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CONGRUENCES OF MORITA EQUIVALENT SMALL CATEGORIES

VALDIS LAAN

ABSTRACT. Two categories are called Morita equivalent if the categories of functors
from these categories to the category of sets are equivalent. We prove that congruence
lattices of Morita equivalent small categories are isomorphic.

1. Preliminaries

Categories A and B are called Morita equivalent if the functor categories Fun(.A, Set)
and Fun(B,Set) are equivalent. The basic theory of Morita equivalent categories has
been developed already in 1960s ([Artin, Grothendieck and Verdier, 1972]). One natural
question to ask in Morita theory is that which properties are shared by Morita equivalent
structures. For example, it is well known (see Proposition 21.11 in [Anderson and Fuller,
1974]) that ideal lattices of Morita equivalent rings are isomorphic. We shall prove an
analogue of this result: Morita equivalent small categories have isomorphic congruence
lattices. Although this result can be proved easily by topos-theoretic methods, we give
an elementary proof using Cauchy completions.

In [Elkins and Zilber, 1976], a construction of a Cauchy completion A of a small
category A is given as follows:

e objects of A are idempotents e : A — A of A (i.e. endomorphisms with e? = ¢);
e morphism sets are
Ale,e) ={(¢;a,e) | a € A(A, A'), e ae = a},
wheree: A — Aand e : A" — A';
e composition is given by

(e",b,e") (€, a,e) = (", ba,e).

The following result is well known.
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1.1. THEOREM. Two small categories are Morita equivalent if and only if their Cauchy
completions are equivalent.

We write Ay (A;) for the class of objects (morphisms) of a category A.

1.2. DEFINITION. [See [Mac Lane, 1998], p. 52]A congruence on a category A is a
family p = (pa,B)(a,yeaz of equivalence relations ps 5 on morphism sets A(A, B) that
are compatible with the composition of morphisms.

If p is a congruence on a category .4 then one can form a quotient category .A/p,
where (A/p), = Ao, (A/p) (A, B) = A(A,B)/pap and [g][f] = [gf] for every [ €
A(A,B), g € A(B,C).

We say that a congruence p is contained in a congruence o (and denote p C o) if
pap C oap forall A, B € Ay. This is obviously an order relation, and it is not difficult
to see that the set Con(.A) of congruences on a small category A is a lattice.

2. Congruence lattices of equivalent small categories

2.1. PROPOSITION. If A and B are equivalent small categories then there is an isomor-
phism I' : Con(A) — Con(B) between their congruence lattices. Moreover, if p € Con(.A)
then A/p is equivalent to B/T'(p).

PROOF. Let A%B be equivalence functors and let n : 14 = GF, ¢ : FG = 15 be

natural isomorphisms. We define mappings Con(.A) % Con(B) by

,9) € pa(B) G(B’)}

F(p)pe = {(eaF(feg enF(9)es") | (f
| (k1) € opayran )

Alo)an = {(ny' Gk)na,ny' G()na)

p € Con(A), o0 € Con(B), A, A" € Ay, B,B" € By. It is easy to see that I'(p)p p is
an equivalence relation. To prove its compatibility, take (f,9) € pas)cm) and b €
B(B', B"). Then egubep = F(a) for some a : G(B') — G(B") and (af,ag) € pe(s)cs")-
Consequently,

(bep F(f)eg  bep F(g9)es') = (eprepnbepF(f)eg' eprepiben F(9)eg")
= (gB,,F(af)gl;l,gB//F(ag)ggl) el(p)ppr-

B B b B
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Hence I'(p) (and similarly A(c)) is a congruence. Clearly the mappings I' and A preserve
order. Note that

pary @y = { (mauny navny') | (w,v) € paa}
for every A, A’ € Ay. Using this and properties of equivalence functors we obtain
(AT)(p )AA’ = AT (P))AA'
(144G (k) na,ma G (D) na) | (k F(A).F0 }
(77 <5F anF %A)) N4 <5F(A’)F(g)5F A)> 77A>’(f7 g) € GF)(A),(GF)(A’)}
On )

M4t G (erca) mun; St )15t G (2 Fnaronz ety Jna )| (w,0) € paa |
(ma (GF)(uw)na, ny (GF)(v)na) | (u,v) € paar
(Mt naru, nyina) | (u,v) € paa} = pau-

{
{
{
{
~{

Hence AI' = 1con(4) and, analogously, I'A = 1con(s).

To prove the second assertion, take p € Con(A), denote o := I'(p) and define a functor

Fy: Alp— B/T(p) b
F,(A) = F(A),
F, ([f]pA,A/) = [F(f)]"FM)»F(A’)’

A A" e Ay, f € A(A, A'). First we show that, for every f,g € A(A, A'),

(narfnat s nargny') € paryayeryay <=
<€F<A'>F (narfna') €xiay rean F (nargny') 5%%,4)) € T (a),F(A).

Suppose that the last holds. Then
<€F(A’)F (77A'f7721) 8;%14), EF(A/)F (77A/g7721) €E%A)):<5F(A’)F (f/) 8;%14), SF(A/)F (gl) 6;‘%14))

for some (f’,¢') € prya)cryay. This implies F (nafny') = F(f)), F (nagny') =
F(g’), and hence (nA/fnzl,nA/gnzl) = ([".4d') € par)a),@cryar)- The converse is obvious.
Using the proved fact together with

(f,9) € paa <= (marfna'nagny') € pr)ayGcrian

and
<5F(A’)F (narfny') 5}(1A),€F(AI)F (nargns') 5}@;)) = (F(f),F(9))

we conclude that
(f,9) € paa = (F(f),F(9)) € ora)ra-
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Thus F, is well defined and faithful. It clearly is dense. To prove that F), is full, take a
morphism k € B(F(A), F(A")). Then

F (i Gmal,, ) = [FarhFQ®Fm],, = [Fou) (FG)(R)erl,

/
Paa Pa, Al

-1
= |:€F(A/)€F(A,)k’:| i = [k]PA,A’ .

3. Congruence lattices of Morita equivalent small categories

Our main result is the following.

3.1. THEOREM. If A and B are Morita equivalent small categories then there is an
isomorphism II : Con(A) — Con(B) between their congruence lattices. Moreover, if

p € Con(A) then A/p is Morita equivalent to B/I1(p).

It follows from Theorem 1.1, Proposition 2.1 and the next proposition.

3.2. PROPOSITION. If A is a small category then there is an isomorphism 11 : Con(A) —

Con(A) between congruence lattices. Moreover, if p € Con(A) then A/p is Morita equiv-
alent to A/I1(p).

PROOF. Let E be the set of idempotents of A. Define a mapping II : Con(A) — Con(A)
by
H(p)ee = {((e,e'se,e), (¢, 'te,e)) | (s,t) € paa},

where p € Con(A), e,/ € E, e : A —» A and € : A" — AL Tt is not difficult to
see that II(p).. is a reflexive and symmetric relation on A(e,e’). To prove transitivity
of II(p)e., take (p,q),(¢,7) € I(p)ee. Then there exist (s,t), (u,v) € paa such that
(p,q) = ((¢/,€'se,e), (¢, e'te,e)) and (q,7) = ((¢/, ue, e), (¢/, €'ve, €)), in particular e'te =
e'ue. Since p is a congruence, we have e'se paa €'te = €'ue paa €ve, and hence
(€'se, e've) € pa 4. Consequently,

(p,r) = ((¢,e'se, e), (¢, €'ve,e)) = ((¢/, €' (e'se)e, e), (¢, €' (e've)e, e)) € TI(p)ee-

If (s,t) € paa and (¢”,a,¢') : ¢’ — ¢ in A, where €’ : A” — A", then a: A" — A" in A,
hence (as, at) € pa a» and

((e",a,e) (e, €'se,e), (e a, e, e'te,e)) = ((¢",ae'se, e), (", ae'te, e))
= ((¢",e"ase,e), (", "ate, e)) € TL(p)een.

Similarly II(p) is compatible with precomposition and thus II(p) € Con(.A).

We also define a mapping 2 : Con(A) — Con(A) by

Q<T>A,B = {(av b) ‘ ((137 a, 114)7 (137 b? 114)) € TlAJB} )
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where 7 € Con(A), A, B € Ay. Clearly (1) p is an equivalence relation. Let us show
that Q(7) is compatible with precomposition. Take (a,b) € Q(7)ap and ¢ € A(C, A).
Note that

((137 ac, 10)7 (137 bC, 10)) = ((137 a, 1A)(1A7 C, 10)7 (137 b7 114)(1147 C, 10)) S Tclps

because 7 € Con(A). Consequently, (ac, bc) € Q(7)¢,g. The proof that (7) is compatible
with postcomposition is symmetric. Hence Q(7) = (Q(T)A7B)(A7B)€Ag € Con(A).

Clearly II and €2 preserve order.

Now, for p € Con(A) and A, B € A,

(QH)<p)A7B = Q(H(p))A,B = {(CL, b) | ((1370’7 1A)> <1Bvb7 114)) € H(p>1A,1B}
{(a,b) | (a,b) € pas} = pas.

On the other hand, if 7 € Con(A) and e,e’ € E,e: A — A e : A” — A’ then
(IQ)(T)eer = T(QUT))eer = {((€¢/,€'s€,€), (€', €'te,€)) | (s,8) € QT)an}-

Let us prove the inclusion (IIQ)(7)ee C 7e. Note that (s,t) € Q(7)4.4 if and only
if ((1ar,8,14),(1a,t,14)) € T1,1,,- Composing with (¢, e’,14) and (14,€,e) we obtain
((¢/,€'se,e), (¢ €'te,e)) € Teer.

To prove the converse, let ((¢/,u,e),(€/,v,e)) € T.er. Then ((1ar,u,14),(la,v,14)) €
Ti,1, implies (u,v) € Q(7)aa. Thus ((¢/,u,e), (¢/,v,e)) = ((¢/,ue,e), (¢, eve,e)) €
(II2)(7)e.er, and we have proven the equality (IIQ)(7) = 7.

Let us now prove the second assertion. We denote A := A/p, A= A/T(p) and

7 := I(p). Thus A(A,B) = A(A,B)/pap and Ale,e’) = Ale, €)/Teers A, B € A,
e, € E.

We shall show that the Cauchy completions A and A (constructed as in Section 1)
are equivalent.

Observe that the the objects of A are the idempotents of ./Zlv, that is, the equivalence
classes of endomorphisms e : A — A in A such that €? ps 4 e. The morphism sets are

A(lloan €y a) = LNy ar [0y s [€lpas) L€ €' a € Ar e pe, (€)° pe eae pa}.

The objects of A are the idempotents of A and the morphisms are the equivalence classes
¢/, a, €], , of morphisms (¢/,a,e) in A, where e* = e, (¢/)> = ¢ and €’ae = a in A. Hence

the idempotents of A (i.e. the objects of fl) are the classes [e, a, €]

Te,e

such that e? = e,

eae = a in A and (e,a® €) 7., (e,a,¢e). If [e,a, €],

,€

and [¢/,a’, €], , are two objects of A

then the morphism set A <[e, a, el e, ad, e, e,) is

{([e’, a, e/]w,em e/, x, elr, . lesa, e]Teye> |z € Ay, e'ze =x, (¢, dxa,e) e (€, 2, e)} .
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Note that ife: A — Aand e : A — A’ in A then
(€' u,e) Tee (€,0,8) = upaav. (1)

Indeed, (€', u,e) . (€/,v,e) if and only if there exists (s,t) € pa s such that e'se = u
and e'te = v. Due to compatibility, also (u,v) = (€'se, €'te) € pa ar.

Define a functor F : A — ;lN by the assignment

[e’ a, e]Te,e — [a]PA,A

([elvalve,]T7[6/73376}7'7[6@76}7') ([al]Pr[x]Pv[a]P)
[6,7 a’/7 6l:|Te/761 — [a/]pA/,A/

where e : A - Aand ¢ : A — A" in A. 1If [e,a,€], ., is an object of the category

Te,e

A then (e,a? €) 7. (e,a,€), hence a? psaa by (1), and so [a],, , is an object of A It
(e,a,e) .. (e,ar,e) then again a ps 4 a1, and therefore F' is well defined on objects. A si-
milar argument shows that the definition of F' on morphisms does not depend on the choice

of the representatives of 7-classes. Moreover, if ([e’ aely, e xel e a, e]TB’e> is a

morphism in A then (¢/, a'za, ¢) Tee (€/,2,€),80 a'raps a x and ([a’]pA,,A,, [a:]pAA,, [a]pA’A>

is indeed a morphism in A. Straightforward calculations show that F' is a functor.

If [a],, , is an object in A then a2 paaa, hence (14,a% 14) 71,1, (1a,a,14). Conse-

quently, [1a,a,14]7 , ,, is an object of A which maps to [al,, ,. So F' is dense.

To prove that I is full, let [e,a, €], ., [¢/,a' €], , be two objects in A and con-

sider a morphism ([a']pA, A,,[x]pAA,,[a]pA,A> in A. Then drapaax, e = e, ()2 =

¢, eae = a, ede = d, (e,a* €)Te.(e,a,e) and (¢, (a')? €)1 (€/,a',e'). We have

é(e'ze)e = e'xe and (¢, e'd'vae,e) = (¢/,d'(e'ze)a, e) 7. (€, €' we, €), because a'xapa a
implies (¢/,¢'(a'xza)e,e) T (€', e'ze,e). Also, €xepaa €d'vae = a'rvapsa x. Thus we

have shown that ([e’, a, el]w,e” e, x, e}%’e,, e, a, e]Te,e> is a morphism in A which maps to

(T S PO O S (PPN €2 N (S ¢

To show that F' is faithful, suppose that ([e’,a’,e’]w o leh el [e,a,e}%,() and

<[(5/7a/7@/]w’6/7 [e/’x”e],re’e” [6,6%6]76,6) are two morphisms in A that map to the same

morphism ([a’]pA/’A,, [x]pA,A” [a]pA7A> = ([a,]pA/YA/7 [x’]pAyA” [a/]pA,A) in A. Then z pau 2’
and hence (¢/,e'we,e) e (¢/,€'2'e,e). But e'ze = v and ¢'2’e = 2/, so [¢,2,¢]. , =

e/, 2' €], - "
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