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PRESERVING HOMOLOGY

MICHAEL BARR

ABSTRACT. We raise the question of saying what it means for a functor between abelian
categories to preserve homology. We give a kind of answer and explore the reasons it is
unsatisfactory in general (although fine for left or right exact functors).

1. Introduction

As far as [ know the question of what does it mean for a functor to preserve homology has
not been studied, let alone answered. In this note, we repair the first lacuna, although
not the second. To my surprise there seems to be no completely satisfactory answer.

What does it mean for a functor to preserve the homology of a differential object?
It is clear what it means for a functor to preserve a limit or a colimit, since limits and
colimits are defined by universal mapping properties. For example, if ' : A —— B is
a functor, there is a canonical map F(A; x Ay) —= FA; x FAy and if that map is an
isomorphism, then F' preserves that product.

In contrast, there is no possibility of defining what it means for a functor to preserve
tensor product in a category, since that is not defined by any universal mapping property.
What is needed in that case is additional structure, which raises coherence questions and
it can get quite complicated. But essentially, the functor requires what is called tensorial
strength.

The situation with homology falls between the two cases. Homology is defined as
a cokernel of a map to a kernel and we know what it means to preserves kernels and
cokernel. A functor that preserves both preserves homology. In this paper we analyze
what is actually required for a particular functor to preserve the homology of a particular
differential object. However homology can also be defined as a kernel of a map to a
cokernel and one would hope that that the conditions for preserving the two versions are
the same. Alas, that turns out not to be the case.

What we do here is show that if F': A —— B is an additive functor between abelian
categories and (C,d) is a differential object (which could, of course, be graded) there
is a span HF(C,d) <— ®(C,d) — FH(C,d), but not generally a natural map in
either direction. One could say that I’ preserves the homology if both legs of the span
are isomorphisms. But a differential object in A is also a differential object in A°P with
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PRESERVING HOMOLOGY 133

exactly the same homology and it thus came as a considerable surprise that the homology
could be preserved in the sense just described, while the cohomology (the homology in
the dual space) is not. This raises the question of whether there is a different, self dual,
notion of preservation.

We also show an additive functor preserves the homology of all differential objects if
and only if it is exact and find necessary and sufficient conditions on a differential object
that its homology is preserved by all additive functors. At least that condition is self dual.

All categories considered in this paper are abelian and all functors are additive.

1.1. NOTATION. Let (C, d) be a differential object. We will denote by Z(C, d) and Z'(C, d)
the kernel and cokernel of d, by B(C,d) the image of d, (which is also the coimage of d),
by H(C,d) the cokernel of the inclusion B(C,d) — Z(C,d) and by H'(C,d) the kernel
of the induced map Z'(C,d) —— B’(C,d). Our notation for arrows will be as in the
following exact sequences:

0— Z(C,d) —=>C —2= B(C,d) —=0 (1)
0——= B(C,d) 2~ C 25 7'(C,d) —=0 (2)
0 — B(C,d) —= Z(C,d) = H(C,d) —= 0 (3)
0—— H'(C,d) > 7/(C.d) —*~ B(C,d) —0 (4)

These satisfy the following equations:
b=soz bV =205 d="bob Zoz=1pop

Only the last equation is not obvious. But each side takes an element of Z to its image
in Z' = C'/B. Tt will be convenient to denote by ¢ the map s-b: C — Z(C,d) as well
ast' = Vo5 : Z'(C,d) — C. In addition, we will use the convention that if we have
a map f, then f¢ will denote a left inverse, if any exists, and similarly f” will denote a
right inverse, if any exists.

If FF: A—— B is an additive functor, then (F'C, F'd) is a differential object in B and
we will denote it by F'(C,d). In addition, we will use ZF(C,d), BF(C,d), and HF(C,d),
as well as the primed forms to denote the corresponding objects of B. We will use zF,
bF, sF', and pF, as well as their primed forms, to denote the arrows that correspond. On
the other hand, FZ(C,d), FB(C,d), FH(C,d), Fz, Fb, F's, and Fp, as well as all the
primed forms, denote the values of F' on the corresponding objects and arrows.

2. Preservation of homology

Generally when we ask about functors preserving some structure, there will be a map
in one direction or other depending on when the functor is applied. Often this comes
about because the structure is characterized by a universal mapping property. However
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homology, generally defined as a cokernel of a kernel cannot be so characterized. So before
we can ask whether a functor preserves homology, we have to say what preservation means.
We will give a definition here that seems at first to be satisfactory, but turns out not to
be for the reasons just described.

The exactness of 0 — ZF(C,d) —£= FC —£%~ FC implies the existence of a map
u: FZ(C,d) — ZF(C,d) such that zF cu = Fz. In the diagram

FC s Fz(C,d)—2~ FH(C,d) —0

= u ()

the bottom row is exact, but the top is not in general. From this diagram, it is clear that if
F preserves the left exactness of (1), u is an isomorphism and then the universal mapping
property of the cokernel implies the existence of a natural map HF(C,d) — FH(C,d).
If, on the other hand, F' preserves the right exactness of (1), then the top row is a cokernel
and there is a natural map FH(C,d) — HF(C,d). In general, there is no map in either
direction and it appears that the best we can do is a span. Let ¢ : FZ(C,d) — ®(C,d)
be a cokernel of F't. Then there are unique maps r : ®(C,d) — FH(C,d) and ¢ :
®(C,d) — HF(C,d) such that roq = Fp and £-q = pF ou. Thus the span is

N

FH(C,d)

It is clear that when F'p is a cokernel of F't, then we can take ®(C,d) = FH(C,d) and then
(: FH(C,d) — HF(C,d) is the map described above. It is also evident that when w is
an isomorphism, we can take ®(C,d) = HF(C,d) and then r : HF(C,d) — FH(C,d)
is the map described above. In general, neither exactness condition is satisfied and the
best we can get is a span.

2.1. EXAMPLE. Suppose f : A~ ——= A is a map in A and we let C = A" & A and

d have the matrix (O 0). Then one easily calculates that H(C,d) = ker f & cok f,

f 0
FH(C,d) = F(ker f)®F(cok f), HF(C,d) = ker F f&cok F f and & = F(ker f)@cok F f.
The span is
F(ker f) ® cok F' f

VA

ker F'f & cok F'f F(ker f) @ F(cok f)
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The maps ¢ and r are those induced by the universal mapping properties of kernels and
cokernels.

So far, this looks like a convincing way of answering the original question. Homology
is preserved when ¢ and r are isomorphisms. The problem comes from the fact that
homology can equally well be defined in the dual category. In fact, there is a completely
symmetric way of doing this. The sequence

0—2">C-2C-2>7 —0
is exact. Then the image of 2'c 2z : Z ——= 7" is H(C,d) = H'(C,d). Of course, the image
of a map in an abelian category is the same as its coimage (that is the main thing needed

for a category to be abelian) so this definition is self-dual. Everything can be dualized
and a cospan ®’ can be constructed to give one big diagram:

Fp

FC "> FZ7(C,d) FH(C’ d) ~ FZ/(C,d) L FC

= u ®(C, d) ' (C, d) o = (6)
tF pF \ /Z/ p'F / Ft’

FC £~ ZF(C,d) HF(C,d) F(C,d) -~ FC

What we would like is that ro¢~! = r'~1o¢" as relations HF(C,d) - - > FH(C,d) and
that Lor~t =(¢"1or': FH(C,d) - -> HF(C,d). The two equalities are equivalent, both
being true if and only if

(+)
r (¢ —r)

® FH(C,d) & HF(C,d) o'

18 exact.

2.1. Revisited. When we calculate the span and cospan in the example, we get

F(ker f) ® cok F'f

7N

ker F'f & cok F'f F(ker f) ® F(cok f) (7)
r! /
ker F'f & F(cok f)

which not only commutes, but is both a pullback and pushout and the sequence (7) is
exact with zeroes at both ends.

Unfortunately, this example is not characteristic of the general case. We do have some
desirable properties.
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/\

FH(C,d)

N

d'(C,d)

2.2. THEOREM. The diagram

commutes.

PrROOF. We begin by showing that
FZ(C,d)—F L F7/(C,d)

'LLI

ZF(C, d) Z'F(C, d)

Z/FozF

commutes. In fact v/ o2’ FozFou = Fz' o Fz from the universal properties that defined
w and u'. An instance of 2'oz = p/op (see 1.1) is 2'F'o zF = p'F o pF, while the result of
applying F' to the same equation is Fz'« Fz = Fp’ - F)p. Now we have

gor'oroq=Fp ocFp=F cFz=uoZFozFou=uopFoFpou=qolologq
But ¢ is monic and ¢ is epic, so they can be cancelled to produce r'or = ¢ f. [
An immediate consequence is

2.3. COROLLARY. If £ and v" are isomorphisms, then rol~' = r'"1of' : HF(C,d) —
FH(C,d) and if r and ¢ are isomorphisms then Lor=' = (~tor . FH(C,d) —
HF(C,d).

2.4. THEOREM. For a fized diﬁerential object (C,d), the map r is an isomorphism if and
only if FC —2~ FZ(C,d) LN FH(C,d) —= 0 is exact; { is an isomorphism if and
only if 0 FZ 2o pC L4 FC s exact.

PrOOF. The map r is the unique map for which

FC -t Fz(C,d) — 2~ &(C,d) —=0
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commutes. Since the top line is exact, r is an isomorphism if and only if the bottom line
is. As for /, it is defined so that

Fp

FC -~ Fz(C,d) ®(C,d) —0

14

commutes. We wish to show that ¢ is an isomorphism if and only if w is. Since tF = sF o bF
we have a commutative diagram

ZF(C,d)
zF

FC—T ~ FZ(C,d)— 2~ &(C,d) —0

bF

0

in which both rows and the column are exact. The snake lemma implies that

ZF(C,d) ker u ker ¢ 0 cok u cokl —0

is exact. It is immediate that if u is an isomorphism, so is £ and that if £ is an isomorphism,
then wu is epic. We finish by showing that u is also monic in that case. To show this, it
suffices to show that the map ZF(C,d) — keru is 0 or, equivalently, that F'tezF = 0.
Since u is epic, it suffices to show that F'to zF ou = Ft- Fz = ( which follows immediately
from toz = 0. [

Dualizing, we obtain
2.5. THEOREM. For a fized differential object (C,d), the map r' is an isomorphism if and
only if 0 — FH(C,d) L FZ'(C,d) I FC s exact; { is an isomorphism if and
only if FC —2% FC P FZ' — 0 is exact.

In the following, the “if” is a consequence of the above, while the “only if” follows
immediately from the example 2.1



138 MICHAEL BARR

2.6. THEOREM. The maps ¢ and r" are isomorphisms for every (C,d) if and only if F is
left exact; v and ' are isomorphisms for every (C,d) if and only if F is right exact.

The previous results can be summarized as follows.

2.7. THEOREM. Let (C,d) be a fized differential object. In the diagram

D t =

() (¢)

F preserves the exactness of the sequences labelled (£), (1), (¢), and (1) if and only if the
maps £, r, ', and r’, resp., are isomorphisms.

3. Absolutely preserved homology

We can ask what properties of a differential object forces every additive functor to preserve
its homology. If H is an arbitrary object of A, the complex (H,0) obviously has this
property. We will show in this section that, up to homotopy, this is the only example.
We begin with:

3.1. THEOREM. Let (C,d) be a differential object. Then ¢ and r (and dually, ¢' and 1’ )are
isomorphisms for all additive functors to an abelian category if and only if the sequence

0—=2(C,d) —=2~C %>~ 72'(C,d) —=0

18 contractible.

Proor. Contractibility implies that both sequences
0—Z(C,d)—=C —B(C,d)—=0

and
0—B(C,d)—=C—=Z'(C,d) —=0
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split. But if B(C,d) —— C' is split monic, so is B(C,d) — Z(C,d) and then the
sequence
0 — B(C,d) — Z(C,d) — H(C,d) —=0

is split, from which the preservation under all functors is clear. Conversely, suppose that
r is an isomorphism for every left exact functor F'. In the diagram,

FC FZ(C,d) ——~&(C,d) —0

Ft

0 — FB(C,d) — FZ(C,d) —— FH(C,d)

we first observe that ¢ and r are epic and therefore so is F'p. The snake lemma then gives
us the exact sequence

ker F't 0 0 cok Ft —=0——=0

so that F't is also epic and hence both sequences

0——= FZ(C,d) FC — FB(C,d) —=0

and
0— FB(C,d) —= FZ(C,d) —= FH(C,d) —=0

are exact. First let ' = Hom(B(C,d), —) to show that the first one splits and then let
F = Hom(H (C,d)) to show that the second one does. Now apply the same argument on
the dual to show the same things for

00— B(C,d) —=C —=Z'(C,d) —=0
and
00— H(C,d)— Z'(C,d) — B(C,d) —=0
We will demonstrate the existence of the contracting homotopy after the next theorem.

3.2. THEOREM. Let (C,d) have the property that any additive functor preserves its ho-
mology. Then (C,d) is homotopic to (H(C,d),0) (and conversely).

Proor. We use the preceding result. The following sequences are split exact and the
splittings are denoted as shown:

L

0—>2(C.d) ==C==B—=0

st

0—= B(C.d) == Z(C,d) <p7_> H(C,d) —>0
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This means that 2oz, sfos, bob", and pop” are all identities and, in addition, 2z z¢ +
brob = 1 and sost + pop” = 1. We define f = pozt : ¢ —= H(C,d) and g =
zep" : H(C,d) — C. We begin by showing that f and g are maps between (C,d) and
(H(C,d),0). We have fod = pozfellob = pozlozoscb = poseb=0=d-f. We also
have doeg = deozeop” = 0 = god. We also calculate that fog = pezfozep” = pop” = 1.
We will show that if we define h = b" o st 2’ : C ——=C, then 1 —go f = hod+d-h. We
calculate that

]_—gof:l—zopropozéz1—20(1—8086026

14 |4

=1—z202' + 205080028 =1 ob+ 2080802

Then
hod =10 os'ozlozot=0"0s'cs0b=10"0ob

and
doh =vobob ostozt = 20505 02!

so that hed+d-h =1 — g- f which establishes the homotopy.
As for the converse, if (C,d) is homotopic to (H(C,d),0), then this is preserved by
any functor and the previous theorem provides the required splittings. [

The proof of Theorem 3.1 will be complete when we have proved the following, which
should have been done in [Barr, 2002, Section 3.2, but unaccountably was not.

3.3. LEMMA. Suppose f : (C,d) — (C',d) and g : (C",d) — (C,d) are homotopy
inverse to each other. Then (C,d) is contractible if and only if (C',d) is.

ProOF. What we will actually show is that if (C, d) is contractible and f - g is homotopic to
the identity, then (C’,d) is contractible. In fact, suppose h: C' — C and s : ' — "’
are such that deh +hed=1and des+sed=1— fog. Let k =5+ fohog. Then

dok+kod=do(s+ fohog)+ (s+ foheg)ed=deos+ sed+dofohog+ fohoged
:1—fog+fodohog+fohodog:1—fog+fo<doh—|—hod)og
=l=fegtgef=1

so that (C’,d) is contractible. =

4. Conclusion

We begin with an example that shows that preservation of homology (at least as defined
here) is not always the same as preservation of cohomology, even though the objects are
the same.
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4.1. EXAMPLE. Here is an example to illustrate the use of Theorem 2.7, as well as illustrate
the main problem. Take as domain and range category, the category Ab of abelian groups
(although it would be the same if we used finite abelian groups or even finite abelian 2-
groups). We will denote by Z,, the cyclic group of order n. We let (C,d) = (Zs, 4), which
is to say that the boundary is multiplication by 4. Then Z(C,d) = Z4, B(C,d) = Zy and
H(C,d) = Zy. We define F' : Ab — Ab as Zy ® Hom(Z4, —). Thus F is the composite
of a right exact functor and a left exact one. For any non-zero cyclic 2-group A, it is
obvious that F(A) = Z, and hence FH(C,d) = HF(C,d) as an abstract group. But the
game is in what F' does to arrows. By writing F' = F5 F} where F; = Hom(Z4, —) and
Iy, = 75 ® — we can readily compute the following values, in which and denote
an epimorphism and monomorphism, resp. In fact, there is more than one epimoprhism
Zs —— 74, but any two are related by an automorphism of the domain or codomain.

F(Zg—74) = Fy(Zy —2>7,) = Zy —~ 7,

F(Zy — 7)) = Fy(Zy —=Zy) = Zy ——~ 7,
F(Zy 7)) = Fy(Zy — Z) = Zy > 7,
F(Zy > 7g) = Fy(Zy —~7,) = Zy —~ 7,
Putting these together, we can, for example, calculate that
F(Zg—Zg > 7g) =2y —> 7y 2> 7, =7, 2> 7,
so that F(C,d) = (Zs,0). The diagram of the theorem above becomes

Zys ——1Zs

t 4
0 Z,——~Zs——~Zs ()
? Y -
0 Zy > Zy———1g (r')
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In this diagram, t is the map Zy — Zy = Z, 2’ is the map Z, — Z, > Zg and
the others are forced by exactness. When we apply F', then using the rules above, we get

Zy——7

0 0
0 Zo—>79—2 7, (0
1 0 =
0 Zy—5—2o———17Zo (1)
0 0

() ()

and we can see by inspection that the sequences labelled (¢) and (r) are exact, while those
labelled (¢') and (r') are not. Thus the bispan is

and hence the two relations are certainly different.
Incidentally, if you replace F' by G defined by G(A) = Hom(Zy, Z, ® A), the situation
is reversed: ¢ and r are 0, while ¢' and 7’ are the identity.

4.2. CONCLUSION. There are three possible conclusions to choose among.

1. Simply accept the fact that, although homology and cohomology of the same differ-
ential object are isomorphic, their preservation conditions are distinct.

2. Require that in order to say that F' preserves homology, all of ¢, r, ¢, and 7’ be
preserved (if any three are, so is the fourth).

3. Search for a more convincing criterion.
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At this point, it is not clear which one to choose. Here is one idea that did not work.
Let U(C,d) be defined as a coequalizer of the map Fd : FC —— FC. The universal
mapping property results in maps ¥(C,d) — FB(C,d) and ¥(C,d) — BF(C,d).
Now let ©(C,d) be a coequalizer of the composite ¥V —— FB(C,d) — FC. This and
its dual leads to a bispan

o(C, d)

Unfortunately, when this is applied to 4.1, exactly the same problem arises: the upper
two arrows are identities and the lower two are 0. In fact, © = ® both in that example
and in 2.1. Thus it is not obvious whether O is actually different from ®, but the question
does not seem worth pursuing.

Reference

M. Barr (2002), Acyclic Models. Amer. Math. Soc., 2002.

Department of Mathematics and Statistics, McGill University
805 Sherbrooke St. W. Montreal, QC, H3A 2K6

Email: mbarr@barrsorg

This article may be accessed via WWW at http://www.tac.mta.ca/tac/ or by anonymous
ftp at ftp://ftp.tac.mta.ca/pub/tac/html/volumes/16/7/16-07.{dvi,ps,pdf}



THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that
significantly advance the study of categorical algebra or methods, or that make significant new contribu-
tions to mathematical science using categorical methods. The scope of the journal includes: all areas of
pure category theory, including higher dimensional categories; applications of category theory to algebra,
geometry and topology and other areas of mathematics; applications of category theory to computer
science, physics and other mathematical sciences; contributions to scientific knowledge that make use of
categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility
of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted
for publication.

The method of distribution of the journal is via the Internet tools WWW/ftp. The journal is archived
electronically and in printed paper format.

SUBSCRIPTION INFORMATION. Individual subscribers receive (by e-mail) abstracts of articles as
they are published. Full text of published articles is available in .dvi, Postscript and PDF. Details will
be e-mailed to new subscribers. To subscribe, send e-mail to tac@mta.ca including a full name and
postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh,
rrosebrugh@mta.ca.

INFORMATION FOR AUTHORS. The typesetting language of the journal is TEX, and BTEX2e is
the preferred flavour. TEX source of articles for publication should be submitted by e-mail directly to
an appropriate Editor. They are listed below. Please obtain detailed information on submission format
and style files from the journal’s WWW server at http://www.tac.mta.ca/tac/. You may also write
to tac@mta.ca to receive details by e-mail.

MANAGING EDITOR. Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca
TEXNICAL EDITOR. Michael Barr, McGill University: mbarr@barrs.org

TRANSMITTING EDITORS.

Richard Blute, Université d” Ottawa: rblute@mathstat.uottawa.ca

Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr
Ronald Brown, University of North Wales: r.brown@bangor.ac.uk

Aurelio Carboni, Universita dell Insubria: aurelio.carboni@uninsubria.it
Valeria de Paiva, Xerox Palo Alto Research Center: paiva@parc.xerox.com
Ezra Getzler, Northwestern University: getzler(at)math(dot)northwestern(dot)edu
Martin Hyland, University of Cambridge: M.Hyland@dpmms.cam.ac.uk

P. T. Johnstone, University of Cambridge: ptj@dpmms.cam.ac.uk

G. Max Kelly, University of Sydney: maxk@maths.usyd.edu.au

Anders Kock, University of Aarhus: kock@imf .au.dk

Stephen Lack, University of Western Sydney: s.lack@uws.edu.au

F. William Lawvere, State University of New York at Buffalo: wlawvere@acsu.buffalo.edu
Jean-Louis Loday, Université de Strasbourg: loday@math.u-strasbg.fr

Teke Moerdijk, University of Utrecht: moerdijk@math.uu.nl

Susan Niefield, Union College: niefiels@union.edu

Robert Paré, Dalhousie University: pare@mathstat.dal.ca

Jiri Rosicky, Masaryk University: rosicky@math.muni.cz

Brooke Shipley, University of Illinois at Chicago: bshipley@math.uic.edu
James Stasheff, University of North Carolina: jds@math.unc.edu

Ross Street, Macquarie University: street@math.mq.edu.au

Walter Tholen, York University: tholen@mathstat.yorku.ca

Myles Tierney, Rutgers University: tierney@math.rutgers.edu

Robert F. C. Walters, University of Insubria: robert.walters@uninsubria.it
R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca



