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PETER J. FREYD

a low price (< $8) and—even better—hundreds of free copies to
mathematicians of my choice. (This was to be their first math
publication.)

On the day I arrived at Harper’s with the finished manuscript
I was introduced, as a matter of courtesy, to the Chief of Pro-
duction who asked me, as a matter of courtesy, if I had any
preferences when it came to fonts and I answered, as a matter
of courtesy, with the one name I knew, New Times Roman.

It was not a well-known font in the early 60s; in those days
one chose between Pica and Elite when buying a typewriter—not
fonts but sizes. The Chief of Production, no longer acting just on
courtesy, told me that no one would choose it for something like
mathematics: New Times Roman was believed to be maximally
dense for a given level of legibility. Mathematics required a more
spacious font. All that was news to me; I had learned its name
only because it struck me as maximally elegant.

The Chief of Production decided that Harper’s new math
series could be different. Why not New Times Roman? The
book might be even cheaper than $8 (indeed, it sold for $7.50).
We decided that the title page and headers should be sans serif
and settled that day on Helvetica (it ended up as a rather non-
standard version). Harper & Row became enamored with those
particular choices and kept them for the entire series. (And—
coincidently or not—so, eventually, did the world of desktop
publishing.) The heroic copy editor later succeeded in convinc-
ing the Chief of Production that I was right in asking for nega-
tive page numbering. The title page came in at a glorious —11
and—Dbest of all—there was a magnificent page 0.

The book’s sales surprised us all; a second printing was or-
dered. (It took us a while to find out who all the extra buyers
were: computer scientists.) I insisted on a number of changes

—24
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PETER J. FREYD

course, to be replaced by the word “equalizer”.

Pages 29-30: Exercise 1-D would have been much easier if
it had been delayed until after the definitions of generator and
pushout. The category [—] is best characterized as a generator
for the category of small categories that appears as a retract of
every other generator. The category [——] is a pushout of the
two maps from 1 to [—] and this characterization also simpli-
fies the material in section 3: if a functor fixes the two maps
from 1 to [—] then it will be shown to be equivalent to the
identity functor; if, instead, it twists them it is equivalent to the
dual-category functor. These characterizations have another ad-
vantage: they are correct. If one starts with the the two-element
monoid that isn’'t a group, views it as a category and then for-
mally “splits the idempotents” (as in Exercise 2-B, page 61) the
result is another two-object category with exactly three endo-
functors. And the supposed characterization of [——] is coun-
terexampled by the disjoint union of [—] and the cyclic group
of order three.

Page 35: The axioms for abelian categories are redundant:
either A 1 or A 1* suffices, that is, each in the presence of the
other axioms implies the other. The proof, which is not straight-
forward, can be found on section 1.598 of my book with Andre
Scedrov!, henceforth to be referred to as Cats €& Alligators. Sec-
tion 1.597 of that book has an even more parsimonious definition
of abelian category (which I needed for the material described
below concerning page 108): it suffices to require either prod-
ucts or sums and that every map has a “normal factorization”,
to wit, a map that appears as a cokernel followed by a map that
appears as kernel.

Pages 35-36: Of the examples mentioned to show the in-

L Categories, Allegories, North Holland, 1990
—22
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egory theory or on functorializing model theory''. It uses the
strange subject of 7-categories. More accessibly, it is exposed in
section 1.54 of Cats & Alligators.

Philadelphia
November 18, 2003

U Mimeographed notes, Univ. Pennsylvania, Philadelphia, Pa., 1974
—-13
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PETER J. FREYD

I kept no track of their number. So now people were seeking
the meaning for the barely visible slight increase in the size of
the word BIFUNCTORS on page 72. If the truth be told, it was
from the first sample page the Chief of Production had sent me
for approval. Somewhere between then and when the rest of
the pages were done the size changed. But BIFUNCTORS didn’t
change. At least not in the first printing. Alas, the joke was
removed in the second printing.

Pages 75-77: Note, first, that a root is defined in Exercise
3-B not as an object but as a constant functor. There was
a month or two in my life when I had come up with the no-
tion of reflective subcategories but had not heard about adjoint
functors and that was just enough time to write an undergrad-
uate honors thesis?. By constructing roots as coreflections into
the categories of constant functors I had been able to prove the
equivalence of completeness and co-completeness (modulo, as |
then wrote, “a set-theoretic condition that arises in the proof”).
The term “limit” was doomed, of course, not to be replaced by
“root”. Saunders Mac Lane predicted such in his (quite favor-
able) review?, thereby guaranteeing it. (The reasons I give on
page 77 do not include the really important one: I could not
for the life of me figure out how A x B results from a limiting
process applied to A and B. I still can’t.)

Page 81: Again yikes! The definition of representable func-
tors in Exercise 4-G appears only parenthetically in the first
printing. When rewritten to give them their due it was nec-
essary to remove the sentence “To find A, simply evaluate the
left-adjoint of S on a set with a single element.” The resulting

2Brown University, 1958
3The American Mathematical Monthly, Vol. 72, No. 9. (Nov., 1965),
pp. 1043-1044.

—-20
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Pages 131-132: The very large category B (Exercise 6-A)—
with a few variations—has been a great source of counterexam-
ples over the years. As pointed out above (concerning pages
85-86) the forgetful functor is bi-continuous but does not have
either adjoint. To move into a more general setting, drop the
condition that G be a group and rewrite the “convention” to
become f(y) = 1g for y ¢ S (and, of course, drop the condition
that b : G — G’ be a homomorphism—it can be any function).
The result is a category that satisfies all the conditions of a
Grothendieck topos except for the existence of a generating set.
It is not a topos: the subobject classifier, {2, would need to be the
size of the universe. If we require, instead, that all the values of
all f:S — (G,G) be permutations, it is a topos and a boolean
one at that. Indeed, the forgetful functor preserves all the rel-
evant structure (in particular, 2 has just two elements). In its
category of abelian-group objects—just as in B—Ext(A, B) is a
proper class iff there’s a non-zero group homomorphism from A
to B (it needn’t respect the actions), hence the only injective ob-
ject is the zero object (which settled a once-open problem about
whether there are enough injectives in the category of abelian
groups in every elementary topos with natural-numbers object.)

Pages 153-154: I have no idea why in Exercise 7-G I didn’t
cite its origins: my paper, Relative Homological Algebra Made
Absolute!?.

Page 158: I must confess that I cringe when I see “A man
learns to think categorically, he works out a few definitions, per-
haps a theorem, more likely a lemma, and then he publishes it.”
I cringe when I recall that when I got my degree, Princeton had
never allowed a female student (graduate or undergraduate). On
the other hand, I don’t cringe at the pronoun “he”.

10 Proc. Nat. Acad. Sci., Feb. 1963
—15
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PETER J. FREYD

refused to engage in the myriad discussions about the issues dis-
cussed in the material that starts on the bottom of page 85. It
was a good rule. I had (correctly) predicted that the contro-
versy would evaporate and that, in the meantime, it would be a
waste of time to amplify what I had already written. I should,
though, have figured out a way to point out that the forgetful
functor for the category, B, described on pages 131-132 has all
the conditions needed for the general adjoint functor except for
the solution set condition. Ironically there was already in hand a
much better example: the forgetful functor from the category of
complete boolean algebras (and bi-continuous homomorphisms)
to the category of sets does not have a left adjoint (put another
way, free complete boolean algebras are non-existently large).
The proof (albeit for a different assertion) was in Haim Gaif-
man’s 1962 dissertation®.

Page 87: The term “co-well-powered” should, of course, be
“well-co-powered” .

Pages 91-93: 1 lost track of the many special cases of Exercise
3-0 on model theory that have appeared in print (most often
in proofs that a particular category, for example the category of
semigroups, is well-co-powered and in proofs that a particular
category, for example the category of small skeletal categories,
is co-complete). In this exercise the most conspicuous omission
resulted from my not taking the trouble to allow many-sorted
theories, which meant that I was not able to mention the easy
theorem that B4 is a category of models whenever A is small
and B is itself a category of models.

Page 107: Characteristic zero is not needed in the first half
of Exercise 4-H. It would be better to say that a field arising
as the ring of endomorphisms of an abelian group is necessar-

SInfinite Boolean Polynomials I. Fund. Math. 54 1964
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ily a prime field (hence the category of vector spaces over any
non-prime field can not be fully embedded in the category of
abelian groups). The only reason I can think of for insisting on
characteristic zero is that the proofs for finite and infinite charac-
teristics are different—a strange reason given that neither proof
is present.

Page 108: I came across a good example of a locally small
abelian category that is not very abelian shortly after the second
printing appeared: to wit, the target of the universal homol-
ogy theory on the category of connected cw-complexes (finite
dimensional, if you wish). Joel Cohen called it the “Freyd cat-
egory” in his book®, but it should be noted that Joel didn’t
name it after me. (He always insisted that it was my daugh-
ter.) It’s such a nice category it’s worth describing here. To
construct it, start with pairs of cw-complexes (X', X') where X’
is a non-empty subcomplex of X and take the obvious condition
on maps, to wit, f : (X', X) — (YY) is a continuous map
f: X — Y such that f(X’) CY’. Now impose the congruence
that identifies f,g: (X', X) — (YY) when f|X’ and g|X' are
homotopic (as maps to Y). Finally, take the result of formally
making the suspension functor an automorphism (which can, of
course, be restated as taking a reflection). This can all be found
in Joel’s book or in my article with the same title as Joel’s.
The fact that it is not very abelian follows from the fact that
the stable-homotopy category appears as a subcategory (to wit,
the full subcategory of objects of the form (X, X)) and that
category was shown not to have any embedding at all into the

6Stable Homotopy Lecture Notes in Mathematics Vol. 165 Springer-
Verlag, Berlin-New York 1970

“Stable Homotopy, Proc. of the Conference of Categorical Algebra,
Springer-Verlag, 1966
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INTRCDUCTION 5

Among the axioms there would have to be one which insures
for each object 4 € @ the existence of a map 1, which behaves
(under the binary operation) like the identity map on A. Such
an axiom exhibits a redundancy among the primitives. Hence
we throw away not only the elements of the objects, but the
objects themselves and arrive, finally, at our definition. A
category is a class of “maps” & together with a subclass
CC # x M and a function ¢: C — #. If (x,y) € C we write
e(x,y) = xy. If (x,y) ¢ C we say that “xy is undefined.”

Category Axiom 1 (Associativity)
For x,y,z € # the following are equivalent:
(a) xy and yz are defined
(b) (xy)z is defined
(¢) x(yz) is defined
(d) (xy)z and x(yz) are defined and equal.

Category Axiom 2 (Enough Identities}
Define an identity map as an element e €  such that when-
ever cither ex or xe is defined it is equal to x. For each
x € .4 there are identity maps e, e such that exx and xex
are defined.

The recovery of the more familiar proceeds as follows:

Proposition 0.1
If e and € are identity maps, and ex and €'x are both defined,
thene = ¢’

Proof:

Let ex = x and €'x = x. Then e(e’x) = ex = x; hence, by
Axiom 1, ee’ is defined and e = e¢’ = ¢'. || (We shall use
the sign “l” to indicate ends of proofs.)

Proposition 0.1 together with Axiom 2 asserts the existence
of a function R: # — .# such that R(x) is an identity map,
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INTRODUCTION 3

Forg: ¥V, — V, a linear transformation between vector spaces,
define g*: ¥V, — V* to be the function which assigns to
(f: Ve — F)e V¥ the element {fg: V; — F)e V¥ (g* is called
the dual of g). By iteration we obtain g**. V** — V**. The
critical property of the collection of @’s is that for every
g: ¥V, — V¥, the following diagram commutes:

01
* %
V,— V!

|

Vag Vi

Such an operationon linear transformations will be called a
functor. A collection of maps which yield such commuting
diagrams as the above will be called a naturai transformation
between functors. In the case at point, we will say that the
identity functor and the second-dual functor on finite-dimen-
sional vector spaces are naturally equivalent.

The second-dual functor assigns to each vector space a vector
space and to each map between vector spaces a map between the
corresponding vector spaces. The assignment has the property
that the second-dual of an identity map is an identity map and
that (fg)** = f**g** for any pair of composing maps f and g.
The proper abstraction of these statements will become our
definition of functor.

The notion of functor will be extended to operations which
assign objects with different types of structure. The best early
example of such is Poincaré’s fundamental-group functor: to
each topological space X there is assigned a group =(X); for
each continuous map g: X; — X, there 1s assigned a group
homomorphism m(g): =(X,) — m(X,).

As before, = carries identity maps into identity maps and
behaves well with respect to composition. A similar example
is the first-homology functor. It too assigns to a topological
space X a group H(X), and to continuous maps it assigns



AIoo) [Eap1 UBLAIA0ON *f  SUISIOSY) Wing
=1oppam a3 puE s3up adwismag g suu 02E Jaa0 SaAn
-saluy g surewop [eepl [edpmad a0 sanpoy ) sdnoid
spsstang g A10So1e0  dootpusyjeany oSy LA W oy

1¢1 SISRIEXH
971 sadopary “T°9
€71 SUOISTXT ‘9
£71 SHAOTAANA AAILLDACNI '9 ¥ALAVHO
S10J0UNJ JATIIPPE
Jo spnpoxd Josual ‘T ssuc30)Es I0IOUNJ SB I[GBIUISII
-dar sauodmen ‘g seuwodored Iopuny uwr saanoaloxd
mews "0 ssausepdwos sagdunisowye ssausyedwosjet A
sar1c3eren yeepuao1n g seuofaies 1o1ouny w saansalur
pue saanasfoig (@ s9npow Jo seroS;en v seuodales
}MIpusyiolin-o) ‘g seuodajes  Iopouny  Jo  spEN( ‘Y
STI SASIHIXY
It 30)3un§ uoTiBuAsAIday ML €S
ITI S3L1033)8]) WIRPUIPOS) ‘TS
601 ssouneRY CI'S
601 SHMODALY) HOIONNA “§ HILdVHD
sauodales o[qeppaquIALn f  AJ9A UBY) 210w ST A "H
sdnoi8 uerpqe pedwon o sanpow jo sauodaes se
sfeiuesaidar sauodarey ' ssansafourd [ewg g wazoan
Fuippaqua pozzemeds vy (1 sonoSaEd up seouspuodsar
=107} 7} AIOSURIaW J0J0UN g AI0ay) 300IE[ UEIRQY 'V
€01 SISO
001 WYL SR PP
171 saLI08a)e) uegdy And £b
96 WAIONPEIATN 30y TP
$6 SILOENED UBIMY LAPA TP
ré SIWHHOFHLVLIW ‘f d4LdVHD
§— SLNILNOD

"S[eap 181G 9Y) 0} AfLIRTUSWOW UWINJAT Apn WY} UISMISQ SUOT
-BUILIOJSURI) IBSU] JO UOTISR[0D 9INUS 3y Uo 1nq saseds 101004
uo aerdo Ayuo jou suonerdo ay ‘Apuepodwr 1sow puy
"uoniesado [enp-puodas sy pue uonesado Amuapt sy Kjeweu
‘s308dS 101994 U0 Suorvado 0m) Inq saoeds 103094 JO sarqiuej Siq
o1 1snf J0u saje]21 UONDAY0s Y3 ‘Apueisodiul aTour ng “soeds
101024 [BUOTSUSIMIP-3]IUY 1583 10] 3u0 ‘sasusjeamnba yons jo
UONI[}0I 2411uU2 Uk Inq saoeds 101094 OM) UIIMISq souspeainbs
ue isn( jou s ¢ 1BY! UOTEAIISQO 3Yy) AQ SL®IS | [RInBU,
Jo siskreue oyy souapanba pinipu € jo sidwexs ue S ¢
"wisydIowost ug 3dusy puw OIUO SI ¢ IEY)
sarpduir sny) ayuy st 4 usaym ases ay ug suorsuswiIp Jo Kpenba
3Y L "UONBUIOISURI) IBSUI SUO-01-3U0 B ST @ "4 2 X Uoed 0]
s+ 2 X A0JBA 31 SUTISSE YIIYA UOHIOUNS 3Y) 3G O) g0 f — A (]
QULIP IM “sad 2 X 'SI 1BY) °F 01 4 UWOJ UONBWIOJSURH
zeaur] & St x (x)/ = (J)x auyop ‘44 3(7 4 f) pue 45 x
Iog uontuyap Areutupxd e sarmbor uonuysp sy csiaylo
3l [[e Suoure ‘[Im nok i “yno Spuels Yorym duo ‘wsydiowosr
Temonied e st 213Yy) 219y Jng -orqdIowost aIe L, 4 puE 4 1eY)
satpdwr 4 jo ssauapuy oy UIEdy ‘¢4 JO [BOP Y 3G 444 1]
(‘3uateambse Aypanipuun are , 4 pue 4
1eyy Kes Arw ay ‘pasodsip os st duo §1) *, 4 03 4 wouy wsiydiow
-OSt apinonapd AUe “15A3M0Y ‘ISTX3 JOU $30P 313y orydiowost
SIB 44 PUR 4 JBY] ‘uayl ‘sp1asse sadeds 10193A Jo LI031) YL
"UQISUIWIIP LS ) JARY , 4 PUE 4 ‘PI3IPUL “PUE *, 4 SI OS UL
[BUOISUSWIP-211uY ST 4 J] 24M3ama3s 20kds 101034 [2INTRU Y] [IIM
13y12301 4 OWUI 4 WOIJ STEUONI3UT JEIUI] JO 138 3Y3—aoeds [enp
S 3Q 44 19] PUB ‘7 PI3Y B I2A0 4 20eds 101934 € I19pIsuc)
: RIUUT 3m 2I0J213Y) pue sjqeaoidur
-un swds yoeordde moy] -sousjearnbs (eimeu ' jo apdwexs
umouy 1saq aip sdeyiod stoyeym Suiquosap Aq ueSaq Asyl
‘[9] sueTaBp pur Fidquong Aq parsA0dsIp seam paugep Aqed
-IIERISYIBW 3G P[NCD 1 JBY) J9EJ A "UONIULSP B PRY I 2I0Jaq
Suoy AreInquooA [EONRWISYIBM Y3 UT PAISIXd UONIOU 1SB] AU

S$IMODILYD NYIT1IaY [4



-4 CONTENTS

CHAPTER 7. EMBEDDING THEOREMS 138
7.1. First Embedding 138
7.2. An Abstraction 141
7.3. The Abelianness of the Categories of Absohitely Pure
Objects and Lefi-Exact Functors 148
Exercises 150

A. Effaceable and torsion functors B. Effaceable functors
and injective ohjects C, Oth right-derived functors D. Ab-
solutely pure objects E. Computations of 0th right-
derived functors F. Sheaftheory G. Relative homological

algebra
APPENDIX 155
BIBLIOGRAPHOY 161
INDEX 163

INTRODUCTION

If topology were publicly defined as the study of familtes of
sets closed under finite intersection and infinite unions a serious
disservice would be perpetrated on embryonic students of
topology. The mathematical correctness of such a definition
reveals nothing about topology except that its basic axioms
can be made quite simple. And with category theory we are
confronted with the same pedagogical probiem. The basic
axioms, which we will shortly be forced to give, are much too
simple.

A better (albeit not perfect) description of topology is that
it is the study of continuous maps; and category theory is
likewise better described as the theory of functors. Both de-
scriptions are logically inadmissible as initial definitions, but
they more accurately reflect both the present and the historical
motivations of the subjects. It is not too misleading, at least
historically, to say that categories are what one must define
in order to define functors, and that functors are what one
must define in order to define natural transformations.
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8 ABELIAN CATEGORIES

then F(4) > F(B)

N

F(C) commutes.

A natural transformation between two functors F, G, both
from .#, to .#,, is a function #: €, — .#, such that;

Transformation Axiom 1
For 4 € 0, n(A4) € (F(4),G(4)).

Transformation Axiom 2
For any x € (4,8) C #; the diagram

F(4) = F(B)
] )l lnw)

G(4) — G(B) commutes.

If for each 4 e ¢, there exists #71{4) such that 5(A)n—1(4)
and n~'(A)n(A) are identity maps, then # is & natural equivalence.

In 1952 Eilenberg and Steenrod published their Foundations
of Algebraic Topolagy (7], in which a homelogy theory is defined
as a functor from a topological to an algebraic category obeying
certain axioms. They classified such “theories,” an impossible
task without the notion of natural equivalence of functors.
Cartan and Eilenberg's Homological Algebra [4] and Grothen-
dieck’'s Elements of Algebraic Geometry [11] testify to the
fact that functors have become an established concept in
mathematics.

In 1948, MacLane drew attention to categories themselves
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1.6. DIFFERENCE KERNELS AND COKERNELS

Given two maps 4 — B and 4 ~> B we say that K — 4
is a difference kernel of x and y if

DK1, KA B—K >A-2 >B

DK2  For all X— A4 such that X >4 "> B=X —
A > B there is a unique X — K such that

X
Y\
K——> A4 commutes.

In other words, a difference kernel of x and y is a map into A
which fails to distinguish x and y, and is universal in that respect
—i.e., is such that every map into 4 which fails to distinguish
x and y factors uniquely through it.

We are not asserting here that difference kernels exist. We
are only defining them.

Proposition 1.61
If K — A is a difference kernel of A—> B and A—> B then
it is a monomorphism and it represents the largest subobject

Sof Asuchthat § ~A——> B—=8S 4> B

Prooj:

Let C—> K +A=C—"> K—~A=C—> A Then C <>
A—> B=C— 4 > B, by DKI. But by DK2 the factor-
ization through K is unique and hence ¢ = 4.

All difference kernels of A — B and 4 <> B represent the
same subobject, and conversely, if K — 4 is a difference kernel
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10 ABELIAN CATEGORIES

roughly simultaneously, by Lubkin, Heron, and the author.
The proofs were entirely different. They were similar in that
they proved that small abelian categories (“small” means a
set of objects) were isomorphic to certain very manageable
categories of abelian groups.

The aim of this work is to serve as a basis for the theory of
abelian categories. The full metatheorem and embedding
theorem have been chosen as targets, and indeed the book,
exclusive of the exercises, assumes what is hoped to be a geodesic
course to those ends. There are no prerequisites except an
elementary knowledge of abelian groups and modules, (We
again except the exercises.)

The full embedding theorem closes the book in more than
a literal sense. Much of the theory within abelian categories
is reduced to the theory of modules. Further investigations in
the subject will necessarily be directed towards functor theory
rather than category theory. It is fortunate that the attempted
geodesic course of this work brings us into contact with the
fundamental tools of functor theory. Chapter 6 not only serves
as a vehicle for the major constructive part of the embedding
theorems but also as an indicator of the powerful simitarity
of modules and functors. In Chapter 7 we not only dispatch
the embedding theorems, but illustrate the principle that im-
portant statements about functors viewed as functors may
follow from statements about functors viewed as objects in an
abelian category.

One important area of functor theory which is not touched
m the text is the theory of adjoint functors. It is too impertant to
leave out entirely, and hence we have included a range of
exercises on the subject.

Among the many people whose ideas and encouragement
were necessary for this beok’s present existence are David
Buchsbaum, Samuel Eilenberg, David Epstein, Serge Lang,
Saunders MacLane, Norman Steenrod, and Charles Watts.
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Proof:
Let b, and b, be as in the definition of isomorphisms.
BY, A=B2>A->A4=8B">4"sB"s 4—-pL,

B2>4=B">4 |

Proposition 1.45
The composition of isomorphisms is an isomorphism. I

We say that two objects are isomorphic if there is an iso-
morphism between them. The above two propositions show
that the relation on objects so defined is an equivalence relation.

1.5. SUBOBJECTS AND QUOTIENT OBIECTS
Definition. Two monomorphisms 4, — B and 4, — B are

equivalent if there are maps 4, — 4, and A4, — 4, such that

A, A
l T B and 1
g

Ay Aq

‘\\*B

commute.

A subobject of B is an equivalence class of monomorphisms
into B. We define the subobject represented by 4; — B to be
contained in that represented by A, — B if there is a map
A; — A, such that

4,
l T B commutes.

A,

Note that 4, — 4, must be a monomorphism and unique.
From the uniqueness we may conclude that if it is also the
case that the subobject represented by A, — B is contained in
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12 ABELIAN CATEGORIES

order-preserving function from @, to @,. Moreover, any order-pre-
serving function from &, to &, is induced by a unique functer from
M 10 A,

Let (0,<) be a partially ordered class and define .# =
{[A,B}]A < B}, We introduce a composition on .# as follows:
[4,BI[B,C] = [4,C]; [4,B][B,C]is undefined if B 7+ B',

Then .# is a category, & may be chosen as a class of objects for
#, and the partial ordering induced on €@ by . is the original.

EXERCISES ON TYPICAL CATEGORIES

I. Let .# be a category with objects &. Suppose . is a set. For
every A4 € 0, define F(4) = {x € M | range (x} = A} and fory: 4 —
Be.#, define F(y): F{(4) — F(B) to be the function induced by
composition. F is a one-to-one functor into the category of sets.

2. Let G beasemigroup (a set with an associative binary operation)
with a zero element 0 (Ox = 0 = x0, all x € ). A G-set is defined
to be a set .5 together with a “‘G-operation” on the set: for every
g € G and s € § there is assigned gs € 5. More formally, a G-set is a
set § together with a function G X S — § such that for any pair
g, g’ € G and 5 € Sit is the case that g(g's) = (gg")s. A pointed G-set
is a G-set with a distinguished element 0 € § such that for 2ll s € S,
0s = 0. A G-homomorphism between two G-sets is any function
h: 8, — S, such that for all g G and s S, it is the case that
h(gs} = g(h(s)). A G-homomorphism between pointed G-sets is said
to be passive if it doesn’t kill any element: i.e., for all s€ $ — {0},
h(s) # 0.

Given any collection of pointed G-sets the collection of all passive
homomorphisms between them is a category. We shall call such a
category an algebraic category.

3. Returning to the category # of part 1, assume that 0 ¢ .4
and define G = .# V {0}. G becomes a semigroup by defining all
products to be zero which are not previously defined in .#. Redefine

FUNDAMENTALS 17

For Be s/, (A,—)}B) =(4,B) (the set of maps from 4
1o B).

For B, 2> B, € &, (A,—)(x) is the function
(4,B)) 225 (A4,B,) defined by
HAx) A 25 B) =A% B, =5 B, € (A,B,).

The contravariant functor (—,4): o — & is defined as
follows:

For B e &, (—,A}B) = (B,A).

For B, = B, € &/, (—,A)(x) is the function
(B.,4) &2 (B, A) defined by
[(x,A)](By =~ A) = B, = B, 2> 4 € (B, A).

1.4. SPECIAL MAPS

For the rest of this chapter and all of the next we shall be
working inside categories. That is, we assume that one category
is under discussion and that all maps and objects mentioned
are from that one category. Three special types of maps may
be mentioned:

A —— Bis an isomerphism iff there are maps

B> 4 and B> A such that

B> 4°>Band 42> B> 4
are identity maps.

The property of being an isomorphism is self-deal.

A — B 1s a monomorphism ifl the only pairs

C <> A, C £ 4 such that

C =+ A— B = C-X> 4 —> B are the obvious ones:
X =y
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CHAPTER 1

FUNDAMENTALS

We shall work within a set-theoretic language such as that
in Kelley’s General Topology [17].In the Introduction a category
was defined as a clagss # together with a “composition™ relation
satisfying certain propertics, We now explicitly impose what
was then tacitly understood, the axiom that for every two
objects 4 and B the class (A4,B} is a set. (For heuristic purposes,
a set 3 is a class “small enough”™ so that it has a cardinality.
The class of all sets is nor a set.) If .# is a set we shall call it a
small category.

We have adopted the convention of composing maps in the
linguistic order, rather than the diggrammatic order. Since cate-
gory theory is intended to be applied to problems concerning
sets and functions, and since the linguistic order of composing
functions has been generally adopted { (fg)(x) = f(g(x))), the
theory ought to conform. Hence 4 %> B> C is written
A5 C.

14
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The conflict could be avoided by writing the arrows in the
other direction: C +% 4 = C <.~ B <% 4. But here again we
are confronted with the traditional precedent in older branches
of mathematics, and we hesitate to declare independence (largely
because we wish to avoid independence).

As often as possible we shall write ‘4 %> B > C” instead of
“fg.” We are forced to write “fg” in expressions involving
addition of maps. The order conflict will concern us only
occasionally.

1.1. CONTRAVARIANT FUNCTORS
AND DUAL CATEGORIES

A coptravariant functor from a category .#, to a category
#, is a function F: A, — .#, such that

CF 1. If e is an identity map in .#, then F(e) is an identity
map in %,.

CF 2, If xy is defined in .#, then F(y)F(x) is defined in
# 3 and equal to F(xy).

(Sometimes we modify “functor” with the word covariant in
order to emphasize that it is not contravariant.)

For every category .# we define the dual category .#* =
{x*| x € M} where x*y* = (yx)*. The function D: M — M*
such that D(x) = x*, is a contravariant functor with a contra-
variant inverse D: M* — M, D(x*) — x.

If ¢ is a class of objects for .#, we may take 0* = {4* | 4 e O}
as a class of objects for .#*. Hence (4 — B) = B* Xy 4*,

For each property on maps or objects in categories there is
a dual property. If P is a property on maps in categories, P*
is the property defined by “x is P*”" < “x* is P.”” Some proper-
ties are self-dual: P = P*, the most obvious example being
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24 ABELIAN CATEGORIES

The composition P — P’ — P = P — P shares with the map

1 p the property that
A
7,

P 5P
\‘1”3
B commutes.

The uniqueness condition in the definition of products then
implies that x = 1p. Similarly P' — P — P’ is the identity. [

Products are determined “up to isomorphism” and we ought
not speak of rhe product. Again, this turns out to be a baroque
consideration. The notation 4 x B is interpreted as the product
of 4 and B, and it is assumed that

AxBZ»A4 and
A x B2 B
though not uniquely determined, are fixed.

The dual of product is sum. Given a pair of objects 4 and B
we say that an object . is a sum of 4 and B if there exist maps

A=> §and B-%> § such that for every pair of maps 4 — X
and B — X there is a unique map S — X such that

) N\

S— X commutes,

e
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K — A4 - B =0; there 1s a map K — A’ such that
commutes,

Thus the subobjects represented by A" — A4 and K — A4 are
contained in each other and hence equal. 4" — A4 is a kernel
of A — F. Thus KerCok = ldentity, and dually, CokKer =
[dentity. |

Theorem 2.12 for abelian categories
A map that is both monomorphic and epimorphic is an iso-
morphism.

Proof:
Let A~ B be monomorphic and epimorphic. B — O is

clearly the cokernel of 4 —> B. B—> B is clearly a kernel
of B — 0. By the last theorem so is 4 — B. (Already we have
shown that 4 and B are isomorphic—they are both kernels

of the same map. The theorem asserts that the map 4 — B
is an isomorphism.) Hence there is @ map B—-> 4 such that
B> 4> B—B—>B Dually we note that 0 -4 is a
kernel of 4> B and that both 4> B and 4 —> A are
cokernels of O — A. Hence there is a map B-"> A such that
A—> B> 4 — A— A. By the definition of isomorphism,
A=+ Bissuch. ]

The intersection of two subobjects of A4 is defined to be their
greatest lower bound in the family of subobjects of A.

Theorem 2.13 for abelian categories
Every pair of subobjects has an intersection.
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26 ABELIAN CATEGORIES

such that for any family {X > 4.}, thereisa unique X — 11,4,
such that X — 11,4, 2+ 4, = X" A4, The dual notion is
sum and it is denoted {4, —> 2A4.L

A category is left-complete if every pair of maps has a
difference kernel and every indexed set of objects a product.
Dually, a category is right-complete if every pair of maps has a
difference cokernel and every indexed set of maps a sum. If a
category is both left- and right-complete it is complete.

1.9. ZERO OBJECTS, KERNELS, AND COKERNELS

A zero object is an object with precisely one map to and
from each object. We reserve the symbol O for a zero
object. Hence the sets {(0,4) and {4,0) have one object each,
for all 4. The category of sets does not have a zero object;
the category of groups does: namely, the group with one
element.

If the category has a zero object we define the zere map
A-"> B to be the unique map 4 — O — B. {It does not matter
which zero object is used.)

The kernel of 4 —> B is defined to be the difference kernel

of A2+ Band 42> B Henceif K — Aisakernelof 4 —> B
then

K., K>Ad>B—=—K-% B
K 2. For all X -+ A such that
~

X

— B commutes

Ha — g

CHAPTER 2

FUNDAMENTALS OF ABELIAN
CATEGORIES

A category 7 is abelian if
A0, o has a zero object.

Al. For every pair of objects there is a product and
Al* asum.

A2,  Every map has a kernel and
A 2% a cokernel.

A 3. Every monomorphism is a kernel of a map.
A 3*, Every epimorphism is a cokernel of a map.

Axiom A 3 may be read as “every subobject is normal.”” Most

categories that arise in nature satisfy Axioms A 0 through A 2.

Often Axiom A0 is satisfied by using base points. Many

categories satisfyone of A 3 or A 3* Compact Hausdorff spaces
5
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28 ABELIAN CATEGORIES

Define the functor [+] + [—+] = [>—] by the following:

mL) =L
w(Ry) = m(Ly) = M
m(Ry) = R

n(Ly—~R)=L—~M
(L, — R;) = M — R,

7 is an epimorphism in the category of small categories. The map
L — R is not a value of . The maps L — M and M — R are values.

B. The automorphism class group

Let o be a category, and [ the class of functors from . to .o
which are naturally equivalent to the identity functor. We say that
F: o — & is an equivalence if there is a functor G: of — o such
that FG and GF are in [. Let J be the class of functors from .« to.of
which are equivalences. 7 and J are closed under composition. Let
K be the class of natural equivalence classes of J. X, if it is a set, is a
group, and is called the automorphism class group of .o

I. Let o7 be the category of ordered sets and order-preserving
functions. Let D: o/ — o be the functor which assigns to each
ordered set the dual (opposite) ordered set. The automorphism class
group of =/ has at least two elements.

2. For many interesting categories, the automorphism class group
is trivial. When such is the case it is significant for roughly the same
reasons that it is significant that the group of field automorphisms
of the reals is trivial. All the structure on the real numbers may be
recaptured from the field structure alone; any property on real
numbers may be, perhaps laborously, defined solely in terms of the
properties of that number as an element of a certain field.

In essence the triviality of the automorphism class group means
that all the structure on an object that can be defined anywhere can
be defined “categorically”—in terms of its properties as an object in
an abstract category. In throwing away everything except the way
in which the maps compose, enough remains so that all the original
structure may be recovered.

FUNDAMENTALS 33

X and maps 4 — X, D —> X such that
C={D> A|D> 4> X =u}

The automorphism class group of 7, is trivial.

3. Let 7, be the category of Hausdorff spaces. The space D is
distingnished by the same fact as before. C C (D, 4) corresponds to
a closed set iff there is a space X and maps 4 = X, A —> X such
that G = (D=> A| D> 4°> X = D> 4> X}. (Every
closed set is a difference kernel and conversely.) The automorphism
class group of .7, is trivial.

H. Conjugate maps

For distinct objects 4 and B in a category &/ we say that 4 =+ B
and 4 > B are conjugate if there are automorphisms ¢, € (4,4),
@, € (B,B) such that

=1
AX> B=A%y 42 gt p

We say that A — A and 4 —— A are conjugate if there is an auto-
morphism ¢ € (4,4) such that

AL> A=A 45 455 4,
A functor F: & — of is an inner automorphism if

(1) F is naturally equivalent to the identity.
(2) F{A) = Aforall A € &7,

1. Two maps are conjugate iff there is an inner automorphism
which carries one into the other.
2. The two &'s of Exercise F are conjugate.

I. Definition theory

Let % be the category of groups. Suppose F(A4) is a one-variable
formula in the nth order language of the theory of groups (where the
one free variable is understood to be a group). There exists a formula
F’(A) in the nth order theory of # such that F'(4) «» F(A4). Indeed,
F’ will often be in a lower order language than that of F, as is the
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3o ABELIAN CATEGORIES

1. The objects of a smalk category 4 are in obvious correspondence
with (1,A).

2. The maps of 4 are in obvious correspondence with ([—], 4).

3. Given the category ¢ and an object 4 € ¥, may we reconstruct
the composition table for 4?7 Not quite. The automorphism class
group of ¥ has at least two elements: the identity and the “dual”
functor which assigns to each small category its dual, The choice
mentioned above in selecting # will determine whether we construct
the composition table or the dual composition table.

We may, however, do one or the other, as follows: Given two

maps in A, represented by [+] = 4 and [+] %> 4, their compo-
sition is defined and equal to the map in A4 represented by [»] — A
iff there exists a map [>—] — A4 such that

[—]
L,

[—]+[—] &) commutes.

[

4. The automorphism class group of ¥ is the cyclic group of
order two,

5. The automorphism group of the category of partiaily ordered
sets and order-preserving maps is the cyclic group of order two.
(By Exercise 0-D we may consider the category of partiaily ordered
sets to be a part of the category of small categories. It contains the
special objects [+], [+—], [+] + [>] and they are distinguished
by the same facts.)

E. The category of abelian groups
Let & be the category of abelian groups. The group of integers Z
is distinguished, up to isomorphism, by the facts that:

(1) For every A € &, A not a zero object, (Z,4) has more than
one element,

FUNDAMENTALS 3l

(2) If Z—=> Z is such that ¢* — g, then either e = 1 or e = 0.

Z 4+ Z is distinguished by the fact that it is the direct sum of Z
with itself in %. Let Z—> Z + Z be the unique map such tha

1
z—"+z+z@>zz1 and

®

ZLZ—%Z;}Z:L

1. The elements of 4 ¢ % are in obvious correspondence with
(Z,4).
2. Given two elements represented by Z = A and Z > A, their

sum in 4 is represented by Z 2> Z 4 Zﬁ» A.
3. The automorphism class group of ¥ is trivial.

F. The category of groups

Let & be the category of all groups, abelian or not. The group of
integers is distinguished by the same facts as in Exercise E. The map
Z»Z 4+ Z is not distinguished. There are two maps with the
following properties:

1
(1)2L)z+zi)>2= 1.
(2)zi>z+Z@>z= 1.
(3) Z 2 »Z 4 Z
l(a,t)
’ Z+2)+2z

|

Z4Zgw Z+(Z+2)— > Z+Z42Z

commautes,
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40 ABELIAN CATEGORIES

Dually for every pair of maps 4 —> B, A X+ B thereis a
difference cokernel.
A commutative diagram

is a pullback diagram if for every pair of maps X — A4 and
X — B such that

X—+B
I

A—~C commuies,

there is a unique X —P such that X P >4 =X — 4
and X - P —-B=X—B Our proof in Theorem 2.13
was actually a proof that Diagram 2.131 was a puliback
diagram.

Theorem 2.15 for abelian categories
Every diagram B

A = C  can be enlarged to a pullback diagram.

Proof:
Consider 4 x B and the two maps 4 x B> 4 — C and

Ax B2 B, and let K >4 x B be their difference
kernel. Define

K>A=K >4 xB2>4

K—+~B=K—Ax BZ>r B

FUNDAMENTALS OF ABELIAN CATEGORIES 53

In the last mentioned case the square is said to be a Doolittle
diagram. (The apparent asymmetry of the sequence vanishes
when if is observed that the minus sign could bave been placed
before any one of the four maps.)

Pullback theorem 2.54 for abelian categories

i

o o— Mo
!
Oy W

!

is a pullback diagram and B — C is epimorphic, then 5o is
P— 4.

We shall prove the dual:

Pushout theorem 2.54*

¥

is a pushout diagram and C—> A is monomorphic, then so is
B—P. )
Proof:

By hypothesis the sequence C <% 4 @ B (—_152)- P—>0is

- . . (2,b)
exact and C®% 4 @ B is a monomorphism since C=>

A4 @ BZ> A is. Hence, the diagram is a Doolittle diagram, in
particular it is a pullback diagram and Theorem 2.52 applies. i
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2 ABELIAN CATEGORIES

is a pushout diagram if for every pair of maps B — Xand C — X
such that

4A—~B

ool

C—-X commutes,

there is a unique 7 — X such that B—P - X = B— X and
CP—-X=C—JX.

Theorem 2.15* for abelign categories
Every diagram A — B
l
C can be enlarged to a pushout diagram,
and, up to isomorphism, uriguely so. |

The image of a map 4 — Bis properly defined as the smallest
subobject of B such that A — B factors through the representing
monomorphisms.

Theorem 2.16 for abelian categories
A — B has an image and it is equal to KerCok(A -~ B).

Proof:

We shall say that a monomorphism S -~ B allows 4 — B
if A — B factors through it, i.c., if there is a map 4 — S such
that 4 —+§ — B = 4 — B. We shall say that an epimorphism
B — Fkills A - Bif A —+ B— F = (0. These two properties are
subobject and quotient object properties respectively.

Lemma. A subobject allows A — B iff its cokernel kills
A—B |

Now Cok(A — B) is the largest quotient object that kills
A — B. Hence KerCok(A — B) is the smallest subobiject that
allows 4 — B, i.e., it is the image of 4 — B. i

FUNDAMENTALS OF ABELIAN CATEGORIES 51

Dually (4, => S, A,—> 8)is a sum of 4; and A,, and the
theorem is proved. |

Theorem 2.42 for abelian categories

If wy, uy, pr, ps are such that 4, 2 S8 4 = la, As ey
S 4, =1,, and A, > S> A, and A, = S > A, are
exact, then w,, Uy, p1, ps form a direct sum system.

Proof:

Just as in the last proof, it may be shown that for every pair
(X 2> A4, X 2> Ay there is a map X = S such that X =
X3, psX = X,. For the uniqueness of x suppose x’ is such that
X =X, pax’ = X Let z=x— x’ and note that p,z =10
pz =0. We must show that z =0, O— A, SB> 4,
is exact since #, is a monomorphism (p,u; is a monomorphism).
Hence there is a map X — A, such that

X

O— A, S+ 4, commutes,

and X > A, =X d,— 4, =X > 4,584, =
X=>»§8 4 —0.Hence X—> S = X—> 4, - § = 0.

2.5. THE PULLBACK AND PUSHOUT THEOREMS

Proposition 2.51 for abelian categories
(Ker(x-y) = Ker(x-y))
Given A~ Band A*> B,let z = x — y. Then Ker(A — B)

is the difference kernel of A= Band A"~ B. |}
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44 ABELIAN CATEGORIES

Theorem 2.17* for abelian categories
A — Bismonomorphic iff Coim(4A — B) = A iff Ker(A — B) =

o. |
Let A — I' be a coimage of 4 — B and consider 4 — I’ — B.

Theorem 2.18% for abelian categories
I' —~ B is monomorphic. |

“Unique factorization theorem”
Jor abelian categories, 2.19

If4 —~B =A—1I— Bwhere A — I is epimorphicand I -~ B
iy monomorphic, then A — is a coimage of A ~ Band I — B is
animage of A — B and for any other such factorization A —~ I — B
where A — [ is epimorphic and I — B monomorphic, there is a
unigue I — [ such that

i
\ I / commutes,

and I — I is necessarily an isomorphism. |

22, EXACT SEQUENCES

Theorem 2.21 for abelian categories
For A — B — C the following conditions are equivalent:

(@) Im(A — B) = Ker(B — C)
(&) Coim(B — C) = Cok(A — B)
(c) A-B—-C=0and K »B—>F =10

where K — B is a kernel of B—~Cand B— Fis a cokernel of
A— B,

FUNDAMENTALS OF ABELIAN CATEGORIES 49

On the other hand, 4 ‘>4 @A Q* B @© B=[(w,x) :Ir: (y.2)]

and 4 > (4 @A)@*(B@B)—“—»B=(w +x) +(y + 2).
R L R

Thus W+ x)+(y+zy=wW+ 3y +(x + 2). Letting x =
B L R " R 1
y—Oweobtainw+z—w+z
Calling both + and —|— by the same name “4-” the equation
rewrites: (¢ + x) + (¥ -i— z) = (u +y) + (x 4 2); letting y = 0,

u+x)+z=u+(x+2),and lettingu=z=0, x+y=
v+ x. l

The usual rules of matrix multiplication can now be proven.

Theorem 2.39 for abelian categories
The set (A,B) with the operation + is an abelian group.

Proof:

1 x

Given 4~ B consider the map 4 @ B > A®B. Its

kernel K =2 4 @ A is such that 0 —K%AOB(O—T)*

ADE— g Saxato ASB and ¢ =0,b =0. Thus ((1) ch)

is monomorphic. Dually it is epimorphic and thus an iso-
morphism. It is easily seen that its inverse must be of the form

((1) ‘;,)wherey+x=0. |

From now on, (4,8) shall refer to the group of maps from
A to B. For each triple A4,8,C we have a bilinear function
¢: ((4.8),(8,C)) — (4,C) defined through composition of maps.
The endomorphisms of an object 4, that is, the maps from A4 to 4,
form a ring with unit.
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46 ABELIAN CATEGORIES

Proof:
@

A=+ 4 + Bisclearly monomorphicsince 4 —> 4 + B—>

A is. To prove that A4 —|—Bm—>~B is a cokernel of u, let
A +B@> X be a map such that 4 > 4 +BQ>X=0.

Thenx —0and 4 + B> x =4 + 8% 52> x. |

Theorem 2.32
1,0}

O—>A—> A X BZ> B_. 0 is exact. I

Proposition 2.33 for abelian categories
The intersection of A 2> A + Band B2> A + B is zero.

Proof:
The proof follows from the construction of intersections. |

Dually, 2.34
The greatest lower bound of the quotient objects A x B > 4
and A x BZ> Bis 0. [

By Ker—Cok duality, the least upper bound of 4 = 4 + B,
B+ 44+ Bis A+ B. Given a sum A + A4, +---+ A4,
and a product B) X --- X B, every map from the sum
to the product is represented uniquely by a matrix (x,)
where

A" B, =A, "> 4, +---+A,—~ B, x -+ x B, 2> B,

Theorem 2.35 for abelian categories

G 9

A; + A — A, X< Ay is an isomorphism.

FUNDAMENTALS OF ABELIAN CATEGOQRIES 47

Proof:
Let K— 4, + A; be the kernel of ((l) ?) Then K —

9
A1+A2((’_]*A1 XAzL‘AIg:K_"Al +A2ﬂ>/j2 and

K — A; + A, is contained in A, <> A, + A, Similarly it is
contained in 4, —> A, -+ A,, and hence it is contained in their

intersection, which is zero. Thus K = & and ({1) (l)) is mono-
morphic. Dually it is epimorphic and hence an isomorphism. [

® )
Thus 4, + Azi* A, A, + A, ('i—r— A, may be taken as the

product of A; and A,.

Notation: A @ B shall be used to denote the sum 4 + B
and the product 4 x B, and shall be called the direct sum of
A and B.

(LD

A A DA =44+ Athe “diagonal map.”

1
A@A> A =A% A Q’- A the “summation map.”

Given two maps 4 =— B, A => B we define

xty
AL»B=A"+>,4@AQ>B

xty
A2>B—4A= By B2 B

Proposition 2.36
O+x=x=x+4+0; 0+x=x=x40.
L L R R
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56 ABELIAN CATEGORIES

Lemma 2.63 for abelian categories
Consider the commutative diagram

0
!

O_)'Bo _”'Bl_"Bg —* O
v
O—~B,—B, — B,
in which the top row is exact. The bottom row is exact iff the

column is exact.

Proaof:
<= By preceding lemma.
- Consider the commutative diagram

o

l
P —-K -0
il !

O — By — B, — B, — O

Py

O —->B,— B —B;

in which the two bottom rows and the right hand column are
exact, and the (sub)diagram

P K

1o
B, — B, is a pullback diagram,

The top row is exact by the pullback theorem, 2.54. We wish
to prove that K = 0. It suffices to prove that P - K — B, = 0.

P— B —> B, — B, = Oimplies that there is a map P — B,
such that P - B, = P — By — B,. Hence » - K — B, =
P—+B —+B,=FP—>B,—~B—~>B=0 |}

SPECIAL FUNCTORS AND SUBCATEGORIES 69

Proposition 3.35
If an abelian category has a generator then the family of
subobjects of any object is a set.

Proof:
If G is a generator and 4 is any object, then a subobject
A’ — A is distinguished by the subset (G,4") C(G,4). |}

Proposition 3.36

G is a generator in a right-complete abelian category s iff
for every A e o the obvious map Y G — A is epimorphic.
(The “obvious™ map is such that for all x € (G,4),

G=> 2., ,G+A4=G—>4) ]

The dual notions are as follows: An object Q is injective if
the contravariant functor (—,(3) carries exact sequences into
exact sequences, albeit with a reversal in direction. (Q 18
injective in & iff Q* is projective in &/*) An object Cis a
cogenerator if the contravariant functor (—,C) is an embedding.
(C is a cogenerator for & iff C* is a generator for &/*.)

Proposition 3.37

Let s be a left-complete abelian category with a generator.
Every object in s/ may be embedded in an injective object iff o
has an injective cogenerator.

Proof:

<«  Let C be an injective cogenerator for &, and 4 € &
an arbitrary object. The obvious (or perhaps “co-cbvious™)
map 4 — I 4,¢,C is a monomorphism and I 4 ., C is injective.
(We are using 3.36*.)

—  Let G be a generator for ., and let P be the product
of all the quotient objects of G (Prop. 3.35 says there are only



B (otiq pexes® g g0
D1 10Ex%9 SI Bg < Bg « Ug < g ‘pexa st ¥ «— Bg « "g«— 0
J0UIG “10BX3 SI g « Bg « Vg « o yr weiderp yoeqynd e st

Bzg — TZE
T 1
EIH — 1[&

‘(sKemopis pawiny) 19° Aq uiely

(197 £q) wriderp Yoeqnd e st B « g
1 T
Sl o Tig

I 108D ST g « ¥g

«— g« 0 (797 £q) Wexa s1 ¥g « g « g «— 0 QI 1exd
ST 8lg « ¥lg « g « ) ‘onjdiowouowr ST g « tlg  2ouIg

' :foosg

“1oDX2 §1 MOL wop0q ayy ffi 1ovxa s1 mod doy ay [

"MOL J[PPINE JIDX 0

PUD SUN}OD 1IDX3 YIM T
g« Bg ()

T T
7 . R L,

T T T
Sig g g+ o

T 1 1

o 0 o

WDABDIP 2ADINMIOD DY) J2PISUO])
5011082100 upijaqp s0f P9y PLLDT

LS SANMODIALYD NVYI3EY 40 STY.INIWYANNA

‘¥ o sordoo jo (eyugur £jqissod) wns 1smp
€ Jo puewiums 021p ® s sieadde y pr 101010053 € ST P

*¥ Jo sardoa jo (ayrugmr Ljqissod) wins 1anp
B Jo puewrwuns 1020p ® se syeadde p i sanpoloid st

:a10Uym ¥ SuaL1 v 1040 sanpow Jo
K1082180 211 U A[SUDYLIIS 950w USAS 3G KvW pUE sIojeIous pue
saanasfod Suowre payospal st (2 wred) [7°¢ weIosY ] AQ PRIIqIYX2
sI030un SUIPPIqUI3 PUE JOBX3 JO UOTIE[SI ATRIII0D SNOLIND Sy [

‘5302[q0 01aZTOU [[LY 01 STrRy I O
3urppaqms e ST J0j0UNY 198X TE JBY) UMOYS 3q OS[e Kew 1]

B v mmosuou o
40f piariguou 53 (p*g) fi domwaoual v sp 31 uays aaggzafoud s1 g Ji
¢ uognisodosq

B oofqoqns woat§ ayr ur pauptuos you st 98pua ASOUM ¥ — D)
dowv 5124341 ¥ fo 19alqogns 4adoid L1aas aof [fi aorpisusv st o
07 &~ V< Doy} yons
V<« D dow v st i1 () # g <~ p L1302 40f [fi 2010.00u38 v 51 5
ee°e uoiisodosg

"ardwexs e st sa[npous
st Jo A108ares ayy ur jpesy Sum oy weSy Suwippaquwie ue s
% <+ po:(— D) 101pUN] o) I Jopelanad e s1 23 9 alqo uy

B aanoslod st (5w sisixo 11 fi) ' wins panp oy
uayy ‘A1032100 uvyaqu uv ur saaysslod fo dunf v st {13} f
zee vonsodosg

WV d = LV < JIyons < g dow v sj it .y — d
dow puv |y« y wisndiountds isas sof [fi aauoofoud st g
1£°¢ wogpsodosd

SIODILYD NYIT3gV 89



58 ABELIAN CTATEGORIES

“Nine lemma”* for abelian categories, 2.65
Consider the convmutative diagram

0 o o
! l i
O—~By—~B,p—~+B,;3;—~0
l | !
O — By, > By, > Byy > O
! ! i1
O — By - By — By, O
l l 1 with exact columns and
0 0 o exact middle row.

The top row is exact iff the botiom row is exact.

Proof:
Simply adjoin the last lemma and its dual, [

The full proofs of the following are left as exercises.

2.66 Noecther isomorphisms

322[‘811 -822
(Let B.ll C ‘821 C ng; l‘hen Ez_l/"B_ll = _Bz—l .) Lf?f ‘BII - 321 ﬂ'nd

let By, — B,y be monomorphisms. Then there exists an exact
commutative diagram.

0 0 0
! ! 1
O— By, — B; — 0O
{ ! l
O— By — By - Byy/Byy — O
I} ) l
O — By/B;; — Bysf By — Bys/By, — O
i) ) l
Q (4] 0 .

* “Three-by-threc lemma’ would be a better name.

SPECIAL FUNCTORS AND SUBCATEGORIES &7

not exact. Hence F(A4,) —> F{4,) 2, F(A,) is not exact and

F(x) # 0.

(a) = (c) Let A" -~ A — A" be a nonexact sequence. Let
0O >K—A—>A4"and 4" - A — G — O be exact.

By proposition 2.21 then either 4' >4 —+A4"#0 or
K—>A—>G#0.

Hence either F{A") - F(4) — F(A") # 0 or F(X) — F(4) —
F(G) # 0.

In the first situation it is clear that F(A4') — F(4) — F(4")
is not exact. Assume that F(K)— F(4) - F(G) # 0. Let
0 — B — F(d) - F(4A"yand F(A") - F(4) - B” — O be exact
in #. K —+ 4 - A" = 0implies that F(K) — F{4) — F(4") = 0,
and there is a map F(K) — B’ such that F{(K) - B' — F(A) =
F(K)— F(4) and a map B" — F(G) such that F{4) - B" —
F(G) = F(4) — F(G). Hence if F(A") - F(4) —~ F(A") were
exact then B — F(4) —+ B" = 0and F(K)— B’ — F(A) -~ B" —
F(G) = 0, a contradiction. |

If a functor F: & — £ is an exact embedding, the exact-
ness and commutativity of a diagram in &7 is equivalent
to the exactness and commutativity of the F-image of the
diagram,

3.3, SPECIAL OBJECTS

A phenomenon in category theory is that an interesting
property on functors may be used to define what is usually an
interesting property on objects in categories, As an example we
define an object P in an abelian category &/ to be projective iff
the functor (P,—): & — & is exact. (For any 4 € & it is the
case that (4,—) is left-exact; hence P is projective iff (P,—) is
right-exact.) The easiest example of a projective is the ring
itself in the category of its modules,
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EXERCISES
A. Additive categories
A pre-additive category is a category .# with a zero object and an

operation not everywhere defined on 4 (indicated by the symbol
*4+*) such that

ACLl.  x+ yis defined iff x and y have the same range and
domain.

AC2, w(x -+ y)z = wxz — wyz when defined.

AC3A For objects A,B ((4,B),+) is an abelian group with the
zero-map as neutral element.

1. If .# is a pre-additive category and 4 X B exists, then 4 + B
exists and is isomorphic to 4 x B,
2. If .4 is a category with a zero object such that for every object

!
A, A X Aand A + A4 exist and 4 + AﬂA % A is an isomor-
phism, then there is a unique operation “+4 such that AC! and
AC2 are satisfied. ((4,B) +) is not necessarily a group but it is
commutative, associative, and has the zero map as a neutral element.

3. Let .# be a pre-additive category and let .4 be the category
of all rectilinear matrices. Prove that .# ® is a pre-additive category
under the usuval composition and summation rules for matrices.

4. Every pair of objects in .#% has 2 product. A pre-additive
category with finite products is an additive category.

If a functor between pre-additive categories preserves the pre-
additive strueture it is called an additive functor.

5. The obvious functor # — .#® has the property that, for
every additive # and additive functor .# — 4, there is an additive
functor #¥ —~ # such that H# — #% > B - & > F and
#? — & is unique up to natural equivalence.

SPECIAL FUNCTORS AND SUBCATEGORIES &5

Theorem 3.11
For abelian categories & and B a functor F: o — & is
additive iff it carries direct sum systems into direct sum systems.

Proof:

—  The conditions in the hypothesis of Theorem 2.41 are
preserved by additive functors.

- Letd=> A@A A A DA ADAT A,
A ®A>> A be a direct sum system in ¢, By hypothesis it is
the case that F(u,), F(us), F(py), F(p,) is a direct sum system in
#. Let x,y € (A4,B). Then by the definition of 4 in 2.3 we obtain

x4y (1.1}

A—>B=A—>A@AQ>B. Hence KA B)=

= Fix)
FA 2 1t @ 4y 2D F(B) = FY™S Ry @ Fay 2>

FB) = Fx) + F3). |

A left-exact sequence is an exact sequence of the form
0 — A4, - Ay, & A4 A left-exact fanctor between abelian cate-
gories is a functor which carries left-exact sequences into
left-cxact sequences. (Equivalently, it is a functor which pre-
serves kernels.)

Theorem 3.12
A left-exact functor is additive.

Proof:

The conditions of the hypothesis of Theorem 2.42 are pre-
served by lefi-¢xact functors. Indeed, we use only the fact that
for every exact O — A" —-A4 —+ A" — O it is the case that
F(A") — F(4) — F(A") is exact. Such a functor is called half-
exact or middle-exact. [J

Example. (4,—): & — Z is left-exact,
A right-exact sequence is an e¢xact sequence of the form
A, - A, > 4, — O. A right-exact functor is a functor between
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&2 ABELIAN CATEGORIES

The group is commutative if:

(4) For A X A~ 4 x A the map which “twists compo-
nents,” i.e,, is such that

AxAi+AxAﬁ+A=Fﬂ“=1
piifi=2,

jtisthecasethat 4 x A—> A X A"> 4 = m.

Given two groups 4 X A—> A and B X B> B, a homo-
morphism from A to B is a map 4 = B such that

AX A" A4
rxpl_xp,)l lx commutes.

BxB=> B

2. Let & be a category with finite products and a zero object.
A group in ./ may be defined precisely as above and so may
homomorphisms between groups in .

If A X A—> 4 is a group in 7, then the contravariant functor
(—,4): o — & may be factored through the forgetful functor from
the category of all groups to the category of sets with base points (the

functor forgets the group structure). This is simply the observation
(B.1)

thatforany B e &7,(B,4) x (B,4) —~(B,A X A)—> (B,A)isa group
in &, and that for any B — B’ € #, the induced map from (B’,4) to
(B,A) will satisfy the requirement for a homomorphism.,

3. Let 4 be an object in & and let F be a contravariant functor
from & to the category of all groups % such that when followed by
the forgetful functor into the category of sets the composition results
in the functor (—,A4). Define me(4 x 4,4) to be the image of
{P1,p2) under the map (4 x 4,4) X (4 X A,4) — (4 X A,4) which
results from group multiplication. Then 4 X A —> A4 is a group in
s and the given functor Fis the same as described in part 2 above.

FUNDAMENTALS OF ABELIAN CATEGORIES 63

4. A cogroup in & is an object 4 together withamap4 — A4 | A4
which satisfies the duals of the axioms for a group. If 4 is a co-
group and B is a group then the set (4,B) enjoys group structures
inherited from either 4 or B. They are, in fact, the same, and re-
gardless of the commutativity of either the given group or cogroup
structures, (A4,B) is a commutative group. {2.38.)

5. A topological group is a group in the category of topological
spaces. Let € be the category of commutative groups in the category
of compact Hausdorff spaces. € is an abelian category.
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T2 ABELIAN CATEGORIES

Axiom2., Letd, > A,c FandQ - K — A, — 4, be exact
in &, Ko/ Again the fullness of & implies that X is an
s/-kernel of 4, — A4,.

Axiom 3. A map A, — 4, is an “Z-monomorphism iff it is
a #-monomorphism (in each case the kernel must be trivial).
Hence if 4, — A4, is an &/-monomorphism we let O — 4, —>
As — Ay — O be exact in #, A, € . Then A4, — A4, is an &~
kernel of 4, — A,.

The exactness of the inclusion functor is straightforward. |

3.5. SPECIAL CONTRAVARIANT FUNCTQRS

A contravariant functor F: & — # induces for each pair
of objects 4,,4, € o a function (4,,4,) — (F(A2),F(A)).

If o/ and & are abelian we say that F is additive if these
induced functions are group homomorphisms; F is an embed-
ding if they are one-to-one, F is full if they are onto. An exact
contravariant functor carries exact sequences into exact se-
quences (with an order reversal, of course).

Proposition 3.51
The additive functor (—,A): of —~ ¥ where o is abelian,

A€ s, and & is the category of abelian groups, carries right-
exacl sequences into left-exact sequences. |

3.6. BIFUNCTORS

Let .#, and .#, be categories, i.e., classes of maps with
composition relations. The Cartesian product .4, x M, en-
joys a natural category structure. If ¢, and ¢, are classes
of objects for .#, and .#, then @, x 0, may be taken as a
class of objects for . #; < .#,.

SPECIAL FUNCTORS AND SUBCATEGORIES 85

the following: Given a map B —— T(A), we shall say that a subobiject
A" — Aallows yif B> T(4) may be factored through 7(4") — T(A}.
We shall say that y generates 4 if no proper subobject of 4 allows y.
(The word “generates” here is best appreciated by letting 7 be the
category of groups and T the forgetful functor into the category of
Set';ﬁe left-completeness of .o/ together with the left-root-preser-
vation of T implies that for every map B = T(4) there is 2 minimal
subobject of 4 which allows y. Thus there exists a factorization B >
T(4)=B 2 T(A") — T(A) such that )’ generates A". We shall call
the subobject A" the subobject generated by y.

If B 2> T(A) generates 4, then if B> T(4) ™> 7(C) = B>
T(A) ™ T(C) it is the case that Ker(a - b)— A allows y and
hence that Ker(a - b) = A and thata = b.

Starting with the map defined above, B — 7(d), we let_/f be the
subobject of 4 generated by B — T(4). The map B — T(/i)_hils the
property that for every B~ T(A) there exists a unique 4 — 4
such that

T(d)
/ l
B

T(A) commutes.

We define S: 4 — o by, first, letting S(B) = A; second, doing the
same for all the other objects of #; third, for amap B, —> B,, letting
Sz} = x, where x is the unique map from S{(B;) to S(B,) such that

B, — T(S(By)

zl inx)

B, — T(S(B,)} commutes.

The stipulation in condition two, that S; be a set, is not baroq?le.
Because mathematics has progressed for a long time without having
had to take the set—class distinction seriously does not mean that the
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Let o7, #, and ¢ be abelian categories and F a functor from
& x Fto ¥. Fis a bifunctor if:

(1) For each 4, € &, F(4;,—): Z — € is additive.
(2} For each A, € #, F(—.,A4,): % — % is additive.

Proposition 3.63
Hom: &/* x o — 4 is a bifunctor where Hom(A,B) is the
group of maps (4,B). |}

EXERCISES

A. Equivalence of categories

Let &7 and # be two categories. They are isomorphie if there
exist functors Fy: of — &, F,: # — s such that F,F, and F,F, are
identity functors. .o/ and % are equivalent if there exist functors
Fi:o > B, Fy: #—> .o/ such that FF, and FF, are naturally
equivalent to the identity functors; in this case F; and F, are called
equivalences. There are few properties or categories of any conse-
quence which are not preserved by equivalences. Besides the prop-
erty of smallness, perhaps the only two are the following:

& is a skeletal category if every isomorphism of objects in &
implies equality (i.e., all isomorphisms in & are automorphisms).

« is a replete category if for every 4 € o7 the class of objects in
</ isomorphic to 4 is not a set, or, equivalently, enjoys a one-to-one
correspondence with the universal class.

Every category is equivalent to a skeletal category and to a replete
category.

Equivalent skeletal categories are isomorphic and equivalent
replete categories are isomorphic. If &7 and & are skeletal and F:
o — & and Fy: # — &/ are such that FiF, and F,F, are naturally
equivalent to the identities then both F, and F, are isomorphisms
(which is not to say that F,F, and F,F, are equal to the identities).
The same statement for replete categories is false.
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S, — 8] are such that S{B) — S,(B) — §;(8) — O is exact for all
Be .

Suppose that §: o/ X # — € is a covariant functor such that for
every Be #, 8(—,B): & — € has a right-adjoint Tg: ¢ — &/, We
obtain then a functor T &8 X € — oF contravariant on #, co-
variant on %. The adjeintness yields isomorphisms (S(A,B),C)—
(A,T(B,C)). (For the foundational example let S: ¥ x ¥ > &
be the tensor product and 7(8,C) the group of maps from B
to CJ)

Because S(—,B) and T(B,—) are adjoint, S(—,B) is right-exact
and T(B,—) is left-exact. If furthermore S(4,—} is right-exact then
T(—,C) carries right-exact sequences into left-exact sequences and
conversely.

I. The reflectivity of images of adjeint functors

Let S: o — # be the left-adjoint of 7: # — 7. Suppose that T
is one-to-one on objects. Let o/ be the image of T. For each 4 € ./
define r : 4 — TS(A} to be the map which corresponds to lg,
under the natural equivalence (S(4),5(4}) —{A4,T5(4)). The col-
lection {r,} forms a natural transformation from the identity on &/
to T'S. Similarly the isomorphisms (ST(8),8) — (7(B8),T(B)) establish
a transformation r’ from ST to the identity on #. (r;; corresponds
to lzz).)

For each A4 € ./’ define 5,: TS(4) —~ 4 to be the map T{(r%) for
any B such that 7(B) = 4. The collection {s,} forms a natural
transformation from 7'S | &' to the identity of o', The composition

L= TS| t’ —> I,
may be seen to be the identity.

By Exercise 3-F, therefore, 7S is the reflector of &7 " and dually
ST is the correflector of the subcategory of & generated by S. We
may say, therefore, that the images of right-adjoints generate
reflective subcategories, and the images of left-adjoints generate
correflective subcategories,

If we consider the functor T: & — & (that is, if we redefine the

range of T'to be &") then it is clear that the composition &” C & 5
& is the left-adjoint of T.
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76 ABELIAN CATEGORIES

L is a left root therefore if for any such family {C — F(D) | D € &}
(which satisfies the same sort of “consistency’ requirement) there is
a unique map C — L such that

C—L—FD)=C— F(D)forall DeJ.

If L and L’ are both left roots of F they are naturally equivalent.

Let & be the category with two objects 4 and B and two non-
identity maps A ~> B and A 2> B. For F: & — &, the left root
of Fis the difference kernel of F(x) and F(y).

Let & be the category with two objects 4 and B and no maps
besides the two identities (the discrete category with two obijects).
For F: & — £ the left root of F is the product of F(4) and F(B).

Let & be a category with only identity maps (any discrete category).
For F: 2 — &/ the left root of Fis the product of {F(D)}ps.

Let A be an object in .o/ and # a family of monomorphisms into 4
together with all the inclusion maps between them. The left root of
the inclusion functor # — .o/ is the intersection of the subobjects in
& ; that is, the leftroot is a subobject of 4 and itis the greatest lower
bound of the subobjects in %,

The dual netion is as follows. The right reot of a functor F: & —
< is a constant functor R: & — o together with a natural trans-
formation F — R such that for any constant functor C: & — &7 and
transformation F— C there exists a unique transformation R — C
such that ¥ — R— C = F— C. As examples of right roots we may
obtain difference cokernels, sums, and the dual of intersections,
namely greatest lower bounds in the families of quotient objects.

What we have called a left root is sometimes called an inverse
limit, and what we have called a right root is sometimes called a
direct limit. We prefer to reserve the word “limit™ for the case in
which the domain category is “directed.” In Exercise 0-D we defined
a partially ordered category. A directed category is a partially ordered
category such that for every pair of objects 4 and B there exists an
object C such that neither (4,C) nor (B,C) is empty (in terms of the
partial ordering on the objects: 4 < Cand B < C). If @ is a directed
category and F: & — &/ a functor, F is sometimes called a direct
system in &, and its right root is what we call a direct limit.

SPECIAL FUNCTORS AND SUBCATEGORIES 8l

If &/ and # are additive categories we replace % with %,
and require, of course, that the equivalence preserve group
structure.

Some examples of adjoint functors are the following:

Let = be a reflective subcategory of . Then its reflector is the
left-adjoint of the inclusion functor &/ — #. Indeed, a subcategory
is reflective iff its inclusion functor has a left-adjoint, and is co-
reflective iff its inclusion functor has a right-adjeint.

If of is a complete category then the functor (4,—): & — &
has a Jeft-adjoint, thus: Define F: & — & by F(§)= Z4 4. Then
(F(S),4’) is naturally equivalent to (5,(4,4").

The functor (4,—): ¥ — ¥ has a left-adjoint, namely the tensor
product. (B & A,4") is naturally equivalent to (B.(4,4')). We have
not defined tensor products in this book, nor need we now give any
other definition save the one just given: - 2 A is the left-adjoint of
(4,—). The proof of its existence is another matter.

The contravariant cases:

Let S: & — & and T: # — 57 be contravariant functors. S and
T are adjoint on the left if (S(A),B)g is naturally equivalent to
(T(B),A) 5, and they are adjoint on the right if (B,5(A4)), is naturally
equivalent to (A,7(B))4.

For a complete category ¢ the functor (—,4): & — & has an
adjoint on the right, thus: Define F: ¥ — of by F(S) = [1zA4. The
functor {—,A4): ¥ — % has an adjoint on the right: itself!

Some facts about adjoint functors are the following:

If § is the left-adjoint of T and T is the right-adjoint of § then T
preserves left roots and . preserves right roots.

If S and T are adjoint on the left then they both carry left roots
into right roots. If S and T are adjoint on the right then they both
carry right roots into lefi roots.

If a covariant funcior S: .o/ — & is naturally equivalent to (4,—)
some A € &/ we say that S is a representable functor, and that it is
represented by A4. If a covariant functor S: &7 — % has a left-adjoint
then it is representable.

In the additive case the same statement is true. If a covariant
functor S: & — & has a left-adjoint then it is representable. To
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P-£> F(D). The intersection of all such difference kernels is the left
root of F,

But we don’t know yet that we have intersections.

On the other hand, we do not need the intersection of just any old
family of subobjects, but only of famiiies of difference kernels, and

such intersections may be constructed as follows: Let {(P =~ 4,
P> 4}, beafamily of pairs of maps. The difference kernel of the
two maps P—» I1,4, and P-¥> II;4,, where

P> nIAiif_" A, = x{sPL"" HIAii"' A= po

is the intersection of the family {Ker(x; — v)}.,.

The proof of the above theorem yields a proof of the fact that a
functor from a left-complete category is left-root-preserving iff it
preserves difference kernels and products. A slight modification
yields that a category with difference kernels and finite products
possesses left roots for every functor from a finite domain, as is the
case with abelian categories. And in the case of abelian categories, a
functor is finite-left-root-preserving iff it is left-exact.

D. Small complete categories are lattices

Suppose that ./ is a small left-complete category and that for
some pair of objects 4,8 £ .27 it is the case that (4,B) has more than
one element. Let X be an indexing set of cardinality larger than that
of the category 7. Then if Il B existed in &7 we could reach a
contradiction since (4,I1gB) must have at least 2% elements. We
conclude therefore that for every 4,B €.% it is the case that (4,B)
has at most one element.

Let 7" be a skeleton of 7. It follows that &7 is a partially
ordered category. The completeness of /" implies that the partial
ordering is complete; in other words, o7 Is equivalent to a complete
lattice category.

The moral: If one insists upon simplifying the language so as to
exclude categories that are not small, then all jnteresting complete
categories will have been excluded.

E. The standard functors
Let o be any category and 4 € o7, The functor (4,—): .« — &
preserves all left roots; formally speaking, for any F: & — < such
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that Lim F exists, it is the case that (4, Lim F) is the left root of

2> A4 P

The functor (—,4): o — % carries right roots into left roots.

Given any constant functor C: % — & and transformation € —
F, we may test whether Cis a left root of F by applying all the functors
of the form (4,—). For o an additive category, we may replace .
with % and obtain the same statements.

The functor (4,—): % — % preserves direct limits (is directly
continuous) iff 4 is a finitely generated group.

F. Reflections

Let o7 be a subcategory of . Given an object B € ¥ we define
its reflection in =7 (if it exists) to be an object B € &/ which “best
approximates™ B via a map B— B. To be precise, for any 4 € &
and map B — A4 there is a unique map B — 4 € & such that

B
B/ i
\ A commutes.

Reflections are unique up to isomorphism. If every object in &
has a reflection in .o/ we say that % is a reflective subcategory. In
this case we obtain a functor R: # — o/ which assigns to each
object B € & a reflection in 5. R is called a reflector. If we consider
R to be a functor from # to # we obtain a natural transformation
from the identity functor on & to R. This transformation establishes
a natural equivalence from (R(B),A),, to (B,A4) for all Be # and
Acod

The dual notion of reflection is coreflection.

Among the best known examples of reflective subcategories are:
the categery of compact spaces in the category of normal Hausdorff
spaces; the category of abelian groups in the category of all groups;
the category of torsion-free groups in the category of abelian groups;
the category of complete metric spaces in the category of all metric
spaces and uniformly continuous maps. The category of forsion
groups in the category of abelian groups is an example of a coreflective
subcategory.



wolgo us usaIn "gr 3 g welqo ue X1 “1oyoun] SuAIdsald-1001-3f3] €
g «— = I pur ‘K108a1e5 paramod-fiam 21e[durod-ya| € 9q & 197
$319§ UONN[OS pUL 0) MOF] T

-afuel a3 jo K108312aqNs 2ANI3[AI B s3IBISUST
ofewr st 1 jurolpe-ye| e sey Aiofo1ed paromod-jpm 9jadwod
3] & woly Iojouny Fuiasesard-1001-3j3[ B ‘dusnbasuoy e sy

‘g = (¥)L J1 s vonnjos e s {§} ‘g 3 g 10

‘rujofpo-1fat b soy
I 4T g fo pp st aSowiy asoyw. sopunf jinf Sutaissaid-1004-1/a1 v aq
@ — g LI 193] puv 4108292 a131dwiod-1fa] paiamod-jan v 3G p5 137

‘35583 UMOUY-[[aM JB[ILUIIS SSIIUNOI pue ‘(Jou JO UBIfaqe)
sdnosd e ut sdnos§ 204j-uoisio; ‘saoeds [ Ul sdoeds JJIOPSOBH
Jo Auandays1 oyl urelqe Aew suc suonedijdde sjeipswwr sy

A UL YoM
g Jo s1alqo 1usnonb jo 1as sanwussardes v 9q 5 10 g 2 g I0g

‘g5 fo LioSa1pa
-gns aa1231f54 v 51 pr usyy ‘Swvlgogns pup sionpoid fo uouvuriof
2y aspun pasop> 51 pe 10yl yons gg ul nadat Liodaogns ymf v g
pup (1082100 pasomod-fjam-03 pup pasonod-jam a1adwioo v 39 g 137

1WAI0Y] PIO Y} UIRIqo ArUr oM ‘asuelsur 104 "sasaiodLy 12730
UIelIad 4q ploy o3 pasjueiend Ua]jo ST UORIPUOD 198 UOHTOS 4[],
‘(,¥'y ® D) pue (( D)) usemiaq aoualeainbs [exnjeu € st 219y,

WaF @0)=(FD) kGYO)=FV®D

:smof[o] se Lfenp
GENOIY) PAIB[AI 318 $10)0UN] WOY H[OqUIAS puk Jonpord 1osusl Ay ],
*I01OUNY WO NPKWIAS Y1 11 [FBO 24 "PUO9S 3] UO JULHBAOS PUE 18I0
31 UC JUBRIFBAEIIUOD ‘S3[QEMIEA OM) U0 JOWUN] B ¢ < & X £
:(—*—) Jo uonIugapay) 03 speI] H-¢ 3s101axT (7 D), i) o13u9eamnba
Aeanyeu st ((7°,9)°D) ‘2 ¥ o4 " wpelqoue st (¢'D) ‘3 ¥
‘% 2 5 104 "(F*—) [oquAs 2y £q 230IpUT [[BYS SM YIHYAM IYILI Y3 UO

juiolpe ue sey g « ¢ :(°—) 10)0uny juelLIRARITOD o) ‘A[{Bn(

i8 SAMODILYILUNS ANY SHOLDONNA TviD3dS

B (= ()7 srydioundo st ()4 < y vours pue

SOINUIIOD ST~ ¥

of

(T~ ¥
DUy
"SRINUILIOD g — J

1211 Yons
g «— y dew © st o101) 20usy ‘Suippaquis we st 7 pue 0 = ()4

¥ < U (NIOUSQ =g <« d «J <Y 1eqyons st

O«8d<d

1

O FV~—d=X+~0

weIdelp 2 ‘& 03 Sunwmyoy
W 3d «d 3Ya Y 25 [{e 10] 45 = (5)/ 101} Uay] Swnsse
IM “USWSR-y Uk Aq 1ySu o) uo uoneaduynur o3 jusjeamba
oq Jsnw y wo wsdiowoine Aue ‘Full € STy 2OUIS *, 5 U ¥ JO
ssauaAnpaa(oxd oy £q paansur st/ dew ay) Jo s0UsysIX3 oY) 2I5YM

O~ @d~—¥

P

O« W~~~ 0Nd~0

'y £ UL WIBISEID SATIRINUIIOD 3T}
o1eiqo 3 ¥ = (J)4 1ey) 010N & UL saouanbas 1pexs 2q
O~—g~dPUeQ «~ ¥« 4« ¥« 0171 & = ({)4 1ey1 yons

SANMODILVYI NYI1IgY wl



88 ABELIAN CATEGORIES

A € o7 we shall say that B generates A through T if there exists a
map B> T(A) such that y generates A (as defined in Exercise 3-J).

Let Sy be a solution set for B and let B> 7(A) generate 4,
There exists an object A" € S5 and 4’ <> 4 € .o such that B>
T(4) = B—>T(4) 0, T(4). A" <> Amustbean epimorphism, for
if "> 4> C= 42> 4-%> Cthen Ker(a - b) — A allows
x and Ker(a -~ b) = A and a = b,

If o is co-well-powered and if T has a left-adjoint then each object
in % generates at most a set of nonisomorphic objects in o .

Conversely, if B generates at most a set of nonisomorphic objects
in & then Bhas a solution set, Indeed, ifwelet S, bea Tepresentative
set of objects in &7 which may be generated by B it is easy to verify
that Sy is a solution set.

Let & be a left-complete well-powered category and T: oA — # a
covariant functor. Then T has a left-adjoint if (and, in the case that o
is also co-well-powered, only if)

(0) For every Be % thereis Ac s and B— T(Aye &.

(1) T preserves left roots.

(2) Every object in & generates through T at mest a set of non-
isomorphic objects in .

As an immediate application (see Exercises 5-D, F, and 1 for
more}, let o/ be the category of lattices and functions between lattices
that preserve finite unions and intersections. Let T: o — .% be the
forgetful functor into the category of sets. For B € & the only objects
in & which may be generated by B are of cardinality less than or
equal to that of B (unless B is finite, in which case, B generates only
denumerably infinite lattices). The left-adjoint of T carries B into
what is usually called the free lattice generated by B. We can com-
plicate the example by defining & to be the category of countably
complete lattices and then replacing “‘countable” with any cardinal.

METATHEOREMS 10l

Propasition 4.43
An abelian category with a projective genmerator is very
abelian. |

But far better is

Theorem 4.44 (Mitchell)
A complete abelian category with a projective generator is

fully abelian.

Proof:

Let ' be a small full exact subcategory of a complete
abelian category «, and P a projective generator for /. For
each 4 € & we consider the epimorphism

3P A

(P, A}

By taking 7 = U .. (P,4) and defining P = X, P, we obtain a
projective generator P such that for each 4 € &/° there is an
epimorphism P — 4.

Define R to be the ring of endomorphisms of P. For every
A € o, the abelian group (P,4) has a canonical R-module
structure; for P~ A € (P,4) and P> P e Rdefine rx e(P,4)
to be P> P> A. )

Given a map 4 <> B € &, the induced map (P,4) ~> (P,B)
is an R-homomorphism ( 5(rx) = P—> P—> 4> B =
r(j(x)) ). We define, therefore, F: & — %R (4% is the category
of R-modules) by F(4) = (P,A4) with the canonical R-module
structure. F is an exact embedding since P is a projective
generator. F| &' is known to be an exact full embedding,
therefore, once it is known to be full. Given 4,Be &' and a

map F(4) 2> F(B) € %% we wish to find a map 4 > Be o'
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90 ABELIAN CATEGORIES

Let & be a co-well-powered, right-complete category with a
generator and T: 5/ — 4 a contravariant functor. Then T has an
adjoint on the right iff T carries right roots into left roots.

{Dualize .&7.) .

Let of be a co-well-powered, right-complete category with a
generator and T: of — & a covariant functor. Then T has a right-
adjoint iff T preserves right roots.

(Dualize both =7 and 2.) |

Let R be a ring and %* the category of left R-modules. Let T
%% % be any contravariant functor which carries right roots into
left roots. Then T is representable.

We may easily determine that T is represented by a module whose
underlying abelian group is T(R). The module structure of 7(R) is
determined by r: T(R} — T(R) = T(r).

If we are allowed to use the fact that the group of rational numbers
modulo the subgroup of integers, which group we shall call Q/Z, is
an injective cogenerator for %, then we may construct an injective

cogenerator for %, The forgetful functor gk L, g preserves all

F (—.012) . .
roots, and hence 8 —» & =5 @ i5 an exact contravariant em-

bedding which carries right roots into left roots. Since it is represent-
able, it must be represented by an injective cogenerator.
Now that ¥ has a cogenerator we may obtain Watts® theorem:

A covariant functor T: 4% — G is representable iff it preserves
left roots.

Finally, we obtain the local representation theorem:

Given an arbitrary left-complete category <f, a small subcategory
&', and a covarignt left-root-preserving functor T: sf — %, there
exists an object A € o/ such that (A,—) | " is naturally equivalent
roT| s

METATHECQREMS 99

Hence there is x,, € A,, such that x,, — (%, — X42)and x;5 — Xxy3.

To prove that AHL* Ag — Ay is exact let x;, € Ay be
such that x,; — 0. Choose x;, € 4g, such that xg, — x,; and
let xg; —> x35. Note that xg, — 0,,. Hence there is x,, € 4,,
such that x,, — x5, and we let x5, — x53. Since xg3 — Ogg there
is x5 € Ay such that x5 — X, f(13) = Xy.

The full embedding theorem which will be proved in the last
chapter says that for every small abelian category there is a
ring R and an exact full embedding into the category of R-
modules. The full embedding theorem allows us to dispatch
certain existential questions in abelian categories exemplified
by the connecting homomorphism theorem.

Define a map extension of a scheme S to be a scheme §
together with a one-to-one functor G: § — § such that all the
objects of S appear as values of G (i.e., G establishes a one-to-one
correspondence between the objects of S and the objects of .S).

Given a scheme S, a map extension .S — S, and sets of exact-
ness conditions E for S and E for S, we say that the full com-
pound diagrammatic statement (S — 5, E, E) is true for o if
for every diagram D: S — & which satisfies the conditions E,
there is a diagram D: § — «/ which satisfies the condition E
and D = DG.

We say that an abelian category ./ is fully abelian if for
every full small exact subcategory ¢ C o there is a ring R and
a full exact embedding of &/ into the category of R-modules,
(We shall show in Chapter 7 that every abelian category is
fully abelian.)

The full metatheorem, 4.31

If a full compound diagrammatic statement is true for all
categories of R-modules then it is true for all fully abelian
categories.

The proof is similar to that of the first metatheorem, |}
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Godel’s completeness theorems say that every logically consistent
theory has a model (and it is an article of faith that the complete
theory of a modetl is consistent). A corollary is the compactness
theorem: If every finite subset of T has a model then so does T.
Finally, every set of elementarily equivalent models has a com-
mon clementary extension.

In order to define a category of models it 1s necessary to specify
what we mean by maps. Categories of elementary extensions do not
seem 1o be interesting as categories. Suppose F is a set of formulas
made up from the original list of predicates. We shall say that a

function between models A = B is an F-map if every formula in F
is “‘preserved,” in the positive sense, by f. That is, for FeF and
X, X, X €A FOn, 0 X)) = F(f(xy), 77, f(x,)) IEF is empty,
any function is an F-map; if F is the set of all possible formulas then
only elementary extensions are F-maps. (Note that if the formula
x # y is in F, then every F-map is one-to-one.) Given a theory T
and a set of formulas F, a category of models is determined. As
familiar examples we can obtain the category of groups and group
homomorphisms, the category of lattices and lattice homomeorphisms,
the category of small categories and functors.

If F is empty and T has models of every cardinality (and one
infinite model implies a model of every infinite cardinality) then the
corresponding category of models is equivalent to the category
of sets. We shall tacitly assume this to be the case throughout.

A category of models is well-powered. Suppose /2 4 — B is an
F-map and that | A| (the cardinality of 4) is greater than 2/%! and 27,
We shall show that fis nof a monomorphism. For each y € Blet U,
be a new unary predicate: U,(x) is true for A iff f(x) = y. Let T,
be the complete theory of 4 with respect to the original predicates
and the new. Let E be the set of elementary {with respect to the
original predicates and the new) submodels of 4 of cardinality
T3] = [8] + |Ty|. The union of the models in £ is all of 4 because
for each x4 we could have added another unary predicate
insuring that elementary submodels contain x. Hence E contains at
least |A| distinct subsets of 4 and there are only 2!F1*ITl jgo-
morphism classes. Necessarily, then, there is 2 model 4 and distinct
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Proof:
Let
K: (Maps in &) — (Objects in &)
F: (Maps in &) — (Objects in &), and
S (Pairs of objects in &) — (Objects in o)
be functions such that
K(x) is a kernel of x
F(x) is a cokernel of x
S(4,B) is a direct sum of 4 and B.

Given a full subcategory # C & define C(%) to be the full
subcategory generated by #, K(#), F(#) and S(# x ).
If & is small then so is C(#). Define C*{ &) = C(CY #)).

C*(B) = U C*(#) is, by Theorem 3.41, a full exact sub-
category. C (@) is small if % is small. [

Metatheorem 4.22
Every compound diagrammatic statement true in ¥ is frue
in every very abelian category.

Proof:
Suppose (S, Ey, E, )istruein %, Let D: § — &/ beadiagram
in a very abelian o7 satisfying the exactness conditions E;.

Let o/ be a small exact subcategory of & such that the i image
of D lies in . Then D satisfies E, in o, and it satisfies E, in of
iff it satisfies Eyin .. Let F: & — % be an exactembedding. FD:
S — & satisfies E, and it satisfies E, if D: § — o satisfies E,. ]

4.3, FULLY ABELIAN CATEGORIES

The important connecting homomorphism theorem is stated
as follows:
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CHAPTER 4

METATHEOREMS

In Chapter 7 we shall prove that for every small abelian
category &/ there is an exact embedding & — %.

To illustrate the usefulness of the existence of exact embed-
dings let us consider the ““five lemma™;

Let «# be an abelian category and

0

}
0 K 0
! { 1

Ay — Ay — Ay — Ay
! i l !
Az — Ay = Apy — Ay

!
o

a commutative diagram in ¢ with exact rows and columns.
We wish to prove that K = O, Let F: & — % be an exact
94
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embedding. F sends the diagram into a similar exact commuta-
tive diagram of groups and homomorphisms and K = O iff
FK)=0.

The verification that the five lemma is true in % may be
effected by classical diagram-chasing techniques such as the
following, in which we will write x;; — x;, instead of

(A — Ay)xy = X

Let x,4 € 4,53 be such that x4 — 0,5, We wish to show that
X3 = O45. Let x,3 — X;, and observe that x,, — 0,,, and hence
that x;; = 0,,. By exactness there is x;; € 4,, such that x,; —
Xy5. Let x5 — Xxp; and observe that xg; — 0y, and hence, by
exactness, there is x5 € Ay, such that x; — x5, Let x3; € 43
be such that x;; — x,;. Because 4,, — A,, is one-to-one, x,; —
X, and then x,, -0 = x5,

4.1, YERY ABELIAN CATEGORIES

For expository purposes we say that an abelian category % is
very abelian if for every small exact subcategory o C % there
is an exact embedding & — %. The weak embedding theorem of
Chapter 7 will prove that every abelian category is very abelian.

We wish to describe a class of statements which are true in
every very abelian category iff they are true in %. As a first
approximation we may consider the following. Define a simple
diagrammatic statement to be a statement about the exactness
and commutativity of a diagram. A compound diagrammatic
statement shall be of the form P —» ¢ where P and Q are simple
diagrammatic statements. A compound diagrammatic statement
is true in every very abelian category iff it is true in .

The formalization of the matter starts by defining “diagram.”
A diagram scheme is a small category, and a diagram in a
category ./ 1s a functor from a diagram scheme mnto &, A set
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104 ABELIAN CATEGORIES

always induce the same correspondences from (X,4) to (X,B) and
from (B, Y)to (4,Y). An equivalence class of cwords from A to B will
be called a correspondence in &7, If a correspondence in & is such that
all the induced correspondences are functions then it will be called a
function in .o/

In the classical construction of the connecting homomorphism a
cword was defined and then shown to represent a function.

In a category of R-modules every function is represented by a map.

If & is fully abelian then every function in & is represented
{obviously uniquely) by a map in /. More generally, every cor-
respondence from A to B may be represented by a map from a sub-
object of 4 to a quotient object of B.

D. A specialized embedding theorem

The proof of Theorem 4.44 proved a stronger statement than that
of the theorem: If 27 is a small full exact subcategory of a complete
abelian category & with a projective generator, then . is isomorphic
to a full exact subcategory of cyclic modules over some ring R. We
may go a step further. Assume # is a category of modules and re-
place the projective generator P in the proof by Zx P, where K is an
infinite indexing set at least as large as P. Then the ring R is such
that for every 4 € & there is an exact sequence R—+ R—~ 4 — 0.
By iteration we may finally obtain a ring R big enough so that for
every A € &/ there is an infinite exact sequence -+ —+ R — R —~ R —
A—0.

But instead of making the ring larger we may make it smaller.
There is a ring R such that R and .« have the same cardinality and
such that & is isomorphic to a full exact subcategory of cyclic
modules over R. To obtain such, assume that . is a full exact
subcategory of cyclic modules over a ring S. Let F be a minimal
family of ideals such that for every A € o7 there is W eF and an
exact sequence O — " — 8§ — 4 — 0. Let T be a subset of § such
that for every AL € F and 5 € § with As C £ there exists ¢ € T with
s — t € £. The cardinality of T need be no larger than that of &,

For anyring R, TC R C §, o/ is isomorphic to a full subcategory
of cyclic modules over B (57 — RfR N ), but not necessarily an
exact subcategory. However, if R has the further property that for

FUNCTOR CATEGORIES k7

For arbitrary B € &, the functor £} (B) may be jdentified as the
functor from & to % which sends A’ into (4,4") @ B, where @
refers to the functor defined in Exercise 3-K. The right-adjoint of
E : (A, B)— #, evaluated at B e 4, is the functor which sends A’

into ((A’,A),B).

E. Grothendieck categories

Let # be a Grothendieck category, & a directed category (see
Exercise 3-B), F,G: % — # two functors, and F— G a mono-
morphic transformation. The induced map lim F— lim & is a
monomorphism. (“The direct limit of monomorphisms is a mono-
morphism.”) If such is always the case in a complete abelian category
then the category is a Grothendieck category.

Let A be an object in a Grothendieck category, {4,} an ascending
family of subobjecis of A the union of which is all of 4. Then 4 may
be identified as the direct limit of the system {4,}. The statement
remains true for Grothendieck categories if we require only that
{A;} be directed (i.e., that every pair of subobjects in {43 have an
upper bound in {4,}), and becomes another characterization of
Grothendieck categories among cornplete categories.

F. Left-completeness almost implies completeness

Let 2 be any category, and & any small category. Define € to be
the full subcategory of constant functors in the category of all
functors (@,57). Given F € (Z,.«/), F has a reflection in % iff Fhas a
left root, and, in fact, the two are the same. On the other side, Fhasa
coreflection in € iff F has a right root, and, again, the two are equal:

Suppose that .« is a left-complete, well-powered category with a
copenerator and a “right zero object” O € .7 with the property
that for all A € o7, (A4,0p) has precisely one element. Then the same
is true for % (they are isomorphic categories), and the inclusion
functor € — (9,5#) is left-root-preserving. By Exercise 3-M, there-
fore, € is reflective, and since this is true for any small 2, we conclude
that .7 is right-complete.

Suppose that &7 does not have a cogenerator but that it is left-com-
plete, well-powered, and co-well-powered. The right-completeness
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106 ABELIAN CATEGORIES

F. Categories representable as categories of modules

Let &/ be a right-complete abelian category with a small
projective generator P. Let R be the ring of endomorphisms of P and
define F: of — 9% as in 4.44. F(4) is the left R-module (P,4). Then
Fis an exact embedding which preserves all roots. Tts image contains
R and all free modules. Moreover, any map between free modules
comes from a map in /. Since the image of F is closed on the right
we may conclude that it is a full representative subcategory. By
Exercise 3-A, F is an equivalence of categories.

A category is equivalent to a category of modules iff it is a right-
complete abelian category with a small projective generator.

G. Compact abelian groups

Let € be the category of compact abelian groups, advertised in
Exercise 2-C as being an abelian category. Let C €% be the “circle
group,” defined as the multiplicative group of complex numbers of
modulus one, or additively, as the group of reals modulo the sub-
group of integers. We shall treat C as an additive group. The only
proper closed subgroup of C are finite and cyclic. The only auto-
morphisms of C are rigid (the metric structure of C may be defined
via the group structure and topology and a continuous automor-
phism must be an isometry). The only rigid automorphisms on C are
the identity and the map which results by multiplying by —1. The
last three sentences combine to prove that the only endomorphisms
of C are those which result by multiplying by integers. That is, the
ring of endomorphisms of C is the ring of integers.

C may be proven to be a cogenerator for ¥. The most efficient
proof is beyond the scope of this book. It involves among other
things the fact that the space of complex numbers is a cogenerator
for the category of Banach algebras, But granted that Cis a cogenera-
tor we may prove the Pontrjagin duality theorem:

First, C is injective in . Indeed, any cogenerator for any abelian
category whose ning of endomorphisms is a principal ideal domain
is an injective cogenerator. (Given a monomorphism C— 4 let

I'C(C,C)be the set of maps of the form € — 4 — C. [is an ideal
and if it is generated by € = C then every mapin/kills Ker(n). Now

FUNCTOR CATEGORIES 115

Starting with x € (4,B,) and traveling clockwise,
x — wx — ap (wx) = [F(wx)](z);
counterclockwise,
x — ag (%) = [F(W)](2z,(x)) = FW)LFx)2)}
Since F is a functor, F(wx) = F(w)F(x) and « is natural. [

Theorem 5.35
T H* is a projective generator for (4,9).

Proof:
EHY, -)#,%) — 9 is naturally equivalent to

(IE): (4,9~ %. |

Theorem 5.36
H . .
The representation functor o — (A,%) is a contravariant
full embedding.

Proof:
(HA,H?) = (B,4). I

EXERCISES

A. Duals of functor catepories .
Let & be a small category, & any category, .&/* and #* their
duals.
Both (o *, %) and {o,%*) may be interpreted as the category of
contravariant functors from & to &. However, (& *, %) and (&, %™*)

are dual.
(=7, 9F) is dual to (&F*,F*).



‘sarnpow
-y Jo A1ofajes ayy ur yyds jou ssop y «— ¢ dew uoisnp
-ut YL ¥ OZa7|@oe)}=v 1wl (Gx‘7xlz pue
(X)/[x FFz o1 oiqdiowost st y7) (g7 + ,g0°,ov) = (,4°,P)g'D)
Aq peugep st wopeddnmuw ssoym {°z 5 ¢v [{¢'p)} Fuu
3l &q ) 19] pue om) o[rpown s1adarur jo Juur any aq *7 197 (T)

1=V =g+« pieq
yous p «— g dew e st azoy o1 ‘syds g «— ¥ dew ay) uayy
V=g «gpuegu sousnbos pexaue st g <« F «— g 51 (1)

‘30,1 "s19821u1 jo Junr oy3 Yua ¥ Sour Lrenrqre oy Furoerdar
Aq paynduirs 5q 10UNED WAIOAYIBISWL [[N] 373 JO JUSUIIEIS Y], ‘7

"5 ojur Suippaque [[nJ & Aolua
10U SA0P &° USY] “f IDA0 SIDBdS J0JO3A TRUOTSUSUIIP-SIAL
Jo 1089183 o1 2q ¢ 9] PUE ‘SIdQUINU [RUONRI JO Py
a3y} 03 orydaowost 101 “0I9Z S1ISTISNOLIEYD JO PIRY & 29 19T (T)

'sIaquINU [RUCHIEI JO
dnoid a1y 01 o1ydIOWOSE ST H U} 013Z JSIIIILIBYD JO PG
e s1 swsiydsowopta Jo Jul ssoysm dnoid ueyqe uwe st 9 J1 (7)

‘sny) ‘pasIfqeIsa AJISE ST 4 OJUl SUIPPIquId
Iy e skolus A1085180 uegaqe [ews AIaAa jou 1eY) 198 YL, T
£1oa wey) 220w st Ay “H

‘ou2f1aau0? asimyuted £q pazidojedol ) 01 9 wroay
susigdiowowoy Jo 20eds 1y St (H°D) 381 Yons 2q 03 panduros
PUB g < g :(O°—) 1035unj wWoy dOqUILS ST} S8 PaqLIISIP aq ABW
(5" —) Jo asIaAUl Uy ‘3dud[RAIDY JUELIBABIIGD € ST 5 « 8,:1(D°—)
Apemorrred arop "4 011u3|BAINDS ST, 9 3SI019X3 158 3 Ag “9)9[dw00
-y3u st , g 1Y) 0uay pue K108a)es Majdwos-yef € S1 g 1) sardm
WaI0aY) JOuoyoA] uf (7 9SWIaXTg) 42 10} Iojessuad aanoaloxd
Trews € s1, U "(Fix U = (p ey aseo o st {7 P}
siefqoqns Jo Anwey Juipusosap pue g9, 3 g <« p X Aue I0g

' (‘K1yuapr oy A4q paielaaad sI 7 1BY) puR
O = (w)42y 1ey] 9pRPUOD aM I0jeIauad0o0 B SI D) 18} 19%} 3} Jumsn

£01 SWIYOIHLY LI

SANUUIOD Ca)d <o (G

oy g
CqVY) < (7D
we13vIp o) °g
< 'g Au® 1o] YRy} MOYS 1SNUK 9am [RINIET ST » 1Y) 2a01d O,

z = (0){ 2ours ouo st 4 Jey) JL9[O ST I » UONBWIOJSURT)
fermeu & savnpord s€» jo uonosyoa A J wsiydrourowoy
dnoid e st Tx jem sarqdwr o Jo AuAnppe Syl (gy) > x 10§
@()) = W) 4q (F)4 < (g%) :7» uonouny a3 sugap om
2 5 g yoed 10 (F)d 2 z 19] am ‘owio st 4 1eyy Moys oL

'0=»pue( = (x)"% uaq g
= (1P = (@) Jraomal ((")"e)(x)7 = (x)'7x vy umoys sem
1 yooad isep ayy ur doys isey oy ur ((p)pH = (CpF) 3 x pur
Z& 3 %) 19T "UONBWIOJSURT] OI3Z 1) SI 0 JBY] MOYS ISNUL AN
(D% = (o) = g pur (J°,H) > © 197 "u0-01-3u0 sI £ 921

fooud

((p) 01 uappambs (pmpou st (1° H))
“2ouappamnba (pantou v 51 « q A uonpuriofsunay ppauoy ayx

FE'S W2409Y,L
B (D720 < (DT
QST 0[2IUN00 Jur9ALI)
)T — x <+
: a1 Y000 Fursaen pue () 3 V] yum Sunieg

‘SO P ~— CP)d

& F’)’DT T{‘ Fyu

Criv) Ty ("7

weiSelp s} 191} PUR UONBULIOJSURY [RINjRL
® SI © 1R} 108] o) asn am [(F1) Vo] (x)f = (x) T 1ey) 238 o

S$INCOILVYD NYITIgY ril



iog ABELIAN CATEGORIES

I. Unembeddable categories

Not every category may be embedded in the category of sets.
What seems to be the simplest counterexample may be described as
follows:

For objects let there be for each ordinal number o an object
named 4,; let there be a zero object O; and let there be a special
object S. i 4a "

Let there be maps named 4, > S, S <%> 4,, and 4, 2> 4_for
every pair of ordinal numbers 8 < &, and let there be a zero map
between any two objects, and let there be an identity map for every
object.

For the composition of maps letAmﬁ-:» hY y—frAaE:Aa—zE:» A, where
B" = max(p,f’). Let all other compositions of nonidentity maps be
zero maps (which makes the verification of associativity downright
trivial), and finally, let the composition of maps with identity maps be
what it must.

Calling the above-described category 7, suppose that F: o — %
is an embedding into the category of sets. Let « be an ordinal number
of cardinality greater than that of the family of subsets of F(8). There
must exist # <. ' <7 « such that Im(F(x3)) = Im(F(x}})). On the other
hand the image of F(x}) is not in the difference kernel of Fyg) and
F(y3), whereas the image of F(x}) is. A contradiction,

(Every category may be embedded in an abelian category (using
techniques not to be covered in this book) and the above counter-
example leads to an example of an abelian category which cannot be
cmbedded, exactly or not, in the category of abelian groups. The
presence of a projective generator or an injective cogenerator, of
course, implies the existence of an exact embedding. The only em-
bedding theorem for large abelian categories that we know of
besides the just named triviality is, that if an abelian category, small
or not, has both a generator and a cogenerator, then it has a group-
valued exact embedding. The proof is, in light of the special nature of
the resuit, too long for inclusion.)

FUNCTOR CATEGORIES 113

(Prop. 3.61 on the recognition of functors on two variables is
useful here. Condition three of that proposition is here equiva-
lent to the defining condition for natural transformations.)

Theorem 5.32 .
The Yoneda functions y: (H*,F) — F(A), y(n) = 1.1, provide
a natural transformation from D io E.

Proof: :
By proposition 3.62 it suffices to show that
(1) for F,— F,c(A,9),

(H4,F) T2 (54 Fy)
yl ly
Fi(4) 4, (F4) commutes,
and

() for 4, > Ay,

(H4,F) =D (1, F)
¥ ¥
F(4,) —— F(4y) commutes,
(1) is easy: starting with » € (H*,F,) and traveling clockwise
we obtain 7 — an — (an)4(1,); traveling counterclockwise, 7 —
na(lq) = (eqgmql ). But, of course, (o), is the composition
of «, and n, and we obtain the same element in F,(A) regardless

of direction of travel. .
For condition (2) we start with « & (H43,F), and traveling

clockwise we obtain
« — «H* — (“Hz)g,(li,) = “1,(3‘:1‘12)(13,) = “A,(x)-
Traveling counterclockwise we obtain
b = o (1) = F)log (1,)]):
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10 ABELIAN CATEGORIES

Axiom 0. The constantly zero functor is a zero object.
Axiom 1. Given F,F, € (&, %) define F, @ F, to be a functor
such that (Fy @ Fy)(4) = Fi(4) & F,{(A4) and

Fi(xy 0 )
F, @ F =1
( I @ 2)(x) (0 Fg(x) .
Axiom 2. Let F), — Fy e (#,%). For each 4 e o let O —
K(A4) — F,(A) — Fy(A) be exact. Given A => Be o there is a
unique map K(x): X(4) — K(B) such that

K(A) — F,(4)

m)l l.rlc:)

K(B) — Fi(B) commutes,

Then K is a functor and K — F, is a natural transformation.

Axiom 3. The above construction shows that a transforma-
tion F; — F, is a monomorphism in (&,%) iff F;(4) — F,(4)
is a monomorphism in </ for each 4. The dual construction
needed for Axiom 2* indicates that if £, — F, is a mono-
morphism then it is a kernel of its cokernel. |

The constructions above indicate that a sequence F* — F — F"
18 exact in (/,%) iff the sequences F'(A4) — F(4) — F"(4) are
exact in & for all 4 € &¢. More formally the evaluation functor
Ey: (,%) ~ 4 defined by E(F,~> F,) = F(4)™> Fy(4)
is an exact functor for each 4 € o7, The product

(I E): (H, %) > F

defined by (I1 E)(F) = II E(F) = I1 ,F(4) is an exact em-
bedding.

Proposition 5.12
(A ,%) is a complete abelian category.

FUNCTOR CATEGORIES il

Proof:

Let {F;}; be an indexed family of functors in (##,%). IIF;
and X, F, are constructed ‘‘pointwise” (just as were finite direct
sums):

(I F)(4) = T1,F(4)

EF)A) = 5F). |

5.2. GROTHENDIECK CATEGORIES

% and (7,%) enjoy a critical property with respect to certain
infinite operations. Note that if G is an abelian group and {G,};
is a linearly ordered family of subgroups, and A is any subgroup
of G,then H n U G, = U (H N G,). A complete well-powered
category in which this same statement is always true for the
lattice of subobjects of any object is called a Grothendieck
category (the property is elsewhere referred to as ABS). Just one
of the many consequences of the Grothendieck property is
explored in the next chapter. Among the many properties
equivalent to the Grothendieck property is the following: for
all x: 4 — B and ascending families {B;, — B}; it is the case
that x~'(w B;) = v x~'(B)). For any category such is the case
(purely lattice theoretically) for epimorphic x. In the case that
x is a monomorphism the two properties are immediately
equivalent.

Proposition 5.21
(o, 9) is a Grothendieck category.

Proof:

We simply observe that given a collection {F;}; of subfunctors,
their union and intersection may be constructed ““pointwise™:
(U F)}4) = U (Fi(4)) C F(A4). Hence given a linearly ordered
family {F,}and a subfunctor H C F,(H n U F}4) = H(4) N
U Fi4) = U [H(4) N F{4) = [(U H 0 FDIA). |}
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120 ABELIAN CATEGORIES

H. Categories representable as functor categories

Let Z be a right-complete abelian category with a generating set
of small projectives 5. That is, for any A4 — B = 0 there exists a
small projective P € ## and a map P — A such thatP— 4 - B #£ 0,

Let o7 be the full subcategory of # generated by & and let
(&7 *,%) be the category of contravariant additive functors from =7
to #%. Define F: # — (&/*,%) to be the covariant functor which
sends B into the contravariant functor (—,B) | 7. Regardless of the
special nature of o7, F preserves left roots. The fact that the objects of
</ are small projectives in & implies that F preserves right roots.
And the fact that the objects of o/ generate & implies that Fis an
embedding.

As in Exercise 4-F it may now be shown that Fis an equivalence of
categories. A category is equivalent to a category of group-valued
Junctors iff it is a right-complete abelign category with a generating
set of small projectives.

I. Tensor products of additive functors

Let .o/ be a small additive category, # any additive category and
(£7*,%) the category of contravariant group-valued additive functors
from /. Given any covariant F: & — & define F: & — (/*, %)
to be such that B is sent into the contravariant functor (F(—),B) €
(o/*,%). We obtain a diagram

B
7 lr
H
(%)

where H: of — (=f*,%) is the covariant functor which sends A into
the contravariant functor (—,A). (If Z = .7 and F is the identity
then H = F)

If 58 is left-complete and well-powered and has a co generator, then
F has a left-adjoint F*: (&/*,%) — #. Somewhat surprisingly it
suffices to assume that & is right-complete, well-powered, and co-
well-powered. (This is a weaker assumption by Exercise 5-F.)

Define #' C 4 to be the smaliest full subcategory which contains
the image of Fand is closed under the formation of sums and quotient

INIECTIVE ENVELOPES 133

injective envelope of R, then EfR is injective. Let r 5 0 and consider
an exact commutative diagram:

O—+R-—> R—>R[N—0

l ! |
O—>R-— E— E[R—~0

All three vertical maps are monomorphisms. Hence every proper
cyclic module is embeddable in E/R.

Let ACE be a finitely generated submodule. Because E is
essential over R and R is a domain, 4 is isomorphic te a submodule
of R, hence to R itself. Every finitely generated submodule of E is
cyclic and therefore every finitely generated submodule of E/R is
cyclic.

2. Let A be a finitely generated module. The family of all ideals
that appear in the form Ker(R — A) is a finite family with (#) as a
minimal member. Let R{(r) = A be an embedding. If (r) = O let
A — E be such that R/(r} = A — E is a monomorphism. If (r) #* O
let A — E{R be such that Rf(r) > 4 — E{R is a monomorphism.
In either case the map from A4 has a cyclic image and we obtain a
monomorphism Rf(¥) — 4 — R/(s). Note that (5) C (#}.

There exists £ — 4 such that R — 4 — R/(s) is onto.

Ker(R—+ A C () C (7)),
hence Ker{R — A4) = (s5) = (r) and we obtain a splitting
Ri(ry—~4—> RN =1

By iteration, 4~ R{(r;} @ - - @ RJ(r,), where (r) C(rg) T~ C
(ra).

3. The uniqueness of any such representation of A may be obtained
from the following: For any prime p € R, the number of (r.)’s such
that (r,) C(p™) is equal to the dimension of (p™1A4){(p™A) as a
vector space over R/(p).

In particular if (p) and (g) are distinct nonzero prime ideals then
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(F* %) x (F,#)— # which preserves right roots on both
variables separately. (This fact together with H, ® F = F(A)
characterizes it.)

Define for Be # Fe (o, B) (F,B) = (F{—),B) c(*,&). We
obtain a bifunctor (,%#) x B — (&*, %), contravariant on the
first variable, covariant on the second. The adjointness yields iso-
morphisms (T & F,B) — (T,(F,B)).

When 7 is the category consisting only of the group of integers we
obtam the previously described tensor product and symbolic hom
functors.

If we view these bifunctors as operations and replace # with
(¥.%) we obtain a long list of associativity and commutativity
statements which generalize the classical list on tensor products and
the hom functors on modules.

INJECTIVE ENVELOPES 13

Now let Q be the first ordinal of cardinality greater than that
of the family of subobjects of G. We shall prove thatE, |, = E,,.

Supposing otherwise, we let G — E be a map whose image
is not contained in the image of £, — £ ;.

For all y < Q + 1, we shall identify £, with the image of
E, — E,  ,—that is, we shall suppose that it is a subobject of
E, .. The family of subobjects of G, {x(E,)}, is an ascending
family, and by the choice of (2 it must stabilize before Q. There
exists, then, an ordinal ¥ < Q such that x(E)) = x 1(£p).
(We use here the fact that in a Grothendieck category the
inverse images of ascending unions behave well) By our
assumption that F(y) = y + 1 we obtain a map G>E,,
such that

(xEq) ~ G E, — Ep,y = (x1E) »G—E,,.
Let z =x —y, H=2zYE,). Then x(H) =(z 4+ v)(H) <

z(H) + y(H) = E; and H < x"Y{E,). Hence z(H) =0 and
Im(z)y nE, =0. |}

EXERCISES

A. A very large Grothendieck category

Define # to be the category whose objects are pairs (G, f: S —
(6,G)) where G is an abelian group, § is a set, and f is a function
from § into the set of endomorphisms on G. We adopt the con-
vention that f(y) = O for all y ¢ S. A homomorphism G %> G’ is a
map from (G, [ S — (G,G)) to (G", f': 8" = (G".G") iff

G ix) G
L
G’ Fix) G’

commutes for all x e §'U S,
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such that 4 > B —~ A4 — 4> 4. [Equivalently, A — B is a
trivial extension if there is an object C such that B =4 ® C

and 4 - B=A—> 43 C. (See 2.68.)]

Proposition 6.12
An object E in o is injective iff it has only trivial extensions.

Proof:

— From the dual of 3.31.

<  Let 4 — Bbe a monomorphism and 4 — £ any map.
Consider the pushout diagram

A-—+B

Lo
E P,

The pushout theorem, 2.54*, asserts that £ — P is monomorphic;
hence by hypothesis £ is a trivial extension of E. Let P — E be
such that E P -~ E = E—> E and define

B—+FE=B—-+PE
Then

A— s B

Ny

An essential extension is a monomorphism 4 — B such that for
¢very nonzero monomorphism B’ — B, the intersections (of the
images) of 4 — B and B’ — B are nonzero.

Equivalently, 4 — B is essential if for every B — F such that
A — B — F is monomorphic it is the case that B — F is
monomorphic.

commutes. I

INJECTIVE ENVELOPES 129

Let A — E be an essential extension. Letting G be a generator
choose for every x €(G,4) a map f(x) (£,C) such that

G+ A—EL C+#0. Then 4 -~ EX> Il 4Cis a mono-

morphism (E " I ,,C 2> € = f(x)). Since 4 - E is
essential it follows that y is a monomorphism. Hence every
essential extension of A4 is isomorphic to a subobject of II; ,,C.
To finish things off let Q be an ordinal number of greater
cardinaiity than that of the family of subobjects of Mg 4 C.
Then any sequence of essential proper extension must terminate
before L2

Second Proof (Mitchell), in which it is assumed that modules
may be embedded in injectives (Exercise 5-D):

Let R be the ring of endomorphisms of the generator G and
define the functor F: # — " to be that which sends B into
the R-module {G,B). (The endomorphisms of G operate obvi-
ously on the group (G,B8).)

Lemma. If A —E is an essential extension in # then
F(A) — F(E) is an essential extension in %%,

Proof of lemma. Let M C F(E) be a nontrivial submodule
and x € M a nontrivial element. We shall construct a non-
trivial element in M N Im[{F(A) — F(E)}. Remembering that

x € (G,E} we let
P— G

.
be a pullback diagram. Since 4 — E is essential, P # O
and there exists G — P such that G P -G~ E #0.
G -» P — G~ E is an element of M (M is a submodule)
and in the image of F(A4 — E).

The lemma implies the theorem by a cardinality argument
similar to that in the first proof. Using the fact that F(4) has
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Proof:
By the last theorem it suffices to show that 4 has no proper
essential extensions. Assume then that 4 C B and that x< B

and x ¢ 4. Let R > B be the map which sends 1 into xand let

I =R

1l
A— B

be a pullback diagram. Let y € 4 be such that 7 » R 2> 4 =
I — A. The element x—y is not trivial and it generates a sub-
module of B which meets A only trivially. B is not essential. |

6.2. ENVELOPES

An injective envelope of A is an injective essential extension.
It is, therefore, a maximal essential extension and a minimal
injection extension. The latter follows easily since 4 — E is an
essential extension of every proper subobject between (the image
of) 4 and E and thus none could be injective.

The construction of injective envelopes for arbitrary objects
in Grothendieck categories proceeds from the following propo-
sittons:

Lemma 6.21
An essential extension of an essential extension is essential. ||}

Lemma 6.22

Let {4 — E} be an extension of A in a Grothendieck category,
and {E,} an ascending chain of subobjects between (the image of )
A and E. If E, is an essential extension of A for each i, then [ JE,
is an essential extension of A.

INJECTIVE ENVELOPES 127

Proof:

Let S be an arbitrary nonzero subobject of UE, Then
S=SNUE,=Ul NE) and S nE; + (O for some i
Because E, is an essential extension of A it follows that
AnS#0. |

We show next that in a Grothendieck category every ascend-
ing chain of extensions may be embedded in a common extension.

Lemma 6.22 says, then, that every ascending chain of essential
extensions is bounded by an essential extension.

Theorem 6.23

Let & be a Grothendieck category, I an ordered set, and
{E; — E,}; . ; a family of monomorphiswms such that fori < j < h
E,~E,—~E, = E,— E;. Then there is an object Ec # and q
family of monomorphisms {E; — E}, such that for i < j,

Ei _"‘E,-_*E =Ei_'*E.
Proof:
Let S = I,E, and for each i e I let E,—> S be the associated

map. For each j € I define /;: § — 5 to be the unique map such

that
£ gt g E,—~E~“>§ ifi<j
‘ E > S if j <4

Let S—— Ebean epimorphism such that Ker(h) = | Ker(h,),
Note that {Ker(h,)} is an ascending family since for j < ;'

s> g — 52 gbs ¢

To conclude that E;, = S Eisa monomorphism it suffices
to establish that fm(E; —8) N U(Ker(h;)) = O. By the
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13& ABELIAN CATEGORIES

between simple modules is either zero or an isemerphism and R is
isomorphic, as a ring, to a product of matrix rings over skew fields.

3. Let R be a semisimple ring, that is, a ring which obeys the de-
scending chain condition and has no nilpotent ideals (A = @ im~-
plies A = O). Every ideal in R is a direct summand, as an R-module,
of R. To prove it let 2 be a minimal counterexample. If A is not mini-
mal in the family of all nonzero ideals there exist B C % and a map
R—BsuchthatB - —+ R— B = 1. LettingC = Ker( - R—
B), we obtain A=B DL E. Hence A-R-BHE->A=1.
If N is minimal in the family of all nonzero ideals there must exist
x €U such that A - R A £ 0, otherwise A* = O. But any
nonzero endomorphism on a simple module is an automorphism.

By Theorem 6.14 every R-module is injective and R is isomorphic
to a finite product of matrix rings over skew fields.

F. Noetherian ideal theory

Let R be a ring which obeys the ascending chain condition for
left ideals. All modules over R will be understood to be left-modules.

Let £ be an indecomposable injective and R — E any nonzero
mayp. If O — A — R — Eis exact, then R/Y is embeddable in £ and
R{U is absolutely indecomposable. Equivalently, % is not the inter-
section of twe larger ideals, or as classically stated, 9 is indecom-
posable. Two indecomposable ideals U, B are such that R/ and
R{B have isomorphic injective envelopes iff there exists x,y € R such
that {re R |rxeU} = {reR|ryeBL

Henceforth let R be commutative, that is, a Noetherian ring. The
last paragraph says that if R/ and R/B have isomorphic injective
envelopes there exists € C R such that ACE, BCE, and R/E
has the same injective envelope. The family of ideals Fg that appear
as kernels of maps R — E has a unique maximal member 3. More-
over, for any x € R, {r | rx € P}, if not all of R, is a member of Fg.
That is P is a prime ideal. For any % € Fg there exists x € R such
that {r|rxe U} = P, hence P is the only prime in Fg. Every
indecomposable injective is the injective envelope of R/P for some
unique choice of prime ideal B.

Let  and P’ be prime ideals and E,E’ their corresponding injec-
tives. (FLE)Y A Ot PCP.
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that L, = R(M). Hence if L,—L, = Ker(L, — M), then
Cok(Ly —~ L) = Ly - M — R(M) and every ¥-epimorphism
is an .%-cokernel.

Since monomorphisms are the same in & and &, if Eis a
A-injective envelope of an #-object, it is injective in Z. |}

Returning to (&,%) we define Z (&) C (#,%) to be the
full subcategory of left-exact functors. The last theorem asserts
that #(«f) is an abelian categery with injective envelopes.
The representation functor H: o — (&, %) factors through
Z ().

Theorem 7.32
(o) is complete and has an injective cogenerator.

Proof:

The construction of products in (%) is straightforward.
Surprisingly, the construction of sums in £°(.%7) is also straight-
forward. Given a family of left-exact functors {F,} their sum as
defined in (%, %) is already left-exact and is the sum defined in
L(A).

The product of all the functors {H*},, . is also left-exact and
a generator for Z(&f). Proposition 3.37 now implies that
Z(s/) has an injective cogenerator.

Theorem 7.33
H: o — Z(o4) is an exact full embedding.

Proof:

We know that H 18 a full embedding (5.36). Let O — 4" —
A — A" — O be exact in &/. We wish to show that 0 — H4" —
H* - HY —» 0 is exact in #(&). Such is the case iff the
sequence O — (H*,E) — (H*,E) - (H* ,E) - O is exact for
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CHAPTER 7

EMBEDDING THEOREMS

We return to the functor category («/,%). In Chapter 5
we observed that (&7,¥) is a Grothendieck category with a
generator, and in Chapter 6 we constructed, under such con-
ditions, injective envelopes.

7.1. FIRST EMBEDDING

Proposition 7.11
If an object E c (A, %) is injective, then it is a right-exact
Sunctor.,

Proof:
Let 4" — A — A" — O be any exact sequence in <. Applying
the representation functor H we obtain the exact sequence

0 — HY - HA — H* in (#,9).

The functor (—,E): (&, %) — ¥ is an exact functor. Hence
we obtain the exact sequence
138
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E is mono by the essential theorem, F is mono since L is
absolutely pure. Hence T'— F = 0 and Im(R — E}C L. Thus
is obtained a map R — L such that

M—s R

N

The uniqueness is seen easily by considering two extensions
of M — L. Their difference R = L is such that M — R—
L = 0, hence R > L factors through R —> T. But T'is torsion,
L is mono, and 8 = 0. |}

commutes.

Construction theorem 7.29
For every mono object M e A there is a monomorphism
M — R which is a reflection of M in L.

Proof:
Embed M into any absolutely pure object E (an injective

envelope will do).
Construct the exact commutative diagram

o O 0
| { l
O>M—- R - T -0
l ! {
O—+-M—~ E - F —0
1 | 3
0 — M(F) — M(F) ~ O
¢ l
0 0

by starting with the middle row, then the right-hand column,
then the bottom row, then the top row (nine lemma, 2.63).
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Since x € F(A') C E{A"), we know that F # O. Since MC E
is essential, F N M # O. In particular then, there is an object
B such that F(B) n M(B) # O. Let 0 # y € F(B) N M{(B). By
the construction of F there is a map 4" — B such that y =
[E(4) — E(B)](x). Let

A —~ A
Lo
B —P

be a pushout diagram. The pushout theorem asserts that B — P
is a monomorphism. Since M is a mono functor

[M(B) — M(P)(y) # 0,

and hence
0 = [E(B) — E(P))(y) = [E(B) —~ E(P))[E(A") — E(B)Xx)
= [E(4') —~ E(P))(x)
= [E(4) — E(P)I[E(A4") — E(A)](x)
=0,

a contradiction. l

Corollary 7.13
A group-valued functor may be embedded in an exact functor
if it is a moro functor. |

First embedding theorem, 7.14

Every small abelian category is isomorphic to an exact
subcategory of 4. Equivalently, for every small abelian category
& there is an exact embedding functor o — 4. In the termi-
nology of Chapter 4, every abelian category is very abelian.

Proof:

Consider the group-valued functor G = ¥ H4. G is a mono
Aesd

functor. Let E be its injective envelope. By 7.13 E is an exact
functor. Since G is an embedding functor it follows that any
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be a pushout diagram and
o 0 o

! l !
O— P - A —-PiA—-0

| { !
O0—- M - R —-PA—->0

{ | l
O—~MP—>R/A—~ O

! L

0 o

an exact commutative diagram. Since M and PfA4 are mono,
R is mono. Hence Rf4 is mono and M/P is mono. Thus P is

absolutely pure. [

Theorem 7.27
A mono funcior M € (/,%) is absolutely pure iff it is lefi-

exact.

Proof:

Sin{,e M may be embedded in a functor that is both absolutely
pure and left-exact, namely its injective envelope, it suffices to
prove that a pure subfunctor of a left-exact functor is left-exact.

Let O — M — E — F — O be exact in (#,9), E left-exact,
F mono. Let 0 — 4" — A — A" be exact in &/. Consider the

commutative diagram

0 0 )
! l i

0 — M(A') — M(A) — M(A")
d 1 }

0 — E(A") — E(A) — E(4")
! !

0 — F(4") — F(A)
! i
0 2
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where each component of # is the obvious epimorphism. Then
M(B) € A, since 1IB" & A4 and M(B) is a subobject of I1B".
Moreover, given any epimorphism B — B” where B” € .4 we
may find M(B) — B” such that

B—> M(B)

N/

commutes,
by defining M(B) — B" as M(B) > 118 -~ B". |}

Proposition 7.22
Let Be #, M<c A, and B — M any map. Then there is a
unigue M(B) — M such that

B—> M(B)

N

In the terminology of Exercise 3-F, M(B) is the reflection of B
in #.

commuites.

Proof:

Let B — B" be the coimage of B — M. Since .# is closed
under subobjects, B” € .4 and the maximality of M{(B) among
mone quotients insures 2 map M(B) — B” such that

B—>M(B) =B =M—F.

Hence, we may define M(B) - M as M(B) -~ B" — M where
B” — M is such that B> B"— M = B — M. Its uniqueness
is insured by the fact that B — M{(5B) is epimorphic. ]
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Given a map B’ — B we obtain then a unique map M(B') —
M(B) such that
B — M(B)
| !
B — M(B) commutes.

The uniqueness forces M to be an additive functor. The epi-
morphisms B — M(B) produce a natural transformation from
the identity functor on % to M.

Proposition 7.23
The transformation I —~ M yields a natural equivalence
{(M(A),B) — (I{(A),B) foralidc #,Bec A,

Proof:
The last proposition restated. [}

We shall say that T & is a torsion object if for every
M e #,(T,M) = 0. Equivalently, T'is torsion if M(T) = O.

Proposition 7.24
Ker(B — M(B)) is the maximal torsion subobject of B.

Proof:

It is clear that for every torsion object T and map T — B,
the image of T — B lies in Ker(B — M(B)), and hence if
Ker(B — M{(B)) is torsion it is the maximal such.

Suppose B € .#, K — B’ is any map, and O - K > B —
M{(B) — O is exact. Let B — E be the injective envelope of
B,

We know that E € 4. Let B — E be such that

O—~K—->B—~MB)—~0

L1

B+ E commutes,
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152 ABELIAN CATEGORIES

monomorphisms B8, - B, B, — B such that [F(8))— F(B)l(y) =
{£(By) — F(B)](y2).

1. There is a functor R €{,%) such that R(A) is the set of
equivalence classes in S(4), and the functions F(4) 2> R(4),
n4(x) = {4 > 4, x] yield a natural transformation.

2. The kernel and cokernel of 7 are effaceable.

3. Ris left-exact.

4. F— R is the Oth right-derived functor of F. (Use 7-G-2.)

F. Sheaf theory

Let X be a topological space, .7 the category of open sets and
“restrictiou” maps (the dual of the category of open sets and in-
clusion maps). (7 ,%) is called the category of group-valued pre-
sheaves on X. Given an open set U C X let HY € (F,%) be defined
by
Z fvCuU
0 otherwise,

1 iV Cu
0 otherwise.

HE (V)=
HY(V, — V) = {

Let {U,} be a family of open sets, U= |J U,, U, = U, N U,
Define the sequence S HU» 852, ¥ (T, L o by
G

He % H’r’is'i)- S HV = gV o g 3 g
HOu LS Hs B S ptv . ylu | gUi 3 gin
HU: 5 T A& L HU — HU . BT,
We shall call all such sequences the family of fundamental se-
quences in (J,%).

1. All fundamental sequences are exact.

2. For F e (7 ,%) we say that Fis substantial if O — (4,F)— (B,F)
is exact for all fundamental C— B — 4 in (& ,%). An essential
extension of a substantial presheaf is substantial.
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154 ABELIAN CATEGORIES

3. Letsf be an additive category with pushouts and a cogenerator
C.

Define M to be those maps 4 — B such that (B,C)—> (4,0} is
epimorphic.

4. Asin the last example except that instead of using a cogenerator
use a covariant embedding functor & — % which preserves push-
outs.

Define #(5/) to be the full subcategory of those functors in
(&, %) which carry maps in M into monomorphisms in ¥, .#(f)is
closed under essential extensions and #(&), the subcategory of
absolutely pure functors in .#(), is abelian, If o has kernels, the
functors in (= ) may beidentified as those which are * M-left-exact.”

Suppose that .o/ has cokernels. We may define £ C.<Z to be the
family of epimorphisms which appear as cokernels of maps in M.
We assume that E satisfies the dual of the properties listed above.
(If o is abelian this turns out to be a gratuitous assumption.) Define
A"— 4 — A" to be relatively exactin o f A' > A=A+ K— A4,
A+A"=d—->F A" A >KcE K+AeM A—+FecE F—
A" e M, and K — A = Ker(A — F). An exact functor 0. &/ — % is
one that carries relatively exact sequences into exact sequences.

By the weak embedding theorem there exists an exact functor Q-
A — % which is faithfully left-exact, that is, (4" — O(A4) is mono
iff A" —+ 4 € M. Through dualization, we may obtain an exact functor
which is faithfully right-exact.

Let M C #(&/) be the family of monomorphisms such that 7° —
Te Miff (T,0)—(T",0) — O is exact for all exact Q € (o). By
the last paragraph, H* -~ H'e M iffi A > A"cE, and HY —
H* — H" is exact relative to M iff 4’ — 4 — 4” js exact relative
to M. Let £, be a small exact subcategory of #(/} which contains
the representable functors and embed &, into £(#¥) in a manner
dual to that described above.

The composed full embedding.«/ — £ (#7T) is exact and faithfully
so, that is, only relatively exact sequences are carried into exact
sequences.

The full metatheorem holds for the relative case.

INDEX

ABS, 111

Abelian category, 33
Absolutely indecomposable, 134
Absolutely pure, 144

ace ring's, 134

Additive category, 60
Additive functor, 64

Adjoint functor, 80

Adjoint functor theorem, 84
Adjoint on the left, 81

Allows, 85, 118

Amenable, 119
Automnorphism class group, 28

Bifunctor, 74

Category, 5

Cogenerator, 69

Cogroup, 63

Coimage, 43

Cokernel, 27

Compact abelian group, 63, 106
Complete, 26

Conjugate map, 33

Connecting homomorphism, 97
Contained, 19

Contravariant, 15

Co-obvious, 69

Coreflection, 79
Correspondence, 104
Covariant, 15

Cword, 103

Derived functor, 151
Diagram, 95

163

Difference cokernel, 22
Difference kernel, 21
Direct limat, 76

Direct sum, 47

Direct sum system, 50
Direct system, 76
Directed category, 76
Directly continuous, 77
Discrete category, 11
Divisible group, 132
Domain, &

Doolittle diagram, 53
Dhal category, 15

Effaceable, 150
Embedding, 66
Endomorphism, 49
Epimorphism, 18
Equivalent categories, 74
Essential extension, 124
Evaluation functor, 110
Exact functor, 66

Exact sequence, 45
Exact subcategery, 70
Exactness conditions, 96
Extension, 123

Forgetful functor, 62
Free models, 93

Full functor, 70

Full subcategory, 70
Fully abelian, 99
Function, 103
Functor, 7

Functor category, 109
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156 ABELIAN CATEGORIES

The definitions in Chapter 1 are also the work of Eilenberg
and MacLane. That statement requires a definition of “work.”
In 1940 algebraic entities were defined by the remnants of
generators and relations. MacLane’s definition of “product™ [20]
as the solution of a universal mapping problem was revelution-
ary. So revolutionary that it was not immediately absorbed
even by the most category minded people. It was common to
define finite direct sums as suggested in Theorem 2.41, which
definition can only apply to additive categories and allows,
even there, no generalization to the infinite case.

The axioms for abelian categories in Chapter 2 are new.
The first set of equivalent axioms appears in Buchsbaum’s
dissertation [2], where they are said to describe an “‘exact™
category. The word “‘abelian” has stuck, partly to honor
MacLane who suggested the whole idea [20], partly because
Grothendieck writes in French and “abelian™ seems to mean
“very nice structure”™ in French [10]. (There are two words:
“Abelian” and ‘“‘abelian.”)

The word “pullback™ and the ubiquity of the concept 1
learned from Lang, who also pointed out the pullback theorem
and its importance. T plead guilty to “pushout™ and “difference
kernel.”

Since this note is already so personal (it certainly isn’t
objective} let me relate my awakening as a graduate student
to the newness of my own language. T was brought up, as an
undergraduate at Brown, by Massey and Buchsbaum to think
in exact sequences. The notion of exactness seemed as funda-
mental as the notion of continuity must seem to an analyst.
And then one day at Princeton my advisor, Norman Steenrod,
calmly told me how he and Eilenberg—just a few years before—
had chosen the word “exact.”

By now I have heard the story from both Eilenberg and
Steenrod, the combined version being somewhat as follows:
in writing Foundations of Algebraic Topology [7] they so
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158 ABELIAN CATEGORIES

isomorphism. The repeated use of pullbacks and pushouts that
I use, I trace to Lang.

I believe that the term “‘skeleton™ applied to categories is
Isbell’s, who also knew the facts in Exercise 3-A. The concept
of direct limit first appears in Steenrod’s dissertation. Allow
me to go back a bit, Emmy Noether is credited with selling the
idea that the homology of a space is a group, not a set of
numerical invariants. The “mother of modern algebra™ is more
than that. She seems to be the mother of modern mathematics.
(There were some fathers {00.) Again, 1 point out that groups
used to be generators and relations. After Emmy Noether they
were things. Now, when Steenrod wrote his dissertation, Cech
cohomology was still a set of numerical invariants. In order to
define it in a way such that he could prove the universal
coefficient theorem he needed direct limits. So he invented
them.

Adjoint functors were defined by Kan [16], who borrowed
their name from functional analysis and who exposed their
properties as outlined in Exercises 3-G and 3-I. Except for
Watts™ theorem in 3-N [22], the adjoint functor theorems that
are developed in the rest of the Chapter 3 exercises appeared
in my dissertation [8]. I never published them before now. In a
new subject it is often very difficult to decide what is trivial,
what is ebvious, what is hard, what is worth bragging about.
A man learns to think categorically, he works out a few
definitions, perhaps a theorem, more likely a lemma, and then
he publishes it. Very often his exercise, though unpublished, has
been in the folklore from the beginning. Very often it has been
published faithfully every year. I think the notion of “generator”
has appeared regularly, each time under a new name, since
MacLane defined his integral objects in 1950.

It was not until my unpublished dissertation began to be
rather frequently cited for its adjoint functor theorems that 1
considered their publication. I tried to write them as a separate
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chapter but the chapter grew longer than the rest of the book.
I did validate the exercises as exercises during the 1963 NSF
Summer Institute in Algebra and the participating students
should be blessed for their service.

Mitchell’s theorem of Chapter 4 appeared in his disserta-
tion [21].

The possible importance of functor categories was pointed
out to me by Watts, along with the niceness of the representation
functor. The nature of the Yoneda transformation was first
worked out by Yoneda [23].

Baer discovered and proved the existence of enough injective
modules [1], using as a start his theorem hercin known as 6.14.
Injective envelopes were discovered by Eckmann and Schopf [5],
who constructed them by first taking any injective extension
and then minimizing. Grothendieck showed that the Baer con-
struction of injectives worked in Grothendieck categories with
generators [10]. Yes, Grothendieck discovered, but did not
name, Grothendieck categories. Mitchell [21] was the first to
construct injective envelopes in one sweep as maximal essential
extensions,

The weak embedding theorem was obtained independently
by Heron [13], Lubkin [18], and myseif [8]. Our proofs were
entirely different. I do not think that it was coincidence that I
had just read Hurewicz and Wallman’s Dimension Theory [15],
which embeds topological spaces into Euclidean space via a
theorem about function spaces.

For some time now there has been a flow of ideas between
Gabriel and myself. We have never met, or even corresponded.
At first we didn’t even know each other’s name. (I was known
as “a student of Xxxx™ [9]. But I was not a student of Xxxx.)
Anyway, Gabriel first noticed the nice nature of the category
of left-exact functors. The proofs using injectives seem to be
mine. And to repeat, Mitchell put things together for the full
embedding theorem,



