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THE ALGEBRA OF THE NERVES OF OMEGA-CATEGORIES

RICHARD STEINER

ABSTRACT. We show that the nerve of a strict omega-category can be described al-
gebraically as a simplicial set with additional operations subject to certain identities.
The resulting structures are called sets with complicial identities. We also construct an
equivalence between the categories of strict omega-categories and of sets with complical
identities.

1. Introduction

This paper is concerned with the simplicial nerves of strict w-categories, as constructed
by Street [6]. The nerves are simplicial sets with additional structure, and the problem
is to characterise the additional structure which can occur. One characterisation, due to
Verity [7], says that the nerves are complicial sets; that is to say, they have distinguished
classes of thin elements satisfying certain axioms. The object of this paper is to give a
more concrete algebraic characterisation: the nerves are simplicial sets with additional
operations satisfying certain identities. The result is a set with complicial identities as
defined in [5]. The resultant characterisation is like the characterisation of cubical nerves
given by Al-Agl, Brown and Steiner [1].

The method involves a comparison of the theories of w-categories and of sets with
complicial identities in the technical sense of universal algebra. It turns out that both
theories can be expressed in terms of chain complexes and chain maps. The theory of w-
categories is represented by simple chain complexes [4]; the theory of sets with complicial
identities is represented by the chain complexes of simplexes and by certain colimits of
these chain complexes. The proof is based on relationships between the various chain
complexes involved.

The paper is structured as follows. In Section 2 we describe w-categories and show
that their theory is represented by the class of simple w-categories (see [2]). In Section 3
we describe sets with complicial identities. In Section 4 we describe a category of chain
complexes with additional structure called augmented directed complexes and a functor v
from this category to the category of w-categories. In Section 5 we show that simple w-
categories are the images under v of simple chain complexes; it follows that the theory of w-
categories can be described in terms of simple chain complexes. In Section 6 we construct
a functor A\ from augmented directed complexes to sets with complicial identities, and in

Received by the editors 2013-06-27 and, in revised form, 2013-08-22.
Transmitted by Ross Street. Published on 2013-09-01.

2010 Mathematics Subject Classification: 18D05.

Key words and phrases: complicial identities, omega-category.

© Richard Steiner, 2013. Permission to copy for private use granted.

733
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Section 7 we use this functor to express the theory of sets with complicial identities in
terms of the chain complexes of simplexes. We have now described the categories of w-
categories and of sets with complicial identities in terms of augmented directed complexes,
and can therefore compare the two categories. The comparison occupies Sections 8-13.

The idea behind the comparison is as follows. Let X be a set with complicial identities;
then there is a contravariant functor from simple chain complexes to sets given by

S +— Hom[\S, X].

This functor will yield an w-category provided that it takes certain colimit diagrams to
limit diagrams; we therefore need information about the sets Hom[AS, X]|. We obtain
this information by showing that S is a retract of the chain complex of a simplex. We
begin in Section 8 by showing that S is a quotient of the chain complex of a simplex. We
then show that S is a retract by constructing an idempotent endomorphism of the chain
complex of the simplex with the appropriate kernel. This endomorphism represents an
operation in sets with complicial identities. We construct the operation in Section 9 and
give some computations concerning the induced endomorphism in Section 10; we prove
that the corresponding endomorphism is idempotent with the correct kernel in Section 11;
we show that the required diagrams are limit diagrams in Section 12. In Section 13 we
deduce the main result (Theorem 13.3): w-categories are equivalent to sets with complicial
identities.

2. The theory of w-categories

In this paper all w-categories are strict w-categories. We will use an algebraic definition
with infinitely many sorts, as follows.

2.1. DEFINITION. An w-category C' is a sequence of sets Cy,Cy,... together with the
following structure.
(1) If x € C, then there are identity elements

i,r € Cp, (p<n),

sources
d,v € Cy (¢ <p),

and targets
dfreCy (¢<p).

(2) If v,y € C, and d;:p = d,y for some q < p then there is a composite

r#,y € Cp.
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(3) If x € C, then

iy T (p<m<n),

_n
T =iy
dyipe =drize =z (p<n),

i@ #yy v = 2 #, i dpw =2 (m < p),

d.d x=d diz=d r (m<n<p),
dtd x=ddtr=dlz (m<n<p).

(4) If v,y € C, and dfx = d;y for some q < p then

iy (T #,y) = hx#, iy (p<n),
d(x#,y) =dx#,dyy (@ <m<p),
di(c#,y) =dia#, dhy (g<m<p),
(z#,y) = d, z,
( )

_ gt
=d,y.

(5) If v,y,2 € Cp and df v = djy, diy = d 2 for some q < p then

(. y) #42 = o #, (Y #, 2)-

(6) If 2,9, z2,w € Cp and df v = djy, dfy = d, z, dfz = d;jw with m < q < p then

(@ #,y) # (2 #,0) = (€3, 2) #,(Y #on ©0).

A morphism of w-categories f: C' = D is a sequence of functions f: C, — D, com-
muting with the identity, source, target and composition operations.

2.2. REMARK. In an w-category the identity element functions i; must be injective. It is
therefore possible to require them to be inclusions, yielding a one-sorted description with
operations d_, d}, #,.

2.3. REMARK. In axiom (6) the hypotheses dfx = d_y, df z = d;w imply that
dyr=dydfe=did y=dyy, d,z=d,d z=d,d w=d,w.

One could therefore replace the single equality d}y = d, =z by the two equalities d} x =

d.z, dy=d, w. This produces the more usual form of the hypotheses.

The domains for the axioms can be naturally indexed by sequences of nonnegative
integers as follows: for (1) and (3) use the one-term sequence (p); for (2) and (4) use
(p,q,p) with p > ¢; for (5) use (p, ¢, p, ¢, p) with p > g; for (6) use (p,q,p,m,p,q,p) with
p > g > m. All of these sequences are up-down vectors in the sense of the following
definition (taken from [2], 2.3).
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2.4. DEFINITION. An up-down vector is a non-empty finite sequence of nonnegative in-
tegers

(p07 q1,P1, -5 Pk—1, qkapk)
such that p;_1 > q; and q; < p; for 1 <i <k.

The corresponding w-categories are also taken from [2] and may be defined as follows.

2.5. DEFINITION. Let s be an up-down vector given by

s = (p07q17p1a s 7pk—1’ql€7pk:)'

Then an s-simple w-category is an w-category with a presentation of the following form:
the generators form an ordered list go, ..., g, with dim g; = p;; the relations are given by

We will usually treat simple w-categories as iterated push-outs, using induction on the
numbers of terms in up-down vectors. An up-down vector s with more than one term will
therefore be written in the form

s=(s',¢,p),
so that s’ is a shorter up-down vector with last term greater than ¢ and so that p is an
integer greater than ¢. The corresponding push-outs are as follows.

2.6. DEFINITION. Let s be an up-down vector with more than one term given by s =
(s’,q,p); then an s-simple square of w-categories is a push-out square

0 4 "

Cl T> C
such that C', C° and C" are s'-simple, (q)-simple and (p)-simple with final generators ¢,
g" and ¢" and such that
mg’ =dfg, pg’=d, 4"
Obviously we have the following result.

2.7. PROPOSITION. If 7: C" — C' is the right hand vertical morphism in an s-simple
square of w-categories and if C" has final generator ¢" then C is an s-simple w-category
with final generator Tq”.

In the axioms for w-categories the domains are free w-categories on single generators
and pull-backs corresponding to simple squares. We therefore get the following result.

2.8. PROPOSITION. Let w-cat be the category of w-categories, let © be the full-subcategory
of simple w-categories, and let © be the category of contravariant functors from © to sets
which take simple squares to pull-back squares. Then there is an equivalence of categories

C'+ Hom(—,C): w-cat — O.
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3. Sets with complicial identities

In this section we recall the definition of sets with complicial identities from [5]. A set
with complicial identities is a simplicial set X, X1,... together with additional partial
binary wedge operations A;. These operations raise dimension by 1; they correspond
to the projection of an (m + 1)-simplex onto the union of the m-faces opposite vertices
1 and ¢ + 2. The identities are stated here without comment, but there are illustrations
in Section 7.

3.1. DEFINITION. A set with complicial identities X is a sequence of sets
Xo, X1, ...

together with the following structure.
(1) If x € X,,, then there are faces

0ix € Xppey (m >0, 0<i<m)
and degeneracies
€T € Xerl (O S 1 S m)

(2) If x,y € X,, and if O;x = 011y for some i with 0 < ¢ < m — 1 then there is a
wedge
TNy € X

(3) If x € X,,, then

0,0, = 0;_10;x (m>2, 0<i<j<m),
Oicjr = €;10;x (0<1<j<m),
0je;x = 0j11€;0 = @,
Oiejr = €;0;1x (j+2<i<m+1),
ee;x =€iper (0<i<j<m),
er = €0,z Nz (0 <i<m),
€t =x N\ 0ix (0 <i<m).
(4) If x,y € X,,, and if O;x = O;1y with 0 < i < m then
Oj(x Niy) =0 N1 Ojy (0 <i—1),
di(z Niy) =y,

Diva(T Niy) =,
aj(l’/\iy):ajl’/\i_l 8jy <Z+3§j§m+1)

(5) If b € Xoi1 and y,z € Xy, if Oy = Oi112 and 0;b = Oip1(y N; 2) with 0 < i < m,
and if A=bA; (y N z), then

A = (0420 Ni y) Niy1 Oi1 A.
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(6) If v,y € X, and ¢ € Xppy1, if Oix = 011y and Oip1(x A;y) = Ojoc with 0 < i < m,
and if A= (x \;y) Nix1 ¢, then

A= 8i+2A N (y N &c)
(7) If x,y, z € X, and if O;x = Oi1y, Oy = Oip12 with 0 < @ < m then
[z A O (y A 2)] Ni (Y Ai 2) = (2 A y) Aigr [Oie1 (2 A y) A 2]

(8) If z,y,z,w € Xy, if Oii1x = Oiyoy, Oy = 012, Oi1w = 0ip1(0;x N; Ojy0z) with
0<i<m—2, and if A= Oip2[(x Nig1 ) Nig1 (¥ Ni )], then

A N; (U) /\i+1 61A> = (81+3A /\1 'LU) /\i+2 A.

(9) If x,y, z,w € X, and O;x = 01y, 0iz = Oiqw, 0j_ v = 0z, 0,1y = Ojw with
0<i<j—=3<m—3 then

(@ Niy) Nj (2N w) = (2 Njog 2) A (Y Ajog w).

A morphism of sets with complicial identities f: X — Y is a sequence of functions
f: X — Y, commuting with the face, degeneracy and wedge operations.

4. Augmented directed complexes
In this section we give some definitions and results based on [3].

4.1. DEFINITION. An augmented directed complex is an augmented chain complex of

abelian groups
)

K —2~K,—~7,

together with a prescribed submonoid for each chain group K,. A morphism of augmented
directed complexes is an augmentation-preserving chain map which takes prescribed sub-
monoids into prescribed submonoids. A free augmented directed complex is an augmented
directed complex such that each chain group is a free abelian group with a prescribed basis

and such that each prescribed submonoid is generated as a monoid by the prescribed basis
elements.

Let K be a free augmented directed complex. We note that the prescribed basis
elements are uniquely determined as the indecomposable elements in the prescribed sub-
monoids. We regard the union of the prescribed bases for the individual chain groups K,
as a prescribed graded basis for the entire chain complex K. Given a chain ¢ in K, we
write "¢ and 0~ ¢ for the positive and negative parts of the boundary dc; in other words,
0% c and 0 c are the sums of basis elements without common terms such that

Oc=0"c—0"c.
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4.2. DEFINITION. A totally ordered directed complex is a free augmented chain complex
together with a total ordering of the basis such that each basis element a satisfies the
following conditions.
(1) In the ordered basis, a appears after the terms of 0~ a and before the terms of 0% a.
(2) If the dimension of a is p, then

€(07)Pa = €e(0")Pa = 1.

Given an augmented directed complex K, we define an w-category v K as follows. The
set (VK), of p-dimensional elements consists of the double sequences

(g, a5 |y, af]...)
such that x; and z; are i-dimensional members of the prescribed submonoids, such that
r; =xf =0

for ¢ > p, such that

and such that
v —x; =0z, =0z,
for i > 0. For n > p the identity element function 4y: (vK), — (vK), is the inclusion.
For ¢ < p, if v = (zy, 2 | ...) as above, then
dyx = (xg,xg | ... | o, o) | ag, g |0,0]...).

If x and y are p-dimensional and if d;a: =d,y =z with ¢ < p then

TH#Hy = —ihz+y.

In particular let K be a totally ordered directed complex and let a be a p-dimensional
basis element for K; then there is a p-dimensional element (a) of VK, called an atom,
which is given by

(a) = ((07)a, (0% )Pal...| 07a,0%a | a,a]0,0]...).
The main results ([3], Theorems 5.11 and 6.1) can be stated as follows.

4.3. THEOREM. The functor v is a fully faithful functor from the category of totally
ordered directed complexes to the category of w-categories.

4.4. THEOREM. Let K be a totally ordered directed complex. Then the w-category vK has
a presentation as follows. The generators are the atoms, such that (a) is a p-dimensional
member of vK if a is a p-dimensional basis element. For each basis element a of positive
dimension p there are relations

dyy(a) = w (), di_(a) = w(a),

where w™(a) and w'(a) are arbitrarily chosen expressions for d_,(a) and d} (a) as
iterated composites of atoms of dimension less than p.
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5. Simple chain complexes

We will now describe a class of chain complexes corresponding to simple w-categories.
The class was defined in [4]. For present purposes it is convenient to proceed inductively.

5.1. DEFINITION. Let s be a one-term up-down vector given by s = (p). Then an s-
simple chain complex with (final) generator a is a free augmented directed complex with
a p-dimensional basis element a such that the basis elements can be listed as

(0 )a, (7)Y 'a, ..., 0" a, a, dta, ..., (0)"'a, (0")Pa
and such that €(0~)Pa = (07 )Pa = 1.
5.2. DEFINITION. Let s be an up-down vector with more than one term given by s =
(s',q,p), and let p' be the last term in s’. Then an s-simple chain complex with final

generator a is an augmented directed complex K if there are s'-simple, (q)-simple and
(p)-simple subcomplezes K', K° and K" with final generators a’, a® and a such that

K — K/ + K”,
K'NK' =K’
(07 ~1a' = a° = (97)PYa,
and the distinguished submonoid of K is the sum of the distinguished submonoids of

K’ and K".

5.3. PROPOSITION. Let s be an up-down vector with last term p and let K be an s-simple
chain complex with final generator a. Then K is a totally ordered directed complex whose
ordered basis finishes with the elements

a, 0Fa, ..., (0")a.

PROOF. The proof is by induction on the number of terms in s. In the case s = (p) the
result is obvious. From now on, let s = (s, ¢, p), let K’, K° and K” be the subcomplexes
as in the definition, and let a® = (97)P"%a. It follows from the inductive hypothesis that
K’ is a totally ordered directed complex whose ordered basis finishes with the terms

a’, 9ta®, ..., (07)%”.
We observe that K” is obtained from K by adjoining the elements
0y 'a, ..., 0a, a, Ota, ..., (07)P .

It follows that K is a totally ordered directed complex; the ordered basis is obtained from
that of K’ by inserting the additional elements (07)P~% !a,...,(07)P"% immediately
after a®. For r > 0 we have (07)"a® = (07)P"9""a; the ordered basis for K therefore
finishes with the elements

a, ..., (V) 9a, (0Y)P~1*a, ..., (0%)Pa.

This completes the proof. [
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5.4. PROPOSITION. Let s be an up-down wvector with last term p and let K be an s-
simple chain complex with final generator a. Then vK is an s-simple w-category with
final generator {(a).

PROOF. The proof is by induction on the number of terms in s.
Suppose that s = (p). According to Theorem 4.4, vK has a presentation generators

(07 )Pay, ..., (0~ a), (a), (0a), ..., ((0F)Pa)

and with relations

Because of the axioms
di_—ldi_ = di_—ldj = di_—17 dztldi_ = dztld;r = dj_—l’

this collapses to a presentation with a single p-dimensional generator (a) and with no
relations. Therefore vK is an s-simple w-category with final generator (a).

Now let s = (s8/,¢q,p). Let K, K and K” be the s'-simple, (¢)-simple and (p)-simple
subcomplexes with final generators @/, a” and a as in Definition 5.2. Using the presentation
of Theorem 4.4 and the inductive hypothesis, we see that vK is generated by vK’ and
vK" subject to the relation d; (a’) = d, (a). This gives the result. =

We also have simple squares of chain complexes, corresponding to simple squares of
w-categories.

5.5. DEFINITION. Let s be an up-down vector with more than one term given by s =
(s',q,p) and let p' be the last term in s'; then an s-simple square of chain complexes is a
square of augmented directed complexes

KO P K"
K/T>K

with the following properties: the complexes K', K° and K" are s'-simple, (q)-simple and
(p)-simple with final generators a’, a® and a”; the morphisms m and p are given by

ﬂ.(aJr)qfraO — <a+)p/,7«a/7 p(af)qu‘a/O — (af)pfra/// (0 S r S q>;

the square is a push-out as a square of abelian groups; the prescribed submonoid of K 1is
the sum of the images of the prescribed submonoids of K' and K" .

Obviously we have the following result.
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5.6. PROPOSITION. If 7: K" — K is the right hand vertical morphism in an s-simple
square of chain complexes and if K" has final generator a” then K is an s-simple chain
complex with final generator a such that

7(0N)P"d" = (07 Ta (0<7r<p).
Using Definition 2.6 and Proposition 2.8 we obtain the following results.

5.7. PROPOSITION. The image under v of an s-simple square of chain complexes is an
s-simple square of w-categories.

5.8. PROPOSITION. Let w-cat be the category of w-categories, let 32 be the category of
simple chain complexes and morphisms of augmented directed complezes, and let 3 be the
category of contravariant functors from X to sets which take simple squares to pull-back
squares. Then there is an equivalence of categories

C +— Hom[v(—),C]: w-cat — 3.

6. The chain complexes of simplexes

In this section we discuss the chain complexes of simplexes, which will simply be called
simplexes. They correspond to the theory of sets with complicial identities (Section 3).
The material is mostly taken from [5].

6.1. DEFINITION. Form =0, 1,2, ... the m-simplex A(m) is the free augmented directed
complex constructed as follows. The basis elements correspond to the sequences of integers

ag, - .., 0q

with0 < g<mand 0 < ay < a1 < ... < a; < m. The basis element corresponding

to ag,...,aq is written |ag, ..., a,] and has dimension q. If ¢ > 0 then the boundary of
lag, - .., a,] is the alternating sum
lar,... a4 — lao,az,...,a4] + ...+ (=1)ao, ..., as-1]

The augmentation is given by €lag] = 1.

We will now show that the simplexes are totally ordered directed complexes by ex-
pressing them as joins.

6.2. DEFINITION. Let K and L be augmented directed complexes. Then the join K x L is
the direct sum of abelian groups

KxL=K@(KxL)eL

with the following structure. The grading is given by

(K+L)y=K,o | @ (KL

i+j=q—1

® L,.
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The inclusions of K and L in K x L commute with the boundary and augmentation ho-
momorphisms. The boundary on K; ® L; is given by

(ex)y — (ey)x (1=7j=0),
) (ex)y -2 ® 0y (1=0, 7>0),
WO =N owoy— (-1 (>0, j=0),
Or@y— (-1)iz®dy (i,j>0).

The prescribed submonoid of K x L is generated by the elements of the prescribed sub-
monoids of K and L and by the tensor products of these elements.

6.3. EXAMPLE. The m-simplex A(m) is the join of m + 1 copies of A(0).

6.4. PROPOSITION. If K and L are totally ordered directed complexes, then K x L is a
totally ordered directed complex.

PROOF. One can check that K * L has a suitably ordered basis consisting of the basis
elements of K and L and of the tensor products of these basis elements. The ordering of
the basis for K * L is obtained as follows. Take the basis elements of K in order followed
by the basis elements of L in order. If a is an odd-dimensional basis element in K, then
the basis elements of the form a ® b are inserted before a in the order given by the second
factor; if a is an even-dimensional basis element in K, then the basis elements of the form
a ® b are inserted after a in the reverse of the order given by the second factor. ]

6.5. PROPOSITION. A simplex is a totally ordered directed complex.

PROOF. Obviously A(0) is a totally ordered directed complex. The result now follows
from Example 6.3 and Proposition 6.4. [

We will now use simplexes to construct a functor A from augmented directed com-
plexes to sets with complicial identities. The m-dimensional elements in AK will be the
morphisms of augmented directed complexes from A(m) to K. An operation 6 in sets
with complicial identities will be contravariantly represented by a morphism 6V between
simplexes. In particular there are the obvious morphisms corresponding to the face and
degeneracy operations.

6.6. NOTATION. The face and degeneracy morphisms

9: Alm—1) = A(m) (m >0, 0<i<m),
e Alm+1) = A(m) (0<i<m)

are defined on basis elements as follows.

If a = lag, ..., ay] is a basis element for A(m — 1) then 9)a = [ay, ..., a;] with
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If b= [bo,...,by is a basis element for A(m + 1) including both the terms i and ¢ + 1
then €/b = 0.

If b= [bo,...,b,) is a basis element for A(m + 1) not including both the terms i and
i+ 1 then ¢/b = [by, ..., by] with

by — bq (0§bq SZ),
1 by—1 (i+1<b,<m+1).

Recall from Definition 4.1 that morphisms of augmented directed complexes are
augmentation-preserving chain maps taking prescribed submonoids into prescribed sub-
monoids. Recall also that the prescribed submonoid of a free augmented directed complex

is the submonoid generated by the prescribed basis elements. We obviously have the fol-
lowing result.

6.7. PROPOSITION. The face and degeneracy morphisms are morphisms of augmented
directed complexes.

Less obviously we also have the following result.

6.8. PROPOSITION. Let K be an augmented directed complex and let
z,y: A(m) - K

be morphisms of augmented directed complexes such that x0; = y0;,, for some i with
0 <i<m. Then there is a morphism of augmented directed complexes

z: Alm+1) - K

given by
z =€l — 20 (6] +ye) = welyy — y0i(e)) + ye) .

PROOF. It is clear that z is an augmentation preserving chain map; it therefore suffices to
prove that za is in the prescribed submonoid of K for each basis element a in A(m + 1).
We do this by considering three cases: if a has no term i+ 2 then 9,4 (¢)')*a = €/a, hence
za = we!,,a; if @ has no term i then 9)(¢)%a = €/, a, hence za = ye/a; if a has terms
i and i + 2 then (¢)%a = 0, hence

Y v
204 = T€; 10 + YE; Q.
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The definition of )\ is now as follows.

6.9. NOTATION. Let K be an augmented directed complex. Then AK is the graded set
given by
(AK),, = Hom[A(m), K].

If € (AK),;, with m > 0 and if 0 < i < m then

If x € (AK),, and 0 < i < m then
6T = x€; .

If z,y € (AK),, and 0;x = 0;;1y for some ¢ with 0 < i < m then
xr /\'i Y = €41 — 6?81.1' + €Y = €17 — e?@iﬂy + €Y.

6.10. PROPOSITION. If K is an augmented directed complex then AK is a set with com-
plicial identities.

PROOF. We see that the operations are well-defined. The axioms follow straightforwardly
from computations with chain maps. [

We conclude this section with the main result of [5] (Theorem 8.7).

6.11. THEOREM. Let O be the full subcategory of the category of augmented directed
complexes with objects A(0), A(1), .... Forn > 0 let v, be the identity endomorphism
of A(n). Then X is a fully faithful embedding of © in the category of sets with complicial
identities such that AA(n) is freely generated by the n-dimensional element Ai,.

7. Complicial identities in terms of chain complexes

In the last section we constructed a functor A from augmented directed complexes to
sets with complicial identities (see Proposition 6.10). A set with complicial identities X
therefore defines a contravariant set-valued functor

K — Hom(\K, X)

on the category adc of augmented directed complexes. We will now reverse this process:
we will show that sets with complicial identities can be obtained from contravariant set-
valued functors on a suitable subcategory of adc, provided that they take certain diagrams
to limit diagrams.
The objects and diagrams correspond to the domains in the axioms for sets with
complicial identities (see Definition 3.1), and we will now consider the various axioms.
The augmented directed complexes associated to axioms (1) and (3) are the simplexes

A(m).
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In the remaining cases we use diagrams of augmented directed complexes which are
colimit diagrams as diagrams of abelian groups. The prescribed submonoid of the target
object is always the sum of the images of the prescribed submonoids of the other objects
in the diagram.

For axioms (2) and (4) we use diagrams

8y 4
A(m — 1) —"— A(m)

oy l Ny

A(m) ———= A (m, i)

with 0 <4 < m. Since these diagrams are to be colimit diagrams as diagrams of abelian
groups, we have

A(m) @ A(m)
{(0)2, -0y 12) - z€ A(m —1) }

If X is a set with complicial identities then A)(m, ) corresponds to the limit

A(2) (m> Z) =

{(z,y) € X;n X Xy : Ojx = 0i11y }.
We will also need the morphisms
v A(m + 1) = Agy(m, 1)
corresponding to the wedge operations; these are given by
v = ey — 007 (€) + el = ey — 10 (€) + e

For axiom (5) we use similar diagrams

\/aV

A(m) —— o Az)(m, 1)

A+ 1) —= Ay (m, )

with 0 <17 < m.
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For axiom (6) we use diagrams

A(g) (m, 2) vVB.V_H A(m)
. oY,
A(m) == A(m — 1) 2= A(m) o
My
MNax

with 0 <7 < m.
For axiom (7) we use diagrams

oY, oy

Am—1)——=A(m)=——A(m —1)

| | Jot

My

with 0 <17 < m.
For axiom (8) we use diagrams

Am—1)—=Ap(m—-1,1)=—A(m - 1)
v 0%

A(m —1)
o/ 01

A(m)

Vv
8i+2

Nw

A(m) "o Ary(m, i) == A(m)

v v
9% My 9%

A(m —1) - A(m) A(m —1)

42 @

with 0 <7 <m — 2.

747
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For axiom (9) we use diagrams

oY

A(m —1) s A(m) A(m —1)

S

A(m) —=> Ay (m, i, j) <“—— A(m)
8J'V—1T "ZT Taz‘vﬂ
A(m —1) ~ A(m) = A(m —1)

J K3

with0<:1<j—-3<m—3.
We can evidently obtain sets with complicial identities from contravariant set-valued
functors in the following way.

7.1. PROPOSITION. Let II be the full subcategory of the category of augmented directed
complexes given by the objects in the diagrams associated to the axioms for sets with
complicial identities. Let X be a contravariant set-valued functor on II taking each of
the diagrams to a limit diagram. Then there is a set with complicial identities functorial
in X such that the m-dimensional elements are the members of X[A(m)] and such that

the operations are induced by the morphisms 0;, €/ and v, .

In particular let C' be an w-category; then there is a contravariant set-valued functor
on the category II of this definition given by Hom[v(—),C]. We want this functor to
yield a set with complicial identities. In order to do this, we must show that the images
under v of the diagrams associated to the axioms are colimit diagrams of w-categories.
We will do this by showing that the objects of II are totally ordered directed complexes;
the colimit properties will then be consequences of the presentations in terms of atoms
(Theorem 4.4).

7.2. PROPOSITION. If K is an object in a diagrams associated to an axiom for sets with
complicial identities, then K is a totally ordered directed complez.

PRrOOF. We already know from Proposition 6.5 that the simplexes A(m) are totally or-
dered directed complexes, because they are joins of copies of A(0) and because A(0) is
a totally ordered directed complex. We will prove the result for the other complexes in-
volved in a similar way, by expressing them as joins. It is convenient to write A(—1) for
the zero chain complex, which serves as an identity for the join construction; it is then
straightforward to verify that

s
I
b

m, i) i— 1)« Agy(L,0)* A(m—i—2) (k=2,5,6,7),
A(S)(m,i) = A(’L - 1) * A(g)(2,0) * A(m -1 — 3),
m.i. i
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It now suffices to show that Ay, (1,0) is a totally ordered directed complex for k = 2, 5,6, 7
and that A (2,0) is a totally ordered directed complex. We will do this in each case by

drawing a figure and listing the basis elements in the correct order.
For A(1,0) the figure is

N My

and the ordered basis is

77:6[0]7 779[:[07 1]a 77:8[1] = 773/[0]7 ny[07 1]’ 773/[1]'
For A¢(1,0) the figure is
My
Ty Ug
and the ordered basis is
nb[o]a nb[072]7 nb[()? 172]7 77b[0> 1]7 nb[l] = Uy[o],
ny[0,1], ny[1] = 7.[0], n:[0,1], n.[1],

with
8+77b[0, I, 2] = nb[ov 1] + nb[lv 2] = 7717[07 1] + 773/[0’ 1] + 772[07 1]'

For A)(1,0) the figure is
Ty
Na Tl
and the ordered basis is
1e[0], 1[0, 2], ne[0,1, 2], 02[0, 1], (1] = 1,[0], 1,[0,1],
my[1] = me[1], me[L, 2], ne[2],

with
8+770[07 L, 2] = 770[07 1] + 770[1’ 2] = 7735[07 1] + ny[ov 1] + 776[1’ 2]'
For A(7y(1,0) the figure is
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and the ordered basis is

nm[o]’ 773:[(), 1]7 7736[1] = ny[0]7 77?/[07 1]’ 77y[1] = nz[OL 777:[07 1]’ 772[1]-
For A)(2,0) the figure is

Nw

Nz P
Ty

and the ordered basis is

my[0], my[0,2], 1,[0,1,2], ny[0,1] = n:[0,2], 7.[0,1,2], 1[0, 1],
N1, 1:(1,2], n2[2] = 010, 7.[0,2], n.[0,1,2], 7.[0,1],
77w[0>172]> Thw [ ) } [ ] nw[1’2]v nw[2] :nz[l]v nz[lvz]v 772[2]a
with
a_nw[oa 172] = 77w[072] = nx[172] + 772[07 1]'
This completes the proof. [

Now let II be the category of Proposition 7.1 and let C' be an w-category. We have
shown in Proposition 7.2 that the objects of II are totally ordered directed complexes.
It follows from the atomic presentations (Theorem 4.4) that the images under v of the
diagrams of Proposition 7.1 are colimit diagrams of w-categories. It therefore follows from
Proposition 7.1 that one obtains a set with complicial identities from the functor

K — Hom[vK, C].
We will use the following notation.

7.3. NOTATION. Let a be the functor from w-categories to sets with complicial identities
defined on an w-category C as follows. The set of m-dimensional elements is given by

(aC)y, = Hom[vA(m), C].
If 2 € (aC),, then
Oix = z(vdY) (m>0,0<i<m),
ar=x(ve)) (0<i<m).
If z,y € (aC),, and O;z = J;41y with 0 < i < m then
T Ay =20,
where 2z is the member of Hom[vA ) (m, 1), C] with

z(vne) =z, 2(vny) =y.
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8. Simple chain complexes as quotients of simplexes

At the end of Section 7 we have constructed a functor « from w-categories to sets with
complicial identities. We also need a functor in the opposite direction. Equivalently
(Proposition 5.8), given sets with complicial identities, we need contravariant set-valued
functors with suitable properties on the category of simple chain complexes. We will
again use the functor A of Proposition 6.10 from augmented directed complexes to sets
with complicial identities; the functor on simple chain complexes corresponding to a set
with complicial identities X will be given by

S — Hom[\S, X].

We must show that these functors take simple squares of chain complexes to pull-backs
(see Proposition 5.8). We will obtain information about the sets Hom[AS, X| by showing
that simple chain complexes are retracts of simplexes. In this section, as a first step, we
show that an s-simple chain complex can be expressed as a quotient

Ss = Alls])/Us,

where A([s|) is a simplex of a suitable dimension. We will also show an s-simple square
of chain complexes can be obtained from a commutative square of simplexes Qs.
We will now define our notations.

8.1. NOTATION. Let s be an up-down vector given by

S = (p07q17p17 S 7pk717Qk7pk)-

Then
Isl=po—aq1+p1— ...+ Dr—1— Qi + Di-

We make the following observation, which will be used frequently in inductive argu-
ments, mostly without comment.

8.2. PROPOSITION. Let s be an up-down vector with more than one term given by s =
(s',q,p), and let p’ be the last term ins'. Then

sl—p=Isl—q¢>Is|-p"
PROOF. This holds because [s| = |s'| — ¢ + p and because p’ > q. "

8.3. NOTATION. Let s = (s, ¢, p) be an up-down vector with more than one term. Then
Q)s is the commutative square

(0y)P~1

A(g) A(p)
(a()V)SPL j(awslp
A(ls']) TR A(ls]).

[s|—p+1
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8.4. NOTATION. For p > 0 let Uy, be the subcomplex of A(p) generated by the basis

elements [ig, ..., 0,] with m > 0 and i; < p —m.
For s = (s',¢,p) let V5 be the subcomplex of A(|s|) generated by the basis elements
[igy -+« yip_1, S| = Dy Grs1y .+ s i) With 0 <7 < m and

0 <ip <|s| =p <ir <[ =g,

and let
Us = (0} _ps1)" Us + (877U + V.

8.5. NOTATION. For an arbitrary up-down vector s, let
Ss = A(]s|)/Us.

8.6. REMARK. As an abelian group, Us is generated by basis elements of positive dimen-
sion and by their boundaries. It follows that the quotient Sg is naturally an augmented
chain complex and the quotient homomorphism

A(lsl) = Alls])/Us = 55

is augmentation-preserving. We make Sg into an augmented directed complex by taking
the images of the basis elements for A(|s|) as generators for the prescribed submonoid
of Ss. This makes the quotient homomorphism into a morphism of augmented directed
complexes.

We will now consider the one-term case.
8.7. PROPOSITION. Let p be a nonnegative integer and let
al =li,p—m+1Lp—m+2,...,p] (0<i<p—m<p).
Then S is a (p)-simple chain complex with generator a such that
al + Up =0 )P ™a (0<i<p—m<p),
a7+ Uy = (07 ™a (0 <m <p).

PROOF. We use Definition 5.1. Note that Uy is the subcomplex of A(p) generated by
the basis elements not of the form af,. If b is a generator of Uy, of the form

then
ob=a,, —al, +u

with u € Uy,); if b is any other generator for U, then 0b € Ug,). As an abelian group,
Uy is therefore generated by the basis elements not of the form a’, and by the differences

o

al —ad, (0<i<p—m<p).

m m
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It follows that S, is a free augmented directed complex with basis
ag+ U, ab_ 4+ Upy, a)+ Uy, ab_y + U, ab + U
0 () -0 Yp—1 (p)> %p (p)> %p-1 (P> - Yo (p)
and that '
at,+ Uy =an,+Up (0<i<p—m<p).
It is straightforward to check that

3(a9n+1 +Up) =ap, ™ — ay, + Up (0<m <p),
Oan i +Up) = ai™ — a7 + Uy (0<m <p),

from which it follows that

afn + Uy = (8‘)p‘m(ag + U(p)) (0<i<p—m<p),
aﬁ;m + U(p) = (a+)p_m(a2 + U(p)) (O <m< p).
We also have
e(ag + Uy) = €(ag + Ugy) = 1;

therefore S, is (p)-simple with generator ab + Uy,), and the images al, + Uy are as
described. -

We will now consider up-down vectors with more than one term. We first show that
we can pass to quotients in the squares (s.

8.8. PROPOSITION. Let s = (s',q,p). Then the morphisms in the square Qg restrict to
morphisms between the subcomplexes Uy, Uy, Uy, Us.

PRrOOF. We have
(0 _pi1)" Uy C Us, ()70, C Us

by definition. We also have (0 )P"9U) C U, by considering generators. It therefore
remains to show that (8y)"*U, C Uy. To do this, let p’ be the last term of s/, so that

(817U = (85) 71Uy = (8)17 (95 '~ U -
We have (9)P 19U, C Uy by considering generators. We also have
(a(\)/)|s,|_p,U(p/) C Uy

trivially (if s = (p)) or by definition (if s’ has more than one term). Therefore
(B)=PU,) C Uy as required. "
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It therefore makes sense to use the following notation.

8.9. NOTATION. Let s = (§/, ¢, p) be an up-down vector with more than one term. Then
Ry is the commutative square
S(g) = Sw)

|

Syt — S
induced by Qs.

We want to show that these squares are simple in the sense of Definition 5.5. In
particular we want to show that they are push-outs as squares of abelian groups, and we
begin with the following computations.

8.10. PROPOSITION. Let s = (s',q,p) and let T', T°, T" be the subcomplexes of A(]s])
gien by

T = (Og—pe)" " AST),
T = (9 _par)” (0P A(a) = ()" (0 )" Ala),
T" = (0))¥"A(p).
Then
TNnT' =T° A(s|) =T +T") &V,
and every standard basis element for A(|s|) is congruent modulo Vs to a sum of basis
elements in T" +T".

PROOF. We consider various sets of basis elements of A([s]). Let
J ={0,1,...,|s|—p—1}, J'={s|—-p+1,|s|—p+2,...,|s] — ¢},

let A" be the set of basis elements with no terms in J”, and let A” be the set of basis
elements with no terms in J’. We see that 7", 7" and T° have bases A’, A” and A’ N A”
respectively; therefore 7" NT" = T°.

Further, let B be the set of generators for Vj; that is, B is the set of basis elements
containing terms in both J’ and J” and also containing a term [s| —p. We see that A"UA”
and B are disjoint; we also see that the boundary of a member of B has exactly one term
not in A’UA” U B, and that each basis element not in A’U A” U B arises in this way from
exactly one member of B; therefore A(|s|) = (T"+T") & V.

It now suffices to show that every basis element ¢ not in A’U A” U B is congruent to a
sum of members of A’UA” modulo V5. To do this, note that ¢ has terms in both J" and J”
but has no term |s| — p. Let b be the member of B obtained from ¢ by inserting |s| — p,
so that ¢ is a term in 0b, and let u’, u” be the terms of b adjacent to ¢. We see that

b=+ —c+u")+v

such that v is a linear combination of members of B; therefore ¢ is congruent to v’ + u”
modulo V;. We also see that ' and u” are in A" U A” U B; therefore ¢ is congruent
modulo V5 to a sum of basis elements in 7" + 1" as required. [
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8.11. PROPOSITION. Let s = (s/,q,p) be an up-down vector with more than one term.
Then the square Rg is a push-out as a square of abelian groups. The prescribed sub-

monoid in the target object Sy is generated by the images of the prescribed submonoids in
SS/ and S(p).

PRroor. Recall that
Us = (0 _ps1)" Us + (877U + V.

From Proposition 8.10, a morphism 6 of abelian groups with domain A(|s|) such that
0|Us = 0 is equivalent to a pair of morphisms ¢ and ¢” with domains A(|s'|) and A(p)
such that

0|Us =0, 6"|Uy =0, 0()"=06"0))P"

From this it follows that a morphism x of abelian groups with domain Sy is equivalent to
a pair of morphisms x’ and x” with domains Sy and S, which agree on S(4). Therefore
R is a push-out as a square of abelian groups.

It also follows from Proposition 8.10 that the prescribed submonoid in Sy is generated
by the images of the prescribed submonoids in Sy and S(,), because the basis elements in
A([s]) are congruent modulo V; to sums of basis elements in

(F-psr)" A + (3P A(p)-

This completes the proof. [

We can now give the main result in this section.

8.12. THEOREM. Let s be an up-down vector with last term p and let
am = [Is| —=m, |s| =m+1,[s| —m+2,....[s|]] (0<m<p).
Then Ss is an s-simple chain complex with final generator a such that
am +Us = (07)P"™a (0 <m < p).

If s has more than one term, then Rg is an s-simple square of chain complezes.

PROOF. The proof is by induction on the number of terms in s. Proposition 8.7 gives the
result for the case s = (p). From now on let s = (s/, ¢, p), let p’ be the last term of ', and
recall that the square Rg has the form

p
Stg) — Sp)

ﬂl l

SS/ 0 SS.
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From the inductive hypothesis and the one-term case we see that Sy, S(4) and S, are s'-
simple, (¢)-simple and (p)-simple; let the final generators be a’, a® and a”. For 0 < m < ¢
it follows from the equalities

O Plg—m,qg—m+1,...,q] =8| =m,|s'| —=m +1,...,]8|],
@Y 0, q—m+1,....,q) =[0,p—m+1,...,p]
that
T(07) "’ = (9T
(07)1 ™ = (07)P"a".
It now follows from Proposition 8.11 that R is an s-simple square (see Definition 5.5).
By Proposition 5.6, this makes Sg an s-simple chain complex with final generator a such

that
(@ = (07 ™a (0 <m < p).

For 0 <m <plet
= [p_map_m+17ap] GA(p)>
so that al, + Uy = (07)P~™a” by Proposition 8.7; then
am + Uy = (@), + Uy = 7(al + Uy) = (07 ~"a" = (0"

This completes the proof. [

9. Combined operations in sets with complicial identities

In Theorem 8.12 we have constructed an s-simple chain complex Sg as a quotient of a

simplex,
= A([s])/Us.

We really want to express Ss as a retract of A(|s|); that is, we want to construct an
idempotent endomorphism of A([s|) with kernel Us. In this section we construct the
corresponding operation on |s|-dimensional elements in sets with complicial identities;
this operation will be denoted W5. We use the axioms of Definition 3.1 throughout.

We will construct Wy by iterating wedge operations. There are two basic families of
iterated wedges, and we will now describe the first of these families.

9.1. NOTATION. For 0 < ¢ < 145 < m, let gz;” and ¢; ; be the operations on m-
dimensional elements in sets with complicial identities given by

¢z 0L = €17,

G110 = Gij10inz iz (> 0),

(bi,jx = az‘+1¢z‘,j$€-
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The wedge in the formula for gzgwx exists by an induction on j: if g%i7j_1x exists and is

given by the stated formula, then
3i€5i,jf1az‘+1l’ = 07,

and the wedge ggi,j_l&qum A; x therefore exists.
We will now compute some faces and some fixed point sets.

9.2. PROPOSITION. The operations ¢;; and ggw are such that
0i¢ij = 0; 3§+1¢i,j = 8{:11@3 = 61‘7181-]'“-
PRrROOF. The first formula holds because
Digijr = aiai+1§5i,jm = aiaiﬁgi,jﬂi = Ox.
The second formula holds by induction on j: we certainly have
Piox = @'HQEi,oSE‘ = Oiy1€6i17 = €10,
and for j > 0 we have
O dije = 011 dija
= ag+18i+2(<5i,j715’i+19€ Ni T)
= gﬂ&i,g’—ﬁiﬂfﬂ
= €z‘715’fa7;+1$

j+1
= 62-_1(92# X.

9.3. PROPOSITION. Let © be a member of a set with complicial identities.

émx =61 = ¢ x =10 <= 0/,,T €ime .
PROOF. Suppose that éljx = ¢;x. Then
¢i,j$ = 0i16T = T.
Suppose that ¢; jx = x. Then
O ov =0 100 =e10/"r €ime;.
It now suffices to show that
ﬁfﬂx €ime,_; = gz;”x = €.

We argue by induction on j.

Then

Suppose that x € ime€;_;. Since €;_1€;_1 = €;€;_1, it follows that qgwx = €T.
Now suppose that 07,2 € ime;_y for some j > 0. It follows from the inductive

hypothesis that <z~52-7j,181-+13: = ¢;0;11, and it then follows that
QEZ‘,]‘ZE = ez&-ﬂx /\7, T = €.

This completes the proof.
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We now consider the second basic family of iterated wedges.

9.4. NOTATION. For integers k,[ > 0 let Ay, be the partial binary operation in sets with
complicial identities such that x Ay, y is defined when

dpr = Oy
and such that

zAy=x (1=0),

Ay =y (k=0),

T Aka Y = (2 Aki—1 01Y) Nj—1 (Ok—12 N1 y) (k1> 0),
Oe1(T Ngay) = Ok—1x Ni—1ay - (k> 0),

Opt1( N1 y) =2 Agy—1 01y (1> 0).

To justify this definition, let z and y be such that 9fx = dly; we must show that the
stated conditions make sense and are consistent. We do this by induction on £ and .

Suppose that £ =1 = 0. Then x = y, so the conditions z Ap; y =x and x A\ ¥y =y
are consistent.

Suppose that k& > 0 and [ = 0. Then 9% '0_1x = 0fx = dly; hence, by the inductive
hypothesis, Oy_12 Ag_1,; y exists and is equal to Oy_jx. The conditions x Ax; y = x and
Ok—1( Ay y) = Ok—12 Np—1, y therefore make sense and are consistent.

Suppose that £ = 0 and [ > 0. Then 8§x = 8{y = 8%’181% hence x Ak;—1 01y exists
and is equal to 0;y. The conditions x Ay; y = y and Og1(x Ag, y) = O1y therefore make
sense and are consistent.

Finally suppose that £ > 0 and [ > 0. As in the previous cases, the expressions
Ok—17 Nk—1, y and & Ay ;1 01y make sense. We also have

Op—1(x Nigy—1 1Y) = Ok—1% Nj—1,1-1 1Y = Ok(Ok—1% N—11 Y),
so the conditions

TNty = (€ Akg—1 01Y) Ne—1 (Ok—12 Ak—11 Y),
Op—1(T Ny y) = Ok—12 Nj—1,1 Y,
O1(T Nky y) = & Agy—1 Oy

all make sense. It is also clear that they are consistent.
Each of these binary operations determines its own factors.

9.5. PROPOSITION. If x A\ y is defined, then

8,l€+1(x Nkl y) =, (9(’)“(3: Nkl Y) =Y.
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PRrROOF. The first equality is proved by induction on [; for [ = 0 it is obvious, and for
[ > 0 we have

8IIH_1 (l’ /\k,l y) = a]l{;llakJrl(CL' /\k,l y) = 812111(1’ /\kylfl 81y) = X.

The second equality is similarly proved by induction on k; for k£ = 0 it is obvious, and for
k > 0 we have

(@ Niay) = 0y Okca (@ Ay y) = 05 (D12 Aig y) = .

Because of the simplicial identities 950}, = 00 there are everywhere defined unary
operations as follows.

9.6. NOTATION. If k and [ are nonnegative integers and if x is an element of dimension
at least k4 [ in a set with complicial identities, then

Wi T = 8,l€+1x Ak, 8(’]%.
9.7. PROPOSITION. The operations wy,; are idempotent operations such that
allcﬂwk,l = allc—i-l? 8§wk,l = 8(];-
If X is a set with complicial identities and if ¢ > 0 then the square

of
Wi 1 Xgt1+g — Xitgq

a;m[ jaﬁ

Xita X

k q
80

18 a pull-back square.

PRrOOF. For all z it follows from Proposition 9.5 that

I ! ! k I
O 1 Wiy = Op 1 (O 17 Ay Ogw) = O) 1y,

k k(A i k..
! _ Al k _ ok
therefore 0wy = 0y, and 5wy, = Jy. It then follows that
=0, Akt OF =0 1w Ny O = ;
W JWE L = Opy WEIT NE] OgWE T = Op 1T N ) OgT = Wk | T;

therefore wy, is idempotent. If @ € wy; X144 then certainly 950, 2 = 910fz. Con-
versely, if y € Xy, and 2z € X, are such that Oy = 9%z then

T = Wi (Y Nig 2)

is a member of wy ; Xy114+4 such that 8,lc+1x =y and dfx = z and it is clearly the unique
such member; therefore the square is a pull-back square. [
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We will now combine the operations ¢; ; and wy;. Let s be an up-down vector. We
will construct operators ;s on |s|-dimensional elements for 0 < ¢ < |s|. We begin with
large values of ¢ and work downwards.

9.8. NOTATION. Let s be an up-down vector with last term p and let = be an |s|-
dimensional element in a set with complicial identities. Then
Yist = ¢z (|s| —p <i<|s]).

9.9. NOTATION. Let s = (s, ¢,p) and let x be an |s|-dimensional element in a set with
complicial identities. Then

Wis|—p,p—qT q=0),
¢|s|p,s$:{ Is|—p.p—q ( )

wISpr,pquSISpr,pfﬁﬂ (q > 0)-

9.10. PROPOSITION. If s is an up-down vector with last term p and if 1; s s an operator
with |s| —p <i < [s]|, then ‘ ‘
s =0 (i <j < s,

PROOF. In cases with i > |s| — p the result holds by Proposition 9.2 because
Rbis =0 Oidin = 0, = .
In cases with i = |s| — p we have

Yis = Wis|—p,p—q
or we have
¢i7s = wISI—p,p—qﬁbISI—p,p—qH

for some ¢. The result now holds because
J _ oj—Isl+pglsl-p _ aj-lslHpglsl-p _ j
N Wis|—pp—q = I " Wisl—pp—q = O & =0

by Proposition 9.7 and because %gb‘s‘_p,p_qﬂ = 88 by Proposition 9.2 as before. [

In the remaining cases we use induction on the number of terms in s.

9.11. NoTATION. Let s = (8/,¢,p), let = be an |s|-dimensional element in a set with
complicial identities, and let ¢ be an integer with 0 < i < |s| — p. Then 9;sx is the
element such that
Vis® = Vig Ot 1T Nsl—pp—q 3(‘?‘_%
and . 4
Ohist = Ogr (s —p <j <s).

To justify this definition, we must show that the two conditions make sense and are
consistent. We argue by induction on the number of terms in s. Let p’ be the last term
in s, so that

sl—p=Isl—q¢> |-
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If ¢ > |s'| — p' then 3(‘)S|_p@/)iys/ = a(I)SI—p by Proposition 9.10; if i < |s| — p’ then a(‘f"%i,sf =
3(%5'7’7 by the inductive hypothesis. In all cases it follows that

8ISI PHP=Y 4 3f_q8(|)s|_px.

|s|— p+1x_ |s|—p+1

8'5‘ p¢z s/a

The condition

Is|—p
Yist = g0} |s| p+1x Nisl-pp—q o @

therefore makes sense because the iterated wedge exists. This condition actually implies
the other condition by Proposition 9.7, because for |s| — p < 7 < |s| we have

(wzs'ap| p+1x /\‘S| —p;p— qa|5\ - )
=0y O i O 1 Nslppa O )
— a(])*|5\+pa(|)5|*10$

Is|—p+

= 8856.
Finally we construct the operation Vg as an iterated composite.

9.12. NOTATION. Let s be an up-down vector. Then Wy is the operation on |s|-
dimensional elements in sets with complicial identities given by

\Ils - (wl,s)(¢2,s¢1,s)(¢3,s¢2,5¢1,s) e (7/)|s\71,s e ¢2,s'¢)1,s>

(to be interpreted as the identity when [s| < 1).

10. The induced morphisms between simplexes

In Section 9 we have constructed operations in sets with complicial identities. We will
now give some results concerning the induced morphisms between simplexes.

10.1. PROPOSITION. If 61 and 0y are operations in sets with complicial identities such
that 0;01 = 0;1102 and if 0 is the operation given by
Ox = 011‘ /\Z 9237,
then
0" =0y €z+1 07 0; (¢; D 05 =0) €z+1 21 z+1( )2+ 0y

PrOOF. This follows from the construction of wedges in sets with complicial identities of
the form AK; see Notation 6.9. n



762 RICHARD STEINER

10.2. PROPOSITION. If j > 0 then
o = (01 )V [y — &/1(e) ) +1id.
PROOF. Recall from Notation 9.1 that ¢; ; = i+1q~5i7j with

¢i,0$ = €17,

$ijx = Gij-10iax Nz (j > 0).
It follows from Proposition 10.1 by induction on j that
b = 05 [ — )6+ (2 0),
and for j > 0 it then follows that
i = zvjazvﬂ (07) [6 1 — )] (el +id.
]

10.3. PROPOSITION. If 6, and 0y are operations in sets with complicial identities such
that 00, = 0 0, and if 0 is the operation given by

Oxr = 01z Ny, o,

then

= 07 (e)' — 05 (0))" ()" + 05 (eg)".
Proor. This follows by induction from Proposition 10.1 using the formulae

61$ /\k,O (92.1' = 91!13,
011‘ /\O,l 92[1) == 021‘7
91.73 /\k,l 0256 = (Hlx /\k,lfl 8192:L’> Ni—1 (8k,191x /\k,Ll QQI) (k‘,l > O)

(see Notation 9.4). n

10.4. PROPOSITION. The morphisms w,\c/’l are given by
wily = (O)' (€)' = (951" (95)" ()™ + (95) ()"
Proor. This follows from Proposition 10.3, because
W 1T = 8,l€+1.r Nkl b

(see Notation 9.6). =
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10.5. PROPOSITION. Ifs = (s',q,p) and if 0 < i < |s| — p, then

zys \s| —p,p—q (aré\—p—&—l)p_qw)zs’ ld](€|s| p) —q)
;fs( \\él—p+1)p_ = (8I\;|—p+1)p_q 1,8

(0 = (95,
PROOF. By Definition (see Notation 9.11),
wi,SZ' = wi,sla‘psT—qp—i-lx /\\s|—p,p—q ag]s‘_px.

The formula for w SI _pp_q follows from Propositions 10.3 and 10.4. The other two for-

mulae hold because 8‘5‘_p+1¢z s = Vg0 +1 and 3|S| Pabis 8(|)SH) (see Proposition 9.5).
n

10.6. PROPOSITION. Ifs = (s',q,p) with ¢ =0, then

w|5| -ps \;| —ppgq =0,
¢|S|—p,s(a‘s|_p+1) <a|s| p+1)p_q7
Vs (0577 = ().

PRrROOF. By Notation 9.9, ¢5|—ps = Ws|—pp—q- The last two formulae follow from Propo-
sition 10.4. [

10.7. PROPOSITION. Ifs = (s',q,p) with ¢ > 0, then

w\\g\—p,s - wl\él—p,p—q - (alzl—pﬂLl)p_qwl\;\—p,S’ o id](E\VSI—erl)p_qw\\;\—p,p—q’
Vit ps O pr)” ™ = (O )" "V
[ie)—ps — id] (O5)7

= (Opr)” ™ o1 = €] (e pyn)” ().

PROOF. In this case Yjs|—ps = Wis|—p.p—q+1Pjs|-pp—q+1 (€€ Notation 9.9), hence

¢\\g\—p,s B wIVSI—ILp—q
= 0 —pp—gr1 — MW 4y
= Ot 6 —p1 — el (i) W g
= (O —pr)" 15 —p1 — (e )" Wiy

by Proposition 10.2. We also have ¢jg_p1 = ¥js|—ps by Notation 9.8 because |s| —p >
|s’| — p, where p’ is the last term in s’. The results follow. n
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10.8. PROPOSITION. Ifs = (s',q,p) then

Uil (Ope)’ T = (Og—pp)” ™ (Isl —p <i <|s| —q),
w\s\ —q,8 (a|s| p—i—l)p = (a|s\ p+1) 1 (q > 0)7
i,s(a|s|fp+1)piq <a|s\ p+1) 1 'Lyp+qs (|S| —q-+ I<i< ’S’)a

vV vV — vV
Wigl—pp—q¥lsl—a+15 Op=pr1)” " = Og—pst)" Vg —pi1sr

+(00) P [By_gra (O = (O 1001] ()™ (g > 1),
Vs (0™ = (0" P iy (sl =2 < <s]).

PRrROOF. According to Notation 9.8 we have

wi,s = (bi,l? wz |s|+p,(p ¢z |s|+p,1
for |s| —p < i < |s|. We also have ¥;_p 145 = ¢ipiq1 for |s| — g < i < |s| because
i=—p+aq>Is|—p>Is|-p,

where p’ is the last term in s’. The results now follow from Propositions 10.2 and 10.4. m

Finally in this section, we consider the action of 1/, on V; in the case s = (¢', ¢, p);
we recall from Notation 8.4 that Vy is the subcomplex of A(]s|) generated by the basis
elements

[ig, ce 72.r—17 ’S| —p, 7;7»_,_1, . ,Zm]
with 0 <,y <|s| —p <41 < |8| — q.
10.9. PROPOSITION. If s = (s',q,p) then
isVe=0 (0<i<ls|—p),
isVs C Vs (Is|—p<i<ls)

PRrROOF. For 0 < i < |s| — p we have

Ul = (T pe)" e (el )" = O pin)"(05) ™ ()77 + (3) = (eg) ™

(see Notation 9.11 and Proposition 9.3), hence ¢ Vs = 0. In the same way w‘s| opgVs =10
by Proposition 10.4; hence, by Notation 9.9, w|s| Vs = 0. For [s| — p <i <[s| we have
;s = ¢i1 by Notation 9.8, hence 2/17 Vs C Vg by Proposition 10.2. [



THE ALGEBRA OF THE NERVES OF OMEGA-CATEGORIES 765
11. Simple chain complexes as retracts of simplexes

Given an up-down vector s, we have shown in Section 8 that the simplex A(|s|) has an
s-simple quotient

Ss = A(]s|)/Us.
In Section 9 we have constructed an operation Wy on |s|-dimensional elements in sets with
complicial identities. By Theorem 6.11 there is a corresponding endomorphism W) of
A(|s]). We will now show that Sy is a retract of A([s|) by showing that W} is idempotent

with kernel Us.
The method is as follows. By construction (see Notation 9.12), WY is a composite,

\1];/ = (wi/,sq/];/,s e Q/Jr;\—l,s) o (wis@b;sw?\;s)(w}/@@b;s)(,’bis)
We will construct subcomplexes UZ of A(Js]) for 0 < j < |s| such that

US:Ug—i-..._i_USlS'il’
LULcUl (0<i<j<l|s)),
YU cuimt (0<j<|s|),

J,s~s

Ud =0,

S

from which it will follow that Us C ker ¥). We will also show that
(s —1d)A(ls]) C Us (0 <i <s]),

from which it will follow that (VY — id)A(]s|) C Us. From these inclusions it will indeed
follow that U} is idempotent with kernel Us as required.

The subcomplexes U! are defined by induction on the number of terms in s. In the
many-term case s = (8/, ¢, p) recall from Notation 8.4 that

Us = (0)_p1)" “Us + (85) ¥ 77U + Vi,
where Vj is the subcomplex of A([s|) generated by the basis elements

[i07"'7i7‘—17’S| _pvir—l—lv"-vim]
with 0 <, < |s|] = p < i1 < |s] — q.

11.1. NoOTATION. For 0 < j < p let Ué)) be the subcomplex of A(p) generated by the
basis elements [ig, . .., %,,| with at least two terms less than or equal to j and with no term
equal to 7 + 1.

For s = (s',q,p) with ¢ = 0, let

{< MR LaTi (0<j<sl—p)

Ul = e )
(O)PUT T L v, (Is| = p < < [s))-

S
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For s = (s, ¢,p) with ¢ > 0, let

(D)™ (0<j<Is|—p)
(O —pr)" ™ Ug p' "
j s|— —|s .
Ul = + (@) UL+ Ve (sl —p < <s|—a),
O U
S .
[ @ v (sl - < < Is]).

We begin with the following result.

11.2. PROPOSITION. Let s be an up-down vector. Then

US:US[)+"'+US‘S|71,
U =0.

PrROOF. We use induction on the number of terms in s. The inductive step is obvious; we
will therefore consider the one-term case s = (p).

Recall from Notation 8.4 that U, is the subcomplex of A(p) generated by the basis
elements [ig, . .., 1y,] with m > 0 and i; < p —m. It is easy to see that the generating set

for Uyy) is the union of the generating sets for U(Op)7 cee U(’;l; therefore Uy, = U&) +...+
U(’?D ;1. It is also easy to see that the generating set for U(Op) is empty; therefore U(Op) = 0.
This completes the proof. [

We will now give three lemmas aimed at describing the subcomplexes Vi more explic-
itly.

11.3. LEMMA. If k is a fized integer with 0 < k < m then A(m) is generated as a chain
complex by the basis elements [jo, . .., jm] including a term equal to k.

PROOF. Let a be a basis element not including k, and let b be the basis element obtained
by inserting a term equal to k£ in a. Then 0b has a term equal to a, and every other term
of 0b includes k. The result follows. [

11.4. LEMMA. Ifs = (s',q,p) then
[w‘\;‘_p,p_q —1id]A([s]) € Vs.

PROOF. Let a be a basis element for A(|s|) which includes the term |s| — p. By Proposi-

tion 10.4, if a is a generator for V5 then wl\élfp »—q@ = 0; it a is not a generator for Vs then
wl\;\fp »_q@ = a. The result now follows because of Lemma 11.3. ]
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11.5. LEMMA. Let s be an up-down vector with last term p and let A be the set of basis
elements [Jo, - .., Jm] for A(|s]) with at least two terms in the set

{0,1,...,]s| —p}.

For 0 < j < |s| let B? be the set of basis elements with at least two terms in the set

{0,1,...,5}

and with no term j + 1, and let C? be the set of basis elements with at least two terms in
the set

{’S’ - D ’S’ _p+177j}
and with no term j + 1. Then U! is generated as a chain complex by a subset of AU BY,
and U! contains every member of CY.

PRrOOF. The proof is by induction on the number of terms in s.

If s = (p) then the results hold because U! is generated by the members of C? and
because B/ = (V.

From now on let s = (s', ¢, p) and let p’ be the last term of s’. We will first show that
U is generated by some of the members of AU B’. We do this by considering the various
constituents of UY.

Suppose that 0 < j < |s| — p. Since |s'| — p' < [s| — p, it follows from the inductive
hypothesis that Usj, is generated by basis elements with at least two terms less than or

equal to [s| — p, and it then follows that ( ‘\;|_p+1)p*qu, is generated by members of A.

S

'

Suppose that ¢ > 0 and [s| —p < j < |s| — ¢. Then (ag‘_pﬂ)p—QUs‘?'*p is generated by
members of A as in the previous case.

Suppose that |s| — ¢ < j < |s|. Then U’ "% is generated by basis elements with at
least two terms less than or equal to |s| — p, or with at least two terms less than or equal
to j —p+q and with no term j —p+ ¢+ 1. It follows that (8|Z‘7p+1)p_quj,_p+q is generated
by members of AU BY. '

For |s| —p < j < |s| it is clear that (83)‘5‘_pU(Jp_)‘S‘+p is generated by members of BY.

It is also clear that Vj is generated by members of A.

From these results it follows in all cases that UJ is generated by members of AU BY.

Next we show that every member ¢ of C7 is in UY.

There is nothing to prove in cases with 0 < j < |s| — p, because in those cases CV is
empty.

From now on, suppose that |s| —p < j < |s|. By Lemma 11.4

im(wy_,,, —id) C Vs C U,

so it suffices to show that w’ c € UJ. We do this by considering the various terms

‘Sl_pvp_q
of

w|vS|—p7p—qC - (a\\gl—pﬂ)p_q(fv )p_qc

Is|—p
(D)) () e+ (9) ()P
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(see Proposition 10.4).
If [s| —p < j < [s| — ¢ then it follows from the inductive hypothesis that the first term
is zero or is in ( ré‘fpﬂ)p*qul,S'_p; if |s| — ¢ < j < |s| then it similarly follows from the

Vv

p—qr7i—Ptq. :
a—pr)’ U5 " in any case we

inductive hypothesis that the first term is zero or is in (0
see that the first term is in U7.

For all j with |s| — p < j < |[s| the second and third terms are zero or are in
(8g)|s|_pU(J;)|S‘+p, so they are also in UJ.

This completes the proof. [
We deduce that the morphisms vy act in the required way.

11.6. PROPOSITION. The morphisms 1y are such that

( Zs —id)A(]s]) C Us (0 <i<|s]).

PROOF. We use induction on the number of terms in s.
Suppose that s = (s’,¢,p) and 0 < i < |s| — p. By Proposition 10.5,
im (¢ —1d) C (Og_py)” Im(Yye — id) + im(wy id).

|-pp—q
By the inductive hypothesis,
(aré|_p+1)p_q im(wiﬁ/ - 1d) C (a‘\g|—p+1)p_qUS/ C U57

by Lemma 11.4,
im(wg_p,—q —1d) C Ve C Us.

Therefore im(vy —id) C Us.

Now suppose that s = (s/,¢,p) and i = |s| — p. We can apply a similar argument,
using Propositions 10.6 and 10.7.

Finally suppose that |s| — p < i < |s|. By Notation 9.8 and Proposition 10.2,

V . \Y . V Vv Vv
is id = ¢i,1 —id = i—i—l(ei—l —€)

Because of Lemma 11.3, it suffices to show that 0} (e/; — €')a is in Us when a is a
basis element including ¢ + 1. If a is a basis element of that form not including ¢, then

V(€1 —€')a=0;if a is a basis element of that form including 4, then 9Y,,(¢/ ; — €)a
is a basis element including ¢ — 1 and ¢ but not ¢+ 1. In view of Lemma 11.5, this suffices
to show that 0}, ,(e/_; — €/)a is in Us in all cases, and this completes the proof. "

11.7. PROPOSITION. The morphisms %‘v,s are such that

JUIcU! (0<i<j<|s|).

,8'S
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PrROOF. We use induction on the number of terms in s.
Suppose first that s = (p). By Notation 9.8 and Proposition 10.2

iv,s = 925;/1 = z‘v+1<5z'v—1 - €zv) +id.

According to Notation 11.1, the chain complex U/ is generated by the basis elements with
at least two terms less than or equal to 5 and with no term equal to 5 + 1. The result
now follows from a simple computation.

Now suppose that s = (s’,¢,p), and let p’ be the last term of s’. Recall from Nota-
tion 11.1 that U? is a sum of constituents which may have one of the following forms:

S

(a|\g|—p+1)p_qu’ ) (8(\)/)|S_pU(]p)a Vs.

In almost all cases it follows straightforwardly from Propositions 10.5-10.9 and the in-
ductive hypothesis that 1’y maps the constituents of U/ into U7. The exceptional cases
are

Ve (@) EIPULE (g >0, [s| —p < j < [s])

and A
Ul —girs O PIULTPT (sl — g+ 1< j <s]).

We deal with these cases as follows.

In the first case let ¢ be a generator for U(];)‘S'er

, so that c¢ is a basis element with at
least two terms less than or equal to j — |s| + p and with no term equal to j — [s|+p+ 1.
By Proposition 10.7,

[wr;\—p,s - 1d:| (a(\)/)ls‘ipc = (a|\;|_p+1)p7qcl’
where
¢ = aIZI—JDJr1 [el\gl—p—l o EI\gl—zv} (El\gl—p+1)p_q(as/)‘5|_pc'
If |s|] —=p < j<|s|—qthen ¢ =0;if |s| — ¢ < j < |s| then ¢ is a linear combination of
basis elements with at least two terms in the set
{|S|_p_17 |S’_p7 Jj_p+Q}

and with no term equal to j —p+ ¢+ 1, so that ¢ € Ug,_erq by Lemma 11.5. In all cases
it follows that wleI*p e Ul
It remains to show that

Ve—gi1sOd UL T C UL (sl =g+ 1<) <s]).

Because of Lemma 11.5 it suffices to show that @Dl\glfqﬂ S(@;jfpﬂ)p*qc is in U when c is a
basis element in Usj,_p * with two terms less than or equal to |s| — p, or with two terms
less than or equal to j — p + ¢ and with no term j —p + ¢+ 1. By Lemma 11.4

im(wy_,, o —1d) C Ve C U?;
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it therefore suffices to .81.10W that w|vs|—p,p_q¢|vs\_q JFLS(&);/‘_er P cisin U7 for each such basis
element c. By Proposition 10.8

wIVSI—p,p—qwlvsl—quLs( \Z\—pﬂ)p_qc - (alzl—erl)p_q@Z)IVSI—pH,S’c
O8O0 = O 161 () e
The first of the terms on the right hand side is in U7 by the inductive hypothesis. If ¢ has
two terms less than or equal to |s| — p, then the second term on the right hand side is
zero. If ¢ has two terms less than or equal to j — p+ ¢ and has no term 7 —p+ ¢+ 1, then
the second term on the right hand side is a linear combination of basis elements with at
least two terms in the set
{Isl=p.ls|—p+1,....7}
and with no term j + 1 and is in U7 by Lemma 11.5. This completes the proof. ]

11.8. PROPOSITION. The morphisms Q/J;.fs are such that

YU cUI™t (0<j<s]).

J,ss
PROOF. This is similar. Again we use induction on the number of terms in s.

Suppose that s = (p). By definition, UJ is generated by the basis elements with at
least two terms less than or equal to 7 and with no term 5+ 1. If a is such a basis element
then

isa=¢ja=0/,,(e]_ | —€)a+a,
and this is a linear combination of basis elements with at least two terms less than or
equal to j — 1 and with no term j. Therefore ¢/ U7 C UJ™".

Now suppose that s = (s’, ¢, p). In almost all cases it follows from Propositions 10.5—
10.9 and the inductive hypothesis that Lijs maps each constituent of UJ into UJ~!. The
only difficulty is to show that

— s|—p+1 s|—
¢\\;‘*Q+1,S(a;/\fp+l)p qu|/| Pyl
in the case ¢ > 1. By Lemma 11.5, it suffices to show that

V V - —
¢|s|—q+1,s(as|—p+l)p e e US‘S| I

when c is a basis element in US|,S|7P "1 with two terms less than or equal to |s| — p, or with
two terms less than or equal to |s| — p+ 1 and with no term |s| —p + 2. As in the proof

of Proposition 11.7 it suffices to show that

( \\él—p+1)p7qw\\;|—p+1,sfc + (0 [¢Z\7/_q+1,1(ai/>pfq - (W)piqqﬁ,ﬂ (ey) e

is in U&7,

The first of these terms is in UL ™ by the inductive hypothesis. If ¢ has two terms less
than or equal to |s| — p, then the second term is zero. If ¢ has two terms less than or equal
to |s| —p+ 1 and has no term |s| — p + 2, then the second term is a linear combination of
basis elements with terms |s| — p and |s| — ¢ and with no term |s| — ¢+ 1, and is therefore

in U by Lemma 11.5. This completes the proof. "
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It follows from Propositions 11.2 and 11.6-11.8 that W is idempotent with ker-
nel Us. Recall from Theorem 6.11 that if X is a set with complicial identities then
Xjs = Hom[AA(]s]), X]. We draw the following conclusions.

11.9. PROPOSITION. Let s be an up-down vector and let X be a set with complicial iden-
tities. Then W 1s an tdempotent operation on X5 . There is a natural bijection
\IISX‘S‘ = HOH][)\SS, X],
where
Ss = Alls])/Us,

and the inclusion of Vs X5 in
Xjs| = Hom[AA([s]), X]

is induced by the quotient homomorphism A(|s|) — Ss. The image VsX|q is the subset
of X\s| consisting of the elements x such that

wl,sw == ¢|s|—1,sx =T.

PrROOF. We need only prove the final statement. To do this we first observe that if
0 < i < |s| then
im(¢);s —id) C Us = ker U

by Proposition 11.6, hence 9; sUs = ¥5. We then recall from Notation 9.12 that Uy is an
iterated composite of the operations v; . The result follows. [

12. The pull-back property

Let X be a set with complicial identities. According to Proposition 11.9 there is a functor
Ss = Y Xg from simple chain complexes to sets. According to Theorem 8.12 (see also
Notations 8.3 and 8.9) the image of an s-simple square is given by

8\S|—P
W X — W ) Xp

apsfpﬂl Lafq
Vo Xis —57 Yo Xe

[s|—p
e

In this section we show that the functor yields an w-category; that is, we show that the
images of simple squares are pull-back squares (see Proposition 5.8).

Recall from Proposition 11.9 that the image of Wy is the intersection of the fixed point
sets of the operations 1;s. We begin the proof by making the following observations.
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12.1. PROPOSITION. Let s be an up-down vector with last term p and let k be an integer
with |s| —p < k <|s|. Then

Vhs1,sT =Yg = -+ = Pjg|_15T = T
if and only if
Opsot = €,0p 1T, Opyat = 40p 1T, .. , O = esl k- 1(9,‘11]C
PRrROOF. For k < i < |s| we have ¢, s = ¢;1 (Notation 9.8), hence, by Proposition 9.3,
Yisk =T <= 0;117 € ime;_q.
Note also that 0;¢;_1 = id and 0;0;,1 = 0;0;, hence
Oip1x €imey <= 0410 = €_10,0;17 <= 0,417 = €,10,0;x.

It follows from this that if ¢; sx = x for all ¢ with k < i < |s| then

2
8k+2x = ekakH@ka = e;ﬁka,
2 203
Op43T = €410k 41208427 = €k+1€k3k+23k+1$ = ek8k+1x,
e

Is|—k—1 q|s|—k
Dis|T = €, Oy .

Conversely, if 9,12 = €, ka,ﬁ:ﬁ*lx for all ¢ with k < i < |s| then 0;1 12 € im¢;_; for all ¢

with k < i < |s], hence ¢, sx = x for all ¢ with k < i < |s|. This completes the proof. m

12.2. PROPOSITION. Let x be an n-dimensional element in the image of an operation wy, ;.
If k <i<k+1 then

[Oi1z = €50 k2] <= [0_p1057 = e 07 F 1 ofa).
If k+1<i<mn then

[Oirz = € kailw:“ | = [ai—l+lalls+1x =€, o la/chr]TlH&llsHI
and 8i_k+1ak$ = 60 k@’ k“@’“ ]
PrOOF. Recall from Proposition 10.4 that
wily = (00) ()" = (90)" () (ed) ™ + ()" (e0)".

Direct computations show that

0w — wa_l@iH (k’ <i<k+ l),
T Y w1 (k+1<i<n)
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and
i—k oi—k+1 .
hgihtly, wk,l—'lﬁz .3,@1 (k<i<k+1),
BT N wgge foit (k1 <i < n).

Recall from Notation 9.6 and Proposition 9.7 that
=0 okx, O =0 o =oF
Wi T = Op 1% Nkl Op Ty O Wi 1T = O 1T OyWi T = Gy .
For x € imwy; and for & <@ < k 4 [ it follows that 0,410 = eZ’ka,ijr]in if and only if

-1 _ i1 i~k gi—k+1 k _ gk i~k gi—k+1,.
Op10im® = 06 "0y @, Jy0iar = Opey "0y ;

for k + 1 < i < n it follows that 0, 1 = e?k@,’;ﬂ“x if and only if

I _ql i—kgi—k+1 k _ ok i—kgi—k+1
Op10im1% = Op i€ Oy @, Op0iaw = Oy "0y @

This gives the result. (In cases with k < i < k + [ the first condition is omitted from the
statement of the proposition because it is satisfied automatically). [

12.3. PROPOSITION. Let s = (8, q,p) be an up-down vector with more than one term, let
X be a set with complicial identities, let x be a member of Xy such that wig—pp—qv = T,

and let y = 8";|__qp+1x, z = 8(|JS‘_px. Then © € WXy if and only if y € Yy Xg| and
A \I/(p)Xp.

PROOF. According to Proposition 11.9 we must show that
¢1,s90 == ¢|s|—1,sx =

if and only if

st/y — et e = ¢|S/|—17S/y — y7 ”{7Z)17(p)2 e — wp—l,(p)z — a(‘]s‘_pz'

We will consider 1); s« for ¢ > |s| — p, then for i < |s| — p, then for i = |s| — p.
Let p’ be the last term in s’, and recall that |s| —p > |s'| — p’. It follows from
Propositions 12.1 and 12.2 that

Vis|pt1sT =" =Yg 1T =7

if and only if

Dlpiisy = = V1w =Y V2 = = Uiz =0 'z

Recall that @ = y Agj—pp—q 2 (Notation 9.6). For 0 < i < |s| — p we have ¢ sz =
i 9y Nis|—pp—q 2 (Notation 9.11), hence v; sz = x if and only if 1; ¢y = .

In the case ¢ = 0 we have 9)j5|_p s& = Wjs|—pp—q® = 2 by hypothesis (see Notation 9.9).
This completes the proof in the case ¢ = 0.
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From now on suppose that g > 0. It suffices to show that

Vis|—psT =T <= Yjg|—psy =Y.

Equivalently, since |s| —p > |s'| — p/, it suffices to show that

Wis|—p,p—qPls|—pp—q+1L = T = Pls|—p1y =Y

(see Notations 9.9 and 9.8).
To do this, suppose first that ws|—pp—q®|s|—pp—g+17 = x. Then

_ ap—g+1
Ops|—p+1y = Is|—p+17

_ ap—q
- 8|ps|—p+1wISI—p,p—q(bIS\—p,p—qulx
_ ap—q

- 8|ps|—p+1¢|5|*p,pfq+1x

by Proposition 9.7, hence Og—p11y € imeg—p—1 (Proposition 9.2), hence ¢j5|—p1y = ¥
(Proposition 9.3).
Conversely, suppose that ¢js|—, 1y = y. By Proposition 9.3

3@]3;:& = Ols|—p+1Y € iM€g)—p_1,
hence
Wis|—p,p—qPls|—p,p—q+1T = Wis|—pp—qZ = T-
This completes the proof. n

12.4. PROPOSITION. Ifs = (s',q,p) and if X is a set with complicial identities, then the
square

[s|—p
2

W Xy V) Xy
6|ps_qp+1l ja{’q
\IIS’X|S/| lsl—» \IJ(Q)XQ
0

s a pull-back square of sets.

PRroOOF. By Proposition 9.7 there is a pull-back square

[s|—p
2

Wis|—p,p—qX | Xp

P—q —
‘9sp+1l Laf !

Xis|

8(‘)S|*P q

with wyg)—pp—q idempotent. By Proposition 11.9 and Notation 9.9, if z € Wi Xy then

Wis|—p,p—q® = Wis|—p,p—q¥|s|—p,sT = Ys|—psT = T.

The result now follows from Proposition 12.3. n
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For a set with complicial identities X it now follows from Proposition 11.9 that the
functor
S — Hom[\S, X]

takes simple squares of chain complexes to pull-back squares of sets. By Proposition 5.8
this determines an w-category functorially in X. We will use the following notation.

12.5. NOTATION. Let 3 be the functor from sets with complicial identities to w-categories
such that
Hom[vS, BX] = Hom[\S, X]

for every simple chain complex S.

13. The equivalence

We have constructed functors a and [ between w-categories and sets with complicial
identities (see Notations 7.3 and 12.5). We will now show that these functors are inverse
equivalences.

In particular we must show that afX = X for every set with complicial identities X.
We will do this by showing that

\If(m)(aﬁX)m = \I/(m)Xm (m 2 0)

We must therefore show that a set with complicial identities is determined up to isomor-
phism by the images of the operations ¥,,). We will do this by induction on m: for m > 0
we will show that an m-dimensional element c is equivalent to the family consisting of the
image W (,,c and of its faces.

Recall that W¥(,,) is a composite of the operations 1; (,,), where

Vi (m)T = ¢i1% = Oiy1(€-10i417 N\ )
(see Notations 9.12, 9.8 and 9.1). We begin by considering an individual operation ¢; .

13.1. PROPOSITION. Let X be a set with complicial identities, let m and i be integers
with 0 < i < m, and let T be the set of triples (a,y, z) in ¢;1 X,y X X2 _, such that

iy = 0iz, O 1a=0;(yNi12), 0Oi1a=€10y.
Then there is a bijection f: X,, — T given by

fle) = (¢irc, Oirrc, Oiqc).
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PROOF. It follows from the axioms (Definition 3.1) that the formula for f defines a function
whose image is contained in 7. We will show that there is an inverse function g: 7" — X,
given by
9(a,y, 2) = Oila Ni—1 (y N1 2)];

the wedges in this formula exist because

Oi-1y = 0iz, 0Oi1a = 0;(y Ni-1 2).

First we show that gf(c) = ¢ for ¢ € X,,,. Let
A =¢€10i41¢ N ¢ = (6i-10;0;41¢ Ni—1 Oi41€) Ni €,

so that ¢; ¢ = 0;11A. By Definition 3.1(6),

A= 0;11 A N1 (Oig1¢ N1 Oi—10);

therefore

gf(c) = Oilpirc Ni—1 (Opy1¢ Ny Oi—1c]
= 0;[0i11A Ni—1 (0ip1¢ Nizq Oi—1€)]
= 0;A
=c.
Conversely we will show that fg(a,y, z) = (a,y, 2) for (a,y,2) in T. Let
B =aNi_1(y N1 2),
so that ¢g(a,y,2) = 0;B. Then
Oiy19(a,y, z) = 0;110;B
= 0;0;42B
= 0;[0;1a Ni—1 01 (Y Nic 2)]
= 0i(€i—10:y Ni—1 Y)
= 0i€i1Y
=Y,
and
ai—lg(aa Y, Z) = 0;-10;B = 0,.10,.1B = 3¢-1(y Ni1 Z) = z.
We also deduce that

€i-10+19(a,y, 2) = €21y = €,_10;y Ni—1 Y = Oi1a Ni—1 V.

By Definition 3.1(5),
B = (&Ha Ni—1 y) N; GlB,
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hence

bin9(a,y, z) = Oip1lei10i419(a,y, 2) Ni gla,y, 2)]
= 0;11[(0ip1a N1 y) N; 0;B]
= ai+1B
= a.
Therefore fg(a,y,z) = (a,y, 2).
This completes the proof. [

According to this proposition, if X is a set with complicial identities and if 0 < 7 < m,
then an m-dimensional member ¢ of X can be recovered from the image ¢, c and the
faces 0j11¢, 0;—1c. The triples (¢;1¢, 0;41¢,0;—1¢) that can occur are those permitted by
the formulae

ai+1¢i7lc = 6i—18i8i+10, @—1@5@',10 = 8i(ai+1c Ni 5i—1C)-
We extend this as follows.

13.2. PROPOSITION. Let X be a set with complicial identities. Then Xo = W) Xo. For
m > 0 the function on X,, given by

cr= (Y, Ooc, - . ., Ope)
is injective. The image consists of the (m + 2)-tuples
(a, Ugy - - - ,um) € \I/(m)X(m) X X1 X ... X X1

such that
0ia = Fi(ug,...,un) (0<i<m),

where F; is the operation such that
0V (myc = F;(0oc, . . ., Opc)

for all c.

PROOF. Recall from Notations 9.12 and 9.8 that ¥ ,,) is a composite of the operations ¢; ;

(an empty composite in the case m = 0). The result therefore follows from Proposi-
tion 13.2. =

13.3. THEOREM. The categories of w-categories and sets with complicial identities are
equivalent under the functors o and f3.
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PRrROOF. Let C be an w-category and let X be a set with complicial identities. We will
construct natural isomorphisms

paC =2 C, afX =X.

Let m be a nonnegative integer. By Proposition 5.4 and Definition 2.5, S, is a free
w-category on one m-dimensional generator. By Theorem 6.11 AA(m) is a free set with
complicial identities on one m-dimensional generator. It follows that

Cpn = Hom[vS(), C], X, = Hom[AA(m), X];
recall also from Proposition 11.9 that Hom[AS(,y, X| = W(,,,) X,,,. It is convenient to write
Uy Hom[AA(m), X] = { x € Hom[AA(m), X] : 2(AV(,)) = 2 },

so that
Hom[AS(1my, X] = W(,,,y Hom[AA(m), X].

Analogously we will write
U (,ny Hom[vA(m), C] = { € Hom[vA(m), C] : x<V\DE/m)) —zl

so that
Hom[v Sy, C] = W) Hom[vA(m), C).

It follows from Notations 7.3 and 12.5 that

(BaC)y, = Hom[v Sy, BaC]
= Hom[)\S(m), aC|
= V() Hom[AA(m), aC]
= U,y Hom[vA(m), C]
= Hom[vSgn), C]
= (O,

hence faC =2 C'. Analogously

\I/(m)(OéﬁX)m = HOIH[/\S /BX]
=W Hom[)\A(m) afX]
= U,y Hom[vA(m), BX]

= HOIIl[VS(m),ﬂX]
= Hom[)\S m)s X |

hence afX = X by Proposition 13.2. This completes the proof. [
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