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HIGHER DIMENSIONAL PEIFFER ELEMENTS IN SIMPLICTAL
COMMUTATIVE ALGEBRAS

Z.ARVASI AND T.PORTER
Transmitted by Ronald Brown

ABSTRACT. Let E be a simplicial commutative algebra such that E,, is generated

by degenerate elements. It is shown that in this case the nth term of the Moore complex
of F is generated by images of certain pairings from lower dimensions. This is then used
to give a description of the boundaries in dimension n — 1 for n = 2, 3, and 4.

Introduction

Simplicial commutative algebras occupy a place somewhere between homological algebra,
homotopy theory, algebraic K-theory and algebraic geometry. In each sector they have
played a significant part in developments over quite a lengthy period of time. Their own
internal structure has however been studied relatively little. The present article is one of
a series in which we will study the n-types of simplicial algebras and will apply the results
in various, mainly homological, settings. The pleasing, and we believe significant, result
of this study is that simplicial algebras lend themselves very easily to detailed general
calculations of structural maps and thus to a determination of a remarkably rich amount
of internal structure. These calculations can be done by hand in low dimensions, but
it seems likely that more general computations should be possible using computer aided
calculations.

R.Brown and J-L.Loday [5] noted that if the second dimension Gs of a simplicial
group G, is generated by the degenerate elements, that is, elements coming from lower
dimensions, then the image of the second term NGy of the Moore complex (NG, 0) of G
by the differential, 0, is [Kerd;, Kerdy] where the square brackets denote the commutator
subgroup. An easy argument then shows that this subgroup of NG, is generated by
elements of the form (sodo(y)z(sodoy™"))(yz~'y™!) and that it is thus exactly the Peiffer
subgroup of NGy, the vanishing of which is equivalent to 0y : NG; — NG( being a
crossed module.

It is clear that one should be able to develop an analogous result for other algebraic
structures and in the case of commutative algebras, it is not difficult to see, cf. Arvasi [2]
and section 3 (below), that if E is a simplicial algebra in which the subalgebra, Fs, is gen-
erated by the degenerate elements then the corresponding image is the ideal Kerd; Kerdy in
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NE; and that it is generated by the elements (x — sodpx)y which give the analogous Peif-
fer ideal in the theory of crossed modules of algebras, (cf. Porter [14]). The vanishing of
these elements is important in the construction of the cotangent complex of Lichtenbaum
and Schlessinger, [13], and the simplicial version of the cotangent complex of Quillen [15],
André [1] and Ilusie [12]. It is natural to hope for higher dimensional analogues of this
result and for an analysis and interpretation of the structure of the resulting elements in
NE,, n> 2.

We generalise the complete result for commutative algebras to dimensions 2,3 and 4
and get partial results in higher dimensions. The methods we use are based on ideas of
Conduché, [8] and techniques developed by Carrasco and Cegarra [7]. In detail, this gives
the following:

Let E be a simplicial commutative algebra with Moore complex NE and for n > 1,
let D, be the ideal generated by the degenerate elements in dimension n. If £, = D,
then

On(NE,) =0,(1,) foralmn>1

where [, is an ideal in FE,, (generated by a fairly small set of elements which will be
explicitly given later on).

If n = 2,3 or 4, then the ideal of boundaries of the Moore complex of the simplicial
algebra E can be shown to be of the form

On(NE,) = ZK[KJ
1,J

for0#1,JC[n—1]={0,1,...,n—1} with T U J = [n — 1], where

K; = ﬂ Kerd; and Kj; = ﬂ Kerd;.

iel jeJ

This gives internal criteria for the vanishing of the higher Peiffer elements which yield con-
ditions for various crossed algebra structures on the Moore complex. In general however
for n > 4, we can only prove

ZKIKJ C o, (NE,)

1,J
but suspect the opposite inclusion holds as well.

These results are quite technical, being internal to the theory of simplicial algebras
themselves. It is known [3], [14] that simplicial algebras lead to crossed modules and
crossed complexes of algebras, that free crossed modules are related to Koszul complex
constructions and higher dimensional analogues have been proposed by Ellis [9] for use
in homotopical and homological algebra. In a sequel to this paper it will be shown
how technical results found here facilitate the study of these aspects of crossed higher
dimensional algebra, in particular by examining a suitable way of defining free ‘crossed
algebras’ of various types.
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1. Definitions and preliminaries

In what follows ‘algebras’ will be commutative algebras over an unspecified commutative
ring, k, but for convenience are not required to have a multiplicative identity.

A simplicial (commutative) algebra E consists of a family of algebras {E,} together
with face and degeneracy maps d; = d! : £, — E,—1, 0<i<mn, (n # 0) and
si = s¢ @ B, = E,41, 0 < i < n, satistying the usual simplicial identities given
in André [1] or Illusie [12] for example. It can be completely described as a functor
E: A -CommAlg, where A is the category of finite ordinals [n] ={0 <1 < --- <n}
and increasing maps.

Quillen [15] and Illusie [12] both discuss the basic homotopical algebra of simplicial
algebras and their application in deformation theory. André [1] gives a detailed exami-
nation of their construction and applies them to cohomology via the cotangent complex
construction. Another essential reference from our point of view is Carrasco’s thesis, [6],
where many of the basic techniques used here were developed systematically for the first
time and the notion of hypercrossed complex was defined.

The following notation and terminology is derived from [6] and the published version,
[7], of the analogous group theoretic case.

For the ordered set [n] = {0 <1 < ... <n}, let af : [n + 1] — [n] be the increasing

surjective map given by
ngsy ) J if j<i
ai(‘]>_{j—1 it j >

Let S(n,n —r) be the set of all monotone increasing surjective maps from [n] to [n — r].
This can be generated from the various o by composition. The composition of these
generating maps is subject to the following rule ajo; = o;_1¢j, 7 < ¢. This implies that
every element o € S(n,n — r) has a unique expression as a = «, 0 @y, 0 ... 0 «;, with

0 <id; <y < ... <, <n—1, where the indices iy are the elements of [n] such
that {i1,...,4,} = {i : a(i) = a(i + 1)}. We thus can identify S(n,n — r) with the set
{(py ... y11)  0<14; <iy <...<i, <n—1}. In particular, the single element of S(n,n),

defined by the identity map on [n], corresponds to the empty O-tuple () denoted by 0,.
Similarly the only element of S(n,0) is (n — 1,n —2,...,0). For all n > 0, let

Sn)y= UJ Sn,n—r).

0<r<n
We say that a = (4,,...,41) < 8= (Js,...,J1) in S(n)

if ilzjl,...,ik:jk but ik+1 >.jk+1 (/fZO) or
if 11=71,...,%- =7, and r <s.
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This makes S(n) an ordered set. For instance, the orders in S(2) and in S(3) are respec-
tively:

S(2) = {hy< (1)< (0)
SB) = {Bs<(2) < (1)

(1,

1,0)}
(2,1

<
<(2,1) < (0) < (2,0) < (1,0) < (2,1,0)}.
We also define aw N 5 as the set of indices which belong to both a and /.

The Moore complex
The Moore complex NE of a simplicial algebra E is defined to be the differential
graded module (NE, 9) with
n—1
(NE), = () Kerd,
i=0
and with differential 9, : NE,, — NFE,_; induced from d,, by restriction.

The Moore complex has the advantage of being smaller than the simplicial algebra
itself and being a differential graded module is of a better known form for manipulation.
Its homology gives the homotopy groups of the simplicial algebra and thus in specific
cases, e.g. a truncated free simplicial resolution of a commutative algebra, gives valuable
higher dimensional information on syzygy-like elements.

The Moore complex, NE, carries a hypercrossed complex structure (see Carrasco [6])
which allows the original E to be rebuilt. We recall briefly some of those aspects of this
reconstruction that we will need later.

The Semidirect Decomposition of a Simplicial Algebra

The fundamental idea behind this can be found in Conduché [8]. A detailed investi-
gation of it for the case of a simplicial group is given in Carrasco and Cegarra [7]. The
algebra case of that structure is also given in Carrasco’s thesis [6].

Given a split extension of algebras

d
0—>K—E= >R—>0

we write £ = K x s(R), the semidirect product of the ideal, K, with the image of R under
the splitting s.

1.1. PROPOSITION. If E is a simplicial algebra, then for any n > 0

En = ( .. (NEn X Sn—lNEn—1> X...XS,-92.. .SONEl)Xl
(. .. (Sn_gNEn_l X Sn_lsn_zNEn_Q) X...XS,-15n—-2... S()NE()).

Proor. This is by repeated use of the following lemma. [
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1.2. LEMMA. Let E be a simplicial algebra. Then E, can be decomposed as a semidirect
product:
E, = Kerd! x s""1(E,_1).
ProOF. The isomorphism can be defined as follows:
0: E, — Kerd! xs'"{(E, 1)

n—1

e > (e—s,_1dpe, sp_1dye).
n

The bracketting and the order of terms in this multiple semidirect product are gener-
ated by the sequence:

E, =2 NE| xsoNE,
Ey = (NEy;xs$1NE7) x (soNE; x s150N Ej)
Es = ((NE3x $3NEs) x (s1NEg x s951NE7))x
((SoNEQ X SQSONEl) X (81SONE1 bl SQSlsoNE())).
and
Ey = (((NEjyxs3NE3) x (soNE3 x s359N FEy))x

((SlNEg X SgSlNEQ) X (SgSlNEQ X 838281NE1)))>4
so(decomposition of Ej).

Note that the term corresponding to a = (i, ...,41) € S(n) is
Sa(NEn—sa) = Sipiy(NEn—ga) = i, ..5i, (N En—ga),
where #a = r. Hence any element x € F,, can be written in the form

r=y+ Z Sa(Ta) with y € NE, and x, € NE,,_4,.
a€eS(n)

Crossed Modules of Commutative Algebras
Recall from [14] the notion of a crossed module of commutative algebras. Let k be
a fixed commutative ring and let R be a k-algebra with identity. A crossed module of
commutative algebras, (C, R,0), is an R-algebra C, together with an action of R on C
and an R-algebra morphism
0:C — R,

such that for all ¢, € C,r € R,
CM1) 9(r-c)=rdc  CM2) dc-c =cc.

The second condition (CM2) is called the Peiffer identity.

A standard example of a crossed module is any ideal I in R giving an inclusion map
I — R, which is a crossed module. Conversely, given any crossed module 0 : C' — R, the
image I = 0C of C is an ideal in R.
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2. Hypercrossed Complex Pairings and Boundaries in the Moore Complex
The following lemma is noted by Carrasco [6].

2.1. LEMMA. For a simplicial algebra E, if 0 < r < n let Wﬁf) = () Kerd; then the

. i#£r
mapping
¢:NE, — NE
m E,, gien by
n—r—1
@(e) =e— Z (_1)k+1$7“+kdnea
k=0
18 a biyjection. [

This easily implies:

2.2. LEMMA. Given a simplicial algebra E, then we have the following
d,(NE,) = d,(NE").

2.3. PROPOSITION. Let E be a simplicial algebra, then for n > 2 and nonempty I,J C
n—1] with I U J = [n — 1]

(() Kerd;)([) Kerd;) € 9,NE,.

iel jeJ

PROOF. For any J C [n — 1], J # 0, let r be the smallest element of J. If r = 0, then
replace J by [ and restart and if 0 € I N J, then redefine r to be the smallest nonzero
element of J. Otherwise continue.

Letting ey € N Kerd; and e; € N Kerd;, one obtains
Jj€J el

di(sy—1€9sr€1) = 0 for i # r
and hence s,_1eps,€e; € Wﬁ{”). It follows that
epe1 = dy(s,_1€08.€1) € dr(ﬁg)) =d,NE, by the previous lemma,
and this implies

() Kerd;)([) Kerd;) € 9,NE,.

iel jeJ



Theory and Applications of Categories, Vol. 3, No. 1 7

Writing the abbreviations,

Kr = N Kerd; and K; = 1 Kerd;

i€l jeJ
then 2.3 implies:
2.4. THEOREM. For any simplicial algebra E and for n > 2

S KKy C,NE,
1,J

for0#I,JCn—1] and IUJ = [n—1]. n

Truncated Simplicial Algebras and n-type Simplicial Algebras.

By a n-truncated simplicial algebra of order n or n-type simplicial algebra, we mean a
simplicial algebra E’ obtained by killing dimensions of order > n in the Moore complex
NE of some simplicial algebra, E.

2.5. COROLLARY. Let E be a simplicial algebra and let E' be the corresponding n-type
simplicial algebra, so we have a canonical morphism E — E'. Then E' satisfies the
following property:

For all nonempty sets of indices (1 # J) I,J C n—1] with ITUJ = [n—1],

() Kerd?")(() Kerd; ") = 0.

jeJ icl

PROOF. Since 0, NE! = 0, this follows from proposition 2.3. ]

Hypercrossed complex pairings

We recall from Carrasco [6] the construction of a family of k-linear morphisms. We
define a set P(n) consisting of pairs of elements (o, 3) from S(n) with o N = ), where
a = (ip,...,11), 8= (Jsy---,j1) € S(n). The k-linear morphisms that we will need,

{Cop : NE,_ 4, @ NE,_45 — NE, : (o,3) € P(n), n>0}

are given as composites by the diagrams

Ca
NE, 4o ® NE, 45—~ NE,

\Lsa®sﬁ Tp

E,®E, —* E,

where ® is the tensor product of k-modules,

Sa =8 ...Si :NEy yuo — Fy, sg=5;,...8;, : NE,_u5 — F,,

™
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p: E, - NE, is defined by composite projections p = p,,_1 ... po with
pj =1 — s;d; with 7 =0,1,...n—1
and where y : E, ® E,, — FE, denotes multiplication. Thus
Cas(ta ®ys) = pp(sa ® s5)(Ta ® ys)

= p(sa(®a)ss(ys))
= (1 —sp_1dn_1) ... (1 — 50do)(Sa(za)ss(yp))-

We now define the ideal I,, to be that generated by all elements of the form

Ca8(Ta ® yp)
where z, € NE,_4, and yg € NE,_45 and for all (a, §) € P(n).

EXAMPLE. For n = 2, suppose a = (1), 8 = (0) and x,y € NE; = Kerdy. It follows
that
Cayo(z®y) = pipo(si1soy)
= S$1TSoY — S1T51Y

= s12(s0y — 519)
and these give the generator elements of the ideal Is.
For n = 3, the linear morphisms are the following
Cane, Cenw, Ceno),
Coo:  Cow,  Cao-
For all z € NE,, y € NEj, the corresponding generators of I3 are:
0(1,0)(2) (x ® y) = (8180m - 8280@52%
Coon(r®y) = (52507 — 52517)(51Y — 52¥),
Ceonom(@®y) = ssix(soy — s1y + s2y);

whilst for all x, y € N Es,
Coomz®y) = siz(soy — s1y) + s2(y),

()
Coor®y) = (s22)(s09),
Comr®y) = s(siy — s).

In the following we analyse various types of elements in I, and show that sums of them
give elements that we want in giving an alternative description of 9, N E,, in certain cases.

2.6. PROPOSITION. Let E be a simplicial algebra and n > 0, and D, the ideal in E,
generated by degenerate elements. We suppose E,, = D,,, and let I, be the ideal generated
by elements of the form

Coplza®@ys)  with (o, 8) € P(n)
where v € NE,_44, ys € NE,_45. Then
On(NE,) = 0,(1,).

We defer the proof until we have some technical lemmas out of the way
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2.7. LEMMA. Gwenz, € NE,_ 40, Yp € NE,_yp5 witha = (iy,...,151), B = (Jsy.--,J1) €
Sn). Ifan B =0 with a < 5 and u = s4(x4)s5(ys), then

(i) if k < i, then py(u) = u,

(i) if k> js+ lork >i,+ 1, then pg(u) = u,

(iii) if k € {i1,... 0,3 + 1} and k = 5, + 1 for some [, then

pr(u) = sa(za)ss(ys) — sk(2k),

for some z, € E,_1,
() if k€ {j1,...,Js,Js + 1} and k =i, + 1 for some m, then

pr(w) = sa(Ta)ss(ys) — su(2k),
where z, € E,_1 and 0 < k <n—1.

PROOF. Assuming o < 3 and oo N 3 = () which implies j; < 4;. In the range 0 < k < 7y,

pe(u) = sa(Ta)ss(ys) — (Skdrsata)(skdrspys)
(yg) — (SkSi,—1- - Si-1dkT0) (SkdkSpYp)
= So(Ta)sp(ys) since di(z,) = 0.

Il
»
2
—
8
Q
SN—
»
S

Similarly if & > js+ 1, or if & > ¢, + 1.
If ke {i1,... 0,0+ 1} and k = j; + 1 for some [, then

Pr(u) = sa(a)ss(ys) = skld(sa(2a)ss(ys))]
= Sa(®a)s5(ys) — s(2x)

where 2z, = So(Tor)Sp (yp) € En—y for new strings o/, " as is clear. The proof of (iv) is
essentially the same so we will leave it out. [

2.8. LEMMA. Ifanp =0 and o < 3, then

n—1

Pn-1---Po(5a(Ta)55(Ys)) = SalTa)ss(ys) — l; sk(2k)

where z, € E,_1.

PRrROOF. We prove this by using induction on n. Write v = s,(z4)s5(yg). For n = 1, it
is clear to see that the equality is verified. We suppose that it is true for n — 2. It then

follows that
2

Pn-1-. -po(U) = pn71<u - Sk(Zk))

n—2

= pn—l(u) - pn—l(z Sk(zk))

k=1

3
|
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as pp_1 is a linear map. Next look at p,_1(u) = u — $_1(dp_1u ) = u — s,_1(2') and
——

Z/

n—2 n—2 n—2
P1(D se(z) = D sel(z) = 1D du—1si(zi) )
k=1 k=1 k=1
n72 Z//
= Z se(zk) — Sn_1(2")
k=1
Thus )
Drno1--.-po(u) = u—Y sp(z) + sp_1(2" — 72
1---po(u) ]; (21) 1 — )
n—2
= u— ) sp(2zk) + 5n-1(2n1)
k=1
n—1
= u— Z sk(zk).
k=1
as required. -

Note that: For x,y € NE,_1, it is easy to see that

Pt Po(Sn-1(7)8n-2(y)) = Sn-1(2)(Sn—2y — Sn-1Y)
and taking the image of this element by d,, gives

dn[$n—1(2)(Sn—2y — Sn-19)] = 2(Sp—2dn_1y — Y)
which gives a Peiffer type element of dimension n.
2.9. LEMMA. Letz, € NE,_4,, yp € NE,_45 with o, f € S(n), then

$0(a)8p(Ys) = Sans(Zans)
where zoang has the form (soxq)(spys) and o/ N[ = 0.
PRrROOF. If an g = (), then this is trivially true. Assume #(aNB) =t, with ¢t € IN. Take
a=(ip,...,i1) and B = (js,...,71) with anNpg= (k... k1),
Sa(Ta) = Sip .. Sy ... Siy (o) and  sg(ys) = S5, .- Sk, - - S, (Ys)-
Using repeatedly the simplicial axiom s.sq = sgs._1 for d < e until obtaining that
Sk, - - - Sk, 1s at the beginning of the string, one gets the following
Sa(Ta) = Sky ki (SarTa)  and  s5(ys) = i,k (SpY5)-
Multiplying these expressions together gives

Sa(%a)sg(ys) = Sk ---Sky(Saw®a)Sk, - - - Sk, (SpYp)
= Sk kr ((S0rTa)(55Yp))

= Scxﬂﬁ<zaﬂﬂ)7

where zang = (Sar%a)(5pYs) € En_sanp) and where a\(a N B) = o, B\(a N B) = F.
Hence o/ N 3 = (. Moreover o/ < aw and ' < 3 as #a' < #a and #5 < #8. n



Theory and Applications of Categories, Vol. 3, No. 1 11
PROOF. (of Proposition 2.6) From proposition 1.3, E,, is isomorphic to

NEn X Sn—lNEn—l X Sn_QNEn_l X.o..XS,-15n—-2 ... S()NE(),

n—1
where NE,, = ) Kerd; and NEy, = Ey. Hence any element x in E,, can be written in the
i=0

following form B
T =en+ sn-1(Tn-1) + sn-2(2;, 1) + 8n_15n—2(Tn_2) + ...+ Sn_150—2 ... S0(20),

with e, € NE,, xn—hx»’n_l e NE,_1,x, 9€ NE,_o, xg € NE, etc.
We start by comparing [,, with N FE,,. We show NE,, = I,,. It is enough to prove that,
equivalently, any element in F, /I, can be written

Sn1(Tn—1) + sn2(27,_1) + Sn18n2(Tn2) + ...+ Sp 1802 .. s0(0) + I
which implies, for any b € F,,,
b + [n = Sn—l(l'n—l) + Sn_g(.lf;_l) + ...+ Sp—1Sp—2- .. So(xo) + [n

for some x,,_1 € NE,_; etc.

If b € F,, it is a sum of products of degeneracies so first of all assume it to be a
product of degeneracies and that will suffice for the general case.

If b is itself a degenerate element, it is obvious that it is in some semidirect factor
So(En—4q). Assume therefore that provided an element b can be written as a product of
k — 1 degeneracies it has the desired form mod I,,, now for an element b which needs k
degenerate elements

b= Sﬁ(yﬂ)b/ with Yp € NEn—#,B

where V' needs fewer than k and so

b+1, = sp(ys)(b' + 1)
= 53(Yp)(Sn—1(Tp-1) + Sn—2(x),_1) + ... + Sn—15n—2 . . . So(x0) + 1)

= Z Sﬁ(yﬁ)sa(xa) + In.
aeS(n)

Next we ignore this summation and just look at the product
Sa(Ta)sp(ys) (%)

We check this product case by case as follows:
If anf = 0, then by lemmas 2.7 and 2.8, there exists an element s,(2,)ss(ys) —

Z (2) in I, with z; € E,,_; and k € a so that

Sa(Ta)sp(ys) = Z ) mod 1,,.
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If N B # 0, then one gets, from lemma 2.9, the following

3a(Ta)s5(Ys) = Sans(2ans)

where zanp = (Sar®a)(SpYg) € En_y, with t € IN. Since o/ N ' = 0, we can use lemma 2.8

to form an equality
n—1

So(Ta)sp (yp) = Z sp(zp) mod I,
k=0

where 2z, € E,_1. It then follows that

Samﬁ(zaﬂﬂ) = Saﬂﬁ((sa’xa) (3,8’yﬂ))

n—1

= > Sargse(zw) mod I,.
k=0

Thus we have shown that every product which can be formed in the required form is in
I,,. Therefore 0,,(1,,) = 0,(NE,). "

3. Products of Kernels Elements and Boundaries in the Moore Complex

By way of illustration of potential applications of the above proposition we look at the
case of n = 2.
Case n =2

We know that any element ey of Fs can be expressed in the form

es = b+ 51y + sor + Sou

with b € NEs,z,y € NE; and u € soFy. We suppose Dy = FE5. For n = 1, we take
a= (1), 8=(0) and z,y € NE; =Kerdy. The ideal I, is generated by elements of the
form

Cayo)(r @y) = s12(s0y — 51Y).

The image of I by 0, is known to be KerdyKerd; by direct calculation. Indeed,

LCayoy(z®@y)] = daofsiz(soy — 519)]
= x(sod1y —y)

where x € Kerdy and (sod1y — y)x € Kerd; and all elements of Kerd; have this form due
to lemma 2.1.

The bottom, 9 : NE; — NEy, of the Moore complex of E is always a precrossed
module, that is it satisfies CM1 where r € N Ej operates on ¢ € NE; via sg, 7-¢ = so(r)c.
The elements 0y - x — yx are called the Peiffer elements.

As 0 is the restriction of 0; to NE1, these are precisely the da(Cryo)(z ® y)). In
other words the ideal dI5 is the ‘Peiffer ideal’ of the precrossed module d; : NE; — N Ej,
whose vanishing is equivalent to this being a crossed module. The description of 0l



Theory and Applications of Categories, Vol. 3, No. 1 13

as KerdyKerd; gives that its vanishing in this situation is module-like behaviour since a
module, M, is an algebra with M M = 0. Thus if (NE, 0) yields a crossed module this fact
will be reflected in the internal structure of E by the vanishing of KerdyKerd;. Because
the image of this Cy)(z ® y) is the Peiffer element determined by x and y, we will
call the C, s(z ® y) in general higher dimensional Peiffer elements and will seek similar
internal conditions for their vanishing.

We have seen that in all dimensions

ST KKy C 0,(NE,) = I,

1,J

and we will show shortly that this inclusion is an equality, not only in dimension 2 (as
above), but in dimensions 3 and 4. The arguments are calculatory and do not generalise
in an obvious way to higher dimensions although similar arguments can be used to get
partial results there.

4. Case n =3

The analogue of the ‘KerdyKerd;’ result here is:
4.1. PROPOSITION.

O3(NE3) = Z KiK;+ Ko K2y + Koy K2y + Kpo,13 K12y
1,J

where IUJ =12], INJ =0 and

K13 K2 = (Kerdy N Kerd,)(Kerdy N Kerd,)
K{OQ}K{LQ} = (Kerdo N Kerdg)(Kerdl N Kerdg)
KonKpgy = (Kerdy N Kerd,)(Kerd, N Kerds)

PROOF. By proposition 2.8, we know the generator elements of the ideal I3 and 05(/3) =
03(N E3). The image of all the listed generator elements of the ideal I3 is summarised in
the following table.

o 15} 1,J
1,0 | (2 {2} {0,1}
(2,0) | (1 {1} {0,2}
(2,1)

1 {0,1} {0,2}
0 {01} {1,2}+{0,1} {0,2}
0) | {0,2} {1,2}4+40,1} {1,2}+{0,1} {0,2}

P PN P P P Py

)
)
Og {0} {1,2}
)
)

OO W N =

The explanation of this table is the following:
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05Cy p(x ®y) is in K7 K in the simple cases corresponding to the first 4 rows. In row

5, 03C2) ( ®y) € K01y K12y + K013 K02y and similarly in row 6, the higher Peiffer
element 1s in the sum of the indicated K; K.

To illustrate the sort of argument used we look at the case of o = (1,0) and 8 = (2),
ie. row 1. For z € NE; and y € NFEj,

B[Caoe(r®@y)] = ds[(s1507 — s2507)52Y]
= (s180d1x — o)y
and so
d3[Cr0y2)(r @ y)] = (s150dix — sox)y € Kerdy(Kerdy N Kerd, ).

We have denoted Kerdy(Kerdy N Kerd;) by K2y K91y where I = {2} and J = {0,1}.
Rows 2, 3 and 4 are similar.
For Row 5, a=(2), f=(0) with z, y € NE; = Kerdy N Kerdy,

d3[Cioyny(z ®y)] = dslsaasoy]
= LCSOde.

We can assume, for x, y € NEj,

x € Kerdy NKerd; and y + sodoy — s1dsy € Kerdy N Kerdy

and, multiplying them together,

x(y + sodoy — s1day) = wxy+ xsoday — xs1day
= z(y — s1day) + wsoday
= d3[Cym(z @ y)] + d3[Clay0) (z @ y)]
and so
d3[Ciayo)(z®y)] € KpKpay +ds[Coyn(z®y)]
C KpnKpoa+ K{o,1}K{o,2}-

For Row 6, for o« = (1), f=(0) and =z, y € NE, = Kerdy N Kerd;,
ds[Cayo)(z ®@y)| = ds[sizsoy — s1251y + S2052y]
= s1dawsoday — s1daws1day + 1Y

We can take the following elements

(soday — s1day +y) € Kerd; NKerdy, and  (sydex — x) € Kerdy N Kerds.
When we multiply them together, we get

(soday — s1day + y)(s1dox — ) = [sodaysidex — s1daysidar + yx]
—[zsoday] + [x(s1d2y — y)]
+y(s1dex — )]
= &[Cayo(z®y)] - [C 2) 0) (T ®@y)]+
d3[Crayn)(z @ y) + )]
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and hence
GCuo(z®y)l € KonKuz + KonKugy + KoKz
So we have shown

0313 C Z KiKj+ K1 K02y + K02y K12y + Kpo,13 K12
1,J

The opposite inclusion can be verified by using proposition 2.3. Therefore

83(NE3) = Kerdg(KerdO N Kerdl) + Kerd1 (Kel‘do N Kerdg)—I—
Kerdy(Kerd; N Kerdy) + (Kerdy N Kerd, ) (Kerdy N Kerds)+
(Kerd; N Kerdsy)(Kerdy N Kerd,y) + (Kerd; N Kerdy)(Kerdy N Kerd, )

This completes the proof of the proposition. [

5. Illustrative Application: 2-Crossed Modules of Algebras

5.1. DEFINITION. (cf. [10]) A 2-crossed module of k-algebras consists of a complex of Cy
-algebras

0 0
02*2>01*1>Co

and Oy, 01 morphisms of Cy-algebras, where the algebra Cy acts on itself by multiplication
such that

Cy 220

is a crossed module in which Cy acts on Cy via Cy, (we require thus that for all x €
Cy, y € Cy and z € Cy that (xy)z = x(yz)), further, there is a Cy-bilinear function

{ ® }:C1®¢ C1 — O,

called a Peiffer lifting, which satisfies the following azioms:

PL1: Y@y} = yoyr —yo- 01(1),
PL2: {02(21) ® Oa(22)} = w129,
PL3 {vo @y} = {Yo1 @y} + oy {yo @i},
PL4: a) {R(@)oy} = y-x—0(y) =,
b) {lyo ()} = y-u,
PL5 : fwoonmt-z = {wo-20u}t={vw ey -z},

for all x,x1, 15 € Co, y, Yo, Y1, Y2 € C1 and z € Cy,.
We denote such a 2-crossed module of algebras by {Cy, Cy, Co, 02, O1}.
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5.2. PROPOSITION. Let E be a simplicial algebra with the Moore complex NE. Then the
complex of algebras

02 o1

NE,/05(NE5 N Ds)

NE; NE,

18 a 2-crossed module of algebras, where the Peiffer map is defined as follows:

{ ® }: NE,@NE, — NE,/d5(NE5N Ds)

(Yo ® y1) — s1Yo(s1y1 — Sov)-

Here the right hand side denotes a coset in N Ey/03(N E5 N Ds) represented by the corre-
sponding element in N Es.

ProoF. We will show that all axioms of a 2-crossed module are verified. It is readily
checked that the morphism Oy : N Ey/93(NE3 N D3) — NE; is a crossed module. (In the
following calculations we display the elements omitting the overlines.)

PL1: -
O{yo @y} = Oa(s1yo(s1y1 — Sov1))
= Yoy1 — Yo - N1

PL2: From 03(C1)(0) (21 ® ®2)) = s1d2(21)s0d2(22) — s1da(x1)s1da(x2) + 21272, one obtains

{02(21) ® Da(w2)} = s1dowi(s1dawa — Sodas)
x1xy  mod J3(NEsN Dy).

PL3:

{vo @y} = swolsi(yiye) — so(y1y2)]
s1y0[s191(51Y2 — Soy2)] + [s190(8191 — Soy1)]s0y2
= s1(yov1)(51y2 — soy2) + {¥o ® 1 }s0y2

but 95(C1,0)2)(y ® )) = (s150d1y — soy)x, so this implies

{vo @ yy2} = s1(yoyr)(s1y2 — soy2) + s150d1(y2){yo ® y1} mod I3(NE3 N Ds)
= {yo1r1®ya} + Ay2 - {yo @ y1} by the definition of the action.

PL4: a)
{0:2(2) @y} = s1002(s1y — soy),
but
a:’»(0(2,0)(1)@ ®x)) = (s0y — s1y)s1dax — (s0y — s1y)x € O3(NE3 N D3)

and
03(C1,0)2)(y ® 7)) = (s5150d1y — soy)x € O3(NE3s N Ds),
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so then

{0s(x) @y} = si1(y)r — so(y)z mod J3(NEs N D3)
y-x—0(y) - x by the definition of the action,

b) since 03(C(2,1)(0)(y ® 7)) = s1y(sodox — s1dax) + 51(y),

{y®02(x)} = s1y(s100x — s00a)
81(y>$ mod 83(NE3 N D3)
= y-x by the definition of the action.

PL5:

{Yo®yi}- 2 = (siyo(s1y1 — soy1)) - 2
s1(so(2)yo) (5191 — Soy1)
s1(Yo - 2)(s191 — Soy1) by the definition of the action

= {w-z2®u}

Clearly the same sort of argument works for

{wo-z2@u} ={vw®y 2}

with z, 21,29 € NEy/O5(NE3 N D3), y,y0,Y1,y2 € NE; and z € NEy. This completes
the proof of the proposition. n

This only used the higher dimensional Peiffer elements. A result in terms of K;K
vanishing can also be given:

5.3. PROPOSITION. Ifin a simplicial algebra &, K; K ;= 0 in the following cases: TUJ =
2], INJ=0; I={0,1} J={0,2} or I ={1,2}; and I ={0,2}, J = {1,2}, then
NFE, — NE; — NEj

can be given the structure of a 2-crossed module. [

6. The case n =4

With dimension 4, the situation is more complicated, but is still manageable.

6.1. PROPOSITION.
O4(NE,) = ZKIKJ

1,J

where 1UJ =[3], I =[3] —{a}, J=[3]—{B8} and (o, ) € P(4).
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PROOF. There is a natural isomorphism

Ey, =2 NE;xs3NFE;3x53NE3 % 8359NFoy x 51N FEgx
8381NE2 X SQSlNEQ X SgSQSlNEl X SQNE3><1
SgSoNEg X SQSONE2 X SgSgSONElxl
$150N Ey x s38150N Eq x S3595150N E).

We firstly see what the generator elements of the ideal I, look like. One gets

2) < (1)< (3,1) < (2,1) < (3,2,1) < (0) <
(3,0) < (2,0) < (3,2,0) < (1,0) < (3,1,0) < (3,2,1,0)}.

The bilinear morphisms are the following:

Ciono Ci200) Csoroe Cei0e)
Cepan Ceneon Ceney Ceao
Conom  Cene  Cono  Ceoe
Coonn  Cene  Ceno  Ceoes)
Ceon  Cane  Cane  Cee

Coay  Como  Coa  Ceo

Cay)-

18
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For x1,y; € NE;, x2,y2 € NEy, and x3,y3 € NFEj3, the generator elements of the ideal

1, are

1) Ci200) (71 ® y3)
2) Ci20m(T1 ®y3)
3) C3,1,002) (71 ® y3)
4)  Caroe)(t @ys)
5) C3,2)(1,0) (T2 ® y2)
6) C3,1)(2,0) (T2 @ y2)

7) 0(3 0)(2,1) (T2 ® Y2)
8) Ca 2)(1)(33'2 ® ys3)
9) 0(3 2)(0) (T2 ® y3)
10) Czy@) (T2 ® y3)
11) C31)(0) (72 ® y3)
12) C,0)2) (T2 ® y3)
13)  Cuow(r: @ys)
14) Clo,1)3) (72 ® y3)
15) Ca,1)0) (T2 ® y3)
16) C2,0)3) (72 ® y3)
17) Cla,01) (72 ® y3)
18) 1 0)3) (T2 ® ys3)
19) Ca 0)(2)(I2 ® ys)
20) 0(3)(2) (73 ®y3)
21) Cy) (13 ® y3)
22) C)(0) (73 @ ys3)
23) Coyw (@3 @ ys)
24) Ce2)(0) (23 ® y3)
25) Cay0) (w3 @ ys3)

53595101 (SoY3 — S1Y3 + S2y3 — S3Y3)
(83525071 — 51525171) (513 — S2y3 + S3Y3)
(835150%1 — 52525071)(S2Y3 — S3Y3)
(52515071 — 535150%1)53Y3

(515072 — S250T2 + 8350T2)5352Y2

(S351T2 — S3S0T2 + S2S0T9 — S15122)
(8351Y2 — S352Y2)

(825172 — 83512)(S350Y2 — S152Y2 + S25292)
5352%2(S1Y3 — S2Y3 + S3Y3)

§3522250Y3

(52y3 — 53Y3) (535172 — S252%2)
535172(S0Y3 — 51Y3) + S382T2(S2y3 — S3Y3)
53502(52Y3 — S3Y3)

51Y3(5350T2 — 5152%2) + 525272 (52y3 — 53Y3)
(S251%2 — $351T2)S3Y3

5951%2(S0Ys — S1Y3 + S2y3) + 535122533
(525072 — $35072)53Y3

(5250m2 — 515102)(S1Y3 — S2y3)+

(835102 — $35072)S3Y3

§1502253Y3

(51502 — 5250T2)82Y3 + 535072533
533(S2Y3 — S3Y3)

53T351Y3

53T350Y3

s9w3(51Y3 — S2y3) + S3(w3ys)

S52X350Y3

s123(Soys — 51Y3) + 52(23y3) — s3(w3Y3)

By proposition 2.8, we have 04(NEy) = 04(14). We take an image by 0, of each C, g,
where a, 8 € P(4). We summarise the images of all generator elements, which are listed

early on, in the subsequent table.
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« g | 1,J

1321 (0) [ {0123}

2 | (3,200 (1) | {1}{0,2,3}

3 (31,00 (2) |{2}{0,1,3}

4 1(2,1,0) | 3) | {3}{0,1,2}

5| (3,2) | (1,0) | {0,1}{2,3}

6 | (3,1) | (2,0)]{0,2}{1,3}

7 | (3,0) | (2,1) | {1,2}{0,3}

8 | (32) | (1) |{0,1}{0,2,3}

9 | (3,2 (0) |40,1}{1,2,3}+{0,1}{0,2,3}

10| (3,1) (2) |40,2}{0,1,3}

11| (3,1) (0) |40,2}{1,2,3}+{0,2}{0,1,3}+{0,1}{1,2,3}+{0,1}{0,2,3}

12| (3,0) (2) |41,2}{0,1,3}+{0,2}{0,1,3}

13| (3,0) (1) | {1,2}{0,2,3}+ {0,1}{0,2,3}+{1,2}{0,1,3}+{0,2}{0,1,3}

14| (2,1) (3) |40,3}{0,1,2}

15| (2,1) (0) |40,3}{1,2,3}+{0,3}{0,1,2}+{0,2}{1,2,3}+{0,2}{0,1,3}

16 | (2,0) (3) |41,3}{0,1,2}+{0,3}{0,1,2}

17 | (2,0) (1) |41,3}{0,2,3}+{0,3}{0,1,2}+{1,3}{0,1,2}+{1,2}{0,2,3} +
{0,2}{0,1,3}+{1,2}{0,1,3}

18| (1,0) (3) |42,3}{0,1,2}+{1,3}{0,1,2}

19| (1,0) (2) | {2,3}{0,1,3}+{1,2}{0,1,3}+{1,3}{0,1,2}+{2,3}{0,1,2}

20 (3) | (2) | {0,1,2}{0,1,3}

21| (3) (1) |40,1,2}{0,2,3}+{0,1,2}{0,1,3}

22| (3) (0) |40,1,2}{1,2,3}+40,1,2}{0,2,3}+{0,1,2}{0,1,3}

23| (2) | (1) | {0,1,3}{0,2,3}+{0,1,2}{1,2,3}+{0,1,2}{0,2,3} +
{0,1,2}{0,1,3}

24 (2) | (0) | {0,1,3}{1,2,3}+{0,1,3}{0,2,3}+{0,1,2}{1,2,3} +
{0,1,2}{0,2,3}+{0,1,2}{0,1,3}

25| (1) | (0) | {0,2,3}{1,2,3}+{0,1,3}{1,2,3}+{0,1,3}{0,2,3} +
{0,1,2}{1,2,3}+{0,1,2}{0,2,3}+{0,1,2}{0,1,3}

As the proofs are largely similar to those for n = 3 we leave most to the reader,
limiting ourselves to one or two of the more complex cases by way of illustration.

Row: 17

da[Croma) (T2 @ y3)] = (s280d279 — s151da2)(51d3Yy3 — Sad3ys3)
+ys(5172 — S0T2).

Take elements

a = (5250daTy — SoT2 + 8172 — S251d272) € K13y and b = (s1d3ys — s2d3ys +y3) € K23,
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da[Cnn) (T2 ®ys)] = ab— ds[Cra 1)) (r2 @ y3)]+
ds[C2,0)3) (22 ® y3)] + da[Cs,0)(1) (X2 @ y3)]—
ds[C1y2) (T2 @ y3)] 4+ da[Ci3.0)(2) (T2 @ y3)]
€ Kz Kpaes + Ko K12+
Ky K012y + K2y Kpo2,3+
K02y K013y + K12y K{0,1,3)
by other results from earlier rows.

Row: 20

d4[0(3)(2)(953 ® ys)] x3(S2dsys — y3)

€ (Kerdy N Kerd; N Kerdy)(Kerdy N Kerd; N Kerds)
= Ko1.23K70,1.3}-
Row: 21
da[Ca)00) (3 @ y3)] = w351d5(y3).
Take elements z3 € NE3 = K{o1,9 and (s1dsys—s2dsys+ys) € K233 When multiplying
them together, one gets
ds[Czyy(rs @ys)] € dy[Ciay2) (w3 @ ys)] + Kio,1,2)K{0,2,3)
C K129 K0.23) + K012 540,1,3}-
Row: 23
ds[Ciayy (w3 @ y3)] = sadszs(s1dsys — S2dsys) + T3ys.
Take elements a = (51d3y3 — Sadzys + y3) € Koo and b = (sadszs — x3) € Kio1,3)-
Putting them together, we obtain
da[Croyn) (3 ®y3)] = ab+ da[Cay1) (23 ® y3)] — du[Cia)2) (23 @ y3) + Cay2) (y3 © 23)]
S K{0,1,3}K{0,2,3} + K012 K023 + K{0,1,2}K{0,1,3}
Finally
Row: 25

d4[0(1)(0)<$3 ® y3)] = s1ds(xs)(sodsys — s1dzys) + sads(x3ys) — T3ys3,
and
a = (Sldgl’g — 82d3$3 + 1’3) c K{o’zyg} and b = (32d3y3 — 81d3y3 + Sodgyg — yg) - K{1,2,3},

then one has

di[Coyo)(r3 @ ys)] = da[Czyny(ys @ x3) + Ciayay (w3 @ y3)]—
ds[Ciz)0) (23 @ y3)] + du[Cay(0) (3 ® y3)]—
di[Cayy (73 @ y3) + Cra)1) (y3 ® 3)]—
d4[C3y2) (13 ® y3) + Cay2)(y3 @ 3)] + ab
€ K123 K01,3) + -+ Kjo23) K123

So we have shown that for each d,C, g(r®y) € >°; ; K;K; and hence 0,(14) € > ; KiK.
The opposite inclusion to this is again given by proposition 2.3. [
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To summarise we have:

6.2. THEOREM. Let n = 2,3, or4 and let E be a simplicial algebra with Moore complex
NE in which E, = D,,, Then

O (NE,) =Y KK,
1,J
forany I,J Cn—1] with IUJ=[n—-1], I =[n—-1]—{a} and J=[n—1]—-{p},
where (a, f) € P(n). "
In more generality we can observe that only elements of NE, N D,, were used.

6.3. THEOREM. If for any simplicial algebra E with Moore complex NE,

O(NE,ND,)=> KiK; withn=234.
I,J

6.4. REMARK. In general for n > 4, we have only managed to prove

S K Ky C0,(NE,).
1,J

To prove the opposite inclusion, we have a general argument for INJ = @) and I U J =
[n—1], but for I NJ # (), we as yet do not see the pattern. One should be able to extend
this result by means of computer algebra software such as AXIOM or MAPLE, and this
may help reveal what structure is lying behind the observed behaviour in low dimensions,
but the overall pattern is still mysterious.
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