Theory and Applications of Categories, Vol. 27, No. 13, 2013, pp. 263–326.

GENERALIZED HOPF MODULES FOR BIMONADS

MARCELO AGUIAR AND STEPHEN U. CHASE

Abstract. Bruguières, Lack and Virelizier have recently obtained a vast generalization of Sweedler’s Fundamental Theorem of Hopf modules, in which the role of the Hopf algebra is played by a bimonad. We present an extension of this result which involves, in addition to the bimonad, a comodule-monad and a algebra-comonoid over it. As an application we obtain a generalization of another classical theorem from the Hopf algebra literature, due to Schneider, which itself is an extension of Sweedler’s result (to the setting of Hopf Galois extensions).

Introduction

A Hopf module over a Hopf k-algebra H (with k a commutative ring) is a k-module which is both an H-module and an H-comodule and satisfies a condition linking the two structures. The Fundamental Theorem of Hopf Modules, originating in the celebrated 1967 theorem of Sweedler [40, Theorem 4.1.1], has over the years inspired many variations and generalizations. A recent and especially intriguing contribution to this line of inquiry is the paper of Bruguières, Lack and Virelizier [6], which (among other results) presents a version of Sweedler’s theorem in which the role of the Hopf algebra is played by a bimonad T on a monoidal category, a concept introduced by Moerdijk in [32]. In this paper we extend their theorem in two directions.

First, we obtain a bimonad version of the Fundamental Theorem for the so-called relative Hopf modules of the Hopf Galois theory. This theorem, proved by Schneider [37, Theorem I] and often called Schneider’s Structure Theorem [33, Section 8.5, especially Theorem 5.6], has an even longer history than Sweedler’s, since it is only a slight exaggeration to say that its origin lies in the non-commutative Hilbert’s Theorem 90 of classical Galois theory. In our version of the theorem, the role of the Hopf Galois extension is played by a monad S which is, in a sense we make precise, a comodule over the given bimonad T .

The second direction in which we extend the Fundamental Theorem of Bruguières, Lack and Virelizer [6, Theorem 6.11] involves the introduction of a comonoid C into the picture. The Hopf modules with which we deal are then not only algebras over the monad

Aguiar supported in part by NSF grant DMS-1001935. Received by the editors 2012-05-03 and, in revised form, 2013-01-19.

Published on 2013-01-28 in the volume of articles from CT2011. Revision 2013-04-10: footnote p.317. 2010 Mathematics Subject Classification: 16T05, 16T15, 18A40, 18C15, 18D10, 18D35. Key words and phrases: monad, comonad, bimonad, Beck’s theorem, Hopf module, Doi-Koppinen Hopf module, Hopf Galois, Sweedler’s Fundamental Theorem, Schneider’s Structure Theorem, Hilbert’s Theorem 90.

© Marcelo Aguiar and Stephen U. Chase, 2013. Permission to copy for private use granted. 263

264 MARCELO AGUIAR AND STEPHEN U. CHASE

S but also comodules over a comonoid constructed from C and T , satisfying an axiom which means essentially that each structure preserves the other. Our structure theorems then relate the category of such modules to the category of C-comodules.

Our primary motivation for pursuing these questions - and, in particular, for the use of the comonoid C above - arose from our project to obtain a structure theorem for Hopf modules over a bimonoid in a 2-monoidal category. Such a category is a generalization of a braided monoidal category; the notion is discussed in [2]. Unlike an ordinary monoidal category, a 2-monoidal category has two distinct units (one for each of the two monoidal operations), and it turns out that, even to obtain a version of Sweedler’s original theorem in this context, it is necessary to relate the relevant Hopf modules to comodules over one of the units. We plan to present this application of our fundamental theorem in a sequel to this paper. It is this application that demands the comonoid C in our version of the Fundamental Theorem.

In Sections 1 and 2 we present a retrospective of monadicity theory for comonads. In Section 2 we pile another brick atop the edifice of that theory with our introduction of the conjugate of a comonad, which is a second comonad that is constructed from the original one and a pair of adjoint functors relating the underlying category to another. We prove a comonadicity theorem for the conjugate comonad that is both a generalization and a corollary of the dual of Beck’s Monadicity Theorem [28, Theorem VI.7.1, Exercise VI.6]. We derive a universal property of the conjugate comonad, and at the end of the section use it to obtain necessary and sufficient conditions for a colax morphism of comonads with a right adjoint to yield an equivalence of their corresponding categories of coalgebras.

In Section 3 we introduce comodule-monads over a bimonad, as well as the more general notion of a comodule over a comonoidal adjunction. Sections 3 and 4 consist mostly of basic properties of and technical results about these concepts. In Section 3 we also define the Hopf modules with which we deal in the rest of the paper. At the end of Section 4 we discuss analogues, in our setting, of the Hopf and Galois operators of [6, Sections 2.6 and 2.8]. The latter of these, when invertible, generalizes one of the familiar criteria for a Hopf Galois extension [33, Definition 8.1.1].

In Section 5 we prove our main theorems for comodule-monads over bimonads, which we derive from more general theorems for comodules over comonoidal adjunctions. In Section 6 we apply these theorems to obtain a generalization of the above-mentioned Structure Theorem of Schneider for Hopf modules over a Hopf Galois extension; our version, as with the main theorems of Section 5, incorporates a coalgebra C into the context. At the end of the section we provide some historical remarks, and a discussion of the connection of these results with Hilbert’s Theorem 90.

Any treatment of the structure theorem for relative Hopf modules involves, explicitly or implicitly, the juggling of three distinct sets of phenomena: The category equivalence of the theorem, the invertibility of the Galois operator (the Galois condition), and, finally, existence of certain equalizers and their preservation and reflection by certain functors (faithful flatness conditions). In our categorical setting, managing the relationships among these various conditions leads to some complexity in the statements of our theorems.

GENERALIZED HOPF MODULES FOR BIMONADS 265

However, the reader who wishes to gain an overview of the substance of our work, without digesting the proofs, can steer the following path through the paper: Definition 2.1.1, Theorem 2.4.1, and Corollary 2.4.3, followed by Proposition 2.5.1 and Theorem 2.7.2; then Definitions 3.3.1, 3.5.1, 3.6.1, and 4.4.2; and, finally, Theorems 5.3.3 and 6.5.1.

1. Comonads and their coalgebras

The material in this section is for the most part standard. We recall basic notions pertaining to coalgebras over a comonad and set up the relevant notation in Sections 1.1–1.4. We then consider two comonads linked by a morphism (lax or colax) and discuss the corresponding functors on the categories of coalgebras (Sections 1.5 and 1.6). Mates and the Adjoint Lifting Theorem are reviewed in Sections 1.7 and 1.8, in a manner convenient to our purposes. A relationship between conservative and faithful functors is discussed in Section 1.9.

1.1. Coalgebras over a comonad. Let N be a category and

D : N → N

a comonad. We use (δ, ϵ) to denote its structure. They are natural transformations

δ : D → D^2 and ϵ : D → I

which are coassociative and counital, called the comultiplication and counit of D, respectively. Throughout, I denotes the identity functor of the appropriate category.

We let N_D denote the category of D-coalgebras in N [28, Section VI.2]. The objects are pairs (N, d) where N is an object of D and d : N → D(N) is a morphism that is coassociative and counital.

For any D-coalgebra (N, d), the parallel pair of arrows

D(N)^{δN} �_{D(d)} � D^2(N) (1.1)

is coreflexive. Indeed, the map

D(N) D^2(N)

D(ϵ_N ) � is a common retraction: D(ϵ_N )δ_N = id_{D(N)} = D(ϵ_N )D(d). Moreover, the diagram

N^d � D(N)^{δN} �_{D(d)} � D^2(N) (1.2)

in N_D is a split cofork in N [28, Section VI.7, pp. 148–149]. The splitting data is

N D(N)

ϵ_N

� D^2(N).

ϵ_{D(N)} � Explicitly, we have

δ_N d = D(d)d, ϵ_N d = id_N , ϵ_{D(N)}δ_N = id_{D(N)}, and dϵ_N = ϵ_{D(N)}D(d).

266 MARCELO AGUIAR AND STEPHEN U. CHASE 1.2. The adjunction of a comonad. The adjunction associated to the comonad D [28, Theorem VI.2.1] N_D

U_D � N F_D � consists of the forgetful functor U_D defined by U_D(N, d) = N, and the cofree coalgebra functor F_D defined by F_D(N) = � D(N), δ_N � . The latter is right adjoint to the former. The unit and counit of the adjunction are η_{(N,d)} : (N, d)^d−→ � D(N), δ_N � = F_DU_D(N, d) and ξ_N : U_DF_D(N) = D(N)^{ϵN}−→ N, respectively. Adjunctions of this form are called comonadic.

A functor is called conservative if it reflects isomorphisms. The forgetful functor U_D is conservative: if f is a morphism of D-coalgebras and f is invertible in N, then f^{−1} is a morphism of D-coalgebras.

Another fundamental property of the forgetful functor is the following. 1.2.1. Lemma. The forgetful functor U_D : N_D → N creates all limits that exist in its codomain and that are preserved by both D and D^2, and creates all colimits that exist in its codomain.

Proof. This is contained in [5, Propositions 4.3.1 and 4.3.2]. For the first statement, see also [29, Theorem V.1.5].

Above, limit creation is understood in the strict sense of [28, Section V.1]. We will mainly employ creation of equalizers. Let us make this notion explicit.

Suppose (N, d)^f �_g � (N^′, d^′) is a parallel pair of morphisms of D-coalgebras for which an equalizer

E^e � N^f �_g � N^′ exists in N. Suppose also that

D(E)^{D(e)} � D(N)^{D(f)} �_{D(g)} � D(N^′) and D^2(E)^{D2(e)} � D^2(N)^D

2(f) �

D^2(g)

� D^2(N^′)

are equalizers in N. Then E has a unique D-coalgebra structure d^{′′} for which

(E, d^{′′})^e � (N, d)^f �_g � (N^′, d^′) is an equalizer in N_D. In particular, the original pair has an equalizer in N_D and this is preserved by U_D.

GENERALIZED HOPF MODULES FOR BIMONADS 267

1.3. The comparison functor. Suppose that an adjunction (H, K) is given M H � N K � with structure maps (unit and counit) η : I → KH and ξ : HK → I.

The functor HK : N → N is then a comonad on N [28, Section VI.1]. The comultiplication is

HK = HIK^{HηK}−−→ HKHK (1.3) and the counit is HK^ξ−→ I. (1.4) The comparison functor Q : M → N_{HK} (1.5) is the unique one such that M_H � � � � Q � N N_{HK}^{UHK} � � � and M Q � N K � � �

F_{HK} � � � N_{HK} commute [28, Theorem VI.3.1]. Explicitly, Q(M) = � H(M), H(η_M ) � . (1.6) 1.4. Beck’s Comonadicity Theorem. We recall this fundamental result of Beck which describes precisely when the comparison functor Q of Section 1.3 is an equivalence.

A pair of parallel arrows in M is said to be H-split if its image under H is part of a split cofork.

Consider the following hypotheses.

Any pair which is coreflexive and H-split has an equalizer in the category M. (1.7) The functor H preserves the equalizer of any such pair. (1.8) The functor H is conservative. (1.9) 1.4.1. Theorem. [Beck’s Comonadicity Theorem] The functor Q : M → N_{HK} is an equivalence if and only if hypotheses (1.7) through (1.9) hold.

Proof. This is the dual of Beck’s Monadicity Theorem, in the form given in [3, Theorem 3.3.10] and [6, Theorem 2.1]. A closely related version is given in [5, Theorem 4.4.4] and in [28, Exercise VI.6].

268 MARCELO AGUIAR AND STEPHEN U. CHASE

We expand on this result in Section 2.4. We mention in passing that in the special case when the adjunction (H, K) is monadic, additional information on the functor Q is given in [16, Theorem 10.1].

1.5. Transferring coalgebras along a colax morphism of comonads. Let M and N be categories, C a comonad on M, and D a comonad on N. M C � N D� We use similar notation for the comonad C as for D, as in Sections 1.1 and 1.2. Let H : M → N and σ : HC → DH be a functor and a natural transformation, respectively, such that the diagrams

HCC^{σC} � DHC^{Dσ} � DDH

HC_σ � Hδ �

DH δH � HC^σ �

Hϵ � � � DH ϵH � � � H (1.10)

commute. One then says that (H, σ) : (M, C) → (N, D) is a colax morphism of comonads.

In this situation, there is an induced functor H_σ : M_C → N_D on the categories of coalgebras, defined as follows. Given a C-coalgebra (M, c), we let H_σ(M, c) = � H(M), d � , where d : H(M)^{H(c)}−−→ HC(M)^{σM}−−→ DH(M). (1.11) Diagrams (1.10) guarantee that H_σ(M, c) is a D-coalgebra. If f : M → M^′ is a morphism of C-coalgebras, then H(f) : H(M) → H(M^′) is a morphism of D-coalgebras, by naturality of σ. This defines H_σ on morphisms.

It is easy to see that the diagram

M^H � N

M_{C Hσ} �

U_C � N_D

U_D � (1.12)

GENERALIZED HOPF MODULES FOR BIMONADS 269

is commutative. On the other hand, the diagram

M^H �

F_C � N F_D � M_{C Hσ} � N_D

(1.13)

commutes (up to isomorphism) if and only if the transformation σ is invertible [18, Lemma 3].

Consider now the special case in which M = N and H = I is the identity functor. Thus the comonads C and D act on the same category N. Given a transformation σ : C → D such that (I, σ) : (N, C) → (N, D) is a colax morphism of comonads, there is the induced functor I_σ : N_C → N_D between coalgebra categories, and as a special case of (1.12) we have the commutative diagram

N_C

U_C � � � � I_σ � N D U_D � � � N. (1.14)

1.5.1. Lemma. Let F : N_C → N_D be a functor such that

N_C

U_C � � � � F � N_D

U_D � � � � N (1.15)

commutes. Then there exists a unique transformation σ : C → D such that (I, σ) : (N, C) → (N, D) is a colax morphism of comonads and F = I_σ .

Proof. This appears in [3, Theorem 6.3] and [5, Proposition 4.5.9]. A more general result is given in [39, Theorem 6].

The hypothesis that diagram (1.15) commute can be described explicitly as follows. If (N, a) is an object of N_C , then F(N, a) = (N, b) for a suitable morphism b : N → D(N); moreover, if f : (N, a) → (N^′, a^′) is a morphism in N_C (i.e., a morphism f : N → N^′ in N such that C(f)a = a^′f), and F(N, a) = (N, b) and F(N^′, a^′) = (N, b^′), then also D(f)b = b^′f.

1.6. Transferring coalgebras along a lax morphism of comonads. We return to the setting M C � N D�

where C and D are comonads. Let

K : N → M and τ : CK → KD

270 MARCELO AGUIAR AND STEPHEN U. CHASE be a functor and a natural transformation, respectively, such that the diagrams

CCK^{Cτ} � CKD^{τ D} � KDD

CK_τ � δK �

KD Kδ � CK^τ �

ϵK � � � KD Kϵ � � � K (1.16)

commute. One then says that (K, τ) : (N, D) → (M, C) is a lax morphism of comonads.

Given a D-coalgebra (N, d), consider the maps

CK(N)^{δK(N)}−−−→ CCK(N)^{C(τN )}−−−→ CKD(N) and CK(N)^{CK(d)}−−−→ CKD(N). (1.17) 1.6.1. Lemma. The maps in (1.17) form a coreflexive pair in the category M_C . Proof. Each arrow in (1.17) is a morphism of C-coalgebras (the arrow δ_{K(N)} by coassociativity of δ, and the arrows in the image of C by naturality of δ). The map CK(ϵ_N ), where ϵ : D → I is the counit of the comonad D, is a common retraction of the two maps (this uses the second diagram in (1.16)), and is a morphism of C-coalgebras.

We fix the transformation τ and make the following assumption.

The pair (1.17) possesses an equalizer in M_C for all D-coalgebras (N, d). (1.18) We let K^τ (N, d) denote the equalizer in M_C of the pair (1.17). This defines a functor K^τ : N_D → M_C on objects. The maps in (1.17) are natural with respect to morphisms of D-coalgebras; this allows us to define K^τ on morphisms. By construction, there is a canonical morphism of coalgebras K^τ (N, d) → CK(N). (1.19) 1.6.2. Lemma. The diagram N^K �

F_D � M F_C � N_{D Kτ} � M_C

(1.20)

is commutative (up to isomorphism).

GENERALIZED HOPF MODULES FOR BIMONADS 271

Proof. Let N be an object of N. Consider the maps f, g and h defined as follows. f : CK(N)^{δK(N)}−−−→ CCK(N)^{C(τN )}−−−→ CKD(N) g : CKD(N)^{CK(δN )}−−−−→ CKDD(N) h : CKD(N)^{δKD(N)}−−−−→ CCKD(N)^{C(τD(N))}−−−−−→ CKDD(N).

Note the pair (g, h) is (1.17) for the D-coalgebra F_D(N) = (D(N), δ_N ), whose equalizer is K^τ F_D(N). We show below that the diagram CK(N)^f � CKD(N)^g �_h � CKDD(N)

is a split cofork in the category M_C . It then follows that f is the equalizer of (g, h), from which F_C K(N) ∼= K^τ F_D(N).

First of all, f is a morphism of C-coalgebras, because so are δ_{K(N)} (by coassociativity) and C(τ_N ) (by naturality).

That the diagram is a cofork is shown by the commutativity of the diagram CK^{δK} �

δK �

CCK^{Cτ} � δCK � CKD δKD � CCK^{CδK} �

Cτ �

CCCK^{CCτ} � CCKD

Cτ D � CKD_{CKδ} � CKDD.

The top left corner commutes by coassociativity and the top right by naturality. The commutativity of the bottom rectangle follows from that of the first diagram (1.16).

Consider now the maps p and q defined by p : CKDD^{CKDϵ}−−−→ CKD q : CKD^{CKϵ}−−→ CK.

We show they split the above cofork.

We have pg = id by the counit axiom for D. Also, qf = id in view of the commutative diagram CK^{δK} � � � � � � � CCK^{Cτ} � CϵK � CKD CKϵ � CK CK, where again we use counitality and the second diagram in (1.16). It only remains to check that ph = fq. This holds in view of the diagram CKD^{δKD} � CKϵ � CCKD^{Cτ D} �

CCKϵ � CKDD

CKDϵ � CK_{δK} � CCK_{Cτ} � CKD,

272 MARCELO AGUIAR AND STEPHEN U. CHASE which commutes by naturality.

1.6.3. Remark. We will apply Lemma 1.6.2 in the same context as that of the Adjoint Lifting Theorem (Theorem 1.8.1 below). In this situation, diagram (1.20) is right adjoint to (1.12), and hence the commutativity of any one of these diagrams is equivalent to that of the other.

1.7. Mates. Suppose that, in addition to the comonads C and D as in Sections 1.5–1.6, an adjunction (H, K) is given, as below. M H � N K � Let η : I → KH and ξ : HK → I be the unit and counit of the adjunction.

In this situation, there is a bijective correspondence between transformations σ : HC → DH and transformations τ : CK → KD.

Given σ, the transformation τ is defined by

τ : CK = ICK^{ηCK}−−→ KHCK^{KσK}−−→ KDHK^{KDξ}−−→ KDI = KD. Conversely, given τ, the transformation σ is defined by

σ : HC = HCI^{HCη}−−→ HCKH^{Hτ H}−−−→ HKDH^{ξDH}−−→ IDH = DH.

The transformations σ and τ are said to be mates. They determine each other. Moreover, [39, Theorem 9]

(H, σ) : (M, C) → (N, D) is a colax morphism of comonads ⇐⇒ (K, τ) : (N, D) → (M, C) is a lax morphism of comonads.

For more information on mates, see [21, Section 2.2] or [24, Section 6.1]. 1.8. Transferring coalgebras along an adjunction. We now make use of all the preceding data discussed in Sections 1.5–1.7, as summarized by the following diagrams.

M C � H � N K �^D�

M^H �

⇒

σ N M C �

H � N D � M C �

⇒

τ N K� D � M N K �

GENERALIZED HOPF MODULES FOR BIMONADS 273

The transformations σ and τ are mates for which (H, σ) and (K, τ) are morphisms of comonads (colax and lax, respectively) and we assume hypothesis (1.18).

According to the constructions of Sections 1.5–1.6, there are functors between categories of coalgebras as follows.

M_C

H_σ �

N_D

K^τ � We proceed to turn them into an adjoint pair.

We first define a transformation

η̂ : I → K^τ H_σ.

Let (M, c) be a C-coalgebra, write H_σ(M, c) = � H(M), d � . One verifies that the diagram

M^e � CKH(M)^f �_g � CKDH(M) (1.21)

is a cofork, where the maps e, f and g are defined as follows.

e : M^c−→ C(M)^{C(ηM )}−−−→ CKH(M)

f : CKH(M)^{δKH(M)}−−−−→ CCKH(M)^{C(τH(M))}−−−−−→ CKDH(M)

g : CKH(M)^{CKH(c)}−−−−→ CKHC(M)^{CK(σM )}−−−−→ CKDH(M).

The verification uses the definition of mate.

The map e is a morphism of C-coalgebras (by coassociativity of c and naturality of δ). In view of the definition of d (1.11), the pair (f, g) coincides with the pair of arrows in (1.17), for N = H(M). It follows from the definition of K^τ � H(M), d � that there is a unique morphism of C-coalgebras

η̂_{(M,c)} : (M, c) → K^τ H_σ(M, c)

such that M^e � η̂ � CKH(M)

K^τ H_σ(M, c)

Eq(f,g) � � � � commutes.

We turn to the transformation ξ̂ : H_σK^τ → I.

On a D-coalgebra (N, d), ξ̂ is defined as the composite

H_σK^τ (N, d) = HK^τ (N, d) −→ HCK(N)^{H(ϵK(N))}−−−−−→ HIK(N) = HK(N)^{ξN}−→ N,

where the first map is obtained by applying H to (1.19). One verifies that this is a morphism of D-coalgebras.

274 MARCELO AGUIAR AND STEPHEN U. CHASE

1.8.1. Theorem. [The Adjoint Lifting Theorem] Under hypothesis (1.18), the functors

M_C

H_σ �

N_D

K^τ � of Sections 1.5–1.6, with the transformations η̂ and ξ̂ above, form an adjunction.

Proof. This statement is dual to [5, Theorem 4.5.6]; see also [5, Exercise 4.8.6]. The theorem is given under the hypothesis that M_C has equalizers of all coreflexive pairs. By Lemma 1.6.1, the pairs of the form (1.17) are coreflexive, so this hypothesis is stronger than (1.18). The result continues to hold under the weaker hypothesis, with the same proof.

Additional references for the Adjoint Lifting Theorem are [3, Theorem 7.4.b], [18, Theorem 2], and [19, Proposition A.1.1.3].

1.8.2. Remark. Consider the case in which M = N and H = K = I. In this case the mates σ and τ coincide; they consist of a natural transformation C → D that commutes with the comonad structures, and H_σ(M, c) = (M, σ_M c). In this special case, the result of Theorem 1.8.1 appears (in dual form) in work of Linton [25, Corollary 1]. This and other early instances of the Adjoint Lifting Theorem in the literature are listed by Johnstone in [18, page 295]. Note that, even though (H, K) is in this case an adjoint equivalence, the categories of coalgebras M_C and N_D need not be equivalent.

On the other hand, suppose that C = I is the identity comonad on M, D = HK is the comonad on N associated to the adjunction (H, K), and σ is the transformation

HC = HI^{Hη}−→ HKH = DH.

It is easy to see that then (H, σ) is a colax morphism of comonads and that

H_σ : M → N_D

is the comparison functor of Section 1.3. As already mentioned, Beck’s Comonadicity Theorem (Theorem 1.4.1) gives conditions under which the comparison functor is an equivalence. We are interested in a similar situation in which neither comonad C nor D is trivial but we can still conclude that (H_σ, K^τ ) is an adjoint equivalence. This is the topic of Section 2.4.

1.9. Conservative and faithful functors. The following miscellaneous results will be useful in Section 6. A category M is balanced if an arrow f in M that is both an epimorphism and a monomorphism is in fact an isomorphism.

1.9.1. Proposition. Let H : M → N be a functor.

(i) Assume that M has all equalizers (or coequalizers) and H preserves them. If H is conservative, then it is faithful.

(ii) Assume that M is balanced. If H is faithful, then it is conservative.

GENERALIZED HOPF MODULES FOR BIMONADS 275

Proof. Assume that M has equalizers and these are preserved by H. Let f, g : M → M^′ be morphisms of M such that H(f) = H(g). Then, there are equalizers

E^i � M^f �_g � M^′ and H(E)^{H(i)} � H(M)^{H(f)} �_{H(g)} � H(M^′)

in M and N respectively. Since H(f) = H(g), it follows that H(i) is an isomorphism. Since H is conservative, i is likewise an isomorphism, and so f = g. Thus H is faithful. This proves one alternative of statement (i); the remaining one follows since the notions of “faithful” and “conservative” are self-dual.

Statement (ii) follows from the fact that a faithful functor reflects both epimorphisms and monomorphisms [4, Propositions 1.7.6 and 1.8.4].

The following is an immediate consequence.

1.9.2. Corollary. Let H : M → N be a left (or right) exact functor between abelian categories. Then H is conservative if and only if it is faithful.

2. Conjugating a comonad by an adjunction

Consider the situation M C � H � N K � in which (H, K) is an adjunction and C is a comonad. In Section 2.1 we turn the composite functor HCK into a comonad on N. We say this comonad is obtained from C by conjugation under the adjunction (H, K) and denote it by C^∨. The comonads C and C^∨ are related by a canonical colax morphism (Section 2.2). This provides the ingredients for an application of the Adjoint Lifting Theorem in Section 2.3, which results in an adjunction between the categories of coalgebras over C and C^∨. Our main goal here, achieved in Section 2.4, is to obtain precise conditions when this is in fact an adjoint equivalence. We call this result the Conjugate Comonadicity Theorem. It is an extension of Beck’s Comonadicity Theorem (and follows from it). We expand on the study of the conjugate comonad in Sections 2.5 and 2.6, where we establish a universal property of C^∨ and derive a criterion for a colax morphism of comonads to induce an equivalence between coalgebra categories. Let δ : C → C^2 and ϵ : C → I

be the comultiplication and the counit of the comonad C. Let

η : I → KH and ξ : HK → I

be the unit and the counit of the adjunction (H, K). We let C^∨ denote the composite functor C^∨ : N^K−→ M^C−→ M^H−→ N.

276 MARCELO AGUIAR AND STEPHEN U. CHASE

(The notation does not show that the functor C^∨, and the comonad structure to be defined below, depend not only on the comonad C but also on the adjunction (H, K).)

2.1. The conjugate comonad. We turn the functor C^∨ into a comonad on N.

Consider the adjunction (U_C , F_C) associated to the comonad C, as in Section 1.3. Composing the adjunctions

M_C

U_C

� M^H �

F_C

� N_K� (2.1)

we obtain an adjunction (HU_C , F_CK). The comonad on N defined by this adjunction (as in Section 1.3) is HU_C F_C K = HCK = C^∨,

and the structure turns out to be as follows.

The comultiplication is

C^∨ = HCK^{HδK}−−→ HCCK = HCICK^{HCηCK}−−−−→ HCKHCK = (C^∨)^2. (2.2)

The counit is C^∨ = HCK^{HϵK}−−→ HIK = HK^ξ−→ I. (2.3)

2.1.1. Definition. We refer to the functor C^∨ = HCK : N → N with the above structure as the conjugate comonad of C under the adjunction (H, K).

2.1.2. Remark. When C = I is the identity comonad, the conjugate comonad is simply the comonad HK defined by the adjunction, as in Section 1.3. On the other hand, as explained above, the general case of the construction can be reduced to this special one.

Consider again the composite adjunction (2.1). We use Q_C to denote the corresponding comparison functor, as in (1.5). It follows from the discussion in Section 1.3 that Q_C is the unique functor Q_C : M_C → N_C∨ (2.4)

between categories of coalgebras such that

M^H � N

M_C

U_C �

Q_C

� N_C∨

U_C∨ � and M F_C � N K � F_C∨ � M_{C QC} � N_C∨

commute. Explicitly, if (M, c) is a C-coalgebra, then Q_C (M, c) = � H(M), d � , where d is the composite

H(M)^{H(c)}−−→ HC(M)^{HC(ηM )}−−−−→ HCKH(M) = C^∨H(M). (2.5)

In Section 2.4 we discuss conditions under which the functor Q_C is an equivalence.

GENERALIZED HOPF MODULES FOR BIMONADS 277

2.2. A colax morphism. Define a transformation γ by γ : HC = HCI^{HCη}−−→ HCKH = C^∨H. (2.6) 2.2.1. Lemma. The transformation γ turns H into a colax morphism of comonads (H, γ) : (M, C) → (N, C^∨).

In addition, its mate is the transformation γ given by γ : CK = ICK^{ηCK}−−→ KHCK = KC^∨. (2.7) Proof. In order to check that γ is a colax morphism, consider the diagram

HC γ � Hδ � HCη � HCKH

HδKH � C^∨H

δH

�

HCC^{HCCη} �

HCηC � γC �

HCCKH

HCηCKH � HCKHC_{HCKHCη} � HCKHCKH � � � � � � � � C^∨HC_{C∨γ} � C^∨C^∨H.

The outer diagrams commute by definition of γ and of δ : C^∨ → C^∨C^∨. The inner rectangles commute by naturality. It follows that the diagram commutes, and this yields the first condition in (1.10).

The second condition in (1.10) is the commutativity of the diagram HC^{Hϵ} � HCη � γ �

H Hη � HCKH^{HϵKH} � HKH ξH � C^∨H_{ϵH} � H.

This employs one of the axioms involving the unit and counit of the adjunction (H, K).

Finally, the fact that the mate of γ is given by (2.7) follows from the commutativity

278 MARCELO AGUIAR AND STEPHEN U. CHASE

of the diagram CK^{ηCK} � γ �

KHCK

KHCηK � KγK � � � � � � � � � �

� � � � � � � � � KHCKHK

KC^∨ KC^∨HK.

KC^∨ξ � This employs the remaining axiom involving the unit and counit of the adjunction.

We now have two functors M_C → N_C∨ between categories of coalgebras. The comparison functor Q_C defined in (2.4) and the functor H_γ induced by the colax morphism (H, γ) as in Section 1.5.

2.2.2. Lemma. The functors Q_C and H_γ coincide.

Proof. Let (M, c) be a C-coalgebra. We calculate H_γ (M, c) using (1.11) and (2.6), and Q_C (M, c) using (2.5). In both cases the result is � H(M), d � , where d is as in (2.5). On morphisms both functors agree with H.

2.3. Lifting for the conjugate comonad. We now consider the comonad C together with its conjugate C^∨ M C � H � N K � C^∨�

in the context of the Adjoint Lifting Theorem of Section 1.8. We work with the transformation γ and its mate γ of Section 2.2.

The first thing to note is that the pair of arrows (1.17) is in this situation of a special kind.

2.3.1. Lemma. For any C^∨-coalgebra (N, d), the pair of arrows

CK(N)^{δK(N)}−−−→ CCK(N)^{C(γN )}−−−→ CKC^∨(N) and CK(N)^{CK(d)}−−−→ CKC^∨(N)

in the category M_C is coreflexive and HU_C -split.

Proof. The pair is coreflexive by Lemma 1.6.1 applied to the comonad C^∨. Applying HU_C to the pair we obtain

C^∨(N)^{H(δK(N))}

−−−−−→ HCCK(N)^{HC(γN )}−−−−→ (C^∨)^2(N) and C^∨(N)^{C∨(d)}−−−→ (C^∨)^2(N).

According to (2.7), γ = ηCK. Recalling (2.2) and (2.3), we see that the previous pair is precisely the pair (1.1) associated to the C^∨-coalgebra (N, d). We know from Section 1.1 that this pair is part of the split cofork (1.2).

GENERALIZED HOPF MODULES FOR BIMONADS 279

Consider now the following hypothesis.

The functors C and C^2 preserve the equalizer of any parallel pair in M which is both coreflexive and H-split.

(2.8)

2.3.2. Lemma. Suppose that:

• The category M satisfies hypothesis (1.7). • The comonad C satisfies hypothesis (2.8).

Then the category M_C possesses equalizers of all parallel pairs which are both coreflexive and HU_C -split. Moreover, these equalizers are preserved by U_C . Proof. Consider such a pair

(M, c)^f �_g � (M^′, c^′) of arrows in M_C. Forgetting the C-coalgebra structure we obtain a pair of parallel arrows in M which is coreflexive and H-split. By hypothesis (1.7), this pair has an equalizer

E � M^f �_g � M^′

in M, and by (2.8), this equalizer is preserved by C and C^2. By Lemma 1.2.1, E has a C-coalgebra structure c^{′′} for which

(E, c^{′′}) � (M, c)^f �_g � (M^′, c^′) is an equalizer in M_C . This shows that M_C possesses the required equalizers and that they are preserved by U_C .

2.3.3. Proposition. Suppose that:

• The category M satisfies hypothesis (1.7). • The comonad C satisfies hypothesis (2.8).

Then there is an adjunction M_C

H_γ � N_C∨ .

K^γ � The transformations γ and γ are as in Section 2.2 and the adjunction as in Section 1.8. Proof. It follows from Lemmas 2.3.1 and 2.3.2 that the category M_C possesses equalizers of all pairs of the form (1.17) for D = C^∨. Thus, hypothesis (1.18) holds. The adjunction then follows from Theorem 1.8.1.

280 MARCELO AGUIAR AND STEPHEN U. CHASE

We proceed to show that under certain additional hypotheses the preceding is in fact an adjoint equivalence.

2.4. The Conjugate Comonadicity Theorem. We return to the comparison functor Q_C of (2.4).

2.4.1. Theorem. [The Conjugate Comonadicity Theorem] The following are equivalent statements.

(i) For all comonads C on M which satisfy hypothesis (2.8), the comparison functor Q_C : M_C → N_C∨ is an equivalence.

(ii) Hypotheses (1.7) through (1.9) hold.

Proof. The identity comonad I satisfies (2.8) trivially, and Q_I is the comparison functor of (1.5). Thus, (i) implies (ii) by Theorem 1.4.1 (Beck’s).

For the converse, assume (1.7)–(1.9) and the comonad C satisfies (2.8). It suffices to verify that the composite adjunction (HU_C , F_CK) of (2.1) satisfies the hypotheses of Beck’s theorem.

By Lemma 2.3.2, the category M_C possesses equalizers of all parallel pairs which are both coreflexive and HU_C -split, and they are preserved by U_C . Hence these equalizers are preserved by HU_C , in view of (1.8). In addition, since both H and U_C are conservative (the former by (1.9)), so is their composite HU_C . Thus the hypotheses of Beck’s theorem are satisfied by the adjunction (HU_C , F_CK) and the proof is complete.

2.4.2. Remark. Hypotheses (1.7)–(1.9) enter both in Theorem 1.4.1 and in Theorem 2.4.1. Thus, one may view the Conjugate Comonadicity Theorem as adding one equivalent condition (statement (i) above) to those in Beck’s theorem.

We connect with the result of Proposition 2.3.3.

2.4.3. Corollary. Assume hypotheses (1.7) through (1.9) and (2.8) hold. Then the adjunction

M_C

H_γ � N_C∨ .

K^γ � of Proposition 2.3.3 is an adjoint equivalence.

Proof. In this situation, the hypotheses of Proposition 2.3.3 are satisfied, so the adjunction exists. From Lemma 2.2.2, we know that H_γ = Q_C . Since the latter functor is an equivalence by Theorem 2.4.1, the adjunction is an adjoint equivalence.

GENERALIZED HOPF MODULES FOR BIMONADS 281

2.5. Universal property of the conjugate comonad. We consider the following situation. M C � H � N K � C^∨ � D �

We discuss a universal property of the conjugate comonad C^∨ of Definition 2.1.1 and the colax morphism (H, γ) of Lemma 2.2.1. Briefly, it states that any colax morphism from C to D factors through γ.

2.5.1. Proposition. Let D : N → N be a functor and σ : HC → DH a transformation.

(i) There is a unique transformation σ^′ : C^∨ → D such that the diagram

HC^σ � γ � � � DH

C^∨H

σ^′H � � � (2.9)

commutes.

(ii) Moreover, if D is a comonad and (H, σ) : (M, C) → (N, D) is a colax morphism of comonads, then (I, σ^′) : (N, C^∨) → (N, D) is another such morphism.

Proof. We use (δ, ϵ) to denote the structure maps of all comonads.

We let σ^′ : HCK → D be the composite

C^∨ = HCK^{σK}−→ DHK^{Dξ}−→ DI = D. (2.10)

We prove (i). Consider the diagram

HC^γ � C^∨H^{σ′H} � DH

HC^{HCη} � σ � � � � HCKH^{σKH} � DHKH^{DξH} � DH.

DH^{DHη} � � � � The top left rectangles commute by definition of γ (2.6) and σ^′. The bottom diagrams commute by naturality and one of the adjunction axioms. The commutativity of the whole diagram results, and this is (2.9).

To complete the proof of (i), we verify the uniqueness of σ^′. Assume another transformation σ^{′′} makes (2.9) commutative. Consider the diagram

282 MARCELO AGUIAR AND STEPHEN U. CHASE

HCK^{HCηK} � γK � � � � σK � � � �

� � �

σ^′ �

HCKHK^{HCKξ} � HCK

C^∨HK^{C∨ξ} �

σ^{′′}HK � C^∨

σ^{′′}�

DHK^{Dξ} � D.

The top left triangle commutes by definition of γ (2.6). The triangle below it commutes by assumption and the bottom piece by definition of σ^′. The top piece commutes by one of the adjunction axioms and the remaining rectangles by naturality. We deduce that σ^′ = σ^{′′}.

We turn to (ii). Assume that (H, σ) : (M, C) → (N, D) is a colax morphism of comonads. The fact that σ^′ preserves counits (second diagram in (1.16)) is the commutativity of the diagram

C^∨ = HCK

σ^′ � σK � HϵK � � � �

ϵ � � � � � � � � � � DHK^{Dξ} � ϵHK � D ϵ � � � � � � � � HK ξ � I. The central triangle commutes by the second diagram in (1.16) for σ. The left triangle is (2.3) and the right one commutes by naturality. The fact that σ^′ preserves comultiplications (first diagram in (1.16)) is the commutativity of the diagram

HCK σ^′ � σK � HδK � δ �

DHK^{Dξ} � δHK � D δ� HCCK^{σCK} �

HCηCK � DHCK^{DσK} �

DHηCK

� Dσ^′ � DDHK^{DDξ} � DD.

HCKHCK_{σKC∨} �

σ^′C^∨ � � � � DHKHCK

DξC^∨ � DC^∨

Dσ^′

� � � � � � � �

Above, the top left rectangle commutes by the first diagram in (1.16) for σ. The diagram in the bottom right commutes since the vertical composition is the identity (by one of the adjunction axioms). The remaining pieces commute either by naturality or by definition of σ^′ or δ. This completes the proof of (ii) and of the proposition.

GENERALIZED HOPF MODULES FOR BIMONADS 283

2.5.2. Remark. The commutativity of (2.9) can be formulated in terms of compositions of colax morphisms of comonads. It states that the diagram

(M, C)^{(H,σ)} �

(H,γ) � � � (N, D)

(N, C^∨)

(I,σ^′) � � � (2.11)

commutes

2.6. Equivalence between categories of coalgebras. We discuss necessary and sufficient conditions under which a colax morphism of comonads gives rise to an equivalence of coalgebra categories. In Proposition 2.6.4 we treat the special case of comonads on the same category; the general case is dealt with in the next section.

Lemmas 2.6.1–2.6.3 contain preparatory material. We are indebted to Ignacio Lopez- Franco for help with these results. They appear to be known, but we have included short proofs for convenience.

A functor F : C → D is a discrete isofibration if for any isomorphism f : A → F(B) in D, there exists (a unique object Ã and) a unique isomorphism f̃ : Ã → B in C such that F(f̃) = f (and F(Ã) = A). In this situation, we say that f̃ is a lifting of f.

2.6.1. Lemma. If a functor F creates isomorphisms, it is a discrete isofibration.

Proof. We clarify the hypothesis. An isomorphism f : A → B in C is a limiting cone of the functor that sends the object of the unit category to the object B in C. Then F creates this type of limit if and only if given an isomorphism f : A → F(B) in D, there exists a unique morphism f̃ : Ã → B in C such that F(f̃) = f, and moreover, f̃ is an isomorphism. This is stronger than saying that F is a discrete isofibration.

2.6.2. Lemma. Let F : C → D and U : D → E be functors such that both U and UF are discrete isofibrations. Then F is another discrete isofibration.

Proof. Given f : A → F(B) in D, let f̃ : Ã → B in C be the unique lift of U(f) under UF. Then both f and F(f̃) are lifts of U(f) under U, so f = F(f̃) by uniqueness. This proves that liftings under F exist. Uniqueness is similar.

2.6.3. Lemma. Let F be a discrete isofibration. If F is part of an equivalence, then it is part of an isomorphism.

Proof. Since F is part of an equivalence, it is full, faithful, and essentially surjective on objects [28, Theorem IV.4.1].

Let A and B be objects of C such that F(A) = F(B). Since F is full and faithful, there is an isomorphism f : A → B such that F(f) = id_{F(B)}. Then f is a lifting of id_{F(B)}. By uniqueness, f must be id_B, and so A = B. Thus F is injective on objects.

Let A be an object of D. Since F is essentially surjective on objects, there is an object B of C and an isomorphism f : A → F(B). Let f̃ : Ã → B be a lifting of f. Then F(Ã) = A. Thus F is surjective on objects.

Since F is full, faithful, and bijective on objects, it is part of an isomorphism.

284 MARCELO AGUIAR AND STEPHEN U. CHASE

We return to coalgebra categories. In the proof below, we apply Lemma 2.6.3 to the case in which the functor F is as in Lemma 1.5.1. Note that, in that case, the condition that F be bijective on objects means simply the following. Given any object (N, b) of N_D, there is a unique morphism a : N → C(N) such that (N, a) is an object of N_C and F(N, a) = (N, b).

2.6.4. Proposition. Let D and E be two comonads on the same category N. Let ρ : E → D be a transformation such that (I, ρ) : (N, E) → (N, D) is a colax morphism of comonads. Consider the induced functor I_ρ : N_E → N_D of Section 1.5. Then: I_ρ is an equivalence ⇐⇒ ρ is invertible.

Proof. If ρ is invertible, then I_ρ is an equivalence with inverse I_ρ−1 , by functoriality.

We prove the converse. By Lemma 1.2.1, the forgetful functors U_D and U_E create isomorphisms; hence, by Lemma 2.6.1, they are discrete isofibrations. According to (1.14), we have U_DI_ρ = U_E . It follows from Lemma 2.6.2 that I_ρ is a discrete isofibration. By Lemma 2.6.3, I_ρ is in fact an isomorphism, being an equivalence. Its inverse satisfies U_D = U_E (I_ρ)^{−1}. It follows from Lemma 1.5.1 that (I_ρ)^{−1} = I_σ for some σ : D → E. By uniqueness in Lemma 1.5.1, σ and ρ are inverses.

In the presence of additional hypotheses, an alternative proof of Proposition 2.6.4 is available. Assume that:

• The category N has equalizers of all coreflexive pairs.

• The comonad E preserves them.

Proof. (Alternative proof of Proposition 2.6.4.) The hypotheses on N and E imply that N_E has all equalizers of coreflexive pairs, in view of Lemma 1.2.1. This allows us to apply the Adjoint Lifting Theorem (Theorem 1.8.1) to the comonads E and D, the trivial adjunction on N (H = K = I_N), and the colax morphism of comonads (I, ρ). We obtain an adjunction

N_E

I_ρ � N_D

I^ρ � where ρ is the mate of ρ. (We have ρ = ρ, but this is not needed for the rest of the argument.) We know from (1.20) that the diagram N F_E � � � F_D � � � � N_E N_D

I^ρ � commutes up to isomorphism. Now, if I_ρ is an equivalence, then (I_ρ)^{−1} must be isomorphic to I^ρ, by uniqueness of adjoints. Hence the diagram N F_E � � � F_D � � � � N_{E Iρ} � N_D

GENERALIZED HOPF MODULES FOR BIMONADS 285

commutes up to isomorphism. Note this is (1.13). But then, as recalled in Section 1.5, the transformation ρ is invertible.

2.7. Equivalence between categories of coalgebras: the general case. We now determine when a colax morphism of comonads from (M, C) to (N, D) gives rise to an equivalence from C-coalgebras to D-coalgebras. Roughly, this happens when D is isomorphic to the conjugate comonad C^∨. The two theorems that follow provide the precise statements. For both of them, we consider the following situation. M C � H � N K �^D�

Thus, C is a comonad on M, D is a comonad on N, and (H, K) is an adjunction. Also, let σ : HC → DH be a transformation such that (H, σ) : (M, C) → (N, D) is a colax morphism of comonads. Let σ^′ : C^∨ → D be the transformation afforded by the universal property of the conjugate comonad C^∨, as discussed in Proposition 2.5.1. Finally, let τ be the mate of σ, as in Section 1.7.

2.7.1. Theorem. In the above situation, assume that:

• The category M and the functor H satisfy hypotheses (1.7)–(1.9).

• The functor C satisfies hypothesis (2.8).

Then, the functors

M_C

H_σ �

N_D

K^τ � of Sections 1.5–1.6 form an adjoint equivalence if and only if the transformation σ^′ : C^∨ → D is invertible.

Proof. Let γ be the transformation in (2.6). The hypotheses on M, H and C ensure that Corollary 2.4.3 applies, and hence the induced functor H_γ is an equivalence. On the other hand, from (2.11) we have the following commutative diagram

M_C^{Hσ} �

H_γ � � � N_D.

N_C∨

I_σ′ � � � Hence,

H_σ is an equivalence ⇐⇒ I_σ′ is an equivalence ⇐⇒ σ^′ is invertible;

the latter by Proposition 2.6.4.

It remains to verify that K^τ is a right adjoint of H_σ. This follows from Theorem 1.8.1, provided we show that D satisfies hypothesis (1.18). Now, as in the proof of Proposition 2.3.3, the comonad C^∨ satisfies hypothesis (1.18). It is easy to see that then the same is true for the isomorphic comonad D.

286 MARCELO AGUIAR AND STEPHEN U. CHASE

It is useful to state this result under simpler (though stronger) hypotheses.

2.7.2. Theorem. In the above situation, assume that:

• The category M has equalizers of all coreflexive pairs.

• The functors C and H preserve these equalizers.

• The functor H is conservative.

Then the conclusion of Theorem 2.7.1 holds.

Proof. Since coreflexive pairs are preserved by arbitrary functors, their equalizers are preserved not only by C but also by C^2. Thus the given hypotheses are stronger than those of Theorem 2.7.1.

We close the section by examining the extent to which the hypotheses on the functor H are necessary for H_σ to be an equivalence.

2.7.3. Proposition. Still in the above situation, consider the following hypotheses.

(i) The functor H_σ : M_C → N_D is an equivalence.

(ii) The functors C and D preserve all existing equalizers in M and N, respectively.

(iii) The transformation σ^′ : C^∨ → D is invertible.

We then have the following statements.

• If (i) holds, then the functor HU_C is conservative.

• Assume (i) and (ii) hold. Let (f, g) be a parallel pair in M_C such that the pair � U_C (f), U_C (g) � has an equalizer in M and the pair � HU_C (f), HU_C(g) � has an equalizer in N. Then the functor H preserves the equalizer of � U_C (f), U_C (g) � . • Assume (i) and (iii) hold. Then any parallel pair in M_C which is coreflexive and HU_C -split has an equalizer in M_C.

Proof. From (1.12), HU_C = U_DH_σ. The first statement then follows since U_D is conservative (Section 1.2)

We turn to the second statement. By hypothesis, � U_DH_σ(f), U_DH_σ(g) � = � HU_C (f), HU_C (g) � has an equalizer in N. Since D preserves all existing equalizers, the same is true of D^2. Hence, by Lemma 1.2.1, � H_σ(f), H_σ(g) � has an equalizer in N_D and this is preserved by U_D. Then, (f, g) has an equalizer in N and this is preserved by H_σ, since H_σ is an equivalence.

As for D above, the hypothesis on C ensures that Lemma 1.2.1 applies to it. Hence the equalizer of � U_C (f), U_C (g) � is the image under U_C of the equalizer of (f, g). Therefore,

GENERALIZED HOPF MODULES FOR BIMONADS 287

applying H to the former equalizer is the same as applying HU_C = U_DH_σ to the latter, which as explained above is the equalizer of � U_DH_σ(f), U_DH_σ(g) � . This proves the second statement.

Finally, as in the proofs of the previous theorems, we have H_σ = I_σ′ H_γ = I_σ′ Q_C . Hypotheses (i) and (iii) imply that Q_C is an equivalence. Applying Theorem 1.4.1 (Beck’s) to the adjunction (2.1), we deduce that (1.7) holds for this adjunction, and this is the third statement.

3. Bimonads and comodule-monads

Comonoidal functors and their comodules are reviewed in Sections 3.1 and 3.3. The former are functors F : C → D between monoidal categories which are compatible with the monoidal structures in such a way that comonoids are preserved. The latter are functors H : M → N between module-categories (categories on which C and D act, respectively) which are such that if M is a comodule over a comonoid C, then H(M) is a comodule over F(C).

A bimonad is a monad with a compatible comonoidal structure. Sections 3.2 and 3.5 review this notion (introduced by Moerdijk [32]) and that of comodule-monad over a bimonad. Another important notion reviewed in Section 3.2 is that of an algebra-comonoid over a bimonad T . These objects may be seen either as T -algebras in the category of comonoids or as comonoids in the category of T -algebras.

Section 3.6 introduces generalized Hopf modules. This is a central notion in the paper. It depends on three ingredients: a bimonad T , a comodule-monad S over T , and an algebra-comonoid Z over T . For a special choice of these data, generalized Hopf modules become precisely the Hopf modules of Bruguières, Lack and Virelizier [7, Section 4.2] and [6, Section 6.5] (see Remark 3.6.2). Generalized Hopf modules may be seen either as S-algebras in the category of Z-comodules, or as Z-comodules in the category of Salgebras (Proposition 3.6.4).

We use the symbol · to denote the monoidal operation of all monoidal categories, and I for the unit object. We also use · to denote the action of a monoidal category on a (left) module-category. For the axioms defining module-categories, see for instance [17, Section 1].

3.1. Comonoidal functors. Let C and D be monoidal categories.

3.1.1. Definition. A comonoidal functor (F, ψ, ψ_0) : (C, ·, I) → (D, ·, I) consists of a functor F : C → D, a natural transformation

ψ_{X,Y} : F(X · Y ) → F(X) · F(Y )

of functors C × C → C, and a map

ψ_0 : F(I) → I,

288 MARCELO AGUIAR AND STEPHEN U. CHASE subject to certain axioms; see for instance [2, Definition 3.2].

Comonoidal functors are also called colax monoidal functors.

Let Com(C) denote the category of comonoids in C. Comonoidal functors preserve comonoids. Let C be a comonoid in C. We use Δ : C → C · C and ϵ : C → I to denote its structure. Then F(C) is a comonoid in D with structure

D = F(C)^{F(Δ)}−−−→ F(C · C)^{ψC,C}−−−→ F(C) · F(C) = D · D D = F(C)^{F(ϵ)}−−→ F(I)^{ψ0}−→ I.

(3.1)

In this manner, F induces a functor Com(C) → Com(D) (3.2) which we also denote by F. 3.2. Bimonads.

3.2.1. Definition. A bimonad on C is a monad T : C → C that is in addition a comonoidal functor, in such a way that the monad structure maps are morphisms of comonoidal functors.

For more details, see [32, Definition 1.1], [7, Section 2.3], or [6, Section 2.4]. 3.2.2. Remark. Bimonads are also called opmonoidal monads [30, 41] or comonoidal monads. They were originally called Hopf monads [32]. In more recent work [6, 7], the latter term is reserved for certain special bimonads.

We use μ : T^2 → T and ι : I → T to denote the monad structure maps and ψ_{X,Y} : T (X · Y ) → T (X) · T (Y ) for the comonoidal structure of the bimonad T .

Let C^T the category of algebras over the monad T [28, Section VI.2] (or Section 1.1). The objects are pairs (A, a), where A is an object of C and a : T (A) → A is a morphism that is associative and unital.

The monoidal structure of C is inherited by C^T [32, Proposition 1.4]. This makes use of the comonoidal structure of the bimonad T . Explicitly, if (A, a) and (B, b) are two T -algebras, then so is (A · B, c) with

c : T (A · B)^{ψA,B}−−−→ T (A) · T (B)^{a·b}−→ A · B.

GENERALIZED HOPF MODULES FOR BIMONADS 289

Also, the unit object of C is a T -algebra with

T (I)^{ψ0}−→ I.

As in (3.1), the functor T restricts to Com(C), and in fact induces a monad on this category [32, Proposition 2.1], which we also denote by T .

Algebras for the monad T on the category of comonoids coincide with comonoids in the monoidal category of T -algebras [32, Proposition 2.2]. More precisely, there is an isomorphism of categories Com(C)^T = Com(C^T ).

3.2.3. Definition. An object of the previous category is called a T -algebra-comonoid.

(This differs from the terminology in [32, Definition 2.3].)

Explicitly, a T -algebra-comonoid (Z, α, Δ, ϵ) consists of an object Z of C together with arrows α : T (Z) → Z, Δ : Z → Z · Z and ϵ : Z → I

such that (Z, α) is a T -algebra, (Z, Δ, ϵ) is a comonoid, and the diagrams

T (Z)^α �

T (Δ) � Z Δ � T (Z · Z)_{ψZ,Z} � T (Z) · T (Z)_{α·α} � Z · Z and T (Z)^α �

T (ϵ) � Z ϵ � T (I)_{ψ0} � I

(3.3)

commute. These diagrams express the fact that Δ and ϵ are morphisms of T -algebras, or equivalently that α is morphism of comonoids.

Let C be an arbitrary comonoid in C. Since T is a monad on Com(C), the comonoid Z = T (C) carries a canonical structure of T -algebra which turns it into a T -algebracomonoid. Explicitly, the structure is

T (Z) = T^2(C)^{μC}−→ T (C) = Z

Z = T (C)^{T (Δ)}−−−→ T (C · C)^{ψC,C}−−−→ T (C) · T (C) = Z · Z

Z = T (C)^{T (ϵ)}−−→ T (I)^{ψ0}−→ I.

(3.4)

We refer to T (C) as the free T -algebra-comonoid on C.

3.3. Comodules over comonoidal functors. Let (F, ψ) : (C, ·) → (D, ·) be a comonoidal functor (Definition 3.1.1). Let M and N be module-categories over C and D, respectively. The action of the monoidal categories is from the left.

290 MARCELO AGUIAR AND STEPHEN U. CHASE 3.3.1. Definition. A comodule over (F, ψ) is a pair (H, χ), where H : M → N is a functor and χ_{X,M} : H(X · M) → F(X) · H(M) is a natural transformation of functors C × M → N such that the diagrams H(X · Y · M)^{χX·Y,M} �

χ_{X,Y ·M} � F(X · Y ) · H(M)

ψ_{X,Y} ·id_{H(M)} � F(X) · H(Y · M)_{idF(X)·χY,M} � F(X) · F(Y ) · H(M)

(3.5)

H(I · M)^{χI,M} � F(I) · H(M)

ψ_0·id_{H(M)} � H(M) I · H(M)

(3.6)

commute for all objects X, Y of C and M of M.

Let (H, χ) and (H^′, χ^′) be two comodules over (F, ψ). A morphism of comodules is a natural transformation f : H → H^′ such that H(X · M)^{χX,M} �

f_{X·M} � F(X) · H(M)

id_{F(X)}·f_M � H^′(X · M)_{χ′X,M} � F(X) · H^′(M) commutes for all X of C and M of M.

Comodules can be composed. First recall that if F : C → D and F^′ : D → E are comonoidal functors (with structure ψ and ψ^′), then their composite F^′F : C → E is comonoidal with structure transformation

F^′F(X · Y )^{F ′(ψX,Y )}

−−−−−→ F^′ � F(X) · F(Y )

� ψ^′_{F(X),F(Y )} −−−−−−→ F^′F(X) · F^′F(Y ) and counit structure map F^′F(I)^{F ′(ψ0)}−−−−→ F^′(I)^{ψ′0}−→ I.

GENERALIZED HOPF MODULES FOR BIMONADS 291

For details, see for instance [2, Theorem 3.21]. Now suppose that H : M → N and H^′ : N → P are comodules over F and F^′ respectively (with transformations χ and χ^′). Then H^′H is a comodule over F^′F with transformation

H^′H(X · M)^{H′(χX,M )}

−−−−−→ H^′ � F(X) · H(M)

� χ^′_{F(X),H(M)} −−−−−−−→ F^′F(X) · H^′H(M). (3.7) 3.4. Comodules over comonoids. Let C be a comonoid in C. A C-comodule (M, d) consists of an object M in M and an arrow d : M → C · M subject to the usual associativity and counit axioms.

Let ^C : M → M denote the left action by C on the category M: on an object M in M, ^C(M) = C · M. (3.8)

The functor ^C is a comonad on M and the category M_{^C} of coalgebras for this comonad is precisely the category of left C-comodules in M.

Let M be a C-comodule. Given a comonoidal functor F and an F-comodule H (Definition 3.3.1), the object H(M) is an F(C)-comodule with

H(M)^{H(d)}−−→ H(C · M)^{χC,M}−−−→ H(C) · H(M).

Compare with (3.1). In this manner, H induces a functor M_{^C} → N_{^F(C)} (3.9) which we also denote by H.

By employing functors from the one-arrow category, one may view the transformations of comonoids under comonoidal functors (and of comodules over comonoids under comodules over comonoidal functors) as an instance of the composition of comonoidal functors (and of comodules over them) discussed in Section 3.3.

3.5. Comodules over bimonads. Let T be a bimonad on a monoidal category C. Let M be a C-module-category and let S : M → M be a monad. We use μ and ι to denote the monad structure of either T or S. Suppose that S is a comodule over (T , ψ) via χ_{X,M} : S(X · M) → T (X) · S(M).

292 MARCELO AGUIAR AND STEPHEN U. CHASE

3.5.1. Definition. We say that (S, χ) is a comodule-monad over the bimonad (T , ψ) if the diagrams

S^2(X · M)

μ_{X·M} �

S(χ_{X,M} ) � S � T (X) · S(M)

� χ_{T (X),S(M)} � T^2(X) · S^2(M)

μ_X ·μ_M � S(X · M)_{χX,M} � T (X) · S(M)

(3.10)

X · M

ι_{X·M} � � � �_{ιX ·ιM} � � � � S(X · M)_{χX,M} � T (X) · S(M)

(3.11)

commute for all X in C and M in M.

As discussed in Section 3.3, S^2 : M → M (the composite of S with itself) is a comodule over T^2 : C → C. In addition, since μ : T^2 → T is a morphism of comonoidal functors, we may turn S^2 into a comodule over T . Similarly, the morphism ι : I → T allows us to turn the identity functor I : M → M into a comodule over T . The conditions in Definition 3.5.1 may then be reformulated as follows: μ : S^2 → S and ι : I → S are morphisms of comodules over (T , ψ).

3.5.2. Remark. Let H, H^′ : M → M

be comodules over T . As discussed in Section 3.3, the composite H^′H : M → M is then a comodule over T^2 : C → C. In addition, since μ : T^2 → T is a morphism of comonoidal functors, we may turn H^′H into a comodule over T . As mentioned above, I : M → M is a comodule over T . These statements may be summarized as follows. Let End(M) be the category of endofunctors of M. It is strict monoidal under composition. Let End_T (M) denote the category of comodules over (T , ψ). Then End_T (M) is strict monoidal in such a way that the forgetful functor End_T (M) → End(M) is strict monoidal.

It follows from Definition 3.5.1 that (S, χ) is a comodule-monad over (T , ψ) if and only if it is a monoid in the monoidal category End_T (M).

Recall (Section 3.2) that the category of T -algebras is monoidal. There is an action of C^T on M^S : given a T -algebra (A, a) and a S-algebra (B, b), define

c : S(A · B)^{χA,B}−−−→ T (A) · S(B)^{a·b}−→ A · B. (3.12)

3.5.3. Proposition. (A · B, c) is an S-algebra.

GENERALIZED HOPF MODULES FOR BIMONADS 293

Proof. Associativity for c holds by the commutativity of the diagram S^2(A · B)^{μA·B} �

S(χ_{A,B} ) � S(c)

�

S(A · B)

χ_{A,B} � c

� S � T (A) · S(B)

� χ_{T (A),S(B)}�

S(a·b) � T^2(A) · S^2(B)^{μA·μB} �

T (a)·S(b) � T (A) · S(B) a·b � S(A · B)_{χA,B} � T (A) · S(B)_{a·b} � A · B.

The top rectangle commutes by (3.10), the bottom left square by naturality of χ and the bottom right square by associativity for a and b. Unitality for c follows similarly from (3.11).

The action of C^T on M^S defined in Proposition 3.5.3 turns M^S into a C^T -modulecategory; associativity and unitality follow from those of the action of C on M together with the comodule axioms (3.5)–(3.6).

3.6. Generalized Hopf modules. Assume now that we are given:

• A monoidal category C and a C-module-category M. • A bimonad T on C (Definition 3.2.1). • A T -comodule-monad S on M (Definition 3.5.1). • A T -algebra-comonoid Z in C (Definition 3.2.3).

We employ the notation of Sections 3.1–3.5. In particular, the structure of Z is denoted by (α, Δ, ϵ).

3.6.1. Definition. A Hopf (T ; S, Z)-module (M, σ, ζ) consists of an object M in M and arrows σ : S(M) → M and ζ : M → Z · M such that (M, σ) is an S-algebra, (M, ζ) is a (left) Z-comodule, and the diagram S(M)^σ �

S(ζ) � M ζ � S(Z · M)

χ_{Z,M} � T (Z) · S(M)_{α·σ} � Z · M

(3.13)

commutes.

A morphism of Hopf (T ; S, Z)-modules is an arrow in M that is both a morphism of S-algebras and of Z-comodules. We let Hopf(T ; S, Z) denote the category of Hopf (T ; S, Z)-modules.

294 MARCELO AGUIAR AND STEPHEN U. CHASE

3.6.2. Remark. Suppose that Z = I is the trivial T -algebra-comonoid (the unit object of C). In this case (3.13) is automatic (follows from (3.6)) and a Hopf (T ; S, Z)-module is just an S-algebra.

On the other hand, when M = C, S = T , and Z = T (I) is the free T -algebra-comonoid on the trivial comonoid in C, a Hopf (T ; S, Z)-module is precisely a Hopf module in the sense of Bruguières, Lack and Virelizier [7, Section 4.2] and [6, Section 6.5]. For this reason, we refer to Hopf (T ; S, Z)-modules loosely as generalized Hopf modules.

3.6.3. Example. Consider the case in which still M = C and S = T , but the T -algebracomonoid Z is arbitrary. Then (Z, α, Δ) is a Hopf (T ; S, Z)-module. Indeed, (3.13) coincides in this case with the first diagram in (3.3).

We return to generalized Hopf modules. Since Z is a comonoid in C^T , and this category acts on M^S , the comonad ^Z on M^S is defined, as in (3.8).

On the other hand, Z is also a comonoid in C, and since the functor S is a T -comodule, it sends Z-comodules to T (Z)-comodules:

M_{^Z} → M_{^T (Z)}.

This is an instance of (3.9). Now, as mentioned after diagram (3.3), the structure map α : T (Z) → Z is a morphism of comonoids, and hence induces a functor

M_{^T (Z)} → M_{^Z} .

Composing these two functors we obtain a new one

M_{^Z} → M_{^Z}

which we still denote by S and which is still a monad. Explicitly, if (M, ζ) is a Z-comodule in M, then S(M, ζ) = (S(M), γ), where γ is the composition

S(M)^{S(ζ)}−−→ S(Z · M)^{χZ,M}−−−→ T (Z) · S(M)^{α·id}−−→ Z · S(M).

The category of generalized Hopf modules admits the following descriptions.

3.6.4. Proposition. There are isomorphisms of categories

(M^S )_{^Z} = Hopf(T ; S, Z) = (M_{^Z} )^S .

Proof. An object of (M^S )_{^Z} is an S-algebra in M with a Z-comodule structure ζ : M → Z ·M which is a morphism of S-algebras, with the S-algebra structure of Z ·M as in (3.12). An object of (M_{^Z} )^S is a Z-comodule in M with an S-algebra structure σ : S(M) → M which is a morphism of Z-comodules. In both cases, the conditions are expressed by the commutativity of (3.13).

GENERALIZED HOPF MODULES FOR BIMONADS 295

3.6.5. Remark. It is possible to show the existence of a mixed distributive law between the monad S on M and the comonad ^Z on M. Proposition 3.6.4 is then a consequence of a general result for such laws; see [9, Propositions 2.1 and 2.2] or [44, Theorem 2.4]. The law is the transformation S ^Z → ^ZS defined by

S(Z · M)^{χZ,M}−−−→ T (Z) · S(M)^{α·id}−−→ Z · S(M).

4. Comodules over comonoidal adjunctions

Adjunctions (F, G) between monoidal categories and adjunctions (H, K) between modulecategories (both compatible with the monoidal structures) are discussed in Section 4.1. It is well-known that in this situation the comonoidal structure of G is necessarily invertible; we show the same is true for the comonoidal structure of K (while this follows from a result of Kelly, we provide a direct proof).

The monad of a comonoidal adjunction is a bimonad; moreover, the monad of a comodule over such an adjunction is a comodule-monad. These statements are discussed in Section 4.3 and (in the converse direction) in Section 4.2. They elaborate on results from [6, Section 2.5].

In Section 4.4 we discuss two canonical transformations, following ideas of Bruguières, Lack and Virelizier [6, Sections 2.6 and 2.8]. The Hopf operator is associated to a comodule over a comonoidal adjunction and the Galois map is associated to a comodule-monad over a bimonad. Our goal is to show that when the adjunctions are monadic, invertibility of the Hopf operator is equivalent to invertibility of the Galois map (Corollary 4.4.6). This is a result of Bruguières, Lack and Virelizier [6, Lemma 2.18] which is extended here to the setting of comodules.

4.1. Comodules over comonoidal adjunctions. Suppose now that

C^F � D_G�

is a comonoidal adjunction [2, Definition 3.88]. (These adjunctions are called colax-colax in [2].) We let η : I → GF and ξ : FG → I denote the unit and counit of the adjunction. Thus, F and G are comonoidal functors and η and ξ are morphisms of comonoidal functors. We use ψ to denote the comonoidal structure of either F or G. Recall that in this situation G is necessarily strong, that is, the transformation ψ_{V,W} : G(V · W ) → G(V ) · G(W ) is invertible. We generalize this fact in Proposition 4.1.2 below. Both the former result and its generalization are special cases of a result of Kelly; see Remark 4.1.3.

Suppose also that M H � N K �

296 MARCELO AGUIAR AND STEPHEN U. CHASE

is an adjunction, H is an F-comodule and K is a G-comodule. We use χ to denote the comodule structure of either H or K and η and ξ for the unit and counit of the adjunction (H, K). Since comonoidal functors and their comodules compose (Section 3.3), GF is comonoidal and KH is a comodule over it.

4.1.1. Definition. In the above situation, we say that the adjunction (H, K) is a comodule over the comonoidal adjunction (F, G) if the diagrams

X · M

η_{X·M} � � � �_{ηX ·ηM} � � � � KH(X · M) � GF(X) · KH(M)

HK(V · N)

ξ_{V ·N} � � � � � FG(V ) · HK(N)

ξ_V ·ξ_N � � � V · N

(4.1)

commute for all objects X of C, M of M, V of D, and N of N.

These conditions may be reformulated as follows. First note that η : I → GF allows us to regard I : M → M as a comodule over GF; also, ξ : FG → I allows us to regard HK as a comodule over I : D → D. Then diagrams (4.1) state that η : I → KH is a morphism of comodules over GF and ξ : HK → I is a morphism of comodules over I.

4.1.2. Proposition. If (H, K) is a comodule over the comonoidal adjunction (F, G), then the comodule structure of K

χ_{V,N} : K(V · N) → G(V ) · K(N)

is invertible.

Proof. Let V be an object of D and N one of N. Consider the composite H � G(V ) · K(N)

� χ_{G(V ),K(N)} −−−−−−→ FG(V ) · HK(N)^{ξV ·ξN}−−−→ V · N.

By adjointness, it corresponds to a map

γ_{V,N} : G(V ) · K(N) → K(V · N).

Now consider the following diagram.

G(V ) · K(N) �^{χV,N} � G(ξ_V )·K(ξ_N ) � � � � �

id_{G(V )·K(N)}

K(V · N)�

K(ξ_V ·ξ_N ) � � � � � � �

γ_{V,N}

� � � � � � � � � � � � �

GFG(V ) · KHK(N) �^{χFG(V ),HK(N)} � η_{G(V )}·η_{K(N)}� � � � � K (FG(V ) · HK(N)) � K(χ_{G(V ),K(N)}) � � � � � �

G(V ) · K(N) KH (G(V ) · K(N)) � η_{G(V )·K(N)}

GENERALIZED HOPF MODULES FOR BIMONADS 297

The top front square commutes by naturality of χ. The bottom front square is a special case of the first diagram in (4.1) (the case X = G(V ), M = K(N)); it commutes since (H, K) is a comodule over (F, G). The front triangle commutes by the adjunction axioms. There are two faces on the back, a triangle on the left and a square on the right. The back square commutes by definition of γ. It follows that the back triangle commutes. This says that χ_{V,N} γ_{V,N} = id_{G(V )·K(N)}.

Similarly, the diagram

K(V · N) K(V · N)�

K(ξ_V ·ξ_N ) � � � � � � �

γ_{V,N}

� � � � � � � � � � � � �

� id_{K(V ·N)} � K(ξ_{V ·N} ) � � � � KHK(V · N) � η_{K(V ·N)}� � �

� �

K (FG(V ) · HK(N)) � K(χ_{G(V ),K(N)}) � � � � � �

G(V ) · K(N) �

χ_{V,N}

KH (G(V ) · K(N)) � η_{G(V )·K(N)} � KH(χ_{V,N} ) � � � � � �

shows that γ_{V,N} χ_{V,N} = id_{K(V •N)}. (The quadrilateral on the right results from applying K to the second diagram in (4.1).) Thus, χ and γ are inverses.

4.1.3. Remark. When F = H and G = K, Proposition 4.1.2 recovers [2, Proposition 3.96], which is a special case of a result of Kelly [20, Theorem 1.4]. Proposition 4.1.2 may also be viewed as a special case of Kelly’s result: to this end, one constructs a doctrine whose categories are pairs (C, M) with C a monoidal category and M a C-module-category.

4.2. From bimonads (and their comodule-monads) to comonoidal adjunctions (and their comodules). Let T be a monad on a category C. The adjunction associated to T [28, Theorem VI.2.1] (or Section 1.2) is denoted C F^T �

C^T

U^T �

where C^T is the category of T -algebras, F^T is the free algebra functor

F^T (X) = � T (X), μ_X � , and U^T is the forgetful functor U^T (A, a) = A.

The former is left adjoint to the latter. The unit and counit of the adjunction are

η_X : X^{ιX}−→ T (X) = U^T F^T (X) and ξ_{(A,a)} : F^T U^T (A, c) = � T (A), μ_A

�_a −→ (A, a).

respectively. Adjunctions of this form are called monadic.

298 MARCELO AGUIAR AND STEPHEN U. CHASE

Suppose now that C is monoidal and T is a bimonad. As recalled in Section 3.2, the category C^T is then monoidal. In addition, the functors F^T and U^T are comonoidal, and (F^T , U^T ) is a comonoidal adjunction [6, Example 2.4].

Let M be a C-module-category and S a comodule-monad on M over T . Recall that M^S is a C^T -module-category with the action of Proposition 3.5.3. Consider now the adjunction M F^S �

M^S

U^S � associated to the monad S.

4.2.1. Proposition. The functor F^S is a comodule over F^T , U^S is a comodule over U^T , and the adjunction (F^S , U^S ) is a comodule over the adjunction (F^T , U^T ).

Proof. The comodule structure of S defines a morphism of S-algebras

F^S (X · M) = � S(X · M), μ_{X·M}

�_{χX,M}

−−−→ � T (X) · S(M), c � = F^T (X) · F^S (M),

where c is the S-algebra structure (3.12) for the free algebras (A, a) = � T (X), μ_X � and (B, b) = � S(M), μ_M � . Indeed, this is equivalent to (3.10). This turns F^S into a F^T - comodule.

For the forgetful functor we have

U^S � (A, a) · (B, b) � = U^S (A · B, c) = A · B = U^T (A, a) · U^S (B, b),

so the identity turns U^S into a U^T -comodule.

Finally, consider axioms (4.1) for the adjunction (F^S , U^S ) to be a comodule over (F^T , U^T ). The first diagram in (4.1) is the same as (3.11) and hence commutes. The counits of the adjunction are given by the algebra structures, so the second diagram commutes by (3.12).

4.3. From comonoidal adjunctions (and their comodules) to bimonads (and their comodule-monads). We go back to the situation of Section 4.1. Given a comonoidal adjunction C F � D, G � consider the associated monad T = GF on C [28, Section VI.1] (or Section 1.3). Its structure is as follows.

μ : T^2 = GFGF^{GξF}−−→ GIF = T

ι : I^η−→ GF = T

(4.2)

Since comonoidal functors compose (Section 3.3), the functor T is comonoidal. Moreover, T is a bimonad [7, Theorem 2.6].

GENERALIZED HOPF MODULES FOR BIMONADS 299

Suppose now that M H � N K � is an adjunction, H is an F-comodule and K is a G-comodule. Since comodules compose, the monad S = KH on M is a comodule over T .

4.3.1. Proposition. Suppose (H, K) is a comodule over the comonoidal adjunction (F, G). Then S is a comodule-monad over the bimonad T . Proof. Consider the diagram

S^2(X·M)

S(χ_{X,M} ) �

μ_{X,M}

�

S �_{T (X)·S(M)}�

χ_{T (X),S(M)}

�

KHKH(X·M)

KHK(χ_{X,M} )�

K(ξ_{H(X·M)})

�

KHK �_{F(X)·H(M)}�KH(χ_{F(X),H(M)})�

K(ξ_{F(X)·H(M)})

�

KH �_{GF(X)·KH(M)}�

K(χ_{GF(X),KH(M)}) � K �_{FGF(X)·HKH(M)}�

K(ξ_{F(X)}·ξ_{H(M)}) � � χ_{FGF(X),HKH(M)} � KH(X·M)

K(χ_{X,M} ) � K �_{F(X)·H(M)}�

χ_{F(X),H(M)} � � � � GFGF(X)·KHKH(M)

G(ξ_{F(X)})·K(ξ_{H(M)}) �

T^2(X)·S^2(M)

μ_X ·μ_M �

GF(X)·KH(M)

S(X·M) χ_{X,M} � T (X)·S(M).

The diagrams around the boundary commute by definition. The commutativity of the quadrilateral in the center follows from that of the second diagram in (4.1). The two remaining quadrilaterals commute by naturality of ξ and χ. It follows that diagram (3.10) commutes. The first diagram in (4.1) is the same as (3.11), and so S is a comodule-monad over T .

4.4. Hopf operators and Galois maps. Let (F, G) be a comonoidal adjunction and (H, K) a comodule over it, as in Definition 4.1.1.

4.4.1. Definition. The Hopf operator is the map H_{X,N} defined by H � X · K(N)

� χ_{X,K(N)}

−−−−→ F(X) · HK(N)^{idF(X)·ξN}−−−−−−→ F(X) · N (4.3) for all objects X of C and N of N.

Let T be a bimonad and S a comodule-monad over it, as in Definition 3.5.1.

300 MARCELO AGUIAR AND STEPHEN U. CHASE

4.4.2. Definition. The fusion or Galois map is the map G_{X,M} defined by S � X · S(M)

� χ_{X,S(M)} −−−−−→ T (X) · S^2(M)^{idT (X)·μM}−−−−−−→ T (X) · S(M) (4.4)

for all objects X of C and M of M.

4.4.3. Remark. The Hopf operator and the fusion map for comonoidal adjunctions were introduced by Bruguières, Lack and Virelizier [6, Sections 2.6 and 2.8]. Above we have extended these notions to the setting of comodules over comonoidal adjunctions. In the same manner, Proposition 4.4.5 and Corollary 4.4.6 below correspond to [6, Proposition 2.14 and Lemma 2.18].

Let (F, G) be a comonoidal adjunction, (H, K) a comodule over it, and H the corresponding Hopf operator. Let T = GF and S = KH. By Proposition 4.3.1, T is a bimonad and S is a T -comodule-monad. Let G be the corresponding Galois map.

In order to bridge between the Hopf operator and the Galois map, we introduce an auxiliary transformation A_{X,N} defined by S � X · K(N)

� χ_{X,K(N)} −−−−→ T (X) · SK(N) = T (X) · KHK(N)^{idT (X)·K(ξN )}−−−−−−−−→ T (X) · K(N) (4.5)

for all objects X of C and N of N.

4.4.4. Lemma. In the preceding situation, we have

A_{X,H(M)} = G_{X,M} and χ_{F(X),N} K(H_{X,N} ) = A_{X,N}

for all X in C, M in M, and N in N.

Proof. Consider the diagram S � X · KH(M)

� χ_{X,KH(M)} � T (X) · KHKH(M)

� id·K(ξ_{H(M)}) � T (X) · KH(M)

S � X · S(M) � χ_{X,S(N)}

� T (X) · SS(M) � id·μ_M

� T (X) · S(M).

The maps along the top equal the corresponding maps along the bottom; in the case of the right maps this is (4.2). By (4.5) and (4.4), the composite along the top is A_{X,H(M)} and that along the bottom is G_{X,M} . This proves the first equality.

Consider now the diagram KH � X · K(N)

� K(χ_{X,K(N)}) � K � F(X) · HK(N)

�_{K(id·ξN )} �

χ_{F(X),HK(N)} � K � F(X) · N � χ_{F(X),N} � GF(X) · KHK(N)^{id·K(ξN )} � GF(X) · K(N) S � X · K(N) � χ_{X,K(N)}

� T (X) · SK(N)_{id·K(ξN )} � T (X) · K(N).

The left half commutes by (3.7) and the right corner by naturality. The top row is K(H_{X,N} ) and the bottom A_{X,N} . This proves the second equality.

GENERALIZED HOPF MODULES FOR BIMONADS 301

We can now relate the invertibility of the Hopf operator to that of the Galois map.

4.4.5. Proposition. Let (F, G) be a comonoidal adjunction, (H, K) a comodule over it, and H the corresponding Hopf operator. Let T = GF, S = KH, and G the corresponding Galois map. Fix an object X in C and consider the following statements.

(i) The transformation H_{X,−} is invertible.

(ii) The transformation A_{X,−} is invertible.

(iii) The transformation G_{X,−} is invertible.

We have that (i) ⇒ (ii) ⇒ (iii).

Moreover, if the adjunction (H, K) is monadic, then all three statements are equivalent.

Proof. The implications (i) ⇒ (ii) ⇒ (iii) are immediate from Lemma 4.4.4 and the fact that χ_{F(X),N} (an instance of the comonoidal structure of K) is invertible by Proposition 4.1.2.

To show (iii) ⇒ (ii) we appeal to [6, Lemma 2.19]: if A, B : M → M^′ are two functors and α : AK → BK is a natural transformation, then monadicity of (H, K) together with invertibility of αH imply invertibility of α. Applying this result to α = A_{X,−} yields the desired implication, since A_{X,H(−)} = G_{X,−} by Lemma 4.4.4.

Finally, by monadicity, K reflects isomorphisms. Since K(H_{X,−}) = χ^{−1}_{F(X),−}A_{X,−} by Lemma 4.4.4, we have that (ii) ⇒ (i).

4.4.6. Corollary. Let T be a bimonad on C, S a comodule-monad on M over T , and G the corresponding Galois map. Let H be the Hopf operator corresponding to the adjunctions (F^T , U^T ) and (F^S , U^S ). Let X be an object C. Then invertibility of the Galois map G_{X,M} for every M of M is equivalent to invertibility of the Hopf operator H_{X,(B,b)} for every S-algebra (B, b).

Proof. This is the special case of Proposition 4.4.5 in which both adjunctions are monadic.

5. The Fundamental Theorem of generalized Hopf modules

In this section we prove the main result of the paper. The progression of results leading to it is as follows. Consider a comonoidal functor F : C → D, a comonoid C in C, and the comonoid D = F(C) in D. An F-comodule H gives rise to a canonical colax morphism relating the comonads ^C and ^D. This is discussed in Section 5.1. If K is a right adjoint for H, we may consider the conjugate comonad ~C. Its universal property (Section 2.5) affords a transformation relating ~C to ^D. We identify this transformation in Section 5.2: if F is part of a comonoidal adjunction, and (H, K) is a comodule adjunction over it, then the transformation coincides with the Hopf operator of Section 4.4. Ultimately

302 MARCELO AGUIAR AND STEPHEN U. CHASE

we are interested in comparing the categories of C-comodules and D-comodules. The Conjugate Comonadicity Theorem and the companion results of Section 2 allow us to reduce this question to the invertibility of the Hopf operator H_C . Finally, in Section 5.3 we consider the case when the adjunctions are monadic, arising from a bimonad T and a T -comodule-monad S. The comparison now takes place between C-comodules and Hopf (T ; S, T (C))-modules, and the invertibility that controls it is that of the Galois map G_C . This is the Fundamental Theorem.

The Fundamental Theorem reduces to [6, Theorem 6.11] in the special case when C is the trivial comonoid and T = S. We have followed the approach to its proof taken by Bruguières, Lack and Virelizier in [6]. The additional complications brought in by C are handled with the aid of the Conjugate Comonadicity Theorem.

5.1. From comodules to colax morphisms of comonads. We place ourselves in the situation of Section 3.3. Thus, C and D are monoidal categories which act on categories M and N (respectively), and

F : C → D and H : M → N

are functors such that F is comonoidal with structure ψ and H is an F-comodule with structure χ.

Let C be a comonoid in C and D = F(C) the corresponding comonoid in D, as in (3.1). Consider the comonads ^C on M and ^D on N, as in Section 3.4. The F-comodule structure of H χ_{C,M} : H(C · M)^{χC,M}−−−→ F(C) · H(M) = D · H(M)

yields a natural transformation χ_C : H ^C → ^DH.

5.1.1. Lemma. The pair (H, χ_C ) : (M, ^C) → (N, ^D)

is a colax morphism of comonads.

Proof. Consider the following diagram.

H(C · C · M)^{χC,C·M} �

χ_{C·C,M} � � � � F(C) · H(C · M)^{id·χC,M}� F(C) · F(C) · H(M) D · D · H(M)

F(C · C) · H(M)

ψ_{C,C} ·id �

H(C · M)_{χC,M} �

H(Δ·id) �

F(C) · H(M)

F(Δ)·id � D · H(M)

Δ·id �

The diagram in the top left commutes by (3.5), the one in the bottom by naturality, and the one on the right by (3.1). The commutativity of the entire diagram yields the first

GENERALIZED HOPF MODULES FOR BIMONADS 303

condition in (1.10). Similarly, the commutativity of

H(C · M)^{χC,M} �

H(ϵ·id) � F(C) · H(M)

F(ϵ)·id � D · H(M)

ϵ·id � H(I · M)_{χI,M} � F(I) · H(M)

ψ_0·id � H(M) I · H(M)

yields the second condition in (1.10).

We now progress to the situation of Section 4.1. Thus, we are given adjunctions

C^F � D_G� M^H � N_K�

the first being comonoidal and the second being a comodule over the first. Let ρ_C : ^CK → K ^D

be the mate of the transformation χ_C : H ^C → ^DH. It follows from Lemma 5.1.1 (and the discussion in Section 1.7) that (K, ρ_C ) : (N, ^D) → (M, ^C) is a lax morphism of comonads.

5.1.2. Lemma. On an object N of N, the transformation ρ_C is the composite

^CK(N) = C · K(N)^{ηC ·id}−−−→ GF(C) · K(N) = G(D) · K(N)^{χ−1D,N}−−−→ K(D · N) = K ^D(N).

The last arrow is the inverse of the G-comodule structure map of K, afforded by Proposition 4.1.2.

Proof. Consider the diagram KH � C · K(N)

� K(χ_{C,K(N)})� K � F(C) · HK(N) � χ_{F(C),HK(N)} �

K(id·ξ_N ) � K � F(C) · N � χ_{F(C),N} � C · K(N)

η_{C·K(N)} �

η_C ·η_{K(N)} � η_c·id � � � � GF(C) · KHK(N)_{id·K(ξN )} � GF(C) · K(N).

GF(C) · K(N) � � � � � � � � id·η_{K(N)} �

According to the definition of mate (Section 1.7), ρ_C is the map from C ·K(N) to K � F(C)· N � obtained by going around the top left corner of the diagram. The diagram commutes:

the rectangle on the left by the first diagram in (4.1), and the other smaller diagrams by naturality, functoriality, and one of the adjunction axioms. Therefore ρ_C is also obtained by going around the bottom right corner, and this gives the result.

304 MARCELO AGUIAR AND STEPHEN U. CHASE 5.2. The Hopf operator as a colax morphism. We continue in the situation at the end of Section 5.1, and bring the conjugate comonad into the discussion.

Let C and D be as before. In addition to the comonads ^C and ^D, we may consider the conjugate comonad of ^C, as in Section 2.1. Let us denote the latter by ~C (rather than ( ^C)^∨). Thus, ~C = H ^CK.

Setting X = C in (4.3), we see that the Hopf operator yields a natural transformation ~C(N) = H�C · K(N)�^{HC,N}−−−→ F(C) · N = ^D(N).

We denote this transformation by H_C : ~C → ^D.

5.2.1. Lemma. The pair (I, H_C ) : (N, ~C) → (N, ^D) is a colax morphism of comonads.

Proof. We apply the universal property of Proposition 2.5.1 to the colax morphism of comonads (H, χ_C ) : (M, ^C) → (N, ^D) of Lemma 5.1.1. This yields a transformation χ^′_C : ~C → ^D such that (I, χ^′_C ) is a colax morphism of comonads. According to (2.10), χ^′_C is the composite

~C(N)^{χC,K(N)} −−−−→ F(C) · HK(N) = D · HK(N)^{idD·ξN}−−−−→ D · N = ^D(N).

Comparing to (4.3), we see that χ^′_C = H_C , which gives the result.

5.2.2. Remark. When C = I is the trivial comonoid in C, Lemma 5.2.1 becomes [6, Lemma 6.5].

We now wish to apply the Adjoint Lifting Theorem (Theorem 1.8.1) to the adjunction (H, K) and the mates χ_C and ρ_C of Section 5.1. When the theorem applies, we obtain an adjunction

M_{^C}

H_{χC}

� N_{^D}

K^ρC

� (5.1)

between comodule categories. According to next results, the Hopf operator determines when this is an adjoint equivalence.

5.2.3. Theorem. Let C be a comonoid in C and D = F(C). Assume that:

• The category M and the functor H satisfy hypotheses (1.7)–(1.9). • The functor ^C satisfies hypothesis (2.8).

In this situation the adjunction (5.1) is defined. Moreover, it is an adjoint equivalence if and only if the transformation H_C is invertible.

Proof. This follows from Theorem 2.7.1, in view of the fact (shown in the proof of Lemma 5.2.1) that χ^′_C = H_C .

GENERALIZED HOPF MODULES FOR BIMONADS 305

We state this result under simpler (though stronger) hypotheses. 5.2.4. Theorem. Let C be a comonoid in C and D = F(C). Assume that:

• The category M has equalizers of all coreflexive pairs. • These equalizers are preserved by the functors ^C and H. • The functor H is conservative.

Then the conclusion of Theorem 5.2.3 holds.

Proof. This follows by noting that the given hypotheses are stronger than those of Theorem 5.2.3, or by appealing to Theorem 2.7.2.

We provide a statement regarding the necessity of the hypotheses on the functor H. To this end, let C = I be the trivial comonoid in C. Then M_{^C} = M and D = F(I). 5.2.5. Proposition. In the above situation, consider the following hypotheses.

(i) The functor H_σ : M → N_D is an equivalence. (ii) The functor ^D preserves all existing equalizers in N. (iii) The transformation H_I is invertible. We then have the following statements.

• If (i) holds, then the functor H satisfies hypothesis (1.9).

• Assume (i) and (ii) hold. Let (f, g) be a parallel pair in M such that (f, g) has an equalizer in M and � H(f), H(g) � has an equalizer in N. Then the functor H preserves the equalizer of (f, g). In particular, H satisfies hypothesis (1.8).

• Assume (i) and (iii) hold. Then H and M satisfy hypothesis (1.7). Proof. This follows from Proposition 2.7.3.

5.3. The Fundamental Theorem. We move to the situation of Sections 3.5 and 3.6. We are given a bimonad T on a monoidal category C and a T -comodule-monad S on a C-category M. In addition, let C be a comonoid in C and let Z = T (C) be the free T -algebra-comonoid on it, as in (3.4).

Consider the category Hopf(T ; S, Z) of Hopf (T ; S, Z)-modules, as in Section 3.6. The Fundamental Theorem establishes an explicit equivalence

M_{^C}^A � Hopf(T ; S, Z) B � (5.2)

between C-comodules in M and Hopf (T ; S, Z)-modules. We proceed to set it up.

306 MARCELO AGUIAR AND STEPHEN U. CHASE

The functor A sends a C-comodule (M, c) to A(M, c) = (S(M), μ_M , d), where μ is the multiplication of the monad S and d is the composite S(M)^{S(c)}−−→ S(C · M)^{χC,M}−−−→ T (C) · S(M) = Z · S(M). (5.3) Below we show that A(M, c) is indeed a Hopf (T ; S, Z)-module.

The functor B sends a Hopf (T ; S, Z)-module (M, σ, ζ) to the equalizer of the pair C · M^{Δ·id}−−→ C · C · M^{id·ιC ·id}−−−−→ C · T (C) · M = C · Z · M and C · M^{id·ζ}−−→ C · Z · M. (5.4) Here ι is the unit of the monad T . The functor B is defined when these equalizers exist in M_{^C} . Below we give conditions which ensure this is the case.

5.3.1. Theorem. [The Fundamental Theorem of generalized Hopf modules] In the above situation, assume that:

• The category M has equalizers of all coreflexive pairs which are S-split in M^S . • The functors ^C, ^C^2, and S preserve such equalizers. • The functor S is conservative.

Then the functors A and B from (5.2) form an adjoint equivalence M_{^C} ∼= Hopf(T ; S, Z) if and only if the Galois map G_{C,M} : S � C · S(M) � → T (C) · S(M) = Z · S(M) is invertible for all objects M in M. Proof. Consider the adjunctions C F^T �

C^T

U^T

� and M

F^S �

M^S

U^S � associated to the bimonad T and the monad S, as in Section 4.2. By Proposition 4.2.1, the latter is a comodule over the former. Thus, we are in the situation of Section 5.2. We proceed to verify the hypotheses of Theorem 5.2.3.

First of all, by Corollary 4.4.6, the invertibility of the transformation G_C is equivalent to that of the transformation H_C .

Since S = U^S F^S is conservative, so is F^S . Thus F^S satisfies (1.9). The hypothesis on existence of equalizers simply states that M and F^S satisfy (1.7). These equalizers are

GENERALIZED HOPF MODULES FOR BIMONADS 307

preserved by S by hypothesis, and created by U^S by the dual of Lemma 1.2.1. Therefore, they are preserved by F^S . Thus, F^S satisfies (1.8).

Finally, the hypotheses on ^C guarantee that ^C satisfies hypothesis (2.8). Therefore, we may apply Theorem 5.2.3 to the adjunctions (F^T , U^T ) and (F^S , U^S ), to obtain an adjoint equivalence

M_{^C}^{(F}

S )_{χC}

� (M^S )_{^Z}

(U^S )^ρC � where Z = F^T (C). In other words, Z = T (C) viewed as a comonoid in the category C^T .

It simply remains to compose with the isomorphism

(M^S )_{^Z} = Hopf(T ; S, Z)

of Proposition 3.6.4 to obtain the desired equivalence. We check that the resulting functors A and B are as stated.

According to (1.11),

(F^S )_{χC} (M, c) = � F^S (M), d � = � S(M), μ_M , d � , where d is the composite

d : F^S (M)^{F S (c)}−−−→ F^S (C · M)^{χC,M}−−−→ Z · F^S (M).

The map χ_{C,M} is described in the proof of Proposition 4.2.1; it follows that d coincides with (5.3). Thus A is as stated. (This also shows that A(M, c) is a Hopf (T ; S, Z)-module, as announced above.)

On a Hopf (T ; S, Z)-module (M, σ, ζ), the functor (U^S )^{ρC} is the equalizer of the pair (1.17), which in the present situation consists of the maps

^CU^S (M, σ)^{δUS (M,σ)} −−−−−→ ^C ^CU^S (M, σ)^{^C((ρC )(M,σ))}

−−−−−−−→ ^CU^S ^Z(M, σ) and ^CU^S (M, σ)^{^CU S (d)}−−−−→ ^CU^S ^Z(M, σ).

We have ^CU^S (M, σ) = C · M and δ_U S_{(M,σ)} = Δ · id. The transformation ρ_C is identified in Lemma 5.1.2. Note that in the present situation η_C = ι_C (Section 4.2) and χ = id (proof of Proposition 4.2.1). It follows that the above pair coincides with (5.4) and therefore B is as stated.

308 MARCELO AGUIAR AND STEPHEN U. CHASE

5.3.2. Remark. Theorem 5.3.1 holds under weaker assumptions. Namely, it suffices to require existence in M and preservation (under ^C, ^C^2, and S) of the equalizers of the parallel pair (5.4), for each Hopf (T ; S, Z)-module (M, σ, ζ). As explained in the above proof, this pair is (1.17) for the comonads C = ^C and D = ^D and the adjunction (H, K) = (F^S , U^S ). Starting with the Conjugate Comonadicity Theorem (Theorem 2.4.1), all results leading to Theorem 5.3.1 can be generalized by relaxing the corresponding hypotheses on equalizers and using, when relevant, the proof of Beck’s theorem rather than the theorem itself.

As with Theorems 5.2.3–5.2.4, stronger hypotheses yield a somewhat simpler statement.

5.3.3. Theorem. [Fundamental Theorem of generalized Hopf modules, second version] In the above situation, assume that:

• The category M has equalizers of all coreflexive pairs.

• The functors ^C and S preserve such equalizers.

• The functor S is conservative.

Then the conclusion of Theorem 5.3.1 holds.

We provide a statement regarding the necessity of the hypotheses on the functor S in the Fundamental Theorem. To this end, let C = I be the trivial comonoid in C. Then M_{^C} = M and Z = T (I).

5.3.4. Proposition. In the above situation, consider the following hypotheses.

(i) The functor A : M → Hopf(T ; S, Z) is an equivalence.

(ii) The functor ^Z preserves all existing equalizers in M^S .

(iii) The transformation G_I is invertible.

We then have the following statements.

• If (i) holds, then the functor S is conservative..

• Assume (i) and (ii) hold. Let (f, g) be a parallel pair in M such that (f, g) has an equalizer in M and � S(f), S(g) � has an equalizer in M. Then S preserves the equalizer of (f, g).

• Assume (i) and (iii) hold. Then the category M has equalizers of all coreflexive pairs which are S-split in M^S .

Proof. The proof of Theorem 5.3.1 shows that if A is an equivalence, then so is the functor (F^S )_{χC} . Also, by Corollary 4.4.6, the invertibility of the transformation G_I implies that of H_I . We may then apply Proposition 5.2.5 to conclude a number of properties satisfied by F^S . The desired properties of S = U^S F^S follow from these in view of the dual of Lemma 1.2.1 and the fact that U^S is conservative.

GENERALIZED HOPF MODULES FOR BIMONADS 309

5.4. Application: idempotent monads. Recall that a monad (S, μ, ι) is said to be idempotent if μ : S^2 → S is an invertible transformation.

Consider the data of Section 5.3 in the case when C is the trivial monoidal category (the one-arrow category). The bimonad T and the comonoids C and Z = T (C) are necessarily trivial, while S is an arbitrary monad on a category M. Diagram (3.13) commutes automatically, and the category Hopf(T ; S, Z) of Hopf modules is thus the category of S-algebras.

The functors A and B identify respectively with F^S and U^S . (Note that both maps in (5.3) are identities.)

Both maps in the pair (5.4) are identities, so existence and preservation of the equalizers of such pairs is trivially satisfied. This much implies that F^S U^S ∼= I (for reasons that can be traced back to Beck’s Theorem). This recovers [5, Proposition 4.2.3].

From (4.4) we see that the Galois map reduces to the multiplication of the monad S. Therefore, the Galois map is invertible if and only if the monad S is idempotent.

An idempotent monad S need not be conservative. (An example is the monad on the category of groups which sends a group to its abelianization.) Assume that S is conservative. Then all hypotheses in Theorem 5.3.1 are satisfied. The theorem then states that the adjunction (F^S , U^S ) is an equivalence, and hence S = U^S F^S ∼= I. We have thus shown that a conservative idempotent monad must be isomorphic to the identity. Here is an elementary proof of this well-known fact: from the unit axiom one deduces μ^{−1} = S(ι); therefore ι : I → S is an isomorphism.

5.5. The Fundamental Theorem of Bruguières, Lack and Virelizier. Let T be a bimonad on a monoidal category C. We specialize the situation of Section 5.3 by setting M = C, S = T , and C = I, the trivial comonoid. The results of Section 5.3 then reduce to the Fundamental Theorem of Bruguières, Lack and Virelizier [6, Theorem 6.11].

First of all, as mentioned in Remark 3.6.2, a Hopf (T ; S, Z)-module is in this case a left Hopf T -module in the sense of [7, Section 4.2] and [6, Section 6.5]. Given such a Hopf module M, the Galois map G_{I,M} is

T^2(M) = T � I · T (M)

� ψ_{I,T (M)} −−−−→ T (I) · T^2(M)^{id·μM}−−−→ T (I) · T (M). (5.5)

This is the left fusion operator H_{I,M} of [6, Section 2.6]; thus, the transformation G_I is invertible if and only if T is a left pre-Hopf monad in the sense of [6, Section 2.7]. Moreover, the pair (5.4) is

M = I · M^{ιI ·id}−−→ Z · M and M^ζ−→ Z · M, (5.6)

where Z = T (I). The equalizer of this pair is the coinvariant part of the Hopf module (M, σ, ζ) in the sense of [6, Section 6.4]. As mentioned in Remark 5.3.2, the existence and preservation of these equalizers (plus the fact that S = T is conservative) suffice to derive the equivalence of categories from the invertibility of the Galois map, as in Theorem 5.3.1. This is one of the implications in [6, Theorem 6.11]. The converse implication is closely related to Proposition 5.3.4. Bruguières and Virelizier proved an earlier version of this result in [7, Theorem 4.6].

310 MARCELO AGUIAR AND STEPHEN U. CHASE

5.6. Sweedler’s Fundamental Theorem. Assume that the monoidal category C is braided and H is a bimonoid therein. Let T be the functor ^H as in Section 3.4. Then T is a bimonad [7, Example 2.2]. Let us go over the ingredients and hypotheses of the Fundamental Theorem of Bruguières, Lack and Virelizier. The discussion here is a simplified version of that in [6, Example 6.13].

First of all, Z = T (I) = H, and the Hopf T -modules are the usual Hopf H-modules as in [33, Section 1.9].

Since I is a retract of H, the identity of C is a retract of the functor T . If a functor F admits a conservative retract R

F^r � R s � , rs = id,

then F is conservative. (Given f : A → B with F(f) invertible, we have R(f)^{−1} = r_AF(f)^{−1}s_B .) Therefore, T is conservative.

The pair (5.6) is

M = I · M^{ι·id}−−→ H · M and M^ζ−→ H · M

Its equalizer, when existing, is the coinvariant part M^{coH} of M.

The map G_{I,M} in (5.5) is

H · H · M^{Δ·id·id}−−−−→ H · H · H · M^{id·μ·id}−−−→ H · H · M.

It is known that the following statements are equivalent:

• G_{I,M} is invertible for every M.

• G_{I,I} is invertible.

• The bimonoid H is a Hopf monoid.

(See [35, Example 2.1.2] and [6, Proposition 5.4] for a more general result.) Assume these statements hold, and let s be the antipode of H. It then turns out that the composite map M^ζ−→ H · M^{s ·id}−−→ H · M^σ−→ M (5.7)

is idempotent. Bruguières, Lack and Virelizier point out that the coinvariant part of M exists if and only if this idempotent splits in the category C. In this case, the pair (5.6) is part of a split cofork, with splitting data

M^{coH} M

σ(s ·id)ζ

� H · M.

σ(s ·id) � The equalizer of the pair (5.6) is then preserved by all functors and the hypotheses of the Fundamental Theorem of Bruguières, Lack and Virelizier are satisfied.

GENERALIZED HOPF MODULES FOR BIMONADS 311

In conclusion, if H is a Hopf monoid and for all Hopf H-modules M the idempotent (5.7) splits in C, there is an equivalence between C and the category of Hopf Hmodules. This is Sweedler’s Fundamental Theorem, in the general context of braided monoidal categories. In particular, the theorem holds if all equalizers exist in C. In this generality, the Fundamental Theorem has been stated in [43, Theorem 3.4], and (with extra assumptions) in [27, Theorem 1.1]. Note that the hypotheses are satisfied if C is the category of modules over a commutative ring. In this situation, the Fundamental Theorem appears in [8, Theorem 15.5]. Sweedler originally proved his theorem in the context of vector spaces [40, Theorem 4.1.1].

Sweedler’s Fundamental Theorem has been extended in other directions in recent papers. These include the work of López-Franco [26] and of Mesablishvili and Wisbauer [31]. The contexts considered by these authors are different from the one considered here.

6. Application: Schneider’s theorem

Let k be a commutative ring and H a bialgebra over k. Let A be a left H-comodule-algebra (a monoid in the monoidal category of left H-comodules) [33, Definition 4.1.2]. We use (μ, ι, ν) to denote its structure. We employ Sweedler’s notation

ν(a) = � a_1 ⊗ a_2

for the comodule structure map ν : A → H ⊗ A (a morphism of k-algebras). The ksubalgebra of H-coinvariants of A is defined by

A^{coH} = {a ∈ A | ν(a) = 1 ⊗ a}.

Let B be any k-subalgebra of A^{coH} .

Out of this data we build the ingredients for an application of the Fundamental Theorem of generalized Hopf modules and the other results of Section 5.3.

6.1. The bimonad and the comodule-monad. We let C be the category of k-modules and define T : C → C by T (X) = H ⊗ X

(tensor product over k). Since (C, ⊗) is braided monoidal and H is a bimonoid therein, T is a bimonad [7, Example 2.2].

Next, we let M be the category of left B-modules. Then C acts on M by

(X, M) → X ⊗ M.

The action of B on X ⊗ M is on the right factor:

b · (x ⊗ m) = x ⊗ bm.

6.1.1. Lemma. The map ν : A → H ⊗ A is a morphism of B-bimodules.

312 MARCELO AGUIAR AND STEPHEN U. CHASE

Proof. Take a ∈ A and b ∈ B. Write ν(a) = � a_1 ⊗ a_2. Since B ⊆ A^H , we have ν(b) = 1 ⊗ b. Then, since ν is a morphism of algebras,

ν(ba) = ν(b)ν(a) = � a_1 ⊗ ba_2 = b · ν(a).

Similarly, ν(ab) = � a_1 ⊗ a_2b.

Define S : M → M by S(M) = A ⊗_B M.

The action of B on A ⊗_B M is on the left factor:

b · (a ⊗_B m) = ba ⊗_B m.

Since B is a subalgebra of A, we may view A as a B-bimodule. The category of Bbimodules is monoidal under ⊗_B and it acts on M, again by means of ⊗_B . Moreover, A is a monoid in this category, and hence S is a monad.

Let X and Y be k-modules, M a left B-module, and N a B-bimodule. We will make use of the map

(Y ⊗ N) ⊗_B (X ⊗ M) → (Y ⊗ X) ⊗ (N ⊗_B M) (y ⊗ n) ⊗_B (x ⊗ m) → (y ⊗ x) ⊗ (n ⊗_B m).

This is a well-defined isomorphism of left B-modules. We employ this map and the H-comodule structure of A to build the composite

A ⊗_B (X ⊗ M)^{ν⊗B id}−−−→ (H ⊗ A) ⊗_B (X ⊗ M)^{∼=}−→ (H ⊗ X) ⊗ (A ⊗_B M). (6.1)

By Lemma 6.1.1, this is a well-defined morphism of left B-modules. It defines a transformation χ_{X,M} : S(X ⊗ M) → T (X) ⊗ S(M).

6.1.2. Lemma. In this manner, S is a comodule-monad over the bimonad T . Proof. Axioms (3.5) and (3.6) follow from coassociativity and counitality of ν. Axioms (3.10) and (3.11) follow from the fact that ν is a morphism of algebras. 6.2. The Hopf modules. Let (Z, α, Δ, ϵ) be a T -algebra-comonoid in C (Definition 3.2.3). First of all, as a T -algebra, Z carries a structure of left H-module

α : H ⊗ Z → Z.

Then, as a comonoid, it carries a structure (Δ, ϵ) of coalgebra over k. Finally, α should be a morphism of coalgebras, or equivalently Δ and ϵ should be morphisms of H-modules. The totality is called an H-module-coalgebra structure on Z; it is the same as a comonoid in the monoidal category of left H-modules.

GENERALIZED HOPF MODULES FOR BIMONADS 313

Now consider Hopf (T ; S, Z)-modules (M, σ, ζ) in M (Definition 3.6.1). Then M is first of all a left B-module, but the S-algebra structure

σ : A ⊗_B M → M

turns it in fact into a left A-module, from which the B-module structure is inherited. In addition, ζ : M → Z ⊗ M

is a left Z-comodule structure, and diagram (3.13) becomes

A ⊗_B M^σ �

id⊗_B ζ � M ζ � A ⊗_B (Z ⊗ M)

χ_{Z,M} � (H ⊗ Z) ⊗ (A ⊗_B M)_{α⊗σ} � Z ⊗ M

where χ_{Z,M} is as in (6.1). The commutativity of this diagram is equivalent to that of the following.

A ⊗ M^σ � ν⊗ζ � M ζ � H ⊗ A ⊗ Z ⊗ M ∼= � H ⊗ Z ⊗ A ⊗ M_{α⊗σ} � Z ⊗ M

(6.2)

This diagram expresses the fact that ζ is a morphism of A-modules, or equivalently that σ is a morphism of H-comodules.

In summary, the starting data consists of:

a bialgebra H, an H-comodule-algebra A, and an H-module-coalgebra Z.

Then a Hopf (T ; S, Z)-module (M, σ, ζ) consists of

a left A-module (M, σ) and a left Z-comodule (M, ζ), linked by (6.2).

This is precisely a left (A, Z)-Hopf module in the sense of Doi [15, Section 1] and Koppinen [22, Section 3]. Such objects are sometimes called Doi-Koppinen Hopf modules in recent literature. In the special case when Z = H, they go back at least to Doi [14] and they are precisely the left (A, H)-Hopf modules of Schneider [37, page 177]. The notion evolved from the original Hopf modules of Sweedler [40, Section 4.1] (the case A = H) and the relative Hopf modules of Takeuchi [42, Section 1] (the case in which A is a coideal subalgebra of H).

We let Hopf(H; A, Z) denote the category of Doi-Koppinen Hopf modules. Equivalently, Hopf(H; A, Z) = Hopf(T ; S, Z) is the category of Hopf (T ; S, Z)-modules.

314 MARCELO AGUIAR AND STEPHEN U. CHASE 6.3. The Galois map. We make the Galois map G_{X,M} associated to the bimonad T and the comodule-monad S explicit. According to (4.4) and the definitions in Section 6.1, this map is the following composite. S �_{X⊗S(M)}� χ_{X,S(M)} �_{T (X)⊗S2(M) id⊗μM} �_{T (X)⊗S(M)}

A⊗_B

�_{X⊗(A⊗B M)}�

ν⊗_B id

�_{(H⊗A)⊗B} �_{X⊗(A⊗B M)}�_{∼=} �_{(H⊗X)⊗(A⊗B A⊗B M)id⊗(μ⊗}

B id)

�_{(H⊗X)⊗(A⊗B M)}

Explicitly, G_{X,M} � a ⊗_B � x ⊗ (a^′ ⊗_B m) � = (a_1 ⊗ x) ⊗ (a_2a^′ ⊗_B m), (6.3) where a, a^′ ∈ A, x ∈ X, m ∈ M, and ν(a) = � a_1 ⊗ a_2. In the special case when X = k and M = B, the map is A ⊗_B A → H ⊗ A, a ⊗_B a^′ → � a_1 ⊗ a_2a^′. (6.4)

Thus, the map G_{k,B} coincides with Schneider’s canonical map [37, page 180] (the left version of it). It is sometimes called the H-Galois map of the extension B ⊆ A [33, Chapter 8]. This map and its prominent role in Hopf Galois theory can be traced back to [11], [13] and [23]. For a recent survey on Hopf Galois theory, see [34]. 6.3.1. Lemma. Let X be a k-module. Consider the following statements.

(i) G_{k,B} is invertible. (ii) G_{X,B} is invertible.

(iii) G_{X,M} is invertible for all left B-modules M. We have (i) ⇒ (ii) ⇐⇒ (iii).

Proof. Note from (6.3)–(6.4) that G_{X,B} is a morphism of right B-modules, and moreover G_{X,M} ∼= X ⊗ G_{k,B} ⊗_B M ∼= G_{X,B} ⊗_B M.

The result follows.

6.4. The comodules and the functors. Let C be a coalgebra over k and let Z be the free T -algebra-comonoid on C (3.4). Then Z = T (C) = H ⊗ C and the H-module-coalgebra structure is as follows: H acts on the left component (so Z is the free H-module on C), and the coalgebra structure is the tensor product of the coalgebra structures of H and C.

GENERALIZED HOPF MODULES FOR BIMONADS 315

The next ingredient to describe is the category M_{^C} . An object of this category is a left B-module M with a left C-comodule structure c : M → C ⊗ M that is a morphism of B-modules, where B acts on M only. In other words, the diagram B ⊗ M^b �

id⊗c � M c � B ⊗ C ⊗ M ∼= � C ⊗ B ⊗ M_{id⊗b} � C ⊗ M should commute, where b denotes the B-module structure. Contrast with (6.2). We refer to such objects as (B, C)-bimodules.

We let Bimod(B, C) denote the category of (B, C)-bimodules; that is, Bimod(B, C) = M_{^C} is the category of C-comodules in M.

The last ingredients to describe are the functors Bimod(B, C)^A � Hopf(H; A, Z) B � of Section 5.3. They take the following form.

Given a (B, C)-bimodule (M, c), A(M, c) = (A ⊗_B M, μ ⊗_B id, d) where d is the composite

A ⊗_B M^{id⊗B c}−−−→ A ⊗_B (C ⊗ M)^{χC,M}−−−→ (H ⊗ C) ⊗ (A ⊗_B M) = Z ⊗ (A ⊗_B M) and χ_{C,M} is as in (6.1).

Given a Doi-Koppinen Hopf module (M, σ, ζ), B(M, σ, ζ) is the equalizer of the pair C ⊗ M^{Δ⊗id}−−−→ C ⊗ C ⊗ M = C ⊗ k ⊗ C ⊗ M^{id⊗ι⊗id⊗id}−−−−−−→ C ⊗ H ⊗ C ⊗ M C ⊗ M^{id⊗ζ}−−→ C ⊗ Z ⊗ M = C ⊗ H ⊗ C ⊗ M.

(6.5)

in the category Bimod(B, C). Here ι denotes the unit map of the algebra H. In particular, when C = k is the trivial k-coalgebra, B(M, σ, ζ) = {m ∈ M | ζ(m) = 1 ⊗ m}.

316 MARCELO AGUIAR AND STEPHEN U. CHASE 6.5. A generalization of Schneider’s theorem. We now make use of all the data in Sections 6.1–6.4. In particular, we are given:

• A commutative ring k and a k-bialgebra H. • A left H-comodule-algebra A and a subalgebra B of A^{coH} . • A k-coalgebra C and Z = H ⊗ C, an H-module-coalgebra as in Section 6.4.

6.5.1. Theorem. Assume that:

• A is faithfully flat as right B-module. • C is flat as k-module.

Then the following statements are equivalent.

(i) The functors A and B from Section 6.4 form an adjoint equivalence Bimod(B, C) ∼= Hopf(H; A, Z) between the category of (B, C)-bimodules and the category of Doi-Koppinen (A, Z)- Hopf modules.

(ii) The Galois map G_{C,B} : A ⊗_B (C ⊗ A) → Z ⊗ A is invertible.

In particular, if the canonical map (6.4) is invertible, then the category equivalence holds. Proof. The category M of left B-modules, being abelian has all equalizers, and the functor ^C = C ⊗(−) preserves them because C is flat over k. Faithful flatness of A over B guarantees that the functor S is exact and faithful, hence conservative by Corollary 1.9.2. It then follows from Theorem 5.3.3 that the stated adjoint equivalence holds if and only if the Galois map G_{C,M} of Section 6.3 is invertible for all left B-modules M. By Lemma 6.3.1, this holds if and only if G_{C,B} is invertible, and in particular if G_{k,B} is invertible. 6.5.2. Remark. According to Remark 5.3.2, Theorem 6.5.1 holds under weaker assumptions. Namely, it suffices to require the preservation (under C · (−), C · C · (−), and A ⊗_B (−)) of the equalizer of the parallel pair (6.5) for each Doi-Koppinen Hopf module (M, σ, ζ).

We provide a converse statement. To this end, let C = k be the trivial coalgebra. Then Bimod(B, C) = M is the category of left B-modules and Z = H.

GENERALIZED HOPF MODULES FOR BIMONADS 317

6.5.3. Theorem. Let H be a k-bialgebra. Consider the following statements:

(i) A is faithfully flat as right B-module and the canonical map (6.4) is invertible.

(ii) The functor A : M → Hopf(H; A, H) is an equivalence.

(iii) The functor S = A ⊗_B (−) : M → M is faithful.

Then (i) ⇒ (ii) ⇒ (iii). If in addition H is flat as a k-module, then (i) and (ii) are equivalent.

Proof. The implication (i) ⇒ (ii) is a special case of Theorem 6.5.1 (the case C = k).

To prove that (ii) ⇒ (iii), note that by Proposition 5.3.4, the functor S is conservative. Since it is also right exact, it is faithful, by Corollary1.9.2.

Now assume that H is a flat k-module and that (ii) holds; then, as just noted, (iii) also holds. Moreover, since H is flat over k, the functor ^Z preserves all equalizers in M^S . Note also that M and M^S possess all equalizers, since they are the categories of left modules over B and A, respectively. Hence Proposition 5.3.4 applies again to yield that S preserves all equalizers in M. This means that A is a flat right B-module, and hence faithfully flat, by (iii). Finally, our discussion shows that the hypotheses of Theorem 5.3.3 are satisfied. It then follows that the map G_{k,M} is invertible for all left B-modules M, and in particular, the Galois map G_{k,B} is likewise invertible.

6.6. Further remarks on Schneider’s theorem. First of all, we point out that while in principle Theorem 6.5.1 only requires that B be a subalgebra of A^{coH} , the remaining hypotheses imply that B = A^{coH} . More precisely, we have the following result.^1 6.6.1. Proposition. Consider the following data:

• A commutative ring k and a k-bialgebra H.

• A left H-comodule-algebra A and a subalgebra B of A^{coH} .

Assume that:

• A is faithfully flat as right B-module.

• The canonical map (6.4) is invertible.

Then B = A^{coH} .

1Added on 2013-04-10: This is a special case of a result of Schneider (Remark 1.2.(1), Normal basis and transitivity of crossed products for Hopf algebras, J. Algebra, 152(2):289-312, 1992).

318 MARCELO AGUIAR AND STEPHEN U. CHASE

Proof. Since B ⊆ A^{coH} , the canonical map factors through A ⊗_AcoH A:

A ⊗_B A � � H ⊗ A

A ⊗_AcoH A � � �

Invertibility of the canonical map then implies that the vertical map is injective. Hence, if x ∈ A^{coH} , then x ⊗_B 1 − 1 ⊗_B x = 0.

It is known that faithful flatness of A over B then implies that x ∈ B; see for instance [12, Lemma 3.8]. We provide an argument below for completeness.

Consider the maps

B^e � A^f �_g � A ⊗_B A

given by e(b) = b, f(a) = a ⊗_B 1, and g(a) = 1 ⊗_B a.

By the preceding x belongs to equalizer of the pair (f, g). We show below that the above diagram is an equalizer, whence x must belong to B. This proves that A^{coH} = B as needed.

The diagram is clearly a cofork: fe = ge. Applying the functor S = A ⊗_B (−) to it we obtain the cofork

A^ẽ � A ⊗_B A f̃ � g̃ � A ⊗_B A ⊗_B A,

where the maps are given by

ẽ(a) = a ⊗_B 1, f̃(a ⊗_B a^′) = a ⊗_B a^′ ⊗_B 1, g̃(a ⊗_B a^′) = a ⊗_B 1 ⊗_B a^′.

This cofork is split by the maps

A A ⊗_B A p � A ⊗_B A ⊗_B A, q� where p(a ⊗_B a^′) = aa^′ and q(a ⊗_B a^′ ⊗_B a^{′′}) = aa^′ ⊗_B a^{′′}.

Indeed, we have pẽ = id, qg̃ = id, and qf̃ = ẽp. (One may also note that this is a special case of the dual of the first split fork in [29, Section V.2.2, Example 1].) Thus this new cofork is an equalizer.

Finally, since A is faithfully flat as right B-module, S reflects equalizers, and hence the original cofork is an equalizer.

GENERALIZED HOPF MODULES FOR BIMONADS 319

Theorem 6.5.3 is due to Schneider; it is the bi-implication (2) ⇔ (5) in [37, Theorem I]. It is sometimes known as Schneider’s Structure Theorem for Hopf modules.

Schneider assumes that the bialgebra H possess an antipode in [37, Theorem 3.7] and a bijective antipode in [37, Theorem I]. For the statements we have provided, these hypotheses are not necessary. (Schneider’s results involve several other statements, including other conditions on A and G_{k,B} under which the equivalence of categories in Theorem 6.5.3 holds.) Schneider also assumes that B = A^{coH} , but as pointed out in Proposition 6.6.1, this results in no loss in generality. In a different direction, Theorem 6.5.1 generalizes the implication (5) ⇒ (2) in Schneider’s theorem by introducing the coalgebra C, which in his context must be trivial but in ours may be arbitrary.

Schneider’s theorem has been generalized in a number of directions different from our own. For more on this one may consult [35], [36], and [34], apart from Schneider’s original paper. One such generalization is [37, Theorem 3.7]. This last result is likely to admit a generalization to the context of bimonads along the lines of Theorem 5.3.1, but this appears to be beyond the scope of this paper. We plan to pursue this question in the future.

If in addition to C = k we further specialize A = H, we recover Sweedler’s Fundamental Theorem. See Section 5.6 for more details.

6.7. Related cases and historical remarks. On [37, page 169], Schneider lists several earlier special cases of his theorem in the literature. We provide a longer account here.

Let H be a Hopf k-algebra. We may use the antipode of H to turn left H-comodules into right ones and vice versa. If H is a finitely generated projective k-module, then an H-comodule is an H^∗-module (with H^∗ = Hom_k(H, k) the dual Hopf algebra), and a Doi-Koppinen (A, H)-Hopf module is simply a module over the smash product A#H^∗. (For the definition of smash product, see [33, Definition 4.1.3].) Such a module M can be described as a left A-module M which is also a left H^∗-module with a semilinear action of H^∗; that is, g · am = � (g_1 · a)(g_2 · m) (6.6)

for all g ∈ H^∗, a ∈ A, and m ∈ M. Now, since A is an H-comodule-algebra, it is itself such a Hopf module, and the structure as a left A#H^∗-module then yields a k-algebra homomorphism A#H^∗ → End_B (A) (6.7)

with B = A^{coH} and A viewed as a right B-module. This map is dual to the Galois map (6.4), in the sense that each can be obtained from the other by an application of Hom_A(−, A), so the invertibility of one map is equivalent to that of the other.

In the earliest treatments of Hopf-Galois theory, A and H are commutative and A is a faithfully flat k-module, from which it follows that A is a faithfully projective kmodule and B = k. In that special case, the category equivalence of Theorem 6.5.3 is immediate from the isomorphism (6.7) and the Morita theorems [13, Theorems 9.3

320 MARCELO AGUIAR AND STEPHEN U. CHASE

and 9.6, Corollary 9.7]. In a sense, all the various forms of a Fundamental Theorem for relative Hopf modules can be viewed as the progeny of this simple observation.

See [33, Theorem 8.3.3] for a generalization of the above argument to not necessarily commutative H and A (in which case possibly B ≠ k). A somewhat similar approach to the Fundamental Theorem appears in the theory of corings [8, 10], where it is observed that the Galois isomorphism (6.4) is one of A-corings, and the category of comodules over the coring H ⊗ A is equivalent to the category Hopf(H; A, H). In this formulation, the role of the Morita theorems is played by coring descent theory, which, for A a faithfully flat right B-module, identifies the category of left comodules over the coring A ⊗_B A as equivalent to the category of left B-modules. For a very readable discussion of these matters, see [10], especially [10, Example 1.5 and Proposition 3.8]. If an A-coring is viewed as an internal category as in [1, Section 2.4] (where corings are called coalgebroids), then the isomorphism (6.4) of corings becomes a close analogue of the familiar bijection

G × X → X × X, (g, x) → (g · x, x)

for X a principal homogeneous space over a group G, which can be interpreted as an isomorphism of small categories with object set X.

6.8. Noncommutative Hilbert’s Theorem 90. We turn to the “classical” case in which A is a commutative H-comodule k-algebra and H = k^G is the Hopf algebra of k-valued functions on a finite group G. Then H^∗ = kG is the group k-algebra of G and the semilinearity condition (6.6) for a Doi-Koppinen (A, H)-Hopf module M reduces to

g · am = (g · a)(g · m) (6.8)

for g ∈ G, a ∈ A, and m ∈ M. In particular, A is simply a commutative algebra on which G acts by automorphisms. The functor B of Theorem 6.4 then maps the Hopf module M to the k-submodule M^G of elements of M left fixed by G. In this context, we briefly review the connection between such Hopf modules and the noncommutative Hilbert’s Theorem 90 [38, Proposition 3]. For similar computations in a slightly different context, see [38, Proposition 4].

Let N be an (A, H)-Hopf module, fixed throughout the discussion, and Aut_A(N) denote the group of A-module automorphisms of N. The group G acts on Aut_A(N) according to the formula (g · α)(x) = g · α(g^{−1} · x).

for g ∈ G, α ∈ Aut_A(N), and x ∈ N. Then, for all such g, α, and x,

g · α(x) = (g · α)(g · x).

The action is by automorphisms:

g · αβ = (g · α)(g · β)

for g ∈ G, α, β ∈ Aut_A(N).

GENERALIZED HOPF MODULES FOR BIMONADS 321

A function φ : G → Aut_A(N) is called a 1-cocycle if

φ(fg) = φ(f) � f · φ(g) � (6.9)

for all f, g ∈ G. We construct a category

Z^1 � G, Aut_A(N) � of which the objects are the 1-cocycles just defined; a morphism α : φ → ψ is an element α of Aut_A(N) such that ψ(g)(g · α) = αφ(g)

for all g ∈ G. If α : φ → ψ and β : ψ → ρ are morphisms in Z^1 � G, Aut_A(N) � , then the composite βα is a morphism φ → ρ; this defines the composition in the category. The identity of φ is the identity automorphism of N. The category Z^1 � G, Aut_A(N) � is a groupoid: the inverse of α : φ → ψ is α^{−1} : ψ → φ, where α^{−1} is the inverse automorphism of N.

We define H^1 � G, Aut_A(N) � , the first cohomology set of G with coefficients in Aut_A(N), to be the set of isomorphism classes of the groupoid Z^1 � G, Aut_A(N) � . (For this definition in noncategorical language, see [38, page 123].) Two 1-cocycles φ and ψ are called cohomologous if they are isomorphic in Z^1 � G, Aut_A(N) � . We can now obtain, from a 1-cocycle φ as above, a new (A, H)-Hopf module N_φ by keeping the A-module N but twisting the action of G on N; namely, we define

g ·_φ x = φ(g)(g · x),

for g ∈ G and x ∈ N. Associativity for the twisted action follows from the cocycle condition (6.9), and since

g ·_φ ax = φ(g)(g · ax) = φ(g) � (g · a)(g · x) � = (g · a)φ(g)(g · x) = (g · a)(g ·_φ x),

the semilinearity condition (6.8) holds.

Let ψ be another 1-cocycle, and α : N_φ → N_ψ be an A-module isomorphism. Since N_φ = N = N_ψ as A-modules, α may be viewed as an element of Aut_A(N). A simple computation shows that:

α : N_φ → N_ψ is a morphism of Hopf modules ⇐⇒ α : φ → ψ is a morphism in Z^1 � G, Aut_A(N) � . Now let M be any (A, H)-Hopf module which is isomorphic to N as an A-module.

Let θ : M → N be such an isomorphism; then, for each g ∈ G, the mapping

N ∋ x → θ � g · θ^{−1}(g^{−1} · x) � ∈ N

322 MARCELO AGUIAR AND STEPHEN U. CHASE

is an A-module automorphism of N that we denote by θ̃(g). Thus we obtain a map θ̃ : G → Aut_A(N) such that

θ(g · m) = θ̃(g) � g · θ(m) � for all g ∈ G and m ∈ M. Another routine computation shows that θ̃ is a 1-cocycle. The previous equation then implies that θ : M → N~_θ is an isomorphism of Hopf modules.

Consider the groupoid Hopf(A, H) ↓ N whose objects are pairs (M, θ) as in the preceding paragraph; a morphism (M, θ) → (M^′, θ^′) is an isomorphism κ : M → M^′ of (A, H)-Hopf modules such that

M^κ � θ � � � � � M^′

θ^′ � � � � N commutes. (Hopf(A, H) ↓ N is a particular comma category.)

The preceding discussion contains the essential components of the following result.

6.8.1. Proposition. The functors

Z^1 � G, Aut_A(N) � → Hopf(A, H) ↓ N, φ → (N_φ, id_N ) and Hopf(A, H) ↓ N → Z^1 � G, Aut_A(N) � , (M, θ) → θ̃

form an equivalence of groupoids.

6.8.2. Corollary. The first cohomology set H^1 � G, Aut_A(N) � is in bijection with the set of isomorphism classes of (A, H)-Hopf module structures on the A-module N.

By the latter we mean an isomorphism class in the groupoid Hopf(A, H) ↓ N. Now, with H as above, assume that A is a faithfully flat k-module and the Galois map (6.4) is an isomorphism; then, as noted in Section 6.7, A is a faithfully projective k-module and B = k. Since H = k^G, A is then a Galois extension of k with Galois group G, as in [11]. We then obtain from Theorem 6.5.3 and Corollary 6.8.2 a bijection between H^1 � G, Aut_A(N) � and the set of isomorphism classes of k-modules M with the property that A ⊗ M ∼= N as A-modules. In particular, we may take N = A ⊗ M_0 with M_0 a fixed k-module; N is then an (A, H)-Hopf module according to the formula

g · (a ⊗ m) = (g · a) ⊗ m

for g ∈ G, a ∈ A, and m ∈ M. If M_0 is free of rank n, then Aut_A(N) may be identified with the general linear group GL(n, A). In that case, we obtain a bijection between H^1 � G, GL(n, A) � and the set of isomorphism classes of projective k-modules P such that

GENERALIZED HOPF MODULES FOR BIMONADS 323

A ⊗ P is a free A-module of rank n. If n = 1, it turns out that this bijection is actually an isomorphism of abelian groups, thus yielding an exact sequence

1 → H^1(G, A^×) → Pic(k) → Pic(A)

with H^1(G, A^×) the usual first cohomology group of G with coefficients in the abelian group A^× of invertible elements in A, Pic(k) the Picard group of isomorphism classes of invertible k-modules, and the right-most arrow in the sequence being induced by the functor A ⊗ (−). This exact sequence, slightly modified, is the first part of the 7-term exact sequence of [11, Corollary 5.5].

Of course, if k is a field, our discussion shows that H^1 � G, GL(n, A) � is trivial; this is the noncommutative Hilbert’s Theorem 90.

References

[1] Marcelo Aguiar. Internal categories and quantum groups. ProQuest LLC, Ann Arbor, MI, 1997. Thesis (Ph.D.)–Cornell University.

[2] Marcelo Aguiar and Swapneel Mahajan. Monoidal functors, species and Hopf algebras, volume 29 of CRM Monograph Series. American Mathematical Society, Providence, RI, 2010.

[3] Michael Barr and Charles Wells. Toposes, triples and theories. Repr. Theory Appl.

Categ., (12):x+288, 2005. Corrected reprint of the 1985 original.

[4] Francis Borceux. Handbook of categorical algebra. 1, volume 50 of Encyclopedia Math.

Appl. Cambridge Univ. Press, Cambridge, 1994.

[5] Francis Borceux. Handbook of categorical algebra. 2, volume 51 of Encyclopedia Math.

Appl. Cambridge Univ. Press, Cambridge, 1994.

[6] Alain Bruguières, Steve Lack, and Alexis Virelizier. Hopf monads on monoidal categories. Adv. Math., 227(2):745–800, 2011.

[7] Alain Bruguières and Alexis Virelizier. Hopf monads. Adv. Math., 215(2):679–733, 2007.

[8] Tomasz Brzezinski and Robert Wisbauer. Corings and comodules, volume 309 of London Mathematical Society Lecture Note Series. Cambridge University Press, Cambridge, 2003.

[9] Élisabeth Burroni. Lois distributives mixtes. C. R. Acad. Sci. Paris Sér. A-B, 276:A897–A900, 1973.

[10] Stefaan Caenepeel. Galois corings from the descent theory point of view. In Galois theory, Hopf algebras, and semiabelian categories, volume 43 of Fields Inst. Commun., pages 163–186. Amer. Math. Soc., Providence, RI, 2004.

324 MARCELO AGUIAR AND STEPHEN U. CHASE

[11] Stephen U. Chase, David K. Harrison, and Alex Rosenberg. Galois theory and Galois cohomology of commutative rings. Mem. Amer. Math. Soc. No., 52:15–33, 1965.

[12] Stephen U. Chase and Alex Rosenberg. Amitsur cohomology and the Brauer group.

Mem. Amer. Math. Soc. No., 52:34–79, 1965.

[13] Stephen U. Chase and Moss E. Sweedler. Hopf algebras and Galois theory. Lecture Notes in Mathematics, Vol. 97. Springer-Verlag, Berlin, 1969.

[14] Yukio Doi. On the structure of relative Hopf modules. Comm. Algebra, 11(3):243– 255, 1983.

[15] Yukio Doi. Unifying Hopf modules. J. Algebra, 153(2):373–385, 1992.

[16] Armin Frei and John L. MacDonald. Algebras, coalgebras and cotripleability. Arch.

Math. (Basel), 22:1–6, 1971.

[17] George Janelidze and Gregory M. Kelly. A note on actions of a monoidal category.

Theory Appl. Categ., 9:61–91, 2001/02. CT2000 Conference (Como).

[18] Peter T. Johnstone. Adjoint lifting theorems for categories of algebras. Bull. London Math. Soc., 7(3):294–297, 1975.

[19] Peter T. Johnstone. Sketches of an elephant: a topos theory compendium. Vol. 1, volume 43 of Oxford Logic Guides. The Clarendon Press Oxford University Press, New York, 2002.

[20] Gregory M. Kelly. Doctrinal adjunction. In Category Seminar (Sydney, 1972/1973), volume 420 of Lecture Notes in Math., pages 257–280. Springer, Berlin, 1974.

[21] Gregory M. Kelly and Ross Street. Review of the elements of 2-categories. In Category Seminar (Sydney, 1972/1973), volume 420 of Lecture Notes in Math., pages 75–103. Springer, Berlin, 1974.

[22] Markku Koppinen. Variations on the smash product with applications to groupgraded rings. J. Pure Appl. Algebra, 104(1):61–80, 1995.

[23] Herbert F. Kreimer and Mitsuhiro Takeuchi. Hopf algebras and Galois extensions of an algebra. Indiana Univ. Math. J., 30(5):675–692, 1981.

[24] Tom Leinster. Higher operads, higher categories, volume 298 of London Math. Soc.

Lecture Note Ser. Cambridge Univ. Press, Cambridge, 2004.

[25] Fred E. J. Linton. Coequalizers in categories of algebras. In Sem. on Triples and Categorical Homology Theory (ETH, Zürich, 1966/67), pages 75–90. Springer, Berlin, 1969.

GENERALIZED HOPF MODULES FOR BIMONADS 325

[26] Ignacio L. López Franco. Formal Hopf algebra theory. I. Hopf modules for pseudomonoids. J. Pure Appl. Algebra, 213(6):1046–1063, 2009.

[27] Volodymyr Lyubashenko. Modular transformations for tensor categories. J. Pure Appl. Algebra, 98(3):279–327, 1995.

[28] Saunders Mac Lane. Categories for the working mathematician, volume 5 of Grad.

Texts in Math. Springer, New York, 2nd edition, 1998.

[29] John MacDonald and Manuela Sobral. Aspects of monads. In Categorical foundations, volume 97 of Encyclopedia Math. Appl., pages 213–268. Cambridge Univ. Press, Cambridge, 2004.

[30] Paddy McCrudden. Opmonoidal monads. Theory Appl. Categ., 10:No. 19, 469–485, 2002.

[31] Bachuki Mesablishvili and Robert Wisbauer. Bimonads and Hopf monads on categories. J. K-Theory, 7(2):349–388, 2011.

[32] Ieke Moerdijk. Monads on tensor categories. J. Pure Appl. Algebra, 168(2-3):189–208, 2002. Category theory 1999 (Coimbra).

[33] Susan Montgomery. Hopf algebras and their actions on rings, volume 82 of CBMS Regional Conference Series in Mathematics. Published for the Conference Board of the Mathematical Sciences, Washington, DC, 1993.

[34] Susan Montgomery. Hopf Galois theory: a survey. In New topological contexts for Galois theory and algebraic geometry (BIRS 2008), volume 16 of Geom. Topol. Monogr., pages 367–400. Geom. Topol. Publ., Coventry, 2009.

[35] Peter Schauenburg. Hopf-Galois and bi-Galois extensions. In Galois theory, Hopf algebras, and semiabelian categories, volume 43 of Fields Inst. Commun., pages 469– 515. Amer. Math. Soc., Providence, RI, 2004.

[36] Peter Schauenburg and Hans-Jürgen Schneider. On generalized Hopf Galois extensions. J. Pure Appl. Algebra, 202(1-3):168–194, 2005.

[37] Hans-Jürgen Schneider. Principal homogeneous spaces for arbitrary Hopf algebras.

Israel J. Math., 72(1-2):167–195, 1990.

[38] Jean-Pierre Serre. Local fields, volume 67 of Graduate Texts in Mathematics. Springer-Verlag, New York, 1979. Translated from the French by Marvin Jay Greenberg.

[39] Ross Street. The formal theory of monads. J. Pure Appl. Algebra, 2(2):149–168, 1972.

326 MARCELO AGUIAR AND STEPHEN U. CHASE [40] Moss E. Sweedler. Hopf algebras. Math. Lecture Note Ser. W. A. Benjamin, Inc., New York, 1969.

[41] Kornél Szlachányi. The monoidal Eilenberg-Moore construction and bialgebroids. J.

Pure Appl. Algebra, 182(2-3):287–315, 2003.

[42] Mitsuhiro Takeuchi. Relative Hopf modules—equivalences and freeness criteria. J.

Algebra, 60(2):452–471, 1979.

[43] Mitsuhiro Takeuchi. Finite Hopf algebras in braided tensor categories. J. Pure Appl.

Algebra, 138(1):59–82, 1999.

[44] Harvey Wolff. V -localizations and V -monads. J. Algebra, 24:405–438, 1973.

Department of Mathematics, Texas A&M University College Station, TX 77843 Department of Mathematics, Cornell University Ithaca, NY 14850

Email: maguiar@math.tamu.edu

chase@math.cornell.edu

This article may be accessed at http://www.tac.mta.ca/tac/ or by anonymous ftp at

ftp://ftp.tac.mta.ca/pub/tac/html/volumes/27/13/27-13.{dvi,ps,pdf}

THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that significantly advance the study of categorical algebra or methods, or that make significant new contributions to mathematical science using categorical methods. The scope of the journal includes: all areas of pure category theory, including higher dimensional categories; applications of category theory to algebra, geometry and topology and other areas of mathematics; applications of category theory to computer science, physics and other mathematical sciences; contributions to scientific knowledge that make use of categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted for publication.

Full text of the journal is freely available in .dvi, Postscript and PDF from the journal’s server at

http://www.tac.mta.ca/tac/ and by ftp. It is archived electronically and in printed paper format.

Subscription information Individual subscribers receive abstracts of articles by e-mail as they

are published. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh, rrosebrugh@mta.ca.

Information for authors The typesetting language of the journal is TEX, and L^ATEX2e

strongly encouraged. Articles should be submitted by e-mail directly to a Transmitting Editor. Please obtain detailed information on submission format and style files at http://www.tac.mta.ca/tac/.

Managing editor Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca TEXnical editor Michael Barr, McGill University: barr@math.mcgill.ca Assistant TEX editor Gavin Seal, Ecole Polytechnique Fédérale de Lausanne:

gavin seal@fastmail.fm

Transmitting editors

Clemens Berger, Université de Nice-Sophia Antipolis, cberger@math.unice.fr Richard Blute, Université d’ Ottawa: rblute@uottawa.ca Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr Ronald Brown, University of North Wales: ronnie.profbrown(at)btinternet.com Valeria de Paiva: valeria.depaiva@gmail.com Ezra Getzler, Northwestern University: getzler(at)northwestern(dot)edu Kathryn Hess, Ecole Polytechnique Fédérale de Lausanne : kathryn.hess@epfl.ch Martin Hyland, University of Cambridge: M.Hyland@dpmms.cam.ac.uk Anders Kock, University of Aarhus: kock@imf.au.dk Stephen Lack, Macquarie University: steve.lack@mq.edu.au F. William Lawvere, State University of New York at Buffalo: wlawvere@buffalo.edu Tom Leinster, University of Edinburgh, Tom.Leinster@ed.ac.uk Ieke Moerdijk, University of Utrecht: moerdijk@math.uu.nl Susan Niefield, Union College: niefiels@union.edu Robert Paré, Dalhousie University: pare@mathstat.dal.ca Jiri Rosicky, Masaryk University: rosicky@math.muni.cz Giuseppe Rosolini, Università di Genova: rosolini@disi.unige.it Alex Simpson, University of Edinburgh: Alex.Simpson@ed.ac.uk James Stasheff, University of North Carolina: jds@math.upenn.edu Ross Street, Macquarie University: street@math.mq.edu.au Walter Tholen, York University: tholen@mathstat.yorku.ca Myles Tierney, Rutgers University: tierney@math.rutgers.edu Robert F. C. Walters, University of Insubria: robert.walters@uninsubria.it R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca