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EQUIVALENCE OF 2D-MULTITOPIC CATEGORY AND
ANA-BICATEGORY

Dedicated to Prof. V. S. Borkar for creating interest in mathematics

PARAM JYOTHI REDDY R

ABSTRACT. In this paper equivalence of the concepts of ana-bicategory and the 2D-
multitopic category is proved. The equivalence is FOLDS equivalence of the FOLDS-
Specifications of the two concepts. Two constructions for transforming one form of
category to another are given and it is shown that we get a structure equivalent to the
original one when we compose the two constructions.

1. Introduction

In category theory there is an emergence of higher dimensional categories. There are two
distinct flavors of higher dimensional categories:

1. Pure algebraic: In these the composition of cells is defined by a composition func-
tion and the composition functions are constrained by huge coherence conditions.
Examples include bicategory, tricategory, 2-category etc.

2. Virtual: In these the composition of cells is defined by the universal property of
certain special cells called “universals”. Examples are multitopic category, opetopic
category etc.

Even for the case n = 3 the pure algebraic version becomes intractable with lots of
isomorphisms and coherence diagrams. Thr geometric nature of the coherence conditions
suggests a deep underlying truth which when revealed would generate them automatically.
The virtual version does not have the same problem and in a certain sense is “scalable”.
Another point to be remembered is that the virtual version defines the composition “up
to isomorphism” in a true categorical spirit. In view of these advantages it is tempting to
propose the virtual definitions for categories. The first step towards accepting the virtual
definitions of categories is to show that for the case of n = 1,2, the virtual definition
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reduces to the ordinary definitions of category and bicategory respectively. In this thesis,
multitopic category is considered as the basic virtual definition for higher dimensional
categories and it is shown that this reduces to concept of bicategory for n = 2. Let
the multitopic category for the case n = 2, which is the case being dealt here, be called
2D-multitopic category.

In parallel there is another point to be made about category theory. Though it is
emphasized in category theory that concepts should be defined “up to isomorphism”, this
does not go beyond structures internal to the category like limits, colimits etc. For exam-
ple, while defining functor we do not say that it takes certain values up to isomorphism.
In [Makkai (1996)], Makkai has proposed a version of category theory in which external
concepts like functors and natural transformations are also defined up to isomorphism.
The functor there called anafunctor is defined up to isomorphism. This was extended to
define bicategory as ana-bicategory. Another concept introduced in the same paper was
saturation, which more or less means that anafunctor can take any one of the isomorphic
copies of an object as its value.

In light of what has been said, I feel that the “correct” “algebraic” concept of bicat-
egory is ana-bicategory, and it is actually found to be the case that the 2D-multitopic
category is equivalent to an ana-bicategory with saturation. This should not be sur-
prising because the horizontal composition internal to 2D-multitopic category is defined
by the universal property hence defined up to isomorphism. Once the equivalence of 2D-
multitopic category and ana-bicategory is shown, from the fact that bicategory is a special
case of ana-bicategory, it follows that the definition of 2D-multitopic category reduces to
bicategory.

In section 2, the formal definitions that will be used in this paper are listed. In section
3, the construction of ana-bicategory from 2D-multitopic category is described. In section
4, the construction of 2D-multitopic category from ana-bicategory is described. In section
5, the equivalence of these two definitions is shown.

2. Preliminaries

In this section the mathematical definitions that are required for subsequent sections are
given.

2.1. ANA-BICATEGORY: The concept of ana versions of categorical definitions were intro-
duced in [Makkai (1996)]. First the concept of anafunctor and natural anatransformation
have to be given.

Anafunctor: An anafunctor F between categories C and D is given by the following
data and conditions:

Datum-1. A class |F|, with two maps o : |F| — O(C) (source) and 7 : |F| — O(D)
(target). For X € O(C) we denote |[F|(X) = {s € |F| : o(s) = X}, and for
s € |F|(X) we denote 7(s) by Fy(X). |F| is called class of specifications.
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Datum-2. For each X,Y € O(C), s € |F|(X), t € |F|(Y) and f : X — Y, an arrow
Fo.(f) : Fs(X) — Fi(Y) in D is given.

Condition-1. For every X € O(C), |F|(X) is non-empty.
Condition-2. For all X € O(C) and s € |F|(X), F;(Idx) = Idg,(x).

Condition-3. For all X,Y,Z € O(C), s € |F|(X), t € |F|(Y), u € |[F|(Z), f: X — Y
and g : Y — Z, we have Fy,(f - g) = Fs+(f) - Fru(9).

Saturated anafunctor: Given an anafunctor F', F' is said to be saturated if F(X) = A
and i : A = B in D then there is an unique ¢t € |F|(X) such that F}(X) = B and
Fs;(Idx) = 1.

Saturation is an external condition on anafunctor, but usually anafunctors that arise
naturally have this saturation property, for example product anafunctor.

Natural anatransformation: A natural anatransformation ¢ between anafunctors F
and G is given by the following datum and condition:

Datum—l. A family <¢X,s,t : FS(X) — Gt(X)>XGO(C),56|F|(X),tG\G|(X)-

Condition-1. For every f: X — Y in C(X,Y), and for every s € |F|(X), t € |G|(X),
u€ |F|(Y), ve|G|(Y), the following diagram commutes

F(X) = B (Y)
(bX,s,tl ld)Y’u’v
Gu(X) G (f) GulY)

Natural anaisomorphism: Natural anaisomorphism is a natural anatransformation in
which each member of the family <¢X,s,t . FS(X) — Gt(X)>X€O(C),se|F|(X),te|G’|(X) is an
isomorphism.

Ana-bicategory: An ana-bicategory A consists of the following data and conditions:

Datum-1. Collection O(A) of objects (0-cells).

Datum-2. For any pair of objects A, B € O(A), a category A(A, B) (1-cells as its objects
and 2-cells as its arrows).

Datum-3. For any object A € O(A), an identity anaobject in A(A, A), determined by
anafunctor

1a:1— A(AA)

The elements of class |1_| are called 0-specifications.
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Datum-4. For any three objects A, B,C € O(A), composition anafunctor
oapcA(A B) x A(B,C) — A(A,C)
The elements of class | o_ _ _ | are called 2-specifications.

Datum-5. Associativity natural anaisomorphism

aspen (=)o (=)o (m)=—==(=)o((-)o(-))

where ((—)o(=))o(=) = (04,80, 1daic,p))-0a,0,0 and (=)o((=)o(=)) = (Ida(a,p), °B.c.p)-
OA,B,D- ThUS,

QA B,C,D,s,tuuv - (f Og g) Ot h — f Ov (g Ou h)

Datum-6. Left identity natural anaisomorphism

)\A,B : (—) 0] lB:g>IdA(AjB)

where Id 44 ) is an identity functor and (=) o 1g = (Idg,p),! - 1B) - oanB :
A(A, B) — A(A, B). Thus,

/\A,B,s,p : f Os ]-B,p - f
Datum-7. Right identity natural anaisomorphism

pap: lao(—)=—=Idaan

where Id 4(4,p) is identity functor and 140(—) = (!-14,Id 4(4,))-04,4,5 : A(A, B) —
A(A, B). Thus,

PABsp: lapos f— f

Condition-1. For any five objects A, B,C, D, E € O(A), and four 1-cells f € O(A(A, B)),
g€ O(A(B,C)), he O(A(C, D)), i € O(A(D, E)), the coherence pentagon (since
there are too many specifications to be considered we use numbers to represent them
rather than letters.):

a1,2,4,503,61d; Qs5,6,7,8

((fo1g)oah)osi (fos(goah))ogi fog((goah)ori)

ﬂaz,s,w,n Idf08,9a4,7,10,11ﬂ/

(f o1 9) 012 (h o) 6112119 f o9 (gou (hoyi))
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Condition-2. For any two objects A, B € O(A), and two 1l-cells f € O(A(A, B)), g €
O(A(B,()), the coherence triangle:

(f Og 1B,p) Ot g

As t,u,v f Ow g

%’wﬂu,p

f oy (1B,p Ou g)

Saturated ana-bicategory: Ana-bicategory is said to be saturated if the anafunctors
14 and oy p ¢ are:

2.2. LEMMA. Gwen a saturated anafunctor F': C — D, an anafunctor G : C — D and
natural anaisomorphism ¢ : F' — G, then

(VX € O(C))(Vt € |G|(X))(3s € [F(X))(dx.ss = Idayx))

PRrROOF. Fix X € O(C) and t € |G|(X) and select any s’ € |F|(X). Since ¢px g : Fo(X) =
G(X), s € |F|(X) such that Fs(X) = G¢(X) and F's', s(Idx) = ¢x ¢+ From naturality
of ¢,

F, .(1d
Fo(X) 0 R ()
¢>X,s/,th l¢x,s,t
Gt(X) Ge,t(ldx) Gt(X)

Ox,s¢ = Ida,(x)

]
2.3. 2D-MULTITOPIC CATEGORY: The concept of multitopic category was introduced in
[Hermida, Makkai and Power (2000)], [Hermida, Makkai and Power (2001)] and
[Hermida, Makkai and Power (2002)]. Since here only a 2 dimensional case is considered,
the definition of multitopic category is simplified by removing the amalgamation mecha-

nism that was built into its definition. First multicategory is defined and then based on
it the definition of 2D-multitopic category is given.

Multicategory: Multicategory M consists of the following data and conditions:

Datum-1. A collection O(M) of objects and O(M)* of tuples (strings) of objects.

Datum-2. A collection A(M) of arrows with domain in O(M)* and codomain in O(M).
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Datum-3. A natural number indexed, partially defined composition -_ of arrows in
A(M). Composition of «,F € A(M) is defined if and only if the codomain of
a fits into domain of 3. Formally, if the domain and codomain of a are f, and
go and the domain and codomain of 3 are fs and gs such that g, = f5(i), then
composite a+; 3 is defined; it is an arrow in A(M) with domain fs[f,/(i,i+ 1)] and
codomain gg. (From here on s[t/(i, )] is the string formed by replacing i*" to j — 1%
substring of s by t. From here on for convenience the subscript for composition is
removed. But it should be kept in mind that composition is placed.)

Condition-1. Composition is associative i.e. a1 (B+7) = (a+; 5) i

Condition-2. Composition is commutative i.e. a - (8-5v) = 8 ;47 -1 (@ - 7) where
i<j.

Condition-3. For any f € O(M), there is an identity in A(M) with domain the string (f)
and codomain f denoted as Idy such that, for any appropriate a, Id-a = a = a-Id;.

2D-multitopic category: A 2D-multitopic category consists of the following data and
conditions:

Datum-1. A collection Celly(M) of 0-cells.

Datum-2. A collection Cell; (M) of 1-cells with domain and codomain in Celly(M). We
denote by Cell; (M)* a collection of all composable strings of 1-cells from Cell; (M).
< denotes substring relation on Cell; (M)* and € € Cell;(M)* denotes empty string.
Cell; (M) is referred to as (1-) pasting diagrams, also abbreviated as PD.

Datum-3. A collection Celly(M) of 2-cells with domain in Cell; (M)* and codomain in
Cell; (M), such that their initial and terminal 0-cells match.

Condition-1. The collections Cell; (M), Cell;(M)* and Celly(M) form a multicategory
with composition -.

Condition-2. For every f € Cell;(M)*, there exists a 2-cell say a € Celly(M), with
domain f, such that for every 3 € Celly(M) with domain containing the string f,
there is a unique 7 € Celly(M), for which a-y = 3. Such an « is called an universal
2-cell (or simply universal).

2.4. LEMMA. If s,u are two universals in a multitopic category M such that dom(s) <
dom(u), then there is an universal t such that u = s - t.
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ProOOF. Existence of t satisfying u = s - ¢ follows since s is an universal. Let o, be such
that dom(#) < dom(a«). We need to show the existence and uniqueness of 3 such that
a=t-[0.

Since dom(u) = dom(s-t) < dom(s-«), there exists an unique 3 such that s-a = u-f.
Hence,

sca =u-pf
= s-a =s-t-0
— a =t-f

2.5. FOLDS EQUIVALENCE: FOLDS stands for First Order Logic with Dependent Sorts.
Here just a short overview is given. Details are in [Makkai (1995)] and [Makkai (1998)].

A FOLDS theory (L, %) consists of a signature L and set of axioms ¥. The FOLDS
signature L is a one way category, where one way category is a category in which identity
morphisms are the only morphisms with the same domain and codomain objects. The
objects in this category are sorts. Each sort is dependent on all the sorts that are below
it (an arrow to it). The axioms in ¥ are first order sentences with a restriction. The
restriction is that the equality is disallowed and all the statements are about the existence
of certain elements in sorts. For example instead of saying g o f = h, we would say
dr € T(X,Y,Z; f,g,h).T. The advantage is that all axioms turn out to be asserting
existence of certain elements that represent the truth of axiom.

Now FOLDS structure S is a functor from L to any category, that satisfies the axioms
in X. Given two L structures S and 7', a homomorphism p is a natural transformation
from S to T

Two FOLDS structures S and 7" with the same signature are said to be equivalent if
there is a span

Py N o

where p, q are natural transformations and are fiberwise surjective. This is denoted as
S~ T.

p: S — T is fiberwise surjective if the following diagram is a weak pullback, for all
objects K in L.

S(K) ———=T(K)

WK’S\L lﬂ'K,T

S(K)

Pg

K is the context of sort K. Intuitively context is the sorts on which the sort K
depends. g 7 is the projection of context values from the sort K.
Up to this point the equivalence of two structures with the same signature is con-

sidered. To compare two structures with different signatures something more is needed
[Makkai (2001)].
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Suppose we have two theories T} = (L1,3) and Ty = (Lo, ¥9). To say that 77 and Ty
are equivalent we need two constructions, one taking any 73-model S; to a T-model ST
and another taking any T5-model Sy to Ti-model Sf . T and T, are equivalent whenever
Sy ~r, Sf# and Sy ~, Sf* for all S; and Ss.

The constructions (—)* and (—)#, given in later sections are canonical; in particular,
they do not use the axiom of choice. Moreover, the data for the equivalences S; ~, Sik#
and Sy ~, Sf * are also canonically constructed from S; respectively S,. In fact, the
combined constructions add up to an equivalence of the two concepts: ana-bicategory and
2D-multitopic category, in the sense of [Makkai (2001), Section 6].

3. 2D-multitopic category to ana-bicategory

In this section, the construction of an ana-bicategory from a 2D-multitopic category is

given. This construction will be denoted as M»g/\/l*, where M is the given 2D-
multitopic category. For simplicity, in this chapter M* will be denoted by A. The
construction first involves extraction of ana-bicategory data from a 2D-multitopic category
and proving the axioms of ana-bicategory.

3.1. OBJECTS: O(A) = Celly(M).

3.2. CATEGORY A(A4, B): For A, B € O(A), category A(A, B)
Data:

1. Objects: O(A(A, B)) ={f: fis 1 cell of the form At-Be Cell; (M) }.
2. Arrows: A(A, B)[f,g] = {3 : B is 2 cell of the form A 8B €e Celly(M)}.
g

f
3. Identity: Id; = A@B € Celly(M)
f

4. Composition: Composition of arrows is defined as a composition of 2-cells in M
restricted to A(A, B).

Axioms:
1. Associativity: Follows from associativity in multicategory M.
2. Existence of identity: Follows from existence of identity in M.

3. Left and right identity laws: Idf -6 = 0 - Id, = ¢ (Identity law in multicategory),
where 0 : f = g.
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3.3. IDENTITY: Identity anaobject for A in A(A, A), anafunctor
14:1— A(AA)
Data:
1. 0-Specifications: [14[(1) = {p: p € Cellp(M) is an universal from empty pd A}.

2. Anafunctor on objects 14,(1) = codom(p) where p € |14|(1). Since 1 is the only
object in 1, we denote 14,(1) by 14,.

3. Anafunctor on arrows 14, ,(Idy) = ¢, wherep,q € |14|(1), and § € A(A, A)[14,,14,]
such that p - § = ¢. Since Id; is only arrow in 1, we denote 14, ,(Id1) by 14,

Axioms:

1. Well defined: 14,, € A(A, A)[1ap, 1ay], where p,q € |14|(1) is well defined since
by universality of p there is an unique 14, , such that p-14,, = ¢.

2. Inhabitedness: |14](1) is nonempty because of the existence of universals from every
PD, in particular from PD A.

3. Identity: 14p,(Id;) =1dy, , since p-Idy, = p, where p € [14](1).
4. Composition: Need to show 14,4 1agr = Lap,, where p, g, 7 € |14|(1). We have

p-lapg=qand q-lag, =7,p-1ap, =r from definition.

P (Lapg - Lagr) =@ 1apg)  Lags
=q- 1A,q,r
=r
=p- 1A,p,r
Since universals are left cancellable, we have 14,4144, = 1ap,

3.4. HORIZONTAL COMPOSITION: Composition anafunctor,
OA,B,C * A(A7 B) X A(B7 C) - A(Av C)

Since A, B,C will be clear from the context, o4 g and o4 p ¢ will be referred to
as o_ and o_ _ respectively. Furthermore, o_(f,g) and o_ _(3,v) will be denoted in the
infix form as fo_ g and B o_ _ v respectively.

Data:
1. 2-Specifications: |o4 5c|(f,9) = {s: s € Celly(M) is an universal from A*f>B*g>C}.
2. Anafunctor on objects: f oy g = codom(s) where s € | o4 5 |(f,9).

3. Anafunctor on arrows: [ os;y = J, where s € |oapc [(fi,01), t € | oanc

|(f2792)7 (flagl)7(f2a92) € A(A7B> X A(B7C)) (577) : (flagl) = (f2a92)7 and
d € A(A,C)|[f10s g1, f2 01 go] such that §-(y-t) =s-9.
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Axioms:

1. Well defined: Bo,;v € A(A,C)[f1 o5 g1, fo o1 g2], Where s € |oapc |(f1,91), t €
|loasc|(fasg2), B € A(A, B)[f1, f2] and v € A(B, C)[g1, g2] is well defined since by
universality of s, there is an unique (3 oy, such that 5 - (y-t) =s- o5 7.

2. Inhabitedness: | 04 ¢ |(f,¢) is non empty because of the existence of universals

from every PD, in particular from PD Al.p ¢
3. Identity: Id oy 4 Id, = Idfo,,, since Ids - (Id, - s) =Idf-s = s = s Idfo,,.

4. Composition: Need to show (81 os:71) - (B2 01w Y2) = (81 - 52) 050 (71 - 72), where
s€|oapc|(fi,q), t €loapc|(f2,92), v € |oapc|(f3,93), Bi € A(A, B)[fi, fir1]
and ; € A(B7 C)[gi;gi+1]- We have 3, - (’Yl 't) =55 Os,t V1, ﬁ2'(’72‘u) =1t Otu Y2,
(B B2) - (71 -72) - u) = s (Br - Ba) osu (71 - 72)-

S ((51 Os,t 71) : (ﬁz Ot,u ’Yz)) = s (51 Os,t 71)) : (52 Otu ’Yz)
(11 +1)) - (B2 01 72)
(71 -1) - (B2 01 72))
Y1 (- (B2 0 72)))

(

(71 (

(7 (ﬁz ( ))
(B2~ (

(B2 - (v

Ba -
Ba -
ﬁ)

(
= (%
b -
O -
B
B
b -
(

Since universals are left cancellable, we have (81 o5t 71) - (B2 01w Y2) = (B1 - 52) 05
(71 - 72)-

3.5. ASSOCIATIVITY ISOMORPHISMS: Natural anaisomorphism

aspep: (=)o (=)o (-)==(=)o((=)o(-))

where ((—)o(—))o(—) = (oa,p,c,Idac,p))-0a.c,p and (—)o((—)o(—)) = (Ida,B), °B,c,0)-
o4,B,p- Since A, B,C, D will be clear from the context a4 g p will be denoted by «a.

Data: Define a4, = 0, where s € [oagc|(f,9),t € |oacn|(fosg. h), u € |ogcpl(g,h),
v€loappl|(f,gouh)and d € A(A,D)[(fosg)orh, fo,(go,h)| such that (s-t)-0 = u-wv.

Axioms:

1. Well defined: ;¢4 € A(A,D)[(f osg)oth, f o, (goyh)], where s € |oapc|(f,9),
t € loacnl|(fosg,h), u€lopcnl(g,h),vE|oappl(f,gouh)is well defined, since
s -t is a composite of universals and hence is a universal. So, there is an unique
Qs tup Such that (s-t) - agpue =u-v.
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2. Isomorphism: gy, is invertible. Its inverse ¢, is such that s-t = (u-v)-@stpu)-
Gstu0 15 Well defined, since u - v is a composite of universals, so there is an unique
¢s,t,u,v SuCh tha’t (u : U) : ¢S,t,u,v =S t.

Need to show ot uw * @stuw = Id(fo,g)ocn aNd Pstup * Ut uw = Id o, (go,n). We use
universality of s -t and u - v and following calculations.

(5 : t) : (as,t,u,v : ¢s,t,u,’u) (5 ' t) ' as,t,u,v) : (bs,t,u,v
u- ’U) ' ¢s,t,u,v
S

S

<~

= (
= (
— (s-
— (s-

)
t) - Id(fo,g)0sn

(u ' U) : (Qbs,t,u,v . Oés,z‘,,u,'u) = ((’LL : U) : (bs,t,u,v) * Qs tuw
- (3 : t) * Ot
(
(

)
)

I
<

u-v)- Idfov(gouh)

3. Naturality: Need to show that following diagram commutes.

Qsq,ty,uy,v]

(f10s 91) 01, 1 f1 0w (91 0wy 1)
(5031’827)°t17t25ﬂ ﬂﬂovl,@ (Youy ug0)

(f2 055 g2) O, Do f2 00, (g2 0uy ho)

asz ,to,ug,v9

From universality of s; - ¢4, it is sufficient to show (s1-1) - (s, 41,0100 * B Ovr.00 (Y Oy
5)) = (51 ’ tl) ’ ((ﬁ Os1,82 7) Oty 0- 0582,152@2,02)'

(51 'tl) ’ (asl,thUlﬂH ' 6 Ouvy,v9 (7 Ouy,ug 5)) = ((51 ’ tl) ' asl,thulﬂ)l) 6 Ouvy,va (7 Ouyuz 6)
(ul ’ Ul) ’ 6 Ovy,vg (7 Ouq,ug 5)
) (Ul ’ ﬁ Ovy,v2 (7 Ouq,ug 5))

(

Il
S
S
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(31 'tl) ’ ((ﬁ Os1,82 7) Oty,to g - a827t27u2,v2) = (51 ’ tl) ’ (5 Os1,89 7) Oty,tg 5) * Usy o, u0,v2
1 ( (6 081 82 7) Oty,to 5)) * (sy ta,u2,v2

’ (PY ' S2)) ’ (5 ' t2)) * sy to,uz,02
= 5 ’ ((7 ’ 52) ( 2))) sy to,uz,v2
= (8- (5 ) ( v 52) t2))) sy to,u2,v2
= (8- (5 ) ('7 ) <S2 t2)))) sy ta,u2,02
= ﬁ ’ (7 ’ (5 ’ (52 tQ)))) Qsy,ta,u2,v2
= ﬁ ’ ((7 : (6 ’ (SQ tQ))) a52,t2,u2,112)
= B ’ (7 ' ((5 ’ (32 'tz)) O‘827t27U2,v2>)
= ﬁ ’ (7 ’ (5 ’ ( 52 't2) 0582,1527%2,1)2)))
=0 (7 (6 (u2-12)))

3.6. LEFT IDENTITY ISOMORPHISMS. Natural anaisomorphism

A (=)o lp=—==Iduan
where Id 4(4,p) is an identity functor and (=)ol = (Idaca,p),! 1) 04,558 : A(A, B) —
A(A, B). Since A, B will be clear from the context A4 g will be denoted by A.
Data: Define A\, = §, where s € |oapp|(f,15,), p € |15|(1), and 6 € A(A, B)[f o,
1pp, f] such that (p-s) -6 =Id;.
Axioms:
1. Well defined: s, € A(A, B)[f os 1p,, f] where s € |oap s |(f,15,), p € |15](1) is

well defined, since s - p is a composite of universals and hence is an universal. So,
there is an unique A, such that (p-s) -\, = Id;.

2. Isomorphism: A, is invertible. Its inverse is p-s. One side (p - s) - As;, = Ids was
verified above. Now,

(p-s)-Asp =1dy
= ((p-s) Asp)-(p-s) =1ds-(p-s)
= (p-5) - (Asp-(p-s)) =(p-s)
= (p-s) (Nsp-(p-5) =(p-s)-1dy
— Asp-(p-s) =1ds

3. Naturality: Need to show that the following diagram commutes.

s,
foslpy=—==Ff

/Bos,tlB,p,q“ Hﬂ

f Ot 1B,q :>/\t g
'q
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From universality of p-s, it is sufficient to show (p-s)-(As - 3) = (p-5)- (805,18 pg-Aig)-

(P-5)- Asp-B) =(p-5)-Asp) - B

=1d; -
=0

(p8) (Bosilppg-Ag) = ((p-5) Bostlppg) Mg
=P (s-Bost1pg)) Mg
= (- (B (Ippg 1)) Mg
=B (P pg 1) Ag
= (B (P 1Bpg) 1) - Aig
=(B-(q-1) Mg
=0-((g- 1) Ag)
=0

3.7. RIGHT IDENTITY ISOMORPHISMS: Natural anaisomorphism

pap: lao(—)=—=ldausn

where Id 4(4,p) is an identity functor and 140(—) = (!-14,1daa,B)) 04,48 : A(A, B) —
A(A, B). Since A, B will be clear from the context p4 g will be denoted by p.

Data: Define ps, = 0, where s € o4 4 5|(1ap, f), p € [14](1), and § € A(A, B)[1aposf, f]
such that (p-s) -6 = Idy.

Axioms:
1. Well defined: ps, € A(A, B)[1a, 05 f, f] where s € [oaap [(Lap, ), p € |1a](1) is

well defined, since s - p is a composite of universals and hence is an universal. So,
there is an unique py, such that (p-s) - ps, = Id;.

2. Isomorphism: p;, is invertible. Its inverse is p - s. One side (p- ) - ps,, = Ids was
verified above. Now,

(P'S)'Ps,p
= ((p-8) psp)-(p-s) =1ds-(p-s)
= (p-3) (psp-(p-s) =(p-s)
= (p-3) (psp-(p-8) =(p-s)-1dy
= psp-(p-8) =1Idy

3. Naturality: Need to show that the following diagram commutes.
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1A7p Os f :\/pw f

1A,p,qos,tﬂH “ﬁ

]-A7q Ot f :Pt " g

From the universality of p - s, it is sufficient to show (p-s) - (psp-B) = (p - s) -
(1A,p,q Os,t B ' pt,q)‘

(p : 5) ’ (1A,p,q 05t 3+ pt,q) = ((p 5) Lapg ©sit ﬁ) " Ptq
=(p-(s- Lap,q syt 3)) - Pt.q
= (P (Lapg - (B-1)) prg
= (p- (ﬁ (1A7p,q ) t))) " Pt
= (B (P Lapg 1)) prq
= (B (P Lapg) 1)) prq
=(B-(q-1)) prq
=0B-((qg-1t) prq)

— ﬁ . Idf
=0
3.8. COHERENCE.
Pentagon Condition:
a1,2,4,503,61d; s5,6,7,8

((fo1g)oah)osi (fos(goah))ogi fos ((gosh)ori)

ﬂaz,&lo,m Idf08,9a4,7,10,11ﬂ

(f o1 9) 012 (h o) TRERTE, f o9 (gou (hoii))

Sufficient to show ((1-2)-3) - (a1,24,5 03,6 1d; - (56,78 - Idf 089 g 71011)) = ((1-2)-3)) -
(042,3,10,12 : 041,12,11,9)-
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3) (041 2,4,5 93,6 Id; - (045,6,7,8 . Idf 08,9 044,7,10,11))

(1 : 2) 3) Q1245 ©3,6 Id; ) : (a5,6,7,8 : Idf 08,9 044,7,10,11)
1-2)-(3-a19450361d;)) - (ase7s-Idfose asr1011)
1-2)- (1245 (Id; - 6))) - (56,78 - 1df 059 a7.10,11)
1-2)- (1245-6)) - (5678 - 1dfog9 aar1011)
(1 2) 041245) 6) (a5678 Idf 08,9 044,7,10,11)
4-5)-6)- (a5678 Idfo8905471011)

5 (5678 - 1df 0g9 Qs 71011)

-6)) -
= (5-6)) - ase78) - Idf og9 71011
=(4-((5-6) - asp7s8)) - Idfogg sri011
= 4'(7'8)) I01f©890é471011
= (4‘7) 8) - Ids og9 47,1011

7) ( Idf 08,9 064,7,10,11)
7) (Idf (CY4 7,10,11 * 9))
7) (a4 7,10,11 ° 9)

-7) - 044,7,10,11) 9

-1

3

I ( )) (042,3,10,12 : 041,12,11,9)
(1 ) (2 ’ )) Q2310 12) *(112,11,9
* (¥2.310 12)) ©(¥1.12.11,9

Identity Triangle:

(f Og 1B,p) Ot g

Qs t,u,v f O,w g

%

f Oy (1B,p Ou g)
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It is sufficient to show (p- (s-1)) - (s tuw - Idf 0pw pup) = (P (5 1)) - Asp 0w 1dy.

~—

) : (as,t,u,v : Idf Ov,w pu,p)
pe(s-1) aspu) - 1ds 0y puy
((s 1) - s puw)) - Idf 0w puy
(w-0)) - 1dy 0w puy
p-u)-v)-1dy oy pup

cw) - (v Idy oy Pugp)

: u; - (Idy - (pup - w))

(p-(s-

I
Y
-

S

=

o

i

<

(pu,p : w)
Pru) - Pup) W
=W

H/\/‘\/\@/\/\/‘\

L3
<

Il
g

(p-(s-1) - Asp orw Idy

=((p-s)t) Asporwldy
=(p-s) - (L Asporwldy)
=(p-s) - (Asp - (Idg - w))
=(p-5) (Asp-w)
=((p-s) Asp) - w

= Idf W

3.9. SATURATION: The ana-bicategory A constructed is saturated.

Consider p € [14|(1), 14, = f, and ¢ : f = g, then p- ¢ is an universal. Hence, there
is a (unique) g € |14|(1), such that ¢ =p - ¢.

Similarly, consider s € [o4 g c|(f,9), fosg =h,and ¢ : h = i, then s- ¢ is an universal
2-cell. Hence, there is a (unique) t € |oa g |(f,g), such that t = s - ¢.

3.10. THEOREM. Construction (—)* transforms 2D-multitopic category to a saturated
ana-bicategory.

4. Ana-bicategory to 2D-multitopic category

In this section, the construction of a 2D-multitopic category from the ana-bicategory

is given. This construction will be denoted as Aﬁ:A#, where A is the given ana-
bicategory. For simplicity, in this chapter A#* will be denoted by M. This construction
is more complicated than (—)*, the reason being while the construction (—)* involved a
process of truncation, (—)# involves building up of 2-cells and showing global condition
of universality. The construction is similar to the term-model construction in logic.
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4.1. DATA CONSTRUCTION:

0-Cells:
Cellp(M) = O(A)

1-Cells:
Cel(M)= | ] O(A(4,B))
(A)

A,BeO

2-Cells: 2-cells are defined as equivalence classes of ordered labelled typed trees. The
set of such trees is denoted as T and the equivalence relation as ~C T x 1.

The ordering means that the children of any node has left to right ordering that can not
be permuted. The labels on the nodes are either 2-cells, 0-specifications or 2-specifications.
Labels on the edges are the 1-cells or O-cells (if node below is 0-specification). The labels
on edges will not be shown except for the outermost ones since they can be recovered
from the node labels. The degree of each node is at most 2. We will assume that the
degree of the node with 0-specification to be 0 even though it has an edge coming in.

Each tree has a type. The set of types is © C Cell; (M)* x Cell; (M), where Cell; (M)*
is the set of composable strings of Cell; (M) (pasting diagrams). If T is the type of the tree
T, then, define dom(7") = m(7) and codom(T") = m(7). - is the concatenation operation
on the strings in Cell; (M)*.

T and the type of trees in T are recursively defined as follows:

1. A€ O(A), pe|1a](1) and f = 14,, then

[A]

(f)
is a tree of type (A- < -A, A*f>A).

2. If f € A(A, B), then

is a tree of type (A ! B, A

l1

3. If T} is a tree of type (A B, A ! B), T3 a tree of type (BL>C, B—2-(0)
and s € |oapc |(f,9), where f € A(A,B), g € A(B,C), A,B,C € O(A) and
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h = f og h, then

is a tree of type (A0, A—lw().

4. If T is a tree of type (A LB, A !

A(A,B), A, B € O(A), then

B), and § € A(A, B)[f,g], where f,g €

is a tree of type (A '.B, A" B).

These trees can be thought of 2 dimensional pasting diagrams in multitopic category
in which 0-cells and 1-cells are as in A and 2-cells are 0-specifications, 2-specifications and
2-cells.

Now the equivalence relation ~C T x T is defined. This is done in terms of elementary
tree transformations T} — T5. Define ~ to be the transitive closure of —, hence

Each elementary tree transformation step is invertible. Each step is labelled as XX
and its inverse as X X. The elementary steps are classified according to their origin in
ana-bicategory.

In these elementary steps the position (pos € {u,l,7}*) indicates where the transfor-
mation is applied. So pos is a string from alphabet {u,(,r}, which gives the position
relative to the root node. The logic is simple. Start from the root node of the tree. Read
pos from left to right and on seeing v move up, on [ move left and on r» move right. If such
a move is not possible for any part of the string pos then the position is invalid. Denote
©(T) to be the set of all valid positions in T

If T is a tree and pos a valid position in 7', then T[pos] is the subtree of T" at position
pos. The notation reminds us of the fact that pos is the index for the trees, just like
numbers are indexes for the sequences.

If pos is a string and pos’ is a prefix for it, then pos — pos’ denotes the string such that
pos’ - (pos — pos’) = pos, where - is the string concatenation operation.
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Composition Law: This comes from composition in category A(—, —).

1. (VC) This transformation is the replacement of two nodes representing arrows in
category A(—, —), with their composite. Let 8-+ =9 in A(—, —).

@ (pos,V.C,6,8,7) i
@
@ pos

(pos,VC,8,8,7) v
pos

Structural Laws: These are the laws that change the specifications used and the skeleton
of the tree. There are two laws for the 0-specifications and 2-specifications, and three laws
for the three natural anaisomorphisms «, A and p.

1. (S0) This transformation is for changing the O-specifications. Let p,q € [14](1).
[A]

(pos,50,p,q) @

v (pos,50,p,q) pOS

2. (S2) This transformation is for changing the 2-specifications. Let s € [oa g o|(f1. 1),
t€loanc|(f292), B € A(A,B)[fi1, fo] and v € A(B, C)|g1, go]-

Ty T,

@ @ (POS,Qﬁ,%Svt)

pOS (p087§’577787t)
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3. (ALP) This transformation changes the shape of the tree. It changes the tree from
right oriented one to left oriented. Let s € |oapc [(f,9), t € |oacp |(f osg,h),
u € |opepl|(g,h),veEloanp|(figouh).

(pos,ALP,s,t,u,v)

(pos,ALP,s,t,u,v)

4. (LMD) This transformation eliminates the O-specification on the right of a 2-specification.
Let s € | OA,B,B ’(f, 1B,p)7 pE |1B|(1>

Bl

@

pos

e (pos,LM D,s,p) @
pos

5. (RHO) This transformation eliminates the 0-specification on the left of a 2-specification.
Let s € | CA,A,B |(1A,P7f)7 p e |1A|(1)
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[A]

v (pos, 2O 5) i

pos O,

v (pos,RHO,s,p) @
pos

\/

Identity Law: This law is reflective of the fact that composition with identity does not
affect the 2-cell.

1. (ID) This transformation introduces the identity node into the tree. Let codom(T}) =

f, then
v (pos.ID 1 a
s >
(pos,ID,f) V‘ii?s

Now we can define a set of two cells to be

Celly(M) =T/ ~

4.2. CoMPOSITION: Composition of trees is defined as a typed concatenation of two trees.
Let T be a tree such that codom(T}) = f, T» and pos be such that Ty[pos] = (f). Then
T =T\ ®pos I» is a tree such that at position pos in T5, T; is attached. (The composition
can be thought of as composition of 2-PD’s.)

Formally,

Ty[pos'] if pos’ is not a prefix of pos

! n _—
(¥pos’ € p(I2)) Tlpos’] = { Ti GOpos To[pos’]  otherwise, where pos” = pos — pos’

4.3. LEMMA. Celly (M) and Celly(M) along with composition ©_ is a multicategory.

PRroor.



640 PARAM JYOTHI REDDY R

Well defined: Composition is well defined i.e. T} >~ T} and 75 ~ T3, then T} ®, Th =~
T ©4 T5.

Let (t1;) be transformations for Ty — TY, (t2;) be transformations for Ty — Tj.
(t2;) transforms position p to ¢, and p * (t1;) be sequence of transformations with p
prefixed to every transformation in (t1;). Now, p x (t1;) - (t2;) is transformations for
Ty ©p Ty — T] Oy Ty,

Associativity: Composition is associative.
Let Ty, Ty, T5 be trees, p € p(T3) and g € p(T3) such that codom(T}) = f, codom(T3) =
g, Tr[p] = (f) and Ts[q] = (g). Then (T} ©, T2) ©y Ts = T1 ©y,p (T2 ©4 T3). In pictures,

V (f)p (9)
?7 q
(f)
(9)

v " \ly/
Ty &, T Ty 04 T (11 ©p T2) ©4 T3 =Ty O (T2 04 T3) = v

(9) v

Commutativity: Composition is commutative.
Let Ty, Ty, T3 be trees and p,q € p(T3) such that codom(T;) = f, codom(Ts) = g,
Tsp] = (f) and Ts[q] = (g9). Then Th ©, (T2 ©, T3) = T> ©, (11 ®, Ts). In pictures,

v ¥V ¥
ng Wf‘i
VAR v
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T, T,
T' O (Tr 04 T3) = T2 ©g (Th ©) T3) =

Identity: Composition respects identity laws.
Let T be a tree and p € p(7T') such that codom(T") = f and T[p] = (g). Also Id; and
Id, be identity trees for f and g respectively.

1. 1d, 0, T~T.

(9)

(9)
T%é Idg 1d, 0, T = W:T

2. TOuldy~=T.

i
T= 1d, T © g 1dy =

(f)

For any well ordered set I, define
Ly =A@ )|, 5) € IxINj=5Si(i)}

VQJ = {(17])|(27j) el xINi S]}

and
Viar=A{(,7,k)|(,5,k) e I xIxINi<j<k}

where S} is the successor function inside I. Note L; C Vy ;. Given m,m’ € I such that
m < m/, then define [m,m/|; = {i € Ilm < iNi <m'} and |m,m'[;={i € Ili <mVm' <
i}. Given a well ordered set I and j & I, define j < I to be the extension of I with j such
that 7 < I. Analogously, I 4 j. Given two well ordered sets I and J, define [ <« J to be
well ordered set such that I < J and ordering within elements of I and J are preserved.
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4.4. DEFINITION. Pasting diagram (PD) is a triple f = (I, fo, fa), where

fO I — Ceﬂo(/\/l)
fA Ly — Celh(./\/l)

such that
(V(i,7) € Li)(fa(i,7) : fo(i) — fo(j))
Define |f| = 1| and f|; = (J, fols, fals).
Also, we say (I, 90,94) = g < f = (J, fo, fa),

I CJNgo= foliNga= falr

This defines a partial order on pasting diagrams. Given pasting diagram f = (I, fo, fa)
and m, m' € I? define g= f T(m,m’): ([mam/]thhm,m’][agA‘[m,m’h)-

We now define a complete set of specifications for a given pasting diagram. Intuitively
this is a collection of O-specifications and 2-specifications that fit together to define the
composition of 1-cells such that between any pair of 0-cells there is an unique 1-cell. The
basic idea in this definition is that all «a, p, \’s associated with these specifications are
identities.

4.5. DEFINITION. [ indexed set of specifications is a quadruple S = (0, F,S0,52),

© I —O0b(f)
F Vo — Ar(f)
S0 :[—>‘1,‘

S2 :Vgp—|o___|
such that
1. F(i,j): 03G) — 6(j),
2. S0(i) € [lew(1),
3. F(i,1) = lew),s04):
4. S2(i, 5, k) € | couy,ep).om [(F(i,5), F(, k),
5. F(i,k) = F(i,]) osai k) F (4, k).

Given I indexed set of specifications S, for any non empty J C I, the subsystem S|
is the restriction of S to J.

S T (m,m) is the upper half of S from m to m/, i.e. S Tumm)= Slpmm,- S Limms is the
lower half of S from m to m’ i.e. S |(mm)= Slmm[;-
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4.6. DEFINITION. I indezed set of specifications S = (0, F, S0, 52) is said to be a set of
specifications for pasting diagram f = (I, fo, fa) if

1. 0=7,

2. Flp, = fa

4.7. DEFINITION. a-coherent systems: I indexed set of specifications S is said to be an
a-coherent system if

QLS9 (i, k), 52 (i, k,1),52' (G, k,0),52 (i.5,) = LdF7 (a0
foralli,j,k,l € I such thati <7<k <I.

4.8. DEFINITION. p-coherent systems: I indexed set of specifications S is said to be an
p-coherent system if

P82 (i,i,5),50/ (i) = Id}'/(z’,j)
for alli,7 € J such that 1 < j.

4.9. DEFINITION. A-coherent systems: I indexed set of specifications S is said to be an
A-coherent system if

As21(i,5.4),50G) = LdFi(ij)
for alli,7 € J such that 1 < j.

4.10. DEFINITION. [ indezed set of specifications S = (0, F,S0,S52) is a complete set of
specifications whenever it is a, p, \-coherent system.

4.11. LEMMA. Given an object A and p € |14|(1), there exists s € |oa a4 |(L1ap 1ap)
such that 14,0514, =1ay and psp = Asp = Q565 = Id1,

PROOF. From 2.2 & € | o444 [(1ap, 1a,p) such that p,, = Id;, . Using coherence we

have
Ps,p

1A,p Os 1A 1A;P

>
P >
As,p

So, Asp = psp = Id1, . Using coherence again,

(1A,p Og 1A,p) Og 1A,p

Os,35,s,8 1A,p OS 1A,p

/A,pos,sps,pzldlfx,p

1A,p Os (]-A,p Os ]-A,p)

S0, Q56,6 = Id1, - n
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4.12. LEMMA. Given f =, fo, fa), a complete set of specifications S = (0, F, S0, 52)
for f, and g = (J, go,ga) such that

1. J=14j,
2. f=u
Then there exists a complete set of specifications S" = (0', F', S0, S2') for g such that
S =29

PROOF. In this proof for simplicity we use natural numbers. Since I and J are well ordered
sets, we have I = {0,....,n} and J = {0,...,n + 1}. Hence, we use natural numbers as
indexes in this proof locally.

Let

1. ©3i)=06(),0<i<n,and O'(n+1)=go(n+1)
2. Fi,j)=F(,5),0<i<j<mn,and F(n,n+1) = ga(n)
3. S0'(i) =50(i),0<i<n
4. S2'(i,j, k) = S52(i,7,k),0<i<j<k<n
In this proof we locally use the following abbreviations:

‘/T'-Ii,j = f’(@,j)

Oi5k = O82/(i,5,k)
Oi5k = ©82/(i,4,k),52(,5,k)
Pij = PS2(ii,5),50 (i)
Aij 1= As21(i,j.4).50(j)
Oy gkl = QUS(i,5.k),52! (i,k,1),52' (j,k,1),52' (i,5,1)

lorwy = leorw),s0)
Idi’j = Id]—"(i,j)

Base Step: Choose any S0'(n + 1). From 4.11 we have S2'(n+ 1,n+ 1,n + 1) such
that ppiint1 = Mt = Cnginsint el = Ldnging

Induction Step: For any 0 < i < n, suppose we completed the following process for
all i < j < n+1, we choose S2'(i,n,n + 1) € | oar(),0/(n),0/(n+1) |(F'(i,n), F'(n,n + 1)),
and let F'(i,n+ 1) = F'(i,n) 0 nni1 F'(n,n+1).

Now we need to define S2'(i,j,n+ 1) fori <j<n+1Aj#n.

1. (I1) For j = n+ 1, from saturation we have an unique S2'(i,n + 1,n + 1) such that

)\i,n+1 = Idi,n—l—l
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2. (I2) For j =i, from saturation we have an unique S2'(i,4,n + 1) such that
Pint1 = Idi i1
3. (I3) For any i < j < m, from saturation we have an unique S2'(7, j,n + 1) such that
Qi jnnt1 = 1ding1

The selection satisfies p and A coherence. We need to show the a coherence for ¢ < 5 <
k <1 =n+ 1. This has 8 cases depending on where equalities and inequalities lie. All of
the following diagrams commute due to coherence.

Casel. i<j<k<l=n+1,k#n
! i i !
(F'ij 0ijk F'ik) Oikn F'in) Oinmtr Fnnt
ai,j,k,noi,n,n+lldn,n+l

] ! ! / .
(F'ij %ign (Fik ©kn F'em)) Cimmt1 Fnnt % Rn pt1

. / / ! !
ijm,nt1 (f i,j 9ij.k ]:j,lc) Oi k,n+1 (]: kn Okn,n+1 ]:n,n+1)

! ! ! ! .
«7:1',]' Oj jn+1 ((«7: 4.k Oj.kn F kn) Ojnn+1 an,n—i-l) Qi gk, nt1

Id’i;jo\iijnJrlo‘%n-!—l
! ! ! /
F'ii0ijm+1 (F ik ©kmt1 (Fen Oknnt1 Fnn+1))
Now,
1.

Q; j kn Oinn+l Idn,n+1 = Idi,n—i—l

because o ;i = Id;, from specifications S.

2.
QG jnnt+l = Idi,n+1
from choice in item (I3) above.
3.
Id; j 05 jn+1 O knnt1 = Idipgr
because o knn1 = Id;j 41, by induction as j > i.
4.

QG knnt+l = Idi,n—‘rl

from choice in item (I3) above.
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5. Since the diagram above commutes, we have
Qg kntl = Idi,n—l—l
Case2. i<j<k=l=n+1

/ !
(F'ij ©ijm+1 Fljnt1) Cintim+1 Lor(nt)

/

Ain+1

\

g fdntd F'iyj %%gmt1 Fjns1

Id; j9i,j,n+1 A7 n+1

\

! /
]:i,j Oi,j,n+1 (-7: jm+1 Oin+1n+1 1@’(n+1))

Now,

>\i,n+1 = Idi,n-‘,—l

from choice in item (I1) above.

Idi,j Oi,j,n+1 )\j,n+1 = Idi,n+1

because Aj,+1 = Id; 41, by induction as j > 1.

3. Since the diagram above commutes, we have
Qi jnt ot = Idiny
Case 3. 1<j=k<l=n+1

! /
(Flij oigg L)) Cigmtr Fin1

Af*j”ﬂ*"““&

o / !
Qi 5,7 n+t1 fz‘,j Oijn+1 Fj7n+1

/

Id; j9i,j,n+107,n+1

\

] ]
F'ij g1 (Lo Cigimnsr Flint1)

Now,
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/\i,j Oi,5,m+1 Idj,n+1 = Idi,n+1

because \; ; = Id; ; from choice in item (I1) above.

Id; j 0ijnt1 Pin+1 = Idipnta

because p;,+1 = Id;,+1, by induction as j > 1.
3. Since the diagram above commutes, we have

Qi jjnt1 = 1d; i

Cased. i<j=k=Il=n+1

/
(]:i,nﬂ Oin+1,n+1 1@’(n+1)) Oi,n+1,n+1 1@’(n+1)
\)\i7n+1\

. /
Fint1,nt1,nt1 Flin+1 Cint1nt1 lorman)

y,n+l,n+lpn+lm+l

!
in,n—‘rl O n+1,n+1 (1@’(n+1) On+1,n+1,n+1 1@’(n+1))

Now,

Ai,n—&—l - Idi,n—l—l

from choice in item (I1) above.

Idi,j Oin+1,n+1 Pn+lnt+l = Idi,n—i—l

because ppy1n+1 = Id;j ;41 from 4.11.
3. Since the diagram above commutes, we have

A n+1,n+1,n+1 — Idi,n—l—l
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Case . 1=7<k<l=n+1
(Lors) ik Flik) Cipint1 F et

pi’koi’k’"ﬂldK

L / /
Qi k,n+1 fi,k Oi,k,n+1 F kn+1

_——

i,n+1

/

\

Loy %iim+1 (Flijk %ipnt1 Frnt1)

Now,
1.
Pi.k i kn+1 Idk,n+1 = Idi,nJrl
because p; , = Id; , from specifications S.
2.

Pin+1 = Idi,n—H

from choice in item (I2) above.

3. Since the diagram above commutes, we have
Qi i knt+l = Idi,n—l—l
Case 6. i1=j3<k=Il=n+1

!
(Lor(i) %iim+1 Flint1) Oimt1n41 Lormin)

Pint1% 1 nt1ldig, 4y

. /
QA i,n+1,n+1 fz)n—‘,—l Oi,n+1,n+l 1@’(71-‘1—1)

_——

Pin+1

___—

!
1@/@‘) Oi,i,n+1 (Fi,n+1 Oi,n+1,n+1 16'(n+1))

\

Now,

Pin+1 Oin+1n+1 Idle,(n+1) = Idi,n—i—l

because p; +1 = Id; 41 from choice in item (I2) above.
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Pin+1 = Idi,n+l

from choice in item (I2) above.

3. Since the diagram above commutes, we have
QG i n+ln+l = Idi,n—H
Case 7. 1=7=k<l=n+1

(1@/ i) Oi,ii Lo ) O4in+1 F/i,n—i-l
(@) (4)

/

0i,i9 i n+11ds na1
| /
@i iint1 lor@) %iint1 Flintt

i,n+1

\

!
Loy %iim+1 (Lo ©iint1 Flint1)

Now,

Pi,i %iin+1 Idi,n+1 = Idi,n+1

because p;; = Id;; from 4.11 above.

Pin+1l = Idi,n+1

from choice in item (I2) above.

3. Since the diagram above commutes, we have
Qi iintl = Idi,n—i—l
Case8. 1=7=k=l=n+1

Ont1n+ln=1n+1 = Idn+1,n+1

from 4.11.

649
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4.13. LEMMA. Given f =, fo, fa), a complete set of specifications S = (0, F, S0, 52)
for f and g = (J, go,ga) such that

1. J=j «l,
2. [=gl
Then there exists a complete set of specifications S" = (©', F', S0, S2') for g such that
S =5
PROOF. Symmetric to 4.12. n

4.14. LEMMA. Given f =, fo, fa), a complete set of specifications S = (0, F, S0, 52)
for f, and g = (J, go,ga) such that

1. J=L<I«R,

2. f=gli
Then there exists a complete set of specifications S" = (©', F', S0, S2') for g such that
S =5
PROOF. Use 4.12 to extend to the right and 4.13 to extend to the left. [

4.15. LEMMA. Given a pasting diagram f=(I, fo, fa), there is a complete set of speci-
fications S = (©,F,S0,52) for f.

PROOF. We use induction on size of |/].
1. DBase case: Use 4.11.
2. Induction step: Use 4.12.

4.16. NORMAL FORM FOR COMPLETE SPECIFICATION TREES: Given a PD f, and a
complete set of specifications S for f, we have trees with only specification nodes that are
constructed from S; they use only specifications appearing in S, placed in the same way
as in S and contains no 2-cell nodes. Call such a tree a specification tree and denote a set
of such trees as Tg (dom(T) = f whenever T € Yg). All such T € Tg are equivalent to
a unique tree in normal form in Yg as shown below. We denote the normal form tree for

S by [1s-
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4.17. DEFINITION. A tree T € Yg is said to be in normal form if and only if

1. |f|=0, and

2. or |f| =1, and

3. or |f| >1, and

and Ty is in normal form.

4.18. LEMMA. Given a complete specification set S and T € Yg, then T ~ []g, i.e.
T —*[1s.

PROOF. An algorithm for converting a specification tree into its normal form is given. It
actually produces a witness for converting 71" into its normal form. This is called Norm
and has type

Norm : Tg — (—=7)

where (—*) is set of sequences of elementary transformations.
Norm is defined recursively as:

[A
Norm =€

(h)

(f 9)
Norm =€

(h)
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3.
T5 T3
Norm
= Norm -(e,ID,h) - (¢, ALP,s,t,u,v)
4.
[B]
(P i; /
Norm v = Norm | -(e,ID,h) - (¢, LMD, s,p)
(s) (h)
(h)
5.
[A]
()
Norm v = Norm -(e,ID,h) - (e, RHO, 5, p)
(s) (h)
(h)
6.

9)
Norm = (I) * Norm ( )
(f)
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Let (t;) = Norm(T'). Then (t;) is a transformation for T'— [[. Hence, T'~ []. n

4.19. COROLLARY. Given a complete specification set S and Ty, Ty € Tg then T} >~ Ts.
PRrROOF. Tl ~ HS ~ TQ. ]

4.20. RESIDUE MODULO COMPLETE SPECIFICATIONS OF A TREE: Given a tree T, let
number of O-specifications in 7" be #,(7") and number of 2-specifications in 7" be #2(7T).

Let #(T) = #2(T) + 1 — #o(T). ~ ~

For any tree T such that dom(7") = f and S being a complete specification set for f,
we define [T'|g the residue of 7' modulo S recursively as below. We also produce a witness
for the transformation that finds [T]s, denoted as Vg(T'). Now,

1. If
[A]

4

(f)
s then [T]S = 114750(0)71, and \/5(T/) = (6,%, SO(O),p)

2. If

3. If
T, T,
T —
(h)
then
[T)s = [T1]$1dom(Ty) ©82(0,4(T1),#(T1)+#(T2)),s |12]S1dom(Ts)
and
Vs(T) = (1) * Vstdom(r) (T1) - () * Vstdom(rz) (T2)
: (67 ﬁa [Tl]STdom(T1)7 [TZ]STdom(Tz)v 52<07 #(T1)7 #(Tl) + #(TQ))7 S)

4. If
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then [T)s = [T1]s - B and

Vs(T) = (u) * Vs(Th) - (€, VC, [T1]s - 8, [Th]s, B)

Denote by (T") g, the tree obtained using transformations Vg(7') on 7. Then note that
(T)s[(u)] € Ts. We denote (T")g[(u)] as T'/S. Thus we have an equation

T~T/S®Owl(Ts

Let —, be the restriction of — (elementary transformations) for the case where
pos = € i.e. the transformation is applied at the root only.

4.21. LEMMA. If T —, T' and S a complete set of specifications for dom(T), then
[Tls = [T"]s.

PRrROOF. For simplicity in this proof, subscript S is removed from [T)s.

1. VC For (e,VC,8,8,7), [T] = [T}] - 8-~ and [T"] = [T1] -6 = [T}] - B - . Hence,
[T] = [T,

2. VC For (¢,VC, 6, 3,7), proof is same as above.

3. S0 For (¢,50,p,q), [T] = log.soi.e and [T'] = leg).so@p - 1o@pe = Lo@).s0().qa-
Hence, [T] = [T"].

4. S0 For (¢, 50, ,p, q), proof is the same as above.

5. S2 For (6,52, 8,7, s,t), [T] = ([Th] - B) os26ijkye ([T2] - 7) and [T"] = ([T1] 0s26..k).5
[T5]) - (G os+y). Hence, [T] = [T"].

6. S2 For (¢,52, 3,7, s,t), proof is the same as above.

7. ALP For (¢, ALP, s,t,u,v), [T] = [T1]osa(,j)0 (Vo520 k)u0) and [T'] = ([T1]osa, , .6
[15]) 052(i,k),¢ [13]. From naturality we have, [T"] = «a;jx;- [T and from o coherence,
we have «; ;= Id;;. Hence, [T = [T"].

8. ALP For (¢, ALP, s, t,u,v), proof is the same as above.

9. LMD For (6, LMD, S,p), [T] = [Tl]Idf = [Tl] and [T’] = ([Tl]osg(iyjyj)ﬁ 1@(]')750(3')71,)'
Asp- From naturality we have, [T'] = \;; - [T'] and A coherence we have \; ; = Id, ;.
Hence, [T] = [T"].

10. LMD For (¢, LMD, s, p), proof is the same as above.

11. RHO For (E, RHO, S,p), [T] = [Tl] Idf == [Tl] and [T’] = (1@(j),50(j),poSQ(i,i,j),s [Tl]) .
psp- From naturality we have, [T"] = p; ; - [T] and p coherence we have p; ; = Id, ;.
Hence, [T] = [T"].
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12. RHO For (¢, RHO, s,p), proof is the same as above.
13. ID For (e, ID, f), [T] = [T1], [T"] = [T}] - 1d; = [T}].

14. ID For (e,ID, f), proof is the same as above.

4.22. LEMMA. [f [Tl]g = [T{]S; then [Tl ®p TQ]S = [TI/ ®p TQ]S

PROOF. Since T is a subtree of 71 ®, T, and T7 is a subtree of 7] ®, T, while evaluating
71 ©, Th]s and [T] ®, T3]s, at a certain point we need to evaluate [T%]s and [T7]s. But
then [T1]s = [I}]s and the rest of the evaluation is same for [T7 ®, T3] and [T} ®, Ts]s.
Hence, [T7 ©, Tr]s = [T] ®, Tr]s "

4.23. COROLLARY. If T ~T" and S is a complete set of specifications for dom(T), then
[Tls = [T"]s.

PROOF. Using 4.21 and 4.22 we have T' — T" = [T|s = [T"]s. Using induction on the
number of steps in ~=—"*, we get the required result. [

4.24. LEMMA. Suppose Ty, Ty € T such that 7(Ty) = 7(Ts), and S is a complete set of
specifications for dom(T7) = dom(Ty), then

T1 ~ T2 < [Tl]g = [TQ}S

PROOF. (=) 4.23
(=)

\/S(Tl)

T (T)s =T1/S Oy [T1]s = Ts Owy [Th]s

(Th)s =To/S Oy [T3]s = Ts O [To]s

4.25. DEFINITION. A tree T is said to be universal if and only if [T)s is an isomorphism,
where S is any complete set of specifications for dom(T).

4.26. LEMMA. Guwen any pasting diagram f, there is an universal 2-cell U such that
dom(U) = f.
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PROOF. Let S be a set complete set of specifications for f, then consider U = Yg. Let S’
be any complete set of specifications for f. We use induction on the structure of the U.

1' |f| :()7
[A]

U =

(h)

then, [U]ss = 14, , which is an isomorphism.

2. or, |f| =1, and

then, [U]ss = Id; which is an isomorphism.

3. or, |f] > 1, and

then, by induction [T}]g is an isomorphism. Hence, [T]ss = [Ti]s oy s Id, is an
isomorphism.

4.27. LEMMA. Given any 2-cell T such that dom(T) = f and a universal 2-cell U such
that dom(U) = g = f T (mm), then there is a 2-cell T', such that U ®_T" ~T.

PROOF. Let S be a set of complete set of specifications for § = dom(U). Since, g =
f T(m,m), we extend S to S’ such that S’ is complete set of specifications for f. Now, let
S" =S Lmm, h = flcodom(U)/(m,m’)], pos = (IIl=m=1 pif (m=0)(0)else(1)) pos’ = u-pos
and, pos” = pos’ - u. Then U/S Opes [[gn € T with dom(U/S Opes [ 1) = f. Now we
have,
T/S" Ow [Tls
/S ®p% [Is) O > [T]s
(U/SQ Uls) ©w [Uls 1) Opos L) Oy [Tsr

w (U ] ") @pos HS”) w [Ts

[ s )®pos (s ©w[T]s)
®pos~ ([Uls" @pos (Lsw ©[T]s))

Thus 7" = ([U]5" ®poy ([1gr @uwy[T]s)) satisfies the lemma. n

121 1R
22’5\

I
QA
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4.28. LEMMA. Given an universal 2-cellU, and two 2-cells Ty and Ty such that, dom(U) =
g, dom(7y) = dom(7Ts) = f, codom(T}) = codom(Ty) and codom(U) = fa(m). Then
UOp Ty ~U ©pe Ty, implies Ty ~ T.

PROOF. In this proof we use isomorphism of indexes with natural numbers. LetS be
complete set of specifications for g. Let h = f[g/(m,m + 1)]. Let S’ be an extension
of Sto hand S” = 5 |,mijg- Let pl’ = Veu(T1)(pl), p2' = Ver(T2)(p2), and p =
(IFl=m=1 _ i m=0)O)else(1)) " Then

U®p1 T1 ~ U@pg T2

= U Opr (T1/S" Oy [Tilsr) = U Op (12/5" Oy [Ta]s7)

= U Oy (HS//@ >[T1]S”) ~ U Op (g ©OwlT2]s)

= (U ©p Hsr) Oy [Ti]sr = (U ©p [gn) Oy [T2] s

= ((U/S O [U]s) ©p Hsu) w [T1]sr >~ ((U/S O [U] )®p s) O [To]sn
= ((U/S©p Ign) O 0) Oy [Ti]sr = (U/S Oy Hsn) w 0) O [T s

= - [Tl]gu =9- [TQ]SN

= [Tl]S” = [TQ]S”

= Ty ~T,

_ -1 _ _ i}
where & = (Idzr(0,m) ©527(0,m,m+1),527(0,m,m+1) [Uls") 270 m-+1,[R1).527 (0.m+1f) 1dFv (mr1,[))-
Since [Ulg is an isomorphism, so is d. n

4.29. THEOREM. Construction (=) transforms ana-bicategory to 2D-multitopic category.

5. Equivalence of 2D-multitopic category and ana-bicategory

In section 3 and section 4 two constructions (—)* and (—)# were described. In this section
we show that these constructions form adjoint pairs in the sense of FOLDS. First we take

two composites M|—>M* j\/l*# and ,A}—>A# ) A#*. A ~ A#* is obvious
because all the data is preserved. In fact this is equality.

Non obvious equivalence is that of M ~ M*# on which we start to work now.

5.1. FOLDS s1iGNATURE. The FOLDS signature for 2D-multitopic category (Lap—nmz)
is
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Co

The following equations hold for the arrows in the above one way category.

U

(Vne{l,2,..H)(V1<i<n)dl-d =d},-c)
A d =c-¢
(Vne{1,2,..})(dy-d =c"-d)
(Vn € {172>'--})(d2f1 df :cnlc)
(Vn €{0,1,...})(Vp € Ca[n] | Lap—nnt)(eq '12 =eqr - p)
(Vm € {0,1,...})(Vn € {0,1,...}))(VO<i<n)(c;-d} =co-c™)
(Vm €{0,1,...})(Vn € {0,1,.. })(VO <i <n)(VO < j <i)(cr-d} =cop-di™H)
(Vm €{0,1,.. })(Vn € {0,1,.. })(VO <i <n)(Vi <j<n)(ci-d} =cy-dptl))
(vm €{0,1,.. })(vn € {0,1,.. })(V0 <i < n)(VO < j <m)(co-d]" =cyp-dii" )
(Vm € {0,1,... })(Vn € {0,1,.. H(V0O <i<n)lec;-c™ =cy- ™)

The 2D-multitopic category is Lop_ e structure that satisfies the following axioms
(X2p—nt)-

1. Equality:

1. Reflexivity
(Ve € Caln])(3e(c, ¢) € Eqln])

2. Symmetry
(Veq(c1, c2) € Eqln])(Fea(ce, 1) € Eqn])

3. Transitivity
(Ver(c1, c2) € Eqln])(Ve2(cq, c3) € Eq[n])(Jes(ci, c3) € Eq[n])
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2. Composition:

1. Existence of composite

(Va € Co[m]) (Vb € Cyn])
(c™(a) = d™(p;" (b))
_
(3d € Cy[m +n —1])(3c(a, b, d) € o[m,n,i]))

2. Composition is well defined

(Va € Cylm])
((3e(a,a’) € Eq[m])
A((Vb € Cy[n])(Vd € Co[m + n — 1])(3c(a, b,d) € o[m,n,i])))
_—
(Je(ad’,b,d) € o[m,n,i]))

3. Composition is well defined

(Vb € Cy[n])
(((Fe(d,b') € Eq[n])
A((Va € Cylm])(Vd € Colm + n — 1])(3c(a, b, d) € o[m,n,i])))
_
(Fe(a, b, d) € o[m,n,i]))

4. Uniqueness of composition

(Va € Co[m]) (Vb € Cyn])
(c™(a) = d™(pi"*(b))
A(Vd € Cylm +n — 1])(Vd' € Cylm +n — 1))
(Je(a, b, d) € olm,n,])(3c (a,b,d’) € o[m,n,i])
_—
(Fe(d,d') € Eqlm +n —1]))

3. Commutativity:

(Va € Cylm])(Va' € Co[m/]) (Vb € Cy[n))

(c"(a) = d™(p;"(b)) A e™(d) = d™(p (b)) Ni < j

A(Vab € Co[m +n — 1])(Va'b € Cy[m’ +n — 1))
(Va'ab € Co[m’ +m +n — 2])(Vaad'b € Cofm +m/' +n — 2])
(Je(a, b, ab) € o[m,n,i|) (3 (d',b,a’b) € o[m’, n,il)
(3" (', ab,a’ab) € o[m’,;m+mn—1,5+m — 1))
(3" (a,a’b, aa’b) € o[m,m’ +n — 1,i))

_—

(Je(d’ab, aad’'b) € Eqm +m' +n — 2]))
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4. Associativity:

(Va € Cs[l])(Vb € Cy[m])(Vd € Ca[n))

(c'(a) = d™(p"(b)) A €™ (b) = d"(p(d))

A(Vab € Csfl +m — 1])(Vbd € Cy[m +n — 1])
(V(ab)d € Call + m +n — 2])(Va(bd) € Co[l + m +n — 1))
(Je(a, b, ab) € o[l, m, j])(3' (b, d, bd) € olm,n,i])
(3 (ab,d, (ab)d) € o[l +m — 1,n,l +m+n — 2])
(3" (a,bd,a(bd)) € o[l,m +n — 1,7+ j])

_—

(Fe((ab)d, a(bd)) € Eq[l + m +n — 2]))

5. Identity:

(Vf e Cy)(3ds € I)(Vm)
((Va € Co[m])(V0 < i < m)
(d”(p?(a)) =f= (Elc(i(ldf)>a’a> S 0[1,n,z’]))
AVa € Cy[m))
(c(a) = f = (3e(a,i(Idf),a) € o[n,1,0])))

6. Universality:

1. Definition of universal 2-cell
Univ(u € Uln])
iff
(Vm > n)(Va € Cy[m])(V0 < i <m)(V0 < j <n)
((dj (u"(u)) = dify;(a))
_
((3e(u™(u),b,a) € o[n,m —n+ 1,i])
AV € Cy[m —n + 1))
(3 (u™(u), b, a) € oln,m —n+ 1,i])
_
(Fe(b,V') € Eqlm —n + 1))))

2. Existence of universal 2-cell for length 0 PD
(VA € Cy)(3u € U0])(c(d®(u’(u))) = A A Univ(u))

3. Existence of universal 2-cell for length > 0 PD

(Vne{l,2,...})
(Vfo € CO TLZT((Vfi € CO(A(S;) = c(fiz1)))
(Ju € Uln]) A
(VO <i <n)((d'(u"(u) = fi) AUniv(u)))
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5.2. STRUCTURE. We define M and M** as two Lop_pm structures. The meaning
of the arrows will be common for both and will be described after filling in the object
descriptions.

5.3. DEFINITION. M: Cy and Cy are Cellg(M) and Celly(M). Cyli] is 2-cells with
length of domain i. Uli| are universals of domain length i. I is identity 2-cells. Eq[i] =
{(c,c)|c € Csli]}. o[m,n,i] = {(«, B,7) € Co[m] x Cy[n] x Colm +n — 1]|a - = ~}.

5.4. DEFINITION. M*#: Cy and C; are same as above. Cy[i] = {T € T||dom(T)| = i}.
Eqli] ={(Th, Tx)|T1, T € Coli| ATy ~ To}. I ={T|T € Co[1]A\T ~1d; for some f € Cy}.
Uli] € Csfi] are the universal arrows as defined in 4.25. o[m,n,i] = {(T1,T2,T3) €
Cao[m] x Cqln] x Colm +n — 1]|Ty © Ty ~ Ts}.

c and d map 1-cells to their domain and codomain O-cells. d7* and ¢™ maps 2-cell to
its i'" place in domain and to its codomain 1-cell. e and ™ are left and right sides of
equality on 2-cells. u™ is an injection of universals into 2-cells and 7 is an injection of
identities into Cs[1].

All the axioms in Xop_ e are true for the structure M*# as has been verified in the

previous section. For M they are automatic from the axioms of 2D-multitopic category.

5.5. EVALUATION: 0 and 1 cells of these two structures coincide as was given by the
constructions in the previous chapters. For 2-cells, we define a map from M** to M
called ev, an abbreviation for evaluation, remembering the fact that trees in T come from
2 cells in M which has composition defined in it.

ev: T — Celly(M)

This is defined inductively on the structure of trees (in T) and we show it is invariant
under the equivalence relation ~ defined in previous chapter.

(f)
1. IfT= |, thenev(T)=1d;.
(f)
[A]
2. IfT= (}E, then ev(T') = p.
(f)
1 15
3. T = ,ev(Ty) = a and ev(Ty) = 3, then ev(T) =a - (- s
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4. T = and ev(T}) = «, then ev(T) = a - 3.

(9)

5.6. LEMMA.
T —, T = ev(Th) = ev(T3)

PROOF. To show that ev is invariant under ~, we show it is invariant under each elemen-
tary step. Let the resulting tree after elementary transformation of 7" be T".

1. VCFor (,VC,06,8,7), ev(T) = ev(Ty)-3-v and ev(T") = ev(T}) -0 = ev(T1)- 3.
Hence, ev(T) = ev(T").

2. VC For (¢,VC, 6, 3,7), proof is the same as above.
3. S0 For (¢,50,p,q), ev(T) = g and ev(T') =p - 1a,, = q. Hence, ev(T) = ev(T").
4. S0 For (¢, 50, p, q), proof is the same as above.

5. 82 For (¢,52,8,7,s,t), ev(T) = (ev(Ty) - B) - (ev(T3) - ¥) - t and ev(T") = ev(T}) -
ev(Ty) - s-(Bosty) =ev(Ty)-ev(Ty)- (-7 -t. Hence, ev(T) = ev(T").

6. S2 For (¢,52, 03,7, s,t), proof is the same as above.

7. ALP For (¢, ALP, s, t,u,v), ev(T) = ev(T) - (ev(T3) - ev(T3) - u) - v, and ev(T") =
(ev(Th)-ev(Ty)-s)-ev(T3) -t sty By using definition of a4, ., we have ev(T') =
ev(T").

8. ALP For (e, ALP, s,t,u,v), proof is the same as above.

9. LMD For (¢, LMD, s,p), ev(T) =ev(T1) and ev(T") = (ev(T1) -p-s- Asp. By using
definition of Ay ,, we have ev(T") = ev(71").

10. LMD For (e, LMD, s,p), proof is the same as above.

11. RHO For (¢, RHO, s,p), ev(T) = ev(T}) and ev(T") = p-ev(11) - s - ps,p = ev(Th) -
(p-$) - psp- By using definition of ps,, we have ev(T") = ev(1").

12. RHO For (¢, RHO, s,p), proof is the same as above.
13. ID For (e, ID, f), ev(T) = ev(T1), ev(T") = ev(T) - Id;. Hence, ev(T) = ev(T").

14. ID For (¢,ID, f), proof is the same as above.
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5.7. LEMMA. If ev(T}) = ev(TY), then ev(Ty ©, Ty) = ev(T] ©, T3)

PROOF. Since Tj is a subtree of T} ®, T, and 77 is a subtree of 7] ®, T, while evaluating
ev(Th ©®, T3) and ev(1] ®, T3), at a certain point we need to evaluate ev(77) and ev(17).
But then ev(T7) = ev(17), and the rest of the evaluation is same for ev(7; ®, T5) and
ev(T] ®, Ty). Hence, ev(T) ©, Ty) = ev(1] ©, Ts) n

5.8. COROLLARY.
T~T = ev(T) =ev(T)

PRrROOF. Using 5.6 and 5.7 we have ' — 17" = ev(T") = ev(7"”). Using induction on the
number of steps in ~=—"* we get the required result. [

5.9. LEMMA.
Ty > T <= ev(1y) = ev(1h)

PROOF. (=) 5.8

(<=) Let S be a complete set of specifications for dom(77). Then we have T} ~
T,/S ® [Th]s and Ty, ~ T5/S ® [T]g. Since T1/S ~ T,/S, we have ev(11/S) = ev(T,/S).
Also since T /S is composed of only specifications(universals), ev(7}/S) is universal, hence
left cancellable. Thus,

eq(Ty) = GVETQ)

= ev(Ty/9) - [Th]s =ev(Ta/S) - [To]s
= [Th]s = [Ts]s
= Ty ~T1;

5.10. THE SPAN: To show FOLDS equivalence for M and M*# we need to find tuple
(S,p,q) as M<Z—S— M*# such that p, g are fiberwise surjective. We will show that
actually S = M*#, ¢ = Id and p is constructed using ev for 2-Cells. Since p, ¢ are natural

transformations, we use p¢, etc to denote its components.
Surjectivity of ¢ is immediate. Now we list the components of p.

pc, = ldg,
po, = ldg
PCafm) = €V|cafm)
Pla = eV|1d
PUm] = €V|Ufm]
PEqm] = (eV|cyfm] © ™1, €V|cyfm) © T2)
Pomng] = (€V[cym) © M1, €V|cym] © T2, €V|cy(m) © T3)

p being a natural transformation is obvious. p¢, and pe, are obviously surjective as
they are identities.

5.11. LEMMA. pcyjm] = €V|cym) 1 fiberwise surjective on M(Cs[m]).
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PROOF. Since p is an identity on Cs[m| and pe, [, preserves the frame for Cy[m], surjec-
tivity will imply fiberwise surjectivity.

1. m =0: For any 5 € M(C:[0]), let p € M(U[0]) such that dom(p) = dom(/3), then
there is an unique v € M(C5[1]) such that = p-~. Now, consider T =p Oy p €
M*#(C,[0]), then ev(T) =p-v = S.

2. m = 1: For any 8 € M(Cy[1]), consider T = 3 € M*#(C5[1]), then ev(T) = £3.

3. m > 2: We use induction.

1. Base case n = 2: For any v € M(C3[2]), let s € M(U|2]) such that dom(s) =
dom(y). Then there is 8 € M(Cs[1]) such that v = s- 5. Now, tree T =
s Oy B € M*#(C4[2]), is such that ev(T) = s- 3 = 7.

2. Induction Step: Suppose for all @ € M(Cy[n]), there is T,, such that ev(T,) =
«. Now consider v € M(Cy[n + 1]), and s € M(U[2]) such that dom(s) <
dom(y). Then there is § € M(Cs[n]) such that v = s- 5. By induction
hypothesis, there is a tree T such that ev(T3) = 3. Let pos be such that
Tslpos] = codom(s). Then tree T = s Opos T € M*#(Cy[n + 1]) is such that
ev(T)=s-F="1.

5.12. LEMMA. pig = ev|yq is fiberwise surjective.

PrOOF. Let Idy € M(Id) and T € M*#(C5[1]) such that pe,ny(T) = Ids.  Since,
M(i)(Ids) = Idy = pe,py(T), we need to show that T € M*#(Id), M*#(i)(T) = T,
and pra(7) = 1d;.

Since pe,p)(7) = Idy, we have T ~ Idy, hence T' € M*#(Id). Since M*#(i) is an
injection, we have M*#(¢)(T) = T. Now, pia(T) = ev|1a(T) = Id;. u

5.13. LEMMA. A 2-cell o« : f=>g is universal in M if and only if « is an isomorphism

m M*.

PROOF. It is obvious that universals are isomorphisms (for any 3, consider a=! - 3).
Suppose « is an universal in M. Then let 3 be such that - 3 = Id;. Now,

=«
=a-1d,

Since, universals are left-cancellable, 3 - o = Id,. [
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5.14. LEMMA. Given a T € M*#(Cym)),
T € M#(U[m]) <= ev(T) € M(U[m])

PROOF. Let S be CSS for dom(T). Now T' >~ T'/S ® [T]s, hence ev(T') = ev(T/S)-[T]s.
As T/S is a tree made of only specifications (universals), ev(7'/S) is an universal.

(=) Since T € M*#(U[m]), [T]s is an isomorphism. So, from 5.13, ev([T]s) is an
universal. Hence the composite ev(7'/S) - ev([T]g) = ev(T) is an universal.

(«<=) Now since ev(7T") and ev(7'/S) are universals, from 2.4, ev([T]s) is an universal.
Now from 5.13, [T)]s is an isomorphism. Hence, T € M*#(U[m]). n

5.15. LEMMA. pyjm] = eV|ypm] is fiberwise surjective.

PrROOF. Let u € M(Um]) and T € M*#(Cym]) such that pc,p(T) = u. Since,
M(u™)(u) = u = poyim)(T), we need to show that T' € M*#(U[m]), M*#(u™)(T) =T,
and pypm) (1) = w.

Since u is an universal and ev(T) = u, T € M*#(U[m]) from 5.14. Since M*# (u™) is
an injection, we have M*#(u™)(T) = T. Now, pypm)(T) = ev]ypm(T) = w. u

5.16. LEMMA. pggim] = (€V]cym] © 71, €V|cym) © 2) 45 fiberwise surjective.

PROOF. Let (o, ) € M(Eqg[m]) and T, T" € M*#(Cy[m]) such that pe,pm)(T) = poyim)(T7)
= . Since, M(e]")((a, @) = o = peym(T), and M(el*)((o, ) = @ = peym (1), we
need to show that (T,7") € M*#(Eqim]), M*#(e]")(T,T")) = T, M*#(e)((T,T")) =
Tl? and qu[m}((T, T,)) = (Oé, Oé).

Since ev(T) = ev(T"), T ~ T" (5.9), hence (T, T") € M*#(Eq|m]). Since M*# (eJ*) and
M*#(em) are projections, we have M*#(e)((T,T")) = T, M*#(e™)((T,T")) = T". Now,
PEgm) (T, T")) = (ev]cym) © 71, €| cypm) © ) (T, T7) = (ev|cypm)(T), ev]cypm) (1) = (, ). m

5.17. LEMMA. If Ty and Ty are two composable trees at position pos, then ev(T) @posTs) =
eV(Tl) . ev(Tg).

PROOF. We use induction on the structure of T5.

1. T is an empty tree. Then, ev(T} Opos T2) = ev(T1) = ev(T1) - Ideodom(ry) = ev(Th) -
eV(TQ).

2. T =T oy (T" ®4y s). Here we have two cases.
1. pos begins with [. Then,
eV(T) Opos To) = ev(Ti Opos 1y T") - ev(T") - s

=ev(Ty) - ev(T') - ev(T") - s
=ev(Ty) - ev(Ty)

Here, ev(Ti Opos 1y T') = ev(T1) - ev(1") as tree 1" is less complex than 7.
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2. pos begins with r. Then,

eV(T) Opos To) = ev(T") - ev(Ti Opos (ny T") - 5
=ev(T")-ev(Ty) -ev(T") - s
=ev(Ty) - ev(T") - ev(T") - s
=ev(Th) - ev(Ty)

In here, ev(Th Opos (ny 1") = ev(T1) -ev(T") as tree T" is less complex than T5.

3. Ty=T O(uy (. Then,

5.18. LEMMA. Pomni] = (€V]cam] © T1, €V|cym] © T2, €V|cy[m) © 73) is fiberwise surjective.

PROOF. Let (a, 3,7) € M(olm,n,i]), Ty € M*#(Cylm]), Ty € M*#(Cy[n]), and T3 €
M*#(Cy[m + n — 1]) such that Peam)(Th) = a, peyp)(T2) = B, and peyiman—1)(T3) =
- Sincev M(CU)((a>ﬁ>7)) = o = pCz[m}(T1)7 M(Cl)((a76>7)) = 6 = pCz[n}(T2)7 and
M(co)((a, B,7)) =7 = Pcsimn—1](T3), we need to show that (T, T, T3) € M*#(o[m, n, i]),
M*#(Co)((Tl,TQ,T3)) = Tl, M*#(Cl)«ThTQ,Tg)) = T2, M*#(02)<(TI,T2,T3)) = T3, and
pO[m,n,i]((ThTQuT?))) = (O{767’y).

Since ev(T3) =v =a- [ =ev(1y) -ev(Ty) = ev(T) ©T5), we have T} © Ty ~ T3, hence
(Ty, Ty, T3) € M*#(o[m,n,i]). Since M*#(cg), M*#(c;), and M*#(cy) are projections, we
have M*# (co)((Th, Ty, T3)) = T1, M*#(c1)((T1, Ta, T3)) = Ty and M*#(co)((T1, Ta, T3)) =
T3. Now, Pofmni((Th, T2, T3)) = (ev|cypm] © 1, eV|cyim) © T2, V] cypm) © 73) (11, To, T3)) =
(V] cofm] (T1), €v]cym)(T2), €V lcam) (T5)) = (@, B,7).

5.19. THEOREM. 2D-multitopic category and ana-bicategory are equivalent.
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