n arbitrary positive
integers, since a ~p ab, and {b'}, with [ an arbitrary positive integer, since a and b are
not in the same archimedean component of B. While the archimedean components in
FU(B) are its subsemigroups whose elements have the same letters. Hence, a ~p ab, but
the words w; = a and wy = ab are not in the same archimedean component in FU(B),
and they are the unique two words such that eg(w;) = a and eg(ws) = ab. Therefore,
the canonical homomorphism h of Definition 3.4 is not surjective.

The following first table concludes the characterizations of the classes of morphisms
considered above, for the reflection of commutative semigroups into semilattices. The
second table concludes that there exists an inseparable-separable factorization system,
but does not exist a monotone-light factorization system, for that reflection.
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Classes of homomorphisms f: A — B associated to [ : CommSgr — SLat

E) M3 Normal Pin Sep Ins

E;NF | Mf=M; | ~q0Ker(f) C Ker(f)o~y | Ker(f) Cr~y | Ker(f)N~a=A | E;NE
Ker(f)N ~y=A

Pr.33| Pr.3.6 Pr. 3.7 Pr. 3.7 Pr. 3.7 Pr. 4.1
and and and and and
Pr.53| Pr.53 Pr. 53 Pr.5.3 Pr. 53
and
Pr. 54

Factorizations associated to I : CommSgr — SLat

(E;, My) (Ins, Sep) (E}, M)

YES YES NO

M; =M, E, =ENF#E;
Admissible reflection |  Pr. 4.1
(i:(N,+)C(R,+), i€E;jbuti¢F)
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